Spatially Distributed
Queues I

M/G/1

2 Servers
N servers: Hypercube Queueing Model

Approximations



Setup: Hypercube
Queueing Model

Region comprised of geographical atoms
or nodes

Each node j is an independent Poisson
generator, with rate 4,

Travel times: 7, = travel time from node /
to node

N servers
Server locations are random: lnj



Setup: Hypercube
Queueing Model - con’'t.

Server assignment:. one assigned
State dependent dispatching

Service times: mean = 1/u, . negative
exponential density

Service time dependence on travel time

We allow a queue (FCFS, infinite
capacity)



Fixed Preference Dispatch
Policies for the Model

ldea: for each atom, say Atom 12, there
exists a vector of length N that is the
preference-ordered list of servers to
assign to a customer from that atom

Example: {3,1,7,5,6,4,2}, for N=7.

Dispatcher always will assign the most
preferred available server to the customer

Usually order this list in terms of some
travel time criterion.



New York City
EMS Hypercube




New York City
EMS Hypercu bgﬁ B

unit 10: |
Type of Unit: ALS

Home Atom: 436

Workioad: 0.65
Mean Travel Time: 7.11 min.

l

Out of District :
Dispatches: 41.4%




Illustration of Desktop Hypercube with ARCVIEW

7! The Desktop Hypercube
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"2 The Desktop Hypercube
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Example Dispatch Policies

SCM: Strict Center of Mass

Place server at its center of mass
Place customer at its center of mass

Estimate travel times: center of mass to
center of mass

MCM: Modified Center of Mass

Place server at its center of mass
Keep customer at centroid of atom

Estimate travel times: center of mass to
centroid of atom



Example Dispatch Policies

EMCM: Expected Modified Center of
Mass
Do the conditional expected travel time

calculation correctly, conditioned on the
centroid of the atom containing the customer



Are fixed preference
policies optimal?

AVL: Automatic Vehicle Location:
dispatch the real time nearest server

This can be incorporated into the Hypercube
framework, but very carefully!

Consider two servers:

‘ZCustomer

X
RA?2 RAI



Customer in square

marked X. Place an

asterisk in each square

that could have the

closest server.

Assume each server 1s available
and 1s located 'somewhere' in
his/her square "police beat."



X*







What to know about the
Hypercube Queueing Model

Know the 2-server setup

Be able to work with a 3-server model
Read in the text the formulas to apply

Forget the cases for N>3 servers.

Know Hypercube Approximation
Procedure (still to come -- fasten your seat

belts!)












Hypercube Approximation
Procedure: A General Technique

Want to reduce dramatically the number
of simultaneous equations to solve

The procedure reduces the number of
equations from 2" simultaneous linear
equations to N simultaneous nonlinear
equations.

We look at only those performance
measures we need, not at micro-structure
of the binary state space



Hypercube Approximation Procedure
A General Technique

Theory: Sampling Servers Without
Replacement from M/M/N Queue

From M/ M/ N /e we know the aggregate

state probabilities:
P{S) =P, = Np*P /k! k=0,1,2,..,N—1

PiSy; =Py = NN/ONPO /(N![1-p])

PiS,) = P, =[5 Nip /i1+ NV p" (N1 p})]T”



The Hypercube Model,
when the state space is
compressed from its cube
in Nldimensions to a ‘line’
birth and death process,
always reduces to an
MIMIN queue (assuming
service times are not
server-specific)



Key expression: P{ B B }

1> =25 +1
For our applications, we do not need to ldqow the fine grained
binary state probabilities. Rather we need dispatch probabilities and

server workloads.

What about 'B-' probability reasoning?

"Flips coins" until first Heads is obtajned; .
Jpd=p) j=012,. . N-1
P{B,B,,...,B.,F, } =

J A j=N
Incompatible with known state probability P,
Doesn't include biases.

Let's "Divide and conquer":

k=N
P{BlaBza'°'9Bj9E+1} — ZP{BI?B29'”DB]’9F}+1 |Sk}Ec (*)

k=0



Working carefully and slowly to find the state-conditioned
dispatch probabilities:

P{Bsza ]9 ]+1 | S} P{ j+l | BlaBza-"aBjaSk}‘"P{Bz |B1Sk}P{B1 ‘Sk}

51 Nk =LK e

P{B,B,,..., .
N-j N-1""N

]’ ]+1

Can plug (**) back into (*) and obtain an exact expression.

Manipulate 1t to obtain a convenient form as "B-" probability
reasoning with an 'A+" correction term:

P{B,B,,...B,,F,} =0(N,p,)p' (1= p)  (***)

e

"Correction factor"




Explore properties of Correction Factor

The desired dispatch probabilities can be written as a telescoped expression:

P{B,B,,..,B,F,} = P{F,, | BB,..B}P{B, | BB,..B,_}..P{B}

Use above in Eq.(**%*) to obtain:

P{F, |B..B} P{B/|B..B, } P&

ON.r, /) = [ {’1' At SYEaLits
-p { p p
<1 > 1 =]



n, =1d # of the ;" preferred unit for atom !

p, = D AP{EN+ D APB, i+ D APB, B, Fi+..+AP/N

IOn = Zﬂ](l—pn)"l' ZZJQ(Napal)pnﬂ(l_pn)_l_
jeG} JeG,

jeGﬁ




The last equation gives N nonlinear simultaneous equations in
the unknown workloads, p,, subject to the constraint that

N
> p,=A "normalization"
n=1

Typically converges in 3 to 5 iterations, within 1 to 2% of
'exact Hypercube' results

g

A o
£, =7"Q<N,p,j—1>{Hpnk,}~<1 ~p,)
I=1 i

! :
‘ 'TI more ‘
id # of j* preferred ]PS oferred Jjth preferred

unit for atom k& unit

units



Square Root Laws (approximations)

In Chapter 3 we found _ .
T/Area of service region

E[D] = CVV

0\ Number of mobile servers

depended on distance metric
and location strategy

Assumes all N, servers are available or free (not busy)



Now consider Nifto be a R.V.

Might we expect the following to be true?

A
EID|N=K=Cy= k=12...N,

What 1f the locations of servers were determined by a homogenous
spatial Poisson process, with busy servers selected by "random erasers"?



Getting to Expected Travel Distance

N, 7
HM:QQ+Z@%;
k=1

‘ From M/M/N,
queueing model

where P, = Probability of & servers available (M/M/N )




Moving to E[D]

Since P, =0, we can write

E[D] = CN4E,,,, [1/N]

M/ M/ Ny

We now apply "B-" probability reasoning, to get

4
E[D] = C.,|——
E[N]

(Jensen's Inequality shows that this Eq. 1s a lower bound to true E[D].)



Great results 1n practice

T

Acceleration term



Jensen's Inequality

If g(X) 1s a convex function over the region of non-zero probability,

" E[g(X)]> g(E[X])

(Problem 5.5 explores this further.)



Jensen’'s Inequality

1/dN

1.2

1

0.8 T

0.6 T

0.4 1

0.2 A

0

10




0.8

0.6

0.4

0.2

0
1 2

3

4

5 6

7

8

9

10

A 4
Supposel 50% of And suppose 50%
probability "B-" mean (0.426) of probability
mass here mass here




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


