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1. MOTIVATION

In our study of economic growth we assumed that consumers saved a fixed (and
exogenous) fraction of their income. Then we were not considering the fact that
agents can probably do better than that.

Why is this restrictive? Imagine you are told you have an income of $1 today and
that this will grow each month at a 1% rate. What would you do? What if I tell you
that your income today is $1 but it will grow at a rate of 20%? Is your decision the
same?

The main idea behind consumption/savings is that the agent maximizes utility
deciding how much to consume each period. Consumption/savings theory can be
used to analyze many real world issues, including some “hot topics” such as retire-
ment /pensions.

In this handout I present the basic single agent problem. This stylized model will
help us understand what variables affect the consumption and savings of people. We
will see that this problem looks relatively similar to an standard utility maximization
problem, but we need to introduce some extra elements to incorporate the intertem-
poral dimension in the model.

In this handout we first lay down a more general model, and then we move to
analyze the different pieces of the model, using slightly simplified versions of it. There
are two elements here: (a) consumption smoothing, and (b) the role of the interest
rate. We will deal with them separately.

2. A GENERAL FRAMEWORK

If we want to understand savings, why are we studying consumption? Savings is
the part of your income left after you decide how much to consume today, thus savings
and consumption are just two sides of the same coin.

The benefit from saving is that we have more resources to consume in periods where
for some reason we do not have enough income to buy as many goods and services
as we may want to. So, as the benefit is closely related to consumption in different
periods of time, we should be able to understand savings as part of a problem where
a person decides how much to consume each period. Then, given a certain income
profile, we can compute savings on each period. Let us proceed this way and we will
see if we obtain results that actually make sense.
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2.1. A Model. Consider an agent with the following preferences:

(1) U=

T
t=
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where ¢; is consumption in period ¢ and ¢ is the subjective discount rate.'?

But we still miss the other “half” of the problem. In the simple consumer opti-
mization problem we use a budget constraint to describe the possible consumption
bundles. Here we need the same, we need a budget constraint to describe the feasible
combinations of consumption in each period; given the “intertemporal” nature of the
problem, we call it the “intertemporal budget constraint.”

2.1.1. Deriwving the Intertemporal Budget Constraint. Imagine that there are only two
periods: today (1) and tomorrow (2), and you have no assets (wealth) to begin with.
Then, we can write savings in period 1 (S;) as

(2) S =Y, —Cy.

Now, focus on “tomorrow”. At the beginning of the period the agent’s total re-
sources available for consumption are income (Y3) plus savings from the previous
period including the interest earned (S1(1 4+ r)). As this is the final period, it is not
optimal for the agent to leave any resources’, thus consumption in period 2 is given
by

02 = Yé‘i‘(l""r)sl

(3) = Yo+ (1+r)(1 =)

rearranging terms in (3) and using equation (2) we obtain
C Y:

(4) C,+ 2 2

=Y+ —
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Equation (4) is the intertemporal budget constraint in this two period case, it says
that the present value of consumption has to be equal to the present value of income
over the agent’s lifetime, which equals 2 periods in this case.” This last interpretation
actually allows us to generalize the formula to the case with T periods and initial
wealth different from 0. Then, the agent’s intertemporal budget constraint is

T

1 SN
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This is just a generalization of equation (4). It is worth mentioning two assumptions
made when deriving equation(5). First, if you look at equation (2), we did not impose
any condition on Sy, this means that the agent can take as much debt as he wants
(this means no debt limits, no liquidity constraints). Second, the interest rate is the
same for positive and negative savings (“dissaving”). These are simplifications as we

IThis way to write the intertemporal utility function is said to display additive separable utility
and exponential discounting.

2Notice that the book uses p in the OLG models.

3We assume that the agent cannot take debt this period.

4Notice that we rule out the chance of taking debt in period 2 to expand the consumption
opportunities; we will maintain this assumption unless explicitly noted.
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all know, but we will see that in spite of them we are still able to do a good job
analyzing consumption and savings.

2.1.2. How does the optimum looks like? We now have all the ingredients we need for
the recipe. The agent chooses a consumption path, C,Cy, ..., Cr, to maximize (1)
subject to the intertemporal budget constraint (5). This problem can be written in
the following way using the Lagrangian

T T T
1 1 1
ma —u(Cy) + A [ Ao + — Y, - — G ] .
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The first order conditions are
"(C, A
(6) G _ VL
1+t (14r)

Notice that in this problem the agent cares only about the present value of income

and not about the exact profile. Given that, let me define

T
— 1

(7) W= A+ Z A4y Y:

t=1
as the lifetime wealth of the agent. A quick inspection of equation (5) shows that
in fact W summarizes all the information for the agent needs to solve the utility
maximization problem.’

[ claimed before that this optimization problem can be interpreted in (almost) the

same way as any standard utility maximization problem you have seen before. To see
this, let me rewrite equation (5) in the following way

T
(8) Zpt Ct = W
t=1

where I made use of equation (7), and p; = (1 + )~ is the price of consumption in
period ¢ (C}) in terms of unit of consumption in period 0. Equation (8) should look
familiar and it is basically the same type of budget constraint you have seen many
times before. It is important to understand that the price of future consumption p;
is a decreasing function of the interest rate r.

