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by
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on May 15, 2015, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy in Economics

Abstract

This dissertation consists of three chapters. Chapter 1 proposes a new method to solve
the many moment problem: in Generalized Method of Moments (GMM), when the num-
ber of moment conditions is comparable to or larger than the sample size, the traditional
methods lead to biased estimators. We propose a LASSO based selection procedure in
order to choose the informative moments and then, using the selected moments, conduct
optimal GMM. My method can significantly reduce the bias of the optimal GMM esti-
mator while retaining most of the information in the full set of moments. We establish
theoretical asymptotics of the LASSO and post-LASSO estimators. The formulation
of LASSO is a convex optimization problem and thus the computational cost is low
compared to all existing alternative moment selection procedures. We propose penalty
terms using data-driven methods, of which the calculation is carried out by a non-trivial
adaptive algorithm.

In Chapter 2, we consider partially identified models with many inequalities. Under
such circumstances, existing inference procedures may break down asymptotically and
are computationally difficult to conduct. We first propose a combinatorial method to
select the informative inequalities in the Core Determining Class problem, in which a
large set of linear inequalities are generated from a bipartite graph. Our method selects
the set of irredudant inequalities and outperforms all existing methods in shrinking the
number of inequalities and computational speed. We further consider a more general
problem with many linear inequalities. We propose an inequality selection method sim-
ilar to the Dantzig selector. We establish theoretical results of such a selection method
under our sparsity assumptions.

Chapter 3 proposes an innovative way of reporting results in empirical analysis of
economic data. Instead of reporting the Average Partial Effect, we propose to report
multiple effects sorted in increasing order, as an alternative and more complete summary
measure of the heterogeneity in the model. We established asymptotics and inference
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for such a procedure via functional delta method. Numerical examples and an empirical
application to female labor supply using data from the 1980 U.S. Census illustrate the
performance of our methods in finite samples.
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Chapter 1

Selecting Informative Moments via

LASSO

1.1 Introduction

The optimal two-step GMM estimator has been widely used in economic applications.
It is quite common to have an application with a large number of moment restrictions
that can be used for estimation and inference. For example, a conditional moment
restriction provides an infinite number of potential unconditional moments by allowing
the use of different functions of the conditioning variable as instruments. However,
applying an efficient GMM estimator to many moment conditions typically results in
biased estimators and poor accuracy of confidence sets. Hansen, Hausman, Newey (2006)
shows that the presence of many valid instrumental variables (IV later) may improve
efficiency, but the inference procedure becomes inaccurate due to second order bias. If
the number of moments exceeds the sample size, then an efficient GMM estimator does
not exist at all. The problem with many moments arises from the efficient GMM'’s need
for the optimal weighting matrix, which is an inverse of a large dimensional random
matrix. The ill-posedeness of the inversion problem leads to poor performance of the
optimal GMM estimator. However, simply throwing out over-identified moments is

undesirable due to efficiency losses.
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The main goal of this paper is to improve the GMM procedure by selecting informa-
tive moment conditions from a large set of available moments. The selection procedure
proposed in this paper utilizes the basic spirit of regression-LASSO, using the L, penalty
to find a nearly optimal combination of moment conditions. The goal is to select mo-
ments without loss of asymptotic efficiency but that will guarantee the accurate coverage

property of post selection inferences.

The main assumption needed to ensure the validity of the suggested procedure is
approximate sparsity. The exact sparsity assumption means that all but a relatively
small (though increasing with the sample size) number of moments is absolutely unin-
formative about the parameter we are trying to estimate. Approximate sparsity weakens
this condition by allowing all moments to have some information about the parameter
of interest but, in fact, the majority of moments has so little informational content that
no loss of asymptotic efficiency occurs from not using those moments. The number and
identity of truly informative moments are unknown, but we need to impose bounds on
the growth rate of the number of informative moments requiring that it be much smaller

than the sample size.

The LASSO method proposed in this paper could be viewed as a complementary
method to the traditional methods for the many moments problem. We provide a de-
scription of the convergence rate properties of such a selection mechanism. As we prove,
under the approximate sparsity assumption together with other technical conditions,
the LASSO-based estimators are asymptotically efficient. Our estimators have much
less second order bias for valid inference when compared to the optimal GMM estimator
and different versions of bias-corrected estimators. Our method also has low compu-
tational cost and is easy to implement in practice as an optimization problem with a
globally convex function and L; penalty.

One of main challenges we face in this paper is the selection of the appropriate
penalty terms that would guarantee the efficient performance of the LASSO-selection
procedure. We derive theoretical penalty terms that guarantee the asymptotic behavior
of post-LASSO estimators and develop a feasible version of those penalties. We adopt
a modest deviation theory of self-normalized vectors to construct data-driven penalty

terms which is based on the relatively novel results stated in De La Puna, Lai and Shao
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(2008) and Jing, Shao and Wang (2003). Our method also requires the use of an adaptive
penalty. Similar procedures are considered in Zou (2006), Huang, Ma and Zhang (2008)
and Buehlmann, Van der Geer and Zhou (2011). We propose computationally tractable
iterative algorithms that implement the LASSO method proposed in this paper.

In Monte-Carlo examples, we compare the performance of our method to that of the
traditional GMM and CUE when the number of moments is comparable to the sample
size. We also present the performance of our method when the number of moments
is larger than the sample size. We show that in both situations, the LASSO based
estimators are more efficient than both GMM and CUE and result in less bias as well.

The paper closest in flavor of this paper is Belloni, Chen, Chernozhukov and Hansen
(2012) (later BCCH), which considers a linear IV model with many instruments and
selects the informative instruments via a LASSO selection procedure applied in the first
stage regression. This paper relies heavily on an approximate sparsity assumption which
means that the large set of available instruments contains only a few truly informative
ones. The linear structure of the optimal instruments in the first step regression is
important in their analysis, while our method does not rely on it. This paper can be
considered a direct generalization of traditional regression-LASSO and the optimal IV
method proposed in BCCH.

The performance of our procedure is derived based on many results in the LASSO
literature and related fields. For the theoretical performance of LASSO, see, for exam-
ple, Bickel, Ritov and Tsybakov (2009), Belloni and Chernozhukov (2012), Tibshirani
(1996), Zhang and Huang (2008). For performance of post-LASSO, see also Belloni and
Chernozhukov (2012).

There are also alternative approaches to selecting informative moments. Donald,
Imbens and Newey (2008) considers choosing the optimal set of moments via minimizing
asymptotic mean-squared-error criteria. Their method is convenient to judge which of
two sets of moments is better in terms of smaller asymptotic MSE, however, it is not
computationally feasible for selecting the “best model" from a large set of potential sets of
moment conditions. Shi (2013) considers a novel “relaxed empirical likelihood" estimator

that the number of moments are allowed to increase with speed O(exp(n?s)), where 7 is
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the sample size. Our method relaxes this constraint to O(exp(n3)) when the number of
truly informative moments increases slowly enough along with other technical conditions.
The estimator proposed in Shi (2013) is also more difficult to compute compared to our
method.

As alternatives to the selection approaches in the work mentioned above, there are
many methods for correcting second order bias of two-stage GMM with many moments.
In the instrumental variables setting, it is well known that LIML and Fuller estimators
are robust to the many IV problem. Under GMM, LIML-like estimators, such as CUE
proposed in Hansen (1996) and GEL proposed in Imbens (2002), are also robust to the
many moments problem. However, the validity of these estimators holds only under
the assumption that the number of moment conditions grows at a fractional polynomial
rate of the sample size. In contrast to that, our approach allows the number of moment
conditions to exceed the sample size. Other studies such as Chao and Swanson (2005),
Han and Phillips (2006), Hansen, Hausman and Newey (2008), Chao, Swanson, Hansen,
Newey and Woutersen (2012) propose bias-correction methods for many IV problems in

different settings.

Another approach to the many moments problem is to acknowledge that the usual
variance of GMM estimators seems to be small and produces low coverage in practice.
Bekker (1994) proposes a standard deviation robust to the many IV case when the
distribution of the residual is normal. Newey and Windjimejer (2009) proposes a variance
robust to many moments for the GEL estimator. But again the working assumption of
these papers is that the number of moments is growing at most at a fractional polynomial

rate of the sample size.

We outline this paper as follows: Section 1.1 introduces the basic settings. Section 1.2
proposes a LASSO method for selecting the informative moments. Section 1.3 presents
high level assumptions and theoretical results of the LASSO and post-LASSO estimators.
Section 1.4 discusses the validity of preliminary high-level conditions as stated in Section
1.3. Section 1.5 includes Monte-Carlo examples to illustrate the performance of our

selection procedure. Section 1.6 concludes the paper.

In the paper we will use the following notations: Let || - |2 be the (Euclidean) L2
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norm of any real vector with any length. Similarly, let || - ||1 and || - || be the L; norm
and Lo, norm of a real vector. Let ||-||o be the Ly norm of a real vector, i.e., the number

of non-zero components of the vector.

1.2 Setting

Let us begin with a set of moment conditions
Elg;(Z,50)] =0,j=1,...m (1.2.1)

that holds uniquely for the true d-dimensional parameter 3y which lies in the interior
of the compact parameter space D. In this paper we treat the dimension d as fixed.

Assume we have data Z;, i = 1,2,...,n éonsisting of independent observations. Let

g(Za B) = (gl(Zv ﬁ)ng(Za ﬁ)v S gm(Za ﬂ)),

The main interest of this paper is to explore a situation that arises when the number
of moment conditions m is large or may even exceed the sample size n. We will allow the
number of moments m,, to increase with n, but we drop the index in order to simplify
the notation. The setting with many moment conditions often arise in applications and

is very important in empirical practice. Below are the two such examples.

Example 1 (conditional moment restrictions) Suppose the model is described by
conditional moment restriction Elg(x, By)|z] = 0, where By is the true parameter. Then
the following set of unconditional moments holds: E[g(z, Bo)f(z)] = 0, where f(z) can
be any set of transformations of z such as polynomials, triangular series, splines and so
on. In principle, there are an infinitely many number of moment conditions that can be

formed. Newey (1989) discusses the optimal moment conditions under in this setting.

Example 2 (panel data) Suppose E[y; ¢|¥it—1, .-, Yio) = & + Boyiz—1, 1 < i < n,1 <

t <T. Denote Ay;y = Yir — Yir—1- One can form the following moment conditions for
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any transformation f(-):

E[Ayi. — Bo(Ayii-1)f(yis)] =0, 1<s<
1<s<

2,
E[(yi, 7 — Boyir—1)f(Ayis = BoAyis—1)] =0, 1.

t_
s<T —

Denote E, as the empirical average operator. Let W be amxm semi-positive
definite matrix. The GMM estimator is defined as:

BGJ\IAI = argminﬂ]En [g(Zv ﬁ)],ﬁ/En [g(Z /6)]

The two-step efficient GMM is the typical method used to obtain efficient estimates
within a GMM framework. In two-step efficient GMM, the critical step is to consistently
estimate the variance-covariance matrix of the residual Qq = E[g(Z, 80)g9(Z, 50)']. We

can estimate the Qg by the following plugged in estimator!:
) :=Ealg(Z, 5)9(2. )],

where f is a preliminary consistent estimator of 3. If () is a consistent positive definite

estimator of {2y, then the two-step GMM estimator, BTGMM, can be defined as:
B’I‘Gl\l!\l = argmingE,[g(Z, 5)]'Q71]En[g(zv Bl

In general the preliminary estimator B must be consistent but does not need to be /n
consistent. We can obtain the preliminary estimator using the first d moment conditions
by setting E,[g;(Z, B)] =0, 1< j <d. Or similarly, one is free to select a set of moment
conditions (containing at least d moments) which the researcher thinks is important.

Throughout the paper, the following general assumption on a preliminary estimator 3

will be made:

Assumption C.1 (Convergence of 8 ) There exists an priori estimator B of Bo and

'In this paper I consider i.i.d. data. For serially correlated data, the ) can be estimated by the
Newey-West estimator, which is semi-positive definite. The logic presented in this paper can be carried
over to serially correlated data with more careful attention to detail. Ileave the case of serially correlated
data as a topic for future research.
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a constant % = p >0, such that
118 — Bollz = O, (n*).. (1.2.2)

The traditional two-step efficient GMM typically has large bias when the number of
moments m is large compared to the sample size n. Newey, Donald and Imbens (2008)
provides a decomposition of the asymptotic second order bias, which can grow with
the number of moments. The main source of such bias arises from poor accuracy of
the estimation of €} when the size of this matrix grows. If m grows fast enough, then
estimator may even be inconsistent. The high level of uncertainty in the estimation of
Qg causes the instability of the inverse matrix, fl‘l, due to the “ill-posedness" problem,
as the smallest eigenvalue of Q) can be very close to 0. If one has more moment conditions
than available observations (m > n), the two-step efficient GMM is not well defined since
Q) is not invertible. Thus the main challenge to the behavior of the efficient two-step

GMM comes from the estimation of the optimal weighting matrix €2 !

This paper examines at the problem from a different perspective. Rather than esti-
mating and inverting Q, we are searching for an optimal linear combination of moments
that would be the most informative about the parameter 3, or equivalently, the optimal
combination matrix suggested in Hansen (1982). Hansen (1982) shows that if m is fixed,
the m x d optimal combination matrix €5 Go(Bo) can generate an efficient estimator of

Bo by estimating the just identified system of equations:
Go(B0)' U "Enl9(Z, Bc)] = 0, (1.2.3)

where Go(8) := ]E[Dgg—%m] is the gradient matrix of E[g(Z, 8)]. Since the above equation
is asymptotically equivalent to the first order condition of the two-step efficient GMM
for fixed m and growing n, the estimator Bc is efficient and first order equivalent to
the optimal two-step GMM estimator BTGMM. One way to interpret this result is that
the two-step efficient GMM procedure tries to find the optimal combination of moment

conditions.

In general, estimating the m x d optimal combination matrix Q5 "'Go(5,) is easier and
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more accurate than estimating the optimal weighting matrix €', especially when m is
large. The number of elements in the optimal combination matrix remains very large to
allow for effective estimation. In this paper we make an assumption on the approximate
sparsity of such a matrix, which means that a small number of moment conditions (with
unknown indices) contains most of the information about the unknown parameter 3
contained in the full set of moments. The number of very informative moments, s,, is
unknown and may increase with the sample size but much more slowly than the total
number of moments. The sparsity assumption is stated and discussed in detail in Section
1.3.

Given the sparsity assumption on the optimal combination matrix, the main task
solved by the paper consists of selecting the informative moments. This task is best
performed by employing a special form of the LASSO estimation for the optimal com-
bination matrix that has been adapted to the presence of a poorly invertible covariance
matrix. Previously, the LASSO method has been applied to the selection of informa-
tive instruments in instrumental variable regression with many potential instruments
by BCCH. This paper generalizes this selection idea to a non-linear GMM setting with

many moment conditions.

The assumption below allows us to linearize the set of moment conditions even when
the number of moments is large. The linear approximation of generally non-linear mo-

ments is an important preliminary step in our analysis.

Assumption C.2 [Regularity conditions on g and G| Suppose the domain of B is a
compact set © C R? and the true parameter By lies in the interior of ©. There ezist an
absolute constant K and constants Kapn, Ko and K, depending on n only, such that

with probability converging to 1 the following statements hold:

(1) There ezists a positive measurable function Ky (Z) which does not depend on n
such that for any B and B’ in ©, maxicj<m |9;(Z. 8) — 9;(Z, )| < Ku(Z)||1B — B2
E[Km(2)] € K and maxicicn Km(Zi) < Karns

(2) There ezists a positive measurable function Ku(Z) which does not depend on n
such that for any B and B’ in ©, maxicjem | 52 (Z, B) — 22(Z. 8') |2 < Ka(2)[18 — B2
]E[KG<Z)] < K and maXigign KG(Z) < KG,n;
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(8) maxicjcm Enllg5(Z, Bo)’] < K, maxy¢jcm El|g;(Z, 60)]*] < K.
(4) mMaxXigigm,1<isn |gj(Zi,ﬁ0)| < KB,n-

(5) Go(Bo)' % 'Elg(Z, B)] = 0 holds uniquely for 8 = Bo in ©. For any & > 0, there
exists n > 0 which does not depend on n and m such that for any 8 with ||8 — Boll2 > &,
1Go(B0)' Q5 " Elg(Z, B)]ll2 > 0.

Assumption C.2 puts restrictions on the smoothness of the moment conditions. Con-
stants K¢, Kuy, and Kp, typically increase with n as the number of moment con-
ditions is growing. The constraints on the speed with which they increase is stated in
the Section 1.5. Under the conditions described in the Section 5, statement (3) of As-
sumption C.2 is implied by statement (4) if Kp, grows slowly enough. Statement (5)

guarantees identification and consistency of the GMM estimator.

In addition, we assume here that the information in the full set of moment conditions
is limited and in particular the super-consistent estimators of S are ruled out. This
assumption below also rules out the weak identification problem. This assumption is

generally true for conditional moment restriction settings.

Assumption C.3 (Limited Information) Assume the mazimal and minimum eigen-
values of

Go(B0)' Q' Go(Bo) are bounded away from below and above by absolute constants.

1.3 LASSO and Sparsity

1.3.1 Formulation of LASSO estimation

The main task of this paper is to estimate the optimal combination matrix Qg Go (o).
Let I, be the identity matrix of dimension d x d and let ¢; be the I** column of 14, 1 <! <

d. To estimate the m x d optimal combination matrix Q5'Go(5), it suffices to estimate
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05'Go(Bo)e; for all 1 < I < d. Let us fix the vector v and estimate X (v) == Q51 Go(Bo)v,

or we simply write A* for notational convenience when there is no confusion.

Let us define the estimator A for A* as the solution to the following minimization
problem P:
N A oot
P : min >\ QA-AG(&)@»+;E\A]-7j|, (1.3.1)
where G(8) := ]En[g%(Z, B)], v; > 0 is the moment-specific penalty loading for the j

moment condition, 1 < j < m, and ¢ > 0 is the uniform penalty loading.?

The problem P consists of two components: the objective function Q(\) := %)\’Q)\ —
G(B)v and the penalty oy el I Q is invertible, the minimizer of the objective
function Q(\) alone is 2~'G(B)v, which can serve as a good estimator of A* when the
number of moments is fixed. The penalty terms ¢ and v;, 1 < j < m should be chosen
in such a way that small coefficients in A* shrink to 0, and large coefficients remain
non-zero. Thus, the solution to the minimization problem with the appropriate penalty,
5\, has non-zero coefficients only for the moments which contain significant information
on the unknown parameter ;. Hence, P can be interpreted as a moment selection

mechanism.

The minimization problem P also has a computational advantage compared to other
methods such as the moment selection mechanism proposed in Donald, Imbens and
m

Newey (2008). The objective function Q(\) is convex, and the penalty function 3 i1 | Al
is strictly convex. Thus, the solution to the problem P is unique. The minimization

2 Economists may have primitive information (which could come from either economic models or
intuition) that a subset of moments should always be included in a GMM model. In practice we can
assume that there are two sets of moment conditions. The first set, the baseline group, contains moment
conditions with indices 1,2,...,B. The second set, the additional group, contains moment conditions
with indices B+1,...,m. The baseline group is assumed to be economically important, and therefore, this
group of moment conditions always needs to be considered. To avoid excluding any moment conditions
in the baseline group, the selection mechanism P can be modified as follows:

R 1 A 1A - ¢
Pl.m)}nix\ QX — NGv + Z El/\j’)’j'-
j=B+1

In this paper, we focus on the analysis of P. All results for P can be carried over to P1 under exactly
the same conditions.
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procedure can be performed with any convex minimization algorithms like the Shoot-
ing algorithm, for example. These algorithms typically converge in O(mlog(m)) time,
compared to O(2™) as proposed in Donald, Imbens and Newey (2008).

The selection procedure P described in equation (1.3.1) is a generalization of the

first stage IV selection procedure proposed in BCCH for homoskedastic models.

Example 3 (Many IV) Assume we observe data from a linear IV model:
Y = XB+Wry+U,

X=ZII+V,

with d-dimensional regressor X, m-dimensional instruments Z, and homoskedastic error
term U. BCCH (2012) considers the following LASSO approach applied to the first stage

TEQression:

) m 2t ~
min E.[(X; — Z11))%] + ;|Hm,j|. (1.3.2)
=1

In the above equation, t is the uniform penalty and ¥;; is the moment specific penalty for

the endogenous variable X;, 1 <1< d.

If we rewrite this within the GMM framework, the moment conditions are E[Z'(Y —
XB)] = 0. Consequently, G(B) = E,Z'X, Go(B) = E[Z'X], and Qo = E[Z'UU'Z] =
02E[Z'Z]. Let ) := 62E,[Z'Z), where 62 > 0 is an estimator of o2. Then, the selection
mechanism P for A\*(e;) can be written as:

1 ~2y/ ! 4 1 - t
min 252 NEa[Z'Z]A — NEa[Z'X] +]§;,;I/\ml- (1.3.3)
If ¥, = 62~; then optimization problems (1.3.2) and (1.3.3) are equivalent, in particular,
I, = 62

Furthermore, the formulation of P also includes the OLS regression with LASSO

penalties:
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Example 4 (Regression LASSO) Suppose we have the OLS equation Y = X + ¢.
The regression LASSO 1is:

minE, (Y~ X0 + 23] (13.4)

If v; = 1 for all j, problem P is identical to the regression LASSO in equation (1.3.4),
since Q0 = E,[X'X] and G(B)v := E,[XY].

In this paper we investigate the performance of two estimators, the LASSO estimator
3;, and the post-LASSO estimator Spr., which are defined below. Let A({) be the solution
of the optimization problem P for A*(¢;), T; be the set of indices of non-zero components
of M(1), T = UL, T; and 9+(Z, 3) be the vector containing only moments with indices in
T. Define

BL = argminﬂeD Z (;\(l)l]En[g(Z B)])zv

1<i<d
Bpr = argmin . pEnlg;:(Z. B) Q2 Enlgs(Z, B)),
where Q; = E,[9;(Z. B)g9;(Z, B).

When the informative moment conditions are rare among a full set of moments, the
LASSO estimator 3;, and the post-LASSO estimator Bpr, are expected to perform well
under the sparsity assumptions proposed in the next subsection. These two estimators
are less biased compared to two-step efficient GMM simply because much significantly
fewer moments are used in the second step of the estimation procedure, and these es-
timators are nearly efficient since the most informative moments are preserved by the

selection mechanism.

1.3.2 Sparsity Assumption

The LASSO approach performs extremely well under certain sparsity assumptions on the
high-dimensional parameter, as shown in Belloni and Chernozhukov (2011a), (2011b),
Belloni, Chernozhukov and Hansen (2012), BCCH (2012) and Bickel et al. (2008). Sim-
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ilarly, we propose the following approximate sparsity assumption which adapts specif-
ically to the analysis under a GMM framework. We begin with an exact sparsity as-
sumption which rarely holds in practice but provides additional theoretical properties
to the selection procedure. Then we show how this assumption may be weakened. Let

us now fix v € R%, ||v||2 = 1, and consider the combination vector X\* := Q4 'Go(Bo)v.

Assumption C.4 (Sparse Combination Matrix) Denote s,, := ||A\*||o to be the num-

ber of non-zero components of A*.

(1) sn = o(n);

(2) there exists a generic constant Ky such that ||\*||; < K.

The exact sparsity assumption imposes the restriction that most of the elements of
A* must be zero, though their indices are unknown. The number of non-zero coefficients,
Sn, 18 also assumed to be unknown to the researcher. Our results will typically impose
rate restrictions on s, allowing it to increase, but not too quickly. If the exact sparsity
condition holds, then by choosing the correct penalties ¢ and v, the selection procedure P
will possess the oracle property, i.e., the identity of non-zero coefficients in A is recovered
with probability going to 1. Such an oracle property has been discussed previously in
the LASSO literature under exact sparsity conditions, for example, Bunea et al. (2007)
Zou (2006). We discuss the oracle property of P in Section 1.4.

Typically, the exact sparsity assumption is too strong to be relevant to most applica-
tions, so a much weaker assumption is used to achieve the main results about the good
performance of LASSO and post-LASSO estimators.

Assumption C.5 (Approximate Sparse Combination Matrix) Suppose there ezx-
ist absolute positive constants K, K f\ and K, and a non-stochastic m x 1 vector X such
that:

(1) 113llo = 5, = o(n).
(2) K4 < |JAll < K3

(3) ||X—m|1:0(¢@>‘
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Assumption C.5 applied d times to v = ey, eq, ..., ¢4 implies that the optimal com-
bination matrix 'Go(fBy) can be approximated by a matrix with only a few non-zero
components. In statement (3), the quality of the approximation is measured by a bound
on L distance between A\* and . The true vector A* may not even have zero coefficients
at all, but its elements should shrink quickly enough, as we described in the example

below.

Example 5 Let /\Z‘j) be the ji* largest (in absolute value) component of \*. Assume
that the absolute values of all components of A* are different, and |)\{j)| = O(j77), where
q > 3. Assume also that maxigjcm IE[H%(Zi,ﬁO)Hg] < Ky, with Ko being an absolute
constant. Then \* is approzimately sparse with s, = [n%;—?] The approzimating vector
X can be chosen as

M= NI = N}

The approximate sparsity assumption C.5 implies no super consistency of the as-
sumption C.3 under mild regularity conditions.

Lemma 1 Suppose the assumption C.5 holds for v = ¢, for | = 1,...,d. Assume there
exists an absolute constant Ky such that maxlgjngE[H%(Z,-,ﬂo)Hg] < Ko. Then if m
grows at rate m = O(exp(n)), the full set of moments does not have superconsistency,

i.e., the mazimal eigenvalue of Go(Bo)' % Go(Bo) is bounded from above.

1.4 Main Results

In this section, we establish our main results by employing three high level assumptions
that are often used in LASSO analysis. In the next section we discuss what primitive

assumptions imply the validity of these high level conditions.

The inversion of matrix {2 may be an undesirable estimator (if it exists) of Qg',
however, the inversion of diagonal submatrices with size s x s of ) can be stable when

s is small compared to n. Recall that for any § € R™, ||d]|o is the number of non-zero
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components of . For a semi-positive definite matrix M, we define x and ¢ as lower and

upper bounds of eigenvalues of all diagonal submatrices of size, at most, s x s:

Definition 1.4.1 For any positive real number s = 1 and a m X m semi-positive definite
matriz M, define k(s, M) and ¢(s, M) as:

&' Mé
&M
o(s, M) = (1.4.2)

max T el ¢
sexm [|5]lo<s.640 ||8]]2

Assumption C.6 (Eigenvalues of sub-matrices) There exist constants 0 < k1 <

Ko such that with probability increasing to one as the sample size grows we have

k1 < K(10g(n) sa, ) < d(log(n)sn, ) < Ka.

The high level assumption C.6 allows us to robustly invert any diagonal, square,
sub-matrix of € of size at most O(s,,) that grows more slowly than n. This will be
the key assumption that will guarantee the good asymptotic behavior of LASSO and
post-LASSO estimators. The validity of Assumption C.6 essentially depends on the
growing speed of sequence Kp, as defined in Assumption C.2 and on the accuracy of
the preliminary estimator B Section 1.5.1 discusses the primitive conditions necessary
for Assumption C.6 to hold.

Recall that the moment selection problem P as stated in (3.1.3.1) consists of two
components: the objective function 3\’ QA—XG(B)v and the penalty term > w Al
Let us define the score function S(\) as the derivative of the objective function, i.e.,

S(A) = QX — G(B)v.

The second high-level assumption needed to analyze the performance of LASSO is
that the score function evaluated at X is dominated by the vector of the penalties.

29



Assumption C.7 (Dominance of Penalty) For a given sequence of positive num-

bers «v, converging to zero we have

t
p (max < —) >1-— ap, (1.4.3)
1<j<m

where S(X); is the j*h entry of S(N).

Assumption C.7 guarantees that the penalty is harsh enough and thus a relatively
small number of moments will be chosen by the LASSO selection procedure. The validity
of Assumption C.7 is guaranteed by the proper choice of penalties ¢ and ~y;. The choice
of these penalties is discussed in Sections 1.5.2 and 1.5.3, where a feasible procedure for
choosing penalties is put forward. Let € be an absolute positive constant all throughout
the remainder of this paper.> For a given vector v, the traditional choice of t is t =
(14 €)y/n®1(1 - 22). When ¢t = (1 + €)4/n®~1(1 — 22), the dominance condition
stated in Assumption C.7 can hold uniformly for v = ey, .., e4 with probability at least
1 — a,,, which means that we can put an additional supremum over | = 1, ..., d inside the

probability in equation (1.4.3).

Assumption C.8 (Bounded Penalty) There exist absolute, positive constants a and

b such that a < minjgjom ¥ < MaXigicm Yy < b with probability increasing to one.

With the three high level assumptions C.6-C.8 stated above, we are now able to derive
the main results on the performance of the LASSO estimator B, and the post-LASSO

estimator Bpr. For any § € R™, define the semi-norm ||||o, := 8'Q26.

Theorem 1 (LASSO estimator of 3) Consider optimization problems P for v =
e,l = 1,.,d. Let A1) be the solution to the problem of estimating A1), which is a
sparse approzimation of \*(1) = Q5 Go(Bo)e;. Suppose Assumptions C.1-C.3 and C.5-
C.8 hold for all v = ey, ...,eq with t = (1+ €)/n®~1(1 - %), a, — 0 and ma,, — 0.

Additionally we require that Assumption C.7 holds uniformly for v =ej,ea, ..., €q4.

