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Abstract

In the setting of the trace reconstruction problem, a uniform random binary sequence
w € {0,1}" yields a collection of traces, such that each subsequence is obtained
by independently deleting each bit with a public probability parameter p. In this
thesis we explore a restricted version of this problem, in which each trace is a random
subsequence of one of two original known sequences. Given a series of traces, we would
like to device a method that allows to us to decide from which sequence, from the pair
of known public sequences w,w’, do all the traces come from. The question we will
try to solve in this thesis is to know if such a method, operating with high probability
and polynomially many samples, is possible in practice. Among other things, we
show that if the two strings are drawn uniformly at random there is an algorithm
that allows to efficiently distinguish with high probability the traces they produce,
failing only on an exponentially small proportion of the random pairs. Additionally
we explore variants of this problem and their connections with a number theoretic
known as the Prouhet-Tarry-Escott problem.
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Chapter 1

Introduction

The large amount of research on the Graph Reconstruction Conjecture of S. Ulam
and P. Kelley has led to an interest in reconstruction problems for a variety of other
combinatorial structures (such as for example, digraphs and posets). In this thesis we
focus on studying the reconstruction problem for sequences. In particular we present
an overview of current advances on a simplified version of the Trace Reconstruction
Problem.

The Trace reconstruction problem asks to reconstruct an unknown random se-
quence T over a fixed alphabet X by processing a series of subsequences of T,
Sy, -+, S, drawn from a distribution over the subsequences of T.

We consider the unknown string to be drawn from the uniform distribution over
sequences of X" Let p, € [0,1]Vn. A subsequence S of T' (we denote S < T to say
S is a subsequence of T) is drawn from a distribution P,(-,p,) where P,(S,p,) =
P Pl — py)lS.

In other words, for each symbol of T, p, is the probability that symbol of T is
deleted and the subsequence S is what remains after the deletions happen.

The authors of [2] study the trace reconstruction problem when the family {p,} is
such that p, = ¢ for some 6 constant. Among other things they propose a polynomial
time algorithm that is capable of reconstructing all but an exponentially small fraction
of the strings in {0,1}" and after polynomial post processing time, whenever the

deletion probability 4 is less than some small universal constant . Unfortunately,
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their reconstruction algorithm is quite complicated, and v << % therefore leaving
some room for finding a simpler and more intuitive version, and one which could
work for constant deletion probability § for § > % We will not survey the internal
workings of this algorithm in this Thesis, although we will touch upon some of the
results they present in their paper.

In the same paper, Mitzenmacher et al. sow the existence of an algorithm that
uses exp(y/n) many traces and that is able to reconstruct any sequence with high
probability, where n is the size of the sequence to be reconstructed.

A related version of the same Trace Reconstruction Problem is that where T is an
unknown sequence of length n over a fixed alphabet X and the goal is to reconstruct
T after making questions of the form, "does the sequence S appear as a subsequence
of T?

Dekel Tsur, in his paper "Tight bounds for string reconstruction using substring
queries” [5] proves that every non adaptive algorithm must make Q(e2n?) queries in
order to reconstruct 1 — ¢ fraction of the strings of length n.

For the purposes of this Thesis, we consider the following version of the Trace

reconstriction problem:

Problem 1. The Trace Reconstruction Problem asks to devise an algorithm whereby
after receiving a series of subsequencesty,--- ,t, from a hidden random sequence w €
{0,1}. The sequence w is assumed to be drawn from the uniform distribution. The
sampling distribution over subsequences equals P, . (-) for some probability parameter

pn € (0,1).

The full version of the Trace Reconstruction Problem asks for the existence of an
algorithm that after processing polynomially many samples and using polynomial post
processing time, is capable of reconstructing, with exponentially small probability of
error, the string w from which the samples were generated. The hidden string, w is
assumed to be drawn uniformly at random from the space {0, 1}".

A milder version of the Trace Reconstruction Problem asks to show that there is

an algorithm that although only requires polynomially many samples, uses exponen-
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tial post processing time with the samples to reconstruct, with exponentially small
probability of error, the string w from which the samples were generated. As we
mentioned before, Mitzenmacher et al. show in [2] show an algorithm capable of
reconstructing with high probability a high proportion of the strings, but failing on
the rest, and an algorithm capable of reconstructing all the strings but requiring both
exponentially many samples, and therefore exponentially big post processing time,
thus falling short from fully solving both the full and the milder version of the Trace
Reconstruction Problem.

In this Thesis although we will talk about the Trace Reconstruction Problem, we
will mainly focus on solving a very related problem, which we call the Pair Trace

Identification Problem:

Problem 2. Given two known sequences w,w’ € {0,1}", and a known parameter
of probability p € [0,1]. Design an algorithm that uses polynomially many samples
and uses polynomial post processing time that allows to decide, with high probability
and after receiving polynomially many traces from either w or w' (with a probability
distribution over subsequences induced by the probability parameter p) which sequence

generated the sequence of observed traces.

In the context of the Pair Trace Identification Problem, we would like to show that
the sequences are distinguishable, not only in theory, but in practice. This entails to
show that the distributions induced by the deletion process are far’ away from each
other, enough to allow a sampling algorithm to distinguish the distribution originating
the samples. To this purpose we will define an appropriate notion of distance between
distance in Chapter 1.

The full version of the Pair Trace Identification Problem asks for the existence of
an algorithm that after processing polynomially many samples and using polynomial
post processing time, is capable of distinguishing, with exponentially small probability
of error, if the samples came from w or w’ for all possible pairs of strings w, w’ € {0, 1}"
with w # w'.

A milder version of the Pair Trace Identification Problems as to show that there
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is an algorithm that requires only polynomially many samples, but fails only for a
exponentially small proportion of the pairs w,w'.

In what follows, any algorithm capable to distinguish with high probability and
only polynomially many samples if the observed traces are coming from either w or

w', is referred to as a statistical test for the Pair Trace Identification Problem.

Our results will be mainly concerned with the case where p = % The crux result
that we achieve in this Thesis is a solution for the milder version of the Pair Trace
Identification Problem. In other words, with high probability over the space of pairs
of sequences, w,w’ € {0,1}", there exists an algorithm that distinguishes w from w’

after only polynomially many traces and uses polynomial post processing time.

In our discussion, we will also talk about some other related problems to both
the Trace Reconstruction Problem and the Pair Trace Identification Problem, in
particular, the techniques and results we develop towards the solution of the Pair
Trace Identification Problem will lead us to ask what is the shortest length of a
sequence ko(n) such that for any two sequences w,w’ € {0,1}", there is a subsequence
s with s € {0,1}*(™ appears a different number of times in w than in w’. More

formally:

n

A given sequence w € {0,1}" contains (1,c

) subsequences of length k. Call the
multiset of subsequences of size k of w, the k—deck of w. A sequence that is
uniquely defined by its k—deck is called k—reconstructible. A sequence w € {0,1}"
is k—reconstructible if no other sequence has the same k—deck as w. For example,
all sequences of length 4 are 3—reconstructible.

The following problem which in this Thesis we will refer to as the k-Trace recon-

struction problem asks:

Problem 3. What is the minimum k such that all sequences of {0, 1}" are k—reconstructible.

We call ko(n) to this minimum k.

The current results on the k—Trace Reconstruction Problem can be summarized

in the following:
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crlog?(n) < ko(n) < cav/n

For some absolute constants ¢;, ¢y > 0.

The lower bound is due to a constructive proof by Schulman and Dudik and it
is shown in their paper 'Reconstruction from subsequences’ [7]. The upper bound is
a result by Krasikov and Roditty, and its proof can be found in their paper 'On a
reconstruction problem for subsequences’ [8].

Interestingly, the proof of the upper bound is closely related to the number the-
oretic result known as the Prouhet-Tarry-Escott problem. In Chapter 5, Extensions
we will clucidate its connections with the Reconstruction Problems discussed in this
Thesis.

Finally, as we mention before we will define a notion of distance between dis-
tributions, and will address the question of, finding a lower bound for the distance
between any two distributions over subsequences induced by the deletion process here
described and where p = % The notion of distance between distributions that we
will use in this Thesis is that of variation distance, which is defined in the following
paragraphs.

For a given sequence w € {0,1}" and a deletion parameter p, we define the

distribution over subsequences of w induced by the deletion process here described as

Pup(s) : {s Qw} = [0,1]. Pyyp(-) can be written out explicitly:
Definition 4. P, ,(s) = C(w, s)p"1*I(1 — p)l!

Assume w,w’ € {0, 1} Let drv (Pup("), Purp(1)) = 5 2 sauwjsau 1Pup(8)—Purp(s)]
be the variation distance between two distributions induced by the deletion process

with probability p.

Problem 5. Find the minimum value of dpy (Py p(-), Puw p(+)) for all pairs of strings
w,w’ € {0,1}". In particular, find the ezact value of this lower bound when p = %

and the pair of strings w,w' that achieve it.
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We will discuss some advances and conjectures related to the solution of the Prob-

lem 5 in the last chapter of this Thesis, Extensions.

1.1 Summary of results and thesis structure

In this thesis we will focus on the Pair Trace Identification Problem for the case
when the deletion probability equals % The first chapter, titled "Preeliminaries",
introduces a few efficient algorithms for computing a few combinatorial properties of
subsequences.

In the second chapter, "Distinguishing tests and special string pairs", we explore
a few statistical tests and their performance. Additionally we cxplore a few families
of string pairs for which we can show their statistical distinguishability.

In the third chapter, "Random strings are distinguishable" we provide a proof
that with high probability, pairs of uniformly random strings are statistically distin-
guishable. This is the main result of this section, and hinges upon some of the tests
and results introduced in Chapter 2. In particular, the statistical test that is used
in the proof of this theorem is a specialization of the test introduced in Chapter 2,
which we call the "Subsequences of Subsequences Test".

The last chapter, "Extensions" discusses among other things, further directions
towards the full solution of the Pair Trace Identification Problem, and the different
and rich connections that the results exposed in Chapter 3 have with the k-trace re-
construction problem. We provide an alternative proof that matches the asymptotics

of the existing upper bound for the following quantity:

ko(n) = max mins.t.C(w, sp) # C(w', spr)

w#w jw,w €{0,1}" k'

Additionally we discuss a purely number theoretical implication of this proof,
which to the knowledge of the author of this paper, shows an improvement on existing

results concerning a particular class of Littlewood type problems on [0, 1].
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The reader might want to skip some of the sections. In particular, if the reader’s
intention is to read the Chapter titled 'Random Strings are Distinguishable’, a suf-
ficient read would go over the Preeliminaries Chapter, and the section on the subse-
quences of subsequences test in Chapter 3, and through all of the 'Random Strings

are Distinguishable’ Chapter.
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Chapter 2

Preeliminaries

2.1 Subsequences and their properties

In this section we describe some of the properties of subsequences. The purpose
of this discussion is to present some results about how to compute the number of
subsequences of a given sequence. We will focus on sequences where the alphabet is

x = {0,1}.

2.1.1 Sequence representation

Here we present an overview on the distinct ways in which we will represent sequences

in the incoming sections and chapters.

Definition 6. Every sequence w € {0,1}" can be naturally identified with a vector

m R™ whose entries are either 0 or 1. We call this the 0 — 1—wvector of w.

Definition 7. The O—vector of a sequence w € {0,1}" with m ones is (by, - ,bm).
Where b; indicates the number of zeroes before the i + 1-th and after the ith one. By
convention, by is the number of zeroes before the first one, by, is the number of zeroes

after the last one.

Definition 8. The 1—-vector of a sequence w € {0,1}"™ with m zeroes is (ag, -+ , am).

Where a; indicates the number of ones before the i + 1-th and after the ith zero. By

17



convention, ag is the number of ones before the first zero, a,, is the number of ones

after the last zero.

Definition 9. The position-of-ones of w € {0,1}" equals (1, -- ,Zm) if w has m
ones and the i—th one of w is in position x;. We define analogously the position-of-

zeroes vector representation of w.

2.1.2 Algorithms

We present a variety of algorithms over sequences and their subsequences that will

prove handy in our discussion in the pages to come.

Subsequence appearances

Let C(w, s) = number of times s is a subsequence of w.
We provide an algorithm that takes as inputs w € {0,1} and s € {0,1}* where
k < n and outputs C(w, s) in polynomial time.

The procedure hinges upon the following observation:

Observation 10. If s = w, then:
C(w,s) = C(wl:n—1],8) + C(wl:n—1],s[: k —1])
else:
Clw,s) = Clwl:n—1],5)

The observation 10 is enough to set the bases for a recursive algorithm capable of
computing C(w, s).

Iffor j=1,---,iand r =1,--- , k we know C(w[: k], s[: 7]} we can compute, by
means of 10, the values of C(w[: i + 1],s[: r]) forall r =1,--- | k.

In fact, to compute the values C(w[: i+ 1],s[: 7]) forall r = 1,--- , k we only need

to know the values of C(w[: ¢],s[: r])Vr=1,--- k.

18



The proposed algorithm computes the values of C'(w[: 4], s[: r]) for all values of

¢ € [n] and r € [k] via memoization.
Algorithm 11. 1. Compute the array of values C(w[: 1],s[: r]) forr =1,--- k.

2. For all 1 use the observation in the previous paragraph to compute the array of
values C(w(: 1 + 1), s[: r])Vr € [k] from the array of values C(w[: i), s]: 7])Vr €
The basis of the algorithm is the computation of the array of values for C(w]:

1], s[: 7]). This equals:

Clw[: 1], s[: 1)) =1 if w[: 1] = s[: 1]
C(w[: 1], s[: 1]) = 0 o.w.

