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Abstract

The superelastic effect in shape memory alloys (SMAs) is attributed to the stress-
induced reversible austenitic-martensitic phase transformations. It is characterized by
the development of significant strains which are fully recoverable upon unloading, and
also characterized by the stress-hysteresis in the loading and unloading cycle which
corresponds to the energy dissipated during phase transformations. Recently, exper-
iments have revealed size-dependent effects in the superelastic responses of SMAs
at micro- and nanoscales. For instance, the CuAlINi microwires and submicron pil-
lars show a substantially higher capacity for the energy dissipation than that of bulk
samples, which offers a significant promise for the applications in protective materials.

In this thesis, a continuum model is developed in order to improve our under-
standing of size effects in SMAs at small scales. The modeling approach combines
classic superelastic models, which use the volume fraction as an internal variable to
represent the martensitic phase transformation, with strain gradient plasticity the-
ories. Size effects are incorporated through two internal length scales, an energetic
length scale and a dissipative length scale, which correspond to the martensitic vol-
ume fraction gradient and its time rate of change, respectively. Introducing the
gradient of the martensitic volume fraction leads to coupled macro- and microforce
balance equations, where the displacements and the martensitic volume fraction are
both independent fields. A variational formulation for the temporally-discretized
coupled macro- and microforce balance equations is proposed, as well as a computa-
tional framework based on this formulation. A robust and scalable parallel algorithm
is implemented within this computational framework, which enables the large-scale
three-dimensional study of size effects in SMAs with unprecedented resolution. This
modeling and computational framework furnishes, in effect, a versatile tool to analyze
a broad range of problems involving size effects in superelasticity with the potential
to guide microstructure design and optimization. In particular, the model captures
the increase of the stress hysteresis and strain hardening in bulk polycrystalline SMAs
for decreasing grain size, as well as the increase of the residual strain for decreasing
pillar size in NiTi pillars. The model confirms that constraints like grain boundaries
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and the surface Ti oxide layer are responsible for the size-dependent superelasticity
in SMAs.
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Chapter 1

Introduction

The shape memory effect is a phenomenon wherein special materials recover their
6riginal shape upon heating to some critical temperature. Alloys with the shape
memory effect are called shape memory alloys (SMAs). According to Otsuka and
Waymaﬁ [80], the shape memory effect was first discovered in Au-Cd alloy by Chang
and Read in 1951. Another important milestone is the discovery of the shape memory
effect in Ni-Ti alloy by Buehler et al in 1963 [16], which eventually led to successful
commercialization. The shape memory effect has also been observed in In-T1, Cu-Zn,
Cu-Al-Ni, and others. Besides the shape memory effect, shape memory alloys often
exhibit another interesting feature, superelasticity, which refers to the complete re-
covery of deformation during a mechanical loading and unloading cycle that is far
beyond the elastic limit of common metals. Superelasticity is unusual in that despite
the complete recovery a certain amount of energy is dissipated through deformation.
The unique features of shape memory effect and superelasticity make the applica-
tions of SMAs very broad. Examples of applications include antennae and actuators
in aerospace engineering, cardiovascular stents and dental braces in biomedical en-
gineering, as well as eyeglass frames, fishing rods, and headbands of headphones in
consumer products. A review of SMAs applications can be found in [127].

The mechanism underlying the shape memory and superelastic effects is the so-
called martensitic phase transformation, a diffusionless solid to solid transformation

[80, 89]. Induced by the stress, temperature or magnetic field, the martensitic phase
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transformation occurs as a sudden change in the lattice structure where each atom
moves for less than one interatomic spacing. The phase with high order of symme-
try in lattice structure (e.g. cubic for Ni-Ti) is called austenite, the stable phase
at high temperatures. The phase with relatively low order of symmetry in the lat-
tice structure (e.g. monoclinic for Ni-Ti) is called martensite, the stable phase at
low temperatures. In Fig. 1-1, a schematic stress-temperature phase diagram and a
stress-loading cycle have been shown in order to demonstrate the superelastic effect.
The loading cycle is indicated by the vertical blue line in the phase diagram, which
can be described as follows. At temperature T > Ay, the austenitic phase is stable
whereas the martensitic phase is only metastable. When loaded from the stress-free
state, the alloy first deforms elastically until the stress reaches a critical value oM,
at which the martensitic phase transformation initiates. Further loading leads to
the development of the phase transformation strain until the austenite to martensite
transformation (forward) is complete at a stress value o*f. The following deforma-
tion is the elastic deformation of the pure martensitic phase. Upon unloading, the
alloy initially deforms elastically until the stress reaches another critical value ofs,
at which the austenitic phase becomes thermodynamically favorable and the marten-
site starts to transform back to the austenitic phase. The reverse transformation is
complete at a critical stress value o/, and then the alloy deforms elastically in the
austenite until the deformation is fully recovered. As shown in Fig. 1-1, the differ-
ence between the stress levels during forward and reverse transformations indicates
a certain amount of energy dissipation, i.e. the area encompassed by the stress-
strain curve. This energy dissipation is attributed to the creation and motion of the
internal austenite-martensite interfaces, as well as martensite-martensite interfaces
during phase transformations. It is worth emphasizing that this energy dissipation of
SMAs comes with the complete deformation recovery, which makes SMAs promising

as protective materials.
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Figure 1-1: Schematic stress-temperature phase diagram and superelastic loading
cycle of SMAs.

1.1 Experimentally observed size-dependent me-

chanical responses in SMAs

In response to the rising implementations of micro-devices, researchers have shown
increasing interests in the behaviors of SMAs at micro- and nanoscales. The following
two questions are the main concerns. First, does the martensitic phase transformation
occur at such small scale? Second, if the martensitic phase transformation occurs,
is there any size-dependent effect? Experiments have definitely answered the first
question. San Juan et al. showed that both thermally and stress induced martensitic
phase transformations occur in single-crystal Cu-Al-Ni micro- and nanopillars [95].
Ye et al. observed the stress induced martensitic phase transformation in single-
crystal Ni-Ti nanopillars with diameter less than 200 nm [129]. Recently, Phillips et
al. observed the thermally induced martensitic phase transformation in free-standing
In-T1 nanowires with diameter down to 10 nm [88].

At the same time, some experimental results showed the evidence of the size de-
pendencies of martensitic phase transformations in SMAs. Waitz et al. observed the
suppression of thermally induced martensitic phase transformation with decreasing
grain size in bulk nanocrystalline Ni-Ti SMAs [122]. Frick et al. showed that the
strain recovered during the loading and unloading cycle diminishes with pillar diame-
ter in the compression tests of single-crystal Ni-Ti pillars [32]. Further study revealed

that this trend of losing superelasticity in Ni-Ti nanopillars does not depend on crys-
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tal orientation [31]. Ishida and Sato showed that the transformation strain during
thermally induced martensitic phase transformation first increases and then decreases
for decreasing film thickness in polycrystalline Ni-Ti thin films with average grain size
of about 5 um [48] . Soul et al. studied both strain-rate and size effects in the ten-
sion tests of Ni-Ti wires, and they observed that the stress hysteresis is maximized
at a specific strain-rate for each wire diameter and is larger in smaller wires at the
same strain-rate [103]. For Cu-Al-Ni micro- and nanopillars subject to compressive
loading, San Juan et al. observed a significant increase in the stress hysteresis be-
tween forward and reverse phase transformations for decreasing pillar diameter [96].
Similar effects were observed in oligocrystalline Cu-Al-Ni microwire tension tests by
Chen and Schuh [18], as well as in oligocrystalline Cu-Zn-Al microwire tension tests
by Ueland et al. [117, 116]. It was reported that the strain-hardening rate during
phase transformations (or transformation modulus) increases with decreasing grain
size in the tension tests of polycrystalline Cu-Zn-Al bars [102]. It was also reported
that both the stress hysteresis and the strain-hardening rate increase with decreasing
grain size in the tension tests of polycrystalline Cu-Al-Be bars [71], as well as Cu-
Al-Mn wires and sheets [109, 108]. Recent reviews of the experimentally observed

size-dependent responses of SMAs can be found in [123, 18, 38|.

In [18], Chen and Schuh analyzed the experimental evidence of size-dependent
martensitic phase transformations in SMAs, and they classified the apparent size-
dependent effects into two groups. The first group of size effects results from the
thermomechanical coupling. The austenitic and martensitic phase transformations
are accompanied by the latent heat release and absorption, as well as the heat release
due to the internal friction. If there is not enough time for heat transfer, the accumu-
lated heat will increase the temperature of the material and stabilize the austenitic
phase, giving rise to an increase of the critical stress for the successive forward phase
transformation, i.e. a hardening effect. This situation is likely to occur in speci-
mens with a small surface to volume ratio, and also in experiments performed with
a relatively high strain rate. As a result, size effects in this group are inherently

dependent on the ambient temperature, surrounding materials, and the strain rate.
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The other group of size effects results from intrinsic properties of the materials. Since
the martensitic phase transformation is associated with a change in lattice structure,
the grain boundaries are obstacles to the growth of the martensitic phase within each
grain. Decreasing the ratio of grain size to specimen size leads to a stricter compat-
ibility requirement and thus inhibits the martensitic phase transformation. In fact,
the increase in the critical martensitic transformation stress o™ and the decrease in
the martensite start temperature M, for decreasing grain size-to-specimen size ratio
were reported in [109, 122, 71, 120]. In addition, Chen and Schuh proposed another
intrinsic size-dependent effect. They argued that the size-dependent stress-hysteresis
observed in single-crystal Cu-Al-Ni compression tests [96] and oligocrystalline mi-
crowire tension tests of copper-based SMAs [18, 117, 116] can be attributed to the

enhanced rate-independent internal friction during phase transformations.

1.2 Previous work on SMA modeling

Two types of continuum models have been proposed: those aiming to describe the mi-
crostructures during phase transformations, e.g. the spatial distribution of austenite
and martensitic variants in the material; and those focused on simulating macroscopic
responses, e.g. the stress-strain relation.

For the work aiming at microstructures, important tools include the Bain matrix or
the transformation matrix, which is defined by the deformation mapping from the lat-
tice in austenite to the martensitic variant, and the kinematic compatibility condition,
i.e. the requirement for piecewise homogeneous def_ormation. With these tools and
the crystallographic information, researchers successfully predicted various patterns
of the austenite-martensite and martensite-martensite interfaces, and also calculated
the maximum transformation strain during uniaxial loading [8, 44, 49, 131, 62, 63, 11].
Bhattacharya summarized the efforts along this line in his book [10]. However, there
are some difficulties that limit the applications of this microstructural approach.
The multi-well potential energy resulting from the crystallographic symmetry is non-

convex [10, 119], which causes numerical issues like mesh dependence when solving

19



the corresponding boundary value problems. Although some efforts have been at-
tempted through relaxing the multi-well energy [6, 70], it is still difficult to simulate
the evolution of microstructures and obtain macroscopic stress hysteresis that is com-
parable with experimental results. It is worth noting that the phase field method is
employed to study the microstructure evolution in SMAs, and in particular a gradient
term of the phase field is added to the multiwell potential energy for the purpose of
regularization [25, 26, 27, 125, 60, 58, 59].

For the work aiming at macroscopic responses, the kinetics of phase transforma-
tions is the most important concept. Tanaka et al. developed a thermomechanical
framework for martensitic phase transformations where the martensite is described
by a scalar, the martensitic volume fraction, as a function of stress and tempera-
ture. They also applied the framework to study superelastic and shape memory ef-
fects in uniaxial loading tests, where exponential hardening is assumed during phase
transformations [110]. Brinson improved Tanaka’s model by allowing variable elastic
stiffness, as well as by introducing two internal variables that enable the separate de-
scription of thermally-induced and stress-induced martensitic volume fractions [14].
Abeyaratne and Knowles constructed an explicit tri-linear stress-strain relation, and
studied hysteretic responses by describing the phase transformation as a propagat-
ing discontinuity in strains [2, 3]. Abeyaratne et al. developed a kinetic law for the
transition between two martensitic variants under biaxial loading tests of Cu-Al-Ni
SMA [1]. In the three-dimensional thermomechanical modeling of SMAs, martensitic
phase transformations are usually described by a generalized Jp-type plasticity the-
ory, where an extra yield surface is introduced for the reverse phase transformation
[64, 13, 7]. Considering numerical simulations, Brinson and Lammering implemented
the finite element calculations for Brinson’s one-dimensional model and simulated
uniaxial loading tests [15]. Auricchio et al. implemented the three-dimensional finite
element calculations for the generalized plasticity theory of SMAs, and simulated
superelastic behaviors in four-point and three-point bending tests [7]. Qidwai and
Lagoudas evaluated the numerical implementations of thermomechanical SMA con-

stitutive models using return mapping algorithms [91]. Reese and Christ developed
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a three-dimensional finite deformation SMA constitutive model and implemented the
finite element calculations [94, 19]. For a thorough review of the macroscopic thermo-
mechanical modeling of SMAs, the reader is referred to the recent book of Lagoudas
[54]. In order to account for the orientation-dependent responses of single-crystal
and polycrystalline SMAs, researchers proposed crystal plasticity-like models where
slip systems are replaced by the prescribed martensitic phase transformation systems.
Thamburaja and Anand developed a polycrystalline SMA model to study the texture
effect where 24 transformation systems of Ni-Ti SMA are considered [113]. Later,
this model was extended by Anand and Gurtin to include 192 transformation sys-
tems as well as thermal effects [4]. Some other examples of crystalline SMA models
can be found in {101, 30, 37, 51, 85, 100]. It is important to note that introducing
multiple transformation systems requires nontrivial constitutive updates to determine
the active systems and their volume fraction changes. The computationally intensive
constitutive updates limit either the number of transformation systems that can be
considered or the simulation scale like the number of elements in a finite element
mesh. Patoor et al. reviewed the modeling work of single-crystal SMAs in [85], and

Lagoudas et al. reviewed the corresponding work of polycrystalline SMAs in [53].

Atomistic approaches have also been employed to study martensitic phase trans-
formations in binary SMAs like Fe-Ni [23, 73], Ni-Al [61, 82, 84, 115], Ni-Mn [45], and
Ni-Ti [72, 133, 134, 39]. With tools of molecular dynamics (MD) and density function
theory (DFT), researchers were able to investigate lattice structural changes as well
as the effect of free surface and various defects (dislocations, grain boundaries) during
martensitic phase transformations of SMAs. Through MD simulations of thermally
and stress induced martensitic phase transformations in Ni-Al SMA| Li et al. showed
that grain boundaries are not favorable for the martensite nucleation and they even
hinder the martensite growth [61]. Hildebrand and Abeyaratne investigated the ki-
netics of detwinning in Ni-Mn SMA using MD simulations, from which they obtained
an explicit formula for the continuum kinetic relation of detwinning [45]. Mutter and
Nielaba studied thermally-induced austenitic phase transformation in Ni-Ti nano-

particles, where they observed through MD simulations that the austenitic phase
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transformation initiates at the surface and then propagate into the interior of parti-
cles, and they also showed that the austenitic transformation temperature decreases
with decreasing particle size [72]. Ni et al. showed that the martensitic phase trans-
formation temperature decreases with decreasing grain size in nano-grained Fe-Ni
SMA [73]. It is important to note that although atomistic simulations can provide
insights of structural changes in SMAs, macroscopic responses like the stress-strain
relation obtained usually cannot be quantitatively compared with experimental obser-
vations due to the limited simulation timescale [134] and the accuracy of interatomic

potentials. A recent review of atomistic approaches for SMAs can be found in [52].

So far, there are few models that incorporate size-dependent effects of SMAs.
Sun and He proposed a two-dimensional strain gradient viscoelastic model to study
the grain-size dependence of the superelasticity in bulk nanocrystalline Ni-Ti SMAs
[107]. In their work, grain boundaries are assumed to be finite-thickness layers that
do not participate in martensitic phase transformations, and the strain gradient is
introduced to help regularize the multi-well strain energy and avoid numerical issues.
Their model captures the experimentally observed decrease in the stress hysteresis
with decreasing nanograin size. Petryk et al. developed a model of evolving mi-
crostructures, which considers explicitly the evolution of the austenite-martensite
interface and the twin boundaries [86, 87, 106]. In their work, a fraction (close to
one) of the interfacial energy stored during loading is assumed to be dissipated as the
interfaces diminish during unloading, and a single type of laminated microstructure
is assumed to expand within each grain. Their model is able to describe the increase
in the stress hysteresis for decreasing grain size. Waitz et al. investigated the sup-
pression of thermally-induced martensitic phase transformation in NiTi nanograins
[121]. With the nanograin modeled as an inclusion comprising twinned martensite
in austenite matrix, they calculated various energy contributions including the strain
energy and chemical energy, and obtained an energy barrier that increases for decreas-
ing grain size. Their model successfully predicts an experimentally observed critical
grain size, 50 nm, under which the thermally-induced martensitic phase transfor-

mation is completely suppressed. As mentioned in the previous paragraph, there
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are atomistic simulations that reveal size-dependent transformation temperatures in
nanoscale SMAs [72, 73]. Unfortunately, there is no experimental result that can
be compared with these simulations since the atomistic simulations were necessarily
performed with extremely small sizes, e.g. nanoparticles with diameter between 4
and 17 nm [72] and nanograins with grain size between 5 to 15 nm [73].

It is worth to note that there has been rich work on the study of size effects in
plastic deformation [104, 29, 105, 126, 38| and also the development of size-dependent
plasticity theories [28, 34, 46, 5, 41, 42, 40]. Anand et al. proposed a general frame-
work to incorporate size effects in plasticity theories by combining a virtual power
principle and restrictions of thermodynamics [5, 41, 42, 56, 57]. In their framework,
the gradient of the plastic strain and its time rate of change are introduced to ac-
count for the contribution from non-uniform plastic deformation to the free energy
and the energy dissipation, respectively. Associated with the gradients, various in-
ternal length scales are included, which enable the description of the size-dependent
yield strength and flow stress. There were a couple of attempts to combine gradient
plasticity theories with superelasticity, however the purposes are for the regularization

of numerical methods rather than size effects [114, 112, 22].

1.3 Thesis objectives and approach

As can be seen, there has been significant progress on SMA modeling. However, only
few models incorporate size effects, and there is in general a lack of three-dimensional
formulation for modeling size effects of SMAs. There has also been rick work on
the development of size-dependent plasticity theories, however there has not been
any attempt to adopt these theories in modeling size effects of SMAs. The overar-
ching goal of this thesis is to develop a computational framework for modeling size
effects of SMAs in three dimensions based on a sound formulation incorporating size
dependencies. Specific objectives are: 1) to develop a superelastic model for the size-
dependent strain hardening and stress hysteresis during phase transformations; 2) to

develop a large-scale three-dimensional computational framework for the simulations
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of size-dependent mechanical responses of SMAs; 3) to study the mechanism of size
effects due to internal and external constraints of phase transformations, and link

microscale mechanisms to macroscopic responses.

In order to achieve these objectives, I pursued a continuum approach by extending
the local thermomechanical formulation of superelasticity based on the martensitic
volume fraction and flow rules [13], and combining it with the gradient plasticity
theories of Anand et al. [5, 41, 42, 56, 57]. In this approach, both the displacements
and the martensitic volume fraction are treated as primary independent fields. To
account for the additional contribution from nonuniform phase transformations, the
gradient of martensitic volume fraction and its time rate of change are introduced in
the free energy and energy dissipation, respectively. Through the gradient terms, both
an energetic length scale and a dissipative length scale are included in the model. We
showed that this approach has the following benefits. First, the martensitic volume
fraction as an independent field facilitates the representation of constraints for phase
transformations. Secondly, a rich array of size effects can be described through the
two internal length scales. Thirdly, as a continuum approach, this model is suitable
for large-scale three-dimensional simulations, which enable the investigation of size-

dependent responses in SMAs with unprecedented resolution.