3The traditional recommendation (e.g. BCCH (2012)) of the value € is 0.1.
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Then there exists an absolute constant K, and a sequence ¢, — O such that with

probability at least 1 — o« — ¢,,, the following statements are true:
5D — 5Dl < Kny] 108G 1.4.4
max A1) = 3Dl < K] e, (1.4.4)

2d)

;\l 5\[ <K S%log(an
max A1) ~ A0l < Fr || T

and

(1.4.5)

If, in addition, we have s2(Ky1, V Kpn)?log(m) = o(n), where Ky, and Kg,, are
constants as defined in Assumption C.2, then the LASSO estimator B has the following

rate :

1B — Boll2 = O, (% v -S-’—‘—l-of(—m)) . (1.4.6)

Furthermore, if s2log(m)? = o(n), the estimator By, is asymptotically normal:

V(B — Bo) —a N(0, (Go(Bo)' %1 Go(Bo)) 7). (1.4.7)

Theorem 1 considers the case of approximate sparsity, that is, when only several ( s,,)
moment conditions are truly informative, while at the same time many coeflicients in
the optimal combination matrix may be non-zero. The LASSO selection procedure tries
to estimate approximate combination vectors A(l) for | = 1,...,d rather than optimal
combinations A*(l). Equations (1.4.4) and (1.4.5) state the accuracy with which this
estimation occurs in L; metric and the semi-norm || - ||z, correspondingly. Since the
dimensionality of vectors, m, is increasing to infinity, these metrics are different. The
two terms on the right hand side of statement (1.4.6) provide rates for the LASSO
estimator. The first of them corresponds to the variance, while the second relates to
the bias. The bias of the LASSO estimator arises from the inversion of matrices of size
O(s,,) and correlation between A(l) and the residual E,[g(Z;, Bo)]. Statement (1.4.7) is
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obtained if the bias term is stochastically dominated by the uncertainty of the LASSO
estimator. It is important to notice that according to statement (1.4.7) the LASSO

estimator is asymptotically efficient, even though we have effectively eliminated nearly

uninformative moments.

Set 7' = U?zlj} serves as a moment selector, where T, is the set of indices of non-zero
components of A(l). Denote Ty, as the set of indices of non-zero components of A(l)
and Ty := U%_To;. The post-LASSO estimator simply deletes moment conditions with
indices outside 7" and performs the two-step efficient GMM on selected moments only.
Lemma 2 below shows that 7" is a suitable estimator of the set Ty under similar regularity
conditions as stated in Theorem 1. In particular T has O,(sn) elements and, if all the
non-zero elements of A are large enough, then we are able to uncover all those elements

asymptotically.

Lemma 2 (Selector T) Suppose Assumptions C.1-C.8 and C.5- C.8 hold for all v =
€1,...,eq with t = (1 + e)\/n<I>—1(1 — 2—’”;‘1), o, = 0 and ma,, — oco. Additionally we

[

require that Assumption C.7 holds uniformly for v = ey, es,...,eq4. If ﬁgns_(ml — 0, then

there erists a sequence €, — 0 such that with probility at least 1 — a,, — €p,

(1) |T] = O(s,).
(2) Vv miniqigd,jery BYOH

57, log(m)

— 00, then Ty C T,

Theorem 2 (post-LASSO estimator of §) Suppose Assumptions C.1-C.3 and C.5-
C.8 hold for all v =ey,...,eq with t = (1 + e)\/nd)‘l(l - %), an — 0 and maoy, — 0.
Additionally we require that Assumption C.7 holds uniformly for v = ey, ez, ...,eq. If

5’21—191%@(1( aenVK M)n)2 — 0, then there exists a sequence €, — 0 such that with probability

1rs — Bollz = O, (—\}7 y Snlog(m) 1"5(”‘)) |

Furthermore, if s2log(m)?(Kyn V Kpn)? = o(n), the estimator Bpr is asymptotically
normal:

at least 1 — o — €,

Va(Bpr — Bo) =a N(0, (G’ G)™Y).
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The rates and asymptotic properties of the post-LASSO estimator stated in Theorem
2 are identical to those of the LASSO estimator stated in Theorem 1. However, it is
reasonable to expect that the post-LASSO estimator has better finite sample perfor-
mance. If the exact sparsity assumption C.4 is true, then we obtain a stronger result
often referred as the Oracle Property, which means that the post-LASSO estimator
obeys asymptotics as if the true model were being used for estimation. Therefore, the
post-LASSO estimator may achieve asymptotic normality under weaker restrictions on
the rate of s,,.

Corollary 1 (Oracle Property under Exact Sparsity) Suppose Assumptions C.1-
C.4 and C.6-C.8 hold for all v = ey, ...,eq with t = (1 + e)\/mb—l(l - zal"d), a, = 0
and ma, — oo. We additionally require that Assumption C.7 holds uniformly for v =
€1,€a,...,eq. If ﬁminl:;:;g:;” PO, o and s2 log(m)(Kuyn V Kpn)? = o(n), then the
post Selection estimator Bpy, is asymptotically normal:

V(BpL — Bo) =4 N(0,(G'Q51G)™Y).

1.5 Primitive Conditions for Assumptions C.6-C.8

1.5.1 Primitive Conditions for Assumption C.6

Assumption C.6 places restrictions on eigenvalues of any diagonal submatrices of O =
E, [g(Zi, B)g(Z;, B)’] of size at most s, log(n). The validity of this assumption hinges
heavily on two statements. First, we need a similar property to hold for the empirical
covariance matrix Qo = E, [9(Zi, 80)9(Z;, Bo)'] evaluated at the true B, rather than the
preliminary estimated 8. Second, we need the difference between Q! and Q to be small

enough.

Assumption C.9 (Eigenvalues of submatrices of Qo) There erist positive constants
Kio < K20 such that with probability increasing to one, k19 < kK(s, log(n),ﬁo) <
¢ (snlog(n), Q) < Kag.
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Assumptions similar to Assumption 9 are common in the LASSO literature. For example,
in an OLS-LASSO with model Y = X +u, Qg = E,[X'X]. Tibshirani (1990) makes the
assumption that eigenvalues of diagonal sub-matrices of E,[X’X] has rate similar to that
stated in Assumption C.9. In IV-LASSO with model Y = X3 + v and X = ZII + v,
Qo = E,|2'Z]. BCCH makes the assumption that E,[Z'Z] satisfies Assumption C.9.
Belloni and Chernozhukov (2011) constructs preliminary conditions for Assumption C.9
under a Gaussian assumption on g(Z;, 5y). BCCH proves Assumption C.9 by imposing
conditions on the speed of growth of Kg,, a constant defined in Assumption C.2. We

combine the facts stated in the above two papers into Lemma 3:

Lemma 3 (Sufficient condition for Assumption C.9) Suppose there ezist positive

absolute constants a1 and a, such that

ar < R(Sn 1Og(n)> QO) < ¢(Sn IOg(n)a QO) < as.

1) If Kp nsnlog® nlog®(s,logn)log(m V n) = o,(n), then Assumption C.9 holds.
y P

(2) Suppose that g(Z,, Bo) are i.i.d. Gaussian random vectors with mean 0, 1 <1 < n.
Then if s, log(n)log(m) = o(n), Assumption C.9 holds.

Lemma 4 (Primitive conditions for Assumption C.6) Suppose conditions C.1 and
log(n)szwyn

C.2 hold. If s—"—;r — 0 as n goes to infinity, then, ¢(s,log(n), 1 — Q) —, 0. If in
addition to that Assumption C.9 holds, then Assumption C.6 holds as well.

1.5.2 Bounds on Score Function

In this subsection we discuss about primitive conditions to satisfy Assumptions C.7 and

C.8. Assumption C.7 requires that the penalty terms v;, j = 1,2, ..., m be large enough.

Assumption C.10 (Bounds on Higher Order Moments) Assume there exist ab-

solute constants Cy and Cy such that
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(1) maxigigm E [gJ(Zz» /80)6] < Cla

(2) E “l%%(zifﬁo)”j < Ca.

For a given fixed v € R?, we establish bounds on the score function S()). Lemma 5

below suggest one potential choice of penalties which, however, is not feasible in practice.

Lemma 5 (Ideal choice of penalty levels) Suppose Assumptions C.1, C.2, C.5 and

C.10 hold. Let tg = /n®~1(1 — i—':) Assume that o, — 0 and ma,, — 0o. Assume

that ‘B0 — 0. Let

V18 = Boll

o1 (1 e

Y= (1+C)(KG,1L+2KM,7I||XH1) )
4m

(1.5.1)

=

m 2 m 2) 2
+E(Zw%%&%%%)—h(2g%%&%%m”

k=1 k=1
50, 2 1 o, N VA[@(R - 2)|
]En S Ziﬁ - ]En_] Zia )
+{ (Frzoom) - [mgrsn] |+ s
where 1 > ¢ > 0 s an arbitrarily small absolute constant.
Then there exists a sequence €, — 0 such that
SiN) | _ to ,

The penalty ; suggested in Lemma 5 is not feasible in practice since we do not have
any knowledge about 3y or X or about any bounding constants. These penalty terms
are also complicated to compute. In many situations we can choose seemingly simpler

penalties than the ones suggested in equation (1.5.1).

Corollary 2 (Asymptotic penalty) Assume that all conditions of Lemma 5 hold and,

in addition, %}gﬁj—gﬂgn’z)ﬁ — 0. Define the following two sets of penalties:
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(1) Refined asymptotic penalty fyf, 1<j<<m:

k=1

. 2y 3
=< E, (Z gk(Z'uﬁO)gj(ZhBO)/\k) [ " (Z 9x(Zi, Bo) gﬂ&ﬂo)&)}

1 (1.5.3)
2) 2
+ { <8QJ (Z“ﬂo) ) [ ag] (Z“ﬂo)v] } ]
(2) Coarse asymptotic penalty %C, 1<j<m:
¥$ = 11Alh {%" (Engk(Z:, Bo)* — [Engi(Z:, 50)2]2)}2 (1.5.4)

+{IE (‘29[; (Z:, Bo)v )2 - []En%%(Zi,Bo)vr}%,

If both ¥R and ~© satisfy Assumption C.8, then there exists a sequence €, — O such
that statement (1.5.2) holds with ~; =~ or v; =~5 for all 1 < j < m.

The vector of refined penalties v is sharper than the vector of coarse penalties
~¢, that is, for all realizations we have ’yJR < ,yjc_ In simulations we find that the
refined penalties result in estimators with smaller mean squared errors in finite samples,
however, in practice, the refined penalties are more difficult to construct than the coarse
penalties. Both v® and +“ depend on the target of estimation, X. These penalties are
still infeasible but can be estimated once we have a consistent estimator X such that

11X = Allx —p 0. We discuss how to construct feasible penalties in Section 1.5.3.

Theorems 1 and 2 require that Assumption C.7 be satisfied uniformly for the set of
vectors e, ..., eq4. The statement below shows how this can be achieved by adjusting the

common penalty term t.

Lemma 6 (Uniform Dominance of Penalty) Suppose v,; is the penalty term for

v =-¢€ and moment j, 1 <1l < dandl < 7 < m. Suppose Assumption C.7 holds
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for each | € {1,2,...,d} with t =ty and the set of penalties {v;i}7=,. Then by setting
\/n<I> 11— 4md) Assumption C.7 holds uniformly for v =ey, ..., eq.

Assumption C.8 is a general assumption which can only be examined for specific
choices of penalties. In what follows, we consider the necessary conditions for v# and
7¢ to satisfy C.8.

Assumption C.11 (Bounds on Empirical Higher Order Moments) There ezist

absolute positive constants K, K, and K such that:

(1
Joax E, [9;(Z:. Bo)'] < K5
e
Ky < in (B2 (20 60)o)) - (B 5 2 B }
< o {E, [(fj’,; (@ 5o)0)") = En 39](21,5()) P} <

In BCCH (2012), the authors impose a condition that is stronger than (1), in particular,
they assume that E,[g;(Z;, 5o)®] is bounded, which is not required here.

Lemma 7 If Assumptions C.5 and C.11 hold, then Assumption C.8 holds for v% and

~C.

1.5.3 Feasible Penalties

We are tempted to use the suggested v% or v© penalties, however, they are not feasible.
There are two obstacles to their use. The first is that we need to know the true theoretical
parameter Sy, the other is that X is unknown. We can and will substitute the unknown

Bo with the preliminary estimator 8. Finding a substitute for ) is a more delicate task.
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Assume we have a preliminary guess of ), which we denote A. If [|A — A||; — 0, we can

construct a feasible version of penalty terms wf and 'ij.

Definition 1.5.1 (Empirical Penalty) (1) Refined empirical penalty ﬁf, 1<j<<m,
is defined as:

A= {]En( > 91(Zi.B)9i(Zi, B)M) — [En Y gk(Zi»B)gj(Zi:B):\k)]z} (1.5.5)

1<k<m 1<k<m

=

+{En(G(Z:. B)v): — [BaG(Zi D)2}

(2) Coarse empirical penalty 45, 1 < j < m, is defined as:

55 =11\l {lgg (]Engk(ZiaByl — [Engr(Z:, 3)2]2)}2 (1.5.6)

+{B(G(Z B - BB

The empirical penalties 4% and 4 should be close and work similarly to the asymp-
totic penalties v and v¢. The features needed for the empirical penalties to perform

well are summarized in the Lemma below.

Lemma 8 (Consistency of empirical penalties) Suppose Assumptions C.1, C.2, C.5
hold. Assume Assumption C.8 hold for theoretical penalty v& (or v¢) as defined in equa-
tion (1.5.5) or (1.5.6) correspondingly. If a preliminary guess is such that ||A— M1 —, 0
and (Kyn V Kgn)n™ —, 0, then the empirical penalty terms 4f (or 47), 1 < j < m,
satisfy the following condition. There are two non-random sequences u,, and l,, converg-

ing to one such that with probability increasing to one

I <|2| <y, forall 1<j<m.

A result similar to that of Theorems 1 and 2 can be derived for empirical penalties
AR (or 3°).
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Theorem 3 Suppose Assumptions C.1-C.3, C.5 and C.9-C.11 hold for all v =ey,...,eq
with t = (1 +¢)4/n® 11 - 224) o, — 0 and ma, — co. Let the penalty terms be
AR (or 4S), which are based on preliminary guess A. Suppose the following growing

conditions hold with probability increasing to one:

(1) log(nm)3 -0, 8%log(m)(Kf,nVKM,n)2 0.

Sn log(n)Kﬁ,I'n (KgnVKin)?
(2) = = 0, S gty — 0

(3) 11X = Al = 0.

Then, there exists a sequence ¢, — 0 such that with probability at least 1 — a — ¢,

1B — Bolla = O <% v %W) : (1.5.7)
1Bp1, — Boll2 = O (—\/1—;]—— \ ST—Ll?fm) : (1.5.8)

Furthermore, if s log(m)? = o(n), the estimator BL and BPL are asymptotically normal:

Vn(Br — Bo) =4 N(O, (G'251G)™Y). (1.5.9)

Vn(Bpr — Bo) —=a N(0, (G’ G) 7). (1.5.10)

To come up with an accurate guess X of A one could employ an adaptive procedure
that uses estimators of A obtained as a result of LASSO selection. Given any A, define a
function II that maps A € R™ to the solution of problem P with empirical penalties &JR

(or 4¢) which have been constructed based on A. For the true unknown value X, we know
that by Theorem 1, under certain regularity conditions, ||TI(A)—X||; = O, (\/ s?'k’Tg(m))

So A is “nearly" a fixed point of IT when il‘%@l — 0. Vice versa, when II only has
one unique fixed point, this fixed point should lie very close to A. Thus, to implement
moment selection procedure P, we can iteratively update the empirical penalty terms
ﬁJR (or %C)’ 1 < j < m. Consider a sequence of m x 1 vectors A®?), and p=0,1,.... A\®

will be the solution of P with penalties computed based on A, XU . A®=1_ Firgt, we
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need to discuss an algorithm that converges globally for coarse penalty 7.

Algorithm 1 (Binomial Search) For coarse penalty 4, let )\;0) =0 and /\§I) =& for
all j = 1,2, ..., m, where € is a positive number. Denote o = ||[A?||; and z; = ||]AY]|;.

Let m be a small number representing the precision level of our algorithm.*

Notice that &f only depends on ||A||1. We can consider a mapping I1; which maps a
non-negative real number w to an m x 1 vector ¥ by plugging ||\||; = w into equation
(1.5.6).

Start of Algorithm 1:

While (|zo — 21| > 1)
Let zo = “Qﬂ;
If [th(z2)[|1 > x2, then xo = T2;
else 1 = xs.

end

Termination of Algorithm 1.

Lemma 9 (Convergence of Algorithm 1) For penalty terms 7€, if the value £ is
large enough, r1 and 3 in Algorithm 1 converge to a non-negative fized point ¢ € R.

The fized point z€ is unique.®

Lemma 10 (Property of Fix Point using 4¢) Suppose we apply coarse empirical
penalties and Algorithm 1 to perform LASSO in problem P. Define \° as the solu-
tion of problem P, given the penalty set as 11;(z°). Suppose Assumptions C.1-C.3, C.5
and C.9-C.11 hold for all v = ey, ...,eq with t = (1 + e)\/;zcb-l(l — %), a, — 0 and

o7

mao, — 0o. Suppose the following growth conditions hold with probability increasing to

one:

1We recommend the use of A*) = 0 and 1 =0.0001.
5 If we use a shooting algorithm to compute the minimization problem P, the operational time of
Algorithm 1 is O(] log(%)mlog(m)l).
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(1) log(nm)3 SN 0’ 5?7, log(m)(K:,nVKhI,n)2 - 0-

KG,nVKM,n)2
n2r—Tlog(m)

(2) sn log(n) K3y

n2e — 07 ( — O.

Then the LASSO estimator BL and the post-LASSO estimator BPL based on A€ satisfy
statements (1.5.7) and (1.5.8). Furthermore, if s2log(m)? = o(v/n), B1, and Bpyr, satisfy
(1.5.9) and (1.5.10).

For penalty 4%, we propose the application of Algorithm 2 to iteratively estimate 4%
and A. This algorithm is usually required to perform with a latency > 2, since a naive
iterative algorithm often diverges in practice. This algorithm can serve for a general
adaptive penalization procedure when penalties are computed based on the target of
estimation. The fixed point of Algorithm 2, A% has superior finite sample performance
compared to A\, since penalties v are sharper than penalties v©. We illustrate this

point with Monte-Carlo examples in Section 1.6.

Algorithm 2 (Adaptive Algorithm with Latency) Let w > 1 be the length of the
latency. Let B > w be the length of the incubational period. Let A\ be the initial value
of A. Let i be the tolerance level.

Start of Algorithm 2:
While(p > 0)
If (p < B) (incubational period)
(1a) Compute penalty 3% using A\©.
(2a) Compute the optimization problem P with the penalty term ~.

(3a) \?) is set to be the optimizer of the problem P using penalty v obtained
in (1a).

(4a) p=p+ 1.

else (converging period)

ZZ':;)_w A@
B e—

(1b) Update penalty term 4% using A = AP, where A¥) :=
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(2b) Compute the optimization problem P with the penalty term Y% and obtain
optimizer \®),

/7
> Al
q'=p—w

)
(86) If >0, [AP-e) — Ze=ecw” ||, < p: Terminate.
(4b) p=p+1.
end

end

Termination of Algorithm 2.

Lemma 11 (Property of Fixed Point using \?) Suppose we make use of refined
empirical penalties and Algorithm 2 to perform LASSO in problem P. Suppose the
initial value X satisfies ||\© — A||; — 0. Assume that the sequence A X . con-
verges to a fized point \F.5 Suppose Assumptions C.1-C.3, C.5 and C.9-C.11 hold for
all v = ey, ...,eq with t = (1 +¢€),/n® (1 — %), a, — 0 and ma, — oco. Further,

suppose the following growth conditions hold with probability increasing to one:

(1) P, snlosmKpaKann) _,

(2) Sn log(n)K]zuyn 0.

(Kg, VKALn)Q
ey — 0, z

n2e—1Llog(m)

Then the LASSO B, and post-LASSO Bp,, estimators based on \F satisfy (1.5.7) and
(1.5.8). Furthermore, if s2log(m)? = o(y/n), B and Bpy satisfy (1.5.9) and (1.5.10).

1.6 Simulation

Han and Phillips (2006) introduces several interesting economic examples with many
moment conditions that are non-linear in the parameter of interest. Similar to Shi (2013),
we consider a Monte-Carlo experiment based on time-varying individual heterogeneity
models (example 17 as described in Han and Phillips (2006)).

GAC

can serve as an initial value for Algorithm 2 when we use the refined penalties to perform LASSO.
Although it is still unknown whether or not Algorithm 1 converges in all cases, in our simulations the

convergence criterion of Algorithm 2 is always satisfied within less than 100 iterations when & is set to
3.
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Assume that we observe i.i.d. data (z;,v;), ¢ = 1,2,...,n, where z; is an (m + 1) x d,
matrix and y; is an m x 1 vector. Suppose that for any 1 < j < mand 1 < ¢ < n, we
model y; ; as:

Yij = [i(Br)ai + i ;82 + € 5,

where f;(-) are a known function that depends on j, o; are some unknown individual
heterogeneity, and ¢;; are random i.i.d. errors with mean 0. The key parameter of
interest, (31, is a scalar while 3, is a d x 1 vector € R%. The variation of f;(31) captures
how does the effect of individual heterogeneity change across period j, 0 < 7 < m. Thus,
in this model, it is important to estimate 3; well. For any 1 < j < m, we can consider

the following moment conditions based on first difference strategy:

]E[yi,jfj—l(Bl)_yi,j~1fj(ﬁl)_(fj—l(ﬂl)xi,j_fj(ﬂl)xi,j—l)ﬁz] = ]E[fjfl()Bl)fi‘j_fj(ﬂl)fi,j—l] =0
(1.6.1)

Equation (1.6.1) holds for every j = 1,2,...,m — 1, that is to say we can form a moment

condition for each 1 < j < m — 1. In addition, we consider to add a moment condition

based on long-difference:

Elyim fo(B1) — 4i0fm(B1) — (fo(B1)Ti; — fm(B1)2i0)B2]) = E[fo(B1)€im — fum(Br1)eio] = 0.

(1.6.2)
Thus, there are m moment conditions in total. Let 3 = (81, 3,) be a vector in R? and
Bo be the true parameter of 3. The moment conditions implied by equation (1.6.1) can

be written as follows:

9iWi, B) =i ; fi-1(B1) — vij-1fi(Br) — (fi=1(Br)zi; — fi(Br)xij—1)Ps. (1.6.3)

And we have:

9fi

0a.
ﬂ(yh/@) = ( aﬂl

op

(B1) - (yij — 4 ;B2) — g—g(ﬁl) (Yij—1 — Tij-102), (1.6.4)

"(fj—l(ﬁl)-%,j - fj(ﬁl)xz’,j—ﬂ)-

Similarly, we can write down empirical moment conditions for equation (1.6.2). Given
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a consistent estimator 3 of Bo, it is easy to build the basic constructing blocks in moment

selection procedure P:

~

Q = Enlgi(ui, B)gi(wi, B,
C(B = B[ tui. A
where v =1¢;, [ =1,2,....d.7

Shi (2013) considers a design that the covariates x;; only consists of a constant.
Also in Shi (2013), the “strength" of the moment conditions, i.e., IIE[%—%"(%, Bo)ll|2 de-
cays exponentially (after being sorted in a decreasing order) due to the formulation of
fi(:), 1 < j < m. Similar to Shi (2013), we perform our procedure on a design with a
covariate being the constant term. However, we only place a restriction that the quanti-
ties ||]E[%j(yi, Bo)]||2 decay in polynomial speed (after being sorted in decreasing order.)
Unlike example 2 in Shi (2013), in our design the optimal GMM estimator is severely
biased, while the LASSO and post-LASSO estimators are much less biased.

Example 6 (Approximate Sparse Design 1) Assume that for 0 < 7 < m — 1,
fi(B1) = 11-[-;7’ where a = 1. So f;(51) decays with polynomial speed. For j = m, let
fm(B1) = Bi such that m*™ moment is informative about the true parameter By. When m
18 large, the last moment is computationally difficult to be detected and thereby being used
in the estimation. Let o; ~ N(1,1) be i.i.d across individual i. In addition, let the con-
stant be the only covariate in (1.6.1) and the true parameter By := (B10, B20) = (0.6, —2).
Assume that the domain of the parameter 8 is [0.1,1] x [—1,5]. Let B be the efficient

GMM estimator estimated from the first five moment conditions.
Therefore, for any 1 < j <m —1, g;(2;, 60) = fj—l(ﬂlogei,j — fi(Bro)ei. So for any

2

y _ 1 1 1 ..
1 < 7 <m-— 1, V(L'f'(gj(zi,ﬁo)) = (W) + (1+610(j—1)“) = 72,57 Hence, we divide
the moment condition g; by j~* in order to normalize these moment conditions, i.e., for

1=0,1,....m—1,
95z, 8) = g;(2:, 8) - j*.

h

We don’t normalize the m'™ moment condition because it has variance bounded away

from 0 and from above. S0 gm(zi. B) = gm(z:, B)-

In practice, certain normalization may be needed. We discuss this in the specific examples below.
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The partial derivative of §(z;, B) can be written as follows: %(zi, B)

=J* (851511 (B1) - (yij — xi;B2) — 331 L(B1) - (yijor — zij-1B2). —(fis1(BD)wij — fj(B1)33i,j—1)) :

And the expected gradient of the j** moment is:

Gy () = B2 2, )] = (aff ! 610)5(610) ~ L BB S(81)  Fya(8 )),

for0 < j <m —1. It is easy to see that when a =1,
o OFf; a
(1) ] { fj (ﬂlO)fj(ﬁlO) - %(610)1‘]’-—1(510)} = (1+]'a610)2](1€_1?j_l)aﬂlo)Q 5
(2) ja(‘fj(ﬂw) - fj_l(ﬁlo)) - _(1+]‘“ﬁ10)j(al€-1€j—1)a510)'

So ||Go;ll2 is decaying with polynomial speed O(j=*). We perform the selection proce-
dure P with g. The initial value of GMM estimation procedures is all set at (0.5, —1.5).
We demonstrate the performance of our selection procedure about the key parameter [;
in Tables 1.1, 1.2 and Figures 1.1-1.3. In Table 1.1, it is clear that BL and BPL are more
efficient compared to efficient GMM and equally weighted GMM (EW-GMM later). In
addition, the bias of LASSO and the post-LASSO estimators are much smaller. CUE

has small bias when n = 400 but it is more dispersed because of its heavy tails, as such

phenomenon is discussed in Hausman et al. (2007). In Table 1.2, we can see that the
average number of moments selected when n = 400 is larger than that when n = 200.
When sample size is smaller, the penalties are larger and thus less moments are selected
via LASSO. In our example, Algorithm 2 runs iteratively for less than 15 times on av-
erage before it hits the stopping criteria, as described in the second row of Table 1.2%.
Figure 1 illustrates the frequencies of moment conditions selected by the T as described
in Lemma 2. As we can observe in Figure 1.1, the moments picked by the selector T
includes the first a few ones and the last one, which is expected to be a strongly infor-
mative moment condition and can be hardly picked by traditional methods such as AIC
and BIC procedures proposed in Andrews (1999). In addition, our procedure does not
rely on perfect selection: the 4" moment condition is only used in 65% of the time when

n = 200 and 25% of the time when n = 400. Figure 2-8 confirm asymptotic normality

8For GMM, when m = 240 > n = 200, the traditional GMM estimator is not well defined. Instead
of using 21, T use (Q + L—\/'fﬁ)'l.
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m=240 n=400 n=200
Bias /nSE MSE Rej. Rate Bias +nSE MSE Rej. Rate

LASSO 0.0039 0.904  0.0023 0.042 0.0078 0.923  0.0043 0.062
post-LASSO  0.0065 0.875  0.0020 0.048 0.0045 0.922  0.0043 0.068
GMM 0.149 1.164 0.0255 0.770 0.175 1.332  0.0396 0.538
EW-GMM  0.350 6.051 0.2145 1.000 0.402 1.265 0.170 1.000
CUE 0.0067 2.206 0.110 0.830 NA NA NA NA
Eff. Bound NA 0.756 NA NA NA 0.756  NA NA

Table 1.1: Comparison of BL and BPL on the key parameter ;.
m=240 n=400 n=200

LASSO CUE LASSO CUE

Average number of moments selected 5.76 NA 4.79 NA
Average number of iteration 14.2 NA 12.3 NA
Average running time per instance 15.56sec  162.12 sec 13.52sec  116.75sec

Table 1.2: More details on performance of LASSO and post-LASSO.

of B and Bpy.
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Figure 1-1: Frequencies of Moments Selected: Top: n = 200; Bottom: n = 400
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Figure 1-3: Distribution of [3’“:;, and ﬁgp,., Top: n = 200; Bottom: n = 400.

The next Monte-Carlo experiment is based on example 3 of Hausman, Lewis, Menzel
and Newey (2007). This example considers a Generalized-IV model when the "second

stage regression" contains non-linear functions of the parameter £.

Example 7 (Approximate Sparse Design 2) Consider the following setting:
y = exp(xfo) + e,

= zII +v.

We slightly modify the assumptions in Hausman, Lewis, Menzel and Newey (2007):
First, x is two dimensional, not one; Second, the number of instruments, m, is larger
than the sample size, n. The true beta Sy = (0,0). Let m = 500 and n = 200. v ~
N(0,1), 21, ..., 2m ~ N(0,1) and they are independent, 11(1,7) =1/ 4+ 1/(m+1—j)2,
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Figure 1-4: Frequencies of Moments Selected: Approximate Sparse Design 2

(2, 7) = 1/(m/2+1/2—j)%, and € = pwy + /1 — p*{dwz - (372, 2j/5) + /1 — S*ws},
where a = 1 and w;. wq, w3 are independent standard normal random variables. The

preliminary estimate is set as the equally weighted GMM (EWGMM) estimator.