Furthermore, by convention, we specify that s[: 0] = @ and C(w,0) = 1Vw €

{0,1}".

This algorithm takes O(k) operations per step. Since the number of times these
recursive calculations must be ran n times, the running time of this algorithm is

O(nk), which is polynomial in n, the size of w.

Subsequence count polynomials

Let w € {0,1}", and s € {0,1}* for some k. Let C(w,s) be the number of times s

appears as a subsequence of w.

Lemma 12. Let z;, -+ ,x,,, be the positions of the ones of w. For fired m, n, we
can write, C(w, s) as fs(xy, -+ ,Tm), a polynomial on 1, -+ , xp,.
Proof. 1f s has no ones, then fy(zy, - ,2,) = (n|—3|m) which is constant (by assumption

m,n are fixed). Let s = 0¥1s’ where k > 0, need not be different from zero.

By summing over the position of the first one of s within w, either at x; or z, or

19



. Ty We get that:
fs(xla"'7xm):ZfS'(xj+1—$j7"';xm_xj)*(Jk )
j=1

Where each fy (231 —2;, -+ ,Tm — ;) specifies the number of occurrences of s’ in
the region wlz; +1 :] and (*_7) is the number of ways to choose k zeros from the first
x;— j zeros. Hence in overall cach factor of the sum, fo (21—, , Tm—2;)* ("”Jk_j)
specifies the number of times s appears as a subsequence of w where the first one of
s coincides with the j-th one of w.

The recursive nature of this definition finishes the proof.

0

From this result we can provide an alternative polynomial time algorithm to com-
pute the value of C(w, s).

By employing memoization, the recursion above yields a O(n?) algorithm for com-
puting f,(w), for any given s. The advantage of this method is the fact that the poly-
nomial expression fs(xy, -+ ,T,,) can be reevaluated for different values of the array
(x1,--+ ,T,). For some sequences s, the expression f;(z1,---,z;) can be evaluated
in O(n) time instead of O(n?).

The family of polynomials { fs(z1, -+ ,Zm)} for all sequences s of size less or equal
to n is an interesting object of study. Let F¥ = {fs(z1, -+ ,Zm)}s|<k for a fixed m.

The following question touches upon the independence structure of the F.

Open Problem 13. What is the span of F; over the space of multivariate m variate

polynomials?

The motivation behind 13 stems from the observation that if F®), spans all
the space of m variate polynomials (z1,---,%n,) , then there must exist a string
of size k such that for every two strings w,w’ € {0,1}", with m ones in positions
Ty, ,Tm and -z, respectively, fi(zy, - ,xm) # fs(2, -+ ,x),) or in other

words, C(w, s) # C(w', s)

20



In the Chapter 'Extensions’ we will provide some partial results regarding the

Open Problem 13.

2.1.3 Counting common subsequences

In the case where the probability parameter of the Pair Trace Identification Problem is
p= %, a given pair of sequences w, w’ € {0, 1}" are identifiable, under the assumptions
of the Pair Trace Identification Problem (Problem 2) if we consider the multiset of
sequences of w that are not subsequences of w’, and the cardinality of this set is of
order O(i—t) for some universal constant ¢. If this was the case under the sampling
procedure described by the Pair Trace Identification Problem statement, and with
parameter p = %, the probability of observing a substring of w that is not a substring
of w’ given that the hidden sequence was w is at least & for some constant c;. In this
case, the following algorithm distinguishes them after polynomially many samples

(The condition and algorithm are symmetric if we exchange w by w'):

Algorithm 14. Repeat n® times: For any given sample s compute C(w,s) and
C(w',s). If C(w,s) # 0 and C(w',s) then output w as the belief for the hidden
sequence, if after n® times no such sequence s has appeared, output w' as the belief

for the hidden sequence.

In this section we present an algorithm that allows us to compute, for a given
pair of sequences w and w’, the cardinality of the multiset of subsequenées of w that
are not subsequences of w'. The spirit of investigating such a procedure lies in the
observation above. If this set is "polynomially large" with respect to the space of 27
possible traces, we hope to use the algorithm 14 to identify the source of the traces.

In the next section we present an algorithm that allows to compute the probability
Pm(n) Of observing a subsequence of w that is not a subsequence of w’ when the deletion
parameter is an arbitrary value p € [0,1]. If this probability p,.(,) were of the form
2 for some universal constants ¢;,c € R*, the same algorithmic procedure described
in Algorithm 14 will solve the Pair Trace Identification problem between w and w'.

Unfortunately, the required separability property under which Algorithm 14 works
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is not achieved by all sequence pairs w,w’. In particular, it is not achieved by the
sequence pair, w,w’ = 0¥10¥~1 0¥~110%. In this case, the sequences that are subse-
quences of w but not of w’ are only those that are of the form 0¥10*. There are 2* of
them, which is not a polynomial fraction of 2%.

Recall the following definition:

Definition 15. Let s <w denote s is a subsequence of w.

!

; /I 7
Let w = w; - - -wp, and w' = wj - - - wy,.

Definition 16. Let ®(w,w') = >, o, Llocw = Dy C(W',5). Where 14 s the indi-
cator function of A and B = {s|s Jw} set of distinct sequences that are subsequences

of w.

Definition 17. Let

(I)O(wvwl) = Z 13U{0}§1w’

sU{0}<dw
= ) Cw.suf{oh
sU{0}<w
We arc interested in finding out a recursion for . We will derive the desired
recursion in several steps. The idea underlying the derivation is to construct the

common subsequences of w and w’ by observing their last character.
®(w U {0}, w') = &(w,w') + extra terms.

Some subsequences of w U {0} that are subsequences of w’ as well, could lie only

within w.

The remaining subsequences of w U {0} that are subsequences of w' as well, all

finish in the last 0 of w U {0}. Among these, there are two types of strings:

1. subsequences of w U {0} having the added O as last character that are also

subsequences of w and w'.
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2. subsequences of w U {0} having the added 0 as last character that are not

subsequences of w but are subsequences of w/'.

The first subset is exactly ®¢(w,w’). This is because one can take a subsequence
of w finishing in zero, and substituting that last character with the added zero of
w U {0}. This term comes into the sum by substituting ®, last zero with the added
zero in w U {0}.

To count the second susbset of strings = > sqw Lougoyaw
sU{0}Aw

In other words, the number of subsequences of w such that adding a zero they
still belong to w’ but not to w. To find a decomposition of the last desired term:

Say s <w, s Jw' is such that sU{0} Qw and sU {0} <w’ but sU {0} Aw. Call
w[: 4] = wq - - w;. Then call r to the largest index of w such that w, = 0. Define r’/
analogously for w'. Notice that s Aw|: r — 1], since otherwise s U {0} < wl: r] Qw.
Furthermore, since s U {0} < w', one must have that s <w'[: ¥/ — 1]. And therefore

we have the conditions:

1. s Aw:r—1]

2. s<<w

3. s —1]

These conditions are necessary and sufficient for s U {0} being in the set we are
trying to enumerate. Necessary follows from above, sufficiency follows easily as well.
The value we are looking for is = ®(w,w'|[r’ — 1]) — ®(w]: r — 1], w'[r' — 1]) which

completes the recursion. In synthesis:

O(wU {0}, w') = ®(w,w') + Bo(w, w') + (w,w'[: r' — 1]) — D(w[: r — 1], w'[: ' = 1])

We now provide a recursion for ®q(w, w’). Observe first that $o(w, w') = Po(w|:

7], w'[: ']) meaning that if either of w or w’ does not end in 0 then we have a recursion
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into a shorter sequence. We are therefore interested in finding a recursive definition
for the remaining case ®(w U {0}, w’ U {0}). To obtain such a formula, we perform a
similar process as before. The subsequences of w U {0} ending in 0 common to w'{0}

can be divided into the following sets:
1. subsequences of w ending in zero common to w' U {0}.

2. subsequences of w U {0} having the added 0 as last character that are subse-

quences of w and are subsequences of w' U {0}.

3. subsequences of w U {0} having the added 0 as last character that are not

subsequences of w and are subsequences of w’ U {0}.

The size of the first subset is ®g(w,w’ U {0}). This follows merely by definition.
The size of the sccond subset is $g(w,w’ U {0}). This follows by considering all
subsequences of w having a zero at the end and substituting that zero by the added
zero in wU {0}. The third subsct is {s Qw|sU{0} Aw,sU{0} Jw'U{0}}. To count
this, notice that

{s <w|sU{0} Aw,sU{0} Qw' U{0}} =
{S Jw|sU {0} Aw,s u;'} =

{s Qw|sU{0} Awl[:r—1],sU{0} <w' U{0}}

The equivalence of the first and the second identity is trivial while the equivalence
of the second and the third identity follows from the same argument for the first part
since the condition that s Aw is equivalent to s Aw[: 7 — 1] where r is the largest
index of w such that w, = 0. Therefore ®¢(w U {0}, w’ U {0}) = 2&y(w,w’ U {0}) +
®(w,w') — ®(w[: r — 1],w’). In synthesis:

o O(wU{0},w") = ®(w,w)+Po(w,w)+®(w,w'[: v'=1]) =P (w[: r—1],w'[: ¥ —1])
o Oo(w U {0}, w' U{0}) = 28¢(w, w U{0}) + ®(w,w') — &(w[: r — 1], w)
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Probabilistic count

In this section we devise a method to compute the probability, given the underlying
sequences are w and w’, of observing a trace (subsequence) that is common to both

w and w’, given the underlying sequence is (say) w.

Definition 18. Define @ (w,w’) = 3 ., loawp(slw). Where p(s|w) = probability

of observing s given w.

It is casy to see that p(sjw) = pl*I71¥I(1 — p)l*l. ®®)(w, w') is the probability that
a common subsequence of w and w' is observed as a trace of w.
We can easily extend the previous’ section recurrence relations to yield the fol-

lowing ones:

P (wu {0}, w) =p (<I>(7")(w7 w') + (Pép)(w, w) + P (w, w'[: r — 1]))

— plw“TH(IJ(p)(w[: r— 1], w'[: " —1])

Where

‘I’ép) (w,w') = Z Laugoyawp(s U {0} w)

sU{0}<w

Extending the recursion for ®,(w,w’) into the probabilistic case, we get:

% (w U {0}, w' U{0}) = p (20 (w, w' U {0}) + ®(w,w')) — p*I=+1d(w[: 7 — 1), w')
The recursions above allow us to compute these counts or probabilities in polyno-
mial time by using memoization and noting the base cases:
1. ®(0,w') = lpew
2. (I)O(O)wl) = locw
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3. O(1L,w) = Licw
4. ®o(1,w') =0

The general recursion needs a term:

D (w, w')

This is defined analogously to ®g(w,w’) both in the counting and probabilities
case.

A potentially fruitful and interesting discussion could arise from generalizing the
previous algorithm for the case of larger alphabets than {0,1}. Because of lack of its

relatedness to the main topic of this thesis we do not pursue that discussions here.

2.2 Variation distance

In order to establish the solvability of the Pair Trace Identification Problem, one would
like first to show that the distributions over subsequences, P, , and P, induced by
the deletion process described for the Pair Trace Identification Problem, are far apart.
The notion of distance between distributions that we will focus on in these notes is
that which is known as Variation Distance.

A result we would like to establish is the theoretical possibility of distinguishing
between every two given strings w and w’, each in {0,1}" when they are subject to
the sampling conditions of the Pair Trace Identification Problem. In order to achieve
this goal, we would like to show that the variation distance between the distributions
over subsequences Py, ,, Py p is "large". In other words, we would like to prove the
distributions P, , and P,y , are far apart.

In the context of this thesis we will say that two distributions are "far away" when

there is a polynomial gap between the two of them. More formally:

Definition 19. A sequence of families of distributions {JF\}o2, such that each p, €
Fn is supported over a space of size O(2") is called polynomially distinguishable if
there is a universal constant c such that the variation distance between every two

different distributions p, qn € Fn is at least ().
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In the context of the trace identification problem, F,, = { Py p}we{o,1}- A question

that will be explored in the incoming sections of this thesis is the following one:

Open Problem 20. Is the family {F,}5>, where Fr, = { Py pweio1y polynomially

distinguishable?

In the following section we will define the concept of Variation distance and explore

some of its basic properties.

2.2.1 General properties

Given two probability distributions, the variation distance measures how far are the
two of them from one another. In this thesis we will restrict ourselves to probability

distributions supported over a discrete set.

Definition 21. Given two distributions p, v supported over a discrete set S the vari-

ation distance between the two is defined as:

drv(p,v) =|| p — v [lrv= sup 45 |u(A) — v(A)]

One can understand the total variation distance as the maximal deviation between
v and p when evaluated over any measurable set. We would like to prove that the
variation distance between the induced distributions over subsequences for any pair of
distinct sequences (w, w’) is large enough so to allow the existence of a differentiating
test.

It is easy to show that for a pair of discrete distributions u, v supported over a

discrete set S, the variation distance dry (u,v) can be written as:

drv(,v) = 5 3 Iu(s) = v(s)]

sES

Definition 22. We say that the variation distance dpy (pn, vyn) is polynomially large
for a pair of distributions (indexed by n) p, and v, defined over an alphabet of size

2™ if dpv (pn, Vn) = Q(ni) for some fized constant ¢ > 0.
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2.2.2 Hoeffding Inequality

The following inequality, known as Hoeffding inequality will be used multiple times

in this Thesis.