We initially developed a one-dimensional nonlocal superelastic model, and inves-
tigated the effects of the two internal length scales. The model was then applied to
simulate the size-dependent stress hysteresis in the compression tests of Cu-Al-Ni pil-
lars. The three-dimensional nonlocal superelastic model was developed in both small
strain and finite deformation. In order to solve the tightly coupled governing equa-
tions resulting from the nonlocal superelastic model, a variational formulation for the
incremental problem was proposed as well as a computational framework based on
this formulation. A robust and scalable solver, parallel dynamic relaxation method,
was adapted within the computational framework, and was shown to be more efficient
than staggered Newton methods for large scale problems. The computational model
was then applied to the study of the grain boundary constraint effect in polycrystalline

SMAs as well as the surface Ti oxide effect in single crystal NiTi pillars.
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As a separate effort, analytical solutions were investigated in order to better un-
derstand the model responses. For the model with only a dissipative length scale
(Appendix A), a minimization conjecture on the normalized plastic strain rate in [5]
was linked to the variational incremental formulation presented in this thesis, and
the existence of continuous minimizers was discussed. For the model with only an
energetic length scale (Appendix B), an analytical stress-strain relation was derived

for stress-controlled uniaxial loadings.
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Chapter 2

One dimensional nonlocal

superelastic model

Recently, San Juan et al. reported experimental observations of the superelastic
effect in Cu-13.7A1-5Ni (wt%)[93] micro- and nanopillars subjected to compressive
loading. Their observations exhibit a clear size dependence in damping capacity
upon unloading [95, 96]. More specifically, their uniaxial compression tests on [001]-
oriented Cu-Al-Ni single crystals show that the hysteresis loop in the stress-strain
curve for a nanopillar is significantly larger than that for a bulk single crystal. In
order to simulate this size-dependent effect, a one-dimensional nonlocal superelastic
model is developed in this chapter following the gradient plasticity theories [41, 5, 40].
Two internal length scales, an energetic length scale ¢, and a dissipative length scale
{4, are introduced in the free energy and the dissipation rate respectively, leading
to gradient terms on the martensitic volume fraction and its time rate of change.
The formulation leads to a coupled set of partial differential equations of macroscopic
equilibrium and micro-force balance, whose unknowns are the spatial distribution
of the displacement and the martensitic volume fraction. The model responses are
investigated with focus on the effects of the internal length scales. The model is then
applied to simulate the pillar compression tests and compared with the experimental

results.
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2.1 Formulation

Consider a pillar with height h subject to the stress-induced martensitic phase trans-
formation under isothermal condition at temperature 7. The martensitic volume

fraction is represented by £. For small strains,

e=u, ="+ £, (2.1)

where v is the displacement, ¢ is the total strain, £°® is the elastic strain, and &* is the

maximum transformation strain, which is a material constant.

The free energy per unit volume comprises an elastic, a chemical and a nonlocal

term
1 1
0 = LB 67 — Ao~ Tult + 25026 (22)
where E(¢) = —2Z2En__ is the effective Young’s modulus [66, 65], E, and E,, are

Em+&(Ea—Em)

the Young’s moduli in austenite and martensite respectively, Teq is the equilibrium
temperature between the two phases in the stress-free state, Aseq is the austenite to
martensite transformation entropy, and T is the temperature at which the experiments
are performed. The nonlocal term can be viewed as the interface energy between the
two phases. Sy is a model parameter with the dimension of stress and ¢, is an internal

(energetic) length scale.

The introduction of a gradient term on the volume fraction in the free energy
results in a separate (micro-force) equilibrium equation where the volume fraction is
the primary unknown. Consider any segment of the pillar {z € [z;,25]| 0 < z; <

zo < h}. The internal power in this segment is defined as

pint(ge §) — / 00+ ké + KME , dx | (2.3)

1

where  is the rate of variable o, o is the stress, k and k™ are the work-conjugates to

the volume fraction ¢ and its gradient £ ; respectively. The external power expended
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on this segment is defined as

P (i, €) = (Fuu + k)| (2.4)

Ty ?

where f and k are, respectively, the applied boundary traction and volume fraction

force conjugate. At any fixed time 7, the principle of virtual power requires
P (e, £) = P(4, ) (2.5)

for any generalized virtual velocity (a,é‘e,é) satisfying the kinematic requirement

ﬂw =ée 4+ éét. Integration by parts leads to the variational statement

T2 . o -
O=—/ a,xﬂd:v-i-/ (k — oe® — k%)E da

Il Z1

+ (o — D[z + (' = R)]E

1

which yields

0,=0, (2.6)
k—og' — k% =0, (2.7)

for € (x1,z,), and o(z;, 7) = iz, 7), k" (24, 7) = k(z;,7), i = 1,2. Equations (2.6,
2.7) are valid for any z,x, in the admissible range, and in particular, for the whole

pillar (z; = 0,2, = h).

Thermodynamic restrictions require that the temporal increase in the free energy

should not be greater than the external power expended on the material, i.e.
xz.— '
[ var<Prd). (2.8)
z1
From Eqn (2.5) it then follows that

Y — 06 — kE —kME, <0 (2.9)
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for z € (0, h). By applying the temporal derivative to the free energy density in Eqn

(2.2) and assuming the elastic response

o= B(&)(e - &), (2.10)
Eqn (2.9) is reduced to
10F .
0< k- S oEE T €6°)2 + Aseq(T — Teg) | €
+ (knl - 50625@)5,1 =D y (211)

where D is the rate of energy dissipated per unit volume. Inspired by the strain

gradient plasticity theories [5, 41, 40], k and k™ are defined as follows

k 18—E(s — €)% — Ase(T — Teg) + Ye : (2.12)

XS 7 + BE)

YiEs
V(€)? + G(E0)?

where Y is a model parameter with the dimension of stress, and /4 is an internal

knl — Soggé,z +

(dissipative) length scale, which defines the influence of the nonuniform distribution
of £ on the dissipation. Indeed, it has been shown in [18] that in small samples of
SMA, the surfaces are likely pinning points for the transformation, which tend to
suppress the rate of transformation near them, relative to bulk regions away from the
surfaces. This provides a possible underlying mechanism for a gradient in £, which in
turn gives rise to the dissipative length scale £4. The dissipation function (per unit

volume) then takes the form

D=Y\(*+ (), (2.14)

which is nonnegative as required by Eqn (2.11). It is clear that a nonuniform distri-

bution of € and larger #4 leads to more dissipation.
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The martensitic phase transformation occurs when the thermodynamic driving
force associated with the volume fraction reaches some critical value and stays at
that value until the transformation is complete [85, 54, 4]. Inserting Eqgs. (2.12, 2.13)
in Eqn (2.7), we obtain

10F
o8 — —?“(5 - fgt)z + Aseg(T — Teq) + Sofzf Tz
2 ¢ '

- , (2.15)

@2+, 9T \\JEr+aE.y

which governs the evolution of the volume fraction £. It should be noted that Eqn
(2.15) degenerates to 08° + Aseg(T — Toq) = sign(€)Y, for £ # 0, which are the
constraints during phase transformation in the local model [4], if £ and £ are uniform

or both internal length scales ¢, and ¢4 are zeros, and % = 0.

2.2 Effects of energetic and dissipative length scales

Replacing the stress o from Eqn (2.10) in Egs. (2.6, 2.15) leads to two coupled par-
tial differential equations governing the displacement u(x,t) and the volume fraction
distribution &(x,t) with suitable initial and boundary conditions. In our experimen-
tal tests, the pillars are assumed to be initially in a stress-free austenitic phase, i.e.
u(z,0) = 0, £(z,0) = 0 for z € [0,h]. On the boundary, u(0,t) = 0, u(h,t) = 4(t),
where (t) is the prescribed displacement, while £(0,¢) = £(h,t) = 0 which assumes
that the ends of the pillar are obstacles to the martensitic phase transformation. This
fully specifies the initial boundary value problem. The resulting equations are solved
using a finite element discretization.

The basic model response to compressive loading and unloading cycles is explored
for the following parameter values: FE, = 10 GPa, E, = 15 GPa, & = —0.04,
Aseq(T — Toq) = —4 MPa, Sy = 0.1 GPa, Y =1 MPa, h = 1 m. Figure 2-1 shows a
stress-strain cycle fixing /3 = 0 and varying % The solid line corresponds to % =0

(local model) and exhibits the typical superelastic response of bulk single crystal
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Figure 2-4: Evolution of the martensitic volume fraction for the £4/h = 0.5,£, = 0
case. Solid lines are used for loading, dashed for unloading.

SMAs. For increasing %, the phase transformation stage exhibits increased hardening,
while the critical stress for the forward transformation and the energy dissipation are
not affected. During unloading, the reverse transformation starts earlier but ends at
the same point. The evolution of the martensitic volume fraction is plotted in Fig.
2-2 for the case % = 0.03. Because of the boundary constraints, the distribution
of the martensitic volume fraction along the pillar is nonuniform during the phase
transformation. This nonuniformity is responsible for the smooth transition in the
stress-strain curve at the end of the forward transformation and at the beginning of
the reverse transformation, in contrast with the sharp changes exhibited by the case
of % = 0. Figure 2-3 compares the role of the dissipative length scale /4 fixing £, = 0.
As %i increases, the gap between the critical stresses for the forward and the reverse
transformation also increases, resulting in increased energy dissipation. Figure 2-4
demonstrates the evolution of the martensitic volume fraction for the case ﬁhi = 0.5.
It differs significantly from Figure 2-2, specifically during the unloading part, where
at first the reverse transformation occurs everywhere in the pillar, which leads to a
sharp change in slope in the stress-strain curve as in the case of % = 0. Close to
the end of the reverse transformation, a pure austenitic domain first appears in the
center of the pillar and then gradually expands toward the specimen edges, leading

to a smooth segment in the stress-strain curve.
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Figure 2-5: Simulation of single crystal Cu-Al-Ni compression tests in comparison
with experimental results [95, 96].

2.3 Simulation of CuAINi nano-pillar compression

tests

Subsequently, we explore the model’s ability to describe the experimentally observed
response of single crystals for three different specimen sizes: (i) bulk single crystal
(h = 9 mm), (ii) micropillar (h = 5.1 pm, diameter 1.7 um), and (iii) nanopillar
(h = 3.8 pm, diameter 0.9 pm) [95, 96]. The Young’s modulus of the austenitic
phase, E, = 22.1 GPa, was obtained from the measurement in [96], E, = 23.5
GPa is extracted from the slope of the initial unloading part of the stress-strain
curve in the case (ii), & = —0.05 is obtained from the calculation in [131]. Other
model parameters are calibrated to the case (ii), which furnishes the following values:
Aseq(T — Teq) = —7.6 MPa, Sy = 0.22 GPa, Y = 1 MPa, £, = 0.1 ym, and {4 =
3.5 um. Figure 2-5 shows the computed (solid) and experimental (circles) stress-
strain curves.The model captures a number of features of the response, including the
elastic loading and unloading in the two phases, the hardening during the forward and
reverse transformation, and the size of the hysteresis loop (dissipation). Considering
that temperature changes associated with the transformation were not experimentally
available, the thermal stress was held fixed at the calibrated value. This explains the

discrepancy in the stress levels predicted for the remaining cases. Regarding the
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negative slope in the experiment in the case (iii), we note that there are explanations
available in the literature for some superelastic materials [66], and in the present case
we believe this is an artifact of the mechanical test apparatus, which operates in a
condition that is neither exactly load- nor displacement-controlled.

In summary, we presented a nonlocal superelastic model for single-crystal SMAs
including both an energetic and a dissipative length scales. The agreement with
experimental observations suggests that the size-dependent effects in the hardening
and energy dissipation of single-crystal Cu-Al-Ni SMAs can be attributed to the

nonuniform evolution of the martensitic phase arising during the deformation.
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Chapter 3

Three dimensional nonlocal

superelastic model

In this chapter, a three-dimensional nonlocal superelastic model is developed in both
small strain and finite deformation formulations, following the strain-gradient plas-
ticity theories by Anand et al. [5, 56, 57]. The coupled governing equations resulting
from the nonlocal superelastic model are then discretized in time, leading to the for-
mulation of the incremental problem, which is then restated in a variational form and
fully discretized. A general algorithm is proposed to solve the fully-discretized incre-
mental problem. A specific solver, parallel dynamic relaxation method, is presented
in detail and compared with other solvers. Applications of the three-dimensional

nonlocal superelastic model will be presented in the next chapter.

3.1 Small strain formulation

Assume that the SMA solid occupies the volume B C R3. At each material point

x € B, the displacement field is denoted as u, and the strain tensor is

e = %[Vu +(Vu)], (3.1)
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where V denotes spatial derivatives and ()™ denotes the transpose. The strain tensor

can be decomposed into an elastic part €® and a phase transformation part €, i.e.
e=¢€°+¢". (3.2)

The evolution of the phase transformation strain tensor is assumed to follow the

relation

et =EA (3.3)

where A is the phase transformation flow direction. Following Boyd et al. [13], we

assume that A takes the following form:

3zt odev . :
A= \ﬂsm $=20 (3.4)
3.t et L 4 '
JEES é<o
where 09 = o — ttrace(o)I is the deviatoric part of the stress tensor, &' is the

maximum transformation strain, ' is the phase transformation strain tensor upon
unloading, and || - || denotes Frobenius norm. The flow direction above differs from
isotropic Jo plasticity theories in the reverse transformation part, and the specific
definition ensures that the phase transformation strain accumulated during the for-
ward phase transformation will diminish during the reverse phase transformation. In
[114], the flow direction contains an additional factor to account for the tension and

compression asymmetry, which we do not pursue in this work for simplicity.

Free energy

The free energy per unit volume comprises the elastic, chemical, hardening and non-

local terms, i.e.

Y€, VE) = 5(6E) s & = Asa(T = T + 3 H'E + 25EIVEP . (35)
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In this free energy expression, £ is the martensitic volume fraction. The elastic moduli
€ are defined as € = (1—&)€A+£€M with €4 and €M the elastic moduli of the pure
austenite and martensite, respectively. T, is the equilibrium temperature between
the two phases in the stress-free state, Aseq is the austenite to martensite transfor-
mation entropy, and 7 is the temperature at which experiments are performed. The
hardening coefficient H' with dimensions of stress accounts for the classic hardening
effect during phase transformations. Sy is a model parameter with dimensions of

stress, and 4, is an internal (energetic) length scale.

Governing equations

Introducing the gradient of the martensitic volume fraction in the free energy (3.5)
leads to an extra governing equation besides the classic force balance equation. Prin-
ciple of virtual power is thus invoked to derive the governing equations. We define
the following work conjugates: o with respect to €%, k with respect to f , and k"
with respect to Vé . The internal power expended in any sub-domain V' C B can be

expressed as follows

pint(éf*,g'):/a:ée+k§'+knl.v§' av . (3.6)

%4

The external power expended on this sub-domain can be expressed as
Pt d) = [ toa+kéas, (3.7)
)%

where t is the applied traction, and k is the applied work-conjugate to § .

The principle of virtual power states that the internal power equals the external

power, i.e.

P(Ee,§) = P, €) - (3.8)
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for any generalized velocity (&°, £, 1) subject to the following kinematic requirements

E=E°+(A, (3.9)

[Vii+ (V)] . (3.10)

With these kinematic requirements, the internal power in Eqn (3.8) can be reformu-

lated through integration by parts

Pi“tZ/a:ée+k£+knl-v£dv
\4
:/a:(é—fA)+k£—divknlédv+/ k" . n¢ dS
Vv 1%
=/—div(a)-ﬁ+(—a;A+k—dinn1)£dv+/ (o -n) -+ (k" n)é dS,
\%4 oV

(3.11)

where n is the unit outer normal to the surface 0V, and o is assumed to be symmetric.
Due to the arbitrariness of the generalized velocity, the principle of virtual power leads

to the classic force balance equation
div(e) =0, (3.12)
and the micro-force balance equation
o:A—k+divik") =0 (3.13)
in the body, and also two boundary conditions:

(3.14)

Q
=
fl
o>

k' . n==%. 3.15
(3.15)
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Constitutive relations

Thermodynamic restrictions require that the increment of the free energy should not

be greater than the external power expended, i.e.

/ ¥ dV < P (3.16)
|4

With the expression of the free energy rate

_ 1 . .
Y= (%e%): e+ {5(%656) 1 8% = Aseg(T — Teq) + Ht&} £+ Spl2VE-VE, (3.17)
Eqn (3.16) and the principle of virtual power (3.8) lead to the following inequality

/V (@ec) : & + B(fg,gee) € — Aseq(T = Too) + Htg] £+ Sol2VE - VE AV

g/a:ée+k§'+knl-vgdv,
1%
which then gives rise to

0< (o —Fe®) :€°
1 .
+ {k— 5(‘67566) L €% + Aseq(T — Toq) — HUE| €

+ (K" — S,£2v¢) - VE . (3.18)

Eqn (3.18) imposes thermodynamic restrictions on the constitutive relations. In
order to satisfy Eqn (3.18), constitutive relations for the work conjugates o, k and
k™ are defined as follows:

Stress o obeys Hooke’s law

o=%e°. (3.19)
k as the work conjugate to f is defined as
Y¢
V(€2 + &vé|2

b= () € = Aseg(T — Tog) + H'E + | (3.20)
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where /¢4 is an internal (dissipative) length scale, and Y with dimensions of stress is
the dissipative resistance to phase transformations.

k™ as the work conjugate to V¢ is defined as

Y3VE
V€2 + 2 VE|?

k" = Sp2VE + (3.21)

With the newly defined constitutive relations, the energy dissipation rate per unit

volume can be expressed as

D= [k - l(sgzgse) L €% 4 Aseq(T — Tog) — Htg] £+ (K™ — Spf2VE) - VE
2 (3.22)

= Y\/(€2 + 2l|VEl?,

which is always non-negative.

Microforce balance equation revisited

Using constitutive relations (3.20) and (3.21), the micro-force balance equation (3.13)

can be rewritten as

oA %(%,gse) € 4 Asoq(T — Tog) — HYE + Sol2div(VE)

Y 2VE (3.23)

)

vi
= ¢ —div

V(€2 + &[VE|2 V(2 + 8]vE|2

which is in general nonlinear due to the presence of the dissipative length scale £4. If

both internal length scales are zeros, Eqn (3.23) becomes

o:A—- %(‘K,gee) 1 €%+ Ase(T — Toq) — H'E =sign(§)Y (3.24)

which represents phase transformation conditions in classic superelastic models [54].
Therefore, the nonlocal superelastic model presented can be viewed as a nonlocal ex-
tension of classic superelastic models (local theory) in such a way that the martensitic

volume fraction &, an internal variable in the local theory, becomes an independent
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variable whose evolution is governed by the partial differential equation (3.23).

3.2 Finite deformation formulation

The finite deformation version of the nonlocal superelastic model uses the multiplica-
tive decomposition of deformation gradient and a logarithmic strain measure. The
derivation follows the same approach as the one in the small strain formulation.

Assume that the deformation gradient F = Vu+1 can be decomposed multiplica-
tively into

F = F°F" | (3.25)

where F¢ and F* are the elastic and the phase transformation deformation gradients,

respectively. The evolution of F* is assumed to follow the relation
F' = (EA)F (3.26)

where A denotes the flow direction tensor, which will be defined later. The right
Cauchy-Green deformation tensor C, the phase transformation deformation tensor

Ct, and the elastic deformation tensor C¢ are expressed as
C =FF, C'=F'F', and C® = F"F*=F" "CF'" . (3.27)
Applying polar decomposition to the deformation gradients leads to
F*=R°U°, and F'=R'U", (3.28)

where R® and R' are rotations, while U® and U" are positive-definite stretch tensors.
Assume that {\¢,r¢} and {\},ri} are the eigenvalue and right eigenvector pairs of U®

PRt (RN

and U, respectively. Then the logarithmic elastic strain tensor is defined as

3
e 1 € e (] €
E° = §logC = ;log(z\i)ri Qrf, (3.29)
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and the logarithmic phase transformation strain tensor is defined as

1 3
E'=SlogC' =) log(\))ri @1} . (3.30)

i=1

Free energy

The free energy per unit volume consists of elastic, chemical, hardening and nonlocal

terms
1 e e 1 t 2 ]' 2 2
b= 5(TE) : B~ Aseq(T — Te)é + 5 H'(E) + 550L2] VEII” (3.31)

The elastic moduli € are the arithmetic average of the two phases, i.e. € = (1 —
)EA + €M with &, the volume fraction of martensite. Ty, is the equilibrium tem-
perature between the two phases in the stress-free state, Aseq is the transformation
entropy from austenite to martensite at T, and T is the temperature at which ex-
periments are performed. The hardening parameter H® with dimensions of stress is
used to describe the classic strain-hardening during phase transformation. Sy is a
model parameter with dimensions of stress, and £, is an internal (energetic) length

scale.

Governing equations

Introducing the gradient of £ in the free energy leads to an additional governing partial
differential equation (micro-force balance) associated with the field £. Principle of
virtual power is thus invoked to determine the governing equations. Consider any

sub-domain V' of the solid. The internal power expended can be expressed as
Pint(Ee, £) = / S¢: E° + ké + k" - VEAV (3.32)
1%

where S°, k, k™ are the work-conjugates to E¢, £, and V&, respectively.
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The external power expended on this sub-domain can be expressed as

Pe(, €) = /a tea+héas (3.33)

where £ and k are the traction and micro-traction, respectively.