In this setting, traditional GMM and CUE estimators do not exist. We compare
our estimator with the performance of EWGMM estimator in Table 1.3. In Table 1.3,
though EWGMM estimator seems to be quite close to the true parameter, but its bias to
too large and lead to incorrect inference. Such bias will lead to even worse rejection rate
when n increases. Also in Table 1.3, our LASSO and post-LASSO estimators are nearly
efficient compared to the efficiency bound (Go(B80)S% 'Go(Bo))™", although on average
10.3 out of 500 moments are selected. The empirical variance of EW. The asymptotic
test of LASSO and post-LASSO estimators have the size which are slightly larger than
0.05. This is perhaps due to the randomness of the moment selector T. In Table 1.1, we
also see the similar phenomenon in LASSO and post-LASSO estimators when n = 200.
Again, similar to the previous Monte-Carlo example, post-LASSO is slightly better than
LASSO in MSE. Figure 4 presents the frequencies of moments which are picked by the
LASSO selector. According to our design, we should expect three groups clustered around

1, 250, and 500. We can observe exactly the same phenomenon in Figure 1.4.
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Bias VnVar

0.582 0.011
LASSO (0.0123, —0.0005) 0.011 0147
0.524 0.006
post-LASSO (0.0166, 0.0034) 0.006 0145
0.392 —0.016
EW-GMM (0.0559,0.0174) 0016 0.137
0477 —0.060
Eff. Bound NA _0.060 0123
MSE Rej. Rate
LASSO (3.11,0.75) x 1073 0.060
post-LASSO (2.92,0.73) x 1072 0.060
EW-GMM (5.09,0.98) x 1073 0.248
Eff. Bound NA NA
Average # of Moments Chosen 10.3

Table 1.3: m = 500, n = 200, Comparison of BL and BPL with other GMM estimators.
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1.7 Conclusion

This paper applies the LASSO method to solve the many moments problem. Instead of
implementing traditional optimal GMM with the full set of moments, we consider select-
ing the informative moments before conducting the traditional optimal GMM procedure.
Since the optimal GMM estimator can be obtained via the optimal combination matrix
Go(Bo)'Q% ", we formulate a quadrative objective function with LASSO type penalties
to estimate the rows in the optimal combination matrix (d rows in total). This method
has several advantages compare to the traditional optimal GMM or GEL when the num-
ber of moments is comparable to the sample size or even much larger than the sample
size. When approximate sparisty holds, first of all, our method can substantially reduce
any second order bias simply because most of the informative moments are dropped
by the selection procedure; second, our method is computationally tractable compared
to other moment selection procedures such as those proposed in Donald, Imbens and
Newey (2008).

Theoretically, we establish the asymptotic bounds of the LASSO estimator of the
optimal combination matrix under L, distance and semi-norm || - ||o. Based on these
bounds, we are able to prove consistency and establish bounds for the LASSO based
GMM estimator BL and post-LASSO based GMM-estimator BPL. Furthermore, when
the number of truly informative moments, s, (as defined in the approximate sparsity

assumption), grows with speed M

— 0, we can prove that together with a set of
high-level conditions, both Br and fBpy are asymptotically normal and nearly efficient.
These high-level assumptions are common in the LASSO literature. We establish primi-
tive conditions for the high-level assumptions such that the validity of these assumptions
mainly relies on a set of growth conditions for the parameters K¢ ,, Knrn, Kpn (which
characterizes the behavior of the tail of the residuals and the smoothness of the moment
conditions) and p (which characterizes the accuracy of the preliminary estimator). All

these results are novel in dealing with non-linearity when the LASSO method is applied.

In addition to these theoretical results, we propose a set of feasible and valid penalties
to implement the LASSO procedure. Due to the complexity of our problem, our penalty

terms depend on the target of estimation, which is one of the main challenges we en-
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counter. Such a challenge does not arise when traditional LASSO is applied to OLS and
2SLS. We propose adaptive algorithms to solve this difficulty that are computationally
tractable. Our algorithm 1 converges globally, which guarantees the performance of the
algorithm with fast speed. Our algorithm 2 is more general and works well in Monte-
Carlo experiments, though the theoretical convergence speed is not yet known. We prove
that the convergence points in our algorithms satisfy the same properties as if we were
using the penalties constructed from the true parameter. The excellent performance of

these adaptive algorithms is demonstrated in Monte-Carlo experiments.
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Chapter 2

Core Determining Class: Construction,

Approximation, and Inference

In this modern era of “Big Data", it is important to draw information and create values
from the fast expanding datasets. We call the observable data as outcomes, and the
unobservable sources which lead to the outcomes as events. In many situations the
relations between events and outcomes are indeterministic, i.e., a single event may lead
to different outcomes. Such relations can be characterized by a bipartite graph G =
(U,Y, ), where U is a set of unobservable events, ) is a set of observed outcomes,
and ¢ is a correspondence mapping from U to Y such that p(u) C Y is the set of
all possible outcomes that could be led by event u € U. In this paper, we consider
estimating the probability measure on U given observations on ). One application is to
infer individual player’s private information given the observations of players’ strategies
when there exist multiple equilibria; another application is to infer demand /customer

characteristics given the purchase histories and sales data.

The feasible set of probability measure on U is defined by a set of linear inequality
constraints. In general, the number of inequality constraints could grow exponentially
with |[U/|. Such many inequalities may lead to two problems for performing inference
on the measure on U: (1) traditional inference procedures such as those described in
Chernozhukov, Hong and Tamer (2007) (later CHT) may fail; (2) traditional inference
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procedures are computationally intractable when |U/| is large.

If we can dramatically reduce the number of inequalities defining the feasible set
of probability measure on U, we are able to perform valid inference with much less
computational cost. Notice that there may exist many redundant or nearly redundant

inequalities, we aim to select the informative ones from the full set of inequalities:

(1) We propose a method to construct the set of irredundant inequalities for the
bipartite graph when data noise is not taken into consideration. Such set is referred as
Core Determining Class described in Galichon and Henry (2011). We prove that the
inequalities selected are independent from the probability measure observed on Y under

certain mild conditions.

(2) For a general problem of linear inequalities selection under noise, we propose a
selection procedure similar to the Dantzig-selector described in Candes and Tao (2007).
We prove that the selection procedure has good statistical properties under some sparse

assumptions.

(3) We apply the selection procedure to construct the set of irredundant inequalities
for the bipartite graph with data noise. We prove that the selection procedure has
better statistical properties compared to that applied to the general problem due to the
structure of the graph.

(4) We demonstrate the good performance of our selection procedure through several
sets of Monte-Carlo experiments: first, the inference based on the selection procedure has
desired size; second, it has strong power against local alternatives; third, it is relatively

computationally efficient.

The closest researches to our topic are Galichon and Henry (2006, 2011) and Chesher
and Rosen (2012). Galichon and Henry (2011) proposes the Core Determining Class
problem, i.e., finding the minimum set of inequalities to describe the feasible region of
probability measure on Y. Chesher and Rosen (2012) provides an inequality selection
algorithm, but may still contain some redundant inequalities in the selected set. Andrews

and Soares(2013) proposes moment inequality selection procedure using criterions such
as BIC.
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There are many studies on performing inference of sets. CHT (2007) proposes general
inference procedure with moment inequality constraints. Romano and Shaikh (2010)
provides improvements for CHT (2007). Beresteanu, Molchanov and Molinari (2011)
uses random set theory to perform inference with convex inequality restrictions. Andrews
and Shi (2013) construct inference based on conditional moment inequalities. For related
empirical studies, see Tamer and Manski (2002), Bajari, Benkard and Levin (2004),
Bajari, Hong and Ryan (2010) and etc..

There is also a wide literature on detection and elimination of redundant constraints
when data noise is not taken into consideration. For example, Telgen (1983) devel-
ops two methods to identify redundant constraints and implicit equalities. Caron, Mc-
Donald and Ponic (1989) presents a degenerate extreme point strategy which classifies
linear constraints as either redundant or necessary. Paulraj, Chellappan and Natesan
(2010) proposes a heuristic approach using an intercept matrix to identify redundant

constraints.

We organize the paper as follows: Section 2.1 introduces the model and basic as-
sumptions through out the entire paper. Section 2.2 studies the Core Determining Class
from the structure of the bipartite graph and provides a method to construct the ex-
act Core Determining Class when data noise is not taken into consideration. Section
2.3 proposes a general linear inequalities selection procedure under noisy data with the
definition of sparse assumptions. Section 2.4 discusses the additional technical assump-
tions and proves main theorems of the statistical properties of the selection procedure,
with application to the Core Determining Class. Section 2.5 implements our selection
procedure in a large bipartite graph through Monte-Carlo experiments and illustrates

its performance. Section 2.6 concludes the paper.

2.1 Core Determining Class

Given a bipartite graph G = (U, ), ¢), suppose U is a set vertices representing events,
and )Y is a set of vertices representing outcomes. Suppose an event u € U leads to

a set of possible outcomes p(u) C ), where ¢(u) is a set of vertices in }. For any
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set A C U, ¢(A) := Uyeap(u). Therefore, ¢ : 24 + 2¥ is a correspondence mapping
between U and Y. The inverse of ¢, denoted as ¢! is defined as ¢! : 2Y — 24,
e ' (B)={uelU|p(u)N B #0}, VB C).

Let v be the probability measure on Y. Let i, ¢ be the true measure on Y which could
change with the model. Let f, be the measure observed in a sample set of outcomes
Y. Denote di = |U| and d2 = |Y|. For a graph G = (U, Y, ), say G is connected if
VAj, A2 C G and A; U Ay = G, it holds that ¢(A;) Np(As) # 0.

Assumption C.12 (Non-Degeneracy of G, u,o and [i,) (1) Assume G is connected.

We say G is non-degenerate if G is connected.

(2) For the probability measure jt = o Or fi,, assume that for any y € Y, u(y) > 0.
We say that p is non-degenerate if u(y) > 0 for any y € Y.

We assume that Assumption C.12 holds through out the paper.

The parameter of interest in this paper is the d; x 1 vector v, which is the probability
measure which generates the events u € U. In general we are unable to obtain a
point estimation of v unless additional information is provided. Instead, we can obtain
inequality bounds on v given the bipartite graph G = (U, Y, ¢) and the measure p on Y.
More specifically, for any set of events A C U, the outcome should fall into the set p(A).
Thus, for any A C U, we can obtain the inequality v(A) := 3", 4 v(u) < p(p(A)) =

ZyEcp(A) 1(y)-

The Artstein’s theorem stated in Artstein (1983) presents that all information of
v in the biparte graph model G = (U, Y, ¢) is characterized by the set of constraints
described below:

Lemma 12 (Artstein’s Theorem) The following set of inequalities/equalities con-

tains sharp information on v:

1. Forany ACU,



where p(p(A)) = 3 e oa) 1(Y);

2. > ey v(u) =1
Our model, denoted as P, is presented below:

Definition 2.1.1 (Model P;) Find the set of all feasible probability measure v on U
such that:

(1) For any A C U, v(A) < u(p(A));
(2) Zueu U(u) =1

Comment 2.1.1 The non-degeneracy assumption prevents the problem Pg from decom-
position, i.e., we can not decompose graph G into G1 and Gy and proceed with problem

Pe, and Pg,. Otherwise the problem can be simplified by looking at Gy and G5 separately.

In general, the set of inequality constraints stated in Definition 2.1.1 contains redun-
dant inequalities. Define the minimum model Ty of Pg as the set of linear constraints
stated in (1) such that Tp together with the equality (2) has the minimum number of
constraints which generate the same set of feasible measure as Pg. In other words, Ty
consists of all irredundant constraints in Pg. If the number of irredundant constraints
in T} is much less than 2% — 1 stated in Definition 2.1.1, then it is more accurate and
computational efficient to conduct inference on the Core Determining Class using Tp.
Galichon and Henry (2011) proposes the concept “Core Determining Class" as follows

Definition 2.1.2 (Core Determining Class problem) The Core Determining Class
problem is the problem of finding all binding constraints in model Pg. The Core Deter-
mining Class is any collection of subsets of U that contains the sharp information, i.e.,
the corresponding inequalities includes all binding inequalities. The exact Core Deter-
mining Class is defined as the set of subsets of U which corresponds to the irredundant

inequalities in model Ty.':

!The definition of Core-Determining Class in Galichon and Henry (2006) is slightly different from
ours. Galichon and Henry (2006) defines Core-Determining Class as any set that contains all the binding
inequalities. In this paper, we refer "exact Core-Determining Class" as the set of binding inequalities,
i.e., the smallest set (in cardinality) which characterizes the identified set of parameter of interest.
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Comment 2.1.2 In many cases there may exist a parametric model for v, denoted as
v; = Fi(0). The function F; can be non-linear. The inference on 6 can be generally
difficult if the number of inequalities about v is large. Therefore, we can find the truly
binding inequalities about v, we would perform estimation and inference on 6 much

faster.
We provide an example on the model Pgs.

Example 8 (Two players entry game) Suppose there are two firms in a market.
The cost for firm 1 and firm 2 is c+ry1 and ¢ + o respectively, where c is a constant, r;

and ry are random shocks which are observable only by the corresponding firm.

The two firms face a total demand D = ay — asp. If they are both in the market, they
will play a Cournot Nash equilibrium. If there is only one player, then this player will
reach a monopolist’s equilibrium. If the costs are too large for both players that even a
monopolist is unprofitable, then there will be no player in the market. Therefore, there
are J possible equilibria: (0,0), (1,0), (0,1), and (1,1):

(1) if & —c>2/3r1—1/3ry and & —c > 2/3ry — 1/3r1, then the equilibrium is
(1,1);

(2) if & —c <2/3r1 —1/3r2 and & — ¢ > 2/3ry — 1/3r1, then the equilibrium is
(0,1);

3)if L —c¢>2/3r; —1/3ry and £ — ¢ < 2/3ry — 1/3ry, then the equilibrium is
a2 az
(1,0);

else if Z—; —c<2/3r; —1/3ry and % —¢<2/3ry—1/3r:

(4) ifc+r1i <2 and c+ 19 < 3L, then there are two equilibria:(1,0) and (0, 1);

a2

5)ifc+ri <% and c+ry > L, then the equilibrium is: (1,0);
a2

a2

(6) if c+r1> 52 and c+r2 < 3, then the equilibrium is: (0,1);

az

7)ifc+ri > % and c+ra > 2, then the equilibrium is: (0,0).
az

az

Let U = {u1,ug.us,ug,ur}, where u; is the event representing case (i), with the
exceptions that us represents (2) and (6), and uz represents (3) and (5). Let Y :=
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{y1, Y2, Y3, ya}, where y1 = (1,1), yo = (0,1), y3 = (1,0), and ys = (0,0). So d; = |U| =
5 and dy = |Y| = 4. The correspondence mapping ¢ between U and Y is:

o(u1) = {m}, o(u2) = {12}, (us) = {ys}, v(us) = {y2,y3}, and w(ur) = {ya}.

The correspondence mapping for Example 8 is illustrated in Figure 2-1.

v.\‘¢
11 \_.u

@y
u 7 o ?

V3?7§’?. ng

ve .A—"" 3: (1,0
' /—’—/r',':—;).o) He
Vs ?’ T

Figure 2-1: Correspondence Mapping for Example 8

Given the probability measure pn on Y, the bounds of the probability measure v on U
is given by the inequalities stated in the Artstein’s theorem. According to the Artstein’s
theorem statement (1), there are 25 — 2 = 30 inequalities. In fact, it is obvious that the

Core-Determining Class in this example consist of only 5 sets (inequalities): {u1}, {uz},
{us}, {uz, us, us} and {us}.

In reality, the true probability measure p,o on the outcome set Y is unobservable.
Instead, given the data, we could observe the empirical measure i, on Y. Due to
uncertainty of the data, we would like to solve a relaxed problem P(, whose solution
set covers the solution set of the true model P; with probability approaching 1 as the
data sample size n approaching infinity. This relaxed problem P, provides conservative

inference for model Pg.

Definition 2.1.3 (Model P}) For a small A, find the set of all feasible probability

measure v on U such that:
(1) For any A CU, v(A) =Y, c4v(w) < fin(w(A)) + X;
(2) >y v(u) =1.

65



Ideally A should converge to 0 when n — oo. The dimensionality of the problem, ||,
and the number of inequalities in P(;, should affect the tuning parameter A. In fact, A
should be chosen properly such that: (1) the feasible set of v found in model P, covers
the feasible set of v found in model P; with probability approaching 1, so P, provides
inference on Pg; and (2) A is not be too large to exaggerate the feasible set of v found

in model P;,. We will discuss the choice of A in Section 2.3.

According to the Artstein’s theorem, model Pg contains 24 — 2 inequalities. It is
a very large number when d; is large and even grows with n in some contexts. The
numerous inequalities lead to both computational difficulties and undesirable statistical
properties. In fact, some or even most of the inequalities stated in the Artstein’s theorem
may be redundant. Galichon and Henry (2011) analyzes the monotonic structure of
the graph G and claims that there are at most 2d; — 2 sets in the Core Determining
Class under a special structure. Chesher and Rosen (2012) provides an algorithm which
could get rid of some, but not necessarily all redundant inequalities. In Section 2.2,
we fully characterize the Core Determining Class by the exploring the combinatorial
structure of the bipartite graph G. We prove that the Core Determining Class only rely
on the structure of G under the non-degeneracy assumption of x. The results are novel
compared to existing studies. We also propose a fast algorithm in Section 2.2 to compute

the exact Core Determining Class when data noise is not taken into consideration.

In addition, besides those redundant inequalities, many of the binding inequalities
could be “nearly”" redundant, meaning that although they are informative in Model
Pg with empirical [, they could be “implied" by other inequalities in Model P/, with a
small relaxation A. Therefore, it may be possible to use a smaller number of inequalities,
i.e., a “small" model, to approximate the full one. Such a small model will enjoy better
statistical properties compared to the full model, i.e., it will be less sensitive to modeling
errors. We propose an general inequality selection procedure similar to the Dantzig

Selector in Section 2.2.
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2.2 Exact Core Determining Class

In this section, we present our discovery of the combinatorial structure of the Core
Determining Class, along with a fast algorithm to generate the Core Determining Class.
In Galichon and Henry (2011), whether an inequality v(A) < p(p(A)) is in the Core
Determining Class is examined by numerical computation using the probability measure

.

In fact, given the correspondence mapping ¢ of the bipartite graph G = (U, Y, p),
we can identify the redundant inequalities without any observations of the outcomes in
Y. For example, for Ay € 4 and A, € U, if A;N Az =0 and (A1) Np(Az) = 0, then the
two inequalities, v(A;) < u(p(A;)) and v(A2) < n(p(A2)) can generate the inequality
v(A1UA2) = v(A1)+o(A2) < u{p(A1)) +u(p(A2)) = n(e (A1) Up(A2)) = u(p(A1UA,)),
which is exactly the inequality corresponding to A = A; U A;. In another word, the
inequality v(A) < p(A) is redundant given v(A;) < p(p(4y)) and v(A2) < p(p(A2)).
Also, if u ¢ A satisfies p({u}) C ¢(A), then the inequality v({u} U A) < pu(e({u} U A))
will imply a redundant inequality v(A) < u(p(A)).

In this section, we propose a combinatorial method to generate the exact Core Deter-
mining Class. We prove that, in theory, if the probability measure y is non-degenerate,
our method excludes all redundant inequalities in the model Pg regardless the values
of st. That is to say, the Core Determining Class can be exactly constructed with the

method and the Core Determining Class is independent from pu.

Definition 2.2.1 (Set S,) S C 2Y is the collection of all non-empty subsets A C U
and A # U, such that

v (A4) > pu(p(A)),

where vM(A) := max{v(A)|v(A’") < u(p(A")),VA' CU, A" # A}.

Set S, is defined with probability measure p. The inequality generated by any A € S,
is informative: it is irredundant given other inequalities described in statement (1) of
the Artstein’s theorem. Essentially, S, identifies the irreducible inequalities for Model

Pc when the critical equality ) ., v(u) =1 is not taken into consideration.
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Definition 2.2.2 (Set S.) S' C 2 is the collection of all non-empty subsets A C U
and A # U, such that:

(1)A is self-connected, i.e., VA1, A2 C A such that Ay, Ay # 0 and A1 U Ay = A, it
holds that (A1) N p(Az) # 0;

(2) There exists no u € U, such that u & A and o(u) C ¢(A).

Lemma 13 If 1 is non-degenerate, the collection of subsets defined in Definition 2.2.1
and Definition 2.2.2 are identical. S, = §,,.

S, and &, describe the irreducible inequalities in Pg if the equality >, ., v(u) = 1
is not taken into consideration. Theorem 5 of Chesher and Rosen (2012) proposes a
subset of inequalities with property (1) stated in Definition 2.2.2. This subset contains
the set of all binding inequalities, which is Core Determining. Lemma 13 shows that
with an additional property (2) in Definition 2.2.2, we can find all binding inequalities
without considering the equality: > ., v(u) = 1. In fact, adding this equality can
further substantially reduce the number of inequalities and it is impossible to find the
minimum set of inequalities in Pg without the key equation }_ ., v(u) = 1. To find
the minimum binding set of inequalities, i.e., the exact Core-Determining Class, we look
at the problem Pg from the opposite direction: consider the inequalities from Y to U.
For any non-degenerate probability measure v on U, we define S, and S;, which are

collection of subsets of J and similar to S, and S,,.

Definition 2.2.3 (Set S,) Given a non-degenerate probability measure © on U, S, C
2Y is the collection of all subsets B C' Y and B # Y, such that

pM(B) > (¢~ (B)),

where pM(B) := max{u(B)|u(B’) < v(p~YB')),VB' C Y,B # B}, where i is a

probability measure on Y.

Definition 2.2.4 (Set S) S| C 2¥ is the collection of all subsets B C'Y and B# Y,
such that:
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(1) B is self-connected, i.e., VBy, By C B, such that B1, B2 # 0 and By U By = B, it
holds that =1(B1) Np~(Bs) # 0;

(2) There exists noy € Y, such that y € B and o~ (y) C ¢ 1(B).
The Lemma below presents result similar to Lemma, 13.
Lemma 14 S, =S,

Definition 2.2.5 (Set S;') Set Sy'1 is the collection of A C U and A # U such that
there exists B C S, that A = ¢~ 1(B)".

Below we give a numerical definition of the exact Core Determining Class using linear

programming:

Definition 2.2.6 (Set S*) The Core Determining Class S* is the collection of all sub-
sets A CU and A # U, such that

™ (A4) > u(p(4)),
where vM™ (A) := max{v(A)|v(A") < u(p(A)),YA CU, A # A;v(U) = 1}.

In the definition above, the equality v(U) = 1 is considered. S* are subsets in U cor-
responding to irreducible inequalities under v(U) = 1. The theorem below characterizes
the Core Determining Class S*:

Theorem 4 The Core Determining Class is characterized by the following equation:

5*=8,n8;"

Notice that both S, and Sy‘ ! are defined via combinatorial rules, the Core Determin-

ing Class is independent from p if i is non-degenerate.

In Example 9, we show that considering only S, may not able to substantially reduce

the number of inequalities, where S, N S 1 can be a very small set in cardinality.
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Example 9 Consider set U = {u1,...,us } and set Y = {y1, ..., ya,+1}. ¢ is the corre-

spondence mapping between U and Y such that:

e(uz) = {Ys: Yay+1}

forall1 < j < d;.

j

«@

Figure 2-2: Correspondence Mapping of Example 9

Considering only S, would obtain S = 2 — {Q,U}, which consists of 2 — 2 sub-
sets and essentially make no selection of inequalities. The Core Determining Class S*
constructed in our approach is {U — u;|1 < j < di}. It is obvious that this is the mini-
mum number of subsets carrying full information for model Pg. The Core Determining

Class S* contains d, inequalities, which is much less than 2% — 2 inequalities selected by
Theorem 5 of Chesher and Rosen (2012).

We utilize the combinatorial structure revealed in Definition 2.2.2 and Definition 2.2.4
to construct S;, and S, algorithm 1 computes S, and a similar algorithm computes S,
and S, *. Then we obtain the Core Determining Class §* =S, NS, .

The complexity of the algorithm is o(2m#*(dwd) . g2 . d2), where

d, 1s defined as

d, = max|A|
A
stAclU
p(A) =Y
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o(A/u) S Y, Yue A
d, is defined as
d, = max |B|
st.BCY
¢ '(B)=U
¢ (Bly) QU,Vy € B
Under the assumption of non-degenerate GG and p, in a bipartite graph with practical

application, d, and d, is much smaller than d; and d; respectively, so the algorithm is

fast in practice.

Algorithm 3 Input: Bipartite Graph G = (U, Y, )
Output: Set S,
Initiation: S! = {0}
fori=0to |U|—1 do
Identify additional A’ € S, as union of u € U with |A| =i
for each A € S!, with |A| =i do
for each u & A that o(u) N@(A) # 0 do
A= AU {u}
if (A") <1 then
for each v’ ¢ A’ do
if p(u') C p(A’) then A’ = A" U
end
end

end
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end

Termination: S!, = S! — {0}

2.3 A general selection procedure and sparse assump-

tion

Essentially, the objective of model Pg is to obtain a feasible set of v given observation
fi, Le., to obtain Q := {v|v(A) < ju(p(A)),YA C U: Y wey v(w) = 1}. In Section
3 we explore the structure of the bipartite graph G to obtain the set of irreducible
inequalities to define Q In this section, we propose a procedure for a general problem
of linear inequalities selection under data noise. This procedure chooses the set of linear
inequalities with sharp information as n — oo. It can identify the inequalities which are
~ binding but “close" to redundant, so to further reduce the number of inequalities in Q.
The procedure can be applied to general linear inequality selection problems, including
Core Determining Class problem allowing mixed strategy as defined in Galichon and
Henry (2011).

2.3.1 General Selection Procedure

Problem P can be interpreted as computing the feasible region of a collection of linear

inequality constraints. It could be generalized as computing the feasible region of
Q = {v|Mv < b,v > 0},

where M is a m x dy matrix, v is d; x 1 vector, and b is a m x 1 vector.

In many situations the number of inequalities, m, is too large to effectively conduct
any known estimation and inference procedure such as CHT inference. For example,

there are m = 2% inequalities in the Core Determining Class problem without any
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inequalities selection procedures.? There are two reasons that we do not use the entire
set of inequalities: first, there could be many redundant inequalities which are not
informative at all; second, when m and d; are growing, there could be many inequalities

which are nearly redundant, compared to the size of noise in the data.

Notice that the random noise of b, which comes from fi,, — 1 0, is ignored in Section 3
when data noise is not taken into consideration. In this section, we develop a procedure

to select informative inequalities in a general () considering the random noise on b.

For any subset Z of {1,2,...,m}, denote Mz as the matrix comprised of the rows
indexed by Z in matrix M. Similarly, denote bz as the subvector of b indexed by Z.
By the Farkas Lemma, for a general matrix M and a vector b, if the set of constraints
indexed by Z can imply all other constraints, i.e., the set Q7 := {v|Mzv < bz,v > 0}

equals @), then there must exist a non-negative m x m matrix II such that:
(1) IM > M,

(2) TIb < b,
(3) Ii; =0,
forany 1 <I<mandjé¢Z.

For any j € {1,2,...,m}, denote M, as the j™* row of M, denote II; as the j"* row of
I and TT* as the kt* column of II.

The coefficient matrix IT described above can serve as a signal of the importance of
each inequality. If all the coefficients of the k** inequality, I1¥, are zero or close to 0,
then this inequality is not very informative to v. Inspired by the Farkas Lemma, we

propose the following selection procedure which slightly relaxes the constraints on II:
Problem R :

. k
H}Im’;g(ﬂ )

2We could view v(U) = 1 as two inequalities: v() < 1 and v(U) > 1.
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subject to:
(DHIIM > M, 11 > 0,

(2)IIb < b+ A,

where observed b is a m x 1 vector which converges to b as the data sample size n goes
to 00, and Ay = (Anms Anms s Anm)’ i which A, ,, is a relaxing parameter measuring

the maximum error allowed for each inequality.?

We choose the objective function g¢(-) such that it measures the importance of the
constraints. One choice is g(II*) = sign(Ti¢jcmlljy). With this function g(-), the
selection procedure R is essentially a binary integer programming to select the minimum

number of inequalities. We call such a procedure the “ L° selector".

The L° selector is extremely difficult to implement when m is large. However, many
studies on LASSO and the Dantzig Selector show that some L! objective functions could
enjoy nice statistical properties in model selection and low computational costs. Below

we propose a feasible L' objective function g(-):

g(IT*) = max Il (2.3.1)

1gjsm

where I1j; is the (j, k)™ entry of II.
With the above choice of g(-), the formulation of the problem R is rewritten as:

Problem R :

m

min max Il
II 1<j<m

subject to:
(1) IM > M,II > 0,

(2) [(TTh = b) i < A4

3The Vector A, ,, can also be chosen to be specific to each inequality. For the inequality which we
believe to be too important to be ruled out, we could set the corresponding A, m in Ay m to 0.

4 The formulation of the problem R is similar to the Dantzig Selector described in Candes and
Tao (2005). The main difference is that the Dantzig Selector has two-sided constraints, which shrink
the feasible solution to a point, while our problem has one-sided constraints, which consign the feasible
solution to a convex set. The benefit of this formulation is that it turns an integer programming problem
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2.3.2 Sparse Assumption of the Problem R

Sparse assumptions play the essential role in the analysis of some L! penalization pro-
cedures, such as LASSO and the Dantzig Selector. In this subsection, we define a sparse

assumption for the Problem R.

For any 1 < j < m, define separation of inequality j as:

¢; = max M;v — b;
'j vegy j

where
Q; = {v|Mv < b;,Vi # j;v > 0}

cj measure the maximal separation of the j*" inequality for all points in Q;. If ¢; > 0,
the j** inequality is irredundant, otherwise the j** inequality is redundant. Let T, be
the set of indices j with c¢; > 0 to denote the set of irredundant inequalities. Since c;
characterizes the information carried by the j** inequality, we define a sparse assumption

using c;.

Definition 2.3.1 (Exact Sparse) Recall that Ty is the subset of {1,2,...,m} denoting

all irredundant inequalities. Let II* be the solution of the following problem:

Problem R :
: k
min E g(IT%)

keTy

subject to:
(a)[IM > M,T1 > 0,

(b)ITb < b,

(OTF =0 if k ¢ To.

For any m xm matriz I1, denote g(I1) := (g(I1'), ..., g(TI™)Y', which is a m x 1 vector.

(minimize L norm) into a linear programming problem (minimize L! norm).
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The exact sparse assumption of P is defined below:

There exists absolute positive constants K*, r and K, and an absolute constant c,,,

which may depend on n, such that:
(1) s := |To| = o(n A m), which may increase at slow rate as m and n increases;

(2) The sum of coefficients needed to construct each inequality is bounded from the

above:
maxigigm ”I’:/[;”L1 g Kd’{;j
(3) max;<jem g(I17) < K*;

(4) minjeTo C]‘ 2 Cg,n;

Exact sparse assumption assumes that the binding constraints are informative. There-
fore, we are able to distinguish these constraints when the noise is small enough. Denote
set Z* as the set of non-zero components in g(ﬁ*). In general set Z* is not necessarily
the same as the minimum set of constraints, 7. However, in the special case of Core
Determining Class problem with bipartite graph, we show that Z* = T,. That is to say,
the L' selector recovers the Core Determining Class when ) is set to be 0. We expect the
set Z* should not be too large compared to To. We show that in the next section, similar
to Candes and Tao (2005), the number of non-zero components has a order O(sp) with
probability approaching 1 by employing a cutoff 0 < < 1 to g(Ily). For a g dimensional
vector b and scalar ), define b+ A := (31 + A, ...,gq + A). Through out the paper, assume
that M is a fixed matrix. Define % := {Qz(6)|Qz(b) = {v|Mzv < EI},E eR™and Z C
{1,2,...,m}} as a collection of sets which takes the formulation {v|Azv < bz} for some
beR™and I C {1,2,...,m}. Define the operation ¢ which maps a set QVI(E) € % and
a real number X into another set Qz(b) ® A := Qz(b+ A) = {v|Mzv < br + A} In the
rest of the paper, let @z @ A be the abbreviation of @I(E) @ A if there is no confusion.

