ON UNITARY REPRESENTATIONS WITH REGULAR

INFINITESIMAL CHARACTER
by

SUSANA A. §ALAMANCA RIBA
z

Sc.B. Universidad Autonoma Metropolitana
Mexico D.F. Mexico
(1980)

Submitted in Partial Fulfillment
of the Requirements for the
Degree of Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY

MAY, 1986

©® Susana A. Salamanca Riba

The author hereby grants to M.I.T. permission to reproduce
and to distribute copies of this thesis document in whole

or in part.

Signature of AUthOT o e I E 8 8 T e e e
~. Department of Mathematics

............ May 9, 1986

Certified by ......... R I IO I
_ - a#David A. Vogan
Supervisor
Accepted by .......... T A RN N &
MASSACHUSETTS INSTITUTE ( Nesgi th C. Ankeny
CHNGLOSY " Chairman, Departmental Graduate Committee

SEP 26 1986

LIBRARIES

LERTAINEAWE of o



Dedication

Dedico esta tesis a mis padres y hermanos por el amor,
apoyo y felque me han prodigado durante toda mi vida,
especialmente a mi hermana Lourdes con quien he compartido
la misma experiencia de estudiantes en M.I.T. y que durante
estos anos fue mi ejemplo y mi apoyo y que generosamente me

/

/
dio su tiempo, comprension y numerosos consejos para el

/
desarrollo de mi investigacion.



Acknowledgements

It is a pleasure for me to thank my advisor David
Vogan for introducing me to representation theory, for
teaching me how to do research, for being always willing to
share his knowledge, and for being a source of support and
enthusiasm.

I also want to thank all my friends for providing
constant encouragement and support, and for teaching me how
to do research, especially Jeff Adams, Jeremy Orloff, Roger
Zierau, my sister Lourdes Salamanca Young, Devra Garfinkle,
and Ranee Gupta. The latter three, together with Michele
Vergne have been outstanding female models for me through-
out the time I was a student at M.I.T. I also thank Dan
Barbasch for helpful discussions and suggestions, and
generous advice and interest in my work.

Thank you Luis Casian for patiently discussing with me
numerous parts of my thesis as well as other interesting
problems in mathematics, for continuous advice and under-
standing, and constant interest in my progress.

Thank you again Roger Zierau and David Vogan for
making research in mathematics so much fun.

Finally I want to thank Phyllis Ruby for her constant
interest and help during my stay at M.I.T., and Viola Wiley

for her excellent work in typing this thesis.



ON UNITARY REPRESENTATIONS WITH REGULAR

INFINITESIMAL CHARACTER
by
SUSANA A. SALAMANCA RIBA

Submitted to the Department of Mathematics on May 2, 1986,
in partial fulfillment of the requirements for the degree
of Doctor of Philosophy.

ABSTRACT

For G = SL(n,R), SU(p.q), and SP(n,R) we prove
that every irreducible unitary representation of G with
the same infinitesimal character as that of a finite dimen-
sional, arises as cohomological parabolic induction from a
one-dimensional unitary character. The techniques used
involve case-by-case arguments that do not use any special
features of these groups. So it seems reasonable to hope
that these arguments could be extended in order to solve
the problem for other groups.

For G as above let K be a maximal compact subgroup

of G, g4 = kg * Po» the Cartan decomposition of 9o =

Lie(G), (w.,#) an irreducible Hermitian representation of
G on which Z(g) acts as on a finite dimensional module,

wK the Harish-Chandra module of w7 and (u.Vu) a lowest

K-type of #K' We prove that either ﬁK is isomorphic to

a Zuckerman module Aq(x), for some 6O-stable parabolic

subalgebra ¢ = ( + « C ¢ and one-dimensional unitary

character A of L = NG(Q), or else the Hermitian form

restricted to VM ® (p@Vu) is indefinite.

Thesis Supervisor: Dr. David A. Vogan, Jr.
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Chapter 1. Introduction

The problem of classifying those irreducible unitary
representations of a Lie group whose infinitesimal charac-
ter is the same as that of an irreducible finite dimension-
al, has interested many people for many years. These
representations are important because they appear in inter-
esting applications like the theory of automorphic forms
(see for example, Borel-Wallach [1980], ch. VII.5-VII.6).
Here is an example:

If G 1is a semisimple Lie group, I a discrete
subgroup such that I'\G 1is compact, and F an irreducible
finite dimensional G-module, then the right action of G
on L2(T\G) gives a Hilbert space decomposition, with

finite multiplicities m(w,I),

L2(F\G) = @ m(w.,T)m,
TE€G
u

with Gu the set of irreducible, unitary representations
(w.#) of G. Matsushima's formula (see Borel-Wallach

[1980], p. 223) is

HY(I,F) = m(n.r)H*(g,K;xK®F*).
TEG
u

Here ¢ 1is Lie(G) € C, and ﬁK is the Harish-Chandra



module of (w,%#). The relative Lie algebra cohomology
groups on the right are non-zero only when the infinitesi-
mal character of m 1is the same as that of F.

In Vogan-Zuckerman [1984], an algebraic construction
of the modules ﬂK with non-vanishing cohomology groups in
terms of cohomological parabolic induction is given. The
derived functor modules constructed this way are conjec-
tured to exhaust a larger family of unitary representations
described below.

We refer to chapter 2 for precise definitions of the
terms used below.

Let G be a reductive Lie group, K a maximal com-
pact subgroup, 6 the corresponding Cartan involution, and
90 = ko ® po the Cartan decomposition of %0

Let ¢ =( + u € ¢ be a 68-stable parabolic subalge-

bra (cf. 2.3), that is

[es}
o~
1
o~
o]
8
n
e

Lt = (, with =~ denoting complex conjugation

Let L be the normalizer of ¢ in G, and A a one-
dimensional unitary character of L. A (g¢.K)-module Aq(k)
is a Harish-Chandra module constructed as in Vogan [1981]

Chapter 6 by cohomological parabolic induction from the



one-dimensional unitary character A. (See Definitions
2.4.14, 2.5.2).

The conditions on the infinitesimal character men-
tioned above can be weakened to include a larger family of
representations.

If X 1is a Harish-Chandra module with infinitesimal
character x, and fh C ¢ a Cartan subalgebra, then up to
Weyl-group orbit considerations x corresponds to a weight
v € ¥, Choose a positive root system A+(g,h) such that

o4 is dominant.

Conjecture 1.1. Suppose X 1is an irreducible unitary
Harish-Chandra module such that ~ - p is dominant for
A+(9,h). Then, there are a 6-stable parabolic subalgebra
¢ and a unitary one-dimensional character A of L such

that
X =z A (N).
qr( )

Some progress has been made when we assume that =~ 1is
regular and integral. Namely, for G a complex group,
T. J. Enright [1979] proved that if ~ 1is regular integral
then there exists a (g¢,K) module Aq(k) isomorphic to
X. Also, in Speh [1981], the same result for G = SL(n,R)
is proved.

The following result is proved in this thesis.



Theorem 1.2. If G 1is SL(n,R), SU(p.q). or SP(n,R)

and ~ regular and integral, then, for some ¢ and A
X2 A (M),
)

The proof for SL(n.R) 1is new and quite different
from Speh’s original one.

The proof is by induction on the dimension of G. It
involves choosing an appropriate proper subgroup L C G
and embedding ﬂK as the Langlands submodule of a derived
functor module induced from a representation of L, 1in
such a way that the information about unitarity or non-
unitarity of the representation of L can be carried up to
G and our representation ﬂK.

The thesis is organized as follows. In Chapter 2 we
set up the notation and results needed to restate and prove

the result in the following form:

Theorem 1.3. Suppose X 1is an irreducible Harish-Chandra
module with regular integral infinitesimal character,
equipped with a non-zero Hermitian form < , >. Then,

either
a) X = Aq(x). for some ¢. A as above, or

b) There are a lowest-K-type V5 and a K-type Va c
1 2

\' ® p, such that
51
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Hom, (V5 .X) # O i=1,2,

1

6

and the restriction of < , > to the sum V5 o V6 is

indefinite.

Sections 2.1 through 2.4 are devoted to notation and
the results that will be needed for the proof. The two
main issues are the definition of the Zuckerman derived
functor modules %q(Y) and Vogan’s embedding of any
irreducible Harish-Chandra module into some Zuckerman
derived functor module. We also give some useful proper-
ties of these modules.

In Section 2.5 we define the modules Aq(k) and prove
some nice features that we will use in later chapters.

Sections 2.6 and 2.7, and Chapters 3 and 5 are the
actual proof of Theorem 1.3. The main results are Theorems
2.6.7 and 2.6.8, which say that we can exhibit X as a
submodule of a derived functor module %q(XL) in such a
way that we can reduce the problem to the representation
XL of the group L. Chapters 3, 4 and 5 are the proof of
Theorem 2.6.7.

We argue by contradiction: With the help of Vogan’s
embedding result we find another 6-stable parabolic sub-
algebra and another Zuckerman module containing X. We

have to check several conditions that will ensure the
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reduction, but mainly 2.6.7 b) and c¢c). Then assuming that
the representation XL is not isomorphic to a module

A 0(7\0) we prove non-unitarity on XL' For this we use

¢

the properties of the Aq(k) modules discussed in 2.5 and

some techniques discussed in 2.7, primarily Lemma 2.7.1.



In this chapter we set up notation,

results we will need and our main result,

12

Chapter 2

state the basic

and provide a

scheme for the proof.

For undefined terms in this section see,

for example,

Vogan [1981] Chapter O.

2.1.

Structure Theory

We will denote Lie groups by upper case roman letters

such as G, H, L
letters such as

between the real

complexification

. %

Let

Z(g) =

Although we

U(g) =

center of

simple linear Lie groups,

reductive linear
ing:

a) G
b)

c)

%0

and complex Lie algebras by script

i, L. We will make the distinction

9’
Lie algebra of a Lie group and its
as follows:
Lie (G)

¢ = 29 ® C, etc.

universal enveloping algebra of ¢ and

U(g).
will eventually study connected real
we will consider connected real

Lie groups. These are Lie groups satisfy-

is connected
is a real reductive Lie algebra

G has a faithful finite dimensional representation
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Let 6 be a Cartan involution of %o and ¢o = ko ®
po the Cartan decomposition of %0 into the +1 and -1
eigenspaces of 0.

Fix once and for all a nondegenerate, invariant
symmetric bilinear form on %0 We will denote this and
its various complexifications, restrictions and
dualizations by ( , ). We may choose it so that the

Cartan decomposition of is orthogonal and
%0

(,)|po>o

(,)|k0<o.

Let H Dbe a Cartan subgroup of G. Denote by A = A(g,h)
the roots of A in g¢g.

In general if o 1is an abelian reductive Lie
subalgebra of ¢ and V 1is an ad(sa)-stable subspace of
¢ then A(V,a) 1is the set of weights of 4 in V (with

multiplicities). For any B C A(V,3) let p(B) = % E a.
a€B

When there is no confusion we will use A(V) for A(V.s).

If H 1is a 6-stable Cartan subgroup, then
H=TA; with T =HNK, A =HDN (exp po) = exp(hoﬂpo)

and A(g.h) 1is 6-stable.
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Let W = W(g.h) be the Weyl group of A in ¢ and

W(G.H) = N,(H)/H = N (H)/H N K.

Let AY = A+(9,h) be a set of positive roots of h in ¢,
L = h + n, the corresponding Borel subalgebra and p =
= n
Py = p(n)
Let tg Cc ko be a Cartan subalgebra. Define #°

(resp. H®) to be the centralizer in ¢ (resp. G) of

c c . .
to. H is ©O-stable, so we can write

a Cartan subgroup of K.

C

H is called the fundamental or maximally compact

Cartan subgroup of G.

s
"'ogbo
+ ag is maximal abelian

On the other extreme, if is a maximal

S S
o= %

then hg is also a Cartan subalgebra of %0- Its

abelian subalgebra and +f

centralizer H® in G 1is a Cartan subgroup of G, the

maximally split one.

2.2. Harish-Chandra Modules
Let (wm,#%¥) be a continuous complex Hilbert space

representation and *K the subset of # of K-finite
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vectors. If (w,#) 1is admissible, that is, if all the

K-isotypic components of ﬂK are finite dimensional, then

the limit

m(x)v = lim %(w(exp tx)v-v),
t->0

exists for all Xq € %0 and v € ﬂK and defines a

representation of %0 in *K'

ﬁK is a (g,K) module since we can complexify the

representation ﬁK to a representation of ¢ (# Dbeing

complex). Also ﬁK is a representation of K. We call

ﬁK the Harish-Chandra module of (w,#) (cf. Harish-
Chandra [1953].

Any irreducible unitary representation of G is
admissible.

Denote by 4#(¢.,K) the category of (¢.K) modules and
by d(g.K) the category of admissible (g¢,K) modules.

An irreducible (g,K) module is automatically
admissible.

A ¢ module X 1is guasisimple if Z(g) acts by

scalars on X. Then we have a homomorphism

X : Z(g) — C
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x(z)x = w(z)x

called the infinitesimal character of X.

Any irreducible (g,K) module is quasisimple.

If (w,X), (w'.X') € H(¢.K) we say that X and X'
are equivalent if there is an invertible map which is an

element of the set of (g.K)-module maps defined by
Homg'K(w,w ) = Homg’K(X.X ) ={L : X — X |

L 1is complex linear and w'L = Lw}.

A

Write G for the set of equivalence classes of irreducible
(¢.K) modules. If (w.#%), (w',#') are representations of

G we say they are infinitesimally equivalent if (w,ﬂK),

(w',ﬂk) are equivalent.