The principle of virtual power states that the internal power equals the external
power

P (e, ) = PO, €) (3.34)

for any generalized velocity (@, , Ee) subject to the kinematic requirements:

F = Vi =FF' +FF, F'=(EAF, (3.35)
_ OE° .. OFE°

B = om O = o5t (FUF 4+ FF°).

(3.36)
In order to simplify the derivation, we further define

L'=FF ' C=FF+FF. (3.37)

The first term in the internal power (3.34) can be rewritten as follows:

e. e _ Qe. OE*
S¢.E°=S .(aCe
—Qe. aEe. _Tt e t—TARt—1 _ et t
—S.[aCe.<LC+F CF ' - L)

_ oE® .. 1~ oE® ~
o1 e. T L Y e/Qe . LTt
=F" (28 .—aCe)F .2C Q{C (S 'BCe)}'L

E¢ ., - e .
_—_F‘3(2Se:gCe)Ft :F—[CE(QSe:aE )} t A€

: Ce)

g (3.38)

The internal power in (3.34) can be then reformulated using integration by parts
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as follows:

int /e T OE® .+ = OE° ~
int e _ e e . t—7 . . e e . .
P (E,g)_/vF@s 5GP F [C (28 '806)] L AEdV
+/k£+knl-v£dv
14
e Teersce . OB ]
= L—dlv [F (2S : @)F :l udV
OE° . N
+/ — |C°(28°: ) A+ k—div(k™) p £dV
. aCe
e e OE* t—T ~ nl c
+ Fe(2S°: —)F ‘np-u+k"-nédS, (3.39)
av oCe

where n is the unit outer normal to the surface oV.

Two stress tensors can be defined to simplify the notation in Eqn (3.39): first the

work conjugate to F,

OE® .-
P =F¢(2S°: — )F'"" 3.40
( S 809) ? ( )
and secondly
OE*
M° = C°(2S8°: 3.41
C(28°: o) | (341)

which provides the driving force for phase transformations.

Equation (3.39) and the principle of virtual power (3.34) result in two partial

differential equations in the body, i.e. the macroforce balance equation
div(P) =0, (3.42)
and the microforce balance equation
Me®: A -k +div(k™) =0, (3.43)
as well as two boundary conditions on the surface:

P-n=t and k" n=k. (3.44)
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Constitutive relations

Thermodynamic restrictions require that the temporal increase in the free energy

must be no greater than the external power expended, i.e.

/ YdV < Pt (3.45)
14

With the rate of free energy per unit volume

_ W g W, W G (3.46)

Y=o o~ T ove

and the principle of virtual power (3.34), Eqn (3.45) then leads to

) ES 4 (k- g—?)@r(k"l— ;—é)-vg. (3.47)

oy
< (S° -
0<(8 OEe®

In order to satisfy the restriction of Eqn (3.47), constitutive relations for the
work-conjugates are defined as follows:

S¢ as the work conjugate to Ee obeys Hooke’s law

_9¥
~ OFEr

s — GE°. (3.48)

k as the work conjugate to £ is defined as

_% Y¢

% o+ e

1
= 5(‘55Ee) P E® — Aseo(T — Tog) + HYE +

k

Y¢
V(€2 + (€22 V2

, (3.49)

where /4 is an internal (dissipative) length scale, and Y with dimensions of stress is

the dissipative resistance to phase transformations.
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k" as the work conjugate to V¢ is defined as

OVE S + (a2 Vé)?
= Spl2VE + Y5V (3.50)

@2+ ayIve

Using Eqn (3.48), (3.49), and (3.50), the energy dissipation rate per unit volume

can be expressed as

5 . o o .
D= (8°— o) s B+ (k= SE)é + (= )
=Y\ (€ + &|VEIP (3.51)

which is always non-negative.

The expressions of stresses P and M® Eqn (3.40) and (3.41), involve derivatives

of the logarithmic elastic strain E€, i.e.

OE® lalogCe
ace 2 9Ce

(3.52)

which can be computed straightforwardly using the explicit formula in [77].

When elastic responses are isotropic, P and M°® can be obtained without the
calculation of derivatives of the logarithmic elastic strain. In this case, it can be seen
from Hooke’s law (3.48) that S° is symmetric and it has the same right eigenvectors

{r¢} as E° and C¢, i.e. S° can be written as
3
S* =) s (3.53)
i=1

with eigenvalues s§, for ¢ = 1,2,3. Applying the formula for derivatives of the loga-
rithmic mapping in [77] to the symmetric tensor C® (3.27) results in

0log C° 3 . e ..
9Ce D gurter) e (rer), (3.54)

,j=1
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where coefficients g;; are defined as
(3.55)

log(c¢)—log(cS) .
€ €
__L;g—ce. , if ¢ # s,
gij = ’ '
otherwise ;

S

with ¢¢ = (\¢)?, for i = 1,2,3, the eigenvalues of C®. Therefore, it can be deduced

that
Olog C° >
Se - o Z (spry ®13) : [95;(xf ®15) ® (rf ® 1)
ij,k=1
3
= D kg [ ®10)  (rf @) rf @15
i,j,k=1 ~ 6:,:6jk
(3.56)

(5

3 S
_E : k..e e
- Cerk®rk.
k=1 "k

It follows immediately that M¢ (3.41) can be simplified as

3 e

Me = Y (s @) (rf @)
k

ik=1
3
=) srier =8 (3.57)
k=1
As a result, the expression for P can be rewritten as
P=FT"SF' ", (3.58)

which does not contain the derivatives of E€ either.
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Parameters Variables

elastic moduli (A, M) €A, €M
maximum transformation strain &
transformation resistance Y
temperature T
equilibrium temperature Teq
transformation entropy (A— M) Aseq
hardening coefficient H*
interfacial energy coefficient So
energetic length scale le
dissipative length scale 4y

Table 3.1: Parameters of the nonlocal superelastic model.

Microforce balance equation revisited

With the newly derived constitutive equations, the micro-force balance equation

(3.43) can be rewritten as

1
Me: A = Z(GeE) : B 4 Aseg(T = Toq) = H'E + Sol2(V - V)

. .
_ Y¢E i Y2 VE

. . , - (3.59)
V(€2 + &V VIER + BIVE?

Similarly to Eqn (3.4), the flow direction tensor A is assumed to take the following
expression:
§—t Medev .
AL Vit foré >0,

3=t E&F :
\/;s TEe] for £ <0,

(3.60)

where M®%" is the deviatoric part of M¢, &' is the maximum transformation strain
) )

and E®* is the logarithmic phase transformation strain tensor upon unloading.

Model parameters

The finite deformation formulation shares the same set of model parameters with the
small strain formulation. In Table 3.1, the parameters of the nonlocal superelastic

model are summarized. It is also interesting to note the strains and stresses corre-
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Finite deformation Small strain

total strain E €
elastic strain E° e®
phase transformation strain E' et
work conjugate to elastic strain Se o
stress in macroforce balance equation P o
stress in microforce balance equation M?® o

Table 3.2: Strains and stresses correspondences between finite deformation and small
strain formulations.

spondences between the small strain and finite deformation formulations, which are

listed in Table 3.2.

3.3 Numerical discretization

In this section, the coupled governing equations from the nonlocal model are first
discretized in time. Based on the temporal discretization, a variational incremental
problem is formulated in order to guide numerical applications. The macro- and
micro-force balance equations are characterized as the Euler-Lagrange equations of
an incremental functional, and the solution fields are characterized as the minimizer
subject to kinematic constraints. Later, spatial discretization is presented, followed
by the discussion of the fully discretized formulation. For simplicity, small strain
formulation is adopted in the derivations, nonetheless it is straightforward to extend
the derivations to finite deformation formulation with the correspondences presented

in Table (3.2).

3.3.1 Time discretization and variational incremental prob-

lem

The superelastic response considered in this thesis is quasistatic, and therefore time
t is not a variable. However, the martensitic phase transformation depends on the

loading history, and it is necessary to break the loading history into sequential load
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increments, and solve the discretized macro- and micro-force balance equations for the
increment of the displacement and martensitic volume fraction at each load increment.
It is also worth noting that the micro-force balance equation (3.23) is rate-independent
in the sense that multiplying the rate of martensitic volume fraction £ by a positive
scalar does not change the equation. Nonetheless, the increment of martensitic volume
fraction for each load increment will be determined by solving the corresponding
boundary value problem. In the following derivation, load increments are described
by pseudo time intervals [t "] forn = 0,1,2,... . And t(© denotes the initial
state. For a general load increment [t t*+1)] variables evaluated at the beginning

and the end of this load increment are denoted as +™ and (™1 respectively.

Time discretization of variables

(n+1) (n)

1. Increment of displacement is Au; := u; —u; ~ , and consequently Au,; =
(n+1) ()
Ui Uiy -

2. Increment of martensitic volume fraction is A¢ := £m+D) — ¢ and conse-

quently AE; = £ — ¢l

3. Increment of total strain is Ag;; := 5("+1) g’) $(Auij + Auyy).

4. Increment of inelastic strain is Ae}; := 6t§?+1) - etgl) , and according to Eqn

(3.3), it is also linked to the flow direction tensor through

5. Increment of elastic strain is Aef; := eegﬂ) e(") = Aey; — Aej;

6. The energy dissipation per unit volume during this increment is

DA = Y\ (A6)? + B(AELAER) (3.62)
which approximates ft(:? 'Ddr = i( )H) Y\/éz(xh T) + €3||V€(xi, )2 dr .
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7. Increment of the free energy per unit volume is

wAt — ¢(n+l) . w(n)
1
§%(fn+l e(n+1)€e(n+1) Aseq(T T )§(n+1)

ijkl i

1
4 SHAEP 4 S VETE - gt (3.63)

with €+D = (1 — ¢ntD)gA 4 (DM,

8. Flow direction tensor A;; according to Eqn (3.4) is expressed as

\/_ —j—“ for AE >0

Ay = e (3.64)
\@em, for AE <0
where o is defined as
Gij = Cor (el — e . (3.65)

For isotropic elastic responses, the deviatoric part of & and that of o™+l are

collinear.

In the constitutive updates of conventional macroscopic superelastic models
[13, 54], the increment of martensitic volume fraction and the flow direction ten-
sor are determined locally at integration points using yield conditions, provided
a strain input. In the gradient superelastic model presented, the martensitic
volume fraction is a primary unknown variable, so the flow direction tensor,
Eqn (3.64), depends on both strain (therefore displacement) and martensitic
volume fraction fields, which causes some implementation difficulties. First, the
dependency on the martensitic volume fraction can be problematic in the com-
putation since the flow direction changes abruptly as A{ changes sign. Second,
there is no yield condition in the presence of the dissipative length scale, because
the flow resistance depends on A€ and its gradient, which are unknown at ),

It is possible to enforce Eqn (3.64) weakly as a variational result. Details of this
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discussion are provided in Appendix C.4. Nonetheless, in order to avoid the
computational burden, we solve the macro-force balance equation completely
at the beginning of this increment, use the stress obtained to determine the
flow direction tensor at each integration point, and fix the flow direction tensor
in the rest of the solving process. The flow direction tensor in computation is

determined as follows: given the elastic trial stress &,

_y ofev . ~ dev n)dev n
\/getu&azevu LA 8% 2 o™ for et ™ =0,
o (3.66)

Aij = 3 €
3zt _— 43 1
\/;e ] otherwise .

It is worth noting that the determination of the flow direction tensor doesn’t
necessarily lead to phase transformation along that direction, because the in-
crement of martensitic volume fraction can be zero, which yields an elastic

response.

€™ and o™ are assumed

In summary, for a general load increment, u®, £ g
known. The flow direction tensor A is obtained by solving the macro-force balance
equation with ¢ = ¢™ and applying Eqn (3.66). The increments of the primary
fields, Au and A¢ are the unknowns that will be resolved by solving the incremental
boundary value problem. After the solution is obtained, u+?, ¢n+D gn+1) gtn+h)
and o™V will be determined, and the simulation can be advanced to the next load

increment.

Temporally discretized governing equations

The governing equations can be written in temporally discretized form using the

identities above. The macroforce balance equation (3.12) evaluated at t(™+1) reads

n 0 n n
0=0{7" = %(C@gkfl)ee;(dﬂ)) : (3.67)
J

5,7

94



while the microforce balance equation (3.23) evaluated at t("*1) reads

(n+1) 13‘51-571171) o(nt1) _e(n+1) te(ntl) _ g g2(ntD)
0=—0;;" Ay + 3 og Cu CH = Aseq(T' = Teq) + HE SolZ€

. YAE 9 ( YAE, (3.68)
VAE? + B(AERAE,) 0z \ /(DE)? + (AN k) .

It is interesting to see that those temporally discretized equations can be rewritten
compactly using the definitions of the energy dissipation (3.62) and the free energy

increment (3.63):

B o awAt
-5 (aAagj) , (3.60)
et 9 (ayd\ | aDA 9 (DM

T (aAé,,«) *B5E o, (ms,j) ' (3.70)

Using the symmetry of the Cauchy stress tensor, it can be seen that

O0x; 8Aum- 3:1;j klpgpa BAum
_ 9 (n+1>1
= o [ (6zk6gl+5zl6ﬂc)
_ J(n—i—l)

15,J
0 (o
o 31‘] aAefj '

Therefore Eqn (3.69) can be rewritten as

B o ad}At
= o (BA%) : (3.71)

The structure of Eqn (3.71) and Eqn (3.70) suggests that they could be Euler-

Lagrange equations of a certain functional with the following integrand

t._ ,(,[}At + DAt . (372)
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Incremental Functional

) and micro-traction £("*1) are prescribed on 0By,

Assume that macro-traction £"
and 0By, of the surface, respectively. Inspired by the structure of the temporally

discretized governing equations, we define the following incremental functional

T2 (Aug, AE) = / FA Y — / ) Ay, dS — / EmOALdS,  (3.73)

B 8Bn,, 9B,

where the integrand F2! (3.72) is defined as the summation of the free energy in-
crement and the energy dissipation during the time increment, which is quadratic in

Auw; ;, and nonlinear in A¢ and A& ; due to the formulation of the energy dissipation.

Statement of the incremental problem

Assume 4, and é are the prescribed displacement and martensitic volume fraction on
0Bp, and dBp, of the surface, respectively. The incremental problem can be stated
as: to find the increment of the displacement Awu; and the increment of martensitic
volume fraction A¢ that minimize the incremental functional defined in Eqn (3.73),

and satisfy the Dirichlet boundary conditions:

Au; =" — ™ onoBp, (3.74)

1

AE=EmD ¢ ondBp, (3.75)
as well as the constraints for martensitic volume fraction:

—A¢ - <o, (3.76)
AE+€6M_1<0. (3.77)

Considering the constraints in Eqn (3.76) and Eqn (3.77), we introduce two mul-

tipliers A! and A" and construct the following Lagrange functional

L(Au;, A& ALY = T2 (A, AE)+ / N(=AE—M) X (AL+E™ —1)dV . (3.78)
B
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At a local minimum, multipliers satisfy the following complementary conditions:

N>o0,  MNE-ag-¢)=o, (3.79)
AU>0,  AYAE+EM™ —1)=0. (3.80)

The variation of £ with respect to the field Aw; leads to

o ([ OFAt 8 [ oAt ‘
2z (8Aui,j> ~ Oz (5‘Aum-> =0, inB, (3.81)

which is no other than the temporally discretized macro-force balance equation (3.71),

and also

OFA! YAt . .
a——Au .TL]‘ = —85,“ .nj = U’i(j +1)nj — tAg +1) , on aBNu , (382)
1,7 1,7

i.e. the macro-force balance on 0By,,.

The variation of £ with respect to the field A¢ leads to

OFAt 1 u 0 OFAt .
8A§_)\+)\_8_x]~(8A§j>_0’ in B, (3.83)
and also
8FAt awAt 3DAt

IAF Y = 2 n,; = kD
IAE; (8A§,j+aAgJ)”] ko, ondBy, (3.84)

i.e. the micro-force balance on dBy,. Eqn (3.83) can be rewritten as

At At bl At DAt
% 0 ((w )+ D 0 (8 )=>\‘—)\“. (3.85)

OAE  Bz; \DAE,;) ' OAE  dz; \ DAL,
Using the complementary equations, Eqn (3.79) and (3.80), it can be seen that
0, if —£&M<AL<1-¢M,

N=Xt=0 N>0, if Af=—£M (3.86)
A1 <0, if Af=1-—¢0,

It follows immediately that the temporally discretized micro-force balance equation,

Eqn (3.68), is a special case where both the lower and upper constraints on the
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martensitic volume fraction are inactive, and when one of the constraints is active,

an inequality instead of the equality is obtained.

In [92, 78], Radovitzky and Ortiz derived a local variational formulation of con-
stitutive updates for a wide class of materials. The variational formulation gives rise
to a symmetric tangent and is also taken as a basis for the error estimation and
mesh adaptivity. In the multi-variant superelastic model of [51, 100], the constitutive
updates were performed through minimizing the local sum of the free energy incre-
ment and the energy dissipation. In [68, 69], Miehe et al. developed a multi-field
incremental variational framework for gradient extended models starting from gen-
eral expressions of the free energy density and the dissipation potential, which are
assumed to depend on the first order derivatives of the internal variables from local
theories. The incremental problem presented here falls into the two-field formulation
in their framework. A special benefit of the variational incremental formulation is
that it helps define the convergence criteria at the points where bound constraints
are active. In the strain gradient plasticity theory [5], Anand et al. proposed a mini-
mum principle for the normalized plastic strain rate, which we find can be linked to

our two-field incremental variational formulation (Appendix A).

3.3.2 Full discretization: time and spatial
Spatial discretization

Assume that domain B is triangulated as By, by a set of elements V¢, e = 1,..., N¢|

where N is the number of elements, ie. B~ B, = |J V. Denote g,(x) as
e=1,...,N¢l
the nodal shape function at node a, for a = 1, ..., N*°% where N9 is the number

of nodes. For simplicity, same discretization is chosen for the displacement and the
martensitic volume fraction fields. Denote u;, and &, as the nodal values of the

displacement field and the martensitic volume fraction field, respectively. Then these
Nnode

fields can be represented as w;(x) = uni(x) = Y uipa(x), and &{(z) =~ & (x) =

a=1
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Jynode

3 €naa(), and consequently the increment of these fields can be expressed as !
a=1

Auhi(x) = Auia@a(m)’ (387)

Agh(m) = Aﬁa(pa(l’) . (388)

Statement of fully discretized incremental problem

Assume that 0Byp,, 0Brp,, OBny,, and 0By, are the correspondences to 0Bp,,
0Bp,, 0By,, and 0By, respectively. The fully discretized incremental problem can
be stated as: to find the increment of the displacement field Auy; and the increment

of the martensitic volume fraction field A&, that minimize the following function

TP (A, AL,) = / FA(Aup, A dV — / £ Ay, dS — / KmUAE, dS

B, 9Bh N, 9B,
(3.89)
and satisfy the boundary conditions:

Angy = o™ — M ondByp, , (3.90)
Aga — éz(zn+1) _ g(gn) on thD5 , (391)

as well as the constraints of the martensitic volume fraction:
—AL - £ <0, (3.92)
A&+ €M —1<0. (3.93)

The incremental functional in Eqn (3.73) now becomes a function of two real vec-
tors. The dependence on Au, alone is quadratic, whereas the dependence on A¢, is

nonlinear due to the formulation of the elastic moduli and the energy dissipation.

Considering the bound constraints of the martensitic volume fraction, we intro-

In order to simplify the notation, summation convention will be used when it does not cause
confusion.
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duce two multiplier vectors, AL and !, and construct the following Lagrange function
a a g Lagrang

»Ch(Auiay Aga: AL: /\2) - (Auzaa A&a)
+y (/\},(—Agb M) L u(Ag + €M — )) . (3.94)
b

At a local minimum, the multipliers satisfy the following complementary condi-

tions:

AL>0,  A(-Ag -¢My=0, Va, (3.95)
M>0,  AN(AL+EM -1)=0, Va, (3.96)

First order derivatives

The partial derivative of £, with respect to Au,, reads

oLy OTA
0Au,,  OAu,

) Oeelnl) .
C(":'l) e(n+1)¥< mn dV — / t§n+1)§0 ds
/B X mnpq prq a Aum thNu a

d 1 N
ctgemin_9 (Lo A dV—/ ) g
/ mned © P D Ay, ( U Atiinm) OBy, v

0 N
— C(n+1) e(n+1) Y A . o A . . dv _/ t(n+1) ds
/Bh mnpe T P4 5 Ay, ( b P+ AtPoim) OBnn, e

1 n
= / 07(7?:1) (_(5im6ab(pb,n + 6in6ab§0b,m)> av — / tE _H)(,Oa dS
B 2 0B,

1 n n PN
N / §(O-i(n+1)soa n + ngm_’_l)(pa,m) dV - / tl(n—i_l)soa dS
Br OB

= / o e dV — / i, ds | (3.97)
By, BBhN

where ¢;; takes value of one for ¢ = j, and zero for i # j; the symmetry of the Cauchy
stress tensor is also used in the derivation.