By analogy with the exact sparse assumption, we propose a more feasible approxi-

mate sparse assumption:

SIf ||M;]|;> is normalized to be 1, then in general 7 = . In the Core-Determining Class problem, we
prove that K =1and r = 1.
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Definition 2.3.2 (Approximate Sparse) Suppose we can order the separations c1, ..., ¢

into cay 2 c) 2 ... 2 c(m) and suppose there exists a positive integer s* such that:
(1) s* = o(n Am).

Let T™ be the set of indices of the inequalities with the first s* largest separations.
Suppose K and 1 are absolute positive constants. Let 0 := max,<j<m Var(b;;)?. Let II*

be the solution of the following problem:

Problem R :
. k
min E g(IT")

keT™
subject to:
(@)IM = M, 11 > 0,

(B)IIb < b+ Kd’{a\/@,

M =0ifk¢ T
Then, it holds that:
(2) Q- C Q& Kdf /),
(3) There erists an absolute constant K* such that max;¢jcm g(II¥) < K*;

(4)maxscem 1T < Kdf.

In the approximate sparse assumption, we allow c¢; > 0 for all 1 < j < m. So in the
worst, case, g(ﬁ*j) > 0 for all 7 € {1,2,...,m}. The approximate sparse assumption
assumes that there is a small set 7" indicating a feasible region similar to ¢ while the

size of T* is much smaller than m.
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2.4 Properties of the Selection procedure R with Ap-

plication in the Core Determining Class Problem

2.4.1 General Properties

In this subsection, we analyze the property of the selection procedure R and the choice
of the relaxation parameter A, ,,. We impose high level assumptions on b and An.m and

then discuss a set of sufficient conditions for the assumption.

Assumption C.13 (Dominance of \) Suppose we have data By, Ba, ..., B, with di-
mension m X 1 such that b = E[B;], 1 <i < n. Suppose in practice we use b= E,.[B;]

to estimate b. Suppose that with probability at least 1 — «,
(1) maxi<jem b — bj| < Anm;

(2) Mnm — 0.

In the Assumption C.13, we require that the choice of relaxation parameter A, ,,
should dominate the maximal discrepancy between l;j and b; for all j € {1,2,...,m}.
In additional, A, ,, should be converging to 0 as sample size increases to guarantee

consistency.

Given A, ., suppose that the solution to R is II. Denote Jr = MaXig gk ﬁjk, for
all 1 < k < m. Define Z := {k|gr # 0} as the set selected by the procedure R. We
consider the post-selection estimator Q; := {v|M;v < b} as the feasible set defined by

the inequalities with indices in 1.

Lemma 15 If Assumption C.13 holds, then with probability > 1 — «, Qi satisfies:
(1) Q C Qf & /\n,m-
(2) Q; C Q& 22Xy .
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Lemma 15 shows that Q and @ are very close to each other. Therefore, An,m should

be at least as large as the (1 — «) quantile of the random variable

Foam 1= o [b; — byl
Chernozhukov, Chetverikov and Kato (2013) (CCK later) shows that the distribution of
\/Nrn.m can be well approximated by the distribution of the maxima of a Gaussian vector
under certain conditions under M — 0 along with other mild regularity conditions.
The calculation can be easily performed via Gaussian Multiplier bootstrap. A weaker
bound (but still relatively sharp in many cases) of the (1 — «) quantile of r,, ,, could be
obtained using modest deviation theory of self-normalized vectors described in De La

(log m)(2+8)

Puna (2009), which requires — 0 where 6 > 0.

Assumption C.14 (Regularity Conditions) (1) The data b; is i.i.d..°

(2) There exists an absolute constant C > 0 such that

10, 1< <m
(8) There ezist absolute positive constants ¢, such that

~ 2
min E[b;] = 1.

The statement (2) in Assumption C.14 holds for the Core Determining Class problem
with the constant C' = 1. Statement (3) may not be true in the Core Determining Class
problem when the dimension d; grows. However, the problem can be fixed by multiplying
V/d to b;; when we make the assumption that i < v(u;) < % for some absolute positive
constants ¢ and ¢’. We use Assumption C.14 to derive properties for general selection
procedure R. In Section 2.5.2, we apply R to the Core Determining Class problem
without Assumption C.14.

6The i.i.d. assumption can be extended to the i.n.i.d. assumption as Lemma 5 and Lemma 6 both
allow i.n.i.d data with small modifications in the statement.
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Under Assumption C.14, we are able to obtain the following two Lemmas on the
choice of relaxation parameter A\. These two Lemmas are based on results stated in De
La Puna (2009).

Pi<ign Biseij
n 2

Lemma 16 (Choosing )\ using Multiplier Bootstrap) Let <, := maxi<;j<m
where e;; are independent standard normal random variables. Suppose Assumption C.14
holds and lﬁi(i"ﬁvn—y — 0, then the 1 — « quantile of \/ﬁrﬁd 18 a consistent estimator of
the 1 — a quantile of \/nry, 4.

Lemma 17 (Choosing A using Modest Deviation Theory of Self-Normalized Vectors)
~H—1(1_ _a

Denote 6% := max<jcm{En[B}] — [E,B;]*}. Let ,\n',,;;: 91?__\/%_—2_"1_) for some constant

C > 1. Suppose Assumption C.14 holds and 995""1)— — 0 for some § > 0, then as

n — oo, with probability at least 1 — a,

122)7('1 |bj - bjl < Aum

Next we discuss the performance of the L' Selector g under the sparse assumptions.

Theorem 5 (Recovery of Informative Inequalities under ES Assumption) Suppose
Assumptions C.13, C.14 and the exact sparse assumption hold. Recall that ¢; is the maz-
imal separation of the j™ inequality and cy, < ¢ for all j € Ty. Let 0 < n < 1 be an

absolute constant. Assume that m,n, so,d1 and c,,, obeys key growing conditions:

(d?" log(sg)) V log(m)

5 — 0.
ncgm

Consider the following two step procedure:

4s,
(a) Step 1: Set As := (1+€)Kdo @4—&,% with € > 0 be an absolute constant.

Let gs be the solution 0f7@ with A = \g. Let Ig := {jlgs; # 0}. Set An.. to be chosen

according to Lemma 16 or Lemma 17.

(b) Step 2: With probability > 1 — «, the set fgm = {Jlgs = n} has the following
properties:
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(1) There exists an absolute constant Cp such that ||Z,|o < €22;

n

(2) I, > To;
(8) Qz, C Q& Aum;
(4) Q C an ® )‘n,m-

In Theorem 5, we consider a two step procedure. First, we select the inequalities use
a larger relaxation parameter Ag. Such relaxation can significantly reduce the number
of inequalities. However, as soon as Ag converges to 0 fast enough, the informative
inequalities will be preserved. The cutoff strategy additionally throws away some nearly
redundant inequalities which were not detected in the first step selection. The set of
those inequalities survive the two step procedure has good properties: (1) it has the
same size compare to minimum set of inequalities, Tp, up to a constant multiplier; (2)
it contains Ty with probability increasing to one; (3) QL, is close to the true feasible
region, {v|Mv < b} with error up to O(\,n)-

Comment 2.4.1 The constant K can be computed via M. If || M;||z =1 for all j and
M;; >0 foralli,j, then K <1 andr = % In practice sq is unknown, so we recommend
to use n for so as starting value and then iterate a few times. We recommend to use

€ = 0.1 in practice.

Theorem 6 (Recovery of Informative Inequalities under AS Assumption) Suppose
Assumptions C.13, C.14 and the approrimate sparse assumption hold. Let 0 <n < 1 be

an absolute constant. Assume that m,n, so,d1 and cg,, obeys key growing condition:

(di"log(s*)) V log(m)

2
an’n

— 0.

Consider the following estimation procedure:

15"
(a) Step 1: Set As := 2(1 + ¢)Kdjo1/ %—)— + Anm, with € > 0 be an absolute
constant. Let gs be the solution of R with A = \s. Let Ig := {jlgs; # 0}. Set Apsm to

be chosen according to Lemma 16 or Lemma 17.
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(b) Step 2: With probability > 1 — «, the set is,n = {jlgs = n} has the following
properties:

Crs* .
2

(1) There ezists an absolute constant Cr such that Hf,,HO <
(2) Qz, C Q@ 2mts,

Again, in practice we can set s* = n as starting value and then iterate for a few times.
If the approximate sparse assumption holds instead of the exact sparse assumption, the
estimation procedure suffers from additional estimation error with size As, which depends

on the unknown parameter s*.

2.4.2 Application in Estimating Measure v in Core Determining

Class problem

To find the Core Determining Class given a bipartite graph G = (U, ), ), we can use the
method proposed in Section 3 to eliminate all the redundant inequalities and find exact
solution when data noise is not taken into consideration. We can also use the L, selector
proposed in Section 2.3.1 to find an approximate solution to the Core Determining Class
problem. In addition, we can consider a hybrid method: first, we find the exact solution
according to the method described in Section 2.1, and then apply the selection procedure
presented in Section 2.3.1 using the inequalities selected from the previous step. The
hybrid method may speed up the selection procedure significantly. In this subsection, we
discuss the general selection procedure first, and then briefly discuss the hybrid method.

In the Core Determining Class problem, the equality v(U) = 1 is never redundant.
Therefore, we let the (m — 1)* and m'" inequalities be v(U/) > 1 and v(U) < 1 among
the total m inequalities. Since there is no reason to drop the last two inequalities, we
define problems R¢ and RC:
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Problem R¢ :

m—2

min max I,
8l P 11<j<m—2

subject to:
(HIIM > M, 11 > 0,

(2)IIb < b,

and Problem RS :

m—2

min max [T,
M £~ 1gG<m

subject to:
(DIIM > M,I1 > 0,

(2)IIb < b+ A,

where A := (Aym, ..y Anm, 0,0) with A, ., left to be chosen.

Let II, be the solution to RC and II be the solution to RE. First, we prove an

important result specific to the Core Determining Class.

Lemma 18 (Perfect Recovery of the Minimum Model Tp) If fi, is non-degenerate
and A =0, then:

(1) The L° norm of g, ||4llo, satisfies ||g|lo = so;

(2) maxagjem-2 |11 < di;

(8) maxi<jem-2 §(IV) < 1;

(4) The set of indices with non-zero entries of § satisfies:

7 := {k|g # 0} = To.

As a special case, T* =Ty.

Lemma 18 indicates that under the exact sparse assumption, the recovery of model Tj

83



could be done simply by looking at the non-zero entries of the solution of the problem
R. Due to the special property presented in Lemma 18, we show that the relaxation
parameter Ag in Theorem 6 can be much tighter. Therefore, the selection procedure

would require much less number of observations in order to achieve good performance.

Definition 2.4.1 (Approximate Sparse On Core Determining Class) Suppose we

can sort the separations ci, ...,y as ¢(1) > c@) Z - 2 Cm) and there exists a positive

integer s*, such that:
(1) s* = o(n Am).

Let T™ be the set of indices of the inequalities with the first s* largest separations.
Suppose K and 1 are absolute positive constants. Let 02 := maxi¢jcm Var(B;)?. Let I

be the solution of the following problem:

Problem R :
. k
min Y g(I1*),
keT~

subject to:
(a)IIM = M, 11 > 0,

log(s*)

9

OIb<b+ o

n

()TF =0 ifk ¢ T

(2) Qr- C Q@ Kdjy /2,

(3) There exists an absolute constant K* such that max;¢j<m g(I1*7) < K*.
Define 67 := maxig <m En[B?] — [E, B

Lemma 19 (Recovery of Informative Inequalities under Core Determining Class)
Suppose Assumptions C.13, C.14 and the exact sparse assumption hold. Suppose G
and fi, are non-degenerate. Recall that c; is the mazimal separation of the jt* in-

equality and cgn < c; for all j € T*. Let 0 < n < 1 be an absolute constant. Set
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45*
XS = (1+¢€)6 %ﬂ"—), where € > 0 is a constant. Assume that s* and c,, satisfy the

key growing condition:

log(s*)
— 0.
ncg,n

Assume that with probability going to 1, the empirical measure fi, obeys:

max e — 2@, o
1<i<d; p(l)

~

Let I1 be the solution of RE with Apym = N§. Let gsp := max;gj<m jk.

Then, with probability > 1 — o, the set fg.n = {Jlgsx = n} has the following proper-
ties:

Crs* ,
n

(1) There exists an absolute constant Cr such that Hi,Ho <
(2) Qz, C Q& 2)§;
(3) Q C Qz, ® A§.

The value s* can be obtained iteratively, by setting s* = n as the initial value.

The key assumption maxig<q, “ﬂ(ft)(_;)“(ﬂ — 0 mainly relies on the growing rate of ds.
When p(l) = O(d—t) and (i_% — 0, the assumption max; i<, W — 0 holds. Lemma
19 obtains stronger results compare to Theorem 6 due to the structure of the bipartite

graph.

It is natural to consider a hybrid estimation strategy combining the combinatorial
method in Section 2.1 and the selection procedure in Section 2.3. There are a few points
that we would like to make about the hybrid method:

(1) When s¢ is small, the hybrid method performs similarly to the combinatorial

method only.

(2) When s is large, there may be significant gains from the hybrid method in
terms of computational speed compared to the selection procedure only, and significant

inequality reduction compared to the combinatorial method only.
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We illustrate these points in the Monte-Carlo experiments in the next section.

2.5 Monte-Carlo Experiments

Consider a simple setting in which many marginal firms are facing a volatile market. Let
u be a random variable representing the cost of a firm. Let § € {H, L} be the private
information of the firm which we do not observe. Let y be the action of the firm based
on the information ¢ and cost u. Assuming the objective of firm is to maximize profit

7(y, u, 0), they might adopt different actions when facing 6 = H or § = L.

Suppose action y is the price set by the firm. We consider a simple case of decision
making problem by the firms. Given observations of a sequence of decisions, we are

interested in learning the distribution of the costs of these firms.

Assume that the profit function is
m(y, u, H) = (y — u)(C' —y),

W(y: u, L) = (y - u)(c/z - y)a
where C is a constant.

If the firm consider any price y* € {y|7(y, v.8) > max, 7(y,u.0) — w,a1 < y < aq},
where w is a constant for robust price control and a;, as are bounds on y, then ¢(u) :=
{ylm(y, u,0) > max,n(y,u,0) —w,8 € {H,L},a1 < y < ap} is the correspondence

mapping from the set of cost (event) U to the set of price (outcome) ).

We can only observe ¢, the empirical measures on price ). The objective is to find
an approximate feasible set of probability measure on cost ¢4. Assume that u is i.i.d.

across observations.

Example 10 (Monte-Carlo Experiment 1) Set U, Y, C and w as follows:
C=4,U=[0,3],Y=[1,35], w= 001

So o(u) =[(1.94u/2),(2.1+u/2) A3.5|U[(0.9+wu/2V 1), (1.1+u/2)].
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To estimate the probability measure on cost U, we discretize the continuous set of
cost (event) U and price (outcome) Y. Let dy = 15 and do = 25 be the number of
discretized segments of cost and price, respectively. Then u; = ((i — 1)/5,i/5) and
y; =((j—1)/10+1,5/10+1) fori=1,2,...,d; and j = 1,2,...,ds. The correspondence
mapping @q from the discretized set Uy = {w;|i = 1,2,...,15} to the discretized set
Yi={y;lj =1,2,...,25} is generated by:

ealus) = {y;ly; No(ws) # 0}

Therefore, ¢(u1) = {y1,Y2, Y10, Y11, Y12}, ¥(u1s) = {y14, Y15, Y16, Yoa, Y25 }. For any 2 <
i < 14, o(u) = {¥i-1, Y Yir1, Yiro, Yir10, Yirr1 ). Figure 2-5 illustrates the correspon-

dence mapping for Example 10.

Suppose u, the true probability measure on ), follows the formula p(j) oc max(1, |j—
13|15) for 1 < j < 25. Suppose the sample size n (the number of observed y) is 2000 and
500 and the sample y is randomly drawn according to measure u. Let [, be the empirical
measure (observed frequency) of y. Let 62 = maxigj<2s fin(j) — fn(j)? and o = 0.05.

According to Lemma 17, the penalty term A, ,,, = 1.05 min{54/ 1°g(:'f/ ) %lc’g(':/ )}, where

m is the number of inequalities selected in the algorithm describe in Section 2.1.

Problem R is implemented to further select the inequalities. The results of a set
of Monte-Carlo experiments with 100 repetitions are presented in Table 2.1. For each
instance, we apply a cut-off value 7 to the optimal L! coefficient g(I;): select an inequal-
ity if the corresponding g(II;) > 7 and discard it otherwise. We present the average,
maximum and minimum number of selected inequalities with cut-off value n = 0,0.1
and 0.2.

A critical concept concerning the selection performance is “coverage": in one instance,
the feasible set (of the probability measure) on U corresponding to the true p is subset
of the feasible set (of the probability measure) on U defined by the selected inequalities
with empirical measure f,. We present the “frequency of coverage" corresponding to
different cut-off value 7. As 7 increases, the procedure selects fewer inequalities, so the
approximate feasible set will become larger, which is more likely to “cover" the true

feasible set and produce a larger “frequency of coverage". In the numerical experiments,
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Figure 2-3: Correspondence Mapping for Example 10

the “frequency of coverage" is greater than 95% when the cut-off value n = 0 (essentially
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Number of experiments (M) 100
Number of events x number of outcomes (d; x da) 15 x 25
Number of inequalities in true model 471
Conservative bound of acceptance rate (1 — @) 0.95
Sample size (n) 500 2000
Average A 0.0710 | 0.0355
Frequency of Coverage (n = 0) 97% 99%
Avg. number of inequalities selected (n = 0) 184.66 | 187.42
Max. number of inequalities selected (n = 0) 241 234
Min. number of inequalities selected (n = 0) 145 92
Frequency of Coverage (n = 0.1) 99% 100%
Avg. number of inequalities selected (n = 0.1) 32.59 | 86.02
Max. number of inequalities selected (n = 0.1) 43 145
Min. number of inequalities selected (n = 0.1) 27 27
Frequency of Coverage (n = 0.2) 99% 100%
Avg. number of inequalities selected (n = 0.2) 26.73 | 56.69
Max. number of inequalities selected (n = 0.2) 28 108
Min. number of inequalities selected (n = 0.2) 24 27
Running time (sec/instance) 87 146

Table 2.1: Results of Monte-Carlo Experiments on Example 10

the formula of the penalty term A described in Lemma 17.

the case of no cut-off). It agrees with the parameter selection oo = 0.05 (type 1 error) in

We compare the inequalities selection of the integer programming L° procedure with
the linear programming L' procedure. Figure 2.4 illustrates the comparisons with respect
to the magnitude of the L! selector coefficient g(II;) in the optimal solution of problem R.

Figure 2.5 illustrates the comparisons with respect to the separation of each inequality,

c(A) = max{v(A4) — u(p(A))[v(A) < p(p(4)), VA" C S;, A # A}
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Table 2.2 presents the detailed selection results. It can be seen that the L° selector (the
model to select minimum number of inequalities) is recovered by the L! selector to a large
extent, while the L! selector enjoys extremely high computational advantage. Generally,

inequalities selected by the L° selector have comparatively large L! coefficients g(II;),



Number of inequalities selected in L° 79
Number of inequalities selected in L' 211
Number of inequalities that L? model selected in L', n =0 79
Number of inequalities that L? model selected in L', =0.05| 78
Number of inequalities that L? model selected in L', n = 0.10 78
Number of inequalities that L° model selected in L', n = 0.15 77
Number of inequalities that L model selected in L', n = 0.20 72
Running time of L’ model (min) 2195
Running time of L' model (min) 1.45

Table 2.2: Comparisons of L° and L'

which makes it easy to be selected by the L' selector under a reasonable cut-off value
7. In addition, the L! selector is able to successfully differentiate inequalities with close

separation values but opposite L° coefficients.

L0 and L1 selector

L1-sslector

08

2
%lx = LD-selectar
2
]

L1-coefficients
06
o809

04

02

00

index

Figure 2-4: L° versus L': with respect to L' Coefficient

We project our L' estimator compared to LY and the true feasible set onto vy. va, vs, a
three-dimension subspace. Figure 2.6 compares the performance of LY and L' selectors:
the L' selector with n = 0.1 is slightly more conservative than the LY selector. Figure

2.7 shows that the L' selector covers the true feasible set by a small margin.
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Figure 2-6: L" versus L': Projection onto vy, va, vs.

We also demonstrate through a smaller example the sharpness of the relaxing param-
eter \. If (1) the empirical measure /i, is largely mis-specified from the true measure
i, and (2) the true feasible set (of the probability measure) on U is still a subset of
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Figure 2-7: L' versus True Feasible Set: Projection onto vy, v2, vs.

the approximate feasible set (of the probability measure) on U obtained in the selection
procedure, then a type 2 error occurs. The A implied by a limits the magnitude of the
type 1 error, and a sharp A will also limit the occurrences of type 2 errors at the same
time. In another set of Monte-Carlo experiments below, we examine the type 2 error in

the case that the empirical measure fi,, is locally mis-specified.

Example 11 (Monte-Carlo Experiment 2) Figure 2-8 is the correspondence map-

ping for an example with size of 7 x 7.

]
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Figure 2-8: Correspondence Mapping for Example 11

Assuming the true probability measure j on Y is (0.1,0.25,0.2,0.1,0.1,0.2,0.05), we

perturb pno with y(ay, as, ...,ar)/+/n, where a; is randomly and uniformly drawn from
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M =10000,n =200 | v=1 y=2 |y=3|v=4|v=5
Type 1 error, n =0 | 3.64% | 3.73% | 3.84% | 3.85% | 4.21%
Type 1 error, n =0.1 | 3.56% | 3.55% | 3.71% | 3.77% | 4.07%
Type 2 error, =0 |[29.65% | 11.18% | 6.98% | 5.86% | 4.58%
Type 2 error, n = 0.1 | 29.88% | 11.35% | 7.08% | 6.04% | 4.73%

Table 2.3: Type 1 and Type 2 Errors

{-1,1}, 1 < i < 7. So the empirical measure 1 < pu+ y(ai,az, ...,az)/\/n in the case of

mis-specified perturbation.

We run 10000 instances for each setting of perturbation  and cut-off value n. Table
2.3 presents the type 1 and type 2 error for each setting. The results show that, while
the type 1 error is less than 0.05 as designed, the type 2 error is also relatively small,
which means the approximate feasible set of probability measure on U does not over
exaggerate the true feasible set. A is sharp and the model has strong power against local

alternatives.

2.6 Conclusion

In this paper we consider estimating the probability measure on the unobservable events
given observations on the outcomes. We try to select the set of minimum number of
inequalities, which is called the Core Determining Class, to describe the feasible set
of target probability measure. We propose a procedure to construct the exact Core
Determining Class when data noise are not taken into consideration. We prove that, if
there is no degeneracy, the Core Determining Class only depends on the structure of the

bipartite Graph, not the probability measure x on the outcomes.

For a general problem of linear inequalities selection under noise, we propose a selec-
tion procedure similar to the Dantzig selector. A formulation is proposed to identify the
importance of each inequality in a feasible set defined by many inequalities constraints.
We describe the exact sparse assumptions and approximate sparse assumptions, which

are are similar to the traditional sparse assumptions in a linear regression environment.
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We prove that the selection procedure has good statistical properties under the sparse

assumptions.

We apply the selection procedure to the Core Determining Class problem and develop
a hybrid selection method combined with a combinatorial algorithm. We prove that the
hybrid selection procedure has better statistical properties due to the structure of the
graph.

We demonstrate the good performance of our selection procedure through several
set of Monte-Carlo experiments. First, the inference based on the selection procedure
has desired size; second, it has power against local alternatives; third, it is relatively

computationally efficient.
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Chapter 3

Summarizing Partial Effects beyond

Averages

In nonlinear models the effects of interest are often functions of the parameters and
data. For example, the conditional choice probabilities and the marginal or partial
effects derived from them in the probit model P(Y = 1|X) = ®(X'3) depend on the
probit coefficient 8 and covariates X, where @ is the standard normal distribution. A
common empirical practice is to report the average effect as a single summary measure
of the heterogeneity in the effects (e.g., Wooldridge (2010, Chap 2)). In this paper we
propose to complement this measure by reporting multiple effects sorted in increasing
order and indexed by a ranking index with respect to the distribution of the covariates in
the part of the population of interest. These sorted effects correspond to quantiles of the
effects and provide a more complete representation of the heterogeneity of the model.
In the probit model, for example, the values of ®(X’/3) sorted in increasing order with
respect to the distribution of X correspond to the quantiles of the conditional choice
probabilities over the entire population. We name these effects as sorted predictive
effects (SPE). We use predictive effects (PE) instead of treatment, partial or marginal
effects because we do not take a stand on whether the source model is descriptive or

structural.

Let X denote a covariate vector, A(X) denote the PE of interest, which might be
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parametrically or nonparametrically specified, u(X) denote the probability measure of
X in the part of the population of interest, and X denote the support of u. The SPE
are obtained by sorting the multivariate function z — A(z) in increasing order with
respect to u. We show in this paper that this multivariate sorting operator is Hadamard
differentiable with respect to the PE function A and the probability measure p at the
regular values of z — A(z) on X. This result allows us to derive the large sample
properties of the empirical SPE, which replace A and p by sample analogs, using the
delta method. In particular, we derive a functional central limit theorem and a bootstrap
functional central limit theorem for the empirical SPE. The main requirement of these
theorems is that the empirical A and p also satisfy functional central limit theorems,
which hold for most estimators used in empirical economics under general sampling
conditions. We use the properties of the empirical SPE to construct confidence sets for

the SPE that hold uniformly over quantile indexes.

We illustrate the results of the paper with numerical simulations, and an empirical
application to the effect of fertility on female labor supply following Angrist and Evans
(1998) and Angrist (2001). The numerical simulations show that the large sample prop-
erties provide a good approximation to the behavior of the empirical SPE for sample
sizes that are relevant for practice. The empirical application uses U.S 1980 Census
data to show that there is substantial heterogeneity in the effect of fertility on both the
extensive and the intensive margins of the labor supply of married women. Thus, among
women with at least two children, the negative effect of having a third child on the prob-
ability of labor force participation ranges between 10% and 17%, and the negative effect
on the number of weeks worked ranges between 0 and 19 weeks for working women. We
also found important heterogeneity within subpopulations defined by the fertility third

child indicator, education and husband’s income.

Related literature: = We extend the analysis of Chernozhukov, Fernandez-Val and
Galichon (2010) for the univariate rearrangement (sorting) operator to the multivariate
case. The multivariate case requires different techniques than the univariate case because
the topological structure of the set of regular values of the PE function z — A(z)

becomes more complex with the dimension of x. In particular, we show that under some
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regularity conditions this set is a (d, — 1)-manifold in R4 where d, is the dimension
of X. The manifold of dimension 0 when d, = 1 is a finite number of points. Sasaki
(2014) used a similar topological analysis to characterize the properties of derivatives of

conditional quantiles in nonseparable models.

Organization of the paper: In section 3.1 we discuss the quantities of interest in
nonlinear models with examples, and introduce the SPE. In section 3.2 we characterize
the analytical properties of the multivariate sorting operator. In section 3.3 we derive the
properties of the empirical SPE in large samples and show how to use these properties
to make inference on the SPE uniformly over quantile indexes. In section 3.4 we discuss
how to incorporate discrete covariates in the PE. In section 3.5 we provide numerical
simulation and empirical results. We give a summary of the main results and conclude

in Section 3.6. We gather the proofs of the main results in the Appendix.

Notation: For a random variable X, X denotes the part of the support of X of
interest, u(x) denotes the probability measure of X over X, and fi(z) denotes the em-
pirical probability of X over X. We denote the expectation with respect to the mea-
sure /i by Ez. We denote the PE as A(z) and the empirical PE as B(m). We denote
VA(z) := 0A(x)/0x, the gradient of z + A(z). We also use a A b to denote the mini-
mum of a and b. For a vector v = (vy,...,vg,) € R%, ||v|| denotes the Euclidian norm
of v, that is ||v|]| = v/v'v, where the superscript ’ denotes transpose. For a non-negative
integer r and an open set K, the class C" on K includes the set of r times continuously
differentiable real valued functions on X. The symbol ~~» denotes weak convergence

(convergence in distribution), and —p denotes convergence in probability.

3.1 Sorted Effects in Nonlinear Models

We discuss the objects of interest in nonlinear models and introduce the sorted effects.
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3.1.1 Effects of Interest in Nonlinear Models

We consider a general nonlinear model characterized by a predictive function g¢(X),
where X is a d,-vector of covariates that can be discrete or continuous, and g can be
parametrically or nonparametrically specified. The vector X might include unobserv-
able components such as unobserved individual heterogeneity or control variables. The
function g usually arises from a model for a response variable Y, which can be discrete
or continuous. We call the function g predictive because the underlying model can be ei-
ther descriptive or structural. For example, in a mean regression model, g(X) = E[Y | X]
corresponds to the expectation function of Y conditional on X; in a binary choice model,
g(X) = P[Y = 1|X] corresponds to the choice probability of Y = 1 conditional on X in
a quantile regression model, g(X) = Qy[r|X] corresponds to the 7-quantile function of
Y conditional on X; and in a structural model, Y = ¢g(X) + ¢ where E[¢|Z] = 0 and Z
is a vector of instrumental variables, g corresponds to a structural mean function of Y
conditional on X. In the conditional quantile model the function g should be indexed

by the quantile index 7, but we omit this dependence to lighten the notation.