2.3 Parabolic subalgebras

Cc

Let CO

C k£ Fix

0°

x € 1(tg)".

We define a 6O-stable parabolic subalgebra ¢ as follows.

Let
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A(L) = A(L.t%) = {a € A(g.t°) | <a.x> = 0}
A(e) = A(u.t®) = {a € A(g.t°) | <a.x> > 0}
L = ® eCX_ + ¢t%, u = ® CX
acA(t) ¢ a€A(u)

then ¢ = ¢ + « 1is 6B-stable.

2.4. Derived Functor Modules

In this section we consider that part of the classifi-
cation of Harish-Chandra modules that consists of attaching
a certain set of parameters to an irreducible Harish-
Chandra module. We are going to exhibit each irreducible
(¢.K) module as a submodule of a derived functor module.

We will first consider a particular set of irreducible
(¢.K) modules when G 1is quasisplit. To define these
groups we need some notation.

Let ag c bo be a maximal abelian subalgebra and AS
the corresponding connected subgroup of G.

Let M = KA = centralizer of A°® in K.

Define A° = A(g/(m+as).as) = the nonzero roots of a°

in g¢.

Fix a positive system A+ C AS and let
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and N the corresponding connected subgroup of G.

Define P° = MASN.

Definition 2.4.1. For a fixed representation (6,V) of M

and v € A®, define the Hilbert space

5 , = {f : G— V | f measurable;

f(gman) = a‘(v+p)6(m)-lf(g):
m € M; a € A; n € N and fIK € L2(K)}.

The action of G on ﬂa v given by

(m5 ,(8))E(5g) = £z &)

defines a representation I(6@v) = IndGS(6®v). the induced
p

representation of G.

Definition 2.4.2. G 1is quasisplit if my + ag is

abelian.



19

s
0 0

subalgebra of %o and HS = MA® = T®°A% a cCartan subgroup

Hence, if G 1is quasisplit A, = m, + ag is a Cartan

of G.
Therefore
H® = homomorphisms : H — C* = M x AS =2 M x (as)*
Definition 2.4.3. a) A representation & € M 1is fine if
dé 1is trivial on m N [g.¢].
b) Consider the set

T s 1 S
A = {a € A° | 5a € A7},

A root a € A 1is real if a = B s for some B € AS
a

real.

A

o ={Xe€aj | a(X) =0} and G =M

%0

M N K. Choose an injection

Let

¢, ¢ oL(2.R) — mg

such that
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0 1
Put Z =9 € k
a—

c) A representation p € K is fine (for G) if
i) For a € A real u(iZa) has eigenvalues

included in {0,+1}.

B

ii) For each complex root a €

« is trivial.
(koNleg.901)

d) If & € M 1is a fine representation set A(8) = {u €

K | o is fine, and & occurs in uIM}.

Proposition 2.4.5. See Vogan [1981] 4.4.8.

Suppose G 1is quasisplit and p € ﬁ is fine. Then
the restriction of p to M 1is a sum of fine representa-
tions of M, each occurring with multiplicity one.

Say that p € A(6) for some & fine. Let X be an
irreducible (¢.,K) module containing the K-type pu.

s
Then there is a character v € A such that

Homg'K(X,I(6®v)) # 0.



21

For an arbitrary linear reductive Lie group we will
define the notion of minimal (or lowest) K-type of a
representation and attach to it certain parameters. In the
next section we will then construct a (¢,K) module with
these parameters using a reduction to a quasisplit group.
The irreducible representation with that lowest K-type is
a subquotient of this module. For proofs of these results
see Vogan [1981] Chapters 5 and 6.

Fix a Cartan subalgebra € of £k a positive root

0 0’

system
AT (k) = AT (k.t9),

and a A+(k)—dominant weight pu € T®; write p € (Cc)*

for its differential. Define

+ 2
2p, = 20(A7(K)) € (£°).
Let A° as in 2.1. Then there exists a 6O-stable
positive root system A+(9,hc) which makes p + 2p,

dominant. See for example, Vogan [1981], p. 239.

Fix a noncompact imaginary root f € A(g.hc). Write
XB for a root vector for the root . Put
X = X
-B B
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ZB = XB + X—ﬁ € po
¢p = centralizer of Zg in g
(hg)™ = {x € hg | B(x) = 0} (2.4.6)
= (c(‘;)‘L ® a,g

B _ c 1
ho = (ho) & <Z. >.

B
Then gg is reductive, the subgroup Gg of G with
Lie algebra gg is real reductive linear and hg is a

Cartan subalgebra of 92 and of %0 See Vogan [1981], p.

235.

Proposition 2.4.7 (Vogan [1981], 5.3.3). For each
A+(k,cc)—dominant weight u € %c, there is a unique ele-
ment Av(p) = Ag(u) € (cc)* having the following proper-
ties: fix a 6-stable positive root system A+(y,hc)
making pu + 2pc dominant; and write p = p(A+(9.hC)).

Then Rv(u) is dominant for A+(9.hc). and there is a set
{ﬁl....,ﬁr} c A+(9,hc) of imaginary roots, satisfying

a) If we put

. -2<Bi,u+2pc>
i <B;.-B;>
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then

and

Rg(u) = Ay(R) =p +2p_ - p + %V-

b) If a € A(g,hc) is imaginary, and <a.Av(u)> =0,
then <a,Bi> # 0 for some i.

c) The root Bl is noncompact; and either it is
simple, or there is a complex simple root a of A+(g,hc)
such that Bl = a + fa.

d) Either all cy = 0, or ¢, # O.

e) VWrite

¢ =¢ ., h =nh
as in equations (2.4.6). Then the positive system
A+(9,hc) n Bt x A+(91,h1) and its subset (Bz,....Br}

satisfy these same conditions for 91 and the weight

K .
glﬂc
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Definition 2.4.8. For a A+(k)—dominant weight

n € TC

let qs(u) be the parabolic defined by Ag(u) as des-

cribed in 2.3. If w7 1is a K-type of highest weight pn

we also define qs(w) = qv(u).

Proposition 2.4.9 (Vogan [1981] §5.3). Suppose
A+(k)—dominant and qv(u) = { + «u. Then

(a) LO is quasisplit

(b)  ay(u-2p(unp)) = L

(c) If w7 € K has highest weight u, then

G
= Q'V(p') = ¢.

A

We will now define a preordering on K.

Definition 2.4.10.

a) If 7 € K has highest weight pu € TC, put
as in proposition 2.4.6. Define
llarll <AL

lambda = "™ nbda =

is fine

b) If X 1is a nonzero (g,K)-module define X(w) to be

the w-isotypic component of X. Then the set

{m € K| X(v) # 0 and il vda

is minimal}
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is nonempty. We define it to be the set of lowest K-
types. We will refer to such a w7 as an LKT.
c) Define AV(X) = Av(u) for p a highest weight of a

LKT of X and let qs(X) be the parabolic associated to

L.

When there is no confusion we will refer to these

parameters as Gy and AV.

Let LV be the Levi factor of Gy and Lv the

normalizer of Gy in G.

c
LV 20T7, so let WO

tion of LV N K generated by the p-weight space, inside

be the irreducible representa-

T
LvﬂK.
Let
Ly R " A
T =7, ® [A (unp)] € (LvﬂK)
(2.4.11)
R =dim ua N p.
Ly
Notice that p-2p(unNp) 1is a highest weight of w . By
proposition 2.4.9 b) and c)
Ly
L is fine for LV'
Fix H, = TA a maximally split Cartan subgroup of L

\'

Ly = Ly
and choose 6 € T, fine occurring in w T"
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L
This triple (QV,HV,6 v) is, by definition a set of

discrete ©O-stable data attached to X.

We have attached all these parameters to a
representation X with LKT .

Now with these parameters we will exhibit a (g,K)
module that contains X as a subquotient. We need more

definitions.

Definition 2.4.12. A set of 6O-stable data for G is a
quadruple (g¢.,H,6,v) with the conditions:

a) ¢ =1{( + u 1is a @O-stable parabolic subalgebra of g .-
b) L 1is quasisplit, and H = TACL is a 68-stable
maximally split Cartan subgroup of L.

c) &6 € % is fine for L and v € X.

d) If Al € ¢* is the differential of & and

AC = Al v p(A(u. %)) € % c ¥

then i) <RG.a> > 0 for all a € A(u,h)

11)  <AC®.B> = 0 for all B € A(L,h).

Notice that the discrete 68-stable data attached to some

X € M(g.K) together with any character v € A are a set

L
(qv,Hv,é v,v) of 6-stable data for G.
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In order to give a generalization of Proposition 2.4.5
for non~quasisplit groups we need to define the objects in
which we are going to realize the Harish-Chandra modules of

G.

Definition 2.4.13 Zuckerman Functors.

Let g =( + «u C ¢ be a 6-stable parabolic
subalgebra as defined in 2.3 and L € G the reductive Lie
subgroup corresponding to LO'

Since G 1is connected, then so are K, T, L and

L N K.

Let Z be any (¢.LNK) module. Define

g _ ¥’ LNK _
pro,(Z) = LﬂK(Z) = Hom (U(¢).Z)1ng-sinite"

This is a (g¢.,LNK) module.

Now, if W 1is any (g¢,LNK) module define
{v € W | dim U(k) v < ®}.

I'W is a (¢.K) module and T : H(g.LNK) — 4(g.K)
is a left exact functor.
K i .
The Zuckerman functors {(rg,LﬂK) }i20 are the right
derived functors of I (written Fi). That is, if W is

a (¢g.,LNK) module then W admits an injective resolution
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then we have a cochain complex

b % ¢
0 - I'W %TIO—-——>I‘II-—->
ker ¢
Define I''W = ——% . so rO = rv.
Im 54

Definition 2.4.14. Let ¢ = ( + « and L € G as in 2.3.
Then L 1is a reductive linear (connected) Lie group and

L NK 1is a maximal compact subgroup of G.

We will define the 1i-th cohomological parabolic
induction functor (%Z)i : M(L,LNK) — H(¢g.K)., as
follows.

Let V € U(L,LNK). We make V € Md(qg,LNK) by letting
u act trivially.

Let

dim u
v = proq,LﬂK(VQCA u)

then

g\ i i 4l
@) 1(v) = 4 (v) = &1 (V)

riowy.



29

We are now in a position to state the generalization of
Proposition 2.4.5. However, it is convenient at this
moment to mention some properties of these derived functor

modules that we will need later.

Suppose %; = Li + u, are two parabolic subalgebras
such that
Ll C L2, Uy Cc Uy L1 N K C L2 N K;
set u = L2 n Uy

then ¢ = (., + u C ¢{ is a parabolic subalgebra of L2.

Proposition 2.4.15 (Zuckerman [1977]; Vogan [1981] 6.3.10).
With notation as above if W 1is an (Ll,LlﬂK) module such

that for q # a4

P
DUREE
¢

then

[agz]p[[%izlqo(w)] S [mzl]p+q°(w).

Proposition 2.4.16 (Zuckerman [1977]; Vogan [1981] 6.3.11).
Let ¢q = (L + u be a 0O-stable parabolic subalgebra; A C

{, a Cartan subalgebra. Let Y be an ((,LNK) module
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with infinitesimal character A € nx. Then
%;(W) has infinitesimal character A + p(u)

Definition 2.4.17. Standard Representations.

Let (g¢.H,6.v) be a set of 6-stable data for G
(definition 2.4.12). Let H = TA C L and choose N C L
such that P = TAN 1is a minimal parabolic subgroup of L
and for all a 1in the corresponding positive system

A(n,a)
{Re v,a> £ O.

Let IL(6®D) be the principal series representation
Indt(é@v@l). We define the standard (g,K) module with

6-stable data (¢,H,6,v) by
Xo(4.88v) = m:(IL(5®u))

as in 2.4.14 where s = dim ¢« N £.

We will now state some properties of these standard

modules. Fix tg Cc LO n ko a Cartan subalgebra containing

tn = h, N £k and a positive root system A+(Lﬂk.tc). Set

0 0 0
AT(k) = AT (LNk. %) U A(unk).
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Proposition 2.4.18 (Vogan [1981] 6.5.9). Let (g.H.,56,v)
be a set of 6-stable data for G, and AG = dé + p(u)
then

a) %:(IL(6®D)) has infinitesimal character (AG,D).

b) If w7 1is a K-type occurring in %Z(IL(5®D)) with

highest weight 71 then there exists an L N K-type vL of

highest weight nL such that

L L
6 Crw T and n = n + 2p(unp) + 2 n a.
a€A(unp)
n_€N
a
c) Moreover if w7 is a LKT, then the last summation

term is zero and nL is fine for L.

Proposition 2.4.19 (Vogan [1981] 6.5.9 (g) and the proof of
6.5.12 (b)). Suppose X 1is an irreducible (g,K) module
and (QV,H,G%) a set of discrete 6-stable data attached
to X. Then there is a character Ly € X such that if
%ZV(I%(5%®D)) is the standard (g¢,K) module with

parameters (QV'H'éb'DV)' then Homg‘K(X,%:v(I%(6$®vv)))

is one dimensional.

Lemma 2.4.20. Let ¢ = ( + «u C g be a 6-stable parabolic

subalgebra and Y an ({(,LNK) module. Write
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s =dimu Nk, Ay = A (Y) and X = #:(Y). Assume

\

<A$+p(u),a> > 0; a € A(u). Choose A*(k) = A*(tnk) U
A(unk).

Suppose uL is the highest weight of a LKT (for
L NK) of Y with respect to the positive system
A+(Lﬂk,tc) and that we choose A+(L) so that uL + 2ank
is dominant. Then

a) pu = uL + 2p(unp) 1is dominant for A+(k).

b) p + 2pc is dominant for A+(g). where A+(9) is

compatible with A+(k) and

AT (g) = AT(L) U A(w).