Theorem 23. Let X,,...,X, be independent random variables. Assume that the X;
are almost surely bounded; that is, assume for 1 < i <n that Pr(X; € [a;, b)) = 1. We
define the empirical mean of these variables as X = %(Xl + -+ X,). The following

inequalities hold:

S P

i:l(bi - a;)*
Pr(|X — E[X][ > t) < 2exp <-ﬁ£a_0§> ;

Hoeffding bound allows us to develop the following bounds for approximating the
probability of a given event via sampling.

Suppose we are sampling from a family of random variables {X,,}, and a family
of events {A,}. Let P(X, € A,) = pa,

Suppose p4, = Q().

1 if &, € A,
Y, =

0 otherwise

After generating R samples YTEI), e ,Yn(R) from Y, since Y,, € [0, 1] the Hoeffding

bound ensures that:

pr<

In order to approximate pu, = Q(;lg) such that the probability of being far from

R i
Zizl Y”E : _ An
R

2R2 2
> E) < exp (_Tl;) = exp (—2R62)

its actual value by an additive factor of n% is of the form e™** for some constant ¢ > 0
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we need:

exp(—2Re®) = exp(—cn)

This leads to the following lemma:

Lemma 24. Let sequence of events {A,}2, defined over probability spaces {Q,}22,
be such that P(A,) = Q(n%) for some m € N. U, be a uniform random variable
over £, for all n. It is possible to approximate P(A,) up to an error of nk% using

O(n?*+D+1) samples such that the probability of error is bounded by exp(—2n).

2.2.3 Sampling from polynomially distinguishable families

In this section we prove a result concerning the distinguishability of two distributions
whose variation distance is large.
Let p and g be two distributions over a set §2. Consider the following four quan-

tities:

Arg = Eql40)p0)]
Ay = Ep[lq(i)>p(i)]
Azg = Eq[lp@y>qm]
Agp = Ep[lp(i)>tJ(i)]

Notice that dry(p,q) = % ([Arg — A1p) + [A2p — Azy))

This means that if dzv(p,q) > £ then at least one between [Ay, — Ay ] or [Ay, —
A, 4] is greater of equal than 6/2. Wlog say [A;, — A1p) > 6/2

If p and ¢ are such that for every given ¢ € € it is possible to compute p(i) and

q(i), we can use sampling and the previous section’s Hoeffding bounds to estimate
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to high accuracy [A;, — A1,] by using Lemma 24. If dpy (p, ) is polynomially large,
then by using Lemma 24 we will only need polynomially many samples.

If we have a protocol whereby we are receiving samples from either p or g, but we
don’t know which distribution are they coming from, we can estimate the empirical
value of [A4; , — A; ] for each belief of p and ¢ and compare it to the estimate we have
already sampled.

In particular, when dry(p, g) is polynomially large of order Q(Z), then O(n**!)
samples are required to estimate up to accuracy Q(=2) the value of [4; , — Ay} or
[A2, — Az,]. Call this estimate A. After sampling from the hidden distribution, we

can estimate A assuming the two cases:

1. Hidden distribution is p

2. Hidden distribution is ¢

Call these estimates A, and A, respectively. After O(n**') samples, the estimate
A, or A, yielding the closest estimate to the previously estimated value of A will
provide us a value of the hypothesis. The algorithm fails with probability bounded

by exp(—nc) for some constant ¢ > 0.

2.2.4 Subsequences variation distance

As we have mentioned before, we will focus on the Pair Trace Identification Problem
in the case where p = % This is important for this section, since if the hidden
sequence were w € {0,1}" the probability that the sampled trace was made up of
exactly the bits {w,,, - ,w;,} for some set of values {i1, -+ ,4,} C [n] is 5= which is
independent of the set {iy, - ,4}.

Let S, = {w e 0U{0,1}---{0,1}"} be the set of binary sequences of length at
most n. Notice that |S,| = 2" —1. Let S, be the 2"*! — 1 dimensional space whose
basis vectors are all sequences of S,,.

Define the following map:

fo {0, 1}* = S,

30



fn maps any string w € {0, 1}" to the vector of frequencies of all its subsequences.

For example:
f3(001) =1l-ep+2-eg+1-e1+1-ey+2 ey +1-ego

Where e, denotes the basis vector in S,, corresponding to the coordinate associated
with the sequence s.
Because we arce dealing with the case p = %, instead of dealing with the distribu-

tional variation distance we will deal with the following more convenient distance:

Definition 25. Given two binary sequences: w,w' let ds(w,w') = |fo(w) — fu(w')|1

be the Iy distance between the vector images in S, of cach.

This construction makes S, into a Hilbert space. l.e. d, induces a norm, and a
dot product. Interestingly, |f.(w)| = 2". All these vectors are on the {; sphere of
radius 2".

Notice that drv(Py, 1, Py 1) = sards(w,w’). In order to lower bound the vari-

ation distance of dry (P, %,P

w',%) is sufficient to find a lower bound for d(w,w’).

Showing drv (P, 1 P L ) is polynomially big is equivalent to show that there exists
a constant ¢ € R* such that for all pairs of distinct sequences w, w’ € {0,1}" we have
that d;(w,w’) = Q(n®).

By our discussion on ’Sampling from polynomially distinguishable families’ it fol-
lows that, a polynomially big variation distance for the distributions Pw,%,Pw,’% for
any two sequences w, w' € {0,1}" implies the existence of a statistical distinguishing
test that allows to solve the Pair Trace Identification Problem with high probability

for every pair of strings when p = %
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Chapter 3

Distinguishing tests and special string

pairs

In this chapter we focus on developing additional machinery towards the solution of
the Pair Trace Identification. In particular, we will propose a variety of statistical
distinguishing tests that are here proposed to serve as partial solutions for the Pair

Trace Identification Problem. Recall the Pair Trace Identification Problem statement:

Problem 26. Given two known sequences w,w' € {0,1}", and a known parameter
of probability p € [0,1], design an algorithm that uses polynomially many samples
and uses polynomial post processing time that allows to decide, with high probability
and after receiving polynomially many traces, from which distribution are the samples

coming from, either qu,p)(-) or 731(5)(-).

We would like to propose a statistical distinguishing test that achieves either one

of the following:
(a) Polynomial number of traces, but unlimited processing time.
(b) Polynomial number of traces, polynomial processing time.

A solution to (a) would prove that the variation distance between the distributions
over subsequences is polynomially large for every pair of sequences w, w’. The second,

(b), would prove not only that the variation distance is polynomially large between
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the two distributions induced by every pair of sequences w, w’, but also, the existence
of a polynomial time algorithm that processes these traces and decides if they are

being sampled from PP (-) or 731(5)(-) in polynomial time.

3.1 Distinguishing tests

In this section we present a survey of different types of distinguishing tests and their
properties.

Recall the following definition:
Definition 27. Let C(w, s) = (number of times s is a subsequence of w).

Definition 28. We say that a pair of strings w,w’ is distinguishable if there is a
statistical test that allows to distinguish them in polynomial time after polynomaially

many samples.

3.1.1 The number of ones test

We analyze the performance of the statistical distinguishing test based on counting
the average observed number of ones (or zeroes) in the observed traces from the
hidden sequence.

We show that all pairs of sequences (w,w’) such that the number of ones in w is
different from the number of ones in w’, are distinguishable. That is, we provide a
test that will distinguish w from w’ after only polynomially many samples, and using
polynomial post processing time.

Given a string w € {0,1}*, denote
1. Ci(w) = number of ones of w.
2. Cy(w) = number of zeros of w.

We say w and w’ are 1—unbalanced if C;(w) # Ci(w’). For this section we will allow p

to vary and attain any value in (0,1) and not only % We explore a sampling scheme

34



capable of discerning between sample traces coming from 2 unbalanced sequences.

We will consider the following numbers:
a(tjw) =probability the observed sequence has i ones given w is the underlying seq.

It is casy to see that:

O @ it < Gy

a(ilw) =
0 otherwise

The distribution a(-|w) is binomial with parameters (1 — p,Ci(w)). The mean
of a(-jw) is Ci(w) - (1 — p) If w and w' are a 1—unbalanced pair, the mean of the
binomial distributions a(-|Jw) and «(-|w’) differ by at least an additive factor of 1 —p.

The argument for 0—unbalanced pairs yields a symmetric condition.
For a given w with m ones, we can compute the minimum number of samples s
such that our estimate for the mean of o(-|Whiggen) Will achieve a deviation from the
mean of more than 1—;-’3 with probability less than e~ %! for some constant c. A simple

use of Hoeflding inequality yields:

= Ol e

This value is polynomial in |w| and in l+p' Since p is assumed to be fixed, this
quantity yields a polynomial number of samples with respect to |w].

We can immediately extend this result in the following way:

Lemma 29. If p depends on the size of the sequence in such a way that p = p, =

Q(;lg) for some constant k, then this lest needs only polynomially many samples.

Corollary 30. The sequence pair (w,w’) with |w| # || is distinguishable in poly-

nomial time and after polynomially many samples.

3.1.2 The first one test

In this section we assume that p = % The following is a purported test to differentiate

between the two strings based on the idea of looking at the location of the first onc.
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In order to give the reader a feel for why the problem of devising a statistical distin-
guishing test is nontrivial we show that this test does not work as a distinguishing
test for all pairs of sequences.

Let w and w' be two sequences of length n and let I = {4y, - , 4} be the positions
for the ones in w and I' = {4}, -+ ,i}} be the positions of the ones in w’. With
ip < dg < ++- < g and ¥ < @ < --- < 7. Assume both w and w' have the
same number of oncs. Otherwise the "count the number of ones" and we could hope

that the array of two tests ("number of ones" and "first one") would differentiate

1

them. As mentioned before, and for casc of the discussion let p = 5. Assume that

I—I|=|I'-1=1

The number of subsequences of w having a one in its first position is:
2n~i1 + 2n4i2 R 2’n-’ik
More generally, the number of subsequences of w shaving a one in its i-th position is:

(il N 1) gn—it | (iz h 2) Ry Ly (i’“ n k) gn—ix
1 1 1

The number of subsequences of w having no ones is 2%, Because |I — I'| =1, the
two subsequences differ only in a single index. Assume the index they differ is the

j—th position in which both w and w' have a one. Let them be (after relabeling of

ij _-j 2n—z'j _ Z; —] 2n—i9
i 1

the indices) i, and i}. Then:

The last sum is less or equal than:

Z ZJ —] 2n—-i] + 2; _] 27’1,—13
— i ()

Now assume that j is roughly % and i;, ¢} are roughly 7.

Then the sum above is roughly n2%. Which is exponentially far from 2"
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3.1.3 The marginals test

We introduce the marginals test. We define the marginals test to be the following
array of tests:
Let the positions of the ones in an n bit string w be zy,--- ,z;,. Define p;(w) as

the probability that the i-th entry of an observed trace of w equals one.

1 =z —i -
no =53 (70)) -2

i=1

In the following section we prove that there exists a pair of strings whose two

arrays of marginals tests are exponentially close.

3.1.4 The failure of the marginals test

Let P(4, j) = probability that the i-th symbol of w ends up in position j. By definition
P(i,j) = % (i71). Consider the following matrix A where

2t \j—-1
j n—i—1
A,’ ;= 2
sJ (7/ _ 1) *

We define (::L) = 0 for m > n. A is upper triangular. If we call e, -+ ,e, the
indicator vectors on coordinates 1,- -+, n then, if we identify a sequence w € {0,1}"

with a column vector v* such that v = 1 if w; =1 and v}’ = 0 if w; = 0. Then,
pi(w) =A-v

In other words Pr(we observe a one in position j) = Z-Av”. Let v¥' be defined
analogously.

The variation distance between the two sumimary statistics tests is:
|A@Y = v* )

37



Let v = v — v*'. By definition v € {0,1, —1}. The variation distance between the

summary statistics of the tests applied to w and w’ is:
|Av]s

We prove the marginals test fails by exhibiting a pair of strings w; and wy €
{0,1}™ for which the variation distance between the two arrays of marginals tests is
cxponentially small.

Theorem 31. There are two strings wy and wy such that | Aw;—Aws|; < p—Sipelta(log?(n))

Because of 77 it is sufficient to find a vector v in {—1,0, 1} such that |Av|; is small
enough.

For a given function f, let A‘yf to be the function so defined:

(Adf)(@) = f(z + d) = f(z)

In other words, the function A4 is the discrete derivative of f with step d. let’s

consider the following:

Aq,cg,---,ck (f) = AC1 (ACQV"'kaf)

Consider the following recursively defined vector: v(® = (1), and v = (v~ (=1,
Let w = (0" ', v®)) where k be determined later. Then we have that if y = A - w,
the j component of y is y; = 3 o) Agke-1 962 1 P(n + 14, 7).
In order to bound |A-w| it is sufficient to find a bound for Agk-1 gk-2 ...  P(n+1, j)
Using the mean value theorem from calculus we can find a relation between

Agy o o f and L f through the following lemma:

dzk
Lemma 32. Let f : [0,00) = R a C*® function and c1,--- , ¢, are given such that

c; > 0. Then we have that:



where X, € (0,3, ¢;]
The last lemma implies that in order to obtain the desired bounds, we would like

to obtain some bounds for the absolute value of %P(i,j).