Let X = (T, W), where T is the covariate or treatment of interest, and W is a vector
of control variables. We are interested in the effects of changes in the variable 7" on the
function g. These effects are usually called partial effects, marginal effects, or treatment
effects. We name them as predictive effects (PE) instead to emphasize that the function
g might or might not have a structural or causal interpretation. If 7' is discrete, the PE
is

Az) = A(t,w) = g(t1, w) — g(to, w) (3.1.1)
where ¢; and {( are two values of 7" that might depend on ¢ (e.g., tp =t and t; =t +1).
This PE measures the effect of changing 7" from ¢ to ¢; holding W constant at w. If T
is continuous, the PE is

Az) = A(t,w) = dyg(t, w), (3.1.2)

where 9; denotes 0/0t, the partial derivative with respect to t. This PE measures the
effect of a marginal change of T from the level ¢ holding W constant at w.

We consider the following examples in the empirical application of Section 3.5.
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Example 12 (Probit model) Let Y be a binary response variable such as a female
labor force participation indicator, and X be a vector of covariates related to Y. The

structural function of the probit model is
9(X) =P(Y = 1|X) = &(P(X)'B),

where P(X) is a vector of known transformations of X, [ is a parameter vector, and
® is the distribution of the standard normal. If T is a binary variable such as a an

indicator for having 3 children and W is a vector of women characteristics, the PE
A(z) = 2(P(1,w)'8) — ®(P(0,w)'B)

measures the effect of having a third child on the probability of participation for a woman

with characteristics W = w, i.e. the effect on the extensive margin of the labor supply.

Example 13 (Tobit model) Let Y be a nonnegative response variable such as female
labor supply, and X a vector of covariates related to Y. The structural function of the

tobit type I model is
9(X) =E[Y|X,Y > 0] = P(X)'B+ o A(P(X)' B/o),

where P(X) is a vector of known transformations of X, (8,0) is a parameter vector, ®
is the distribution of the standard normal, and A(z) = 0,®(2)/®(z) is the inverse Mills
ratio. If T is a binary variable such as a an indicator for having 3 children and W is a

vector of women characteristics, the PE
Ax) = [P(L,w)' B+ o MP(1,w)' 8/0)] — [P(0,w)' B+ o A(P(0,w)'B/c)]

measures the effect of having a third child on the labor supply for a woman with charac-

teristics W = w who is working, i.e. the effect on the intensive margin of labor supply.
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3.1.2 Sorted Effects

In Examples 1-2, the PE A(x) is a function of x and therefore can be different for each
women. To summarize this effect in a single measure, a common practice in empirical

economics is to average the PE

E,[A(X)] = / A@)lx),

where p is the distribution of X in the part of the population of interest. For example,
when g is the distribution on the entire population we obtain the average predictive
effect (APE); whereas if u is the distribution on a group characterized by X taking
values in some specified set, we obtain a conditional average predictive effect (CAPE).
Averaging, however, masks most the heterogeneity in the PE allowed by a nonlinear

model.

We propose reporting multiple values of the PE sorted in increasing order and indexed
by a ranking index u € [0, 1] with respect to the population of interest. These sorted
effects provide a more complete representation of the heterogeneity in the PE than the

average effects.

Definition 3.1.1 (u-SPE) The u-sorted partial effect with respect to u is
A;(u) = (i;relgf;\{FA’“((s) >u}, uel01],

where Fa, denotes the distribution function of A(X) with respect to the probability
measure u for X.

The u-SPE is the u®-quantile of the PE A(X) when X is distributed according to p.
As for the average effect, i can be chosen to select the part of the population of interest.
For example, if T is a treatment indicator and the PE is defined as in (3.1.2) with ¢, =0
and ¢t; = 1, the u-SPE corresponds to the u-quantile of the PE distribution when p is
the distribution of X in the entire population, or to the u-quantile of the PE distribution
of the treated when p is the distribution of X conditional on T" = 1.

By considering A},(u) at multiple indexes u, we obtain a one-dimensional represen-
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tation of the heterogeneity of the PE. Accordingly, our object of interest is the SPE-
function

{u— A%(u) :uel}, UC(0,1),

where U is the set of indexes of interest. For example, in the empirical application
of Section 3.5 we find substantial heterogeneity in the SPE-function of fertility on the
extensive and intensive margins of the female labor supply, which is missed by traditional

empirical analysis that only reports average effects.

3.2 Sorting Multivariate Functions: Analytical Prop-

erties

To analyze the analytical properties of the SPE-function, it is convenient to treat the
PE as a multivariate real-valued function A : X — R, where X C R%. Let u be
a probability measure on X. The distribution of A with respect to u is the function
Fa, : R —[0,1] with

Fau(®) = (8 <8) = [ 1{A®E) <hu(o) (3:21)
X
The SPE-function is
AU C[0,1] R,

defined at each point as the left-inverse function of Fp ,, i.e.,
A (u) == Fx  (u) = glelﬂf&{FA’“(é) > u}. (3.2.2)

From this functional perspective, u — A% (u) is the result of applying to z — A(x)
an operator that sorts values in increasing order weighted by u. In this section we
characterize some analytical properties of the distribution function § — Fa ,(d) and the
sorted function u ~ A’ (u), and derive the functional derivatives of Fx , and A} with

respect to A and p.
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3.2.1 Background on Differential Geometry

We recall some definitions from differential geometry that are used in the analysis. For a
continuously differentiable function A : X — R defined on an open set X C R% 1 € X
is a critical point of A, if

VA(x) =0, (3.2.3)

where VA(x) is the gradient of A(z), otherwise x is a regular point of A. A value
d is a critical value of A on X, if the set {x € X : A(z) = } contains one critical
point. Otherwise ¢ is a regular value of A on X. In the multi-dimensional space,
d, > 1, a function A can have continuums of critical points. For example, the function
A(zy,x3) = cos(x? + 3) has infinitely many critical points on the circle x? + 22 = krx

for every non-negative integer k.

We recall now several core concepts related to manifolds from Spivak (1965) and
Munkres (1990).

Definition 3.2.1 (Manifold) Let di, d. and r be positive integers such that d, > dj.
Suppose that M is a subspace of R% that satisfies the following property: for each point
m € M, there is a set V containing m that is open in M, a set K that is open in R%,
and a continuous map ., : K — V carrying K onto V in a one-to-one fashion, such
that: (1) o, is of class C" on K, (2) a;;} - V — K is continuous, (3) the Jacobian matriz
of o, Doy (k), has rank dy for each k € K. Then M is called a di-manifold without
boundary in R% of class C". The map o, is called a coordinate patch on M about m.

A set of coordinate patches that covers M is called an atlas.

Definition 3.2.2 (Connected Branch) For any subset M of a topological space, if
any two points my and mo can not be connected via path in M, then we say that my and
ma are not connected. Otherwise, we say that m; and ms are connected. We say that

YV C M is a connected branch of M if all points of V are connected to each other and
do not connect to any points in M — V.

Definition 3.2.3 (Volume) For a d, x di matriz A = (z1, T2, ..., x4,) with T; € R,
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1 < ¢ < di < dg, we define Vol(A) = /det(A’A), which is the volume of the paral-
lelepiped spanned by x1., 2, ..., 24, .

The volume measures the amount of mass of a di-dimensional parallelepiped in R%.

This concept is essential for integration on the manifold, which we recall here.

Definition 3.2.4 (Integration on a parametrized manifold) Let K be open in R%,
and let o : K — R% be of class C" on K, r = 1. The set M = «(K) together with the
map a constitute a parametrized dy-manifold without boundary in R% of class C". Let g
be a real-valued continuous function defined at each point of M. We define the integral

of g over M with respect to volume by
/ g(m)d Vol := / (g0 a)(k) Vol( Da(k)), (3.2.4)
M K

provided that the integral exists. Here Da(k) is the Jacobian matriz of the mapping
k — afk), and Vol(Da(k)) is the volume of matriz Do(k) as defined in Definition

The above definition coincides with the usual interpretation of integration. The
integral can be extended to manifolds that do not admit a global parametrization o
using the notion of partition of unity. This partition is a set of smooth local functions
defined in a neighborhood of the manifold. The following Lemma shows the existence
of the partition to unity and is proven in Theorem 3.11 in Munkres (1990).

Lemma 20 (Partition to Unity) Let M C R% and let ¥ be an open cover of M.
Then, there is a collection P = {p; € C* : i € I}, where p; is defined on an open set
containing M for all i € I, with the following properties: (1) For each m € M and
i €Z,0< pi(m) <1 (2) For each m € M there is an open set V containing m such
that all but finitely many p; € P are 0 on V. (3) For each m € M, Zpieppi(m) =1.
(4) For each p; € P there is an open set U € ¥, such that supp(p;) CU.

Now we are ready to recall the definition of integration on a manifold.
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Definition 3.2.5 (Integration on a manifold with partition of unity) Let v :=
{9; :j € J} be an open cover of a dy-manifold without boundary M in R% of class C",
r > 1. Suppose there is an coordinate patch o : V; C R% — 9;, one-to-one and of class
C" onV; for each j € J. Denote K; = a]-'l(M Nd;). Then for a differentiable function g
defined on an open set that contains M, we define the integral of g over M with respect

to volume by:

| ptmavoti= 3257 [ i) o cl(4) Volt Do ), (325)

jeJ €l

where {p; € C>* : i € T} is a partition to unity that satisfies the conditions of Lemma
1. Theorem 25.4 in Munkres (1990) shows that the integral is well defined and does not

depend on the choice of cover and partition to unity.

3.2.2 Basic Analytical Properties of Sorted Functions

Recall that the main functions in the analysis are the PE function A(x) and the proba-

bility measure u(z). We make the following technical assumptions about these functions:

S.1. The domain of A of interest, X, is open and its closure X is compact. There
exists an open set 3(X) containing X such that x — A(z) is C* on B(X) and z — u(z)
is C° on B(X).

S.2. For any regular value § of A on X, Ma(d) := {x € B(X) : A(z) = 4} has a

finite number of connected branches.

Comment 3.2.1 (Continuous X) S.! assumes that p is continuous on an open set
that contains X. This restricts X to include only continuos components. We differ the

treatment of discrete components to Section 3.4.

Comment 3.2.2 (Properties of Ma(0)) Lemma 28 in the Appendiz shows that S.1
and S.2 imply that Ma(6) is a (d, — 1)-manifold without boundary in R%* of class C*,
for any & that is a reqular value of z — A(z) on X.
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The following lemma establishes the properties of the distribution function ¢ —
Fau(d) and the SPE-function u +— A (u). Define D* as the set of regular values of
x+— A(z) on X.

Lemma 21 (Basic Properties of Fa, and A}) Under conditions S.1 and S.2:

1. For any 6 € D*, the derivative of Fa ,(6) with respect to 6, denoted as fa (),

can be expressed as:

N (@)
Ianu(8) = 05Fau(6 _/ T vl 3.2.6

2.4(0) = 05Fau(9) Ma) IVA@)]| (3:2.6)
This integral is well-defined because Ma(6) N X is a compact set, and the gradient
x — VA(z) is finite and continuous, and bounded away from 0 on Ma(5) N X.

2. For any u € {a: A}(4) € D*}, Ay (u) has derivative with respect to u:

1

0ubu(W) = TRy

(3.2.7)

Comment 3.2.3 (Properties of 1 at the boundary of X') §.1 imposes that the prob-
ability measure x — p(x) is continuous and vanishes at the boundary of X. To under-
stand the importance of this condition, we consider the following example with dimension
dy =2:

A(z) = sin(x? + z2)

on X = {(x1,72) : 73 + 73 < 7/6}, and z — u(z) is uniform on X. It is easy to see
that 6 = 1/2 is a regular value of A on X. However, Fa ,(8) = [, {A(z) < 6}du is
not differentiable at § = 1/2. The right derivative lim, o+ [Fa (6 +n) — Fa ,(8)]/n =0,
whereas the left derivative lims_o- [Fa ,(5 +n) — Fa ,(8)]/n = \/273/3. Lemma 21 does
not apply because x — u(x) is not continuous on any open set B(X) D X. Technically,

we can replace the continuity of x — u(x) at the boundary of X by the weaker condition

/ 1{z € 0X}u(z)dVol = 0, (3.2.8)
Ma(9)
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where 0X denotes the boundary of X.

Comment 3.2.4 (Case d, = 1) The derivatives of Lemma 21 coincide with the ez-
pressions for the derivatives of rerrangement-related functions in Proposition 1 of Cher-
nozhukov, Fernandez-Val, and Galichon (2010) when d, = 1. In this case, the manifold

MAa(8) has dimension 0, i.e. it is a set of finite number of points.

Comment 3.2.5 (Derivatives over 6 € A(X)) Lemma 21 states that § — Fa ,(d)
(u— Ax(u)) is C* on any compact set of D* (the A%, pre-image of D* ). D* = A(X) :=
{A(x) : v € X} when the map x — A(x) does not have critical points on X. For
example, this holds when the PE A(x) is strictly monotonic in one of the components
of z, say the first component x; when x = (x1,x_1). In this case, the derivative of

6 — Fa ,(8) can be expressed as the Lebesgue integral
fA,u(5)=/ fagox 1 (Olz—1)p-1(z—1),
Xy

where p_1 is the probability measure of X_1, X_1 is the support of pi_1, fax)x_,(8|z_1) =
pay—1 (A8, x_1)|z_1), p1j—1 is the probability measure of X1 conditional on X_1, and
§+— A7Y(8,x_1) is the inverse function of z; — A(xy,z_1). Chernozhukov, Fernandez-
Val, Hoderlein, Holzmann, and Newey (2014) use a similar condition to identify quantile

derivatives in nonseparable panel models.

3.2.3 Functional Derivatives of Sorting-Related Operators

We consider the properties of the distribution function and the SPE-function as func-
tional operators (A,u) = Fa, and (A, p) — Aj. We show that these operators are
Hadamard differentiable with respect to (A, u). These results are crucial to derive the

limiting distribution of the empirical versions of F , and A} in Section 3.3.

We first recall the definition of Hadamard differentiability from van der Vaart and
Wellner (1996).

Definition 3.2.6 (Hadamard Derivative) Suppose the linear spaces F and G are
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equipped with the norms || - ||r and || - ||g. A map ¢ : Fy CF — G is called Hadamard-
differentiable at [ € Fy tangentially to Fy C F if there is a continuous linear map
0r¢p : Fo — G such that

O(f + tahn) — &(f)
tn

— 9splh], n — oo, (3.2.9)

for all converging real sequences t,, — 0 and ||h, — h|lr — O such that [+ t,h, € Fy for

every n, and h € Fy.

Hadamard differentiability of F , and A; with respect to A

We first show differentiability with respect to the PE:

Lemma 22 (Hadamard differentiability of A — Fa, and A+ AY ) LetF denote
the family of all continuously differentiable functions on B(X) equipped with sup-norm,
and Fy denote a set of uniformly bounded continuously differentiable functions on B(X)

equipped with sup-norm. Suppose that S.1-S.2 hold. Then:

(a) For any § € D*, the map Fa,(8) : F — R is Hadamard-differentiable at A
tangentially to Fy, with derivative defined by

G — OaFa,(0)[G] == — / G(z)u(=)

————=d Vol,
Ma() IVA(T)]]

as a map from Fy to R.
(b) For any v € {u : A(a) € D*}, the map A%(u) : F — R is Hadamard-
differentiable at A tangentially to Fy, with derivative

_ OaFau(AL(W)[G]
fau(An(w)

G > Oa AL (u)[G) =

as a map from Fy to R.
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Hadamard differentiability of I, and A} with respect to u

To show differentiability with respect to the measure u, it is convenient to identify p
with an operator g — [, g(z)u(x) mapping Fus to R, where Fy is a subset of all L'-
integrable functions on B(X’) uniformly bounded by 1 in terms of absolute value. Define

Hy as the set of all bounded linear operators on F,; with the following norm L*>:

I1H

L*0c =  SUP |H(f)|
#0

feFu,

and define the corresponding distance between two operators H; and Hy in Hy as ||H; —

Lemma 23 (Hadamard Differentiability of y+— Fa, and p+— A% (u) ) Suppose that
S.1-S.2 hold. Then,

(a) For any & € D*, the map Fa,(0) : Hy — R is Hadamard differentiable at p
tangentially to Hy, with derivative defined by

8, Fa.(0)[H] := H(1(A < 5)), (3.2.10)

as a map from Hy to R.

(b) For any u € {u : A}(a) € D*}, the map A} (u) : Hy — R is Hadamard differen-
tiable at p tangentially to Hy, with the derivative map defined by

H(1(A <9))

H— 8MA;(U)[H] = —mv

(3.2.11)

as a map from Hyp to R.

Hadamard differentiability of 5, and A} with respect to (A, )

We combine the results of the previous two subsections using the following assumption:

S5.3. Let Fo denote the space of functions of Lemma 22. There exists a class of
functions F; defined on B(X) such that:
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(1) F, C F,.

(2) For any 6 € D* and H € Hy, H is continuous on Faq, (6) := {1(A < 8): A € F;}.
Assuming Frq, () is u— Donsker.

Let D :=F; x Hy and Dg := Fy x Hy. The following Lemma gives the main result of

this Section.

Lemma 24 (Hadamard differentiability of (A, u) — Fa, and (A, ) — Ay ) Suppose
that S.1-S.3 hold.

(a) For any 6 € D*, the map Fa () : D — R is Hadamard differentiable at (A, 1)
tangentially to Dy, with derivative defined by

(G H) = D, Fald)G.H) =~ [ G ) voy ma(a <)),

Ma(6) [VA(2)]
as a map from Dy to R.

(b) For any u € {u : A}(u) € D*}, the map A} (u) : D — R is Hadamard differen-
tiable at (A, 1) tangentially to Dy, with derivative map defined by

aA,uFA,u(AZ(u))[Gv H] )

(G H) = OauBuWG, H] = = =5 010

3.3 Asymptotic Theory for Empirical SPE

3.3.1 Empirical SPE

In practice, we replace the PE A and the probability measure 4 by sample analogs to
construct plug-in estimators of the SPE. Let A(z) and fi(z) be estimators of A(z) and

p(z) obtained from a sample of size n. The estimator of A7 is
Ri(w) = Ap(u) = inf{F3 () > ul,

where F3 ,(6) = Eg[L{A(X) < 8} = Fa,(9).
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Example 1 (Probit model, cont.) Given {(¥;, X;) : 1 <i < n}, a sample of (Y, X), the

estimator of the PE is
Az) =@ (P(L,w)B) - @ (PO,w)B),
where /3 is the maximum likelihood estimator (MLE) of 8,

A € arg max Z [Vi log ®(P(X;)'b) + (1 — Vi) log &(—P(X;)'b)],
bER P
for d, = dim P(X). If p is the distribution of X in a part of the population defined

by X € X, for some set X with positive measure, we can estimate it by the empirical
distribution in X

i(z) = Zl{X € X}{X, < x}/Zl{X e X}.

i=1

Example 2 (Tobit model, cont.) Given {(¥;, X;): 1 < i < n}, a sample of (Y, X), the

estimator of the PE is
Alx) = [p(1, w)' B+ 6AP(1, w)'/é/&)] - [P(o, w) B+ GNP, w)'B/&)]

where (3, ) is the MLE of (3, 0),

n

~

(8,6) € arg  max [1{Y; = 0} log ®(—P(X,)'b/s)+1{Y; > O} log{s™®'((Yi= P(X,)'b)/5)}],

beR¥P s€R py
for d, = dim P(X). As in Example 1, we can estimate the measure p using the corre-
sponding empirical distribution.

We use the Hadamard differentiability of the sorting-related operators and the delta
method to derive functional central limit theorems for § — 1-7/’4\;(6) and u — &(u) over
regions that exclude the critical values of z — A(z) on X. To describe this results, let
(V) denote the set of bounded and measurable functions g : V — R.

We consider 3 different cases depending on whether the PE and the probability
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measure are treated as known or unknown.

3.3.2 Case 1: A unknown, ; known

We first discuss the properties of F3 , and A;, the estimators of I'a , and A} when p is
treated as known. We make the following assumptions about the estimator of the PE:

S.4. The estimator A of A obeys a functional central limit theorem, namely,
an(A = A) ~ G in £2(B(X)),

where a, is a sequence such that a,, — 0o as n — oo, and G is a tight process that
has uniformly continuous sample paths over B(X) a.s. [CAN WE REPLACE B(X) BY
X HERE?|

$.5. The gradient z — VA(z) exists, is continuous at each z € B(X), and

sup |[VA(z) — VA(z)| —p 0.
z€B(X)

The following result is a corollary of Lemma 22:

Proposition 1 (FCLT for Fj , and A;) Under S.1, 5.2, S.4, and 8.5, as n — oo:

(a) In £=(V), where V is any compact subset of D*,

n(P3 ) = Fal0) ~ 0aFanO)G] = = | } vl = T.(0), (33.)

as a stochastic process indexed by 0 € V.

(b) In £=(Uy), withUy ={u €U : A} (u) € V},

T (A (u))

an (A% (u) = A%(w) ~ OaAL(W)[Goo] = O

(3.3.2)

as a stochastic process indexed by u € Uy .
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Comment 3.3.1 Replacing the expressions of T~ (9) and fa ,(0) in the last limit,

Coo (@)pi(z)
fm(A;(u)) oa. dVel

8AA; (W)][G) = - .
Jutscaso ToaGT Vol

The limit process is therefore the average of the process Go.(x) on Ma(Aj(u)) with

respect to the density
u(x)
VA=)l

u(x) ’
fMA(A;(u)) waEnd Vol

(3.3.3)

3.3.3 Case 2: A known, x unknown

We consider the properties of Fa; and A}, the estimators of Fa, and Ay when A is
treated as known. We make the following assumptions about /i, the estimator of the

measure [

S.6. The function z — fi(z) is a measure over X’ obeying in ¢ (V),

[ HAG) < 83 (ide) = (@) = Hol). (3:3.4)
as an stochastic process indexed by § € V, where V is any Compactv subset of D*, and b,
is a sequence such that b, — 0o as n — oc.

This assumption is satisfied by most of the estimators used in practice. For example,
when /i is the empirical measure for the entire population from a random sample, b, =
Vvn and Hy(0) := B,(1{A < 6}), where B, is a p-Brownian Bridge, i.e. a Gaussian
process with zero mean and covariance function (g1, g2) = [ g192dp — [ grdp [ godps.

The following result is a corollary of Lemma 23:
Proposition 2 (FCLT for Fa; and A%) Under 5.1,5.2, 5.3, and 5.6, as n — oo:
(a) In £*(V), where V is any compact subset of D*,

bn(FA,ﬂ(‘s) - FA,u(é)) ~ auFA,u(a)[Hoc} = Hy(9),
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as a stochastic process indezred by 6 € V.

(b) In £>Uy), withUy = {u €U : A%(u) € V},

Hoo (A7, (u))

b 50) = A30)) = B850 Hoe] = — 5 =S,

as a stochastic process indezed by u € U),.

3.3.4 Case 3: A unknown, ;» unknown

We combine the results of Propositions 1 and 2 to deal with the most empirically relevant
case where both the PE and the probability measure are estimated. Let r, := a, A b,
the slowest of the rates of convergence of A and g. Then, r,/a, — sa € [0,1] and
Trn/bn — s, € [0,1], where sa = 0 when b,, = o(a,) and s, = 0 when a, = o(b,).

The following result is a corollary of Lemma 24.

Theorem 7 (FCLT for F; and A;) Suppose that S.1-S.6 hold, A € Fy with proba-
bility approaching 1, and Faq,(5) is u-Donsker for any 6 € D*. Then, as n — oo,

(a) In £°(V), where V is any compact subset of D*,
Tn(Fa 4(0) = Fau(8)) ~ 0auFaun(8)[3aCGoos SpHoo| = 84T (0) + 8, Hoo(8),  (3.3.5)
as a stochastic process indexed by 6 € V, where T (9) is defined in Proposition 1.
(b) In £>(Uy), withUy = {u €U : A}(u) € V},
$aTo (AL (1) + suHoo(A] ()

Fan (B () =i Zoo(u),
(3.3.6)

rn(Af (W)= A (1) ~ O uB(1)[5aGoo, 5uHoo] = —
as a stochastic process indezed by u € Uy.

Comment 3.3.2 (Known A or known p) Proposition 1 can be seen a special case of

Theorem 7 with r, = a, and s, = 0. Similarly, Proposition 2 can be seen a special case

115



of Theorem 7 with r, = b, and sap = 0. Accordingly, we shall not distinguish between

these cases in the rest of paper.

Comment 3.3.3 (Critical Values of A) Theorem 7 applies to regular values § €
D*. If Aj(u) is in a neighborhood of a critical value, the finite-sample distribution
of rn(AZ(u) — A% (u)) can be very different from the asymptotic distribution Z..(u). We
llustrate this point in Section 3.5 through numerical simulations. The limit distribu-
tion of TH(A;(u) — Ay (u)) local to a critical value is an interesting problem for further

tnvestigation.

Comment 3.3.4 (Distribution of Z.) The limit Z, is usually a Gaussian process
with zero mean and a covariance function that simplifies because T (8) and H(8) are
independent. This is the case, for example, when A is some characteristic of the condi-
tional distribution of an outcome variable Y given X, which is estimated by MLE, OLS,
GMM or quantile regression methods on a random sample of (Y, X)), and the measure

is estimated by the empirical distribution of X on the random sample.

Comment 3.3.5 (Donsker condition) The assumption that Faq, (5) ts u-Donsker holds
under standard conditions if the PE is parametrically estimated as in Examples 12 and
13. It also holds for many semiparametric and nonparametric estimators such as least
squares, GMM, quantile regression, local kernel regression, and global series regression

under appropriate conditions.

3.3.5 Inference on SPE

We can construct asymptotically valid confidence interval for the SPE using the func-
tional central limit theorems for A/S\;'; We consider pointwise intervals that cover the SPE
at a specified value of u, and uniform bands that cover the SPE-function simultaneously

over a region of values of u. The next two results are corollaries of Theorem 7.
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Corollary 3 (Pointwise Inference on SPE) Under the assumptions of Theorem 7,
foranyue{uel: Aj(a) €ED*} and0 < a < 1,

P{A5() € [B5(W) ~ Zuaa(w)/ras Bi(w) + Zuaa(w)/ra] } > 1 - a

where Z, o(u) is the a-quantile of |Zs(u)| for the random variable Z.(u) defined in

Theorem 7.

Corollary 4 (Uniform Inference on SPE-function) Let V be any compact set of
D* and Uy = {u € U : A*(u) € V}. Under the assumptions of Theorem 7, for any
O0<a<l,

P {A;(u) € [&(u) — Zer Uy [Ty B (1) + ZosoUy) /rn} Lu€ uv} S1-a,

where Zy, o(Uy) is the a-quantile of Z(Uy) = sup,ey, |Zeo(u)| for the process U
Zw(u) defined in Theorem 7.

Comment 3.3.6 Note that Corollary 3 is a special case of Corollary 4 when the set U,

1s a singleton, so we shall not consider separately pointwise inference in the rest of the

paper.

3.3.6 Bootstrap Inference

The critical value Z, 1-,(Uy) to construct the confidence band of Corollary 4 can be hard
to obtain in practice. In principle one can simulate the process Z.(Uy), but it might
be difficult to numerically locate and parametrize the manifold Ma (), and to evaluate
integrals on M (d). This creates a real challenge to implement our inference meth-
ods. To deal with this challenge we propose using exchangeable bootstrap to compute
critical values (Praestgaard and Wellner (1993) and van der Vaart and Wellner (1996)),
instead of simulation. We show that the bootstrap law is consistent to approximate the

distribution of the limit process Z,, of Theorem 7.

We start describing the algorithm to obtain the bootstrap law of Z.(U)y). Let
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(w1, . ..,w,) denote the bootstrap weights, which are nonnegative random variables inde-
pendent from the data. For example, (wi,...,w,) is multinomial vector with dimension

n and probabilities (1/n,...,1/n) in the empirical bootstrap.

Algorithm 4 (Bootstrap law of Z..,(Uy)) 1. Draw a realization of the bootstrap

weights (w1, . .., wn).

2. For each u € Uy, compute K:‘t(u) = AZ(U), a bootstrap draw of ﬁ\z(u) = A;(u),
where A and i are the bootstrap versions of A and [ that use (w1, ..., wy) as

sampling weights in the computation of the estimators.
3. Repeat steps (1)-(2) B times, where B is a large number. For example B = 500.

4. Use the empirical distribution of sup,qy, rn|§j(u) —A\;(u)l across the S repetitions

to approzimate the bootstrap law of Zo(Uy) = SUp, iy, | Zoo(u)].

To state the bootstrap validity result formally, we follow the notation and definitions
in van der Vaart and Wellner (1996). Let D, denote the data vector and let B, =
(w1, ...,w,) be the vector of bootstrap weights. Consider a random element Zn =
Zn(Dp,By) in a normed space ID. We say that the bootstrap law of Zn consistently

estimates the law of some tight random element Z., and write Zn ~op Lo if

sup |Ep,h(Z,) — Eph(Zs)| —p O,
heBL; (D)

where BL; (D) denotes the space of functions with Lipschitz norm at most 1; Eg, denotes
the conditional expectation with respect to B,, given the data D,,; Ep denotes the con-
ditional expectation with respect to P, the distribution of the data D,,; and —p denotes

convergence in (outer) probability.
We assume that the bootstrap weights satisfy:

S.7. B, = (w1,...,wy) is an exchangeable, nonnegative random vector, which is
independent of the data D,,, such that for some € > 0,

n
sup E[w?™] < 00, n7! Z(wi o) —=pl, @—pl,
n i=1

118



where @ =n~!1 3" w;!

The next result is a consequence of the functional delta method for the exchangeable
bootstrap.
Theorem 8 (Bootstrap FCLT for Zi) Let V be any compact set of D* and Uy =
{u € U : A*(u) € V}. Suppose that the assumptions of Theorem 7 and S.7 hold,
an(A = A) wp Gy in (2(B(X)), and [, 1{A(z) < §}b,(ii(x) — (2)) ~p Hoo(8) in
(V). Then,
Pa(A — A%) ~op Zog in £7(Uy).