Proof. m + 2p_ ub o+ 2p(unp) + 2p(unk) + 20, i

L
TR 2ank + 2p(u).

Suppose a € A+(9) is simple, then

i) If a € AT(0),
u+2p_.a> = <ule2p, La> + <2p(u).a>
HTepg a2 = LNk’ .
L
= <u +2anh,a> + 0

ii) If a € A(u) then, for any simple root =,

<a,¥> € O0; hence <a,B> < 0O for B € A+(L).
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Choose {Bi} C A(LNp) as in Proposition 2.4.7, such

that

Ay = O+ 2p 4o+l 2 c.B

A LNk L 2 iTi

0<c.<1
i
then
L 1

(2.4.21) L o+ 2pc = AV P, -5 z ciﬁi + 2p(u)
then

o+ 2p > = <X.x$ + p(u)> + <dp - Y ;B>

>0 + 1.
This proves b) of the lemma.
For (a), it is enough to prove that if =~ € A+(k) is
simple, then

<¥,u + 2pc> 2 2.

i) If ~ € AT(unk)
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A 2p > = <¥.ub + 2p(4nk)> + <X, 2p(u)>

<¥.pL + 2p(LNk)> + O

since uL is dominant for A+(Lﬂk).
ii) If ~ € A(uNk) then, as for b): <¥,p + 2pc> >
1, and it is an integer since p + 2pc exponentiates.

q.e.d.

Lemma 2.4.22. In the setting of Lemma 2.4.20, if pu is

dominant for A+(9). then Ag(u) = A% + p(u).

Proof. By 2.4.21, pu + 2pc - p = A% + p(u) - % 2 ciBi'

We claim that Ab + p(u) satisfies the conditions for
Av(u) in Proposition 2.4.7:

Condition (a) holds by the definition of k% + p(u).

L
A

A(u), 2.4.7 (b) holds because (X,k% + p(u)> = 0 implies

Since A(u) = -A(u) and <¥,A + p(u)> > 0 for a €

a € A(L).

But then, <a,p(u)> = 0; hence (X,Bi> # 0 for some

Since simple roots for A(L.hc) are simple for

A(g.2%)., 2.4.7 (c) (d) (e) hold.
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In the setting of Lemma 2.4.20, let (w,Z) be a
K-type occurring in X with highest weight n.
We want to estimate the lambda-norm of n.
L

Let q.v = Q%(Y) = u,l + Ll C (.

Gy = ) v 4 e Cog
and (QL H GL vL) a set of O-stable data for L
VvV ety
attached to Y (Definition 2.4.12).

Let A% = 6% + p(ay) as in Definition 2.4.12.

Lemma 2.4.23. With notation as in Lemma 2.4.20
a) (qV’HV’5$’D$) is a set of 6-stable data for G.
b) If Vn is a K-type in X, then <Av(n).kv(n)> 2
8.
c) If equality holds in b) then n = nL + 2p(unp)
for nL a highest weight of a L(LNK)T of Y and Vn is
a LKT of X.
d) Conversely if n = nL + 2p(ung), then Vn is a

LKT of X and equality holds.

Proof. For (a) we only need to see that <AG.X> > 0 for

all roots in A(u).

By hypothesis on (qt.Hv,6$,vb).

L
Ay = dév + p(ul).



36
,a> > 0 for a € A(ul).

H = TA 1is maximally split Cartan of L1 and 5% is fine.
Now

G L L L
AT = dav + p(uv) = dév + p(ul) + p(u) = 7\V + p(u).

If a € A(ul) C A(L) then

Ay + p(u). & = Ay, &> > 0.

If a € A(u), by hypothesis in Lemma 2.4.20,

The proof for b) and c¢) is exactly the proof of Lemma

6.5.6 in Vogan [1981].

2.5. The Modules Aq(k).

Let G be a connected real reductive linear Lie
group, ¢ = ( + u C ¢ a O0O-stable parabolic subalgebra and
L the normalizer of ¢ in G. Then LO = Lie(L).

Let AN : { — C be a one-dimensional representation

of (. Assume that
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-

a) AN 1is the differential of a unitary

(2.5.1) A« character of L (call it A also).

b) | _.a> 2> 0 for all a € A(u,t®).
¢

We say that A 1is an admissible representation of (.

Definition 2.5.2. With notation as above, we define the

Harish-Chandra module Aq(k) by

AN = m:(m (Definition 2.4.14)

\)

with s = dim ¢ N £.
Fix positive root systems

AT (tnk)  and

AY(L) = A*(t.t), compatible with AY(enk).

Then AT (k) = AT (LNk) U A(unk)
and A" (g) = 4% (q) = AT(L) U A(u)
are positive <¢-root systems for k£ and ¢, respectively.

Choose a fundamental Cartan subalgebra K¢ = t€ + a© and a
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s +
positive root system A (g,hc) so that

= AT (g).

+
A" (g.0%) |
t

Then p = % z a = % z B.
a€s*(g.4°) pea’(g)

Proposition 2.5.3 (Vogan-Zuckerman [1984]. See also

Speh-Vogan [1980] and Vogan [1981]). Regard A c 2s a

t

»*
weight in (cc) . Let

wo= A+ 20(enp) € (£

a) The (g¢.K) module Aq(A) is the unique
irreducible module satisfying:

i) As a K-representation, Aq(k) contains the

K-type with highest weight u.
ii) Z(g¢) acts on Aq(k) by the character

Xaup ¢ Z(8) — € where x,, (2z) = (A+p)(E(2)) and §

is the Harish-Chandra homomorphism.
iii) Any K-type occurring in Aq(k) has a

highest weight of the form

A ¢ 2p(unp) + E nﬂB.

t BeEA (unp)

nﬁem

3
]
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b) Moreover pu is the unique LKT of Aq(k).

Proof. The infinitesimal character of the representation
AN: L —C is A + P+ Then by Proposition 2.4.16 AQ(A)
has infinitesimal character A + Py * p(u) = N + p. So ii)
holds.

If uL

A o ‘then uL is the highest weight of the
t

(lowest) L N K-type of CA'

Choose A+(L) making uL + 2ank dominant. Then

L, L
Ay = A7) 7‘Icc Y200 TPt 2 ciBy

with Q a sum of roots in (.

But HLIA(L) = 0 so A+(L) can be chosen so that Q
is dominant.

Then if a € A(u) 1is simple, <A% + p(u),a> > 0. In

fact

L

vt p(u),a> = <A ¢t p(u).a> 2 <p(u),a>

> 0.

By Lemmas 2.4.20, 2.4.22, and 2.4.23, i) and b) hold.



40

The irreducibility and uniqueness of Aq(k) take more
work, and since we won't be using these facts we refer to
Speh-Vogan [1980]. See also Vogan [1981].

By 2.5.4 and Theorem 1.3 in Vogan [1984], we have the

following.

Proposition 2.5.5. In the above setting, the modules

AQ(A) are unitarizable.

Proposition 2.5.6. Fix A"(k). Let q, = ( + a Cg;

i =1,2, be ©6-stable parabolic subalgebras such that

A(g.) 2 A+(k) and A, € t* admissible one-dimensional
i i

representations of Li (Definition 2.5.1). Then,
A (A,)) 2 A (A,)
G 1 Gy 2
= Al = Rz and ul Nnpg = Uy npg
Proof. We need a few lemmas:

~

Lemma 2.5.7. Suppose ¢ ={( + u, ¢ = (L + u C g, are
f-stable parabolic subalgebras, and A : ( — C

admissible representations such that
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1) ¢ 2 ¢, that is, ( 2 { and « 23 u.

ACL).

b =u N pb.

(2.5.8) 2)

>
[

e
-]

3)
Th AY(A) 2 A (A).
en qr( ) q( )
Proof. By induction by stages (Proposition 2.4.15),

x ﬂf(ﬁdif Lﬂ(uﬂk)(cx))

%°(c,)
¢ A ¢ Nt

~

but ¢ N ¢ =4( +uN{ and, by 3), u N ¢ C k& so

dim Nt
% (c) = ¢

gni A

Hence %S(C 2 QE(CA) = A;(A) this proves the lemma.
%

¢

z)

q.e.d.

By this lemma, we may assume that both qi's in the

proposition are maximal with respect to conditions 1) - 3).
Lemma 2.5.9. In the above setting

A(LNk) = {a € A(g) | <a,A; + 2p(u;Np)> = O}.
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Proof. Suppose a € A+(k,tc) is a simple root so that
a) a ¢ A(Liﬂk).
b) (a,ui> =0, My = Ai + 2p(uiﬂp).

Let A(L) = Span(A(L,).a) N A(g)

A(w)

A(ui)\A(Z)

We want to contradict the maximality of @, -

Breaking up A(uiﬂp) in maximal a strings

{70;70+a;...70+ra},

(i.e. To T @ Mg * (r+l)a € A(uiﬂb))

and using representation theory of 4((2) we can conclude

that

<a.2p(uiﬂp)> >0

and we have equality if and only if ey N p 1is invariant
under the three dimensional subalgebra ga that contains
the a-root vector Xa

But, by definition of Ai’ <a.Ai> 2 0.
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So, (a) and (b) imply that wg N p 1is invariant under

a

¢ and
(a,ki> =0 = (a,2p(uiﬂp)>.
Now we want to prove that
(2.5.10) ¢« N p = u; N p.

If B e€ A (g.h°) and B . = @ then
t
TR
a ¢ ¢
If B 1is complex, then the non-compact root of -J c
t

is not in A(uiﬂp) so it contradicts invariance under ga
Hence a 1is an imaginary root of A+(g,hc). a is

also simple for A+(g,hc). In fact, since a is simple

for A(k,tc), and a € A({Nk) we can assume that if =, &

€ A+(g,hc) and a = v + 6 then
~ € A(uiﬂp).

say, and v - a = -8 € A(uiﬂb); contradicting invariance

again.
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Consider a simple factor LO C {, not contained in
{. Then LO is not orthogonal to a. Let {BI’B2""’B£}
be a set of simple roots for LO containing «a.

Say a = Bio and Bio+1 is adjacent to «a.

Suppose LO N p # 0. Then there is a non-compact root

B = 2 niﬁi with some ni0+1 > 0 and such that

{a,B> = z ni<a,6i> < 0.

a + 3 =6 1s a non-compact root, and & € A(uiﬂp).

So the string through &6 1is not complete.

Hence LO is compact and ¢ (C ¢) is not maximal

satisfying (2.5.8).

This proves Lemma 2.5.9.

We are now able to prove Proposition 2.5.6.

By Lemma 2.5.9,

o
)
x>
1}

o~
-
&

g
2
x>
1

IS

2
&

hence A, + 2p(u1) = Ay + 2p(u

1 2 2)'
<2p(ui).ﬁ> =0 for all B € A(Li) and <2p(ui),a> > 0,

But <AiB> =

Aj.a> > 0. a € A(a;). So
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A(L;) = {B € A(g.t%) | A+ 2p(uy).B> = 0}
Au;) = {a € A(g.t°) | Ay + 2p(u;).a> > 0},
Hence Uy NnNp = Uq n g
and A, = A

This proves Proposition 2.5.6.

2.6. Reduction step for the proof of Theorem 1.3.

We are now in a position to prove the main result
stated in Chapter 1. We will argue by contradiction and
reduction to a proper subgroup L C G.

Suppose X € #(g.K) 1is irreducible and has a
Hermitian form < , >. We will assume X cannot be
realized as an Aq(%) module, but will exhibit X as a
Langlands submodule of some derived functor module induced
from an ((,LNK) module XL' making sure that this
information can be carried over to G and X.

We need to keep track of the existence of Hermitian

forms at different steps of induction as well as of their

signatures on some finite sets of K-types.



46

Recall from Vogan [1984] (Definition 2.

module Y

Hermitian dual of a (g.K)

h

Y = {f

f(Ax) = N (x),

h

Y is a (g,K) module.

Definition 2.6.1. An invariant,

on a (¢.K) module Y 1is a pairing
<, D Y xY —C
such that
a) <x,ay+bzd = adlx,y> + b<{x.,z)
Cax+bw,y> = a<dx,y> + b<lw,y>
for a, be€eC, x, vy, z, w €Y.
b) <(U+iV)x,y> = -<x,(U-iV)y>

U, Vv € %0 y. x €Y.

d)

10) the

Y — C | dim U(k)f < o;

A€EC x €Y},

symmetric Hermitian form
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The radical of < , > |is
Rad(< , >) = {x € Y | <x,Y> = 0}.

It is clear that invariant symmetric Hermitian forms
on Y are given by (¢K) maps f : Y — Yh such that

f = fh : Yh — Y. Moreover we have

Proposition 2.6.2. Suppose X € A(g.K) 1is irreducible.
Then X admits a non-zero invariant Hermitian form if and

only if

In this case the Hermitian form is non-degenerate and
any two such forms differ by multiplication by a real

constant.
Proposition 2.6.3. Let X € o(¢g,K) be irreducible and

(qV,HV,év,vV) a set of ©O-stable data attached to X, so

that
s LV
dim Homg’K(X.%qv(I (6V®vv)) =1

(see Proposition 2.4.19). Let H, = TA. Then X = X if

and only if there is an element
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w € W(L,A) such that

wb and Wy = -v.

1
>

In this case we get a Hermitian form on X from a form on

%> (ILV(a ®v,))
ay vyl

This result is essentially due to Knapp and Zuckerman
[1976].

A formulation close to this one is in Vogan [1984],

Corollary 2.15.