Let’s compute the derivatives of P(i, j) respect to .
d d. (i—-1\1
—P(i,j) = — =

By applying the product rule:

o)
G- (-
72 e (2) gty

=1y = d (gD ti)
=1/ = di (g=1)1

Since (j — 1)! doesn’t depend on ¢ we can take the factor out.

d/fi1-1 1 d. . . )
22 - Emgli-i+ v -]

Expanding %(

Lety=(i—j+1)---(i— 1)

On the other hand log(y) =log(i —j+ 1) + --- 4+ log(i — 1)

Taking derivatives respect to ¢ we obtain:

d
1 —
MOQM
d
E[log(z‘—j+1)+---+log(z‘—1)} =
1 1

—+...+
i—j+1 i— 1

Let

39



I(z) = [;7t*"te~tdt and let T (z) = Lin(I'(z)) and ¥W(z) = ;—;C\I/(O)(x). The
above observations yield the following formula for the derivative of P(, j):

2P(i,5) = P(i,j)g(i, ) where
1
9(i,5) = log(5) + €)= ¥O(i - +1)

Notice that this implies that:

dk
ZR9(60) =) - -5+ 1)
The following lemmas provide some bounds for the value of di:g g(i, )

Lemma 33. Let |e|[+ < £+ — 2. Forj = i(l-1-%) and j € N, we have that
l9(é, )] < [2€] + 2.

Proof. We omit the proof.

Lemma 34. If k > 1,i > j > 1 we have|&g(i, j)| < A&

(1-3)*
Proof. We omit the proof. a
We can now use these lemmas to find a bound for |d%kEP(i, 7}|- The idea for a bound

comes from the observation that we can write |£,;P(i,j)| as a product of P(37, j) and

a polynomial of bounded size in derivatives of g(, 7). More specifically:

Lemma 35. Let f(z) be a C™ function such that f(z) > 0 and f'(z) = f(x)gV(z).
Then if we define ¢ (z) = %g(k_l)(:[:) we have that for all k > 1:

dk s(k)
@ = §@) Y [[9%9 @)
a=1 j

Where we define paps € Nuo, s(k) < (k+ 1) and 3 -5 pas = k for all a. (this is, for
all fized «, the py g form a partition of k.
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Proof. The proof follows just by expansion and induction.

|

From these estimates on g, and its derivatives, we can find an upper bound for
dk .
| g P (i, 5)I-

Lemma 36. Lel i — j = (1 +€)3i, ¢ > 2 and j € N. Then
dk .. PR .
| Pi,5)] < P(i, j)22RlosP+e) (max(e], \/f—;)’”

Proof. We omit the proof. O

Now we can use this machinery to prove the desired theorem, the failure of the

marginals.
Proof. As before, define v(® vectors of length 2%, recursively as follows: v = 1,
U(Q) o (U(Q’_l)’ ._U(a_l))_

Set w = (0"~1, v® 0>) where k will be determined later.

Let j_ =n(3) — /knlog(n)/2 and j; = n(3) + /knlog(n)/2 + 2*

Notice that:
S HAuh = 3 [Awhl+ 3 [Auhl + 3 {Aw),|

Now, observe that:
> [{Awh] < 28 Pr[At least v/knlog(n)/2 deletions occur in the first n bits].
By Hoeffdings bound, the last quantity is at most 2%e%18(?)/2 Analogously one can

prove that:

Y {Awl| < 250742

J>J+

To bound for the remaining term, j“; ;. {Aw};| works as follows:

First we notice that by the way in which the vector w is defined:

(Aw)j = Azk—ly...,lp(TL,j)
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Using the bounding lemmas above, and taking e < , /%ﬂ—) -+ %
Then

k1l 2.9k
oggn) L
2”1 n

Y HAw] < 2% )

J=i-

Now taking k = log("))))2 and for n large enough,

(log(log(n

2 [k log(n) N 2. gk)k < 2 /M)k _ o-Olklogn)
4 4

3.1.5 The subsequences of subsequences test

In this section we introduce a statistical test that relies on counts of subsequences
of subsequences. The main idea of the subsequences of subsequences test is to count
for a given ‘'model’ substring s, the frequency with which s appears as a substring of
the observed sequences. The quantity we would like to approximate is the expected
number of appearances of s as substring of a substring of w.

For a given substring s, we call the associated test, 7.

Recall that for a given sequence w € {0,1}", and s € {0, 1}* for some k C(w, s)
denotes the number of times s appears as a subsequence of w. The subsequence of
subsequences test aims to distinguish two sequences w,w’ € {0,1}" by sampling the
number of times a model sequence s € {0, 1}* appears as subsequence of a subsequence
of w or w' respectively. The following lemmas exemplify some of the characteristics

this test enjoys.

Lemma 37. Let w € {0,1}". Let s € {0,1}* for k < n. The number of times s

appears as a subsequence of a subsequence of w equals C(w,s) * 2"7F.

Proof. For every instance of s as a subsequence of w, (say s'), there are 2"~* sequences

of w that contain s’. Since there are C(w, s) instances of s as a subsequence of w,
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the total number of times s appears as a subsequence of a subsequence of w equals

C(w, s) * 2% as desired. O

Let s be a model sequence of {0, 1}*. Call

C'(w, s) = number of times s is a subsequence of a subsequence of w

Let w and w' be the two given sequences as input for the algorithm. The following

lemma holds:

Lemma 38. If|C(w, s)—C(w, s')| = O(2*/n") for some universal constant r = O(1),
then |C'(w,s) — C'(w', 8)| = O(2"/n"). In particular, sampling from the quantities
C'(w, s) and C(w', s) we can get a distinguishing test that works with polynomially

many samples and in polynomial time.

Proof. For agiven s, e; = E,[ number of times s is a subsequence of a subsequence of w| =

%. Analogously, e; = E,/[ number of times s is a subsequence of a subsequence of w'] =
% If the assumption of the lemma was true, there is a polynomial gap of or-

der # between e; and e;. Using the Hoeflding bounds we derived in the previous
Chapter, we must be able to approximate the actual mean of the hidden sequence’s
distribution to within an additive error of n—lr using only O(n?"*!) samples. Since the
values C'(w, s) and C'(w', s) are easily computable knowing w, w’ and s, this yields a
distinguishing test that works with polynomially many samples and using polynomial

time processing. O

3.1.6 A subsequences of subsequences test

We exhibit a particular array of subsequences of subsequences tests that satisfies var-
ious interesting propertics and that will be utilized in the Chapter, '/Random Strings
are Distinguishable’ to prove the distinguishability of random pairs of strings. Con-

sider the following family of sequences:
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Ay = {s, = 1'0}, B, = {s} = 1101}

If w € {0,1}"* and its position-of-ones representation be (zq,---, %) i.e. the
positions of the ones in w arc z = xy, -+ ,Zy, for some m < n then we can count

C(w, s;) for all | as follows:

Lemma 39. C(w,s;) =Y 10, (7)) (n — =)

Proof. A simple counting argument gives the answer. Each term of the sum counts
the number of appearances of s; such that the one is in position z;, that is in such a

position there are (j~]) options to take the initial [ — 1 ones. The n — z; — (m — 1)

-1
factor counts the possibilities for the zero.

U
We can count C(w, s;) for all I'.

Lemma 40.

Proof. A simple counting argument gives us the answer. Each term of the sum counts
the number of appearances of s; such that the [ — 1 one is in position z;. That

i—1

is, in such a position there are (142) options to take the initial [ — 2 ones. The

> ieim; — m = (j — ) factor comes from counting the number of 01 substrings on

the interval wz; + 1,:] where z; is the position of the last one of the subsequence.

a

The formulas above are linear on xy,--- , Tp,.

We now show the following lemma:
Lemma 41. (a) There is an index | for which |C(w,s;) — C(w', s1)| # 0
(b) There is an indez for which |C(w,s}) — C(w', s})| # 0.
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Proof. Givenw € {0,1}", let z € R™ be a vector such that x; = position of ¢ one in w.
Define 2’ analogously for w’. The statement holds trivially if the number of ones in w
is different from the number of ones in w’. The argument is symmetric for the zeroes.
Each of the C(w, s;) and the C(w, s}) is a linear function (plus some fixed constant)

on the z; or the x;. More formally:

3 affine funtion F/: R™ — R
C(w,s;) = F(x)

Their corresponding matrices for the linear part, M and M’ are triangular with
nonzero diagonal entries and therefore invertible. The last means that Mx # Mz’ if

x #£ 2. O

As a corollary of this we have the following

Corollary 42. If any of the sequences has O(log(n)) ones (or zeros), then they are
distinguishable.

The test that separates them apart is the array of tests described above for the
subsequences of subsequences test. If WLOG the number of zeroes is clog(n), then,
the number of samples required will be of the order O(n?**!), which is polynomial in

n, if ¢ is constant.

3.2 Special sequence pairs

Here we explore the different properties of a variety of natural sequence pairs. We
derive the polynomiality of the variation distance between a series of them. We also
explore a variety of tests that for particular pairs of sequences act as distinguishing

tests.
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3.2.1 Unbalanced sequences

If w and w' have different number of ones (or zeroes) the Number of Ones test

differentiates them in polynomial samples and time.

3.2.2 Differing tails
In this section we assume that p = % We prove the following result:
Lemma 43. If p = % For pairs of sequences w,w' such that
1. w=w01
2. w = w10
ds(w,w’) is polynomially large.

Proof. Let s be some string. The difference C(w, s) — C(w', s) equals to the instances
of the string s appearing as a substring of w using its last [0, 1] symbols plus the
instances of the string s appearing as a substring of w’ using its last [1, 0] symbols.

This is because all instances of the string s appearing as a substring of w com-
pletely contained in the w; part of w completely cancel with all the instances of the
string s appearing as a substring of w’ completely contained in the w; part of w'.

Similarly all instances of the string s appearing as a substring of w containing
only the last 1 and not the [0, 1] of w completely cancel with all the instances of the
string s appearing as a substring of w’ containing only the last 1 an not the [1,0] of
w'. The same is true with all the instances of the string s appearing as a substring
of w containing only the last 0 an not the [0, 1] of w.

If n = |w|, the value we are looking for equals 2"?%2 = 2"~! which is polynomially

big respect to the size of 27, U
Evidently, the last implies that for
1. w=01lw
2. w = 10w,
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ds(w,w") is also polynomially big.

In the following section we prove a stronger result.

3.2.3 Edit distance one are far

We assume that p = % In this section we prove the following result:
Lemma 44. Ifp = % For pairs of sequences w,w' such that

1. w = w;01w,

2, w = w 10w,
ds(w,w') is polynomially big.

Proof. Let P,, be the distribution of the position of the m — th one in the observed
sequences.

We will show that for the given sequences there is an m for which the variation
distance of the distributions P, and P, is polynomially large. P, denotes the dis-
tribution of the position of the m — th one in the observed sequences coming from w
and P/ the distribution of the position of the m — th one in the observed sequences
coming from w’.

Call P, , the probability of observing a trace from w with its m—th one in the
r—th position. Call Py, . the probability of observing a trace from w’ with its m—th
one in the r—th position.

Say w has k ones in positions iy, - - - , i respectively. With ¢; <2, < -+ < 14

Let { be the index of the middle one (that which lies after the w; and before ws)

By construction w’ has k ones in positions 77, -- , i}

with ¢} = 4; for j # l and 4 = 1) — 1.

For the case where p = %

ko, L ko, g

A WATECN A N J=1N (% =7 \on-s

P, " P, i Yo
’Ocz(m—l)(r—m) m’rocz(m—1>(r—m) ’

j=m J=m
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1

Where the proportionality denominator is ;.

Pu =Pl =10 1) 7 (P 00) 20 )]

By using pascal’s identity and cancelling out some terms, we get:

, =1\ . [fi—1—1 i—1—1
P _p _ n—i _
[ Prr = Pl |(m-—1)2 [( r—m ) (r—m—l)}‘

Notice that by unimodality of the binomial coeflicients, if we consider

i+m—l . . .
[—1 » u—1—-1 u—1—-1 iy—1—1
S P — Pl = on—i - -
r=m l m’r my’f'l (m - 1) <( 0 ) o+ ( 1 ) ( 0 ) *

The telescopic sum cancels all the terms except the middle ones, where the direction

of the subtractions flips. Therefore:

i+m—1 .
Z |-Pmr_P/ |: =1 271——2'[*2 Zl'_—i—_ll
- Am-l .
Now, notice that if m — 1 = [Z}] then
since (L%J) = 0(—\27—7%)
We get that under these assumptions:

i+m—1 on

P..—P . |=6
7§| ’ A= l*(it—l—l))

Which implies a polynomial lower bound for the variation distance for the types of

sequences considered above. O

3.2.4 Alternating sequences

For the setting where p = %, we prove that the alternating sequences are far apart.

More precisely:

Lemma 45. Ifw = 01---01 and w' = 10---10, then ds(w,w’) is polynomially big.
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For n = 10 the sequences are:
1. w = 0101010101
2. w' = 1010101010

Proof. If n = |w| is odd, both sequences differ in the number of ones they contain,
and therefore they are polynomially separated.

Assume n is even.

w=01---01and w' =10---10

Notice that we can write w and w’ in the following form:

w=w;1l and v = 1wy

All instances of strings that are subsequences of w that are completely contained
within w; cancel out with all those instances of strings that are subsequences of w'’
and are completely contained within w;.

Among those instances of strings that are subsequences of w that have the last
one of w and start with a zero cannot cancel out with any of the sequences of w' that
have the first one of w’ and end with a zero.