3.4 Discrete variables

We consider the case where the covariate X includes discrete components. Without
lost of generality we assume that the first component of X is discrete and the rest are
continuous. Accordingly, we do the partition X = (D, C). Let A,y denote the support
of C conditional on D = d, X; denote the support of D, p.q the probability measure of
C conditional on D = d, and p4(d) = P(D = d). We continue denoting by d, = dim(X)
and by D* the set of regular values of A on X := Ugex,{d} x X

We adjust S.1-5.6 to hold conditionally at each value of the discrete covariate.

§.1’. For any d € Ay, the set X4 is open and its closure X’dd is compact. There
exists an open set B(AX;q) containing A_f'c|d such that ¢ — A(d, ¢) is C' on B(X,4) and
¢+ piealc) is C° on B(Xyq).

S.2’. For any d € X, and any regular value § of A on /'t_’c|d, Maj(8) == {c € B(Xyq) :
A(d, c) = 6} is either a (d, — 2)— manifold without boundary on R%~! of class C! with
finite number of connected branches or an empty set. Ma(d) = Ugea,Ma4(0) is also

a (d, — 2)— manifold without boundary on R%~! of class C! or an empty set.

S.3". Let B(X) = Ugex,{d} x B(X,4), Fo denote a set of uniformly bounded con-

1A sequence of random variables w;,ws, ..., w,, is exchangeable if for any finite permutation o of the
indices 1,2, ...,n the joint distribution of the permuted sequence wgy(1), Wy (2), .--s Wy (n) is the same as the
joint distribution of the original sequence.
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tinuously differentiable functions on B(X') equipped with sup-norm, and Fj, denote the
set of all L!-integrable functions on 3(X’) uniformly bounded by 1 in terms of absolute

value. Suppose there exists a class of functions F; defined on B(X) such that:
(1) Fo C Fy.

(2) Given 6 € D*, for any H € Hy, H is continuous on Fr, (5) := {1(A <) : A €
IF1}, where H is the set of all bounded linear operators on Fy; equipped with the norm
L= IH L*oo = SUDfer,, ££0 |H(f)|

S.4’. The estimator A of A obeys a functional central limit theorem, namely,
an(A = A) ~ Gy in (X°(B(X)),

where a,, is a sequence such that a, — oo as n — 00, and G is a tight process that
has uniformly continuous sample paths over B(X) a.s.
S.5’. For any d € Xy, the gradient with respect to ¢, ¢ — VCA(d, ¢), exists, is

continuous at each ¢ € B(X,,), and

sup  ||V.A(d, ¢) = V.A(d, ¢)|| =p 0.
(d,c)eB(X)

S.6’. The functions d — [i(d) and ¢ — fi.4(c) are measures over X; and &4 obeying
in £°(V),

2 LGZ&;&Ad)_/;Ml{A(d,c)<6}ac|d<c>*dez&ud<d>./x AW < )| ~ Hal)

as an stochastic process indexed by 4 € V, where V is any compact subset of D*, b, is

a sequence such that b, — oo as n — oo, and

Hool®) = Y- Haold) | L{AE.0) < O)pole) + Y- ) Hoaox (1A < 5)),

deX, Xeja deX,y

where Hy ., and H4 o are random elements.
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Comment 3.4.1 (5.6°) The estimator of the measure p is [i := fiq X fljq- For ezample,
when [i is the empirical measure for the entire population from a random sample, b, =
Vn, Hoxo i a multivariate normal distribution with zero mean and covariance matriz
with typical (i,j)-element equal to 1(i = j)pa(i) — pa(i)pna(y), and Hegoo 15 Q@ fheja-

Brownian Bridge.

The next lemma generalizes Lemmas 21 and 24 to the case where X include discrete

components.

Lemma 25 (Properties of Fa, and A} with discrete X') Suppose that S.1’and S.2’
hold. Then, & «— Fa ,(0) is differentiable at any § € D*, with derivative function fa ,(6)
defined as:

ﬂcld(c)
5) i= BsFa (8) = d T Arg a? Ve
fau(6) 5Fa.u(0) dg/;dud( )//\4A|d(5) VA, o) ’

Define D :=TF; x Hy and Dy := Fo x Hy. Under S.1-5.3’,

(1) For any 6 € D*, the map Fa,(0) : D — R is Hadamard differentiable at (A, p)
tangentially to Dy, with derivative defined by:

G(d, C)Mc|d(c)

< —~-dVol

(QMH%JM@@H:—-ZWw/

de Xy M

+ 3 Hid) [ 1A@) < Snaule)

deXxy Xeja

+ D na(d)Haa(L{A < 8),

deXy
as a map from Do to R, where H := (Hy, Hc|d) is defined as a bounded functional operator

which maps g € L*(X) to:

H@:mefﬂwmm+ZMmmwm,
Xela

dEXd dGXd
where d — H.(d) is a linear function and g — Hcq(g) is a bounded linear operator.
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(2) For any u € {u : Ay(a) € D*}, the map A;(u) : D — R is Hadamard differen-
tiable at (A, ) tangentially to Do, with derivative defined by:

s, (A3(w)(G, H]
fA,/,L(A;*L(u))

(G, H) = 0a 0, (w)[G, H] =
as a map from Dy to R.

We are now ready to derive a functional central limit theorem for the estimator of the
SPE-function. As in Theorem 7, let r,, := a,, Ab,, the slowest of the rates of convergence
of A and Ji, where r,/a, — sa € [0,1] and 7,,/b, — s, € [0, 1].

Theorem 9 (FCLT for B\;(u) with discrete X) Suppose that S.1°-S.6° hold, A e
Iy with probability approaching 1, and Fu, 5y is p-Donsker for any 6 € D*. In (>*Uy),
with Uy = {u €U : A} (u) € V},

rn(A;(u) — A% (1)) ~ Oaw;(1)[5aG oo, St o], (3.4.1)
as a stochastic process indexed by u € Uy.

Comment 3.4.2 (Bootstrap FCLT for &j(u) with discrete X) The ezchangeable
bootstrap law is consistent to approrimate the distribution of the limit process in (3.4.1)
by the same argument as in Theorem 8, replacing S.1-S.6 by S.1°-S.6°. Accordingly, we

do not repeat the statement here.

3.5 Numerical Examples

3.5.1 Monte-Carlo Simulations

We evaluate the accuracy of the asymptotic approximations to the distribution of the
empirical SPE in small samples using numerical simulations. In particular, we compare
pointwise 95% confidence intervals for the SPE based on the asymptotic and exact dis-

tributions of the empirical SPE. The exact distribution is approximated numerically by
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simulation. The asymptotic distribution is obtained analytically from the CLT of The-
orem 7, and approximated by bootstrap using Theorem 8. We consider two simulation
designs where the limit process in Theorem 7 has a convenient closed-form analytical
expression. The designs differ on whether the PE-function = — A(x) has critical points
or not. We hold fix the values of the covariate vector X in all the calculations, and
accordingly we treat the measure y as known. For the bootstrap inference, we use em-
pirical bootstrap with B = 3,000 repetitions. All the results are based on S = 3,000

Monte Carlo simulations with a sample size n = 1, 000.

Example 14 (No critical points) We consider the PE-function
Alx) =z1 +x2, x=(21,22),

with covariate vector X uniformly distributed in X = (—1,1) x (—=1,1). The correspond-
ing SPFE is

A% (u) = 2(vV2u — 1)1(u < 1/2) +2(1 — /2(1 — u))1(u > 1/2),

where 1(-) denotes the indicator function, and we use that A(X) has a triangular distri-

bution with parameters (—2,0,2). Figure 3-1 plots x — A(z) on X, and u — A%(u) on

)

(0,1). Here we see that x — A(z) does not have critical values, and that u — A (u) is

a smooth function.

To obtain an analytical expression of the limit Z,(u) of Theorem 7, we make the

following assumption on the distribution of the estimator of the PE:
Vi(A(z) = A(z)) ~ Goo(z) = A(2)Z,

where Z is a standard normal random variable independent of (X1, X2). This assumption

is analytically convenient because after some calculations we find that
Zoo(u) ~ = (u)Z,

A * a % * 2 a . . .
so that A% (u) ~ N(A}(u), Ay (u)?/n), where ~ denotes asymptotic approzimation to the
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Alx)

Figure 3-1: PE-function and SPE-function

Right: SPE function u — A7 (u).
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Table 3.1: Monte-Carlo example 14, n = 1000, Monte-Carlo rounds = 3000,bootstrap
rounds=3000.

quantile vu=01 ©vu=02 v=03 uv=04 u=05

theoretical st.d  0.0444 0.0410 0.0383 0.0362 0.0350
monte-carlo st.d 0.0441 0.0408 0.0383 0.0359 0.0360

rej. rate(T) 0.050 0.057 0.050 0.051 0.062
rej. rate(B) 0.054 0.037 0.085 0.070 0.044
quantile u=06 vu=07 uvu=08 u=09

theoretical st.d  0.0377 0.0411 0.0456  0.0529
monte-carlo st.d 0.0381 0.0417  0.0467 0.0536
rej. rate(T) 0.053 0.058 0.054 0.054
rej. rate(B) 0.049 0.046 0.062 0.050

exact distribution.

Table 3.1 compares the standard deviation of the empirical SPE in samples of size
n = 1,000 with the asymptotic standard deviation |AY(u)|/\/n at the quantile indezes
u € {0.1,0.2,...,0.9}. The asymptotic approrimation is very close to the ezact standard
deviation. We also find that 95% confidence intervals constructed using the asymptotic
approzimation, A;(u):tl.96|AL(u)| /v/n, have coverage probabilities close to the nominal
level at all quantiles. These asymptotic confidence intervals are not feasible in general,
because Ay, (u) is unknown or more generally it is not possible to characterize analytically
the distribution of Zs(u). In practice we propose to approzimate this distribution by
bootstrap. The table also shows that the empirical coverages of bootstrap 95% confidence
intervals are close to their nominal levels at all quantiles. In this case, empirical bootstrap
is equivalent to redraw the realizations of the empirical PE A(x) with replacement. Figure
3-2 presents confidence bands of estimated sort-curve using theoretical, monte-carlo and

bootstrapped bands. These bands are close to each other with indistinguishable differences.

Example 15 (Critical points) We consider the PE-function
A(z) = 2° - 3z,
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Figure 3-2: Confidence bands for SPE in Design 1. Left: Asymptotic bands. Center:
Simulation finite-sample Bounds. Right: Bootstrap bands.

with covariate X uniformly distributed in X = (—3,3). Figure 3-3 plots x — A(xr) on &,
and u — A (u) on (0, 1).2 Here we see that x — A(x) has two critical points at v = —1
and © = 1 with corresponding critical values at 6 = 2 and 6 = —2. The SPE-function
u — Ay (u) has two kinks at u = 1/6 and u = 5/6, the A, pre-images of the critical
values.

Fig. 3-3 suggests the convergence of the empirical SPE is going to be irreqular at
the kinks, and might be slow in neighborhoods around the kinks. To show more evidence
about these convergence issues, we compare the ezact and asymptotic distribution of the
empirical SPE. To obtain these distributions, we make a convenient assumption on the

distribution of the estimator of the PE:
Va(A(z) - A(x)) ~ Guo(a) = (2/2)*Z,

where Z is a standard normal random variable independent of X.

Table 3.2 compares the standard deviation of the empirical SPE in samples of size n =
1,000 with the asymptotic standard deviation at the quantile indezes u € {0.1.0.2,...,0.9}.

2We obtain u — Aj (u) analytically using the characterization of Chernozhukov, Fernandez-Val, and
Galichon (2010) for the univariate case.
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Figure 3-3: PE-function and SPE-function in Design 2. Left: PE function z — A(z).
Right: SPE function u — A (u).
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Table 3.2: Monte-Carlo example 15, n = 1000, Monte-Carlo rounds = 3000,bootstrap
rounds—3000.

quantile u=01 ©vu=02 =03 u=04 u=0.5

theoretical st.d  0.820 0.0268 0.0852 0.129 0.144
monte-carlo st.d 0.799 0.0336 0.0847 0.123 0.140

rej. rate(T) 0.0440 0.0677 0.0497 0.0393 0.0490
rej. rate(B) 0.036 0.081 0.068 0.043 0.068
quantile u=06 ©u=07 u=08 u=09

theoretical st.d  0.130 0.0860 0.0275 0.818
monte-carlo st.d 0.128 0.0872 0.0304 0.822
rej. rate(T) 0.0517 0.0587 0.0797 0.0577
rej. rate(B) 0.081 0.056 0.011 0.11

The asymptotic approzimation is close to the exact standard deviation with the largest
differences occurring at uw = 0.2 and u = 0.8, the quantiles that are closer to the kink
points at 1/6 and 5/6. We also find that pointwise 95% confidence intervals constructed
using the asymptotic distribution and empirical bootstrap have coverage probabilities close
to the nominal level, with the largest distortions occurring at the quantiles v = 0.2 and
u = 0.8. Interestingly, while the asymptotic approrimation undercovers the SPE at the

quantiles close to the kink points, the bootstrap approrimation is conservative.

3.5.2 Empirical Example: Women Labor Supply and the Num-
ber of Children

In this subsection, we follow Angrist and Evans (1998) and Angrist (2001) to examine
how women labor supply is affected by the number of children. We employ 1980 Census
Public Use Micro Samples (PUMS). Following the estimation strategies in the above two
papers, we consider apply sorting technique discussed in this paper. We provide graphs
on Sorted partial effects on number of children on women labor supply verse traditional

mean average partial effect. The basic model consists information about whether a
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rearranged function
o 5

Figure 3-4: Confidence bands for SPE in Design 2. Left: Asymptotic bands. Center:
Simulation finite-sample Bounds. Right: Bootstrap bands.

female is working, how many weeks she work per year, whether she has three or more
kids, age of first birth, gender of the first and the second child, family income, father

income, as well as a set of demographic dummies.

Angrist (2001) considers different models estimating the partial effect of having more
than two children on women labor based on different variables. We replicate the results
and apply sorting to probit and tobit models. In addition, we also add interaction terms

to make the function form more flexible.

More specifically, consider the following model:

workedm; = 1(a; D; + 51 X; + 1 XiD; + e1; 2 0),
weeksm; = agD; + BoX; + 12X, D; + eai|lworkedm; = 0.

workedm; indicates for employment status, weeksm, indicates for the number of

working weeks per year, and D; indicates for having at least 3 kids.

We use probit model to estimate the effect of D; on E[Pr(workedm; = 1|D;. X;)],
ie., E[Pr(workedm; = 1|D; = 1, X;)] — E[Pr(workedm; = 1|D; = 0, X;)|. We use tobit
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Figure 3-5: The probability of working changing from having less than 3 children to at
least 3 children (Pr(E;|lworkedm; = 1,X;) — Pr(E;lworkedm; = 0. X;)): Black-APE,
Red-Sorted curve of partial effects, Blue-confidence bands for Rearranged curve. Top
graph: Basic probit model. Bottom graph: Probit model with interaction terms of D;
and X;. Blue bands are 95% pointwise confidence bands.

model to estimate the effect of D; on E[weeksm;|D; = 1. X,], i.e., Elweeksm;|D; =
1, Xi] — Elweeksm;|D; = 0, X;]. The X; vector includes other covariates. The results

are presented below in Figures 3-5 and 3-6.

We can observe that there exists heterogeneity of individual partial effects in both
probit and tobit models. In Figure 3-5, there exists 55% of the population with effects
higher than APE. The confidence bands shows that there exists 35% of the population
with partial effect significantly larger than APE. In the lower tail, there exists 10% of
the population much that are much more likely to drop the work force when the number
of children increases to be > 3. In Figure 3-6, similar patterns can be seen that the
lower tail of the population tended to reduce more work hours compared to the rest of

the population.
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Figure 3-6: The number of hours of working per week changing from having more than
2 children to less than or equal to 2 children ( E[weeksm;|D; = 1, X;] — E|weeksm;|D; =
0, X;]):Black-APE, Red-Sorted curve of partial effects, Blue-confidence bands for Rear-
ranged curve. Left: Basic tobit model. Right: Tobit model with interaction terms of /);
and X;. Blue bands are 95% pointwise confidence bands.
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quantie quartia

Figure 3-7: The probability of working changing from having less than 3 children to at
least 3 children (Pr(workedm;|D; = 1, X;) — Pr(workedm;|D; = 0, X;)): Probit model
with interaction terms. Left:Women’s education less than high school. Middle: Women'’s
education equals to high school. Right: Women’s education above high school. Blue
bands are 95% pointwise confidence bands.

The results in the above figures draw a similar, but more detailed picture as Angrist
and Evans (1998). In table 9 of Angrist and Evans (1998), they consider to evaluate
APEs of the subgroups based on woman’s education level. Low education group consists
women with less than high school education, median education group consists women
with high school education, and high education group consists women with more than
high school education, e.g., college and above. Thus, we further apply our technique to
investigate these subgroups. We find an decreasing level of APE, similar to Angrist and
Evans (1998). However, we find more heterogeneity at quantiles of the partial effects by
comparing the three different groups. In Figures 3-7, thought extreme tails are similar,
the APE is pushed down primarily by the population in mid-quantiles. In Figures 3-8,
The drop of working hours in upper tails is primarily between low education and median
education groups, while the lower tail is primarily changed between median education

and high education groups.
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Figure 3-8: The number of hours of working per week changing from having more than
2 children to less than or equal to 2 children ( E[weeksm;|D; = 1, X;] — E[weeksm;|D; =
0, X;]), conditional on subgroups:Tobit model with interaction terms. Left:Women’s
education less than high school. Middle: Women’s education equals to high school.
Right: Women'’s education above high school. Blue bands are 95% pointwise confidence
bands.

133



3.6 Conclusion

The sorting of partial effects is a new method to report empirical results as well as a new
equipment to analyze casual effect in each quantile in the entire population, compare
to the traditional mean-variance analysis. This paper develops the large sample asymp-
totic property of the general multi-dimensional rearrangment operator. We establishes
asymptotical property of the sorting operator via functional delta method. The validity
of the theorems relies only on a set of weak regularity assumptions on the behavior of
the estimated function A, the distribution of explanatory variables x, and the shape of
the boundary of the domain X. These assumptions are reasonable for most cases in
econometric analysis. Furthermore, we provide theorems for inference. Although the
numerical calculation of the confidence bands can be difficult, we prove and demon-
strate that bootstrap confidence bands work as well as the ideal confidence bands. We
provide simulation and empirical results to illustrate how our technique can be applied
in practice and why it may be better than the traditional way of reporting empirical

results.
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Appendix A

Proofs

A.1 Proofs in Chapter 1

A.1.1 Proofs in Section 1.4

Proof of Lemma 1

By assumption, for any v € R%, |[v||2 = 1, ||Go(Bo)v||« < Ko. If m = O(exp(n)), by
statement (2) and (4) of C.5, ||\*||; < K} + 0(\/@) is bounded from the above.

Thus, vGo(Bo)' Q% 'Go(Bo)v = (A*)'Go(Bo)v < ||A*]1]]Go(Bo)v]|oe < Ko||A*]]1 is bounded
from the above. That is to say, the maximal eigenvalue of Go(8y)' Q% Go(Bo) is bounded

from the above.

Proof of Theorem 1

To prove Theorem 1, I follow the strategy in BCCH (2012). The proof of this theorem is
divided into three steps. The first step provides proof for (1.4.4) and (1.4.5). The second
step provides proof for consistency of 3,. The third step proves (1.4.6) and (1.4.7).

Step 1: In this step, we establish bounds for A(l) — X(l), 1<l<m.
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For any vector z € R™, define norm || - ||1, of  as |[z|[1n = D¢, [7;l17;], and
define semi-norm || - ||2,, of z as 2/Qur. For any ¢ > 0 and set 7 C {1,2,...,m}, define
the following quantities:

P s[19]13.,
min , Al1
(1) = e li<cllorllo%0 ||dp|[3 ( :

) s[16]15 .
2 (T) — min 2li0l2mn A1.2
‘"( ) [167e||1,n<el|dT|]1- 5¢OH5T||1n ( )

where s = |T|.

Lemma 3 of Bickel, Ritov and Tsybakov (2009) proves that bounds on x(s, Q) imply a
lower bound for x.(T) and «.,(T). More specifically, for any positive integer s;, Bickel,

Ritov and Tsybakov (2009) shows that ¢(T)? > s(s1,Q2)(1 — €/ :1 ‘i((ssll&g)) For s <

and s; = slog(n), the Assumption C.6 implies that

TY? > 1_—g/_f2
ke(T) fﬁ( € log(n)m)’

which is bounded from below away from 0 as n approaches infinity. So x.,(T)? > Z;;&C(T)

> ‘Z—im (1 —€ @‘ﬁ), which verifies that k., (T)? is bounded from below if s <

Sn.

Let 6 := A— A. For X, let T be the set of indices of non-zero components of . Below

I establish non-asymptotic bounds for the solution to P.

Lemma 26 (Bounds for LASSO Selector \) Given v € R?, suppose X is the sparse
vector to be estimated and X is the solution to the conver optimization problem P. Let
T be the set of indices of non-zero components in X. Assume that conditions C.1-C.3
and C.6-C.8 hold. Denote € = % Then, with probability at lease 1 — cv,,,

16110 < €ld7[1.m, (A.1.3)
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and
2f0(2 + 6)

”5”271\ \/_ cn(T)

(A.1.4)

Proof of Lemma 26

By definition, A is the minimizer of the problem P. Therefore, L16rllin — 107e][1,0) =
QM) = QM.
Meanwhile, Q(A) — Q(}) can be decomposed as:

— ON+ G > 5’95- 1S () os 1511 (A.1.5)

50 1)

Yi

By Assumption C.7, P(£ > max;;<pn | >1—a,.

By inequality (A.1.5), £||Xl|1n— Ll[All1n = 1Q(X) = QM) = [1Sllwoll6]l1 = —2[18]1.1.
By setting t = (1+e€)to, we know that (1+€)||0r||1,n— (1+€)||67<|| = —||0r||1.n= |01 |1.0-
Thus,

|07 1

< &|o7|1.n-

Restarting with (A.1.5), again £([|07]l1.n — [1d7<[l1n) = 5110113, — 21071 — 21107 ||1,n-

Therefore, 316113, < “%2|d7|l1,0 — &ldrell1,n < 221 (5]]3,0. Thus,
2t0(2 + 6)\/2
ollop < ——=—
nken(T)

In the Lemma 26, I establish bounds for A — X given a vector v € R% To obtain
a just identified system of moment conditions, we can consider repeating the selection
procedure (1.4.4) for v = ey, eg, ..., eq. Define §(1) := M) — X(1), To, = {j|A(1); # 0}
and Ty := Uii<aToy.

For any 1 <1< d, by Lemma 26, ||6(1)|]2,, < 222205 Also, tg = @11 — ) <
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log(4md) Combining these inequalities, we immediately obtain (1.4.5):
5n log(44)
Dllam < K\ —— 22~
max [|5(0)]l2, A P
where K} := :(22’;0))

For (1.4.4), by conclusions in Lemma 26, ||07<({)||1, < €|0r({)||1n. Therefore
DI < 2610 < Zflw(l)ﬂzn The inequality (1.4.5) holds with constant

Ky = K.

aKg.n

Step 2: In this step, we prove consistency of BL.

Let A = (A(1), A(2), ... A(d)), A = (A(1), A(2), ..., \(d)) and A = (6(1)".6(2), ..., 5(dD)).
By definition A = A — A.

The GMM estimator 3, has the following property:

NE,[g(Z:. BL)] = 0. (A.1.6)
We prove that BL is consistent. Let

in(B) = Z(A(l [9(Zi, B)))?,

d
=S (W E.le(Z, B)?,
=1

d

ano(8) =Y _(\UElg(Z:, B))*,

=1

and

=Y _(\('Elg(Zi, B))*

=1
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Consider the following decomposition:

én(ﬁ) - qn,O(B) = Qn(ﬁ) - Qn(ﬁ) + qn(B) - Qn,O(:B)' (A17)

For the first term §,(3) — g.(8) of (A.1.7) can be bounded as follows:
d
14(8) — u(B)] < | D_Eal{(A(D) = XY 9(Zi, )}°]] (A.1.8)
1=1

+2| oL E{AQD) — X0 9(Zi AHHAW9(Z: A

In (A.1.8), the important component |(A(l) — X1)g(Z:, B)| goes to 0 since IA() —
A(D)|l1 = 0 fast enough. More specifically, |(A(1)=X(1))'9(Z:, B)| < |[(AM)=A(1))' g(Z;, Bo)|+
Knnl(A(Q) = AD) |1 - 18 = Bolls. By Holder’s inequality, [(A() — A1)Y9(Z:, fo)| <
1) = X0l w0325 02 )l = O (y/Z22 K, ) And K A =30 -
1B — Boll2 < Knmnd(©), where d(©) is the diameter of © which is a finite constant. So
Kuall A0 = XY 1 - 18 = Bollz = Oply/ =B Ky ).

Therefore, [(A(l) = X(1))'g(Z:, B)| = ((KB WV K/ log(M)> ‘

Using the bounds obtained above for I(A() — X1))g(Z;, B)|, in (A.1.8), the fist com-
ponent can be bounded by:

d
> EHOW - X0Yo(20 Y] = 0 ( (Ko v K)ng(’")) ,

The second component can be bounded by:

2|ZE — X)) 9(Zi, BYHIDY 9(Z:, B

<2 Z | max |(A MO = X)) 9(Zi, BEL[ND) 9(Z:, B,

where E,[[X(1)'9(Z:, B)I] < EL[IX19(Z:, Bo)l] + A [11d(©) Kas -
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By statement (4) of Assumption C.2,

En A 9(Z Bl = 3 X)) Enllgi(Zi B < D [AMD);11EAllg;(Z: Bo)*] < KINDI1-

1<j<m 1<5<m

Therefore,

d 2 log(m
20D | max [(AQ) ~ MD)'9(Zi. BB 9(Z:, B}l = Oy (KMvn\/——— —lf'(“—)> |
=1

Combining the bounds obtained above,

in(8) ~ 0u(8) = O, ((KB,n v Knay ng“")> ,

for any 8 € ©.

For the second component ¢,(8) — gno(83) in (A.1.7), we need to apply the ULLN
for arrays. The statement (1) of Assumption C.2 implies that for any 3 and 8’ € O,
INg(Z,8) = Ng(Z. 8| < |\ K(2)]|8 = 8|2, where E[| X1 K (2)] < KK} < 0o. So by
ULLN for arrays,

max |[E.[Ag(Z. 5)) ~ ERg(Z. B)]| =, 0

1<i<d

uniformly for any 3 € ©.

Thus, |¢n(8) —gn0(B8)| —=p 0 uniformly =for 3 € ©. So by construction qn,o(BL) —, 0,
since G(BL) = 0 and (Kgn V Kup) Sg‘l"nﬂ —p 0. In addition, by Assumption C.5,

IA() = X (D)l = o(y/ &™), for all 1 < < d. Hence,
IN1)Elg(2, B)] — X' (DEg(Z, B = (A1) — ()Y {E[g(Z, B)] — Elg(Z, Bo)}}|
< AW = MOIhd(©)B[Ku(2)].

So by assumption that M — 0, ¢¢(8) — gno(8) — 0 uniformly in 3 € ©. Hence,
a:(Br) —, 0. It follows immediately that together with statement (5) of Assumption
C.2, ”BL — ﬁo”g —p 0.
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Step 3: In this step, we prove asymptotic properties of Br.

By Assumption C.2, the local expansion can be expanded as:

~NEalg(Z:, Bo)) = N{Enlg(Z:, BL)) — Enlg(Zi, Bo)]} (A.1.9)

On the left hand side of (A.1.9),

ANE,9(Zi, Bo)] = NEulg(Zi, Bo)] + (A — A)YE,[9(Zi, Bo))- (A.1.10)

By Assumption C.2 and C.4, the first component of (A.1.10) consists the mean of a
d x 1 random vector with bounded variance. So by the array Linderberg Feller Central

limit theorem,
VN'E,g(Zi, Bo)] —a N(0, A'QA),

where A'QoA = (Go(Bo) %5 Go(Bo)) " + o(1/ ™) which is nearly efficient.

n

The second component of (A.1.10) consists the bias comming from the correlation
of the estimated optimal combination matrix A and E,[g(Z;,80)]. By (1.4.5), for all
1 < I < d, with probability increasing to one, ||A(l) — A(1)||; < K}/ Zaieetim/an)

To obtain an upper bound for maxi¢;<m En[g(Z;, fo)], we need to use the moderate-
deviation theory of self-normalized vectors. For detailed theory and bounds, we refer to

Shao and Zhou (2003) and De La Pena et. al.(2009). If statement (3) of Assumption
C.2 holds, Lemma 5 of BCCH provides a useful result to bound maxi<;j<m En[g(Z;, 5o)).

Lemma 27 Suppose that for each 1 < j < m, R; := ZagiemUs_pere Uij are inde-

- ’
vV Zl$j<m UJ'

pendent random variables across i with mean 0. If E[|U;;*] 2 1, then with l%(';’—) — 0,

there exists a sequence l, — oo such that for any a small enough,

P(max |R;| < ®(1 - %)) >1-a(l+ lé), (A.1.11)

1<jsm

where A is an absolute constant.
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Hence, apply Lemma 27 to our problem, with probability increasing to one,

o 11— 2 log(m)

| max Ey[g;(Z:, 6o)]| < —a”—\/ max En[|g;(Zi, fo)[?] = O )-

1<j<m

Therefore, the second component of (A.1.10) can be bounded by:

(AD) = XD Ealg;(Zi, Bl < IAD) = XD ax |Enlg;(Zi. fo)]]

< C \/sglog(m) \/log(m) _ ¢S log(m)

n n n

with C being some generic constant.