Corollary 2.6.4. Let X € oA(g,K), irreducible, endowed

with a non-zero Hermitian form < , >. Write Gy = qV(X).
Let ¢ = (L + u be a 6-stable parabolic subalgebra such
that ( D Lv, u C Uy and (qV,Hv.év,vv). a 6O-stable

data attached to X. Write

)
X, = % (I, (6,0v,)).
L tNgy ' "L, OVETY

Then
XE has a Hermitian form < , >L.
Proof. This is a formal consequence of Proposition 2.6.3.

q.e.d.
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Proposition 2.6.5. Fix ¢ = ( + u C ¢, a B-stable
parabolic subalgebra. Suppose Y € M(L,LNK) 1is equipped
with a (possibly degenerate) invariant Hermitian form

<, >L.

Then there is a natural invariant Hermitian form

<, >C on [%Z(Yh)]h.

Proof. Recall from Vogan [1981] Chapter 6, Definition

6.1.5 the functors

ind? : A(L.,LNK) — 4(g.LNK).
U

ind?y = U(g) ®_ Y.
@ @

Write
@d : A(L.LNK) — 4(g.K)

eIy = ¢Jy = rd ina%(veA®°Py)

¢ ¢

where TIJ : A(g.LNK) —> 4(g.K) are the Zuckerman’s
functors (cf. Definition 2.4.14). Set Y =Y & ATOP .

By hypothesis, we have a map
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This induces a map

¢% - indg(Y) —_ proi(Yh)
¢

and

o 1 25y — m:Yh.

%

By Theorem 5.3 (Enright-Wallach) in Vogan [1984]

%2s—i(Yh) ~ (giY)h,
¢ 4

Let

<L, 2%y — (25)h
- % 2

be the natural pairing given by Definition 2.10 in Vogan
[1984].

Define
(u.v)G = <u.¢Gv>.

This gives an invariant Hermitian form on QS(Y)

(cfr. the proof of Corollary 5.5, Vogan [1984]).
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A

Definition 2.6.6. If Z € M(g,.K) and & € K, write
Z2(0) = HomK(Va,Z).

Then,

(2.6.7) Z=z @ 2(8) 8 V.

6€K

If we fix a positive definite form on V5- Z(5)
inherits a Hermitian form. Suppose Z is equipped with a
non-zero Hermitian form < , >. Write p(8) (resp. q(6),
z(6))., for the multiplicity of V6 in the subspace of
Z(6) where < , > 1is positive (resp. negative or zero).

Write the signature of < , > on Z(58) as
sen(< . >z 05)) = (P(8).a(8).2(5)).

Then write, formally

sgn(< . >) = ) (p(6).a(8).2(5)).
5€K

We will prove in the next chapters the following

result.

Theorem 2.6.7. Let G = SL(n,R), SU(p,q) or SP(n,R)

and X € «(g.K) irreducible, endowed with a non-zero
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invariant Hermitian form < , > and regular integral
infinitesimal character.

If X = Aq.(x‘). for any q' and A'. Then there
are a 6O-stable parabolic ¢ = ( + v, an ({(,LNK)-module
X, and (LNK)-types 55 i =1,2 such that

a) X 1is the unique irreducible submodule of ﬁq(XL).
and X occurs only once as a composition factor of
ﬁq(XL).

b) XE is endowed with a Hermitian form < , >L # 0.

Write (pL'qL’ZL) for its signature. Then
L L
p (6]) # 0O and qp (65) # O.

c) Choose A%(k) = A*(4Nk) U A(uNk). Then, if b7
has highest weight u%, My = u% + 2p(unp) 1is A+(k)
dominant.

Chapters 3, 4, 5 will be devoted to the proof of this
result. Assume this for the moment.

Using this result, we want to prove non—unitarity of
X. We need to check that the Hermitian form < , >G
induced on ?Rq(XL)h by Proposition 2.6.5 is a multiple of
<, > on X; that for the L N K types satisfying c) of
Theorem 2.6.7, the corresponding K types occur in X and
that the signature of the form on these K-types is the

same as that of < , >L on the 5%.
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‘Theorem 2.6.8. Suppose X € d4(g.K) 1is irreducible and has
a non-zero Hermitian form < , >. Let ¢ = ( + « be 60-
stable and XL an ((,LNK) module such that X is the
unique irreducible submodule of %q(XL), X occurs only
once as composition factor in %:(XL) and Xﬁ has a

L L

non-zero Hermitian form < , > If 6~ € (LNK) is an

(LNK)-type of XL with highest weight uL such that p =
uL + 2p(unp) 1is dominant for A(uNk) then if &6 € K has

highest weight pn, X(6) # O and

L
Sign[( . > ] = Sgn[( , D ]
|x(5) X (ab)
Proof. Applying the appropriate definitions and results to
K and ¢ N £ we have maps
i . ,
%an D H(LNk,LNK) —— U(%.K)
¢d . A(LNk,LNK) —— K(k.K).
qNk

If Y € U(L,LNK) there are natural maps
prog; — prok ?
G gNk

k ~

Y —— ind?y.
eNk ¢

ind
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These induce (&,K)-maps

Then, the following diagram is commutative

[in]h __E___) 9225—1 (Yh)
G
l h l
{ r
[gi Y]h ____%___q %2s—i(Yh)
qgNk

The isomorphisms across are Theorem 5.3 in Vogan
[1984] for (G,¢) and (K,gNk), respectively.
Arguing as in the Proof of 2.6.5 (for K) we have

maps

and we have the following commutative diagram
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G

@Sy —2 a5(yD) = (¢57)P
@ & a
(2.6.10) lc lr lch
oK h h
¢ Yy — (asnkY ) = (£°Y)
Nk @ ank

And we have a Hermitian form on Qi (Y)
qNk

L y>K = <x, 65y>.

Since ¢K = r°¢G°L, and by Proposition 6.10 in Vogan

[1984], ( 1is a unitary map,
(2.6.11) <x,y>K = <Lx.Ly>G.

(2.6.12) VWrite

sign(< , >K)

=
=2

(Pg-ag.2zg): Py ag. Zg

sign(< , >G)

(pG'qG'ZG); pG’ Stk
and again
sign(< , >7) = (pp.qp .z ): P 9. 2z ¢ (LK) —— N

By 2.6.11,
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(A"

pe(8) 2 py(5)

N

qg(8) 2 qy(9)

A%

ZG(6) zK(G).
The main ingredient in the proof of Proposition 2.6.8

is the following result due to T. Enright.

Proposition 2.6.13 (Enright [1984]). Let ¢ = ( + « 6-
stable parabolic.
5L

Let € (LNK) with highest weight p~ . Set pu =

uk o+ 2p(unp).

a) If p 1is not A(uNk)-dominant, then

S

sEqﬂkz

Y(6¥) = 0.

b) If p is A(uNk) dominant, write & € K for the

representation of K with highest weight p. Then

pe(8) = p (8")
ag(8) = q,(67)
2, (6) = z (87).
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For a proof of this result see Vogan [1984] 6.5-6.8.

Lemma 2.6.14. Suppose V 1is a module of finite length and
S 1is irreducible.

Assume

a) S C V occurs exactly once as a composition factor
of V.

b) Any non-zero W C V contains S.

c) S 1is equipped with a Hermitian form.

Then, up to scalars, Vh has a unique Hermitian form
<, >1 and
o ~ yh
S & V /rad(< , >1).
The proof of this lemma is standard. We can now prove

Theorem 2.6.8. By Proposition 2.6.13 and 2.6.11

(2.6.15) pe(8) 2 py (67)

U G L
(6) 2 qg (87

¢ L
and 2.(8) > z, (67)
G = "L )

Apply Lemma 2.6.14 to

s =
V = ﬂq(XL) and S = X.
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We know that a) - c) hold in this Lemma since they are
part of our assumptions on X. We also know that
G

<, > # 0 by 2.6.15.

Hence, we have the following result:

Proposition 2.6.16. In the setting of Theorem 2.6.8

<, >G|X = c< , >
X 2 [45(x, 1*/rad(< . >%)y.
g' L
So < , >G X is nondegenerate and has signature

Sgn(< ' >) = (pGqu)'

It is now straightforward to prove Theorem 1.3. Using
Theorem 2.6.7, proved in chapters 3-5 for our groups in
question, we have that the hypotheses in Theorem 2.6.8 are

true and by 2.6.15
P (61) > 0
G

and qG(62) > 0
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and the form < , > on X 1is indefinite too.

2.7. Methods to detect non-unitarity.
To prove Theorem 2.6.7, we will need a few techniques
that we will discuss here. Fix a positive root system

AT (k).

Lemma 2.7.1 (Parthasarathy’'s Dirac operator inequality.
See Borel-Wallach [1980] II.6.1.1.) Let (w,%) be a
unitary representation of G and ﬂK its Harish-Chandra
module.

Fix a positive ¢-root system A+(g) compatible with
A+(k) and a k-type &6 occurring in XK with highest

%
weight pu € tS". Write

+ C, %
p=p(A(g)) € (t7)
+ %
P, = P(AT(K)) € (¢°)
+ C,
P = P(A(P)) =p - p, € (7).
Let c be the eigenvalue of the Casimir operator of

0]
¢ acting on *K’ and w € W(k,t) making w(u—pn)

dominant for A+(k). Then
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olu-p ) + pg. o(p-p ) + P> 2 c5 + <p.p>.

Lemma 2.7.2. Let X € Md(¢g.K) with a non-zero, invariant
Hermitian form < , >. Suppose the Dirac inequality fails
on a K-type &, for some choice of A+(p). Then

1) There is a k-type 7 occurring in V5 ® p such

that

<, D
V6$Vn
is indefinite.
2) Suppose G/K 1is Hermitian symmetric with a one-
dimensional compact center, so that we can choose z € ik

0
with the property that ¢ = &£ @ b+ ® p is the

decomposition of ¢ 1into the eigenspaces O, +1, -1 of
z, respectively.

Set pi = p(A(pt)). Then, if the Dirac inequality
fails on & for pi. there is a £k-type n; occurring in

V5 ® b¥ such that

<, >
I(vaev )
n

is indefinite.
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Proof. Recall from Borel-Wallach [1980],

II 86, the

definition of (~,S(V)). the space of spinors of a finite

dimensional vector space V defined over

R, with a

positive definite inner product < , >. Write < , >S for

the unitary structure on S(V) such that

(1(v)x,y>s = - <x,'7(v)y>s

v €V x, y € S(V).

Recall also, the definition of the Dirac operator

D: H® S —— H® S

for (w,H) a unitary (go,ko)—module and S = S(po).
(2.7.3) D(ves) = )  w(X)v ® v(X-a)s.
a€A(p)
Since
S = o meV +
A+(9)2A+(k) p(A (9)-pc)

C
(where m = 2041m @7/2]y (L ¢r Borel-Wallach [1984] II §6)

then w(u—pn) is the highest weight of a

occurring in V5 ® Vp CH®S.
n

k-representation
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Let £ = v ® s be a weight vector for w(u—pn).

Write also < , >D for the tensor product inner

product on H ® S; then the proof of Lemma 2.7.1 shows

that
0 > <DE,DE>, =
(Co(u=py) + po.olp-p )*+p > = cy - <p.p>)<E. . E>p.
So Df # 0 and

DE = ) T(X,)V 8 7(X_)s € p.V, 8 SCH® S.
a€A(p)

This gives a non-zero map

ag
b ® V5 —_— p'Va.

So Homk(p ® VG'H) # 0. Let E = Im og. Since < , >S is

positive definite this means that < , > 1is indefinite on

V6 ® E.

This proves a) of the lemma.

- + +
For b) simply observe that pu - P, =K *p i p=

n
p(p+) and b+ is a representation of k. Hence if f§ €

A(k)

<p;.ﬁ> = 0.
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So V + is one-dimensional. Since p; + a 1is not a
Pn
weight of S, for a € A(p'), V _ is killed by v(X,)
Pn
and (2.7.3) becomes, for § € VG @V _
Pn
DE = ) T(X,)v ® 1(X__)s

ach(p™)

so Df € (p+)°V5 ® SCH®S. Similarly for p;

Lemma 2.7.4. Let G be a connected, reductive linear Lie

group. Assume that
rank G = rank K.

Then, any representation with real infinitesimal character

has a Hermitian form.

Proof. By Proposition 2.6.3 it is enough to prove the
lemma for G quasisplit and a Langlands subrepresentation

of a principal series I(68v) with &6 ® v a character of

a maximally split Cartan subgroup HS = TSAS.
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Since G 1is equal rank there is a subset B =
{al....,ak} of strongly orthogonal simple real roots such
that, since H°® is the maximally split Cartan subgroup of
G, then B spans ag = Lie(As).

Hence if w = s -8, is the product of simple

reflections S, + @ acts by -1 on A% and by the

identity on Tg.

Recall from Definition 2.4.3 the maps ¢a

al(2.R) — m%

0" Consider the exponentiated map

¢, ¢ SL(2,R) —— M*

set

(cfr. Vogan [1981] page 172). Then, since G is

connected, T° is generated by TS U {ma | @ real}. Let

w € M'/M = VW, then there is o € M’ such that

But m = m =m_ .
wea -a a

A A

Recall the elements &6 € M and v € A. Then
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(mé)(ma) = 5(w°ma) = 5(ma)

and weo = 0.
|7,
Hence w6 = 6. Since I(6®v) is assumed to have real
infinitesimal character, v 1is real.
Also since w A= -1 then w*v = - = -».