The remaining strings, are those that are subsequences of w that have the last
one an start in a one. And those strings that are subsequences of w’ that have the
first one and end in a one.

These can be paired to each other. Every instance of such a sequence in w can
be translated (shifted to the left) to correspond with an instance in w’. Since this
operation is invertible, it gives us a bijection between them, and therefore, they do
not add to the count of the variation distance.

The variation distance is therefore, the sum of the number A; of instances of
strings that are subsequences of w that have the last one of w and start with a zero
plus A, the number of subsequences of w’ that have the first one of w' and end with
a Zero.

w=01---01 and w' =10---10

Let n = 2k.

A simple counting argument yields:
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All zeroes of w are in positions 25 — 1 for 7 =1,--- | k.

The number of symbols between a zero in position 25 — 1 and the last one of w is
2k — 1 — (25 — 1) = 2k — 2j. Therefore the.value of A4 is:

A = Z§=1 2% = Z§=1 R

3 3
Analogously

_ 2n+2_1
Ay = ===

And therefore Ay + A; = 2”; =2 which is polynomially big in the size of 2°. O

3.2.5 Cyclic shifted strings

We see that there is a test that distinguishes cyclic shifted strings. Let the two strings
be the pair (w,w') where ' is a cyclic shift of w. WLOG we assume that the cyclic
shift is to the right.

Let s = 01. The following holds:

Lemma 46. C(w,s) # C(w',s)

Proof. Let x1,--- ,x,, be the positions of the ones in w. We assume the shift from w
to w' is to the right.

There are two cases to analyze:
1. fz,, =n
2. Ty # 1

In the first case, the first digit of w' is a one. C(w,s) = >~ @&; — i. Since
there are x; — ¢ instances of s ending in the i—th one. Because we are in the first
case, the positions of the ones in w’ are 1,x; — 1, -x,,—1 — 1. The last implies that
C(w',s) = 1—-1+ 37" 2, —1—(i+1). Which reduces to C(w',s) = 327" @, — (i+2)
which is clearly less than C(w, s) if m # 0.

In the secoud case, there is no wrap around in w’ and the positions of the ones in
w' are, x1 + 1,--- ,xp + 1. The value of C(w',s) = 37", «; + 1 — ¢ which is clearly
bigger than C(w,s) since each term dominates the corresponding one of the other

sumination. O
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This result implies that the test T, succeeds, since |s| is of constant size. The

cyclic shifted strings are distinguishable.

o1
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Chapter 4

Random strings are distinguishable

In this Chapter we prove that there exists some universal constant ¢ € [0,1) and a
statistical test 7 such that the fraction of pairs the test 7 fails to distinguish over
the space of pairs {0,1}" x {0,1}" is asymptotically of order less than ¢*. In other
words, given a uniform random pair of sequences, the probability that 7 fails for the
array of sequences {sy } is exponentially small.

Consider the 0—vector representation of a sequence w with m ones. Recall that
the O—vector of a sequence w € {0,1}" is (b, - - - , b,,). Where b; indicates the number
of zeroes before the 7 + 1-th and after the ¢th one. By convention, by is the number of
zeroes before the first one, b,, is the number of zeroes after the last one. Let s; = 1%0

be the sequence that starts with £ zeroes and finishes with a 1.

Lemma 47. If w can be represented as (bg, - ,by) then for all k we have that
Clw,sk) = 1 () - bi-

Proof. Every instance of s, appearing as a subsequence of w is specified by the po-

sition of its ones within the sequence w. The last zero of s may lie in any of the

regions, by, --- ,by. The number of instances of s appearing as subsequences of w

(-

Summing over all the possible values of ¢ € {0,--- ,m} yields the desired result. O

and having its last zero within b; is:
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When comparing two sequences w and w’ and their subsequences counts for the
family of sequences {s;}7r,, the previous lemma yields the following necessary con-

dition for w and w' to have different counts for s;.

Corollary 48. If w can be represented as (b, -+ ,bm) and w' can be represented as

(b, -+, b,) then Clw,sy) # C(w', s) if and only if Yo (1) b # Soimo (1) - b
Let k be the ming¢q,... m) such that C(w, sp) # C(w', spr).

Corollary 49. k as defined above if and only if > (,z,) b £ Y, (kz,) - bl for all
K<k-—1.

Corollary 50. If |C(w, sx) — C(w', s)| = O(2%/n") for some absolute constant r,
then |C'(w, si) — C' (W', sg)| = O(2"/n"). In particular, sampling from the quantities
C'(w, s) and C(w', sg) we can get a distinguishing test that works with polynomially
many samples and in polynomial time. Additionally, this implies the variation dis-
tance between the distributions of subsequences, the one associated with w and the one

assoctated with w' are polynomially far.

In the following notes of this scction we explore explore under what series of
conditions under which the corollary above holds. The main conjecture of this section

is the following:

Conjecture 51. Let k = ming s.t.C(w, sp) # C(w', sp) for s = 1¥0. |C(w, sx) —

C(w', sp)| = O(2%/n°) for some universal constant c.
If the conjecture above were true, it would imply the following:

(a) The variation distance between the distribution induced by the deletion process
with parameter p = £ [We believe this can be generalized to any constant]

between the sequence w and the sequence w' is polynomially large.

(b) There exists a test that allows to differentiate samples from the distribution
induced by w and the distribution induced by w’ using polynomially many

samples and polynomial post processing time.
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As we defined before, let £ = ming s.t.C(w,sp) # C(w,sp) if and only if:

oo (i) b =27, (kz’) b forall ¥ <k—Tand 357, (;) -0 # X0, (;c) b
Consider the polynomial p,(x) = Y 7" bz’ and py(z) = .7 bz* Through the

following lemmas we will relate the polynomials p, (), py(z) with the first index &

for which the counts of C'(w, s;) and C(w', sx) differ.

Lemma 52. (1—x)k‘1|pw(3:)—pw/(:£) but (1—x)* doesn’t divide f(x) = pu(T)—puw (z)
If and only zf oo is divisible by (1 — ) for all K" < k — 2.

Proof. This follows from simple properties of a polynomial and its derivatives. In

particular, the fact that (z — a)” divides p(z) if and only if 2 is divisible by

drl
x—abuta—gﬂ@is not. O

Lemma 53. Keeping the notation above, assuming that k = ming s.t.C(w, sy) #
C(w', sp), let f(x) = (1 —z)*'g(x), where g(1) # 0. Then g(1) = 370 (}) - bi —

Proof. The result follows from noting that by L’Hopital’s rule: lim, ,; f(z)/(1 —

p)f L= Ol L B Al R T follows that: e /U2 T
ito (k) b= X (f;) b
Since lim,,1 f(z)/(1 — z)*7' = lim,,, g(x) = ¢(1) the result follows. O

The last few lemmas yield the following corollary:

Soro (1) - b Is equivalent to: (1 — z)¥|py(z) — pur(z) but (1 — 2)*+' doesn’t divide

Corollary 54. 37 (i) b = Y (1) - b for all ¥ < k and 3270 (F) - by #

Pu(T) — pur ().
Conditions under which the subsequences of subsequences test yields a
good result.

Let |w| = |w'| = n and let m = number of ones in w. In general, if n > 3 -2°F for
some «, 3 > 0, then £ < Mzbg(@ which implies that 2% < /Bi - na. Since ﬂi, the

last implies that 2"~* = O(21). In fact, it implies that 2% = ©(2L).
(asd no
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From lemma above it follows that for this particular choice of « if there is a
sequence s such that |s| = k& and C(w,s) # C(w,s’) then, the subsequences of
subsequences test using model sequence s serves to differentiate the distributions of
w and w’ using only polynomially many samples.

In particular if n = ©(2%) where k is the first k¥ = ming s.t.C(w, syr) # C(W', sir).
For some universal constant « then, the subsequences of subsequences test with model
sequence s, will be able to distinguish between the to distributions of subsequences
drawn from w or w’ using only polynomially many samples and polynomial processing.

We now proceed to characterize some classes of sequences for which there is a
distinguishing test based on a subsequences of subsequences test for the family {s;}.

Let k = ming s.t.C(w, si,) # C(w', s})

Lemma 55. If g(—1) # 0 then, |w| = n > 2¥71. In particular this implies that
n = O(2%).

Proof. Let f(x) be defined as before, and f(z) = (1 — z)F1g(z) where g(1) # 0. We
can assume this is the case by invoking the use of lemma 53. Notice that for every
w € C such that |w| = 1, we have that, by the definition of f(r) and a simple use of

the triangle inequality:

[f(w)] < 2(n —m)

Where n is the size of the sequences and m is the number of ones in both w and w'.
In particular, since we WLOG can assume that m > |2]. |f(w)] < n. We prove that
if g(—1) # 0 then |f(—1)| > 2F1.

[F(=1D)] = |(1 + 1)*Y|g(=1)|. If g(~1) # 0, since g is an integer polynomial,
lg(=1)] > 1. This means that |f(=1)] > 2¥7'. Hence, n > |f(—1)] > 2*! and

therefore |w| > 281, O

Corollary 56. If —1 is not a root of p,(x)pw (x), then, there is a distinguishing test
that works with polynomially many samples and uses polynomial time. Such a test is

the subsequences of subsequences test for the first subsequence in {sy}, sk for which
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C(w, sp) # C(w', sp). The o exponent of this test is 1. For those pairs of sequences
(w,w') such that f(—1) # 0, the gap is of order Q). Following our discussion on
Hoeffding bounds, the algorithm will require O(n***1) = O(n®) samples to achieve

1/n? factor accuracy.

Translating the above corollary to the (bo, - - -, b,,) and (b, - - , ¥ ) representation

of w and w’, we can establish the following result:

Corollary 57. If w and w' are two sequences from {0,1}" with representations
(bo, =+ ,bm) and (by,--- b)), then there is a test distinguishing them if the sum of

the b; in the cven positions doesn’t match the sum of the b) in the even positions.

Proof. By assumption Y .-, b; = > b.. By the corollary, a distingunishing test cxists

1=0 "1

if f(=1) # 0. The condition f{—1) = 0 implies:

pw(_l) - pw'(_l)

Evaluating the polynomial p, (z) = Y . bz yields, p,(—1) = >_1" bi(—1)". The

equality p,(—1) = py(—1) implics that:

D=1 =3 H(-1y
=0 i=0

This equation along with the identity > 7" b, = > ", b} yields the desired result.
O

It 1s possible to replicate a similar result by considering other roots of unity,

distinct from —1.

Lemma 58. If g(i) # 0 then, |w| = n > 2% Fori = v—=1. In particular,
n = 0(2%)

Proof. Let f(x) be defined as before, and f(z) = (1 — z)* 1g(x) where g(1) # 0. If
i is not a root of g(x) then |f(z)| = [(1 — i)*1g(i)| = |(1 — i)[¥7|g(i)]. Notice that
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because g(z) has integer coefficients, g(i) is a member of the integer lattice generated
over C by 7 and 1. The smallest nonzero vector in this lattice has norm 1. Since

I1 — i| = v/2, this implies that |f(i)] > 2°T". Hence n > |f(i)] > 25 O

Corollary 59. Ifi is not a root of p,(z) — pur(x), then, there is a distinguishing test
that works with polynomially many samples and uses polynomial time. Such a test
is the subsequences of subsequences test for the first subsequence in {sx} for which
its counts first differ in w and w'. The o exponent of this test is -;— For those pairs
of sequences (w,w') such that f(i) # 0, the gap is of order Q(=5). Because f(x)
has integer coefficients, f(i) = 0 implies that f(—i) = 0 as well. The test will need

O(n?3+1) = O(n") samples to achieve a 1/n® factor accuracy.

We can translate the above corollary to the (by,--- ,by,) and (b, -- ,b,) repre-

sentation of w and w’, we can establish the following result:

Corollary 60. If w and w' are two sequences from {0,1}" with representations
(b, -+ ,bm) and (by,- -+ b}, then there is a test distinguishing them if the sum of the
b, in positions congruent to a modulo 4 doesn’t match the sum of the b, in positions

congruent to a modulo 4 for all a in the system of residues modulo 4.

Proof. By the corollary 57 we can assume

> b= >

i€[0,m]i=0 mod 2 1€[0,m]i=0 mod 2
E : 2 : /
bl‘ = bi

i€[0,m]i=1 mod 2 1€[0,m]i=1 mod 2

Evaluating the polynomial p,(z) = .7 biz® yiclds, p,(i) = >y bi(é)". The
equality p,(¢) = pu (¢) implics that:

Db = Dbty



Equating the coefficients of ¢ in the left hand side and the coefficients of ¢ in the
right hand side and combining the resulting identities with the result from lemma [x]

yields the desired result.

g

b= > ¥

1€[0,m]¢=0 mod 4 i€[0,m]¢=0 mod 4
/
1€[0,m]i=1 mod 4 #€[0,m}i=1 mod 4
/
D k= ) b
i€[0,m]i=2 mod 4 :€[0,m]i=2 mod 4
/
> b= > ¥
1€[0,m]i=3 mod 1 i€[0,m]i=3 mod 1

O

It is possible to replicate a similar result by considering other roots of unity,
distinct from —1 and 1.

Lemma 61. If g(w) # 0 then, |w| > 9*5% =1 For w = third root of unity.