The partial derivative of £; with respect to A&, reads

oL, 0T
INE,  OAE,

by, (3.98)
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where

(n+1)
N n+l 100" o(n+1) _e(n+1) n
N /Bh oy A+ 576;5__5 Gt — Aseq(T — Tug) + H'E™Y | g,

(Agc(PC)‘Pa + fﬁ(Aﬁc%,k)%,k
V(A&ws)? + (Ao k) (Abapak)

- / ko, dS (3.99)
thNE

+ Sl g +Y

First order necessary conditions for minimizer

A local minimizer of the function (3.89) has to satisfy the following necessary condi-

tions [9]:

oL,
n — 0 (3.100)
oL,

sae =0 (3.101)

and the complementary conditions for the multiplier vectors, Eqn (3.95) and Eqn

(3.96). These necessary conditions can be rewritten as

DA

- 1
a =0 (3.102)
azae | =0 if —&” <Ag <1-6",

5 A*% >0, if AL, = —€i | (3.103)

<0, ifAL=1—¢M.

Second-order derivatives

It is straightforward to derive the second-order partial derivatives of the Lagrange
function £, based on the first-order derivatives, Eqn (3.97) and (3.98). The second-

order partial derivative with respect to the increment of the displacement field can
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be derived as follows

82£h _ 82‘7hAt
8Auia8Aukb - 8Auw8Aukb
do ("D
= ~ 0 AV
By, 8AUkb Paj
e(n+1)
_ (n+1)6€
_L Cz]mn aA Ukp SOaJdV

0
= C(n+1) —(A mc¥c,n A nc¥fe,m a AV
/Bh I DA Uk 2( e+ BtincPem) | P

= /B e basiobndV . (3.104)

The mixed partial derivative can be derived as follows

82 Lh B 82 jhAt
OAuLOAE, | 0DAuLOAG,
(n+1)
_ da;; 0a; AV
B, OA& ™

iy O 9o
- [ (e s SR ) av
h

— (n+1) 80@(:7:71 ) c® (n+1)
= & (“Cijmn Apr + Tf- )(pbgoaj av . (3.105)
h

The second-order partial derivative with respect to the increment of the martensitic

volume fraction can be derived as follows

82 »Ch _ (92 jhAt
ONE DAL, DAEDAL,

n 8Ci(‘n+l) n 1 8207,(7;;;1 n n
= /Bh (Cz(g;zrl)/\m/\kz - 2_8121 €e§j A+ 5—852 € z(j Peed™ | ovpa
Y (¢bPa + obkPark)
{(Aﬁh)2 + e?i(Afh,kAgh,k)]
Y (Abppa + AL 4 0a k) (Dénpy + AL jip1 ;)

3
[(A&n)? + (A& y An )] 2

+ H%u0p + Sol2Pa kP +

N

av, (3.106)
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where A¢, is not expanded in order to simplify the notation. The Hessian matrix

takes the following blockwise form

2Ly %Ly
OAU;g0AuL,  OAu;OAE, (3 107)
9Ly 2Ly '

OAE,0Auy,  OAEOAE,

The positive definiteness of the Hessian matrix is crucial for numerical applications.
In general, the Hessian matrix, Eqn (3.107), may not be positive definite since the
dependence of the elastic moduli on the martensitic volume fraction can introduce
the nonconvexity. In practice, we can simplify the elastic moduli as constant during
the increment, i.e.

Cijr = Cijkl(f(")) . (3.108)

Under this simplification, we can test the positive definiteness of the Hessian matrix

with any pair of testing fields vp; = via@q, and ny, = M, as follows:

82L; 2L,

[sa, 1] | P2ie0Bk  PBuindREy Ukb
[1:3) np 32 [:h 62 Ch
OAEOAuE, — OAE,OAE, Tlq

= / Cijri(Vhij — Nijnn) (Vnig — Agamn) dV
By,

+ H*(nn)* + Sol (nh KM i) AV
By,

4 / Y (nj + £30h 17 1) :
[(A&4)? + C3(AG kAER )]

B / Y (A&mn + AL khk)? _dv .
[(A‘fh)2 + Eﬁ(Agh,kAfh,k)] 2

av

(3.109)

The Hessian matrix is positive definite if the right hand side of Eqn (3.109) is greater
than zero. First, the symmetry and positive definiteness assumptions of the elastic

moduli [47] lead to

Cijki(Vnij — Nijmn) (Vg — Agamn) 2 0.
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Secondly, by applying Cauchy-Schwarz inequality, we can also obtain

(7 + Cin g 7in 1) (AER + (AL 1 AL L)) — (A& + Lann kA& )2 > 0 .

It then follows that

9Ly 2Ly

OAuia0Aug, ODuiOAE Ukb
['l)i(u np] 52£h kb 82£h a
DAE,0Auy,  OAEHOAL, Mlq
= HE(nn)? + Sol2(nn 7n i) AV . (3.110)
By,

Since the parameter group Spf? is greater than zero, it is obvious that the Hessian
matrix is positive definite for H* > 0, i.e. when the phase transformation does not
exhibit softening, and the Hessian matrix is strictly positive definite for H® > 0, i.e.
when the phase transformation exhibits hardening. While for H* < 0, the Hessian

matrix is positive definite if the inequality

Is, M g AV

H* + Spf? >
° th M dV

(3.111)
holds for any test field 7, subject to [ By, nz dz > 0 and the boundary condition 7, = 0
on 0B;, De- In the case of 0By, De = 0Bj, the infimum of the fraction in Eqn (3.111)

Js, Ml i dV

inf
J, By, m; dV

(3.112)
is the finite element approximation to the smallest eigenvalue X of the following prob-

lem:
Nkk = /\77 in Bha

n =0 on 0By.

(3.113)

In one dimension, it can be shown that the smallest eigenvalue of problem (3.113) is
(%)? with L the size of the domain. In general, the infimum depends on the domain
By, the finite element discretization, and also 9B, p, where the Dirichlet boundary

condition is applied. When this infimum is strictly greater than zero, the inequality
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(3.111) will hold for sufficiently large So¢2, and the Hessian matrix will be positive
definite.

Connection to the terminology in FEM for mechanical problems

It is straightforward to find the correspondences of the derivatives of the incremental .
function to the common terminology in finite element methods for mechanical prob-
lems, e.g. the internal force, the external force, the residual force, and the stiffness
matrix.

The internal, external, and residual forces associated with the macro-force balance

equation can be expressed as

int / o0 e dV (3.114)
B

o / g 43 | (3.115)
9Bp N,

Pug = 5 — fint (3.116)

while the internal, external, and residual forces associated with the micro-force bal-

ance equation can be expressed as

(n+1) 19CGH" cnan) otnsn)

i n-+ 1 e(n+ +

fa' = /B <_a” Aij + 2 6‘35 €4 €% = Aseq(T — Teq) + Htg(nﬂ)) Pa
h

(Achc) Yo + 8(21 (A§c¢c,k ) Pa k

+ 8020 pup + Y Cdv (3.117)
[(A&pp)? + LA(A&ws k) (Alapar)]?
o= / ke, dS (3.118)
9B,
re, = for — f (3.119)

It follows immediately that the residual forces are the negative gradients of the in-

cremental function (3.89), i.e.

oA
e, = — : 3.120
r ia aAUia ( )
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and
TPt
Te, = — .
P O0AE,

(3.121)

The stiffness matrix is defined as the partial derivative of the internal force with

respect to the unknown field. In this two-fields coupled problem, it can be expressed

as
Kia Ki
K= | o T (3.122)
kab qu
and the components are defined as
o igt 82 At
Kiakp = 7o = Ji (3.123)

- aAukb - 8Au,~a8Aukb ’

int 2 7AL
— a Uiaq a Jh

K, = = 124
4T BAE, 0Aw;,0AE,’ (3 )
8féi_nt 82jAt
Ky = P = h 12
pkb aAukb 8AukaA§p ’ (3 5)
O fint 2 TAL
Kpy = lo __&J; (3.126)

T BAg, T AEIAE,
It follows immediately that the stiffness matrix is the Hessian matrix of the incre-

mental function 3.89).

Due to the bound constraints for A&, we can not expect r¢, = 0 for the minimizer
of the incremental function. Instead, the previous discussion on the first order optimal

conditions suggests that the minimizer (Auj,, A{y) satisfies

)’

=0, if —gM <AL <1-¢&M,
_o0g
OAg,

re,(Auj,, AE) = (Au,, AL <0, ifAE =—€M (3.127)

>0, fAL=1-¢&M.
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Comments on the regularization

There are terms in the micro-force balance equation (3.23) including (£)2 + £3||V€||?
in the denominator. When |€| = £4]|V€|| = 0, the micro-force balance equation is not
well defined. Similarly, when A& = L4AE (AL, = 0, derivatives of the incremental
function, Eqn (3.99) and (3.106), are not well defined. Therefore the incremental
function (3.89) is not smooth. In order to use numerical methods that require con-
tinuous derivatives of the incremental function, we add a small positive constant

(typically 1078) in the expression of the energy dissipation rate, i.e.
DA R Y [(AE)? + BAERAE, + 8] (3.128)

so the incremental function becomes smooth. Some other schemes for regularization

can be found in a recent book by Han and Reddy [43].

3.3.3 A staggered algorithm for fully discretized incremental

problem

The fully discretized incremental problem has been formulated as a nonlinear con-
strained minimization problem of two vectors, Au;, and A¢,. In numerical simula-
tions, Au;, and A€, that satisfy the first order necessary conditions, Eqn (3.102) and
(3.103), the Dirichlet boundary conditions, Eqn (3.90) and (3.91), and the bound
constraints, Eqn (3.92) and (3.93), are accepted as the solution to the incremental

problem.

Using the simplification of elastic moduli, Eqn (3.108), and the regularization

of energy dissipation, Eqn (3.128), the fully discretized incremental function can be
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expressed as

1 n n
Tt (A, AE,) = / §(gijkl(5kl — A — ) (e — D&My — Etz(j)) av

By,

1 n
+ / —Aseq(T — Teq) A& + §Ht(£i(z '+ A&y)* dV

/ oIV + A&+ Y /(A& + BAEw £ AGs + BaV

— / £ Ay, dS — / EmDAE, dS (3.129)
8BhNu (9Bh]\]5
with Agh = A&z@aa Auhz - Auzasoa and 51.] - S(n) %(Auiasoa,j + AUja(Pa,i)-

As a result, the weak forms of the two governing equations, Eqn (3.102) and
(3.103), can be rewritten as follows: for macro-force balance, the residual force must

be zero, i.e.

Tuig = —/ Cijrr(er—A&p AR — Etl(c7))‘pa,j av +/ fgnﬂ)% dS=0; (3.130)
By,

O0Bnn,

while for micro-force balance, the residual force is expressed as

Te, = — /B [—ng‘jkl(fkl — Ayt — ) Aij — Aseq(T — Toq) + HH(EM + Aﬁh)} Pa
h

A&rpa + CAEL kPak
\/(Afh fﬁAﬁh,kAﬁh,k + 4

+ / kg, ds | (3.131)
315*’hN£

+ Sol2(E7) + A i) pag +Y

which must satisfy

=0, if —eM<ng <167,
re, 8 <0, if AL =—¢ (3.132)
>0, if AL =1—¢M.

Coupled terms in the weak forms of the macro-force and micro-force balance

68



equations are highlighted in blue. It can be seen that these two equations are loosely
coupled in the following way: the macro-force balance equation requires the inelastic
strain e* = A& A + ™ to form the stress and also the martensitic volume fraction
to form the elastic moduli € = €(¢£™), while the micro-force balance equation needs
the total strain € to form the stress o = € (e — €*), and to provide a driving force
for phase transformations. It can also be seen that the bound constraints only act on
the micro-force balance equation, and the two equations have quite different stiffness
matrices, i.e. Eqn (3.104) and Eqn (3.106). Therefore, it is natural to consider a
staggered algorithm to solve these coupled equations.

A staggered algorithm for the fully discretized incremental problem includes the

following two steps:
1. Elastic predictor:

(a) apply displacement boundary conditions, Eqn (3.90);
(b) solve the macro-force balance equation r,,, = 0 (3.130) with A&, = 0;
(c) obtain stress &, strain ¢; and determine the flow direction tensor A using

Eqn (3.66).

2. Tterative solutions of micro-force balance and macro-force balance equations

until convergence is achieved 2:

micro-force balance macro-force balance
receive € receive g*
solve Eqn (3131), (3132) for Afa solve Eqn (3130) for A'U,m

t . t(n)

send €' := A A + e cond &
The iteration above is described as block coordinate descent or monlinear Gauss-
Seidel method in nonlinear programming. Convergence is guaranteed if the objective

function is smooth and the solution to each sub-problem is uniquely obtained during

2A typical convergence criterion taken in the computation is max |AEE+T — Agk| < 1076,
a
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iteration [9]. In our case, the objective function J;*, Eqn (3.129), is smooth, and it

is also convex for H* > 0, so the convergence is guaranteed.

We have implemented a Newton-Raphson method with line search and also a
parallel dynamic relaxation method to solve the sub-problems. The latter is found
to be more efficient in both time and memory consumption, and therefore suitable
for large scale three-dimensional problems. The parallel dynamic relaxation method
is presented in detail in the following section, while a comparison of the solvers is

provided at the end of this chapter.

3.3.4 Parallel dynamic relaxation method

Dynamic relaxation method is an iterative method for solving static problems, espe-
cially those in structural mechanics [81, 83, 118]. The idea of this method is that a
static solution can be viewed as the steady state of a dynamic response. For instance,
a solid structure is in equilibrium when the residual force r is zero under a certain
displacement field u, i.e.

0=r(u), (3.133)

where u is the static solution. This solution can be viewed as the steady state of the
following dynamic response

pi + cpu =r(u), (3.134)

at which the acceleration and the velocity are both zeros. In Eqn (3.134), p is the ar-
tificial material density, and ¢ > 0 is the damping coefficient. Once the displacement
boundary conditions are applied, the residual force is out of balance, and therefore it
generates a stress wave. As a result of the viscosity, the total energy of the dynamic
system will continuously decrease during the stress wave propagation until the accel-
eration and the velocity become zeros, i.e. a static solution is achieved. In practice,
mass lumping techniques and the explicit time integration (explicit Newmark) [47]

are employed to simulate the dynamic response.
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The spatial discretization of Eqn (3.134) can be written as
Ma + cMv = r(u) (3.135)

where M is the diagonal mass matrix from mass lumping, a and v are the acceleration
and velocity nodal fields.
The time integration follows the explicit Newmark algorithm. More specifically,

assuming that the time-step is 7, a general temporal increment includes three steps
to obtain {u®+1) v+ 2+ from {u®) vk a®)} .

Predictor3:

u+D) = g ® 4 v ®) 4 %(T)Za(k) , (3.136)

v=vl® 4 %Ta(k) : (3.137)

Calculation of the residual force r(u*+1)).

Corrector?:

1
aktl) .= (M~'r — ¢¥)/(1 + 5¢7) (3.138)
v = g 4 %Ta(’c“) : (3.139)
The dynamic relaxation method for solving Eqn (3.133) can be stated as follows

1. Set the damping coefficient ¢, time-step 7 and mass matrix M. Set the tolerance

€0, €, and the maximum number of iteration £™#*. Set k := 0.
2. Apply boundary conditions and initialize u®). Set v{¥) := 0, a®) .= 0.
3. Predictor.

4. Compute the residual force, and record |[r®||. Check the convergence as follows:

31In practice, the intermediate velocity vector ¥ can be stored in v{kt1),
41t is possible to compute the acceleration on the fly without allocating memory. The acceleration
vector is remained here to fit into the general framework of simulating dynamic responses.
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If |[r@] < & or |[r®)]| < ¢[|r@)]], exit with convergence;
else if k = k™®* exit without convergence;

else continue.

5. Corrector. k:=k+ 1. Go to 3.

Adaptive dynamic relaxation method

In order to accelerate the convergence, it is desirable to choose a time-step as large as
possible while keeping the simulation stable. For linear problems, the residual force
can be formulated as r(u) = f** — Ku, where the stiffness matrix K is assumed to
be symmetric and positive definite. The stability condition for the explicit Newmark

algorithm can be written as [47]

/AP (M-1K) < 2, (3.140)

where A™*() denotes the maximum eigenvalue. Since the dynamic response is only a
solution strategy, the density (and correspondingly the mass matrix) and the damp-
ing coefficient do not need to represent the physical quantities. By estimating the
convergence rate, Underwood [118] suggested the following expression of the damping
coefficient

¢ & 24/ Amin(M-1K) , (3.141)

where A™"() denotes the minimum eigenvalue. Inequality (3.140) and Eqn (3.141)
bring up two relations between 7, ¢ and M, which leaves a freedom to specify one of
them. It is popular to define a constant time-step, e.g. 7 := 1, and then determine the
diagonal mass matrix M to fulfill the stability requirement by invoking Gerschgorin

circle theorem [36]:

Theorem 3.3.1. Assume matrix A = [4;;] € C™", and A(A) is the set of eigenvalues
of A. Then
AA) clJaGiA) (3.142)
i=1
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with Gz(A) = zeC: |Z — Aml < Z |A1]|
J?é@

, fori=1,2,..,n

A straightforward implementation of this theorem leads to

ndof
A (M-1K) < max MK, (3.143)

1<i<ndof
i=1
where ndof is the size of the mass matrix. As a result, a diagonal mass matrix M
with the diagonal entry defined by

2 ndof

My(K, 7) Z| (3.144)

for i=1, 2, ..., ndof, satisfies the stability condition (3.140), and in this case A™#* < ;47.

The minimum eigenvalue in Eqn (3.141) can be estimated using Rayleigh quotient

with the current state of u [118], i.e.

)\min<M—1K) ~

(3.145)

assuming u"Mu > 0. Consequently, the damping coefficient can be defined as

24/ 588 if u"Mu > 0 and w"Ku >0,
6M,K) := (3.146)

0, otherwise .

The mass matrix (3.144) and the damping coefficient (3.146) both require the
knowledge of the stiffness matrix, however assembling the stiffness is computationally
intensive and the storage of the stiffness matrix is memory consuming. In order to
avoid this burden, only the diagonal entries of the stiffness are considered, and they
can be obtained through the finite difference method, i.e.

i, = [fit (u®D) = frt ()] /(@) i =17, (3.147)
0, 7
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where v is the intermediate velocity vector in the Predictor step. In the absence of
external force, i.e. no body force or surface traction, r = —f™ and it is equivalent

to write Eqn (3.147) as

fp e 4 E) En®)] f@r), i= (3.148)

0, 1# 7,

which can save the storage for the internal force.

The discussion above leads to an adaptive dynamic relaxation method:

1. Set the tolerance ¢, €, and the maximum number of iteration k™2*, Set k := 0,

T:=1
2. Apply boundary conditions and initialize u®). Set v(*) := 0, a%) := 0.
3. Predictor.
4. Compute the residual force, and record ||r®||. Check the convergence as follows:

If [r©] < € or [r®) || < ¢|r@|, exit with convergence;
else if k = k™**, exit without convergence;
else continue.
5. Calculate the mass matrix, M(K, 1.17), using Eqn (3.144), and the damping

coefficient &(M, K) (3.146) using u*+? and stiffness (3.147). If & > 4/7, set
¢:=38/r.°

6. Corrector. k:=k+ 1. Go to 3.

The algorithm above has an issue that the mass matrix for the first step can be
undetermined because in the computation of the stiffness (3.147) the velocity as

a denominator is initially zero. In practice, if the stable time-step can be easily

SFollowing the numerical treatments by Underwood [118], the mass matrix is evaluated at 1.17

instead of 7 to secure the stability, and ¢ is truncated since the sequence ¢ & 2v/ Amin < 24/ max < 4/r
may be violated by the finite difference approximation of the stiffness matrix.
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estimated from the material model and the finite element mesh size, this stable time-
step and the lumped mass matrix based on the physical density can be used instead.
If it is not the case, the assembled stiffness can be used to ensure the stability under
constant time-step.