This is the condition of Proposition 2.6.3 for the

existence of a Hermitian form.
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Chapter 3. G = SL(n,R)

3.1. Preliminary Notation.
To fix notation consider G = SL(2n,R); the odd case

is similar.
G = {g € GL(2n,R) | det g = 1}.
The maximal compact subgroup K of G is
K = SO(2n.,R) = {g € G | g'g = I}.
The corresponding Lie algebras are

90 = {X € ¢gt(2n,R) | trace X = 0}

t

ko = {X € g4 | X + "X = 0} = s0(2n,R).

If 6 1is the Cartan involution defined by 6(X) = —tX,

then

bo = (X €gy | X = tX}.

The Cartan subgroup of K is
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r(ei)

r(e_))

r
nj

[ cos 0O,
i
-sin O,
i

r.
1

sin 6.
i
cos 0.
i

€ R det g

is a maximally compact Cartan of G.

[ rr(91)
r(6
¢ ={ g = 2
and if
r rrl
T1
To
To
Ac = {g =
then H® = TC€AS
9
_91
. J 0 92
CO = g = —92 (0]




Complexifying:

and
. L, C
Define € € 1(60)

[0 8

_91

Then the roots of

ly:

Ak, t%) =

68

21
29
)
c c
ho = CO + aO
g = oi(2n,C)
k£ = 50(2n,C)
J - 1y29 onv
%
—92 0
-6
c

by

in k£, $p and ¢

are,

= 16 ,.

{t(e;te) | 1 < j <k < n}

respective-
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A(p.t%) = {£2e): (e te)) | 1 ¢ 2 ¢<¢n; 1< j <k < n)

A(g.t®) = {t2e,: t(e te)) | 1 ¢e&€<n; 1< 3j<k<n}.

The multiplicity of + e

I+

j e, @as a root in ¢ is 2.

A

Choose A% (%,t%) = {ejtey | 1< 3 ¢k <n}. Them K

can be identified with the set

n
{p = (al,a2,...,an) €z | a, 2 a, 2.2 a 4 2 |an|}.

3.2. Computation of LV(X) for a Harish-Chandra module X.

%
0

of a LKT of X. Fix a positive root system A+(k) so that

Let pu = (al,a2,...,an) € it be the highest weight

as in 3.1.

To obtain LV(X) = Lv(u) as in 2.4.8 we need:
2pc = (2n-2,2n-4,...,2,0).

Let A+(9.hc) be a 0O-stable positive system making
o+ 2pC dominant. After conjugating by an outer automor-
phism of K we may assume that a_ 2 0. Then the restric-

tion of A+(9.hc) to ¢° s
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A (g.t) = {ej t e 2e, | 1 ¢ j.k.,2 < n; J < k}.

Write ¢(g.t®) for the set of simple roots restricted to

cc. Then

c
¢(g.t7) = {e1 - eyl €5 -~ eji... e - e ; 2en}.
Let
p o+ 2pc = (x1x2...xn).
We can form an array with the coordinates of pn + 2pc by

grouping them into maximal blocks of elements decreasing by

2. That is, if

(3.2.1) } L = (gl,...,al,a2,...,a2...at,...,at,Q,...Lg)
—————————— MN———— Ne—— N
Ty times r2 times r. times R times

where a, > a2 ) D at > 0.

Then, since the coordinates of 2pc decrease by two,

the array would look like

(3.2.2) m;, m, -2 ... m1—2p1+1 [ﬁz m2—2 -2p2+1

)

|2R-2,...,2,0]
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%
Proposition 3.2.3. Suppose that u € ito is the highest
weight of a representation of K and that the picture for
Lo+ 2pc is as in 3.2.2. Then

a) Av(u) = AV has the form

Av(p) = (Al...xl,kz...xz...At...kt,o...O)
rl ry r, R
where
A, = -1
1) J aJ

So A, =0 if a_ =1.

b) [Lv(u)]d is isomorphic to, either
aL(rl,C) ® oL(rz,C) ®...0 aL(rt,C) ® al(2R.R),
if AN_ > 0 or

aL(rl.C) ®...0 al(r C) o aL(2(R+rt),R),

t-1°

if A, = 0.

Proof. Notice that 2pc - p=(-1.-1,...,-1). Define
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{Bj} = {2en_j+1 | <u + 2pc~p,2en_j+1> = —cj < 0}.

1
Then Av(u) = u + 2pc - Pt 5 > cjﬁj has the form
e) of Proposition 2.4.7

(3.2.4), and the conditions a) -

are obvious. Moreover the subset of simple roots

orthogonal to Av(u) is
{e.—ejie ~e ;...e _.-e_ } U {e_ -e e - }
1 "2°72 73 r,-1 r r, r +1 r try 1 r1+r2
u U { e 179 }
This spans the root system
(Ar _IQAP _1) ® (Ar _1®Ar _1) 6...0 (Ar —leAr _1) ® A2k’
1 1 2 2 s s

involved are restrictions of

e, - €
c
A(g.t"). Now

since the roots

complex roots and therefore occur twice in

the proposition is clear.

3.3. Lowest K-types of the modules Aq(k).

We will give some criteria to determine when a
(¢.K)

representation of K is the LKT of one of the

modules Aq(k).
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Recall from 2.3 that to construct a 6-stable

parabolic subalgebra ¢ = ( + « we need a weight x € ic;.

Suppose

(3:3-3) 2= Bor o yedpr o m ¥ Mo X022 0)
r, times r2 times T, times R times

where Xy > Xq Do X, > 0.

Write ¢ = ¢(x) = ((x) + u(x) for the parabolic defined by

x as in 2.3.

Clearly
r 2p(unk) =
(sls ...S;,S45...5,, , S s,,0...0)
1°72 t .
r Ty r. R
with sj = 2(n—r1—...—rj_1) - rj -1
(3.3.2) ﬁ

(ul,....u],uz,...,ug... Upw...u ,0...0)
r Ty r, R
u; = 2(n—r1—. —rj_l) - Ty + 1
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Proposition 3.3.3. Let u be as in (3.2.1) and suppose it
is the highest weight of a representation of K. Then Vu

is the LKT of a (g¢g,K)-module Aq(k) if and only if

and

Proof. Suppose Vu is the LKT of an Aq(k). Then p =

A + 2p(unp) and AN 1is the weight of a one-dimensional

character of L satisfying 2.5.1 a) and b). Hence A is
[

orthogonal to the roots of ¢ in ( and it is positive

in the cc—roots in «. That is,

)\=(z\_1_'\;;)\/1')\2'...’>\2"'.>\ ...,7\t. ..
———— ~————r
T R

and AN,y 2 A, 2...2 N 2 0.
Then a, = A, + 2(n-r.-...-r 1) -r, + 1

r+122R+rt+1

AN, - AN - r, + 1 + 2rj + 1., -1 2r, + r,
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Conversely, suppose un is a weight satisfying a) and

b) then we can define

¢ = ¢(p) and
A, =a, - 2(n—r1—...—rj_1) toryo- 1.

Then pun will be the LKT of AQ(A).

3.4. Proof of Theorem 1.6.7 for G = SL(n,R).

Suppose X € d4(g;K) 1is as in Theorem 2.6.7 with
infinitesimal character =~ € (hc)* and pu € (itg)* the
highest weight of a LKT of X. Write pn as in 3.3.1.

Considering what the weights in Vu ® p look like, we
will study 2 cases:
1. 2R + r. + 1 > a_.

t
2. a, 2 2R + rt + 1.
By the conditions given in 3.3, if Vu is the LKT of
an Aq(k), then p 1is in case 2.

Therefore, the first thing we must do is verify that

in case 1 X 1is not unitary:

Case 1.

We will use the following result.
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Lemma 3.4.1. Let p be as in 3.3.1 and suppose a, < 2R +

r. + 1. Suppose that a, -

. a, . Then Dirac operator
i i+1 1 p

inequality fails for s, = (n,n-1,...,1).
Proof. The hypotheses on pu imply that

po= (x+t-1,...,x+t-1,x+t-2,... ,x+t-2...%x,...,x,0...0)
— —
T Ty T, R

Note that 1 ¢ x < 2R + T, implies that

(%) R+ 1 -x <R and R + r. - x > -R.
Now,
P, = (n,n—l,...,R+rt,R+rt—1,...,R+1,R,R—1.....1),
so
P~ M =
(n—x—t+1.n—x-t,....R+rt—x.R+rt—x—1,...,R+1—x,R,R—1,...,1).

By (%), the sequence of integers

R+r, - x, R+r, - x-1,...,R+ 1 - x
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overlaps the sequence R,R-1,R-2,...,-R+1,-R.

Clearly, the first n-R coordinates of P, ~ H
decrease by steps of at most one.

So if w € WK is such that w(u-pn) is dominant,
then the coordinates of w(u—pn) will be a sequence of
integers decreasing by at most one, ending in O or +1;
and in the latter case, there must be repetitions in the

sequence.

Since

p, = (n-1,n-2,...,R+1,R,R-1,...,2,1,0)

it follows that

o(p=p ).p. > < <p_.p. >

<w(u-pn),w(u—pn)> < <pn,pn>.

Hence <w(u—pn) + pc,w(u—pn)+pc> < (pn+pc,pn+pc> = <p,p>.

q.e.d.
Now to prove nonunitarity for case 1, take i0 to be
the minimal integer in {1,2,...,t} such that a, —a; 4 =

1 for all i > io.
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Let K =r, + r, +...+ r_ + R

and L = 0L(r1+r2+...+rio) ® a2l(2K.R) = L, 8 L2.

Then ( C LV and by Proposition 2.4.15, if X 1is the

Langlands quotient of &% (I (6,8v,,)) and if we set
Gy Lv Vv
X, = ab _[I. (6,8vy))
L gyntt L, Overy )

then X is the Langlands quotient of

IR

¢ ¢

%q(XL) %q (IL (6V®vv))
\ \

and a) of Theorem 2.6.7 holds.

Also, by Corollary 2.6.4, Xi has a Hermitian form

Write uL =pun - 2p(unp). Then uL is a LKT of

By 3.3.2,
2p(unp) =
(2n-—(r1+...+ri )+1....,2n—(rl+...+ri )+1,0,...,0).
r1+r2+...+rio K
L _ 2
So M sLi2k.r) = M|sL(2k.Rr) = ®
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and by Lemma 3.4.1, the Dirac inequality fails on

Lemma 2.7.2, there is a K-type V o 1n \' 5 ® (L2ﬂp)

n M

that makes the Hermitian form < , >L indefinite.

The roots in A(Lzﬂb) are

{(0...£1,0...0 1 0...0),(0...0,%2,0...0)}.

~— —~

+ ’
K K

By

It is clear that if n2 = u2 + B 1is dominant for some B €

A(Lzﬂp) then, since aio - a1o+1 2 2 the K-type

o+ B

is also dominant for A(uNk). Hence Theorem 2.6.7 follows

for case 1.

For case 2, note that if a

all j =1,...,t, then we have the LKT of an Aq(k)

there is nothing to prove.

So, assume that there is io < t such that

L = sL(K,C) ® a((2R,R).

§7 %541 2 T3 Ty

for

and

Note that a, 2 2. Hence LV = aL(rl,C) 6...0 oL(rt.C) ®

sL(2R,R), ¢ 2 Lv and we can find XL s.t. (a) in

Theorem 2.6.7 holds. In fact, if Gy = t N Gy = Lv + (N

v v v

u and XL = IL (6V®vv). as in Definition 2.4.17,

we can
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choose XL to be

]
X, = mqo(va).

since then, by Proposition 2.4.15

3% (x.) =2 2% (X, )
¢ L Gy Ly
where A(u) = A(uv)\A(L)
and g =L + u.
By Corollary 2.6.4, XE admits a non-zero Hermitian
form < , >L.
Write X as the exterior tensor product X, = X ®
L L L1
XL where XL is an (Li,LiﬂK) module,

2 i

L1 = ol (K,C) and L2 = SL(2R,R).
By Theorem 6.1 in Enright [1979], and especially its
proof (pp. 518-523), if XL is not an Aq,(A') then
1
Dirac inequality fails on the lowest K-type. Write uL =

p - 2p(unp) and
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By Lemma 2.7.2 there is an (LlﬂK)—type V' 1
n
nl + B for B e A(LNp). If for all i # i,

(3.4.1) a; - a;q 2 ry Tie1 2 2
Then p + B 1is dominant.
Otherwise take K' = 2 ry with
i€B
B=4{i=1,...,t | 3.4.1 holds}.

Then apply Enright’s result to the rest.

.e.
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Chapter 4. G = SU(p.q)

4.1. Preliminary Notation
Let n =p + q. Write Im for the identity matrix in
GL(m,C), and A* for the conjugate transpose of the

matrix A. We define

I 0 I 0
G = {g € SL(n,C) | 9[ g I ]9* = [ g . ]}.
q q

Then the maximal compact subgroup K of G is

A 0]
K = {g €G | g = lo B}; A € U(p), B € U(q)}.

Also, with the usual notation:

I 0 I 0
= {x € 5((n,C) | x[ P ] + [ P ]x* = o}
0o -I 0 -I
q q

(8]
o
|

A B
= {x = [ } € s4(n,C) | A € u(p). D € u(q)
cC D

skewhermitian; —B* = C}

A 0
ko = {X = € ¢, | A € u(p), D € u(q)}.
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If 6 1is the Cartan involution defined by 6(X) = —X*.
and

bo = {x € ¢, | 8(x) = -x}
then

0 B
b~ = {X = [ ] | B arbitrary p x q matrix}.
0 B 0

The compact Cartan Subgroup of G 1is

Then,
. n
to = {diag(i(el,....en)) € iR™ | z 8, = o}

Complexifying everything we have:
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g = sl(n,C)

A 0
k = o(gl(p) ® ¢l(q)) = {X = €g | A€ gi(p),
0 D
D € 9L(q)}
n
] n —
t = {dlag(zl, ,zn) € c | 2 zj = O}
j=1
ﬁ can be identified with the space
{u = (al....,ap | ap+1,...,an) | a, 2 2 ays
ap+1 p 2 a_ 2 aj =0 a;, - aJ € Z}
If we denote by e, € R*, jJ=1,...,n, the elements of

J
the dual basis in R", then the roots of ¢ in g

correspond to the set

A(g) = A(g.t) = {e, - e | ¢ #3: 1 <2, j < n}.
Also
A(k) = A(k,t) =
{e, - ej’l 1<t, j<ptU{e ~-e |p <k, m<n)
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the compact imaginary roots of ¢ and g¢g.