Proof. Let f(x) be defined as before, and f(z) = (1 —x)* 'g(x) where g(1) # 0. f w
is not a root of g(z) then |f(w)| = |(1 — w)* 1g(w)| = [(1 — w)[*|g(w)|. Notice that
because g(x) has integer coefficients, g(w) is a member of the integer lattice generated
over C by w and 1. The smallest nonzero vector in this lattice has norm 1. Since

|1—w| = /3, this implies that | f(w)] > 9952 =1) Hence n > |f(w)] > 2% ¢-D, O

Corollary 62. If w is not a oot of py,(x)pw (), then, there is a distinguishing test
that works with polynomially many samples and uses polynomial time. Such a test
is the subsequences of subsequences test for the first subsequence in {sx} for which
its counts first differ in w and w'. The o exponent of this test is 135-2(—3—1. For those
pairs of sequences (w,w') such that f(w) # 0, the gap is of order Q(——). Hence in

nlogEB

+1 (n(Q*ﬁ+l)+l) _

2
order to approzimate it up to an accuracy of 1/n™e® "~ we need O
4
O(n'=®*?) samples. Because f(x) has integer coefficients, f(w) = 0 implies that

f(@) =10 as well.
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We can translate the above corollary to the (by,--- ,by,) and (b,---,b),) repre-

sentation of w and w’, and establish the following result:

Corollary 63. If w and w' are two sequences from {0,1}" with representations
(boy- -+ ,bm) and (b}, --- ,b.), then there is a test distinguishing them if the sum of the
b; in positions congruent to a modulo 3 doesn’t match the sum of the b in positions

congruent to a modulo 3 for all a in the system of residues modulo 3.

Proof. Let

A= b
i€[0,m]:=0 mod 3

A= b
1€[0,m]¢=0 mod 3

B = b;

#€[0,m]i=1 mod 3

C = > b;

1€{0,m]i=—1 mod 3

Y = D b,

i€[0,m]i=—1 mod 3

Evaluating the polynomial p,(z) = Y v, biz® yields, p,(w) = 3= bi(w)’. The
equality p,(w) = pw(w) implies that:

o) = 3 )

Along with the condition Y% b, = 3 " bl, equating the coefficients of 7 in the
left hand side and the coefficients of 4 in the right hand side and equating the real
coefficients in the right hand side and the real coeflicients in the left hand side yields

the following system of equations:
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A+ B+C=A"+B +'
A-B=A-PB
A-C=A -
B-C=B -

After the appropriate elimination of variables the following equations hold:

A=A
B=PFB
c=c

Therefore

SR S’

i€{0,m}i=0 mod 3 #€[0,m]i=0 mod 3
/
>, b= > Y
i€[0,m]i=1 mod 3 i€[0,m)i=1 mod 3
2 : § : /
bi = bi
1€[0,m}i=—1 mod 3 t€[m}i=—1 mod 3

O

Remark 64. We can establish a final result on this vein by considering the 6th root

of unity.

Unfortunately, these results do not extend to all the roots of unity. This is because
the integral lattice generated by the powers of a root of unity other than the 2nd,
3rd, 4th or 6th does not have a minimal element. We have no hope to be able to
bound the modulus of g(w,) below, where w, is any other root of unity.

As a consequence of these observations, the subsequences of subsequences test
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for k = ming s.t.C(w, s) # C(w', si) works with high probability after polynomially

many samples and polynomial time if any of the following conditions holds:

DR R W

i€[0,m]i=0 mod 2 i€[0,m}i=0 mod 2

d>oob#E > b

i€[0,m}i=1 mod 2 i€{0,m]i=1 mod 2

> w#E D,

i€[0,m]i=0 mod 3 i€[0,m]i=0 mod 3

Yooob#E Y

i€[0,m]i=1 mod 3 i€[0,m}i=1 mod 3

Yo o w#E Y b

i€[0,m]i=—1 mod 3 i€{0,m]i=—1 mod 3

Yoo obu#E Y, Y

1€{0,m]i=0 mod 4 i€[0,m}i=0 mod 4

Yoo obAE >

i€[0,m]}i=1 mod 4 i€]0,m]i=1 mod 4

Yo b#E Db

i€[0,m]i=2 mod 4 i€[0,m}i=2 mod 4
Yooob#E D>
i€[0,m}i=3 mod 4 i€[0,m)i=3 mod 4
Remark 65. These restrictions hold in both for the 0— wvectors of w,w’ and the
1—wector of w,w'. By considering these extra restrictions it would be possible to (at
least) refine the constants in the exponent of current upper bound on the probability

of failure.

The restriction of the sum over the even positions and etc needs to hold both
ways, for the ones and for the zeroes. This is, for the 0—vector and the 1—vector.

In the following we analyze a model whereby a random pair of strings (w,w’) €
{0,1}" x {0,1}" is drawn uniformly at random and, we are asked if we can solve the
Pair Trace Identification Problem on the pair. We show that with exponentially small

probability the array of subsequence of subsequences tests exhibited in this section
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is unable to distinguish between w and w'. First we show that within the space of
sequences (w,w’) where w and w’ have both the same number of ones, the fraction
of pairs that do‘ not pass the subsequences of subsequences test described above is
vanishingly small.

We focus on the following conditions. There is a distinguishing test for w and w'

if
2. u# > b
1€[0,m}i=0 mod 2 1€[0,m)i=0 mod 2
DRI S
1€[0,m}i=1 mod 2 t€[0,m]i=1 mod 2
Let M = (w,w’) € {0,1}" x {0,1}" such that w and w’ have the same number of
ones.

Lemma 66.

n 2
n
-5
i=0
Proof. The number of sequences w € {0, 1}" such that w has exactly m ones is (:1)
The number of pairs (w,w') with w,w’ € {0,1}" is and exactly m ones is therefore

(™)?. O

m

We count the number of pairs (w,w’) within M such that if w and w’ have

both m ones exactly, and their representations are (b, - - - ,bn,) and (by, - -+ , b)), then
ZiE[O,m]iEO mod 2 b 7é ZiE[O,m]iEO mod 2 b:
Lemma 67. The number of pairs w,w' € {0,1}" such that w and w' have both ezactly

m ones equals:

2 ()

target sum t—0
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Where the target sum is that over the even positions of (by, - - ,bn) and (b}, --- ,b.,).

Proof. The lemma follows immediately from the basic counting fact that the number

of ordered tuples (ay,--- ,a,) of nonnegative numbers summing to a target value ¢

t+r—1
r—1

Applying this fact to each possible value of the target sum yields the desired result. [

equals:

The fraction of pairs that are not distinguishable by the subsequences of subse-
quences test over pairs of strings (w,w’) such that w and w’ have both exactly m

ones is at most:

n—m m\2
_ Etarget sum t=0 (t-’il—%ﬁ J)

(n)’

Dr,

We will try to upper bound D,, for m € [n/4,3n/4]. Let r(t) = (“L’E%JJ)Z,
2

Since r(t) is an increasing function of t,
n—m t+ m 2 . m 2
> (Y co-m(M )
target sum t=0 I-?—I LEJ

This estimate provides us with the following upper bound for D,,.

n—m-+{2|\2
D o KL%FJLQJ)

B (n)

After expanding out these expressions:

mm—1)-- (3] +1)
)

D < (n = m) (n(n~1)--~(n—[%j+1
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Lemma 68. If m € [n/4,--- ,3n,4|. Then,

Proof.
on st (25 )

(o m- D)
B (m ::11 ' nﬁgi 1>
- (4 ..... )

- (5)

=" (Z)

Where the last inequalities follow from the condition n € [n/4,3n/4]. O

To aid in our proof, we prove a concentration inequality for the case squares of

the binomial coefficients.

Lemma 69. Let 0 < ¢ < i then: Let A, B be the following sets of indices:

A= [L(— —e)nl, f( +e)nl]

B=[0,1(5 - ] UL + el

The following inequality holds:

le_e n
Where A = 4%
Zn

1—-1¢
€
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Proof. Notice that max,cp (") < mingey (’:)

i

)

As desired. O

n n—m t+| 2 2
Em:O Ztarget sum t=0 ( )_L%QJ J)

S (1)

Using the same argument to upper bound D, we get the following bound for D:

D< ]
Zm—O (m)
n—m+|2[\?2
Someo (T *)
n n (n\2
m=0 (m)
n—m4|m\2 - m |\ 2
S en (T 4, (T
=n

m\ 2
Zm n—mL:l;[?J
SZDm+n eBn( l.g.jz )
meEA Zm:O (71;)

The first summand can be bounded above by a simple use of the Lemma 68, and
the second lemma can be bounded above by a simple use of Lemma 69 with € = %.

Adding the two bounds yields:
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[ 3\ 1
Dgg(nz) +nA

Where A = %

This implies that for some universal constant ¢ € [0,1) the fraction of pairs for
which the subsequences of subsequences test over the space of pairs M fails is asymp-
totically of order less than ¢”. In other words, given a uniform random pair of
sequences drawn from M, the probability the subsequences of subsequences test for
the array of sequences {sy } fails is exponentially small.

If w and w' are both from {0, 1}" but (w,w') ¢ M, then, the test, counting the
number of ones in both sequences is a distinguishing test that works with polynomially
many samples and polynomial processing.

A more exact statement can be enunciated by first noticing that a simple combi-
natorial identity yields the following asymptotic estimate |[ M| = (2:), and thercfore

lgj\{l;’ = o(ﬁ). Therefore,

Theorem 70. There exists some universal constant ¢ € [0,1) such that the fraction of
pairs for which the subsequences of subsequences test over the space of pairs {0,1}" x
{0,1}" fails is asymptotically of order less than c*. In other words, given a uniform
random pair of sequences, the probability the subsequences of subsequences test fails

for the array of sequences {si'} is exponentially small.

4.0.6 Future directions

In this section we disenuss how the technigues introduced in this section could lead
to the solution of the Pair Trace Identification Problem. The following conjecture,
if proven right would imply the polynomial distinguishability of all pairs of distinct

sequences w,w’ and therefore a full solution of the Pair Trace Identification Problem.

Open Problem 71. For every w,w’ € {0,1}", there exists a k < n and a subsequence

s € {0,1}* such that

Cw,s) -Cw',s)| = O(—iﬁ) for some universal constant c.
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A more detailed condition, whereby the desired string specified in 71 is conjectured

to come from a polynomially large family of strings is the following:
Open Problem 72. Let {s,}7, = {0'1}1%, and {s;}I2, = {1'0},. If

k= max min 5.2.C(w, ;) # C(w', 8;)

wHwiw,w e{0,1}" i

Define k' analogously for the family {s.} Then, |C(w,sx) — C(w',sx)| = O(i—’z) or
Clw, sip) = O, sp)]| = O(%)

nt

The proof exhibited above does not work for the full case because of the crystal-
lographic restriction. For any given primitive root w,, and polynomial g € Z[z], there
is no simple lower bound for |g(w,)|, even if g(w,) # 0, if w, is not a second, third,

fourth, or sixth root of unity.

4.0.7 The marginals test

The marginals test is related to the array of subsequences of subsequences tests in-
troduced in this section.
Recall that for a pair of sequences w,w" € {0,1}", each with exactly m ones and

with O—vectors (by,-- -, by,) and (b}, - ,b,) we define the polynomials:

pw(I) = Z bz'xi
=0

puw () = Z b'lixi
=0

And the polynomial f(z) = py,(z) — pw(z) = > (b — b))zt
Recall that in the proof of the failure of the marginals test that the construction
of the vectors that achieve subpolynomiallity in the {; distance of their summary

statistics goes as follows:
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@ = 1,0@ = (-1 —plim1)y

Let f,w be the polynomial corresponding to the difference vector v(9. It is easy to
sce that f,o)(z) = —(x —1). Furthermore, a simple computation yiclds the following

result:
Observation 73.

2k—1

fv(k) (3:) = (SC - 1)fv(k—2) (T)

Furthermore if v = (0™, v%)) is a difference vector, then f,(z) = fyw ()
We can solve the recurrence on f,u)(z) explicitly:

Observation 74.
k-2
fyw (@) = = - ]]E* - 1)
1=0

Notice that (z — 1)*|f,w (z) but (x — 1)¥*! does not divide f,u (z). And that
(@ + 1)F72] fym (2).

Notice that even though the difference vector v*) makes the marginals test fail,
it does not make the subsequences of subsequences test fail. This is simply because,

if v = (0™, v®) where v = w — w', where w and w’ as seen as vectors, then the

Cl(w, si) — C(w', i),

observation in the previous paragraph this means that 2872
which implies that it does not violate the conjecture stated in 71.
In the next chapter we will explore another way in which the marginals test is

related to the results and techniques exhibited in this section.
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Chapter 5

Extensions

In this Chapter we explore several problems related to the Pair Trace Reconstruction.
In particular, we talk about its relation with the k—Trace Reconstruction Problem
and with the full Trace Reconstruction. We show how the techniques and methods

developed in this thesis can help gain some new insights in both problems.

5.1 A new distance

In this section we will define a new distance between sequences, and cxplain how
could this be used to generate a statistical distinguishing test between any two strings

w,w € {0,1}™.

Definition 75. Let w,w’ be two sequences in {0,1}. Let d'(w,w’) be the minimum

length of a sequence s for which C(w,s) # C(w', s).

If w and w’ have distinct quantities of ones, (or zeros) then d'(w,w’) = 1. Notice

also that d*(011,110) = 2.

Definition 76. The k—deck of a sequence w € {0,1}" is the multiset of all subse-

quences of size k of w.

We prove first if w # w', d*(w,w’) — 1 is the last size for which the k—decks of w

and w' differ. In other words:
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Lemma 77. If two sequences w,w' have the same k—deck, then they also have the

same k'—deck for all k' € {1,--- ,k}.