There are quite a few benefits to use dynamic relaxation method. First, the ex-
plicit formulation makes it easy to program. Secondly, the vectorized formulation
makes the parallelization straightforward [74, 75, 76|, reduces the memory consump-
tion, and increases the efficiency of computation as vectorized operations can be
optimized by contemporary compilers and CPUs. Thirdly, it is convenient to treat
the local kinematic constraints like contacts or bound constraints, which can be di-
rectly applied in the Predictor step. There is no need for specific treatments like the

penalty or the line search to keep the current state of u admissible.

Parallelization of the dynamic relaxation method

It is convenient to parallelize the adaptive dynamic relaxation method and speed
up the computation. Based on the formulation of the adaptive dynamic relaxation
method, we have tried two ways to implement the parallelization. One way is to
use open multiprocessing (OpenMP), which requires small effort from programmers
while leaves most of work to compilers. In this way, the data structure does not need
to change, and the sequential code can be kept. Instructions (macros) are inserted
whenever there are intensive vectorized operations like looping nodal fields in the
Predictor and Corrector steps, so the compiler knows the work can be distributed over
multiple processors of the computer. The sequential code may need to be adjusted
slightly to take full advantage of this technique, e.g. changing the sequence of multi-
loops. The major limitation of this OpenMP approach is that the code only runs on
a shared memory machine, and the number of CPUs and the memory size impose the
threshold on the benefit from parallelization. A piece of code using OpenMP for the

Predictor step is posted below:

#ifdef WITH_OPENMP
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#include <omp.h>
#endif

#ifdef WITH_OPENMP
#pragma omp parallel for
#endif
for (int i = 0; i < nodes; ++i) {
for (int j = 0; j < dim; ++j) {
if (_bc(i,j) == BC_NEUMANN) {
u(i,j) += dt*xv(i,j)+0.5*dt*dt*a(i,j);
v(i,j) += 0.5xdt*a(i,j);

}

else if (_bc(i,j) == BC_DIRICHLET) {
u(i,j) = _forces(i,j);
v(i,j) = 0.0;

}

Another way is to use Message Passing Interface (MPI), which requires more ef-
fort from programmers than that in the previous approach. In this approach, the
data storage and the computation load can be distributed over a large number of
computers, which could significantly increase the size of the problems that can be
solved. In the finite element code (SUMMIT) developed by our group, the original
finite element mesh for the undeformed solid is partitioned into sub-domains, i.e.
partitions. Examples of partitions are shown in Fig (3-1). Each processor takes one
partition and constructs locally the necessary computational data, e.g. u,v,a, M.
The dynamic relaxation algorithm is executed locally unless it requires information
from other partitions. More specifically, in the adaptive dynamic relaxation algo-
rithm, the initialization (Step 1, 2), predictor (Step 3), and corrector (Step 6) can be
completed in each partition without the information from other partitions, whereas
Step 4 and 5 require the communication with neighboring partitions or even all other
partitions. For nodal data like the diagonal mass matrix and the residual force, the
contribution of each partition is subject to summation. The communication for the
summation of nodal data is as follows: each partition sends out the locally assembled

value at its boundary nodes to adjacent partitions (neighbors), receive the values from
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Figure 3-1: Partitioned meshes: cylinder with 4500 elements is partitioned for 4
processes, while cube with 196608 elements is partitioned for 16 processes. Different
colors indicate different processes in the parallel finite element computation.

its neighbors, and add them to its local value. For the calculation of the damping
coefficient and the norm of the residual force, quantities like u”Ku, u"Mu and r’r
from each partition must be summarized and broadcast with special care to remove

duplicated counts of the nodes at the interfaces between partitions.®

Dynamic relaxation method for the coupled problem

The coupled macro-force balance equation (mech) and micro-force balance equation
(mpt) are solved using the staggered algorithm described in Section 3.3.3. Parameters
for the two sub-problems are specified as follows:

(mech): The physical density of the material p is used in calculating the lumped
mass matrix, and the stable time-step is estimated using the finite element mesh
size and the critical wave speed of the material, e.g. 7= h/ \/@ for linear elastic
responses, where A and p are the Lamé constants, and h is the minimum inner
radius of the elements in the mesh. The damping coefficient is estimated using the
approximated stiffness from finite difference.

(mpt): The stable time-step is fixed as 7 = 1, and the mass matrix is calculated

using the assembled stiffness, which could be updated after a period of iterations in

SIf the physical stable time-step is in use, it has to be synchronized using the minimum value
of the stable time-steps from all partitions. If the mass matrix is based on the locally assembled
stiffness, it can be shown through the triangle inequality that the stability condition (3.140) is valid
after the communication.
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order to reduce the computational expense. The damping coefficient is estimated
using the approximated stiffness from finite difference.

The (mech) sub-problem is solved as follows:

1. Set the tolerance €g, €, and the maximum number of iteration £™2*. Set k := 0.

Calculate 7, and the lumped mass matrix.
2. Compute residuals:

Access the inelastic strain that is produced by (mpt). Compute the residual

force, and record |[rme°h(k)||.

3. Check the convergence as follows:
If ||rme°h(k)|| < e||rmech @[ or [[rmech(O)]| < ¢, holds, exit with convergence;
else if k = k™2 exit without convergence;
else continue.

4. Corrector.

5. Predictor.

6. k:=k+1. Goto 2.
The (mpt) sub-problem is solved as follows:

1. Set the tolerance €y, €, and the maximum number of iteration k™#*. Set k := 0.
AE® = 0. Denote the current nodal field of the martensitic volume fraction I3
as €Y. Set 7 := 1. Calculate the mass matrix with assembled stiffness, and

set a period T for updating the mass matrix.
2. Compute residuals:

Access the total strain that is produced by (mech). Recalculate the mass

matrix if n = round(n/T) x T. Compute the residual force and record

1
3
m mj k
It pt(k)”* — I;Z(Tj pt ))2] , (3.149)
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where & is a set of nodal indices such that for any j € &7, Agj(.’”(: u?lpt(k))
satisfies one of the following conditions: a) —&"" < Aﬁgk) <1-&""b)

A{;k) < =&, and r}“pt(k) > 0; ¢) Aﬁgk) >1-&", and r;’lpt(k) < 0.

3. Check the convergence as follows:

If ||rmPt@)]], < € or ||rmpt(k)||* < ¢|r™Pt©)]|, holds, exit with convergence;
else if k = k™2 exit without convergence;

else continue.
4. Corrector.

5. Predictor; and apply the constraints as follows:

Agyc) — _é»;?rev’ v;npt(k) .— 0 and a;npt(k) — 0, if Agyc) < _§?rev :

AE® =1 — g ot g and @™V .= 0, if AP > 1 g,

6. k:=k+1. Goto?2.

In the computation, parameters take the following typical values: €y = ¢ = 1078,

T = 100, and k™2* equals the degrees of freedom.

Convergence study of dynamic relaxation method

We first investigate the convergence of the dynamic relaxation method for different
sizes of the load increment. Consider the uniaxial compression of a pillar with height
h = 1 m, and radius r = 0.1 m. The martensitic volume fraction at both ends is
confined as £ = 0. The displacement at the bottom of the pillar is fixed, while at
the top, us is prescribed such that uz/h decreases to —0.05 and then increases to 0
with load increments: Auz/h = —0.002, —0.001, —0.0005 in three tests, respectively.
Due to the symmetry, only quarter of the pillar is considered, and 3360 quadratic
tetrahedron element is used for discretization. In Fig (3-2), the nominal stress strain
responses from the three tests are shown. It can be seen that the three tests have

almost identical stress strain responses until the nominal strain reaches about 0.038.
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Figure 3-2: Stress-strain relations from simulations with different sizes of load incre-
ment.

Results with larger increment size then exhibit larger stiffness for the rest of loading
and the elastic unloading steps. Nonetheless, the reverse transformation occurs at
the same stress value, and the results converge for the rest of the unloading steps.

We then investigate the convergence of the dynamic relaxation method for spatial
refinement. Consider the uniaxial compression of a bar” with height » = 1 m. The
cross-section is a square with side length 0.2 m. The martensitic volume fraction at
both ends is confined as & = 0. The displacement at the bottom of the bar is fixed,
while at the top, us is prescribed such that us/h decreases to —0.05 and then increases
to 0 with load increment Auz/h = —0.001. Due to the symmetry, only quarter of
the bar is considered. In Fig (3-3), the nominal stress strain responses from the tests
with 188, 600, and 3536 quadratic tetrahedron elements are shown. These responses
are almost identical, which confirms the convergence of the method with respect to
the spatial refinement.

Material parameters for these convergence tests are E4 = 10 GPa, EM = 15 GPa,

vA=1vM =03,Y =1MPa, Aseq(T — Toq) = —4 MPa, H! = 0 MPa, S; = 0.1 GPa,

7A bar instead of a pillar is used in this test to avoid the difference caused by the resolution of
the cross-section.
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Figure 3-3: Stress-strain relations from simulations with different number of elements.

le=0.01l m, {3 =0.2m.

3.3.5 Comparison of solvers

Since the superelastic loading procedure is considered quasi-static, the static solution
to the coupled macro- and micro-force balance equations has to be obtained for each
load increment.

The code in our group originally contained only a serial Gaussian elimination
(serial GE) solver for mechanical problems (macro-force balance equation) using
Cholesky decomposition and skyline storage. In order to take the full advantage
of the multi-core processors in the current computers, we have tried to use a third-
party solver, the Parallel Direct Sparse Solver (PARDISO) from Intel Math Kernel
Library [98], and we have also implemented a parallel dynamic relaxation (DR) solver
based on OpenMP. Details of the dynamic relaxation solver can be found in Section
3.3.4. These three solvers have been tested on the following mechanical problem.

Test 1. Assume that a cube with side length 1 m is confined at the bottom
and stretched at the top: u;|g,—0 = 0 for ¢ = 1,2,3; w;|z=1 = 0 for i = 1,2, and

u3|zs=1 = 0.1 m. The material model is Neohookean extended to the compressible
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range. The strain energy function is w = (%j\logj — f)log J + (I, — 3), where
J = MXoAs and I; = A2 + A + A2 with \; the eigenvalues of the right stretch
tensor. Model parameters take the following values: \ = 122 GPa, and i = 81 GPa
in the tests. The cube is discretized with second order tetrahedron elements. The
convergence criterion is that the norm of the residual force is 1078 of the original
value. Platform of the test is: (CPU) 2 Intel Xeon X5550Q 2.67 GHz (8 cores in
total); (memory) 24 GB; (operation system) Ubuntu 10.04, Linux 2.6.32; (compiler)
gee 4.4.3.
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Figure 3-4: Time usage versus the number of elements for serial GE, PARDISO,
dynamic relaxation solvers in Test 1.

The time usage and memory consumption as a function of the number of elements
have been plotted in Fig (3-4) and (3-5), respectively. It is clear that the serial GE
solver is not efficient in either the time or the memory. PARDISO is fastest up to the
mesh size about 200K elements where it is surpassed by the DR solver. Both the serial
GE and PARDISO solvers consume significantly more memory than the DR solver.
For the largest mesh sizes, only DR solver works as its memory request does not
exceed the limit of the computer. From this simple test, it has been shown that the
DR method is promising for large-scale simulations. Nonetheless, the performance of

the DR method using OpenMP is still limited by the number of cores and the memory
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Figure 3-5: Memory usage versus the number of elements for serial GE, PARDISO,
dynamic relaxation solvers in Test 1.

size in a shared-memory machine. Therefore, we have eventually implemented the
distributed-memory version of the DR method using MPI (Section 3.3.4) so that the
program can run on multiple computers.

We have also tested the scalability of the dynamic relaxation method using MPI
for the two-field coupled problems that contain Dirichlet boundary conditions for the
micro-force balance equation.

Test 2. Assume that two tubes with length 1 m are subject to the following
boundary conditions: at one end (z3 = 0 m), £ = 0 and u; = 0 for ¢« = 1,2,3;
at the other end (z3 = 1 m), £ = 0, uw; = 0 for ¢ = 1,2, and ug is increased to
0.05 m and then decreased to 0 m in increments of 0.001 m, i.e. 100 increments in
total for the complete loading cycle. The material response is modeled by the small
strain nonlocal superelasticity with the following parameters: E4 = EM = 10 GPa,
vAd =M =03, & = 0.04, Aseq(T — Toq) = —4 MPa, Y = 1 MPa, H* = 0 MPa,
So = 0.1 GPa, £, = 0.03 m, and £y = 0.1 m. Tube A has an exterior radius 0.5 m and
an interior radius 0.4 m, which is discretized using 16320 linear tetrahedron elements.
Tube B has the same exterior radius but a larger interior radius 0.45 m, which is then

discretized using 163200 linear tetrahedron elements. The platform of this test is
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Figure 3-6: Time usage versus number of cores for dynamic relaxation method using
MPI in Test 2.

our group’s cluster, where each computational node contains two Intel Xeon E5520@
2.27GHz (8 cores) and 24 GB memory, the operation system is CentOS Linux 2.6.18,
and the compiler is gcc 4.1.2.

In Fig (3-6), the time usage of the test has been plotted against the number of cores
in use. It can be seen that the time usage decreases as the number of cores increases
in both cases. For Tube A with 16K elements, the time usage for the simulation with

k cores, t*, can be fitted into the following scaling relation with linear regression
th ~ 1.4 x 101 k70%g] (3.150)
while for Tube B with 160K elements, it follows the scaling relation

th ~ 2.4 x 10° k7083[g] . (3.151)

We have also compared the dynamic relaxation method using MPI and a staggered
Newton method for a two-field coupled problem. In the staggered Newton method,

the macro- and micro-force balance equations are completely solved one by one at each
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total average of initial average of subsequent

30 increments [s] 12 increments [s] 18 increments s
staggered Newton 39589.2 202.8 2064.2
DR 64 cores 21404.9 2254 1038.9
DR 128 cores 11998.2 121.4 585.7

Table 3.3: Time usage for the staggered Newton method and the dynamic relaxation
method in Test 3.

iteration, and the iteration continues until the difference of the martensitic volume
fraction between two consecutive iterations is significantly small. The Newton method
with Armijo line search is implemented to solve the nonlinear micro-force balance
equation, and PARDISO is used as a basic linear solver. The solution of the micro-
force balance equation is truncated in order to satisfy the bound constraints of the
martensitic volume fraction.

Test 3. Tube B from Test 2 is discretized using 163200 quadratic tetrahedron
elements. Material parameters and boundary conditions remain the same expect the
prescribed displacement u3, which is increased to 0.03 m in increments of 0.001 m,
i.e. 30 increments in total. The test platform is our group’s cluster, which has been
described in Test 2. The staggered Newton method utilizes OpenMP with only eight
cores, a limitation imposed by the machine.

As can be seen in Table (3.3), the staggered Newton method takes about twice as
much total time as the DR method with 64 cores (DR-64) does. At the initial elastic
loading (first 12 increments), the staggered Newton method takes about the same
average time as DR-64 does for a single step. However, at the subsequent steps that
involve the phase transformation and coupling, it takes about twice as much time as
DR-64 does for a single step. The DR method with 128 cores takes about half of the
time that DR-64 does, which indicates the scalability of the DR method.
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Chapter 4

Applications of the nonlocal

superelastic model

4.1 Grain size dependence of the stress hystere-

sis and the strain hardening in polycrystalline

SMAs

It has been reported that both the stress hysteresis and the strain-hardening rate
during phase transformations (or transformation modulus) increase with decreasing
grain size in the tension tests of polycrystalline Cu-Al-Be bars [71] and polycrystalline
Cu-Al-Mn wires [109]. As the first application of the three-dimensional nonlocal
superelastic model, we study these grain-size dependencies of the superelasticity in

polycrystalline SMAs.

4.1.1 Description of the numerical simulations

We have made the following assumptions of the polycrystalline SMA model: 1) The
geometry of. grains is described as a truncated-octahedron. 2) The growth of grains
is not considered. 3) Grain boundaries are obstacles to martensitic phase transfor-

mations, and remain in the austenitic phase. In other words, the martensitic phase
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transformation is isolated, and Dirichlet boundary conditions are assumed for the
micro-force balance equation within each grain. 4) Elastic and superelastic responses
within each grain are isotropic.

It has to be admitted that the polycrystalline model is very idealized with the
assumptions above. Important crystalline responses including the anisotropy of the
elastic moduli and the orientation dependence of phase transformations are not con-
sidered. The polycrystalline model is in fact a solid that consists of a set of truncated-
octahedra subject to isolated martensitic phase transformations. The surface energy
is not considered in the nonlocal superelastic model. The outer boundary of the ma-
terial excluding grain boundaries is treated as traction free for the micro-force balance
equation. Despite these limitations, we can investigate the grain boundary constrain-
ing effects in polycrystalline SMAs with the two-field formulation of the nonlocal

superelastic model.

Grain modeled by truncated-octahedron

Following [132], the grain is described as a truncated-octahedron, which can be gen-
erated from a regular octahedron by removing six square pyramids, one from each
vertex. In Fig (4-1) and (4-2), we plot the top and side views of the parent octahedron
and the truncated-octahedron. Assume that the side length of the parent octahedron
is 3a. The truncated-octahedron then has the following geometry: it has 32 edges of

length a, and 14 faces (8 hexagons and 6 squares); its surface area is

3V3

A=6xa’+8x Ta2=(6+12\/§)a2z27a2; (4.1)
its volume is
1
V=2x §(3a)2§(3a) —6 % %aQ-g-a = 8v2ad* ~ 114 ; (4.2)

the surface to volume ratio is about 2.4/a, and the grain size d equals v/10a (= 3.2a).
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Figure 4-1: Top view of the octahedron and the truncated-octahedron.

Figure 4-2: Side view of the octahedron and the truncated-octahedron.

Grain in finite element mesh

One benefit of the truncated-octahedron grain model is that a larger number of grains
can be assembled seamlessly in a finite element mesh. More specifically, the truncated-
octahedron can be easily embedded into a cube in a finite element mesh. This cube
is then taken as a unit cell and replicated in space, which leads to a set of coherent
grains. Figure (4-3) shows a unit cell and the truncated-octahedron that sits in it.
The cube contains a complete truncated-octahedron at center, and eight incomplete
truncated-octahedra, one from a corner. Grain boundaries are highlighted by the
red color, which consist of the surface of the complete truncated-octahedron, and the
interfaces between the incomplete truncated-octahedra. Assume that the side length
of the cube is e. Then the edge length of the truncated-octahedron is a = %e, and
the grain size is V10a = —@e ~ 1.le. Therefore, the grain size d in the finite element

mesh is about the same as the side length of the unit cell.
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Figure 4-3: Left: a unit cell in finite element model. Right: grain boundaries of the
truncated-octahedron that sits in the unit cell, and eight incomplete octahedra, one
from a corner.

Setup of finite element simulations

A series of uniaxial stretch tests have been performed to investigate the role of grain
boundary constraints in the superelastic responses of polycrystalline SMAs. The solid
under concern is a cube with side length D. The uniaxial stretch is applied along
x3 direction. The boundary conditions are defined as follows: w;(z;,z2,0) = 0 for
i=1,2,3; ui(x1,29,D) = 0 for i = 1,2; and uz(z1, 23, D) = Gi3. The displacement
ug is applied in increments of 0.001D, and it first increases up to 0.05D and then
decreases to zero, which leads to a maximum strain 5%. £ = 0 is specified at grain
boundaries. The material parameters are F4 = EM = 10 GPa, v4 = v™ = 0.3,
g = 0.04, Sy = 0.01E4, Aseq(T — Toq) = —4 MPa, and Y = 1 MPa. The classic
hardening term is ignored (H' = 0 MPa), so the strain-hardening effect is due to the

energetic length scale and nonlocal effect.