) | 1 <¢e<p;i 1 <j<aq)

A(p) = A(p.t) = {£ (e -e

the noncompact imaginary roots of ¢ in ¢.

4.2. Computation of LV(X) and AV(X), for a Harish-
Chandra module X.

Let p = (al,a2,...,aplbl,b2,...,bq) be the highest
weight of a lowest K-type of X. Fix the positive system

A+(k) so that

We want to obtain an explicit expression of the
parameters Av and Lv attached to p by 2.4.7 and

2.4.8.
2p = (p-1,p-3,...,-p+1l|q-1,q-2,...,-q+1).
Let
T 2pc = (xl.xz.....xplyl,yz.....y ).

q

We can form an array of two rows with the coordinates of
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n o+ 2pc so that they are aligned in decreasing order from

left to right as follows: the x; are in the first rows;

the yj are in the second; and terms decrease from left to

right in the array. For example, if we have

X > yj > X541 > yj+1 > X490 > Xipg * - - > Xy =
Vi+2 7 Xke1 = Y43
the array would look like:
S Xy Xi+1 Xi42 7 Xi43 o Xk Xk+1
NSNS ||
.. Y Y41 Yi+2 Yi+3

. : . s o +
This array gives a choice of positive roots A

A+(g.c). compatible with A+(k). That is, the simple

roots are given by the arrows. In the preceding example,

they would be

i~ Cp+j’ Cp+j T Ci+1° Ci+1 T Cp+j+1 T Cis+2’
e

i+2 = €i+3°-

k ~ Sp+j+2' Sp+j+2 T Ck+1' ®k+1 T Cp+j+3° -
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Because the terms in each row decrease by at least 2, the
entire array is a union of blocks of the following five

types.

3. \r r-2 r-2
\\\\
\\
\ r-1 r-3 e r-2k+1
4 e -2 r-2k
/
/
//
/+1 r-1 .. r-2k+1
5 T r-2 r-2k
r+l1 r-1 v r-2k+1 r-2k-

From now on we will drop the arrows in the pictures,

since the ordering of the roots is clear from the
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arrangement of the coordinates of pu + 2pc, provided we
agree on choosing the order prescribed in block 1. We will
also refer to them as | 1+ \ A etc.

Example. Let p =7, q = 8, and
n = (2,2,2,-2,-2,-2,-3]1,1,0,0,0,-2,-3,-3)
then,
2p, = (6,4,2,0,-2,-4,-6|7,5,3,1,-1,-3,-5,-7)
B+ 2p = (8.6,4,-2,-4,-6,-9/8,6,3,1,-1,-5,-8,-10).

We obtain the following picture

ls 6 AA/\ s ) /s

Using the picture of pup + 2pc we can split the

coordinates of u as follows

po= (g - 8] - B¢ --- 8B | fl,;;;_i, A P
—— N ~
r1 times rt times s1 times st times

where r, is the number of p-coordinates and S5 the

number of gq-coordinates making up the i-th block of the



89

array of pu + 2pc, and

€ 28y 2 oo 28, £ 2502

Write

AV = Av(“) = RV(X)

as in Proposition 2.4.7 in chapter 2.

Proposition 4.2.1. 1.

form
Ay = (A oo Ay xt...xtlu.
Ty times r_times Sq times
where
Al > Az > > At

2. Let

The expression for Av(u) has the
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c
A(Lv) = A(Lv,t )
= {a € A | Ay.a> = 0}
Then
c
LV(X) = ($a€A(LV) @Xa) o ¢
= a(u(rl,sl) e ... 9 u(rt.st)).
Example. In our current example we have

= (2,2, 2, -2,-2, -2, -3 1,1, o, 0,0, -2, -3,-3
Ly ( ) A D le;V_/H/J\/vJ\WJ W—)k/—\,_/)
rl P2 P4 r5 Fs S1 S S S4 55 56

Note r3 = 0.

Let A

B+ 20, - p

\4
=(1,1,1,-1,-2,-2,-3] 2,2,1,0,-1,-2,-3,-3).
Then
Ay = g.g. 1, -1, -2,-2, -3 | g,g. 1,0, -1, -2, -3,-3
S v e T S e
rl r2 r4 r5 P6 S1 82 53 S4 55 56
and

LV(X) = a(u(2,2)0u(1,1)0u(1)0u(1,1)0u(2,1)0u(1,2)).
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Proof. Take a block of the form 1. Then coordinatewise we
have
n o+ 2pC =(...,r,r-2,...,r=2k,...|...,r,r-2,...,r-2k,...)
p = (....s,s-2,...,s-2k,...|...,s-1,s-3,...,s-2k-1,...)

Xv =R+ 2p, - P
= (...,r-s,r-s,...,r—-s.
.,r=s+l,r-s+1,...,r-s+1,...)
Let

{e_-e -e

m Cp+e’Cp+e mel’ T ek Cp+e+k)

be the set of simple roots making up this block. Choose
{Bi = em+i—l—ep+e+i-l | 1 = 1,...,k+1}.

Then

-cy = —<kv,Bi> = -1.
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Also
(Bi,Bj> = 5ij
and
~ Ci
<Av + 5= ﬁi,Bi> =0
Let {Bl,...,Bk ,...,Bk } be the subset of imaginary

1 T

noncompact positive roots chosen this way from all blocks

of the form 1. For blocks 2 we can choose the same kind of
subset of simple roots. In this case
~ Vv
¢, = —<Av,Bi> =0

since coordinatewise, we have

n o+ 2pc =(....r,r-2,...,r-2k,...|
.,r=1,r-3,...,r-2k+1,...)

p = (....s.s—2.....s—2k....|...,s—1.s—3.....s—2k+1,...)

XV =(....r-s,r-s,...,r-s,...|...,r-s,r-s,...,r-s,...) ‘

A similar situation occurs in cases 3-5. Choose all the



93

simple roots of the form e, - ep+b involved in blocks 3.

For cases 4 and 5 choose all those of the form e - e .
p+b a

For all these subsets

c; = =<Ay.By> = 0.

It is clear that the union @I of these 5 kinds of subsets

is a set of strongly orthogonal simple imaginary noncompact

roots. Define
>\=’7:+12013
\' \' 2 i1
B e
a) - d) of Proposition 2.4.7 are clear.
Let
At n 5; =a €A | B> =0)

+

= A \{ei—e ;e ej’ei_ep+e’ep+£_ej}
Cl = tﬁl
0O~ "0

then Cé can be identified with the set

{(xl....,xplxp+1,...,xn) € colxm = xp+L} = B]-
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. 1
So if u” = p 1 = M|
¢t g Nt
a +b a +b
1 { {
BT o= (a5 .aplbl, e by)

To verify e) of proposition 2.4.7 in chapter 2 we use the

following lemmas.

Lemma 4.2.2 (Schmid [1975]) (see Vogan [1981] p. 247). If
1

P = p(A+(k1-€ )).
A" (gt nly = 4%(e) 0 B}
and
) pl = p(a* (gl a1y
then

1 1
20, =P = (2p,-P)| ;-
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>}
< =
]

=

+

N
©

|

©

~

1
= Ay + 3948

1

Lemma 4.2.3 (Vogan [1981], p. 249). pu  + 2pi

for A+(91,h1).

So 2.4.7, e) is clear.

is dominant

Now it is straightforward to verify Proposition 4.2.1.

4.3. The Lowest K-types of the Modules Aq(k).

In this section we obtain necessary and
conditions for a representation of K to be
of the g-modules Aq(k).

If - € i(tS)™ btai

X = (xl,....xn) i( O) we obtain
parabolic subalgebra g¢g(x) = ((x) + u(x) as
replacing x by a conjugate under W(K,T),

it is of the form

sufficient

the LKT of one

a O-stable

in 2.3. Af ter

we may assume



96

such that

z P; =P and z q; = Q-

Then

L(x) = o(a(py.q;) @ u(Py.ap) 8...® u(p,.q,)).

Clearly

2p(unp) = (rl....,rl,r2,...,r2.....rt,....r |
Py Py P
S{+:-+151+Sg:---:Sg, "St""’st)
L‘v—"/
q, 9, q,

and
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2p(unk) = (Sl""'sl’SZ'""52""'st""’stl
—_— e
P Po Py
PEREERE PEE DTN P % .rt)
—_— ——
9 dg qe
where r, = —(q1+q2+...+qi_1) + Qi ¥ -0 F q,

sj = —(p1+p2+...+pj_1) + pj+1 + ...+ p.

Let p € L(tg)* be the highest weight of a
representation of K.

Write ¢ N k& = (gNk)(pn). 2p(uNk) as above, for x =
., and p' =p + 2p(unk). (Note that q(p) # ¢(n') but

their compact parts coincide.)

Write
p'o= (zl' 1Z10Zge -t Zg, 1Zg .za|
k k k
1 2 a
zlo bzltt .Za. .Za)
Lv—v \—VQ—/
2 2
1 a
Proposition 4.3.1. 1In the above setting, let n, = ki +
ei. Then u 1is the LKT of an Aq(k) iff zZ, T Zi4 >
n, +n

i i+1°
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Proof. Suppose that p = A + 2p(ufNp) for some ¢q = ( + u

and A € (cc)*, the weight of a unitary admissible one-
dimensional character of L, satisfying 2.5.1 a), b).
Then AN 1is orthogonal to the roots of t® in ( and it

is positive on the t®-roots in w«.
By Proposition 2.5.6 and its proof we may assume that

n determines ¢' N k& and u' determines ¢'. So ¢' =

g{p') and if AN satisfies 2.5.1, then

YN ¢ D U VRS URIED W N
1 172 2 a a
k k k
1 2 a
Al,...,kl,kz, "A2' ,éi;;;;;iiz.
21 82 Ea
with
Al 2 A2 2 2 At
Suppose that u = A + 2p(unp), then p' = X + 2p(u);
z, = Ai + (—nl—nz-...—ni_l) +ng 0+ ...+
and
zZ, - 231 = Ai - Ai+1 + n, N, 2 n, + N
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On the other hand if p satisfies Z, " Zi4q 2 n, + o,

then let Ai =z, +n; + ... +mn, (ni+1+...+nt) and

¢ =q(n').

i.e. A(g') = {a € A(g.t°) | <u'.a> > O} U

{a € A(g.t%) | <u'.a> = 0}
= A(u') U A(L").
Then if
No= (A A ,Atl
_ Y
kg ky
- A A Apr-ooA)
L,—-V—‘/\/'——\/\"’J
2 2
1 t
A A(uw')> 2 0
ANLA(L')> =0

and p = p' - 2p(u'Nk) = N + 2p(u'Np). q.e.d.
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4.4. The parameters Av(Aq(K)) and Lv(Aq(A))

By definition Aq(k) = @Z(CA), where s = dim u N .
By definition 2.5.1, since A 1is perpendicular to the
roots of (, A € [center(()] . The LKT of A (\)  has
highest weight pu = A + 2p(ufnp).

By Lemma 2.4.23, AS(Aq(A)) = AV(C,) + p(u). Assume

first that

A = (0...0]0...0) and Lt =g
——— e ~—~

then A + 2pc = (p-1,...-p+1]|q-1,...,-q+1) which gives a
picture (say p 2 q)
! .
p-1 \6—3 ...gq—l q-3 ... -q+!l c -p+
/ |
/ iq-1 q-3 ... -q+l
(4.4.1) (if p = q+2k)

or else:

\<:£/ p-3/ ... \q q-2 q-4 ... ;}/ ..
/ q-1 a-3 ... -q+l,
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Then
( - — ey e ——
[pgl,pg3, R e o],
— N —t
q q
(p = q (mod 2))
[P—‘—gil 0...0 ~1,...,1L1'L§'—1) |o...o};
S‘V—’ \—V—/
q+l q
~ (p = q+1 (mod 2))
So if A = (a,...,ala,...,a) and ( =g, X\ + 2pc will
give the same picture and
-q-1 -q-3 1 €
(€)= [a s B8l « 593 0y L Saa,
—
qt+e
a - % - %. ,a -~ LB%S:llla...a] P = q+e e = 1,0.
e —
q

Now suppose

a; 2a52 ... 22, L =2(u(p.qy)® ... 8 u(p,.q,))



and A =
Clearly
2010 = (Py-

So on the

and

Ay(Cy) =

if say, o)

i

picture for
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(al,...,al,az,...,az, ,at,...,atl
Py Py P,
aj....,a,23,, ca8g, ,at,...,at).
—_— ———
91 a2 e
1,...,—p1+1,p2—1,...,—p2+1,...,pt—l,...,—pt+1l
q=l.....mqq+l, . ..qt—l,...,—qt+1).

(pi,qi)-coordinates we have a similar picture

1 l+e l+e, (p,-q.-1)
a. + a a.,a, - .. a, ——2
’ 12 T i’ 2 i 2
q te;
Py
i i
93
a + 2k + e €y = 0,1, k 2 0. Also the

A+ 2ank will have pictures like (4.4.1) or,
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(4.4.2)

z z-2 ... z—2p1+1
y=-2\ ... Lzﬁ z-2 ... z—2p1+1 ..