Proof. A given subsequence s of w of size k — ¢ will appear exactly:

(” — k- i))0<w, )

?

times in the k subsequences of w. If w and w’ had the same k—deck, we should have

that C(w, s) = C(w/', s), and therefore they will also have the same k& — ¢ deck. O

Let ko(n) = maxy, yrego,1ym d' (w, w'). We would like to understand the asymptotic
behavior of kg(n).

There exists a strong relationship between the asymptotic behavior of kg, the
search for a bound on the variation distance, subsequence count polynomials and the
subsequences of subsequences test.

By definition kg(n) is the smallest value such that f,i::&) for all values of m forms
a basis of all the m variables multivariate polynomials of degree up to ko(n).

In particular, let the subsequence of subsequences test be ran on all sequences s
such that |s] < ko(n).

In particular, if the following conjecture was true, then the procedure of running
the subsequences of subsequences test for all subsequences of size up to ko(n) would
yield a polynomial samples, polynomial post processing time, procedure to solve the
Pair Trace Identification Problem, proving that the variation distance between P, 1
and P, 1 for every pair w,w’ € {0,1}" is polynomially large.

w,3

Conjecture 78. The maz of d* (w,w’) over all pairs w,w' € {0,1}" such that w # v’

is of order O(log(n)).

Unfortunately, this conjecture is false, as we will see in the next section. Never-

theless, it is easy to prove that:
Lemma 79. ?? d'(w,w’) < [2] +1
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Proof. Let a sequence w € {0,1}" have m ones and a O0—vector representation
(boy -+ ybp). Let 8;m—; = 1°01™ %, Then Vi € {0,--- ,m}, C(w, 8 m-;) = b;. We de-
fine sgm, = 01™ and s,,0 = 1™0. Notice that |s; ,m—i| = m + 1. Knowing C(w, $;.m-1)
for all 7, we can know the O—vector representation of w, and therefore the array of
values C(w, §; ,,—;) 18 unique to every w. A symmetric argument can be made for the
1—vector representation of w. This means that d'(w,w’) < (max, ming, , )+ 1=
2] + 1 as desired.

O

Lemma 80. If w and w' end in the same symbol. WLOG say w = w0 and w' = wi0

Then dY(w,w') = d* (wy, w}).

Proof. Let s be such that the number of occurrences of s in w and w’ are the same.
And such that for all s" with |¢'| < |s|, C(w,s") = C(w', §).

If the last symbol of s is different from the last symbol of w:

C(w, s) = C(uwn, s)

and

Cuw',s) = C(wl,s)

This is because s when considered as a substring of w or w' cannot possibly use the
very last one in either string. In this case C(wy, s) = C(w, s) are the same.
If the last symbol of s is the same as the last symbol of w. Let wlog s = 5,0

Then

Clw,s) = C(wy, ) + C(wy, 51)

This formula reads, the number of appearances of s in w equals the number of ap-
pearances of s where s doesn’t contain the last 0 of w plus the number of appearances

of s where it contains the last 0 of w.

73



Analogously,

C(w', s) = Cluy, 8) + C(un, 1)

If 51 doesn’t finish in a zero, if s; = sp1, then C(wy, s1) = C(w,s1). Analogously

C(wi, s1) = C(w', s1). If s; finishes in a zero, s; = 520, then

Notice that

Clw, s1) = Clwy, s1) + C(w1, s2)

and

Cw', s1) = C(w), s1) + C(wy, s2)

These imply that:

C(wy, s1) = C(w, 51) — C(wy, 52)

and

C(wi,s1) =C(w', s1) — Clwy, s2)

By assumption, since for all s” with |s"| < |s|, C(w,s") = C(w',s") and |s1] < s we
have that:

Cl(un, s1) = C(wy, 1) as long as C(wy, s3) = C(wy, $2)

Applying the same argument over and over again, until we reach the first one in
s. Gluing these observations together we get that, if s = 5;,10%

C(wy, s) = C(wy, s)

Provided that
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C(wy, s;1) = C(w), sg1) which is true because |sy1| < |s| which implies that
1
C(w, skl) = C(w', sx1)

And because w, w' both end in 0, C(wy, s¢l) = C(w, sgl) and C(w, spl) = C(w', sil).

Which implics that C'(wy, sx1) = C(w], sgl), and therefore that C(wy, s) = C(w}, s),
as desired.

The last implies that if s is such that C'(w, s) = C'(w',s) and for all s" with |s'| <
|s], C(w,s") = C(w',s) then, C(wy,s) = C(w},s). Which means that d'(w,w') <
d(wi, wi).

The inequality d*(w;, w}) < d*(w,w") is much simpler. If s is such that C'(wy, s) =
C(wi,s) and such that Vs with |s'| < |s|, C(w;,s") = C(wy,s’) then, because
C(w, s) = C(wy, s) + C(wy, 51), and C(w', s) = C(w,s) + C(wi, s1).

If C(wy,s) = C(w),s) then, it implies that C(wy, s;) = C(w, s1), which in turn
implies that C(w,s) = C(w',s). This chain of arguments imply that d'(w;, w}) <

d'(w,w’). Combining the two inequalities yields:
dl (w1> w,l) = dl(wa w,)
O

Lemma 81. If w and w' are two sequences such that there is no intermediate index
i such that wl: i| and W'[: i| have the ezact same number of symbols (Except for the
extremes.) Then the number of appearances of 01 in w and the number of appearances

of 01 in w' differ.

Proof. Let xy,-- -, x,, the positions of the ones in w and let 4y, - - - , ¥, be the positions

of the ones in w'.

The condition imposed on w and w’ is equivalent to:
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The number of instances of 01 in w is:

m
A:: E .L'l—Z
i=1

The number of instances of 01 in w' is:

Since z; > y; Vi then

A — B > 0. By observing there is a difference of one per term subtraction, it can

be proven that:

Lemma 82. Let w,w' be two strings of length n such that the number of ones in w|: i]
equals the number of ones in w'[: 7]. If d"(w[: ¢}, w'[: 7)) # d"(w[i + 1 :[,w'[t + 1 :])
then d*(w,w') = min(d* (w[: ¢], w'[: 1)), d*(wli + 1 :],w'li + 1 :])).

Proof. WLOG let the left hand pair w[: i], w'[: i]. be such that d'(wl[: i],w'[: i]) <
d'(wli+1:],w'[i+1:]), and let s be the first string such that C(w(: 1], 5) # C(w'[: 1], 5).
By assumption |s| = d*(w[: ], w'[: 4]), and C(w]i + 1, s') = C(w'li + 1], ), for
s' = s and for all s" with |s’| < |s|. Furthermore, C(w]: i],s") = C(w'[: i],s) for all &'
with [s'] < |s].
Notice that

|s]—1

Clw,s) =Y Cwl:i],s[: 5)) * C(wli + 1, s[j + 1:]) + C(wl[: 4], s) + C(w[i + 1], 5)

J=1
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and

|s]—1

Z Clw JN*C'i+1:),s[j+1:])+ C':4,s)+Cwi+1:],s)

Since all of the corresponding summands are the same, except for C(w[i + 1 :],s)
and C(w'[i + 1], s), the two quantities differ. This implies directly that d'(w,w’) <
min(d* (w: 7], w'[: 7)), d" (wi + 1:],w'[i + 1 :])).

A similar argument tells us that for all s such that [se| < |s], since

|sol-1
Clw, sp) = §:c 24)) * Cwli + 12,805 + 1)) + C(wl: 4], 50) + C(wli + 1 3], s0)
and

|sg|—1
C(w', s0) E:C [ J]) = Cw'li + 13,8005 +1:]) + Cw[: ], s0) + Cw'[i + 1 1], 50)

and all of the corresponding RHS terms are the same, then C(w, so) = C(w', so) which
implies that d'(w,w’) > min(d"(w[: 1], w'[: 1]),d" (w[i + 1 :],w'[i + 1 :])). Combining

both results, yields the desired result.

Let ko = ming zyefoyn d(w, ')

Lemma 83. Let w,w' € {0,1} be such that d"(w,w') > 1 then, d"(ww',w'w) >
dH(w,w’) + 1

Proof. Let w) = ww' and w® = w'w. Suppose s <w and |s| = d'(w,w’). Notice
that C'(w®, s) = C(w®, s). This is because all instances of s as subsequence of w®
is either fully contained in w,w’ or split between w and w’. That is, C(wV,s) =
C(w,s) + Clw,s") + ST Cw, s: d]) - C(w',sli + 1 |s]]). Since |s[: 4]|,|s[i + 1 :
1| < |s| = d*(w,w') this means that C(w,s[: i|) = C(w',s[: i]) and C(w, s[i +1:
) = Cw',sfi + 1 :]). Therefore C(w,s) = C(w,s) + C(w,s') + Z[s‘ 'C(w, s[:
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i))-Cw',s[i+1:]s]]) = Clw,s)+ Clw,s’) +E|f__|;1 C(w',s[:1]) - Cl(w, s[i+1:|s]]) =
C(w'w, s), implying that d'(w™®, w®) > d!(w,w’) + 1.

5.2 Reconstruction of sequences

The previous discussion on the subsequences of subsequences test is closely related to
the following trace reconstruction problem:

Suppose we are given a multiset of sequences of length k. Does that multiset come
from some sequence of length n? If so, is the source sequence unique?

This problem is very much reminiscent of other reconstruction problems such as
the the problem of reconstructing graphs from vertex deleted subgraphs. [INSERT
REFERENCE]

In this section we consider the problem of reconstructing an sequence of length n
from the multiset of its subsequences of size k. As it was mentioned in the introduction

we refer to this problem as the k—trace reconstruction problem:
Problem 84. What is the minimum k such that all sequences of {0,1}" are k—reconstructible.

In other words, we are interested in understanding the asymptotics for the follow-

ing quantity.

k= max mins.t.C(w, spr) # C(w', sgr)

w#w’ |w,w €{0,1}* k'

The best bounds known to date for the value of & are:

For some universal constants ¢,¢/ € RT. The upper bound is proven in [8], the
best constant ¢ known is |32y/n] + 4. The proof for the lower bound clog(n) is

constructive and can be found in [7]. In this section we show a simplified version of
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the proof for the lower bound, and an alternative version which relies on the methods

introduced in the previous chapter.

Loose bounds

For the lower bound it is easy to show & = O(log(n)). The proof follows by construc-
tion see [7]:

Let wg = 0, w) = 1. And define w,, and w], recursively by:

’
W41 = WrW,

’ o
Wy = Wy Wy

The validity of the construction follows from the lemma 83.

A.D. Scott in his paper 'Reconstructing sequences’ proves a lower bound of the

order (1 + o(1))y/nlog(n) [11]

Subsequence count polynomials

Recall that if w € {0,1}" and 21,--- ,z,, are the positions of the ones of w. For a
fixed m,n, C(w, s) = f.(x1, - ,T,). Let F,im) = {folx1, - Zm) Hsi<k-

A consequence of the result by Shulman see [7] it follows immediately that the sys-
tem of polynomials made up of all subsequence count polynomials for subsequences of
length up to clog(n) for any ¢ € Rt cannot be a basis for the space of all polynomials.

More formally:

Lemma 85. For every n, there is an m such that the span of F®,. for r = O(log(n))

15 never the whole space of multivariate polynomials of m variables.

Moreover, there exists a fundamental connection between finding the asymptotic

behavior of k£ and problem 13:

Open Problem 86. What is the span of F™ over the space of multivariate m

variate polynomials?
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The span of Fim equals the space of multivariate polynomials of m variables if

T > k.

The upper bound

First we show a simple proof of the upper bound for kg(n). We show that the following
bound holds:

Fo(n) < [5v) +5

The proof we present here is a simplified section of the one presented by Krasikov,
Roditty in [8] and referenced by Schulman in [7].

Identify a sequence w € {0,1}" with a vector in R” whose entries are only 0 or 1.

For a sequence w € {0,1}" and any given k and for all values of 7 € {1, -k},
let fz-(k)(w) be the number of times the i—th entry of a subsequence of size k of w

equals 1.

Remark 87.

1 w) = z": (z: ’ 1) (23)“’1

=1

In particular f,gk)(w) =D i (,7,)w; Consider the array of values {f,gk) (w)}r_y
associated with w and { f,gk)(w’ )} with w’. It follows that if w and v’ have the same
k—deck for a given £’ then f,gk)(w) = f,gk)(w’) for all k € {1,---,k'}. This follows
from the definition of f,ik) and from ?7.

Let ko = miny for which f,gk)(w) # f,gk) (w'), then

(kil>wj = (kil>w}Vk <hg—1

3=1 7=1
The following theorem from [9] will be auxiliary to our results.
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Theorem 88. Fvery polynomial p of the form
n
p(l’) = Zaj‘rja ‘a()l =1, Iajl < laaj eC
§=0

has at most |22/n| + 4 zerces at 1.