4.1.2 Results and discussion
Evolution of stress and martensitic volume fraction from a simulation

In Fig (4-4), we plot the stress along the loading direction (Ps3) and the martensitic
volume fraction from a finite element simulation with D = 1 m, grain size d = 0.28
m, {. = 0.01 m, /3 = 0.1 m at several representative load increments. The load

increments correspond to the macroscopic strain values 1.5%, 5% during loading,
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Figure 4-4: (Left) stress Ps3 and (right) the martensitic volume fraction from finite
element simulation at load increments 15, 50, 60, 85 (from top to bottom). (D =1
m,d=028m, {,=0.01 m, {4 =0.1 m)
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Figure 4-5: Macroscopic stress-strain relations for different grain sizes. (D = 1 m,
e =0.01m, 3 =0.1 m)

and 4%, 1.5% during unloading. It can be seen that at strain 1.5% during loading,
the stress is uniform and the phase transformation has not happened yet. At strain
5% during loading, it is clear that the martensitic phase transformation has already
happened, and it gets pinned at grain boundaries (blue color in the figure), which
corresponds to our setup of the simulations. The stress is no longer uniform since
the constraint on the martensitic volume fraction leads to zero phase transformation
strains at grain boundaries, which distort the stress fields. At strain 4% during
unloading, the martensitic volume fraction remains unchanged, and the solid responds
elastically. Further unloading activates the reverse phase transformation, as shown
in the last row of the figure. The macroscopic stress-strain relation corresponding to

this simulation is plotted as the dashdot line in Fig (4-5).

Effect of grain size d

We first study the effect of the grain size, d, while keeping the solid size D and the
internal length scales {4, ¢4} fixed. Figure (4-5) shows the stress-strain curves from
the simulations with three different grain sizes, i.e. d/D =1.12, 0.56, and 0.28. It
can be seen that the critical stress for the forward phase transformation increases
for decreasing grain size; the stress-hysteresis between the forward and reverse phase

transformations and the strain-hardening rate during phase transformations also in-
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Figure 4-7: Stress strain relations showing the effect of {£./d, ¢q/d} with fixed d/D.
(d/D =1.12)

crease for decreasing grain size. Therefore the simulations have reproduced the size-
dependent superelastic responses that were observed in the Cu-based polycrystalline
SMAs [109, 71]. Nonetheless, from the modeling perspective, it is not clear whether
the size effect originates from the relative grain size d/D or the internal constraints

{e/d,£4/d}, since both of them change as the grain size d changes.

Parametric study of d/D, and {¢./d,{¢a/d}

In order to understand the contributions from the relative grain size d/D and the in-

ternal constraints {£./d, £4/d} of the nonlocal superelastic model, another two sets of
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simulations have been performed. In one set, {£./d,£4/d} is fixed, while d/D changes;
in the other set, d/D is fixed, while {{./d,¢4/d} changes. In Fig (4-6), the stress-
strain curves from simulations with three different values of d/D have been shown,
where {l./d,€q/d} is fixed in these simulations. It can be seen that the difference
between these curves is negligible, which implies that the relative grain size alone
will not affect the macroscopic stress-strain relation. In Fig (4-7), the stress-strain
curves from simulations with three different values of {{,/d,¢4/d} have been shown,
where d/D is fixed in these simulations. It can be seen that the stress-strain curves
replicate the results shown in Fig (4-5), which means that the internal constraints
for each grain are really the cause of the size-dependent superelastic responses in the

polycrystalline SMA models.
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Figure 4-8: Stress-strain curves showing the saturated effect of {£./d, £4/d} with fixed
d/D. (d/D = 1.12)

We have further investigated the effect of internal constraints. Fig (4-8) shows
the stress-strain curves from simulations with five different values of {f./d,¢q/d}.
It can be seen that for increasing {f./d, ¢q/d}, the stress hysteresis first clearly in-
creases but then decreases to almost zero, whereas the strain-hardening rate increases
monotonically and approximates the purely elastic response. In Fig (4-9), we have
shown quantitatively the stress hysteresis and the strain-hardening rate during phase
transformations as a function of {€./d, £4/d}. The stress hysteresis is measured at the

strain value 2%. It can be seen that the strain-hardening rate increases monotonically,
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Figure 4-9: Stress hysteresis and strain-hardening rate as a function of {f./d, ¢4/d}
with fixed d/D. (d/D = 1.12)

and eventually approaches the value of Young’s modulus for increasing these ratios.
The stress hysteresis first increases but then decreases to zero as these ratios become
significantly large, which implies that the grain size dependence can be saturated for
very small grain sizes, and the material responds almost elastically throughout the
loading cycle. In reality, this limiting response is unlikely to occur since the plasticity
or fracture may have already played an important role once the stress is beyond the

elastic limit.

4.2 Loss of superelasticity in NiTi pillar compres-
sion tests

Compression tests on single crystal Ti-50.9 at.%Ni pillars have shown that the strain
recovered during unloading diminishes with the pillar diameter and is suppressed for
pillars with diameter smaller than about 200 nm [32]. Further study has revealed
that this trend of losing superelasticity at small pillar sizes does not depend on the
crystal orientations [31]. Different explanations of this size-dependent behavior have
been proposed. In-situ compression tests have provided evidence of stress-induced
martensitic phase transformation in NiTi pillars with diameter below 200 nm [129],

which rules out the possible explanation that stress-induced martensitic phase trans-
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Figure 4-10: Schematic cross-section of a NiTi pillar with Ti oxide layer and Ti-
depleted zone.

formation may be absent at this length scale. Focused ion beam (FIB) machining
that is commonly used to prepare these small pillars will leave a Ga™ implanted
outer layer about 10 nm in thickness, and it is hypothesized that this damaged layer
could significantly affect the mechanical response of NiTi pillars when this outer layer
thickness is comparable to the pillar diameters [32]. Unfortunately, the mechanical
properties of this Ga™ implanted NiTi layer are not available, which prevents further
quantitative investigation. Another explanation comes from the consideration of the
surface Ti oxide layer [32, 97], which has been shown to constrain the thermally in-
duced martensitic phase transformation in thin films [48, 33]. This Ti oxide layer
about 15 nm in thickness does not participate in the phase transformation, and also
creates a Ti-depleted zone about 50 nm in thickness [48, 124, 97|, which has limited
ability for the phase transformation since the increase in the Ni content stabilizes the
austenitic phase [80, 111]. For very small pillars, Fig (4-10), the fixed-thickness Ti ox-
ide layer and Ti-depleted zone take most of the pillar volume, and the suppression of
superelasticity can be expected. In this section, we attempt to provide a model-based
quantitative study on how this Ti oxide layer affects the mechanical behavior of NiTi
pillars under compression, giving special emphasis to the size-dependent incomplete
strain recovery observed experimentally.

There have been a few papers addressing incomplete strain recovery for SMAs: Yu
et al. incorporated plasticity in their austenite model at high temperature when slip
becomes active [130]; Yan et al. incorporated plasticity in martensite to study the

stabilization of martensite due to slip [128]; Lagoudas et al. modeled the saturation
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of residual strain under cyclic loading, where the plastic strain rate was assumed to
be proportional to the rate of detwinned martensitic volume fraction [12, 55].

The modeling approach that we have adopted treats the NiTi pillars as a composite
material comprising a uncontaminated NiTi core, and an external Ti oxide layer. We
propose a nonlocal superelastic model for the NiTi core, and an elastoplastic model
for the Ti oxide layer. Through Voigt-average analysis and finite element simulations,
these models are used to investigate the quantitative influence of the Ti oxide layer
on the mechanical responses of NiTi pillars under cyclic compression loading. The
simulation results show that the plastic deformation in the Ti oxide layer constrains
the récovery of deformation in the whole pillar, and the effect becomes severe with
diminishing pillar size. The agreement with experimental results suggests that the
size-dependent strain recovery and the loss of superelasticity in small pillars are likely

to be associated with the plastic deformation in the Ti oxide layer.

4.2.1 Description of the NiTi-TiO; composite model

The NiTi pillar consists of a Ti oxide layer (mainly TiOs [20, 48]), a Ti-depleted
zone and an uncontaminated NiTi SMA core, Fig (4-10). The Ti-depleted zone is
expected to behave as a smooth transition from Ti oxide to NiTi SMA. Due to the
lack of material properties for this region, we investigate the two bounding cases in
which the Ti-depleted zone is either full NiTi or full TiO,. The TiO, layer has,
respectively, a thickness of 15 and 65 nm. Material models for the NiTi SMA and

TiO, will be discussed in the following subsections.

NiTi SMA — nonlocal superelasticity

We assume for simplicity isotropic responses for both elastic and superelastic ef-
fects. Specifically, we ignore the dependency of the elastic moduli, the critical stresses
for phase transformation, the maximum phase transformation strain, and the phase
transformation strain-hardening on crystal orientation. For definiteness, we calibrate

our model parameters to one specific composition and orientation. In our model, dis-
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placement u and martensitic volume fraction £ are the two primary unknown fields,
and the formulation follows the small strain nonlocal superelastic model presented
in Section 3.1. As there is no clear evidence of the size-dependent stress hysteresis
in experiments, we exclude the dependence of the dissipative length scale ¢4 for this

application. Therefore, the macro-force balance equation reads

V.-e=0, (4.3)

and the micro-force balance equation reads

y . 1.0¢ . . _
Ysign(é) = o : A" — 5(-% 1 &%) 1 €%+ Aseq(T — Toq)
— H' + Sol3(V - V)¢ (4.4)

Ti oxide — plasticity

The TiO, layer is modeled as isotropic elastoplastic. The decomposition of the total

strain tensor now reads

e=¢e"+¢P, (4.5)

where P is the plastic strain tensor. The evolution of P follows the flow rule

&P = GPAP (4.6)

where £P denotes the equivalent plastic strain rate, and AP is the plastic flow direction,

which takes the normality rule

3 a.dev
p_ 2 = 4.7
o D
The constitutive relations include Hooke’s law,
o=%°:¢. (4.8)
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where %© is the elastic moduli of TiO,, and the conventional .J, plastic yield condition,

3 ev =
V2= -, =0, (+9)

where 7, is the compressive yield strength.

The plastic hardening of TiO, is ignored because it is expected to be much smaller
than the strain-hardening rate of NiTi SMA. The fixed-thickness TiO, layer is sup-
posed to dominate in the small pillars, while it has been observed that pillars with
diameter smaller than 200 nm exhibit less strain-hardening than pillars with larger

diameters, and the 162 nm [210] oriented pillar even shows a perfect plateau [31].

Model parameters

The values of the SMA model parameters are determined for [111] oriented Ti-
50.9at%Ni, for which the size dependence of the strain recovery is observed [32].
The elastic moduli are taken from the estimation of the corresponding bulk material
with the austenite Young’s modulus E4 = 59 GPa, and the austenite Poisson’s ratio
v = 0.3 [32]. The elastic properties of martensite are assumed to be the same as those
of austenite, i.e. EM = F4 =59 GPa, v™ = v4 = 0.3. The equilibrium temperature
T.q = 200 K, and the transformation entropy Aseq = -4.05 J-mol™K~!/(a3N,4) =
-0.245 MPa-K~! are obtained from [111], where ap = 0.3015 nm is the lattice parame-
ter of the austenite NiTi at room temperature [79], and N4 is the Avogadro constant.
The maximum transformation strain £* = 0.036 is obtained from [99]. The transfor-
mation resistance, Y, is calculated through the 1D degenerate case of the micro-force

balance equation, Eq. (4.4),
Vsign(£) = 08" + Aseq(T — Toy) — HYE (4.10)

where o is the stress along the loading direction. At T = 298 K, a stress value 800 MPa
has been reported as the point in which the forward martensitic phase transformation

initiates [99, 31]. Y = 4.6 MPa is then obtained by applying the values of the
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parameters above. The hardening coefficient H*® is derived from the experimental

do =t

strain-hardening rate in the following way. From Eq. (4.10), one obtains $Z&* —

H t% = 0 by taking the derivative with respect to the total strain £. From Hooke’s
law, one obtains & = E(1 — %£&%) with assumption E = E4 = EM. Combining
these two equations leads to H' = 22(¢%)?/(1 — 122). By replacing 22 with the
experimentally reported value 20 GPa [31], H* = 39.2 MPa is obtained.

The group of parameters Sp¢? has the effect to enhance the strain-hardening rate
for nonuniform phase transformations [90]. In this study, the values, So¢? = 0.01

nm?E4 and 1 nm?E4, will be adopted to study this effect.

Material parameters for TiO, including the Young’s modulus E° = 287 GPa,
the Poisson’s ratio © = 0.268, and the compressive yield strength 5, = 3 GPa are

obtained from [17].

Composite Voigt-average model

In the analysis of composite materials, Voigt average, which assumes uniform strains,
is commonly used to estimate the stiffness and the stresses. In this work, we also
employ it to analyze the response of the composite NiTi/TiO, pillars. Consider a
NiTi pillar with diameter D that contains a TiO, layer with thickness ¢t©. The strain
along the loading direction € is assumed identical in the two materials. Given a
NiTi

strain history, the stress along the loading direction within each material, o and

0©, can be calculated independently using its constitutive relations. Figure (4-11)
plots the stress-strain curves of NiTi SMA and TiO. during a compressive loading
cycle with maximum strain 3%. Complete strain recovery and stress hysteresis in
the strain-loading cycle can be observed in the response of NiTi SMA. For TiO,, one
can observe the typical strain-cycle response for an elastic perfectly-plastic material

leading to a residual stress when the strain goes back to zero. The reaction force from

the pillar cross-section, f, is the sum of the reaction forces from the two materials,
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Figure 4-11: Compressive stress-strain curves of NiTi SMA and TiO, under a uniaxial
loading cycle with maximum strain 3%.

And the average stress response of the composite can be obtained as follows

o= o woN T 4 (1 —w)a® (4.12)

where the weight w is defined as

o fia(2)] o

The results using this model are shown in Section 4.2.2.

Finite element simulation

The composite model presented in the previous section does not consider the interac-
tion between the TiO; layer and the NiTi core, and in particular ignores the constraint
from the TiO, layer on the martensitic phase transformation in NiTi SMA. In ad-
dition, due to the locality of the constitutive models for the TiO, plasticity and the
SMA superelasticity, the homogenized approach can only capture size effects through
the volume ratio of the two components but will be insensitive to a change of the
spatial scale.

In order to explore the role of the interaction between the two components includ-

ing gradient effects at the TiO,-NiTi interface produced by the internal constraint to
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Figure 4-12: Quarter pillar for finite element calculations.

the phase transformation, three-dimensional finite element calculations are performed
using the full nonlocal SMA model. The pillar is modeled as a cylinder of diameter
D and height h. Due to symmetry, only a quarter of the pillar is considered in the
computation, Fig (4-12). In reality, the top surface is also covered by the TiO layer,
which could significantly affect the mechanical response if the aspect ratio h/D is
small. It has been reported that the aspect ratio of all samples ranges between 1.6
and 3.9 [32], although no such information for individual pillar is provided. For sim-
plicity, we ignore this top TiO, layer, and focus on the size effect related to changes
in the diameter. A fixed pillar height A = 100 nm is then assumed for all the pil-
lars in the finite element simulations. Due to the gradient terms, the micro-force
balance equation for NiTi SMA, Eq. (3.59), is a partial differential equation of the
martensitic volume fraction, and is coupled with the macro-force balance equation,
Eq. (4.3). With proper boundary conditions, these two equations for NiTi SMA, and
the governing equation for TiO; (same as Eq. (4.3)), complete the formulation of the
pillar compression test boundary value problem. A finite element discretization with
a staggered coupled scheme is used to approximate the resulting coupled macro- and

micro-force balance equations in weak form.

4.2.2 Results and discussion

For both the composite Voigt-average and the finite element models, the experiments

are simulated as follows. Since both the superelasticity and the plasticity are history-
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Figure 4-13: Compressive stress-strain curves from (a) experiments [31] and (b) Voigt-
average analysis. Red and blue colors indicate the first and second loading cycles,
respectively.

dependent, the strain history is applied in increments of 0.1%, and at each strain
increment the constitutive models are integrated numerically. Following the experi-
mental conditions, the strain is first increased to -3%, and then decreased until the
reaction force becomes zero. The pillar is then reloaded to -5% strain, and unloaded
until the reaction force becomes zero again. The evolution of the stress, the marten-
sitic volume fraction (NiTi SMA) and the plastic strain (TiO,) are recorded during
the entire procedure. The strain history is applied at a constant temperature 7' = 298

K.

Voigt-average model

In Fig (4-13), the stress-strain curves from the composite Voigt-average model are
compared to the experimental results for pillars with diameter 1030, 273, and 173
nm. In these calculations, the TiO, layer thickness ¢° is taken as 15 nm. The
simulations reproduce some important features of the experimental results. First,

the residual strain at the end of the first loading cycle increases significantly as the
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Figure 4-14: Comparison of experiments and Voigt-average of two extreme TiO,
thicknesses for the displacement recovery during the first loading cycle.

pillar diameter decreases. For the smallest diameter (173 nm) there is essentially no
strain recovery except for the elastic response, which indicates that in this case the
superelastic effect is suppressed. By contrast, the 1030 nm pillar almost completely
recovers its deformation. The medium-size pillar (273 nm) shows an intermediate
response between these two limits with some strain recovery. It can also be observed
that the stress hysteresis between the intermediate unloading and reloading clearly

decreases as the pillar diameter decreases.

Fig (4-14) shows a summary of the experimentally-observed displacement recovery
as a function of pillar diameter as well as the predictions from the Voigt model for two
extreme TiO, layer thicknesses. Two values of the TiO, layer thickness, 15 and 65
nm, are used as described in Section 4.2.1. It can be seen that the model captures the
decrease in the displacement recovery for decreasing pillar size and that the extreme
cases in which the Ti-depleted zone is considered as full NiTi and TiO; provide nice
bounds for the experimental values. For very small pillar diameters, the two TiOq
layer thicknesses considered give an identical limit value of the recovered displacement

5,/ (E°3%) =~ 34.8%, which represents the response of pure TiOs.

In order to gain more insight into the model response, in Fig (4-15) we plot
the stress and strain history experienced by each material component as well as

the macroscopic average value as a function of load increment for the case of the
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Figure 4-15: Evolution of the stresses (top) and the strains (bottom) for the 273 nm
pillar from Voigt-average analysis.

273 nm pillar with TiO, thickness 15 nm. Singular points in the load history have
been identified with letters to facilitate the discussion. During the first thirty load
increments in which the applied strain is increased up to -3%, we can first observe
the elastic loading up to point (a) ( -1% applied strain) when TiO, starts to yield
plastically, followed by the onset of transformation in NiTi SMA at (b) ( -1.4%).
Continued loading promotes the development of the phase transformation strain and
the plastic strain until (¢) where the applied strain reaches the prescribed maximum.
At point (¢) when unloading begins both components experience elastic unloading
until (d) when the NiTi SMA starts the reverse phase transformation. It is worth
noting that at point (e) during the elastic unloading the stress in TiO; vanishes before
the average stress does and becomes tensile with further decrease of the applied strain.
At (f), the average stress reaches zero and the first loading cycle is complete with a
residual strain of about -1.1%; residual stresses of about 2.5 GPa (tensile) and -0.6
GPa (compressive) remain in TiO; and NiTi SMA, respectively; the residual plastic
strain in TiO, is about -2%), whereas the residual phase transformation strain in NiTi
SMA is about -0.1%. During the second loading cycle the applied strain is increased
from its residual value to -5% (i). There is first elastic reloading up to (g) where the
forward phase transformation begins, whereas TiO, continues to load elastically up

to (h) where plastic yielding starts again. Both the phase transformation strain and
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Figure 4-16: Residual martensitic volume fraction in NiTi SMA and the percentage
of displacement recovery at the end of first loading cycle.

the plastic strain continue developing until the applied strain reaches the prescribed
maximum at (i). Subsequent unloading from (i) proceeds elastically until the reverse
phase transformation of NiTi SMA starts at (j). At (k), the stress in TiO, becomes
tensile as in the first loading cycle and grows to the point (1) where plastic yielding
under tension starts. At (m), the average stress eventually decreases to zero, and the
second loading cycle is complete with a residual strain about -2.1%; residual stresses
of about 3 GPa (tensile) and -0.78 GPa (compressive) remain in TiO, and NiTi SMA,
respectively; the residual plastic strain in TiO, is about -3.2%, whereas the residual

phase transformation strain in NiTi SMA is about -0.8%.

Further insights can be obtained from the Voigt-average model. For example, Fig
(4-16) shows the residual martensitic volume fraction in NiTi SMA and the displace-
ment recovery at the end of the first loading cycle as a function of the volume fraction
of NiTi SMA in the composite pillar, i.e. w defined in Eq. (4.13). It can be seen
that the residual martensitic volume fraction decreases as w increases, and eventually
vanishes at w = 0.85. For a fixed TiO, thickness, it means that the stress-induced
martensite does not fully transform back to the austenite in small pillars; the amount
of the residual martensite decreases with increasing pillar size; and the reverse trans-
formation will be complete for pillars with the volume fraction of NiTi SMA above

0.85. It can also be seen that the displacement recovery increases monotonically with
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Figure 4-17: Compressive stress-strain curves of 100, 175, 400 nm pillars during the

first loading cycle, and the distribution of martensitic volume fraction along pillar
radius when first loaded to 3% strain.

w. When w = 0, the displacement recovery equals &,/ (E®3%), which represents the
pure TiO; response. When w = 1, the displacement recovery is 100%, which rep-
resents the pure NiTi SMA response. The curve is steepest for w above 0.8, which

indicates that the displacement recovery is most sensitive within this range.