On the right hand side of (A.1.9), we have the following decomposition:
ME.9(Z, 60)) — Ealg(Z. Bo)l} = {Ea[Ag(Z, 60)] — Ea[Ag(Z, 50)]}  (A.L12)

+(A = N){E.[g(Z, B)] — Ealg(Z. Bo)]}-
For the first component of (A.1.12), {E,[Ag(Z, B.)]|—E.[Ag(Z, Bo)]} = En[AZ(Z, B*)(BL—
Bo) for some 3% = By + O(||18L — Bolla)-

We consider apply ULLN to 3[’; (Z,8*). Let F, : (Z B) — (Z Bo)|B € ©} be a
class of functions indicated by elements in ©. So | (Z /3) (Z [30)| Kg(2)d(©)K}.
By statement (1) of Assumption C.2, E[Ks(Z)] < K, so the ULLN for arrays holds:

lim sup [|E,[f(Z)] — E[f(Z)]||]2 = 0 almost surely.
n—00 fE€Fn

Thercfore, {E4[N'g(Z. 1)] ~ Ea[N'g(Z, fo)]} = (N'Go(Bo) + 0,(1)) (B = fo)-
For the second component of (A.1.12), (A—A){E,[g(Z, B.)]-En[g(Z. 50)]} < maxicica||A()—
X(l)”lKM,nHBL — Bollz = OP(KM)n\/M).

n

By assumption, Ky, fm —, 0, so the right hand side of (A.1.9) can be written

as:

(A'Go(Bo) + 0p(1))(BL — Bo)-
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It is also easy to verify that by statement (3) of Assumption C.5, K’GO(BO) = Go(Bo) ' Go(Bo)+
ofy/ ety

Combining the asymptotic approximation of two sides in (A.1.9), we get:

1B — Bolla = O, (_\/% v S‘ﬂofb;(m)) .

In addition, if M = 0(1), then M = 0(%). Therefore,

Vn(BL = Bo) —a N(0,V2), (A.1.13)

with V,, — (Go(B0)' %' Go(Bo))~! — 0.

Proof of Lemma 2

Here we need a set of results similar to Lemma 7-Lemma 9 stated in BCCH. For any
1=1,2,...,d, wedefine m = ITZ\Tll, where T; is the set of indices of non-zero components
in A(l). We need to prove that m = Op(sn). In fact we only need to prove that
i = O,(ITi).

Notice that the first order condition gives:
. L ¢
S(AD); = sign(N);75-

for any j € Tl\Tl. For simplicity, for two vectors A and B with same length, we let
A (ﬁ).
B - B; /i=1

Therefore,

a2y =2 g HA g 2RO g

TN\Ti TI\T; 2 T\T;
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The first component of the above expression is bounded by:

SO

I

with probability at least 1 — «v,, — ¢,.

For the second term,

QAW = M)
v TN\Ti

[ < SIHOAQ) = MDY gl

Define UT; = T, U T;.

For any j € T\Ts, @A) = A(1); == Y sepm Lr(AL)e — A(1)x). Therefore, {Q(A(l) -
X(l))}Tl\Tl = {Qur, ADur, — X(Z)UTI)}TL\TI’ which only depends on the subset UT; with

size at most 1My + sp,.

Next, we need a simple fact from Lemma 9 of BCCH. Namely, the function ¢(s, M)
is sub-additive, i.e., ¢(s1, M) + &(s2, M) = ¢(s1 + s9, M), for s; and s, being positive
integers. This implies that for any real number ¢ > 1 and positive integer s, ¢([sq, M|) <
[qlo(s, M).

KOG =X} a2 < HOwn GOus ~XDom) Hle = 1{Fn ADon = XOon) o

We know that [|[{Q2 AMDur, — AQun)llz = AQun — AQunllzn < Ka¥22 with

probability at least 1 — a, — ¢, (in fact this result holds at the same events when
(e T
Y TNT 2
let both situation hold simultaneously). Therefore,

<V ﬁzl%‘), therefore we don’t need to correct the size of the probability to

n K\t A
5 - A d(sn + 1My, ).

IHQAD) = X0} inll2 < 1H{Qwn ADun = AOur) iz <

a

Combining the bounds we obtained above, we get the following bounds as we review
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(A.1.14):

,/snK t . A
e;\/ 22\ B0 + 1, Q).
Consequently, m; < sn(w)ﬂ/(b(sn + 7y, Q). Denote Cp := (W)znz. Let C* be

an absolute constant > 2C;. Let p* = C*s,. Therefore, ¢([p*],Q) < k2 as n — oo,

Sn+1Yy

as we assume that ¢(s,log(n),Q) < ks. Therefore, m; < Cosnd([p*], Q)[2atiu T

Cospra(l + %Ls":—’) < Cyspka + ﬂ‘;;l”i Hence, m; < (2Cyk2 + 1)s,,.

Step (2) is derived based on results stated in (1.4.5). It is quite obvious that A(l); is
7 mingicd ety | IAD);
Vnm n1;21\l;ig(i3),l [A( )Jl 00 hOldS.

non-zero if j € T; when the assumption

Proof of Theorem 2

Based on Lemma 2, we have that |T| Cs,, for some absolute constant C with proba-
bility at least 1 — o, — €,,. So Qf has eigenvalues bounded from above and away from
0.

Consider Ap(l) = Q;lé(ﬁ)el. Therefore Q(\;) < Q(A(l)) by construction. Denote
6(1) := Ap(1) — A(1). Therefore,

%‘51"([)/@57"(1) < =8;(1/SAWD) = =6:(1'SN) — 6:1Y QAW = X(D)).

By the fact that ||64]|o < C's, and Assumption C.7, for the first component —&4(1)'S ),

we have ) e
1o vV U S,
| = 0(D"'SA) < ~Hdr(Dll1n <

162(D1l2.n-

3

For the second component, &;(1)Q(A(1) — X(1)), we have

1820 QUAD) = XN < N6 D2allAW) = XD 2w < K t‘@ 16:(D)]]2,n-

The two bounds above implies that |[07({)||2n < IA((l)t‘f:—", where K (1) := 2(% + K))
is an absolute constant. Therefore, it follows that |[A#(1) — A1)z < (K(1) + K. /\)@.
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It follows that

A1) = XDl <

Ar®) = XDl _ (KW + KN /5
K(ml + Sn, Q) h K1 n

and by Cauchy-Schwarz inequality

(K(l) + K,\)\/ C +1 tSn

n

1A (D) = XDl < Vi + sall A (1) = 2Dz <

So we have established similar bounds for :\T~(l) — (1) as we did for A({) — A0) in
Theorem 1. ‘

Since all the arguments in step 2 and step 3 in Theorem 1 can be carried over to
this theorem, based on :\TA(Z) — (1) instead of A\(1) — A(1), so the conclusion stated in

Theorem 2 holds due to similar argument illustrated in the proof of Theorem 1.

Proof of Corollary 1

This results is based on the fact that Ty C T and |T| = O(s,) with probability at least
1 — «a,, — ¢,. The derivation is similar to Step 2 and 3 in Theorem 1 except that we do

not pay additional log(m) is the bounds stated in (1.4.6). I abbreviate the proof here.

A.1.2 Proofs in Section 1.5
Proof of Lemma 4

Denote w; = g(Z;, /3) — g(Z;, Bo). By Assumption C.2, max;gj<m |wij| < KGn||[3 — Bz

Consider the sparse eigenvalue of Q = En[g(Zi,ﬁ)g(Zi, B)']. We compare Q with
Qo = Eu[9(Zi, Bo)g(Zi, Bo)'). For any ||d]l2 = 1 and ||3]o < s, log(n),

8" — 'S0 = 28, [(6'w;)(g(Z;, Bo)'0)] + En[(6'w;)?]. (A.1.15)
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By Cauchy-Schwarz inequality,
B [(6wi)(9(Zi, Bo) ]| < Enl(w[0)2]2E,[(9(Zi, Bo)'8)*]F < (s log(n), Q) ZE,[(w]6)?]2.

By Holder-inequality with the conditions ||6]o < snlog(n) and s,log(n)K3},, =

Op(nzp)a
E,.[(w}6)*] < En[(llwillolld]11)] <
En[K3,118 = Boll3sn log(n)|[0][3] = K3, log(n)o,(n=2) = 0,(1).
Therefore,

~

1og(s)sn, 2 — Q) = max 505 — 8'Q06
Hlogls) D= ot o st o9l
K2s,log(n) . 1 K3;s,10g(n)
n2e )2&1,0 + n2e
If in addition Assumption C.9 holds that: k1 < &(Cs,$%) < ¢(Cs, ) < ko, for any &
on the unit sphere and ||dy|| < Cso,

< 2( —p 0.

506 = 8'Qod + (806 — §'Q6) = 608 + 0,(1).

Ki,0

Let ¢ be a small absolute constant such that ¢ < 52, So with probability going to one,

0 < k1o — ¢ < K(splog(n), Q) < ¢(s, log(n), ) < koo + c.

Proof of Lemma 5

The score of objective function @ at X can be expanded as: S(X) = (1 — Qo)X — (G(B) -
Go(Bo))+ 2 (A—X*). Let T be the set of indices of non-zero components of A. Therefore,
for each j € {1,2,...,m}, ‘

S = Z /\lc g] Zu ﬁ)gk(Zu /8)] E[gJ(Zu ﬁO)gk(sz ﬁo)]) (E [ag] (Zm 5)’0] (A L 16)

keT
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9g;

_E[aﬁ

(Zis Bo)o]) + Y Qoge(he = Ap)-

1<ksm
There are three components in the above equation A.1.16):
() ke M(Enlgs (Zi, B)gr(Zi, B)] = Elg;(Zi. Bo)gw(Z:. o))
(2) ]En[%%(ZzA Byv] — E[%%(Zivﬁo)”];
(3) X 1ckem Qe = X))

Step 1: Consider the upper bound of the first component in equation (A.1.16).
Obviously,

19 = 20) Moo < 112 = 20)Xlloo + 1% — 20)Xl|co. (A.1.17)
The first part of the decomposition (A.1.17) is ||(€2 — Q0)A||so-
Similar to the calculation in Lemma 4, we could prove that:

11(€2 = Q) A|| is bounded by:
1€ = Qo)X < Q2 = Q0)llocl M1 < (1 + 2K nrl18 = BollalIAlls,

where 1 > ¢ > 0 be a small absolute constant and ||(€2—$2)||o := MAaX1< j<m,1<k<m Iij—
Qo ikl

The second part of the decomposition (A.1.17) is ||(€ — %) A||se- To obtain an upper

bound for this term, again we need to use the moderate-deviation theory from Lemma
13.

By assumption {(g(Z;, 80)9(Zi. Bo)’ —QO)X} ; are independent random variables across
¢ with mean 0. It is easy to show that

E[{(9(Z:. Bo)g(Zi- o)’ = )N} °) < max Ellg;(Z:, Bo)* NI < KG(KR)? < oo

Thus, for n large enough, there exists a term ¢, := ﬁ — 0 such that Pr([{(Q—0)A};| <
E.[((9(Zs, Bo)g(Zi, Bo) = Q) M@ 711 — ). for alll <j < m) = 1 — a(l +qn).
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However, E,[({(9(Zi, Bo)9(Zi, o) — Q0)X},)?] can not be used in practice to bound
{(Q0— QO)X} ;| because € is unknown. Instead, we establish bounds using the empirical
variance En[({(9(Zi, B0)9(Z:, Bo) — 0)A};)?). Let Ui be {(9(Zi. Bo)g(Zi, Bo)' — Q0)A};.
Denote U = EE,[U]. We apply a modified version of Lemma 13 to bound max;c;<m U;.
Let z; = U be the infeasible Z— statistic. Lemma 13 estab-

{En[({(9(Z:,80)9(Zs,B0) — QO)’\}J 2]}?
lishes bounds for the Z— statistic.

Consider the t-statistic ¢; := \/ﬁi—’], where su; = Se(U;) = {73 X 1¢;em(U; —
U)2}z. Notice that there is a simple relationship between t; and z;:

n—1

Thus, P(¢; > z) = P(z; > 2(55)? 3) for any . Let z = ®~1(1— =), so by assumption
z* = O(log(m)®) = o(n). Therefore, P(t; > «) = P(z; > a(;75=5)?) = (1 - )P >
1(1 - 1)) 21— 5 —mnasn— oo for any small number n > 0.

Now replace U;; with {(g(Z;, 80)9(Zi, Bo)' — Q) A};. So

n su? = En[(z gk(Zia ﬂo)gj(Zi, BO)Xk)2] - []En(z gk(Zia ﬂo)gj(Zi, ﬁo)xk)]?
k=1

n—1 "7
k=1

Therefore, Pr( vrl((So—530) ), — < P(1-5),
{Enl(Xre1 9x(Z:,80)95(Zi,B0) Ax) 2] —En Y r—1 9x(Z:.50) 95 (Zi,B0) Ak]?} 2 m

forall 1< j<m)>1—-2+0(1).

(2) The second component in (A.1.16) can be decomposed as:

E, [Zg/; (Z:i, Byv] — [agJ(Zi,Bo)v] (E, [(‘99: (Z:, B)0)] — En [(‘991(2 Bo)v)]) (A.1.18)

+(E, [(dgf (Z:, o)) E[(""f (Zi, Bo)o)).

By Lemma 3, the first part of (A 1.18) is bounded by K¢l B— Bol|2. The second part of
(A.1.18) can be bounded by E, [| 5(Zi, Bo)|’) —En, [ag, Zi, Bo)]? using the same strategy as
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En[‘lg (Zio)]— Z:,80)u]]

described in the previous component. Thus, Pr <
P P (\/_{En[( £+ (Zi o)) = [En(aj(zz Bojo)|2} 2

O (1— ) forall 1 <j<m)>1—2%+o(l).

(3) The third component €(X — A*) is non-stochastic constant. It equals to 0 if \*

obeys exact sparse assumption C.4.

The penalty v, proposed in Lemma 5 is a combination of the upper bounds described
in steps (a), (b) and (c). Hence,

Si(N)

=< 71— =) 21— a,+o(l). (A.1.19)

P( max
1<j<m

Proof of Corollary 2

By Assumption C.5, we know that ||X—\*||; = 0p(1/2). Therefore, 1A= 2*)|| =, 0

(KgnVEarn)?
If n"’G" 1log(lm)

— 0, the first term stated in 1.5.1 would also converge to 0. Hence, if
assumption C.8 holds, the penalties Wf is uniformly converging to the infeasible penalties

7; stated in Lemma 5, for all 1 < j < m.

Hence, there exists a sequence e, — 0 such that with probability at least 1 — o, —

€n — €,
ey
Vi

to
g_

max .
n

1<j<m

Proof of Lemma 6

Lemma 13 allows us to bound the maxima of a vector with length m of empirical averages
of mean zero i.i.d data. For [ = 1,2,...,d, let y(I) be the vector of penalties for v = e,
and S'(X) be the score function of X0\ — XG(B)e;

To bound the maxima of '

j<mand 1l <1 < d, wecan simply
consider the 1 x md vector S* := (S'(A), SQ(A)’ ..., 5%(X)"). So we can apply Lemma 13
‘*)J will be \/n<I>‘1(1 — 4md) with probability

to S* and the uniform upper bound for ‘

at least 1 — o, — o(1).
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Proof of Lemma 7

The proof of this Lemma is quite straight forward. Statement (2) in Assumption C.11
guarantees that both 7]1.? and 'y]C are bounded from below by K., 1 < j < m. Assumption
C.5 and statement (1) in Assumption C.11 guarantees that both ,* and v are bounded

from the above.

Proof of Lemma 8

(1) For the refined penalty %, denote

w = A{Eal( D 9(Zi B)g(Zis BIMN)’) = (Bl D 91(Zi, B)g5(Zi, BM]’}

1<k<m 1<ks<m
—{Enl(Y_ 9(Z:, Bo) 9i(Zi, Bo) )] En( > 9(Zi, £0)95(Zi, Bo) M)},
keTo keTy

and

¢ i (B2 (2 B~ B 8"](2“/3)1} (E, [agJ(Zuﬁo) 2 [agf(mom.

It is easy to rewrite w? and w§ as:

w? = {E.[( Z 91(Zi, B).(/j(zi»ﬁ);\k)ﬂ - ]En[(z 9x(Zi, Bo)9i(Zs, /30)Xk)2]}

1<k<m keTy
—{[En( Z gk(Zu:BO)gJ(ZuﬁO)’\k) ng ZwﬁO)gJ(ZanO)/\k)] }
1<k<m keTy

and

0 = {Bal(52 (2 B0 |- Bal G o))} (B T2 (21 Byl a2 2, ool
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First,

n ( Z gk(ZnB)gl(Zwﬁ))‘k Egk Zla/BO gJ(ZL’BO)/\k) ]}

1<k<m keTy

= E.[{ Z 9k(Z;, B)gj(Zi,B)j\k — 9x(Zi, Bo)9;(Zi, ﬂO)Xk}Q]

1<k<m

—2E.[{ ) 9e(Z:, B)93(Zi, B)A—9x(Zi, B0) 95 (Zi Bo)NY Y aw(Zi, Bo)g;(Zi. Bo) e}

1<k<m 1<k/<m

<SEJ Y 02 B)gi( 2 Bk — 9i(Zi, Bo)as(Ziy Bo) M}

1<k<m

+2E,[{ Z gk(Zz,ﬁ)g](Z B) Ak —91(Zi, Bo)g;( Zz»BO)/\k} E.[{ Z gk'(Zz,ﬂo)gg(Zuﬁo)/\k'} ].

1<ks<m 1<k’<m

The key component } ;... {9x(Z, 3)i;(Zi, B\ —ax(Zi, Bo)9;(Zi, Bo)Ax} is bounded

by:
Z {oe(Zi, B)g;(Zi. B) M — gk(ZbﬂO)gj(ZhHO)j\k}} < Z 9(Z:, B0)9;(Zi, Bo) Ak — Ak)
1<k<m 1<ksm
> {a(z, B)g;(Zi, B) — g(Zi, Bo)g;(Z:, Bo) } M
1<k<m
< Z \9x(Z:, B0)95(Zi, Bo)| |1 M — el + (2K a1 B — Boll2 + Kzgw,nHE— Bol3)IIN13.

1<ksm

By assumption K ||3—Fol|2 =5 0, so KMnHﬂ—/foH%Hj\H% is smaller than K ,||3—
Boll2 as n — oo with probability going to one. So there exists a small 1 > ¢ > 0 such
that 2K .]18 — Boll2 + K3 1B = Boll2 < (2 + €)Karal|B — Boll2 with probability going

to one.
Thereforea En[{Z]gkgm gk(Zia ﬂO)g](Zl BO);\/C - gk(Zia /BO)QJ(ZZ* /BO)Xk}zl
<D ichkiem En[| A — el | A — Xk’”gk(ziy B0) g (Zi, Bo)gi(Zs. Bo)?|]

< maxijem Ealgi(Zi, Bo)'] 1 chonram | A = Mell A = M| < KEIIA = X3,
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Similarly, En[(21<k'<m gk'(ZhBO)gj(Zia 50)Xk')2] < K;‘HXH%

So by the fact that (z+y)* < 222 + 232, we get: En[{>"1rcn 9:(Z:, B)g;(Z:i, B)Ax —
9x(Z;, Bo)g;(Zi, Bo) M }?] <

2En[{3 1 cram 91(Zi, B0)9i(Zi, Bo) M — 9i(Zi, Bo)a;(Zi, Bo)Me 1
+E, [{El<k<m{qk(z ﬁ)qj (Zuﬂ) ak(Zs, 50)‘7] (Zs, ﬂO)}/\k} ]
< KA = N +2(2 + ¢)2K3,,11B8 — Bol BN

By assumption, K ,||8 — Bollz =5 0, [|A = All1 =, 0, [[X]]x < K, therefore

wi = Eq[( Z ax(Z;, B)gj(ZnE)S\k)z] - En[(z 9x(Z;, Bo)gi(Z;, 50)Xk)2] —

1<k<m keTo
Second,

={E.[( > 9:(Zi, B)9i(Zi, BIA?] = Bnl( D i(Zi, Bo)g;(Zi, Bo) M) T}

1<k<m keTo

{Bnl Y 96(Zis 50)35(Zi, BN = [En (D 96(Zis Bo)g5(Zis )M,

1<ksm keTo

S’ = (Bal (52 (2 B0} Bal 0 (2o )01} B S (20 BB S22, ool

Statement (1) of Assumption C.2 implies that max; ; |(%%(Z,-, Bo)v) ;| < K. Therefore,

%5 (7., o))

Eal (G (2 0] = Bal(G2 e )0 = Bl (G220 P — 2

+2E (2, B - (2 600} 3 (2 )

< K218 = Boll3 + 2En[K(Z)| Kl B — Bolla-
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And similarly,

{[Eng—gg(ZuB)UP - [En%(zivﬁﬂ)vlz\ < Kél‘g_ ﬁOH% + En[KG(Z)]A’/VI,nHB_ IBOHZ'

By the LLN for arrays, E,[Kc(Z)] =, E[Kc(Z)] < K. Therefore, by assumption
Kl — Boll2 =p 0 and Krn||8 — Boll2 —p 0. Thus, wG =, 0,

Notice the upper bounds that we derived for wg and w]-G are uniform in j, therefore
wj? and wf converges to 0 w.p. — 1 uniformly. Hence ’AYJR — fy]R uniformly, i.e., there

exists a constant K, — 0 such that max)cjcm |55 — 7| < Ky .

By assumption C.7, ’yJR is bounded from above and below. Suppose a < WJR < b for

<R
all 1 < j < m. Therefore, 1 — ——’lev" < %JE <1+ _Kzl,n_
J

(2) The proof is similar to the argument presented in (1). I abbreviate the proof
here.

Proof of Theorem 3

In fact it is suffice to show that a similar version of Assumption C.7 holds, since the
Proof of Theorem 1 and Theorem 2 only relies on Assumption C.7 for the penalty terms
together with other technical conditions. The high level Assumptions C.6 are verified by
the Assumptions C.1-C.3, C.5, C.9-C.11 and the growing conditions (1) and (2)stated
in Theorem 3.

SR
By Lemma 8, the 4% (or 4°) satisfies %’ﬁ — 1 uniformly for j = 1,2, ..., m. From now
on, we only mention ¥ since all logics for v¥ can be carried over to yv¢. So Assumption

C.8 also holds as n approaches infinity.

Also by Lemma 8, there exists a sequence of positive numbers ¢, converging to 0

such that with probability at least > 1— ¢, 77 < j/—; < 1+ &, where we know that e
3 J

is a small but fixed positive number. Therefore, since we know that with probability at

least 1 — «, — ¢,,, we have:

S(\); t
max I (R)Jl b
1G<m |y n
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Then, with probability at least 1 — oy, — €, — €),,

5(;

AR
7

€

to
< —
n

Denote tj = 2(1 + £). So for € < 0.2, we know that ¢t > t4(1 + 5). Then all the
derivations in Theorem 1 and Theorem 2 follows with the constants constructed with 3,

not e.

Proof of Lemma 9

Suppose there are X! and A? such that ||AY]; < ||A%[];. Let A' = II(AY) and A? = II(A?)
to be the solutions of the problem P with penalties terms constructed by the parameters
Al and A2

Denote ¢ = {maxi<j<m(Engi(Zi, Bo)* — [Eng;(Z:, 60)2]2)}%. q is a positive real num-
ber bounded from the above. So 7§ (\) = qH/\|]1+{EnI(G(Z,-, B)v),|? — [En(G(Z, E)v)j]2}§.

Consider the objective function Q(\) = %/\’Q)\ — NG(B)v.

By defintion, QN )-+ql\ s 1A | +{Enl(G (2. BYo), 2 — (Bal G2 B2} 1831 <
QO) + alN 1 + Bl (G2 o) — [Ba (G2 B} 121,

and QU¥) +al ¥ 1821+ {Enl (G2 Do) 2 — [En(GZ Do)} 18210 < QA+
Al + {Eal(G(Zi, o) = [En(G(Zi Bo)s 2} 1A

Adding the above two inequalities together, we obtain the following inequality:

NI+ XA < A2 A+ X122

Since we assume |[A||; < [|A%|]1, it is easy to see that [|A![|; > [|X2]|;. That is to say,
the function Il : z — ||IIy(z)||; is a non-negative, decreasing function mapping from

[0,00) to [0, 00). Therefore, II, only has one unique fixed point € [0, +00), that is z€.
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-~ - 1
It is suffice to choose & > maxigj < {Bn (G2, 3)1;)]»)2 (G2 D)}

, since 0 would be
the solution to P under the penalty terms with ||)\]|1 = ¢ in (1.5.6). So the fixed point
must lies between IIs(zg) and IIp(z,). The binomial search algorithm finds the fixed
point within logarithm time of %

A.1.3 Proof of Lemma 10 and Lemma 11

The proofs of Lemma 10 and Lemma 11 are based on Theorem 3. By the properties of
A€ and 4, it is easy to verify that AC(l) and A(l) are consistent estimators of A(/) in
Ly norm, for all 1 <1 < d:

(1) For the empirical coarse penalty 4°, since we know that by Theorem 3, ||H(X) —
M = 0p(y/ M) is converging to 0, then TIy(|[A[l) = [[Alli —=p 0. By Lemma 9, we
know that Il is a decreasing function.

The fixed point z€ must satisfy that TL(||[A|l}) < z€ < |[M or Ay € z€ <
TL(||M[1). In both cases we have zC — ||\||; —, 0. Then it follows that 4; defined by
[|Al]1 = z€ are valid for all 1 < j < m, ie., they satisfy the results stated in Lemma 8.
If follows that [|AC — X||; =, 0.

(2) For the empirical refined penalty 4%, since the initial value is consistent in L,
distance, we would have that for any p = 0, [|]A®) — X||; —, 0, followed by the results
stated in Theorem 3. Therefore, [[AF — X{|; — O.

Therefore, the corresponding penalties using A“ and A" are valid, i.e., the results
stated in Lemma 8 holds. Then the logic of Theorem 3 leads all results stated in Lemma
10 and Lemma 11.
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A.2 Proofs in Chapter 2

A.2.1 Proofs in Section 2.1
Proof of Lemma 13

For any A ¢ S,,, suppose (1) 3A;, Ay C A, Aj, Ay # 0, A; U Ay = A, such that ¢(A;) N
©(A2) = 0; or (2)Ju € U, such that u & A, and ¢(u) C p(A).

If (1) is true, v*(A) = vM(A; U Ag) = v(A1) + v(A2) < u(p(Ar)) + p(p(Ay)) =
p(p(A1) U p(A2)) = pu(¢(A1 U Ag)) = pu(e(A)), so A & S,.

If (2) is true, vM(A) < v(AU{u}) < u(p(AU {u})) = u(p(A)), so A € S.,.

Therefore, by definition 2.2.2, S, C ...

VA ¢ S,, assuming elements in S, are denoted as A;, 1 < ¢ < |S,|. For sim-
plicity of notations, we can consider A; as a vector in {0,1}%. By definition, 37 >
0,s.t.(1) > mA = A, (2) 3 mp(e(Ai) < p(p(A)), where r := |S,|. Without loss
of generality, assume 7; > 0,7 = 1,2, ..., r, otherwise we would simply omit the A; which
corresponds to m; = 0 in the sum above. Such an assumption does not affect our analysis

below.
Since Y mA; > A, so
Yo ml(Aine ™ y) #0) > (AN~ (y) #0), for any y € V.
By Galichon and Henry (2011), p is sub-modular. Therefore,

S mi(p(Ai)) = ey D T LA N (@) #0) 2 3 oy () 1(AN e~ (y)) =
u(p(A))-

But we know that > mu(p(Ai)) < u(p(A)), by construction. Hence the inequality
above holds as an equality, i.e., forany y € Y, >, m1(A; N~ (y) #) = L{ANp~(y)).

But we know that >_._, m;A; > A. Therefore, for any y € J, ¢ }(y) N A C A; or
¢~ (y) N AN A; = 0 for all 4.

We prove the above argument by contradiction. Assuming that there exists a y €
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and 1 <i < rsuch that o~ '(y)NANA; #, and p~!(y) N A C A;. Therefore, there exists
u # u' such that u,u’' € ™1, u€ AN A}, u' € Abut « ¢ A;. Thus,

i mAL AN N Y) #) =T+ 2L m AN AN N Y) 2w+ Y, €
A)) =mi+30 mle € Aj) > m4+1>1=1(ANyp ' (y)), contradiction!

Thus, forany y € ¥, ¢ H(y)NAC Ajor ¢ Hy)NAN A; =0 for all i.
The above statement immediately implies the following conclusion:

If A is self-connected, then for any A;, either A;,N A =0 or A;,N A = A. By the
equality, for any A;, there exists no y € p(A;) such that y ¢ p(A). So ¢(A;) = ¢(A).
Since A # A;, so there exists u € U such that p(u) C p(A),but u ¢ A. So A ¢ S,,.

Otherwise A is not self-connected, so A ¢ S!,. Therefore, in both cases, A ¢ S,. This
means that S, D S,. Combining with the result that S, > S,, S, = S;.

Proof of Lemma 14 is similar to that of Lemma 13.

Proof of Theorem 4

S* is the minimum set of inequalities which contains all information if condition v(U) = 1
holds. Therefore, S* C S,, §* € 5. So S* Cc S, NS

For any A € S,NS, !, suppose A ¢ S*. So there exists 7; > 0 and A; € §*, 1 <i <,
and 7 > 0, such that:

(1)21@ A —mo = A.

(2)2 1< mik(p(A:)) — mo = p(p(A)).

By the similar argument of Lemma 13, all the inequalities in (2) must holds as an
equality. Again, for any y € Y, either p~!(y)N A is a subset of A;, or it does not intersect
with A;. Since A € S, is connected, so for any A;, either A; D Aor A;,NA=0.

Since there exists B such that ¢~ '(B) = A°, then o~ '(p(A)) = A°. Without
loss of generality, let B = ¢(A)¢. Since the graph is connected, so it must be that
e(u) N¢(A) # 0, for some u € A°. Since mp > 0, then there must exist a set A;, such
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that u € A;,. So A; D A, since p(u) N(A) # 0. Also, for any y € B, it is also required
that »=1(b) C A; or p~1(b) N A; = 0.

However, the set B is self-connected! Therefore for any A;, B C A; or BN A; = 0.
Hence, A;, = U, which contradicts with the definition of S*.

Therefore, S* =S, NS, .

A.2.2 Proofs in Section 2.3
Proof of Lemma 14

The selected set Z implies all relaxed inequalities M;v < 13j + Apm. Therefore, Qj -
Q & Anm. By assumption 2, MaXi g j<m b—b| < An.m With probability 1 — a, so @ C
Q ® M\m and Q C Q @ A\, with probability 1 — o. Hence, Q C Q; & A, and
Qs C QD A C Q& 2\, with probability 1 — a.

Proof of Theorem 5

Consider II* defined in Definition 2.3.1. For every 1 < j < m, ’ﬁ;(i)—b)| < ||ﬁ;f||1 max;jer, |b—

2s ~
bl < Kdjoy/ %ﬂ with probability at least 1 — . Therefore, it is easy to see that Il
is a feasible solution to the problem R with probability at least 1 — a. Now let’s focus

on the event when ﬁo is a feasible solution of .