Now

So

t d, d
Ly(A,(N) = a[izzzl [(u,(l) box a(r .s;) x (u(1)) 1”
t
C T ((ul(py.q;))
i=1
where
r, = min(pi,qi) + ey
(e1 =1 if P, = q; + 1 (mod 2) and Py > q;: €&; = 0]
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otherwise)

s, = mln(pi,qi) + 6i
(6i =1 if P, T q; + 1 and qy > P, 61 = 0 otherwise)
2di tro + s, = P; + q

4.5. Proof of Theorem 2.6.7. for G = SU(p.,q).

Suppose X € 4(g.K) 1is as in Theorem 2.6.7, with
C % Cc. *
infinitesimal character ~ € (A°) , and let u € (CO) be
the highest weight of a LKT of X.

Let’'s consider a slightly different splitting of the

coordinates of u than that of Section 4.2:

L = (xl,...,xl,x2,...,x2,...xt,...xt |
\—W
Py Py Py
Y- Y1 Yo Yo ..ys,....ys)
——— ————
9 d9 dg

so that x1 > x2 > ... xt
Yy > Yo ? > ¥



105

but here P, qj > 0, that is, this splitting is not
necessarily compatible with the blocks given by pn + 2pc.

It is convenient to draw a picture of the coordinates
of p with the same blocks obtained from u + 2pc.

In the example of section 4.2 this means

But now, the splitting of pun 1is

n=(222 -2-2-2 -3 |11 000 -2 -3 -3)
—— e\~ T
Py Py Py q a5 a4 q,

We are going to study what happens around the first P,
coordinates of p.
We may assume that either
Xy + p-1 > y, * q-1
or

1 + p-1 = ¥y + q-1 and P, 2 q-

otherwise we can interchange p and gq.
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If P < p we can have the following configurations

for pn
1.
or
2. X
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The blocks in these pictures are simple factors of
LV(X).

Note that if pu 1is the LKT of an Aq(A). we must be
in case 1. So we have to check that we can find a
reductive subgroup L € G, and embed X as the Langlands
submodule of a Zuckerman module coming from a representa-
tion of L; but in such a way that, in the case of an
A%(A), the signature of the Hermitian form is preserved
under the derived functor, and in the case when we don’'t
have an Aq(k), Dirac inequality fails on uL, the LKT of
the representation of L, and the (LNK)-types involved in
the indefiniteness of the form on L, and occurring in

\' L ® (L{Np) with highest weight nL = uL + B will be such

K
that nL + 2p(unp) 1is dominant.
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On the other hand, for cases 2. - 5. we need to prove
non-unitarity. In each case a group L will be found as
in 1, making sure that a) - c¢) of Theorem 2.6.7 hold.

All this will reduce the problem to the case P, =P

In this case we have two configurations

Case 6. can be included in either 2. or 3. and case 7. will
be dealt with similarly.

Note that as soon as we have shown that a) of Theorem
2.6.7 holds, then by Lemma 2.7.4 the representation of L
in question, as well as its Hermitian dual, have a
Hermitian form.

For 1, let ( = a(u(pl,qa) ® u(p—pl.q~qa)). here a,
is either q, or 0.

Then ( 2 LV and by Proposition 2.4.15, if ={ N

%o

Q,szV+Ln(LV,
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¢ ~ g
alra, (x; ) = %qv(va).

Assume that X; = %q (XL ) = Aqr (N\). Define ¢, by ¢, =
0 \' 1
(L+(L1
%y = @ *t u = Ll tup tou
Then

I

%F(A_ (N))

%¢ (cC
AN g

A

Proposition 2.4.15 again.

¢ :
To see that @q2(ck) is a module Aq2(CA) we need to

prove that <A,a> 2 0 for all a € A(uz). But, by Lemma
2.4.22, .
Ay = N+ p(u) +p
m
=N+ p(u) + p, - pzes
res
Hence A+ p = AV t e,

By Proposition 2.4.16, the infinitesimal character of

%G(XL) is A + p, and it is regular.
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Hence, A 1is dominant & A + p 1is dominant &
A+p,a> = <AV + p{es,a) 2 0 for all a positive. In
particular, if a € A(u

9)

<Av+pzes,a> = Ay.a> + <pr®%.a> > 0.

Now
2p(unp) =
(a-a,---a-q,.-q,.....=q |P-Py.....P=P;.=Py.---."P)
1 P-P, q, q-q,
Set
L
o= p-2p(unp) =
(ul’ JUug &,V:EIVI 'V Vg ,vs)
o~
Py P, Q q

with u, >

i Yie1r ¥

j > vj+1.

By c) of Lemma 2.4.23 uL is the highest weight of a
LKT of the module XL.

Since Py < p then L # G and dim L < dim G.

Hence, by induction, Theorem 1.3 implies that there exists
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in V ® (L{Np) such that, on

an L N K-type V L

L
n u

\'% L &V L the Hermitian form is indefinite.

M n
Now, the weights in ( N p are the roots

A(LNp) = {i(o...o 10...00...0/0...0 -1 0...0 O...O)}

N \_,_w__*/ L___v_, (\ ~ s
pl p—pl qa q—qa
if qa = ql

or
A(LNp) = {t(o 00...010...0]0...0 -1 O...O)}
~—a e \ N ———
pl p—pl q
if q, = 0
A highest weight of an L N K-type in V L @ (LNp)
L

then of the form uL + B for some B € A(iLNp). So the

candidates for highest weights are the weights
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nL = (u u u.+l,u,,...,u | v v, v,-1
1’ ’ 1] ’ : 1] j’ * jo- k- - k k .
RS T
Pj 9
or
nL = (u,+1,u u |v v v_-1 )
Flhhugevug v v v -100)
L/-\/——/ ;—v_—/
pl—l q -1
a
So
n = (x1 Xy, X+l ,x . .xj. | YV Yy 1, )
L-—\/———‘ \N—/
p.-1 q, -1
J k
or
n = (x1+1 xl....,xl.xz...|y1...y1 yl-l...)
— ————
pl_1 qa_1

are dominant.

This completes the proof of Theorem 2.6.7 for this
case.

To prove the result for cases 2. - 5. we need the

following lemmas.
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Lemma 4.5.1. If G = U(m,m) and pu = (a+l,...,a+lla.

then the Dirac operator inequality fails for

llg,...,lg). (Cfr. 2.7.1.)

©
H
~~
E!
E!

Proof. Write p as Bo * Ky with

»* d
L. € (center g) n, € ¢ = [¢g.2].

c s
1 1, 1 1
And By = (5,...,51—5....,—5) M, = (x...x]|x...x)
+
w(us—pn) + P, = (0,-1,...,-m+1|m-1,m-2,...,1,0)

+ +
Co(p=-p_ ) *+ p0(k-p )+p > =

+ +
peobg> + <olp-p )+p ol -p )+ >

If X 1is a (¢g,K)-module with infinitesimal character

then
<vL,r2> 2 (uc.pc> + <p,p>

+ +
And Koug=p )t+p . w(r =p )+p > < <p.,p>.

v,
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Lemma 4.5.2. If G = U(m+l,m), p = (b+l,...,b+1|b...b).

m+1 m

Then Dirac operator inequality fails for

p+ - (m ml-m-l —m—l)
n 2 2' 2 2
m+1 m
Proof. Write
= {1- m+1 1- m+l | m+l __m+1
Hs 2m+1’ """ " 2m+1 2m+1° " """ 2m+1
m+1 m+1 m+1 m+1
Be = [b+2m+1""'b+m | *z—m'---'b*mJ
and p = M + H, as in Lemma 4.5.1. By the same argument

as in the preceding Lemma we only need to show that
Co(p _-pr)+ (L -pT)+p > < <p.p>
wlrg=p )+p o -p )+p P.p

but
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this proves the lemma.

Now, for each case 2 - 5 we will choose a subgroup L
so that we can reduce the problem to the cases discussed in

Lemmas 4.5.1, 4.5.2.

2. Remember that we have the following picture:
Yi-1 L———wﬂ_«,/
\_—V___/
T s
where yi_1 > yi 2 Z.

Choose ( = a(u(pl—r.q1+...+qi_1)®u(r,r)$u(p—p1.s))

obviously LV C{. Let u' = Uy n ¢

Let L = Normalizer of ¢ in G, then

L = S(U(pl—r.q1+...+qi_l)xU(r,r)xU(p—p1,s)).
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By Proposition 2.4.15 there is a representation X

L
of L such that X 1is the Langlands subrepresentation of
the standard module %iim unk(XL).

Now,
2p(Lnp) =
(a ,a b, ,b ¢, ,c | d,....d e, ,e f, . f)
pl—r r p—p1 q1+...+qi_1 r s

By Lemma 2.4.23 uL = u-2p(unp) 1is the highest weight of a

LKT of XL'

We claim now that

= (x+1,...,x+1|x,...,x).

i
L|u(r.r) -—
r r

In fact
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-ql—...—qi_1+s|p—p1+r...)

x1+q1+...+qi_1—s|yi—p+2p1—r,...,yi—p+2p1—r).
We know from the picture for u that
Xp +P-2p; =y, +a- 2(q+...+q_,+r) + 1 =

vy vs - (qi+...+qi_1+r) + 1.

So X, +.qp +...4 9,1 ~ S ~ ¥y + p - 2p1 + r = 1.

Hence, by Lemma 4.5.1 and 2 of Lemma 2.7.2, 3 B €

A(u(r,r)Np”) such that the Hermitian form < , >L on

\'% L &V is indefinite. Now if uL + B 1is dominant,
3 po+B

necessarily

B =(0...0-1]10...0).
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Also pn + B = (xl,....xl,xl—l,x2,...Iyl....,yi_lyi+1,yi...)
is dominant for A(uNk).
This proves Theorem 2.6.7 for case 2.

For 3, the picture that we had is

pl—r p-pl
—— —~—~—
X1 X X xl. .x1 x2 yi_1 > Yy > 2 z
Yiog Yy Yy 2
—_ ——
d T q-d-r

define a 0O-stable parabolic subalgebra as in 2.3, and L =

Normalizer of g in G, then
L = u(pl—r—l,d) ® u(r+l,r) ® u(p—pl,q—d—r).

Note that ( ;’Lv. However, Proposition 8.2.15 of Vogan

S

. _ #Sral _ \
[1981] p. 545 gives us that Y = %q[%anL(XLV)) = QQV(XLV),
where Sy = dim uv n . In fact, all we need to check is

that if (qV,HV,AV.vV) is the 6-stable data attached to

Sy
% (XL ) then L 3 H
¢y ‘v

subalgebra of Gy -

v and that ¢ contains some Borel

This is clear by the picture of u + 2pc. Then the

»*
infinitesimal character of Y is =~ = (Av.v) € hv. Since
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¥ + 67 = (2RV.O), it is enough to show that <Av,a> > 0
for a € A{(u). As before, it is straightforward to verify

that if pL = pn - 2p(unNp) then

= (a+1,...,a+1|a...a).

K’——v-‘—"d\_-\/—’

r+1 T

" U(r+l,r)

Lemma 4.5.2 and 2) of Proposition 2.7.2 imply that the
L

Hermitian form < , > is indefinite on V eV with
L L
7 no+p
B =(0,...,0 -1]1,0,...,0) € A(u(r+1,r)Np ).
Also, p + B 1is again dominant for A(uNk). Hence Theorem

2.6.7 also holds for this case.

4 and 5 are solved in exactly the same way as 2 and 3,

using and p+.

Pa

So I have reduced the problem to the case

p1=p-

6 can be included in either 2 or 3.
For 7 write pu = (a a"’albl"'bl’bz"'b2‘"bt"'bt)

the picture for p is



with e,
J

Then pu

In fact,
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2 t ot t+1l
a. .a .a
=0, 1
t+1 t
P = E r, + } qJ + ej
1 1
t
.
1
(a.. |a+s .a*s ,a+s,. . .ats, ats )
"V/\—"W"‘—\/ﬁ——/ \f\/‘)
p Y D) .
—(r1+...+rk) + (rk+1+ rt+1)
(el+62+...+ek_1) + (ek+1+ .+et).

from the above picture for we know that:

u’
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a + p_2(r1+_'-+rk) - 2(q1 +el+...+qk_1+ek_1)—1

= bk + q—2(q1+...+qk_1)—1+ek

k k-1
> bk = a + p-q - 2 2 ry - 2 2 ej - €
1 1

= a - (r1+...+rk) + (rk+1+...+rt+1)
(el+...+ek_1) + (ek+1+...+et).

Note that if q; = O for all i > 1 this is case 1. So
assume t 2 2.

As before, I want to find a group L to which I can
apply some reduction argument.

(%) Suppose L > ry set s =r, +q +e; +T

Then let L = U(s,ql) x U(p—s).q—ql). Note that Lv =
U(rl) x U(q1+el,q1) x U(r2) X...Xx U(qt+et’qt) x U(rt+1).
So L D LV’ and again, we can use Lemma 2.4.15 to

verify a) of Theorem 2.6.7.

S

2p(unp) = (q-ql.....q qQ;."qqs .- qllx./~v~_,/ \i;;;jg°
L_’___\/\_/ \/V-\/
qa, q-
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By Lemma 2.4.22 and 2.4.23 if =~ + (Av,v) is the
infinitesimal character of ﬁq(XL). then 7L = (Av—p(u),v)

is the infinitesimal character of X

In fact, by definition of A(uV§:
(4.5.3) <Av,a> >0 for all a € A(u) C A(uv).
Write L1 = U(s,ql), then

uLIL = (a—q+q1,...,a—q+q1|a+sl-p+s...a+sl—p+s).