Finite element calculations

The following boundary conditions are adopted to simulate the pillar compression
tests: u; = 0 at x; = 0 for ¢ = 1,2,3, and ug = t3 at x3 = h. The displacement
U3 is prescribed to match the strain history in the experiments. At the TiO,-NiTi
interface ((z2 +22)2 = D/2 — t°), we constrain the martensitic phase transformation
with the boundary condition in the micro-force balance equation (3.43) by setting the
martensite volume fraction & = 0.

In Fig (4-17), stress-strain curves extracted from finite element simulations for
three pillar diameters with TiO, thickness of 15 nm and the nonlocal energetic co-
efficient Spf? = 1nm?E# are compared with the Voigt-average results. It can be
seen that the finite element model has also captured the feature of increasing residual
strain for decreasing pillar size, and the residual strains predicted are very close to

the Voigt-average results. It is also clear in both the finite element and Voigt-average
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Figure 4-18: Displacement recovery during the first loading cycle extracted from finite
element simulations in comparison with experiments and Voigt-average results.

results, that the apparent elastic modulus and the yield stress increase for decreas-
ing pillar size. This can be attributed to the increasing proportion of TiO,, whose
Young’s modulus and yield strength are larger than the Young’s modulus and the
critical stress of the NiTi SMA, respectively. The finite element results also show an
enhanced strain-hardening compared to the Voigt-average results, as expected from
the nonlocal SMA model [90]. In Fig (4-17), we also plot the martensitic volume
fraction along the radial direction at the maximum applied strain. It can be seen
that the Voigt model has predicted an identical value about 0.3 for the three pillar
sizes, whereas the martensitic volume fraction predicted by the finite element model
decreases, and the relative area of influence of the TiO,-NiTi interface expands for

decreasing pillar size.

In Fig (4-18), we summarize the displacement recovery at the end of the first
loading cycle predicted by the finite element model for a wide range of pillar diameters,
and compare it with the experiments and the predictions of the Voigt-average model.
It can be seen that the displacement recovery predicted by the finite element model
for the two representative values of Spf? is very close to and sometimes even coincides
with the corresponding prediction of the Voigt-average model. Since the nonlocal
energy and the interaction between the NiTi SMA and TiO; are not considered in

the Voigt-average model, the match suggests that these two factors have a negligible
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Figure 4-19: Strain-hardening rate during the phase transformation extracted from
finite element simulations in comparison with experiments and Voigt-average results.

impact on the amount of the displacement recovery.

In [31], the experimental stress-strain curves have shown that the strain-hardening
rate during the phase transformation is highest for medium-size pillars with diam-
eter between 200 and 400 nm, and the differences in the strain-hardening rate are
attributed to the taper shape of the individual pillar. However, this explanation has
not been further quantified. In this study, we proceed to interpret the experimental
observations with our model, which suggests a pillar-size dependence on the strain-
hardening rate. In Fig (4-19), the strain-hardening rate extracted from the finite
element simulations with TiOy thickness of 15 nm and two representative values of
Sof? are compared with those extracted from the experiments and the Voigt-average
results. For the finite element simulations with Sp¢2/E4 = 1nm?, it can be seen that
starting from large pillar sizes, the strain-hardening rate first increases for decreasing
pillar size, and at about 200 nm it starts to decrease with further decrease in the
pillar size, which is consistent with the experimental observations. It has been shown
in [90] that for pure SMA, the hardening effect increases for decreasing pillar size due
to the nonlocal term in the free energy and the constraint of phase transformations.
However, because of the presence of the TiO, layer, in smaller and smaller pillars,
the strain-hardening rate eventually drops as it approaches the perfect plastic re-

sponse. For the finite element simulations with much smaller Syf2, the enhancement

109



of the strain-hardening rate due to the nonlocal energy is negligible, and the result
simply coincides with the prediction from the Voigt-average model, which decreases

monotonically with decreasing pillar size.

Conclusions

In this work, we have proposed an approach to model the NiTi nanopillars subject
to cyclic compressive loadings. The NiTi pillars have been treated as a composite
material comprising a NiTi SMA core, and a TiO; outer layer, whose thickness is
assumed to be fixed regardless of pillar sizes. A nonlocal superelastic material model
with the gradient of the martensitic volume fraction in the free energy has been used
for NiTi SMA, and an elastoplastic material model has been used for TiO,. Composite
Voigt-average analysis and finite element calculations have been performed to study
the role of the TiO, layer in the cyclic compression tests of NiTi pillars.

Both Voigt-average and finite element simulations have captured the experimental
observation of the loss of superelasticity in the small pillars. It has been shown that
the plastic deformation in the TiO, layer prevents the complete strain recovery of the
pillar during unloading, an effect that is more noticeable for smaller pillar sizes, i.e.
as the TiO, layer takes more of the pillar volume. This results in the increase of both
the residual strain and the residual martensitic volume fraction for decreasing pillar
size.

The finite element simulations have also provided an explanation of the exper-
imentally observed size dependence on the strain-hardening rate during the phase
transformation, where the strain-hardening rate first increases and then decreases
with decreasing pillar size. In large pillars, where NiTi SMA occupies most of the
volume, the nonlocal energy together with the confinement from the TiO, layer on
the phase transformation causes the increase of the strain-hardening rate for decreas-
ing pillar size. In very small pillars, where the TiOy layer occupies relatively more
volume, the response approximates the perfect plasticity, leading to the drop of the

strain-hardening rate.
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Chapter 5

Conclusions

5.1 Thesis contributions

In this thesis, we have developed a nonlocal continuum model to study size effects
in the superelasticity of SMAs. The modeling approach combines classic superelastic
models [13] with strain gradient plasticity theories [5, 56, 57]. Both the displacements
and the martensitic volume fraction are considered as independent fields. Associated
with the martensitic volume fraction gradient in the free energy and the rate of the
martensitic volume fraction gradient in the dissipation function, two internal length
scales, the energetic and the dissipative length scales, are incorporated in the model,
which allow the description of size dependent stress-strain responses.

The model responses have been investigated in detail with focus on the effects of
the two internal length scales in the one-dimensional case. It has been shown that the
strain-hardening rate increases as the energetic length scale increases, and the stress-
hysteresis increases as the dissipative length scale increases. The one-dimensional
model has been applied to simulate the compression tests of Cu-Al-Ni pillars, where
the increase in the stress hysteresis for deceasing pillar size has been successfully
captured.

We have derived a variational incremental formulation for the coupled macro- and
micro-force balance equations that result from the nonlocal model. The variational

formulation has been shown to help define the convergence criteria for the numerical
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simulations. Based on the variational formulation, a computational framework is
formulated and implemented. In particular, a robust and scalable iterative solver
(parallel dynamic relaxation) has been implemented, which enables the large-scale
three-dimensional study of the size effects in SMAs with unprecedented resolution.

By applying this computational model, we have explored different examples of the
size-dependent superelastic responses in SMAs. We have captured the increase of the
stress hysteresis and the strain-hardening rate for deceasing grain size, and attributed
them to the confining effect of grain boundaries in polycrystalline SMAs. We have
also captured the loss of superelasticity in NiTi pillar compression tests using Voigt-
average analysis and finite element simulations. The increase of the residual strain
after unloading has been attributed to the plastic deformation of the TiO; outer layer.
Finite element simulations have suggested a size-dependent strain hardening effect,
which can not be seen from the Voigt-average analysis since it does not consider the
interaction between NiTi and the TiO, layer. In sum, the computational model has
confirmed the influence of constraints like the grain boundaries and the surface Ti
oxide layer on the size-dependent superelastic responses.

As a separate effort, we have conducted analytical study of the nonlocal supere-
lastic model. In particular, we have linked the minimization conjecture on the nor-
malized plastic strain rate in [5] to the two-field variational incremental formulation
in this thesis. We have shown theoretically for o = 1 and numerically for a = 2
that there is no continuous minimizer for the minimization conjecture with effective
plastic strain rate E, = [|€P]™ + | €4€,|] . In addition, a one-dimensional analytical
stress-strain relation has been derived for the stress-controlled uniaxial loading cycles

in the absence of the dissipative length scale.

5.2 Future work

The nonlocal superelastic model describes the martensitic phase transformation by
a scalar, the martensitic volume fraction, and the orientation dependencies of the

martensitic phase transformation are not incorporated. The model parameters in
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Table 3.1 are only calibrated into specific orientations and loading directions in the
simulations of single-crystal compression tests. This suggests an immediate extension
of the current work, i.e. to develop a nonlocal superelastic model for single crystalline
SMAs using crystallographic information. However, this extension requires significant
more experimental data like the anisotropic elastic moduli, transformation systems,
and the critical transformation stresses. A further extension could be to apply the
single crystal model to the study of size-dependent polycrystalline responses, and
especially to improve the setting of conditions for the phase transformation at grain
boundaries.

Another extension could be to investigate the size-dependent shape memory effect
by introducing the temperature as an independent field. A further extension along
this line could be to quantify the contribution from the strain rate effect and the

constraining effect like grain boundaries to the size dependencies of SMAs.
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Appendix A

Discussion on the strain gradient

plasticity formulation

In this chapter, the minimum principle proposed in Anand et al. [5] is linked to
the variational incremental formulation in Section 3.3.1. The existence of continuous
minimizers is studied for two formulations of the effective plastic strain rate. All the
discussions are based on the benchmark problem: shearing of a constrained infinite
layer. For simplicity, the energetic length scale £, is assumed to be zero throughout

this chapter.

Consider an infinite layer with thickness h aligned with y direction subject to
shearing along z direction. Denote the displacement along z direction as u, and

assume that the shear strain y can be decomposed as follows
T=uy=7"+7", (A1)

where v° and P are the elastic and plastic shear strains, respectively. Assume further

that the free energy density contains only the elastic part, i.e.

97 = Su(r) . (A2)

where p is the shear modulus. Define 7, k, and k™ as the work conjugates to 7°,
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7P, and %, respectively. The following governing equations can be derived from the

principle of virtual power:

Tuy = 0 ) (A3)
k—7—-ky=0, (A.4)

where the first equation (macro-force balance) implies that the shear stress 7 is uni-
form through the layer thickness. By imposing the free energy imbalance requirement,

Anand et al. [5, 41] defined the following constitutive relations

T= ", (A.5)
f‘},P
L_ 20y
kY =1ty Y (A7)

where 7{ is the yield (shear) strength, and EP is the effective plastic strain rate, which
is defined as

1
2

EP = [(4P)" + (€a¥%)*] (A.8)

with ¢4 the dissipative length scale. Resulting from the constitutive relations, the

energy dissipation rate can be expressed as
D = kyP + k"4 = 1) EP (A.9)

which is always non-negative, and the micro-force balance equation (A.4) can be

rewritten as

P _p0 5
73 eﬁa—y(_E%) =7. (A.10)
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A.1 Minimization conjecture and variational in-

cremental problem

Anand et al. [5] proposed a conjecture that the problem

0

h
Inf #(n) := %/0 [77 + (Lalnyl) }

(&I

(A.11)

with 7 subject to n(0) = n(h) = 0 and %fohndy = 1, has a minimum, and the
minimizing field n* satisfies Eqn (A.10) with the flow stress 7 = % (n*).

We propose a minimization principle based on the incremental functional of the
coupled fields, and link it to the conjecture above. After time discretization, the

incremental problem for a generic increment [t #("+1)] can be stated as

" 1
Inf /(AU,AWP) ::[) g(Au’y_A7p+u,(;)_7p(n))2+7'3 [(A"}’p)2 n (fdlA’yg])z}i dy

(A.12)

with Au and A~P subject to the boundary conditions
Au(0) = —-AL/2, Au(h)=AL/2, (A.13)
AYP(0) = AyP(h) =0, (A.14)

where AL is the applied displacement increment. The Euler-Lagrange equations of

the incremental functional ¢ can be expressed as

Auy, — A5 + U(n) - p(n) =0, (A.15)
n n ArP 2 0 Avp
—H(Au,y—A’YP—i_u,(y)_’yp( ))+T3AEP Y da (AEP) 0 ) (A16)

where AE?P := [(A"yp) + (%!AWPD ]%

Assume that the two-field problem has a minimum with minimizing fields (Au*,

117



A~P*). Then the first Euler-Lagrange equation implies that the flow stress defined as
T = p(Auk, — Ay 4+ — APy (A.17)

is uniform through the layer thickness, and the second Euler-Lagrange equation states

that
. AryP* 0 AV
T =N A T‘gega_y(AEg*)

(A.18)

with AEP* := [(AyP*)% + (éd]A’yg*Dz]%. Using the boundary conditions and inte-

grating by parts, we can obtain the following important equality
h h
T*/ AP dy = 73/ AEP* dy . (A.19)
0 0

On the one hand, if (Au*, AyP*) is known, we can define the following field

Com M Ay (A.20)

g Aprdy
It is straightforward to show that ( satisfies ((0) = {(h) = 0, %foh(:dy =17 =
F((), and ({,7*) satisfies the micro-force balance equation (A.10). Therefore field
¢ satisfies both the kinematic constraints and the Euler-Lagrange equation for the
minimization problem (A.11).
On the other hand, if minimizer n* for the problem (A.11) is known, we can define

the plastic strain increment

=", (A.21)

with the scalar multiplier defined as

h *
A= % <u<">(h) —u™(0) + AL — / @ + 4P dy) : (A.22)
0

and also the displacement increment

v F(n* AL
= / —57 ) ) 4 oy u™(0) — == —u™(y) . (A.23)
0
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It is straightforward to verify that v and ¢ satisfy the boundary conditions and the
Euler-Lagrange equations for the two-field minimization problem (A.12). It then

follows immediately that
H (v,y +ul —p— ’Yp(n)) =Zn) . (A.24)

which means that the flow stress for the two-field problem is also .# (n*).

As a result, if the minimizing fields exist and are sufficiently characterized by
the Euler-Lagrange equations in each problem, the solution to the two-field problem
can be obtained by solving the one-field problem and then utilizing the displacement
boundary conditions. In particular, the flow stress in the two-field problem (A.17) is
independent of the displacement boundary conditions, which implies that the stress-
elongation curve from the two-field problem will be a perfect plateau after plastic
yielding, and the yield strength is simply the minimum of the one-field minimization

problem.

A.2 Effective plastic strain rate and existence of
minimizer

The effective plastic strain rate (A.8) can be generalized as

. 1
EP = [(4P)* + (Lal35])°] " (A.25)
with parameter a > 0.
For oo = 1, the constitutive equations can be expressed as
k= rlsgn(s) (A.26)
kM = Larysgn(ih) (A.27)

which are associated with the rate-independent limit of the strain-gradient isotropic
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viscoplastic theory by Lele and Anand [56, 57]. Similarly to Problem (A.11), we

propose the following minimization problem:

Inf %(n) / 1l + Calny | dy (A.28)

with 7 subject to n(0) = n(h) = 0 and %foh ndy = 1. This problem has an infimum

79(142€4/h), but does not have any continuous minimizer, which is proved as follows.

For any continuous function 7, the kinematic requirements implies that n™® :=

max 7 > 1. Assume that 1 achieves the maximum value n™** at point §. Then

y€[0,h]
/ In] dy +—Y—d/ In| dy
h
>—/ dy —I— (/ n,ydy—i-/ —n,ydy)
0 g

(nmax + nmax)

h
244

1
> 19(1 + "

) (A.29)

which leads to a lower bound of the infimum:

2/
Inf % (n) > 79(1 + hd) (A.30)
We can construct a series of continuous functions
2y, 0<y<t
m(y) =19 7, hoy<h(l-2) (A.31)

Sh—y), h(1-2)<y<h

for any integer n > 2, where 77 := a_%_—) is also the maximum value of function n,. It

is straightforward to verify that 7, with n > 2 satisfies the kinematic requirements
and also
204

G () = 7_)9[1 + h—(-l-——l)

1, (A.32)
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which leads to an upper bound of the infimum:

2
Inf 9(n) < lim Fn) = 91+ ). (A.33)

The lower bound, Eqn (A.30), and the upper bound, Eqn. (A.33) are identical,
which means that 70 (14 24) is the infimum of the minimization problem. However,
this infimum can not be achieved by any continuous function because of the strict

inequality, Eqn (A.29).

For @ = 2, Anand et al. [5] obtained an upper bound for the infimum of the

one-field constrained minimization problem (A.11):

Inf F(n) < 75(1 + %) : (A.34)

Consider the existence of the minimizer. The integrand of functional .# satisfies

1
2

(" + (€alnyl)*]? = Lalnyl (A.35)

so .F is coercive in Sobolev space W' [24]. Nonetheless, this space is not reflexive,
and the classic existence theorem of the direct methods in the calculus of variation
is not applicable [21, 24]. In [21], Dacorogna showed that there is no continuous
minimizer for the same functional with 1 subject to n(0) = 0, and n(h) = 1. Further
theoretical study of the existence of the minimizer is not pursued in this thesis. In-
stead, we consider a numerical approximation of the problem using the finite difference
method described in [35]. The interval [0, h] is divided into n + 1 equal subintervals
by points

ye =kAy, fork=0,..,n+1, (A.36)

with Ay = h/(n+ 1). The function n(y) is approximated by a piece-wise linear func-

tion taking value n; at each turning point yx. Then Problem (A.11) is approximated
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Figure A-1: Profile of the minimizer for ¢43/h = 1.

by the following finite dimensional optimization problem:

Inf gh(no: My ey T)TH-l) = T}()’ Z \/(T]kAy)2 + eﬁ(nk-Fl - 77k)2 ’ (A37)

k=0
with (70, 71, -, Pnt1) Subject to Mg = Npt1 = 0 and > ;o meAy = 1. The discretized
problem is then solved by MATLAB constrained minimization function ‘fmincon’ [67]

with the gradient of %, provided. h = 1 is assumed in the numerical tests.

In Fig (A-1), the profiles of the minimizer from three numerical approximations
are plotted for £3/h = 1. It is clear that at y = 0 and y = h, there are sharp boundary
layers, and the thickness of these boundary layers decreases as n increases. In the
case of n = 499, i.e. 500 subintervals, the boundary layers almost vanish, leading to
jumps of the function value at the two ends. These numerical results suggest that
the original problem (A.11) does not have any continuous minimizer. Meanwhile, the
minimum of the numerical problem is convergent as the number of degrees of freedom

(n) increases, which can be seen in Fig (A-2).

In Fig (A-3), profiles of the minimizer are plotted for different dissipative length
scales. It can be seen that as £4/h increases, the jump of the function value at the two

ends increases, whereas the total variation of the function decreases. In Fig (A-4),
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Figure A-2: Difference between the minimum obtained with n + 1 subintervals and
the minimum obtained with 500 subintervals. (¢4/h = 1)
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Figure A-3: Profile of the minimizer for different values of £4/h. (1=499)
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Figure A-4: Minimum of Problem (A.37) as a function of £3/h compared with the
upper bound 1 + 244/h. (n=499)

the minimum of Problem (A.37) as a function of ¢4/h is compared with the upper
bound 1 + 244/h obtained in [5]. It can be seen that this upper bound is not tight
for the range of £4/h shown, and the numerical results suggest that the infimum of

the original problem (A.11) is a nonlinear function of 44/h.
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Appendix B

One dimensional analytical

solution for energetic hardening

When the one-dimensional nonlocal superelastic model contains only the energetic
length scale, it is possible to obtain an analytical expression for the stress-strain
relation. To simply the problem, we further assume that the elastic moduli are the

same for the austenite and the martensite.

B.1 TUniaxial tension of a single crystal

The macro-force balance equation, Eqn (2.6), implies that the stress o is uniform.
Since the dissipative length scale is zero, the micro-force balance equation, Eqn (2.15),

can be written as

o8 — By + Sol%€ .o = Ysgn(§) (B.1)

where By := —Aseq(T — Toq) is defined to simplify the notation. Eqn (B.1) can be
viewed as a nonlocal yield condition, where the threshold is £Y for the forward and
reverse phase transformations, respectively. Assume that the length of this single
crystal is h, and that the ends of the crystal are obstacles for phase transformations,
ie.