Let py(z)D = 37 wi~tuy; and pl)(z) = 0, 27wy
Following similar ideas to the ones exhibited by P. Borwein and C. Ingalls in their
survey paper "The Prouhet-Tarry-Escott problem revisited", [10], we can establish

the following lemma:

Lemma 89. The following conditions are equivalent:
() Tior (P )ws = Ty () wivk < ko — 1 and 35 j5~twy # 357 ot
(ii) (z — D*|pP(z) — pfvl,) (z) and (z — 1Y% does not divide pl’ (z) — ps,)(a:)

Proof. The proof is the same process by which the Corollary 54 is produced. 0

Let fM(z) = pg,})(a:) - p(l)(as). Let z be the first power of z appearing with

w’

a nonzero coefficient in f(V)(z). Define fl(l)(x) = {;(Til Notice that all the nonzero
coefficients of fl(l) have modulus 1, and that the degree of fl(l) is at most n — 1.
Applying the result of Theorem 88 to bound the multiplicity of z — 1 as a root of fl(l),

we obtain the following corollary:

Corollary 90.
16
k0—1§ '_7\/77,—1J+4
or more succinctly:
16
ko S L7\/77/— 1J +5

Since this bound is independent of the underlying pair of strings w, w’ and only

depends on their length, it must be the case that:
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The condition Y7, (.7 )w; = 37—, (,2,)wjVk < ko — 1 implies, by taking linear

combinations of the coeflicients, that:

n n

> iy =Y vk < ko — 1

=1 j=1

The later condition is closely related with the number theoretic problem known

as the Prouhet-Tarry-Escott problem.

The Prouhet-Tarry-Escott problem asks for finding tuples of integers u,, - -- ,usg
and vy, --- , v, such that:
w4+t =l b =1 k=1

1<y <y - <, €N, 1 Sy < < - < Ul

It is known that &y < L%@ v/n]+4. A simple application of this fact to the problem
at hand yields the desired bound for kg(n).

An alternative proof for the upper bound

In what follows we derive an alternative proof for the upper bound for ky(n) that
hinges upon the O0—vector representation that lead to the proof of distinguishability
of random sequences in Chapter 4.

Let w € {0,1}™ a sequence with m ones. Let w be represented, as in Chapter 4,
by the vector (by, - - - , by, ). Where b; indicates the number of zeroes before the ¢+ 1-th
and after the ith one. As before, by is the number of zeroes before the first one, b,

is the number of zeroes after the last one. Let s = 10 be the sequence that starts
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with k£ zeroes and finishes with a 1. Recall that:

Recall that if w can be represented as (b, --- ,by,) and w' can be represented as

(s 1 By,), then

C(w7 Sk) # C(w,a Sk) iff

()2 ()

i=0

Let ky = mingefo,..,m} such that C(w, sp) # C(w’, sp). The following condition
holds:

Lemma 91. Let ky defined as above, then:

m m
Sirn =Y iy
i=0 =0

for allr e {0,--- ko —1}.

This condition follows immediately from noticing that the equations > " " -b; =
S, i - b can be obtained as a linear combination of the conditions: 3.7 (¢) - b; #
S () b forall i < kg — 1.

Following the same notation as in Chapter 4, let w,w’ € {0,1}", define p,(x) =
ST biat and pus(x) = ST bat and £(#) = pu() - pur().

We cam cstablishe the following corollary, a rewriting of the conditions in Corollary
o4:

Corollary 92. (i) C(w,sy) = C(w',sp) for k' € {0, ko — 1} but C(w, s,) #
C(W, sk,y)

(ii) Z:io (kl/) by = ZZO (ZI) b for all k' < ko —1 and Zzlo (klo) b = Zz‘nio (k:zo) b
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(iii) (1 — z)k|py,(z) — pur(x) but (1 — )1 doesn’t divide p,,(x) — pu (z).

The three conditions are equivalent.

The following theorem from [9] will be auxiliary to our results.

Theorem 93. There is an absolute constant ¢ > O such that every polynomual p of

the form:
p(z) = Zaj:vj, la;l < 1,a4; €C
=0

has at most c(n(1 — log(|ay|)))2 zeroes at 1.

Let z* be the first power of x in f(z) with a nonzero coeflicient, and define
fi(z) = L= f(z). All the coefficients of fi(z) have modulus less than 1, hence we can
apply to fi(z) the Theorem 93. Let ag be the first nonzero coefficient of fi(z). Since
lap| > £ this implies that — log(|ao|) < log(n). Thercfore,

ko < ¢(n(1 +log(n)))? = O(V/n)

We cannot use the same Theorem 88 in this case because |ao| need not cqual 1.
Because by considering either the 0—vector or the 1—vector representation of w, w’

we can assume the degree of fi(z) be at most |5 |. This gives us an improved bound

of
ko < c(n/2(1 + log(n/2)))* = O(v/n)
Which implies:
ko(n) < e(n/2(1 +log(n/2)))? = O(v/n)

This bound is better than the previous one, provided ¢ < 1—75. It might be possible to

obtain a better bound for ko(n) than the existing value, [32\/n| + 5 via sharpening
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the constant ¢. We leave that as an open problem for the reader.

Number theoretic connections

The results of the previous section imply that given two sequences w,w’ € {0,1}",
the multiplicity of (x — 1) as a root of f(z) = py,(z) — pu () is less than or equal to
|V + 4.

This prompts the following result:

Theorem 94. Let f(x) € Zlx], an n degree polynomial with integer coefficients. If
Ay =30 paldeso and Ay = 37 —ails<0. Then the multiplicity of (x — 1) as a
root of f(x), ko — 1 follows:

16
ko < [7\/n + max Ay, A2 + 5

Proof. Let f(z) = > jaix’. Let b= (b, -+ ,bn),b = (b, -+, b)) be two vectors
defined as:

b, = 1a120ai

/
bi = —lalﬁoa’i

As above, let A; = 37 (aily s and Ay = >0 —a;lg<o- Let w € {0, 1} and
w' € {0,1}"*42 be the sequences defined by the O—vectors b and ¥ respectively. Notice
that f(x) = py(x) — pw (x) which, together with the previous remarks, completes the

proof. O

Notice that the coefficients of f(x) are integers and follow it is realizable by two

sequences w, w’ of size n such as

Reconstruction algorithm

Consider the array of subsequences of subsequences tests which uses the model se-

quences {s; }1,.



The Trace Reconstruction Problem asks to devise an algorithm whereby after re-
ceiving a series of subsequences ty,- - 1, from a hidden random sequence w € {0,1}.
The sequence w is assumed to be drawn from the uniform distribution. The sam-
pling distribution over subsequences equals P, (-) for some probability parameter
e € (0,1).

Current developments towards the solution of the Trace Reconstruction Problem
include a reconstruction algorithm developed by Thomas Holenstein, Michael Mitzen-
macher, Rina Panigrahy, Udi Wieder, in their paper Trace reconstruction with con-
stant deletion probability and related results [2] which proposcs an cfficient algorithm
that, whenever p, is a constant smaller than %, only fails to uniquely reconstruct an

exponentially small fraction of the sequences of {0,1}".

In this thesis we have focused on the case where the deletion probability is a con-
stant p. We proposed an efficient algorithm that, whenever p = %, fails to distinguish
between w,w’ drawn uniformly at random from {0,1}" with only an cxponentially
small probability.

The subsequences of subsequences test described in the previous chapter provides
a natural way to approach the reconstruction problem. Let {si}?:_ol be the family of
sequences s; = 190

The proposed algorithm takes the following form:

Algorithm 95.

Draw polynomially many sample traces. In order to obtain a estimate of the expected
number of appearances that s; for all i has as a subsequence of a sequence of the

hidden string. Let the estimates be {F;}"=)

Loop through all sequences w € {0,1}", compute the real expected values {E;(w)}i o

for each s; and output the sequence w € {0,1} such that maxe(o.... n—1} |Ei — Ei(w)]

s manimal.

Unfortunately this algorithm although utilizes polynomially many samples, takes

an exponential amount of time.
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Conjecture 96. The algorithm predicts the structure of the hidden sequence with

high probability.
An alternative version of the algorithm 97 is the following:

Algorithm 97.

Draw polynomially many sample traces. In order to obiuin a estimate of the expected
number of appearances that s; for all i has as a subsequence of a sequence of the
hidden string. Let the estimates be {F;}"-t. Let e = [Eq,- -, E,_1] be a vector in
R™.

Notice that if w € {0,1}" and its O—vector is of the form b = (by,--- ,b,,) then there
exists an invertible operator A such that Ab = e. Try A™'e and recover the closest

possible values of b in the resulting vector.

This algorithm requires only a polynomial number of samples and it runs in poly-
nomial time. Nevertheless, it requires that the array of subsequences of subsequences

test {s;}7, be always able to distinguish a pair of sequences w,w’ € {0,1}".

5.3 Searching for the minimising pair

In this section we explore a lower bound for the pair of strings w,w’ € {0,1}™ min-

imising the variation distance between P, , and P, , where p = % We conjecture
the asymptotics of the minimal distance and the structure of the pairs of strings that
achieve it. The content of this section is speculative. The results and conjectures
here exhibited have been produced by a series of computer simulations, the code for

which is available through the author’s github account, Pacchiano.

Cyclic shift
As a result from the simulations we have the following conjecture.

Conjecture 98. For a given string w, the string w' that minimizes the variation

distance d,(w,w') is such that w' is a cyclic shift of w.
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The minimizing pair

As a result from the simulations we also have the following conjecture. Consider the

following binary strings:
1. w= 0107t
2. w = 0nlign

Lemma 99. The distance d(w,w’) = (')

n

Proof. Notice that all subsequences s of w that do not contain the middle 1 ’cancel’
with corresponding subsequences of w’ that do not contain the middle 1. Among the

remaining sequences we have the following relations:

cow=(0) ()
cwrewi= ("))

Notice that:

do(w,w') =" |C(w,0°107) — C(w',0'107)]
]

It can be shown that

cwwem-cwoon- () (5)-(7) ()

This means that :

3

, 1 "L /n\ [n\,. .
d (w, w') = —ZZ(,)(.)lz—ﬂ
n L & i/ \J
i=1 j=1
It can be shown that this sum equals (2:) O

The following is the crux conjecture of this section:
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Conjecture 100. min,, ,c(o,12» ds(w, w') is exactly (2:) Furthermore: It is achieved

only for the pairs of strings: w = 0"10"71 w' = 0" 110" and w = 101" v/ =

1n—101n

In the following we exhibit the possible structure of a proof of the result above,

with a series of steps completed and some others pending for completion.

Proof. We divide the proof into two sections.

1. First we see that for a given string w, by a result hinted above, d;(w,w’) is

minimal for v’ a cyclic shift of w.

2. Second we conjecture that among all pairs of sequences d,(w,w’) such that w'
is a cyclic shift of w, the pair that minimizes ds(w,w’) is precisely (w,w’) =

(Onlon—l’on—llOn) or QU,U/) 22(0"_110n,0n10"_1)

O

The following lemma shows that the variation distance of a pair of sequences w, w’

such that w' is a cyclic shift of w is polynomially large.

Lemma 101. The variation distance ds(w,w') between w and a cyclic shift w' is

"volynomially big”.

Proof. In Chapter 3 we provided a test that distinguishes pairs of cyclic shifted strings.

That shows the variation distance is big. O

Unfortunately, the steps towards a proof of the conjectures exhibited in this section
is far from being possible with the machinery developed in this Thesis so far. We

leave the interested reader with the task of pursuing those further directions.
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Chapter 6

Conclusion

In this thesis we explored a few different aspects of the Trace Reconstruction Prob-
lem. In particular, we focused on solving the Pair Trace Identification Problem, and
managed to obtain a partial result in the form of the distinguishability of random
strings when the deletion parameter equals p = % We showed that .

There is plenty of room for improvement and future work. In particular regarding
the extension of the existing results that led towards the distinguishability of random
traces that could lead to a full proof of the Pair Trace Identification Problem at least
for the case where p = % Additionally, proving true the conjecture for the lower
bound on the variation distance is not only an important problem towards the full
solution of the Trace Identification Problem, but also would mean the solution of a
problem with an undeniable aesthetic appeal.

In synthesis, the Trace Identification Problem is a rich source of interesting prob-
lems regarding the combinatorics of strings and its asymptotic properties, and one
which has strong connections with areas ranging from error correcting codes to Com-

putational Biology. It was a delight to have had the chance to work on it.
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Appendix A

Notation reference

Definition 102. Let C(w, s) = (number of times s is a subsequence of w).
Definition 103. Let s JQw denote s is a subsequence of w.

Definition 104. Let w = wy - - w, be a sequence in {0,1}". w: i| denotes wy - - - w;.
Definition 105. Let w = wy -+ w, be a sequence in {0,1}". w[i ;] denotes w; - - - wy.

Definition 106. Let w € {0,1}", and s € {0,1}* for some let fi(w) be the num-
ber of times s appears as a subsequence of w. Where w is represented as a vector

(1, ,Tm) (the positions of the ones in w).

Definition 107. d'(w, w') be the minimum length of a sequence s for which C(w, s) #
Cuw', s)

Definition 108. The k—deck of a sequence w € {0,1}" is the multiset of all subse-
quences of size k of w.

Definition 109. ky(n) = max, .o d' (w,w').

Definition 110. P, ,(s) = C(w, s)p" /(1 —p)l! be the distribution over subsequences
of w induced by the deletion process here studied.

Definition 111. The O—vector of a sequence w € {0, 1}™ with m ones is (bo, - -+, bn).
Where b; indicates the number of zeroes before the i + 1-th and after the ith one. By
convention, by is the number of zeroes before the first one, b, is the number of zeroes

after the last one.
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Definition 112. The 1—vector of a sequence w € {0, 1}" with m zeroes is (ag, - ,Gy,).
Where a; indicates the number of ones before the i + 1-th and after the ith zero. By

convention, ag is the number of ones before the first zero, a,, is the number of ones

after the last zero.
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