Let IT be the solution to the problem R. So

llg@)]|: < [lg(TT)| < sok™.

al u
So Igm < 307}7{ .

For any j € T, let v; be the point such that the maximal separation is realized while
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other inequalities hold for v. Therefore, by construction
TI(Mv; — b) > Mv; —b — Ag. (A.2.1)

We have Mv; > b+ ¢y, and Mujy —b <0 forall j # j. So the j inequality of (8.2)
indicates that

ﬂjj(cgm —bj +bj) 2 cgn— As — i)j + b;.

- : —x\s*(i)'—br) Cgn—AS—An,m

I, > %o i) > Ca. m
So 11 cgn—(bj—b;) T cgn—Anm
d?7 log(sp)Vlog(m)

n — 00. Therefore j € 7 and jE i',,. Thus, fn O Tg.

The growing condition — 0 guarantees that ﬁjj > n for any n < 1, as

Since we know that Ty C f,,, SO an C QTO C QP \ym- By construction Q@ C
Q @ )‘nml - an @ /\n,m-

Proof of Theorem 6

Consider IT* defined in Definition 2.3.2. For every 1 < j < m, ]H;(E—b)l < ||| maxjer, b—

2s
bl < Kdjoy/ lo_g%ﬂ with probability at least 1 — a. Therefore, it is easy to see that II*
is a feasible solution to the problem R with probability at least 1 — . Now let’s focus

on the event when IT* is a feasible solution of R.

Let II be the solution to the problem R. So

lg(ID)ll1 < llg(I)[lx < s"K*.

ad * U
So Igﬂ, < 5717{ .

For any j € T*, let v; be the point such that the maximal separation is realized while

other inequalities hold for v. Therefore, by construction
[(Muv; — b) = Mv; —b— Ag. (A.2.2)

We have Mv; 2 b+ ¢y, and Muvj — b < 0 for all j' # j. So the j™ inequality of (8.2)
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indicates that

Ij;(cgn —b; +b;) > cgn — As = bj +b;.

~ —As—(bj—b;) Cgn—Ag—A
> Cg.n S\ 7950 > Ca S nm
SO H]" Cg,n—(bj—bj) = Cg,n—An,m
d?7 log(so)Vlog(m)

n — oo. Therefore j € Z and j € fn. Thus, f,, O T

The growing condition — 0 guarantees that fljj > n for any n < 1, as

As+An,m

Since we know that T* C f,?, SO Qi" C QT* C Qe 5. By construction

Q C Q D ATl.,nL C an S5 An,m-

Proof of Lemma 18

Let II be a feasible solution of the problem R.:

subject to:

Hij = 0, lf] ¢ To.
Any feasible solution of this above problem is that II; = 1, for all ¢ € Tp, and II;; = 0,
for all i # j. Hence, the optimal value of the objective function is sg.

In our case, except for the p* row of M, every row satisfies: M; € {0,1}%. Again,
for the problem R, any optimal solution must satisfy II;; = 1, for any ¢ € Ty. Therefore

the value of the objective function is at least sg.
Meanwhile, for any ¢ ¢ Tp, by definition, there exists a; > 0, for any j # 4, j € To
and o, > 0 such that:
>jen, M —ap 2 M
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and ZjETo Oé]'bj —Qy < bi.

Without loss of generality, we could assume that a; 2 as > ... 2 o, >0 =, =
.. = ap_1. Next we prove that there must be a feasible vector of a; such that a; < 1.
Then we could conclude that the minimum value of the objective function in problem
R is sg, and the optimal solution exactly recovers the true model. Denote the set A

correspond to M;, and A; correspond to M;. Without loss of generality, assume that

By Galichon and Henry (2011), 1(p(A)) is a sub-modular.

bj = u(é(A)), therefore 37, o, aibj — ap = 32 i, ip(p(Ai)) — opu(pU)) =
w(o(D1cicr @iAi — ap)) = u(A) = b;. Therefore the above equality holds as an equality.
If g > 1, then o, > 0. So for any u ¢ A;, there must be j € T such that u € M;.

So for any y € ¢(A), either ¢ (y) N A, NA=0or (¢~ (y) N A) C A;. Similarly, for
any y ¢ p(A), 9~ (y) N A =B or ¢~ (y) C A

(1) A is connected. Let A" be {u|p(u) C A}. So A" implies A. We only need to prove
that A’ can be constructed via lei@ o Ay — ol

(2) A is connected and there is no u ¢ A such that p(u) C ¢(A). Therefore A C S,.
Hence B := p(A)° is not connected. Let By, ..., B, as all the disconnected branches of
B. Let Cy = ¢(By), for any 1 < k <r. So U,_,;Cx = A¢, Ck, NCk, =0, for any k; # ko.
So each (), is connected with A.

Denote C* = {u|u € A°,u ¢ C}}.

So AUC!, AUC?,..., AUC" are sets in S,,. Tt is also sets in S, ! since C;, = (AUC*)°
is connected. Therefore, All these sets are in $*. And Let o; = 1, o, = 7 — 1, we could

reconstruct the inequality indicated by A. And since r > 2, so all the coefficients o < 1.

(3) A is not connected. Let Ay, ..., A, be the connected branches. Let B = ¢(A°).
Without loss of generality, similar to step (1), we could assume that each 4; € S,
1 < i < w. Assume B, ..., B, is the connected branches of B. Let C; = ¢ 1(B;),
1 € i < k. Therefore, C;, N C;, = 0, for any iy # ia. C;NA # (, for any i. Therefore C;,
1 <i<kand A4j,1<j<wform a bipartite-graph Gy. For every A;, let ACh, ..., AC;
to be the connect branches of Gy — {A4;}. Since the entire graph is connected, so AC;
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is connected with A;, 1 < i < i,. Let AC* := {u|u ¢ AC;}. So AC" is a set in
S.NS; ! = &*. Therefore, the set A; could be constructed by Z}:Zl ACy, — (i, — 1)U.

If for some set AC} appears in the different i, let AC' be such as set such that it
appears in 1 <1 < J, J > 2. Hence, Ay, As, ..., A; C AC. Without loss of generality,
suppose Cy, ...,C, C AC, ¢ > 1, and Cyy1, ..., Ck NAC = 0. For any 1 <1 < J, AC — A;
is a connected branch in Gy — A;, which means that C, ..., C; does not connected with
A — AC,and Cy4q, ..., Cy does not connect with AC' — A;. If J > 2, Cy14, ..., Cy does not
connect with AC — A; and AC — As. But AC — Ay UAC — Ay = A. So Cypa, ..., Ck
does not connect with AC. And (4, ..., Cy does not connect with AC. So AC and A are
not connected! Hence, each AC} can near appear twice in constructing A;, 1 < i < k.
Therefore there exists one way to construct A from S* such that all the coefficients
Ty <l for1<j<p—2.

Hence, the optimal solution of the problem R is sq. And Z* = Tj,.

Proof of Lemma 19

The proof is similar to that in Theorem 6. However, this Lemma achieves better rates
because the structure of the Core Determining Class is special. For any II > 0 such
that ITA/ > A, as we show in the proof of Lemma 18, the residual IIb — b can be
rewritten as a sum ), 4 a;p(l) where a; > 0 for all 1 < I < da. Therefore, when
replacing u with fi,, the residual IIb — b and IIb — b are very close. By the assumption
that max;¢i<d, M — 0, Ib—b=TIb — b(1 + 0p(1)). Therefore with probability
>1—q, II*b— b= (II"b — b)(1 + 0,(1)) < As. So II* is a feasible solution to R with
probability > 1 — a. The rest of the derivation follows the proof of Theorem 6.
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A.3 Proofs in Chapter 3

A.3.1 Proofs in Section 3.2.1-3.2.2

Lemma 28 If § is a reqular value of A on X, then Ma(d) is a d, — 1 manifold in R%

of class C*.

Proof of Lemma 28

By implicit function theorem, for every regular point * € Ma(8), there exists an open
neighborhood N, of x and an open set V C R% gsuch that there exists an one to one
and C! mapping: g : N, = V, g(x1, 72, ..., 24,) — (T1,Z2,...,Z4,-1,Y), Where y :=
J~Y(8|x1, ..., xq,—1) is unique on N,. Thus, by definition, M (d) is a d, — 1 manifold in
R% of class C?.

Proof of Lemma 20.

We refer this proof to theorem 3.11 in (Spivak 1965).

A.3.2 Proofs in Section 3.2.3

We need the following Lemma in order to prove the results in Lemma 21.

Lemma 29 For a compact set Q in a metric space D, suppose there is an open cover
0,,i € I of Q). Then exists a finite sub-cover of §2, and there exists a n > 0, such that

for every point in 2, the n-ball around it is contained in the finite sub-cover.

Proof of Lemma 29

Since Q is a compact set in a metric space (with metric |-|), then any open cover ;,1 € I

of 2 has a finite subset 8, i = 1,2, ..., m which covers (2.
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We prove the statement of this Lemma by contradiction.

Suppose for any ¢ > 0, there exists some point x; in the metric space D such that
d(z;, Q) = inf,cq |z; —v| < % and z; ¢ ©. Then there exists v; € 2 such that d(z;,Q2) =
d(zi,v;) < 1, by compactness of €.

{vi,7 = 1} must have a limit point, say vg. vg € Q by compactness of (2.

So d(x;,vp) — 0 as i — oco. But © is an open cover of V. Therefore, there must
be a open ball B(vg) around vy such that B(vg) C ©. This is a contradiction with
d(z;,v9) — 0, since x; ¢ ©. Therefore, There must be an 7 such that the n— ball around
Q1 is covered by ©.

Proof of Lemma 21

For statement (2) of this Lemma, it follows directly from the inverse function theorem.

The proof of (1) is divided into the following 3 steps.

Step 1 For any regular value 6 of the function A in B(X), by Lemma 28, the set Ma(5)
is a (n — 1) manifold. For any set S C B(X), denote I(S) := A(S) as the image of
A on a set S. It is easy to see that the set of critical values of A is closed in 1(S) for

any compact set S C B(X). And therefore the set of reqular values of A on the domain
B(X) must be open in [(B(X)).

For any point x € R% | define B.(z) = {x'|||x — 2'||2 < €} as the e~ ball around z.

By Assumption S.1, there is a bounded open set C(X') such that B(X) D int(C(X)) D
X<, where ¢ > 0 is a fized real number and X¢ = U,cxB.(x). For any given regular value
0 of A in I(X), there must ezist a neighborhood U,(8) = [y —n,y +n] C I(B(X)) of 6
such that U, (8) contains no critical values of A on the domain B(X). Denote Ma(6) as
the union of M (y') where y' € int(U,(d)). So Ma(d) is a bounded open set in B(X).

Denote Ma(6) as the closure of Ma(8) in B(X). So Ma(d) is the union of Ma(d')
where §' € U,(9).
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Since A(z) is a C' function of B(X), for any closed subset D(X) of B(X) and
every x € Ma(8) N D(X), there exists a constant C' > 0 such that |[VA(z)[| > ¢ and
2@ « . From now on, we use D(X) = C(X) with C(X) described from

dx;
the above paragraph.

marigi<ds | |

For any set S and ¢ > 0, we define the notation S. as the union of all € open balls
centered at some point in S. By assumption S.3, there exists a closed set C(X) C B(X)
such that int(C(X)) D X and u(x) in continuous at C(X) Therefore there exists a
constant ¢ > 0 and a closed set C1(X) such that C(X) D C’l(X)C, and int(C1(X)) D X,.

Step 2 In this step, we establish a finite cover of Ma(9).

By step 1, for each © € Ma(8) N D(X), since ||VA(x)|| > ¢, there exists 1 <i<n
such that IaA(I)I > ﬁ = 1¢ > 0. Since A is a C* functzon, there ezists a open
bor 0(x) = X; x Xa X % Xq4, C C(X) with longest length < —\/% centered at point
z € Ci(X) with X, to be an interval (a;,b;) such that for every x’ € 6(x), |df ()] > 4.
By continuity, the partial derivative aA (a:) should be greater than 5 or less than ——QL
for all ' € 6(x). WLOG, let’s assume that i=kand 2 (x) > 4 for all ' € 6(z).

Let C' = kf— > 0. Consider an open boz 6(z) = X{ x Xj x .. x X} | x X, C0(z)
with X centered at x; with interval length 2a for any 1 <1 < dy—1, and X is centered
at x4, with length 2C'a. So for any given 2’ ; € X| x X5 x ... x X, _,, the value set
{f(z') : &l € X } will contain the interval [6—aC,d+aC]. For anyd' € [6—aC,d+aC]|

and ', € X{ x X} x ... x X, _,, there is a unique z); such that f(z'_ 4,z )=70"

Consider all such bozes 0(x)" for every x € C1(X)NMa(3). So 8(z) C C(X). Since
C1(X) N Ma(8) is a compact set, there will be a finite open sub-cover 61,02, ..., 0m that
covers C1(X)N M A(S). So by lemma 5 there ezists p > 0 such that {2’ : |2’ —x| < p,z €
Ma(O) N Ci(X)} C U™, 6;. Since ||VA|| is bounded below, so there exists oo such that
for any &' < 8y, Myg(y) N X C U™, 6;. We can simply assume that § < o9 for simplicity,

otherwise we can re-pick a small &' at the beginning instead.

For simplicity of notation, we say that Ma(S) intersects 6; at x) azxis in the above
analysis. We know that for each 6;, Ma(d) should intersect 6; at x; azis, for some
je{l,2,..,d.}.
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Step 3 In this step, we apply partition of unity to the open cover we construct in the
last step.

By Lemma 1, for every finite open cover {6;}, of a manifold MA(8)NB(X), we can
find a set of C*™ partition of unity p;(x), 1 < j < J, such that: (I)Zlgj@pj(x) =1,

(2)supp(p;) C 6;, and
(3)1)](33) € [07 1]

Our main goal is to compute the following quantity, of which the limit is the derivative

of Fau(0) as § goes to zero:

J
,u:cdacz/ u(x pi(x)dr = / p;i(z)ulz)de.
/Mm) ) Ma(8)N(U,6:) ( ); #42) 2 6.0Ma () 2

1<i<m, 1<
(A.3.1)

This equation holds because any x € Ma(8) outside the U™,0; has 0 probability

density on it.
In each 6;, WLOG, suppose Ma(6) intersects 0; = X;1 X X0 X ... X X;q, at T4, axis.

Since A is non-singular in 0;, we define the inverse function
g X1 X Xjg X ... % Xi(dz_l) X (5 — 7’],(5 + T]) — de (A32)

such that f(z1,....Ta,—1,9(21, ..., Lay—1,0")) = & for all (z1,...,24,-1,8") € X x Xiz2 X
o X Xi(dy—1) X (6 = 1,0 +1).

Define the one-to-one mapping vy as:

’lﬁk X1 X X9 X ... X XdzAl X (50 — (5, (50 + (5) — X1 X Xo X ... X Xdzﬁl X de, (A33)

’l/)n(il,‘l, X2y ooy Ldy—1, (5) = (Il, X2, ...y Tdy—1, g(:cl, T2y ooy Ldy—1, 5)) (A34)

In the equation above, by continuity of vn, A and pj;, for each contribution in the

sum:
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/ py(@)ulz)de = / Py 0, - o bu|det( Dy, Vdydz_a.

Xi1 X Xig X .. X Xidp -1 % [8—1,6+7)

1
XiixXigX... X Xidy—1 J [6—0.8+7] dgcd wdwl

= / P; 0 g, - jto ¢d¢ ——dx_gq, + 0(0)
X XXiQX..‘XXidz_l ]Cr)dld l

Note that in the latest expression, the last component of g, is fized to be g without
being specified for simplicity. In the later of the proof, this notation will be sustained.

If we write the main part of the above equation as the integration on a manifold,

which is

2
/ PO Ya, - 0 Vdy gy ——— T iz, = 277/ pjp(r) —=—c—dvol,
Xi1 X XigX... X Xy -1 I o }dxl 0;NMna(0) ” VA H
(A.3.5)

and sum up over i and j, we have the following equation:
/ p(z)dvol = / u(ac)z pj(x)dvol = 25/ ,u,(x)—l—dvol—ko(n). (A.3.6)
Ma(8) Ma(8) = Ma(8) V£

The equation above is tricky: The mapping o : X;1 X X2 X ... X Xjg,—1 — Xix ¥
Xio X ... X Xig,—1 X Xyq, such that a(x1,...,xq,—1) = (X1, ... Tgp—1, 9(Z1, ..., Ta,—1)) has

Jacobian matriz

9g

0 .. or1
0 dyg

Dol oz

o

0 ... .. 1 %9

Oxd, 1

The volume element is Vol(Da) = +/det(Dat" Da) is difficult to compute directly.
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By Cauchy-Binet formula, Vol(Da) \/El_l Bz,)2 +1= ”—;ZAE“;.

azdr

So the left hand side of equation (A.3.6) is

2
/ 3 0 it © Y g
Xlxxzx.“xxdz_l |

axd ,l/d:r|

2n
= P; 0 Pa 0 Y, ———1t— Vol(Dav).
v/)(IXX2X..‘XXdz1 ! . ¢ ¢ ||VAO,¢}dm|| ( )

Hence, by definition of integration on manifold in Definition 3.4, equation (A.3.6)
holds.

Fau(@+m—Fau@-n) _
2n

Then combine with the property that 3, pj(z) = 1, we have
fMA(é) u(x)ﬂvl—A”dvol + o(1).

We can consider the one-side derivatives and obtain the following similar results:

Faslo t0) —Faul®) _ [ 1
: . = () —=———dvol + o(1), A.3.8
5 s ()IIVAH (1) (A.3.8)

and

FA,M((S) — FA,M(é - 77) _ # vol + o
5 - /MA@ Mg+ el (439

That said, from the above two equations, Fa ,(6) is differentiable at regular value of
& of A in I(X) with derivative

fau(é ——/ p(x dvol. A3.10
A;( ) Ma(5) ( )“ Vﬁ H ( )
End of pI’OOf.

Proof of Lemma 22
Part (a):
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For any h,, € F — h € Fy with L™ norm, and ¢, — 0 as n approaches infinity, we
y P y

consider the quantity below:

Fattnhn u(8)—Fa ,(9)
tn :

By assumption, the function h € Fj; is bounded on C(X') and uniformly continuous.
So h,, is uniformly bounded for n > N | since h, — h under L™ norm. Let C =

SupwEC(X),n>Nhn (-T) .

For any &y which is a regular value of A on the domain X, we consider a procedure
similar to theorem 1. Suppose we have a rectangle cover 6; C C(X) of Ms(do) and a
partition of unity p;(x) on the cover sets, 1 < ¢ < m,1 < j < J. By lemma 9, there
exists n > 0 such that the set B,(Ma(do)) := {z|dist(z, Ma(do) N X) < 0} C Urci<mbi.

Therefore, given a 1 small enough, there exist N large enough such that supzcc(x)n=ntn
|h, — n| < n. For any fixed positive number (, the following fact holds for any
z € B,(M(d)) N X, as n is large enough,

L{A(2) + tahn(z) < 80} < H{A®) + ta(h(z) = €) < o). (A.3.11)

And outside the set Bo(M(d9))NX, 1{A(z)+t,h,(z) < §} agrees with 1{A(z) < §}.
Therefore,

Jx HA(z) + thha(z) < o} — H{A(z) + tu(h(z) — ) < do}u(r)dz -

tn =

anM(éo) H{A(z) + to(h(z) — ) < do} — 1{A(x) < do}pu(z)dz
tn

_ / H{A(z) < 8 — tu(h(z) — O} — HA(x) < do}u(x) de
By M (50) tn '

Below, for simplicity, we use ¢ for notation t,.

172



And hence

[ MAE S 6t - 0) - WA Sslite),
By Ma (o)

t

= lim
t—0 ue; t

Note that the function 1{dy < A(x) < do —t(h(x) —¢)} equals —1 for all z such that
Ax) = o — t(h(x) — ¢) (if ¢ < 0).

Suppose §; = X7 x X3 x ... x Xy, intersects B,M () only at hyper-planes parallel

to Xg, = 0. And under parametrization

Ut X1 X Xg X .. X Xg._1 X [6g — 1, 00 + 7]

wn(ifh "'71’.(135—175) = (1.13 Ty .-uy xdz—la !](3317 T2y ooy Tdp—1, 6))

7

where g(xy, 2, ...,x4,1,0) is the implicit function derived from equation A(z) = 4.

Therefore, by continuity of h(z),

/ p; 1{do < Az) <y — t(h(z) — O}u(z)

4

1{d < A(z do — t(h(x o
=/ / py o, x RS ) o (() o e 45,4,
X1 XX2X..XXg, 1 [50 77604‘77]
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L(h(a
= / 5 © Yot 0 Vd, Md&odl'_dz + o(1)
X1><X2X XYd141 ¢dr|

= — i\ h(x) C VO o]
- /mwg)m Itz g vl + ot

Since the number m and J are fixed for any n > N and |h(xz) — | bounded by
constant C, »_.p;(r) = 1 and p;(z) > 0, we can exchange the sum and limit in (9.37).
So (9.37) is equivalent to the following inequality:

/‘ _ HA@) < G0 — t(Mx) = O} — H{A(2) < dobpula) |
(d0)

t
w(z)(h(z) —9)
= ——————=dvol + 0(9) A.3.13
e (43.13)
Let ¢ — 0, so lim, FA+tnhn,ut(:)—FA,u(5) < — fMA((S) ,réxifz;;]) dvol.

If we bound the above limit from the other direction use similar approaches as above,

we get:

FA+tnhn,p(‘5)*FA,u. (5) > I—"(I)h(l')

. Z - jMa(rS) VAW duol.

limy, o0

Combine the above two inequalities, we conclude that Fa ,(9) is Hadamard-differentiable

at A tangentially to Fj,.
Part b:

By the inverse mapping Lemma 3.9.20 in (Van der Vaart 2000), we know that A (u)
has Hadamard derivative at A tangentially to Fj;. The derivative maps h € Fys to

_OFau(h;0) 3)
fA/t( )
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Proof of Lemma 23

Part a:

Let Hy to be the set of bounded linear operator on the measurable functional space

Fu with L**° norm. Suppose the operators H,, — H € Hy, i.e.,

Hy, — H <= supjery,f2ol(Hn — H) f| — 0.

Suppose t, — 0, and let Q,, = (t+t,Hy). S0 Fa g, (8)—Fau(6) = (Qn—p)1{A(z) <
0} = t, H,(1{A(z) < 6}) = to(H(L{A(x) < 8}) + to(H, — H)(1{A(x) < 3})).

Therefore, by assumption that H,, — H under L**° norm, Wﬁ—@ = H(1{A(x) <
o}) +o(1).

Hence Fa ,(6) has Hadamard derivative 0,Fa ,(H;0) = H(1{A(z) < 6}) at p tan-
gentially to Hp .

Part b:

By the inverse mapping Lemma 3.9.20 in (Van der Vaart 2000) and the conclusion
of part (a), at any regular value 6 = A*(u) of A on domain X, Ay(u) is Hadamard

differentiable at u tangentially to Hy. The Hadamard derivative reads as the following:

00 (Hy ) = TS,

Proof of Lemma 24

For statement (a), Consider (hn,,) — (h, H) € Dy and ¢, — 0. For statement (b), it

follows by results in (a) and the inverse function theorem.

Let fn = f+fnhn a‘nd /jn = [l,"—ian FA,ﬁn (6) - FA’ﬂ(é‘) = (FAsﬁn (6) - FAnaﬁn (5)) +
(FAn,/‘ln (5) - FA»M((S))'

By Lemma 22, (Fa, ,(8) — Fau(6)) = t.(— fMA((S) hﬁ@’gﬂf)d\/ol) + o(t,,).
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Since |A, — Al — 0 and X is compact, |[I{A,(z) < 6} — 1{A(z) < 6} — 0.
Therefore, H,(1{A,(z) < §} — 1{A(z) < 4}) — 0 since H,, n > 1, are uniformly

continuous operators.

(Faj(8) = Fau(d) == to(Ho(H{fn(z) < 6}) — Hu(H{A(z) < y}) + Ha(H{A(z) <
6})) = o(ty) +tn(H(1{fn(:v) 6}) — H(l{A( ) < 0})) + tHo(H{A(z) < y})) =
o(tn) + tHo(L{A(z) < 8}).

By Lemma 23, t,H,(1{A(z) < 6})) = oft.) + tnH(1{A(z) < 6})). Therefore,

Fafin 8)—F, m é h(x)u(x
Lo 0 A0 (Zn 2.u) _, _fMA(J) l(W)Z(”)dvolol + H(1{A(z) < 6}).

A.3.3 Proofs in Section 3.3
Below we recall Theorem 3.9.4 of Var der Vaart (2000).

Lemma 30 Let F and G to be metrizable topological vector spaces. Let g : Fg C F = G
be a Hadamard differentiable mapping at f € F. Let X, : Q, — F, be maps with
ro( Xy — Xo) = J for some r, — 0o, where J is separable and takes value in F. Then
rn(9(X5) — 9(Xo)) ~ g7(J), where g; is the Hadamard derivative of g with respect to A.

Proof of Proposition 1

By Lemma 22, we know that Fa ,(d) and A%(u) are Hadamard differentiable with respect
to A at regular value § and u = Fu ,(0), tangentially to F,. By assumption S.5, we
know that a,(A — A) — G(z). The following convergence laws are directly deduced
from Lemma 11, by setting Fy, = F, Xo = A, X,, = A:

an(FA.M(‘S) — Fa,(0)) ~ —/M " G—ﬁ@%ﬁc—)dvol

and

G(@)u(z)
RO

fA,u(u)

an (A, (u) — A% (u)) ~
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Proof of Proposition 2

(a) It follows by direct calculation that: /n(Fa ., (8)—Fa () = [ 1{A(z) < }v/n(d(i(z)—
p(x)) ~ Hs.

(b) The conclusion is followed by the inverse mapping Theorem 3.9.20 of Van der
Vaart (2000).

Proof of Theorem 7
IfA e F,and F Ma(s) 18— Donsker, then \/n(u, — ) is uniformly bounded on Fu, s)
with probability going to 1.

By Lemma 21, A(y; f.u) and A%(u) are Hadamard differentiable with respect to
(f, 1) tangentially to Dy := F; x Ho, where /n(u,, — p) € Hy with probability going to
1.

Denote b, = /n.
(a) If a,, = o(by,), then let X,, = (A, 1) and X = (f, 11). S0 an(X, — X) ~ (G(2),0).

Therefore, by Lemma 21 and Propositions 1-2,

G(z)u(x)
Jutais) TTOA] dvolol

an(AL(w) — A% (w) =4 Fan(u)

(b) If ay, = by, then let X,, = (A, ) and X = (f, u). S0 an(X, — X) ~ (G(x), —Hs).

Therefore, Lemma 21 and Propositions 1-2,

Jutaie) £S5 dvol — H(1{A(2) < y})

an(Af (u) — Aj () = fan(u)

(c) If b, = o(ay), then let X, = (A, i) and X = (f, ). S0 bp(Xy, — X) ~ (0, —Hs).
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Therefore, by Lemma 21 and Propositions 1-2,

—H(1{A(r) < i)

b,, A% (u) — A% (u)) —
( p( ) /1.( )) p fA.u(u)
The special case for i = p,, holds correspondingly.

The proofs of Corollary 3 and 4 follow directly from the results in Theorem 7.

Proof of Theorem 8

We prove Theorem 8 to validify inference by bootstrap. We recall Theorem 3.9.11 of
Van der Vaart (2000).

Lemma 31 (Delta-method for bootstrap in probability) Let H be the operator
space on F = BL,(R¥), where BL, denotes the set of Lipshitz functions of order 1. Let
g: Dy C Dw— E to be a Hadamard-differentiable mapping at P tangentially to Dg. Let
P, be a random element such that \/n(P, — P) ~ G. Let P, be in random elements in
D such that \/ﬁ(@n —P,) ~ G. Le.,

suprepr &0y ER(v/A(P, — P)) — ER(G)|, and E[h(vn(P, — Po))|* — Elh(v/a(P, -
P.)]« — 0.

Furthermore, if \/n(P, — P) ~ G, then

suphepL &) | ER(v(9(Pa)—9(P.)))—Eh(gu(G))| = 0, and E[h(v/n(g(P.)—g(P.)))]*~
E[r(v/7(g(P,) — g(P.))]« — 0 hold in outer probability.

Proof of Theorem 8

For i.i.d data, the /n(f, — u,) weakly converges to a u— Brownian Bridge. We also
know that, by construction, v/n(A, — A) converges to G(z).

V(i A;) = (pn; B)) ~ (B, G(:)).
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Therefore, the condition in Lemma 11 is satisfied. By Lemma 7, we know that A*(u)
is Hardmard differentiable with respect to (u, f).

At regular value § of A(z) on domain X, by assumption, v/n((1, A;) — (in, f)) ~
(]BvG()) and \/ﬁ((umA) - (:u', A)) ~ (B’ G()) Let P,, = (Au un)v ]f»n = (fj> y‘ix)’ and
P = (f,u). Then by Lemma 12, the conclusion holds.

A.3.4 Proofs in Section 3.4
Proof of Lemma 25

(a) First of all, the result of Lemma 21 holds for every fixed value of d € D. Thus,

Faul®) = Sou(@ [ 1(d o) < uld 2

deD z€Z|d

and

S [ D
oo %u( )/Mm e

(b) Similar to Lemma 6, the Hardmard derivative of Fa ,(d) with respect to (f, 1) can
be calculated for given D € D. Given D, the Hardmard derivative of Fa ,(8) evaluated
at (h, H) is:

- D) o
/MmD ”(D)IIVZA(d,gc)HdV"lJr e, Hy(z|d)1(f(-, d) < 6).

The Hardmard derivative of Fa , evaluated at (h, H) comprises one addition term of
H;, unconditional on d. This term equals:

> Hi(d)u(1(f(d.-) < 6)).

deD
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Hence, the conclusion in (b) follows.

(c) It follows directly from the inverse mapping Theorem 3.9.20 of Van der Vaart
(2000).

Proof of Theorem 5

Similar to the proof of Theorem 7, this theorem follows directly from Hardmard differ-
entiability of A%(u) stated in Lemma 21 with respect to (f, ) and Lemma 24.
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