Going back to the optimum consumption decision. Take equation (6) for ¢ and
t 4+ 1, and use one to substitute for A in the other to obtain

u'(Ct)

(1+0)"
u/(Ciq1)
(T+o)t+1

This last equation, the Euler equation, tells us that in the optimum, the ratio of
marginal utilities equals the ratio of the gross interest rate (1 4 r) and one plus the
subjective discount rate. Notice that under the assumption that u(:) is the same
every period, if § = r, then consumption is the same for all ¢.

= (1+r)

®Note that W is a function of r, so the exact income profile does matter when we analyze the
effects of changes in the interest rate (see section 4).
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Remark 1. Ifr = 6, then the agents chooses a flat consumption profile, so consump-
tion is the same every period.

The Euler equation (equation 9) gives a relation between Cy and Cy, 1. With this
in hand we can find the consumption level using the budget constraint, equation (5).
In particular, if 6 = r, then the consumption level is

GRS GRS
Ao+ ==Y = ) =——C
= (L+r) = (L+r)

) c - —2
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where W is defined in equation (7).

3. CONSUMPTION SMOOTHING
Assumption 1. 6 =7 =0.°

Using assumption 1 we can write the intertemporal utility function (equation (1))
as
T

(10) U=> u(C), u'()>0 u"()<0,

t=1
where ¢; is consumption in period ¢. In this case the budget constraint of the agent
(equation (5)) can be written as

T T
(11) Y Ci=A+)y Y
t=1 t=1

The Lagrangian for this problem is

(12) £:Zu(0t)+)\<AO+ZYt—ZCt)

with FOCs
(13) u' (Cy) = A, Vt.

This is the basic idea of consumption smoothing, individuals will choose a con-
sumption path so as to keep a constant marginal utility of consumption. Under our
assumptions, the consumption level uniquely determines the marginal utility, then

Ci,=Cy=...=Cr=C. Using (11) we obtain
1 T
(14) C:?<A0+;Yt>.

Equation (14) has a very intuitive interpretation. The right hand side corresponds
to the permanent income, and this is the basic result from the permanent income

6Setting both the interest rate and the subjective discount rate equal to 0 will help us simplify
the math a bit but the main result will still hold.
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hypothesis, consumption is determined by the permanent level of income, not by the
current level; savings in this model are equal to the difference between the current
and the permanent income level. The [life-cycle hypothesis relates the basic idea of
consumption smoothing to the earnings profile, then an individual borrows when
young, pays the debt and saves when adult (working age), and undoes this savings
when old (particularly after retirement).

Equation(14) allows to compute the marginal propensity to consume out of current
income. For this, notice that an extra dollar of income today leads to a 1/T increase
in consumption today. More persistent changes lead to higher increases, in fact, if we
have a one dollar increase for K periods, then the marginal propensity to consume
out of current income is K /7. In fact, the propensity to consume out of a permanent
change is exactly 1.

The agent prefers to have a consumption profile that is as smooth as possible. This
result is the main idea behind “consumption smoothing”. Notice that even if § # r
the agent still tries to maintain a consumption profile without abrupt changes, in the
sense that even if it is not constant, there are not jumps in the consumption level.

Other important element is the fact that even with § = r = 0, there still are incen-
tives to save, thus the interest rate is not the unique reason why people save. Savings
are used to move income across periods, not necessarily to earn interest income. Of
course, with a positive interest rate the price of consumption in different periods is
different, but we still have the same logic. This is a very important implication of
“our” model.

4. THE 2-PERIOD CASE

Romer’s textbook has a section explaining the income and substitution effects of
changes in the interest rate. From your microeconomic classes you must remember
that the change in the price of one good has both a substitution and an income
effect.” We already saw in section 2.1 the interest rate determines the price of future
consumption, thus changes in the interest rate can also be interpreted as changes in
relative prices.

We do not really need our full model (section 2.1) to try to shed light on the
mechanism behind these two effects, we just need two periods to do this. When
T =2 and Ay = 0 our model simplifies to

u (Cy) Y, &
{g%}u«h)%U+5)+AOG+1+T—CH—1+T).

The first order conditions are

U,(Cl) = A
UI(CQ) . A
1+6  1+7
and the Euler equation is
UI(CQ) 1+ 0
15 = .
(15) w(Cy) 147

If you do not remember this, make sure you read Romer’s section on this, that is all you need
to know about this.
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4.1. The Income Effect. Let us look first at the mechanism behind the income
effect. For this, consider again equation (3):

Cy=Yo+ (1 +7)(Y1—Ch).

Take () as given, and notice that total resources available for consumption in
period 2 will increase with r if and only if (Y} — Cy) > 0, the agent had positive
savings from period 1 (equal to assets given that we assumed Ay = 0); of course, the
effect is a reduction in total resources if (Y; — C}) < 0. Notice that this is true for a
given (1, and reflects that there is an effect on total resources.

4.2. The Substitution Effect. The substitution effect should be clear if we look
at equation (15). For simplicity assume that initially R = §, and thus C; = Cs, and
think of the case of an increase in the interest rate r. If the agent doesn’t change the
consumption levels the right hand side of the Euler equation will be smaller, and thus
the agent would now choose consumption levels such that C'; < Cs, because the rise
in the interest rate makes consumption in the second period less expensive in terms
of consumption in period 1.® However, we just have a condition on the relative levels
of both consumptions, but we have not determined the absolute levels of both. For
that we need the budget constraint.

DEPARTMENT OF Econowmics, MIT

8This is true because we assumed that u(+) is the same in every period and is strictly concave.