£(0) = £(h) = 0. (B.2)



Also, the martensitic volume fraction should satisfy the constraints
0<¢ELT. (B.3)

The strain € = 0/ E+£2" is not uniform during the phase transformation, as the phase
transformation strain ££° is pinned at the ends. Therefore, we define the following

average strain

1 h
5;:—/ cdz, (B.4)
h Jo

and explore the relation between o and €. It can be seen that the following equation

0=E<€—%t—/0h§d:c> (B.5)

holds by applying the definition (B.4) and integrating Hooke’s law o = F(e — &%)
over the length of the crystal.

Consider a stress-controlled loading cycle where the applied stress o first increases
to a prescribed maximum value, and then decreases to zero. At first, the material

deforms elastically until the forward phase transformation occurs, i.e.

(B.6)

M
Il
&=l Q

for 0 <o < X,

Continued loading promotes the development of the phase transformation strain.
Before the bound constraint ¢ < 1 is active, the distribution of the martensitic volume

fraction can be found by solving the ordinary differential equation
08" — By + Sol2€n =Y (B.7)

with boundary conditions £(0) = £(h) = 0. It is straightforward to obtain that

_Y+Bg—0'6_t h2 h2
g"W[( _5) _Z ) (B8)
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and ¢ takes its maximum W at h/2. As a result,

o h (Y +Byg—o0e")
- - B.
E 125,22 (B.9)

£ =

2 /h2 . . .
for % <o < Y+B"+E_8ts°z [ At this stage, the strain-hardening rate is constant,

which can be expressed as

E 125,

80_[1 1 hét)ﬂ_l' (B.10)

e (%

Continued loading activates the bound constraint £ < 1, and the distribution

of the martensitic volume fraction can be separated into three sections: the left
boundary layer [0, p] and the right boundary layer [k — p, h] with some point p < h/2
to be determined, and the flat interior [p, h — p] where £ equals 1. The martensitic
volume fraction within the left boundary layer can be obtained by solving the ordinary
differential equation B.7 with the boundary conditions £(0) = 0 and &’(p) = 0, where
the smoothness of ¢, or equivalently the continuity of the microstress k™ = Spf2¢ ,

(2.13), is assumed at p. It is then straightforward to obtain

_Y+Bg-—05t

£ = e [(z—p)*-p7] , (B.11)

(=Y ~Bg+0oe®)p?

for x € [0,p]. It can also be seen that £ takes its maximum o

at p. In
order to determine p, the continuity of £ is applied, i.e. £(p) = 1, which leads to

25,02 4
= . B.12
b <—Y — By + oét ( )
In sum, we obtain
o 2 25002 :

= —+¢& |1- = = B.13

Tt 3h(—Y—Bg+oé‘°> | (B.13)
foro > Y+B"+§S°£2/ K At this stage, the strain-hardening rate increases as the applied

~max

stress increases, and approximates the Young’s modulus E. Assume that € = €
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when the stress reaches the prescribed maximum o™*,

Upon decreasing the stress, the material deforms elastically until the reverse trans-
formation occurs, i.e.

Fogmxy T (B.14)

for —2Y /et 4+ o™a* < g < 0™¥* where the ending point of this stage is determined by

applying the nonlocal yield condition, Eqn (B.1).

The reverse phase transformation starts initially in the two boundary layers [0, ¢]
and [h — g, h] with some point ¢ < h/2. Within the boundary layer [0, q], the marten-

sitic volume fraction can be obtained by solving the ordinary differential equation
08" — By + Sob2€ 1n = —Y (B.15)

with boundary conditions £(0) = 0 and &'(¢) = 0. It is straightforward to obtain the

solution
—Y + By — o¢"
£ = —e—-a?— ¢, (B.16)
25002
for z € [0, g]. It can also be seen that £ takes its maximum Z:%O*—éiqi at q. Applying
the continuity of £ at ¢ (£(¢) = 1) leads to
2952 \?
0%e
1= (Y—Bg—kaé‘) ' (B.17)
In sum, we obtain
= Zia|i-2 2506\ (B.18)
E 3h \Y — By + o0& ’ '

_ Ley2
for L;&%(bl < 0 < —2Y/&* + o™ where the ending point of this stage is

determined by applying ¢ = h/2 in Eqn (B.17).

Further loading promotes the reverse phase transformation in the entire crystal.

At this stage, the martensitic volume fraction can be obtained by solving Eqn (B.15)
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Figure B-1: Analytical stress-strain relation for ¢./h = 0.03.

with boundary conditions £(0) = £(h) = 0. It is straightforward to obtain

~Y + By — o¢* h., h?
= —=) -1 . B.19
And consequently, we obtain
. o h(-Y+By—oz&")
== — 3 B.20
“TE 125,02 = (B.20)
Lo
for -_—Ygﬂ <o < w. The reverse phase transformation is complete at

the end of this stage. Denote the average strain at this ending point as €.

The last part of the loading cycle is the elastic unloading in the austenite:

o — Yife

E=&+ ,
E

(B.21)

f0r0§0<%.

It can be seen from Eqn (B.9), (B.13), (B.18) and (B.20) that the energetic length

scale ¢, appears in the stress-strain relations in a dimensionless form £./h, which
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Figure B-2: Analytical strain-hardening rate versus energetic length scale, Eqn (B.10).

implies that it affects the mechanical response only through the ratio £./h. In Fig
(B-1), we have plotted an example of the stress-strain curve using the expressions
just derived, and marked the turning points for different stages in the loading cycle.
In Fig (B-2), we plot the strain-hardening rate during the phase transformation as
a function of the energetic length scale using Eqn (B.10). It can be seen that %
increases monotonically from zero to the limit F for increasing #./h, and this effect
is most significant for 4./h < 0.2. In the calculations, model parameters take the

following values: E = 10 GPa, Sy = 0.1 GPa, &* = 0.04, By = 2 MPa, Y = 1 MPa.

B.2 Uniaxial tension of a chain of grains

Using the results of the single crystal, it is straightforward to derive the stress-strain
relation for a chain of grains. Assume that a polycrystal contains a chain of n grains.
Assume further that for i = 1,...,n, the length of ith grain is 2, and the material
parameters of ith grain are E® S(()i), e,(f), 5408 Bg), and Y@ . Given a stress-controlled

loading history, the average strain of each grain £ can be obtained independently
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Figure B-3: Stress-strain relation for a chain of 1000 grains with varying maximum
transformation strain. £49 /&t € [0.75, 1.25] for small variance, and &% /&* € 0.4, 1.6]
for large variance.

using the results from the previous section since the condition & = 0 at the grain
boundaries isolates the phase transformation within each grain. As a result, the

average strain of the polycrystal reads

- : S (B.22)
h®) =1

g =

Taking the previous single-crystal example as a reference, we first investigate the

effect of distributed maximum transformation strains. Assume that
g =gt x o (B.23)

where o' is a random number following the uniform distribution. Two cases are
considered. In the small variance case, o' takes its value in [0.75,1.25], while in the

large variance case, o takes its value in [0.4, 1.6]. In Fig (B-3), we plot the stress strain
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Figure B-4: Stress strain relation for a chain of 1000 grains with varying grain lengths.
h® /h € [0.75, 1.25] for small variance, and h /h € [0.4, 1.6] for large variance.

curve for a polycrystal with 1000 grains' in comparison with the reference single-
crystal result. It can be observed that the critical stress for the forward transformation
is lower in the polycrystal cases. This can be explained as follows. Since the critical
stress for each grain is ™0 = %ﬁ, the apparent low values for the polycrystal cases
can be attributed to the grain with largest /%) that yields first. The critical stresses
are 0.8 x % for the small variance case, and 0.625 x %@ for the large variance
case. It can also be seen that during the forward transformation polycrystal cases
show a much larger strain-hardening rate than the reference single crystal, whereas

the difference is not significant for the reverse transformation.

We also investigate the effect of distributed grain lengths. Assume that
R® = h x o, (B.24)

where o' is a random number following the uniform distribution. Two cases are

!The number of grains is sufficiently large to ensure the convergence. A small number of grains
will lead to stochastic results.
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considered. o takes its value in [0.75, 1.25] for the small variance case, and in [0.4, 1.6]
for the large variance case, respectively. In Fig (B-4), we plot the stress strain curve
for a polycrystal with 1000 grains in comparison to the result of the reference single
crystal. It can be observed that the polycrystal results are very close to the result
of the reference single crystal except that the polycrystal results are smooth at the

turning points where the bound constraint £ < 1 is activated and deactivated.
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Appendix C

Variational incremental

formulation

In this chapter, the rate-independent isotropic plasticity, strain gradient plasticity,
and gradient superelasticity are presented in a variational incremental formulation.
In this formulation, the displacement increment, effective plastic strain increment, and
the flow direction are considered as unknown variables. The equilibrium (macroforce
balance equation), the normality rule, yield condition and Kuhn-Tucker conditions
(for local model and gradient models with only energetic length scales) will be derived
as variational results. When gradient models contain the dissipative length scale,
the variational result corresponding to the effective plastic strain increment can be
interpreted as a microforce balance equation rather than a yield condition. The
derivation follows the approach of Simo and Hughes [50] for local plasticity, and
Miehe [69] for gradient plasticity. It is worth noting that a mathematical framework
has been proposed by Han and Reddy for local and gradient plasticity models using

variational inequalities [43].
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C.1 Rate-independent isotropic plasticity

The functional that we want to minimize reads:
J(Au, AvP,A) = / 2+ DA AV, (C.1)
\%

where the traction on the outer surface is not considered for simplicity. The free

energy increment is

P& = %(e — &P AYPA): C: (e — eP™ — AgPA)

_ %( (n) _ sp(n)) . C- (E(n) _ Ep(”)) 7 (02)

and the energy dissipation during this increment is
DA =7YAqP (C.3)

where 7Y is the yield strength. The variables of the functional are subject to the

constraints: Av? > 0, A : A = 3, and trace(A) = 0. Also the displacement

increment Au satisfies Dirichlet boundary conditions on 0p, V.

Corresponding to the inequality and equality constraints, we introduce three mul-

tipliers A;, ¢ = 1,2, 3, and formulate the Lagrange functional

LAWAYP A N, N0, 03) =T +/ A(—AYP) + Xo(A A — g) + Astrace(A) dV .
1%
(C.4)

At alocal minimum, the multipliers satisfy the following complementary condition

A(=Ay) =0 and X\ >0. (C.5)

'In this case, constraint AyP > 0 is equivalent to the non-negative dissipation requirement:
DA > 0.
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The variation of £ with respect to Au leads to
Div o™t =0 (C.6)

with o™+ := C : (e — e?™ — AyPA) .

The variation of £ with respect to A leads to
— o MUANP 1 2MA 4+ X1 =0. (C.7)
Taking the trace of this equation and using the constraint trace(A) = 0 lead to
! (0--1)
Ag = §A7ptrace(a ) -

Insert the value of A\; in Eqn (C.7), and then we can see that A is collinear with the

deviatoric part of o), a'((JnH). Because of the equality constraint A : A = 2, this

variation eventually gives rise to the normality rule

(n+1)
A= \/50'0— . (C.8)
2oy

0

The variation of £ with respect to AP leads to
—o™V A+ FY - =0. (C.9)

Eqn (C.9), (C.5) and (C.8) lead to the yield condition

3

— M=oY A Y = §||crg"+1>|| -7¥ <o0. (C.10)
and the Kuhn-Tucker condition
3. _(n+1) v
(4/5le§ ) =)y 0. (C11)

It is worth noting that the yield condition is an algebraic equation rather than
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a partial differential equation, and therefore it is not necessary to treat the effective

plastic strain increment as a primary unknown in computation.

C.2 Rate-independent gradient plasticity with en-

ergetic length scale
In this case, the free energy increment is

1 1
P = 5(e — &P — APA) 1 C: (e — &) — APA) + S|V

1 1
— (6™ —ePM)C: (e —ePM) — S5l | VP (C.12)

Following the same process, we can define three multipliers and construct a La-
grange functional. The first two variational results are the same as those in the local

plasticity model, while the variation of £ with respect to Ay? now leads to
— oD A = §eAVRAPHD L 7Y N =0, (C.13)
which can be rewritten as

)\ = o) A 4 Soggv2,yp(n+1) _ 7Y

3,
= /5106l + o0 — 7Y (C.14)
Using Eqn (C.5), we can obtain
gHa'(()"H)I] + So2V2PD _ R < (C.15)
311e0 V| + Sp202PmH) _ AP = C.16
9 0 e

Inequality (C.15) includes the Laplacian term, So#2V2y*("*1) and thus can be viewed

as a nonlocal extension of the yield condition (C.10). Plastic deformation is possible
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if the elastic predictor stress oP™ satisfies

3
\/; lof |l + Sof2 V24P > 7Y (C.17)

C.3 Rate-independent gradient plasticity with en-

ergetic and dissipative length scales

In this case, the free energy increment is the same as the purely energetic case, i.e.

1 1
VA = 56— &P — APA) i C (e = & — AYA) + S [VP )

1
- %(e(") — Py (g™ — Py — isoeznvfyp(”)n’-’ : (C.18)

while the energy dissipation during this increment is

DA = 7Y \/(Ayp)z + A AT (C.19)

In order to simplify the notation, we define an auxiliary variable

&P = \/(mp)'z + AN AR . (C.20)

Following the same process as described in the local plasticity model, we can define
three multipliers and construct a Lagrange functional. The first two variational results
are the same as those in the local case, while the variation of £ with respect to AP
now leads to

A
dp

Ay 0

— (1) oA 22, p(n+tl) | =Y
0=—-0o t A — SpliVey +7 TR

(

)} - A, (C.21)
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which can be rewritten as

Ay = oD A SRRt _ 7Y Adzp 2 KzA’YJ)]
= \/gllaé"“)ll + Sola VAP — 7Y Adzp aiJ 8337%] . (C22)
Using Eqn (C.5), we can obtain
A~P %)

3 n " ~ £2A,Yp
\/;Hoé || 4 G2 V2Pt _ Y R ddp 2yl <0, (C.23)

2 p
{\ﬁ 1o 0| 4 Sp2y2ppltt) _ 7y |A7 0 LiBs
2

dp oz J( dP )
Unlike the purely energetic case, inequality (C.23) cannot be viewed as a yield condi-

}mp =0. (C.24)

Zfl A'yf)J
dr

tion since Ahm . A

&~ 95) ) is unknown at the beginning of this load increment.

It is worth noting that for gradient plasticity models, the increment of effective
plastic strain is treated as a primary variable, its value will be an output of the
calculation, and Eqn (C.23) or the nonlocal yield condition (C.15) for purely energetic

case will be satisfied weakly.

C.4 Gradient superelasticity

Macroscopic superelasticity models contain different transformation directions for for-

ward and reverse transformations [13]:

Sgtoe  AE>0,

3=t e‘(")
\/— jemy o A6 <0.

The transformation direction tensor for the reverse transformation is defined by the
transformation strain tensor at the beginning of this load increment. This special
treatment ensures that the transformation strain accumulated during the forward

transformation will vanish with decreasing martensitic volume fraction. It is worth
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noting that for mesoscopic superelasticity models, the transformation direction for
each transformation system is prescribed by crystallographic theories, and remains

the same for both forward and reverse transformations.

It is possible to derive a variational principle that incorporates the two transforma-
tion direction tensors in Eqn (C.25). For this purpose, we follow the technique from
Thamburaja [112], where the increment of martensitic volume fraction is decomposed

into a forward part A(t and a reverse part A, i.e.
A = AL+ AE™ (C.26)

with A&t > 0 and A¢~ < 0. The increment of phase transformation strain tensor is

then expressed as

Aet = AETAT + A¢TAT (C.27)

where the direction Af will be the outcome of the variational principle, and the

. . t et(m . .
direction A" = \/get < is prescribed.

et

The functional that we want to minimize reads
J(Au, AT A~ AT = / A +D2aV . (C.28)
1%

The increment of free energy is

P = %(5 —e™ _Aet):C: (e - — Aet) - %(e(n) — ™y (g™ — ™)

— Aseq(T — Tog )™ 4 Aseg(T — Tog)6™

1 1
+ 5 Sole[VETD = SSelelIVE™ | (C.29)

where elastic moduli are assumed to be identical for the two phases, and the classic

hardening term is ignored in order to simplify the derivation.

The energy dissipation during this increment is

DA =Y\ /(A)? + BAE ALk (C.30)
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In order to simplify the notation, we define an auxiliary variable

d' = \/(Af)2 + GAE KAk (C.31)

The variables of the incremental functional are subject to the following constraints:

AT >0, (C.32)

AE <0, (C.33)
AT+ A <1 —€M (C.34)
AET + AL > —£m | (C.35)
Af AT = g(gtf : (C.36)
trace(AH) = 0. (C.37)

Corresponding to these constraints, we introduce six Lagrange multipliers, A;, for

1 =1,2,...,6, and construct the Lagrange functional

L(Au, A, AL, AT N)
=J+ / A (—AEY) + MAE™ + A3 (AET + A +£M — 1) dV
|4

+ /V M(—AET — Ae™ — M) L (AT AT — g(e‘t)z) + Agtrace(AT) dV . (C.38)

At a local minimum, the multipliers satisfy

M(-AEH) =0, N>0, (C.39)

MAET =0, M>0, (C.40)

M(AET+ A +£6M 1) =0, A0, (C.41)
M(=AEF — A —€M) =0, XN>0. (C.42)
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The variation of £ with respect to Au leads to
Dive ™+t =0 | (C.43)

where o) = C: (e — t™ — Agt) .

The variation of £ with respect to Af leads to
—oMYAET + 20 AT — NI = 0. (C.44)

Taking the trace of the equation above, we can see that Ag = %traee(a'("“))A{*,

which implies that Af is collinear with the deviatoric part of o(®*Y. Therefore,
A= \ﬁgt—o— . (C.45)
2 oo™

The variation of £ with respect to A¢™ leads to

AL 0 BGAL,

_ n+1) . Af 2¢72 ~(n+1

O——O'(+).A.—ASeq(T—Teq)_SOBeV£(+)+Y ?—a—x]( dt )

— A1+ A3 — A (C.46)
As a result, Eqn (C.39) leads to
. A o A
oD - A 4 Asoq(T — Tog) + Sot2V26H) —y [d—f - 55;( d df’J )} —(A3—X) <0,
(C.47)
2

{a<n+l> P AT+ Aseq(T = Tog) + Sol2VMH) —y {% - (—3—%(——%3{"' )] = (As — A4)} AgT=0.
(C.48)

If the dissipative length scale is zero (¢4 = 0), Aéirr(l)+ L %(ﬁ%) =1. Eqn
—

(C.47) can be viewed as a nonlocal yield condition for forward transformation. The
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forward transformation is possible if £ < 1 2 and
3 =t || 4.Pre 2v72 ¢(n)
3 oo || + Aseq(T — Toq) + SolsVE™ —Y > 0. (C.49)

This is also the yield condition that has been used by Thamburaja in [112]. If the

2
dissipative length scale is not zero, A!gin(l)+ % — %(ﬁ%) is unknown at the beginning
—

of this load increment, and Eqn (C.47) cannot be viewed as a yield condition.

The variation of £ with respect to A&~ leads to

2
0= =" A" — Aseo(T — Tog) — S22 +Y[A€ 0 —gdA@J)}

& 0z, d
Fha+ A — A (C.50)

As a result, Eqn (C.40) leads to

n r n A€ 7] ezAg,J

O'( +1) . A + Aseq(T — Teq) + SQEgV2§( +1) d Y [W —_ %J(—dT)] — ()\3 — )\4) Z 0 ,
(C.51)

A o A

{a<"+1> CAT 4 Asoq(T — Tog) + Sof2v26+D) _y [d—f ~ 3 d df’J )} —(As— )\4)} AE™ =

(C.52)

2
If the dissipative length scale is zero, A?E})— - %(ﬁ%) = —1. Eqn (C.51)

can be viewed as a nonlocal yield condition for reverse transformation. The reverse

transformation is possible if €™ > 03 and

3 E:t(")
\/;gtapre : Tl + Aseq(T — Tog) + Sol2V2M™ +Y <0 . (C.53)
If the dissipative length scale is not zero, lim 5% — 2 4 M 2} is unknown at the
AE—0- d* 0zy

beginning of this load increment, and Eqn (C.51) cannot be viewed as a yield condi-

tion.

2Condition £ < 1 resultsin lim A3 = lim A4 = 0.

AE—0+ AE—-0+
3Condition £(™ > 0 results in Ahm A3 = Ahm A =0.
0 50-
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