1

For some values of ry. Ty it could be possible to
prove the failure of Dirac inequality as we have done
before; that is, by simply using the minimal value of the

restriction of v to the split part of the Cartan of L

that makes 7L L1

However, this is not possible for all values of r

regular integral.

ry. Therefore, we need to involve all of v 1instead.
If Ay = Av(u) then
AV = (x,x—l,...,x—r1+1,w.w,...,w.x—rl—l,x—r1—2...z
T a4,%€

X-Tr .....x—rl...)
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n-1 sp+e,-l
where x =a + p - 1 - 5 = a + 5 + T,
s
w = a + —%
s,+e, -1
n-1 1 71
Z = a p +1 + 5 = a - 5 - rl.

If H® = TSA® is a maximally split Cartan subgroup of LV

and v € As, then

= (0...0 vlvl...v} 0...0 2. .»% 0...0 |
ql \ ; q2 M—Vy
61+r2 62+r3
—v1 —v1 -v1 —v2 )
1 1 q5 1

To make (Av.v) regular integral we need:

\
s a+s, +e ~1+r
1 1 71 1.
a + - + v1> 5 -rl
L e-1 e, -1
> v1 > max —§—+r,s1+——§—+r1
. il < a—(sl+el—1)
a 2 1 2 T
Py
Sp T Ty P Tt T Ty teg et gy
el—l
By (%), S 2 0 So v, > sy * 5— + T
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el—l 1
Let v, =85,y + 5 + r + 6 6 = 5 1
DJ = Dl + j -1
n-s—-q n-s—-q, (n—-s-q n-s-—q
1 1 1 1
Now, p(u,)lL1 = [——5———,..., 5 5 R
(Av_p(“))lLl =
s, e,-1 s+q,-n s, €,-1 s+q.-n
1. 71 ° 1 1. .71 1
[a+ 5t .r1+ 5 -2t 5 5 1+ 5
\-———/—“——“\\~___‘?¢f -/
1
s, s+q,-n s, s+q.-n
N2 -
9
s; e€.-1 s+q,-n s, s+q,-n s, s+q,-n
1 "1 ° 1 1. 1 1 1
Q’ 5 M M S A — rzl
el w
€1%T2

s, s+q;-n

atptT At T ]

S~ N TT——————
13

We would like to prove that the K-type with Highest weight
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n (a+l,a,...,a |
g_\/——/
p-1
3jsl,...,a+sl,a+s1 1, atsg...ats,...ats ...a+s )
4
" \‘—‘—‘\f-—/ \-—\/"‘-”
q;-1 dg e

occurs in the representation X and that the Hermitian

form is indefinite on

It is enough to prove the failure of Dirac operator

inequality on

L - 9 9 s s
j7a L and pn(Ll) = p(l,nk) = -2—,...,—?:—|§,. ,§
1 ——
9
So
L -
pop = e (L)
1
( 9 q ] S
a+q1—q+—§.....a+q1—q+—§ a+sl+s—p-—,....a+sl+s—p—§ .

Since
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(L) = _ |s-1 s-3 —s+1 917! ~qy*1
Pclty) = Pene = |72 T2 T 2 2 T2 |t
L -
24 lLl - pn(Ll) + pc(Ll) =
q1+s—1 ql—s+1
atqrart— . - At Tt — I
s+q1~1 s—q1+1
ats —pt—s . ....a+s —pt—ps—
S1 s+q1—n
Let =a+ —75+——. Then if A, = (xv—p(u))lLl
and T, = (W—p(u))lLl.
el—l 61—1 el—l
1
e,-1 61—1 61_1
YooorhV y4—5— yt—5—1...y+—5—r, | y...y)

€W

K such that o~

is dominant,

then
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e,-1 e,~-1

+———+r +6+q1—1...y+s +——tr,+6,

S T PAR S D e 17Tt

1

Also

L _ e,—1 el—l
Mo, T Palty) + Pone = [Tty VgL
N— —~

9

To prove what we want it is enough to prove that
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(3¢3¢) dwv,,wr,> - {u

1’71 L|

L, ~ palty) + PL Nk’

L -
K IL1 - opp(Ly) + lenk> > 0.

But this is equivalent to

e,-1 2 e,;-1 2
[[y+sl+——§—+r1+6+j—1] + [y—sl— 5 6—j+1]

I N 2

Using that (b+c)Z + (b-c)2 - (b+d)2 - (b-d)2 > 0 if

[c] > |d]| we conclude that (%) holds if

e. -1 el—l
sl+——§—+r1+5+j—1 > ——§—+r1+j .
&1—1
Since qQ, > 0O then j > 0. Hence 5+t 1+ 6 +
el—l el—l
j - 12 0 and S1 > 0> S + 5 + T + j > 5 + r +

Now if r1 > rt+1.

we choose

L = U(r +q +e +r  ,.q.) x U(p—(rt+qt+et+rt+1),q—qt)

and repeat the same argument for this case.
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Note that, since s; =T + ry +...+ Tesl + €q +...+
€ then (%) will also hold if Ty =T and some €4 >
O or some rj >0; 1< j, i< t.

So this reduces to the case

r q1+e q2 r
A~ A - — A,
a a a...a a...a a...a q;. 99 > 0
b1 .b1 b2...b2
—_— ——
9, a9

But by symmetry, using the case r, > r.,1° We can
conclude that €, = 0.

But then we have

r q r
—— N~
a a a...a a a
) b...b
~——
q

With which we have dealt before. This is solved in

the same way as case 1. for P, < p.

This proves Theorem 2.6.7. for

G

= SU(p.q)-
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Chapter 5. G = SP(n,R)
5.1. Preliminary Notation

Let Im be the identity matrix in GL(m,C). We

define
0 I 0 I
G = SP(n.R) = {g € SL(2n.R) | tg[ “]g = ( n]}.

The maximal compact subgroup K of G 1is
K = SP(n,R) N U(2n) = U(n).

Also
0 I 0 I
_ _ t n n _
9o = ap(n,R) = {X € aL(2n,R)| X[-I } + [_ ]X = O}

that is

A B
%0 = {X = { }IA.B.C € g¢t(n,R), B, C symmetric}
_ty

and if 6 1is the Cartan involution defined by 6(x) = -tX,
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ko = {X € sp(n.R) | - "X = X}.
A B
- {x = [ ]l A=-'A B = tB} = u(n)
-B A

by = {x € ¢4 | 8(x) = -x}

A B
= {X = t | A, B symmetric}.
B -"A
9
If d(91.....9n) = ,  then the compact
6
n
Cartan subgroup of G 1is
ﬂr -
cos 91. 0 sin 91. 0
0 ‘cos 6 0] ‘sin Gn
HC = n 6, € Ry =
-sin 91' cos 91. 0
L ‘-sin 6 0 ‘cos 6_ | J
1 n
and its Lie algebra is
. 0 d(Gl. Gn) .
hg = {X = 6, € Ry = ¢
-d(91...6n) 0
. J
tg o R™.

The complexification of these Lie Algebras gives
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o o) = fx € om0 | tx[_o In] . [—o In}X}

k = ¢gl(n,C)
0 d(zl...zn) .
S = ¢t° = (X = z, € CpxC.
d(zl. z ) 0
ﬁ can be identified with the space
{p = (al...an) | a, > a, 2...2 a i a; € Z}.
A
0 1
An c
If X = € ¢t .
-A
1 0
-A
n
Define, for j =1,2,...,n, ej(X) = ikj. Then, the roots
of ¢ in ¢ are
c
A(g) = A(g.t7)
= {te e t2e, | j.k.e = 1,2,....n; j§ < k}
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also
A(k) = A(k.€%) = {(ej-e) | 1 < § <k < n},
the compact imaginary roots of cc in g¢.
A(p) = A(p.€%) = {x(ej+e): #2e, | 1 < § <k < n
1< ¢ < n},
the non-compact imaginary roots of € in g¢.

5.2. Computation of LV(X) for any module X.

As for the preceding cases, fix a positive root system

AT(k) so that if

n = (al,az....,an) a, > agy 2...2 a_,

then p is A+(k)—dominant and
2pc = (n-1,n-3,...,-n+3,-n+1).
Let u + 2pc = (xl.xz.....xn).

Choosing a positive Weyl Chamber for A(g.hc)

corresponds to forming an array of two rows with the
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absolute value of the coordinates of u + 2pc so that they
are aligned in decreasing order as follows:

If x, 2 X4 2...2%x_ 20> «x 2...2 X then
1 2 T n

X{s..:,X_  are in the first row -x_,-X RS in

n n-1"" r+l1

the second and they all decrease from left to right in the

array.

For example, if we have

X > -x, > Xi41 > Xi49 > > X, =
—xj_1 > Xpep = —xj_2 >...2 X1 T X1 > X, = 0
the array would look like
Xy Xi+1 Xivg T Xk Xkei Xpop O
—xj —xj_1 --xj_2 X4
As for the case of SU(p.q), the choice of arrows
gives a positive root system At = A+(9,cc). compatible
with AT (k).

Again, the entire array is a union of blocks of the

following types.
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3. m+ m m-2 ... Ti/;y
... m¥2 m m-2 ... 2
or m+2 m ... 2
—m+3 .
4. Ce m+3 m ... 1

mn+2 m

or ... m+2 m Ce. 1
m+

(5 is a particular case of 4.)

6. All blocks of the five types discussed for SU(p.q),

not containing O or 1.

Again, using the picture, split the coordinates of pn
by the blocks that p + 2pc determines as follows.

If p + 2pc gives
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p1 entries P, entries

—_—— ,\/\\

5.2.1 RN / ;

L ]

q, entries q, entries B

with B a block of some type 1-5, set

L o= (al...al...at...at C1Cq---Co bt"'bt""bl"'bl)
Y e e~ U~
P times P, times m entries q, times q, times

where m is the total number of coordinates composing the

block B, <4 2 02 2...2 cn

Example: If

pL=(22211111-1),

since 2pc = (86420 -2-4 -6 -8),

B+ 2 = (l08631-1-3-5-9)

this gives

10 8/ \6 \\v//E__T'

3 1]

Then
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p=(22 211111 -1)
— - ~ —
Py m 9

is the splitting that we want.

Write LV = Lv(u) AV = Av(u) as in 2.4.7.

Proposition 5.2.2. If p € i(cg)* gives figure 5.2.1 then

7\V(u) =
(kl...kl A2...A2...At...kt 0...0 —At...—kt...—Al...Al)
p, times p, times p, times m q q
1 2 2 t 1
ty(n) = u(p;.qy) ©...0 u(p,.q.) © op(m.R)
with

A, DA, 2...> A > 0.

Proof. Observe that

a) If Bi = e, + e € A+(9.hc) is such that
0 Jo 0
L
- = - = - - € i
c; = {u + 2pc P, Bi> 1 then ejo eko Bio and if

D=
(¢}
L]

[ S
®

|

®

~
v
”~N
(@]

{u + 2pc - p +
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then e, - e should be included in the set {B.} of
J k i
0 0

Proposition 2.4.7.

b) Suppose that a;, +p - 1 > -b, + q - 1. Then the
root system generated by the roots involving the (pl,ql)

coordinates:
e,+te_;-e_—e,:e,+ e ..
{ 17%n'"%n"%2°%2%%n-1 }

is isomorphic to A . Since ( centralizes an
P p1+q1—l A"

elliptic element then ¢© Cc LV. Hence the real form of

Ap +q.-1 1s U(pl,ql).
1 71
Except for these extra considerations, the proof of

this proposition is analogous to the one for the

corresponding result for SU(p.q).

5.3. Lowest K types of the modules Aq(k).

Let x € i(tg)*. We may assume that it is of the form
X = (x1 R 0 0
—— —— M~
Py P m
-X, X - .—xl...—xl)
¥'—“\/_\’ \-"’V—-/
q, q,
X, 2 > >x,_ >0
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Write

A(L)

{a € A(g.h®) | <a.x> = 0},

A(w) {a € A(g.h®) | <a.x> > 0},

as in 2.3. Then

a) L = u(py.q;) ® u(py.ay) ...0 u(p,.q,) & op(m.R);

b) 2p(unp) = (n~q1+1...n—q1+1.n—2ql—q2+1...n-2q1—q2+1...

\——-—N\———__\z-\__/

Py Po
(5.3.1)
n—2(q1+.x.+qt_1)-qt+1....,n-2(q1+...+qt_1)—qt+1,p—q,...,p—q
N ~— 4
pt m
—l—n+2(p1+. .+pt_1)+pt...—1—n+2(p1+...+pt_1)+pt.
q¢
—1—n+p1...—1—n+p )
— —~— 4.
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c) 2p(unk) = (n—pl...n—pl.n—2p1-p2...n°2p1‘P2---
k—\/—\/\_———\/—\/

Py Py
n-2(p;+...+p _,)-p,.. n-2(py+...+p, _)-P,.9"P....q-P
—— o —_—
pt m
—n+2(q1+. .+qt_1)+qt...—n+2(ql+. .+qt_1)+qt.. .—n+q1...—n+q1)
de 91

d) 2p(u) = (2n—n1+1...2n—n1+1,2n-2n -ng+1...2n-2n_ -n_,+1...

1 72 1 "2
W
3372(n1+n2...+nt_1)-nt+1,...,2n—2(n1+n2...+nt_1)—nt+1,
\/,_.———X___/
pt
O...O,—2n+2(n1+...+nt_1)+nt—1...—2n+2(n1+...+nt_1)+nt—1...
e
-2n+n1-1...—2n+n1—1)
/
—
9

Now suppose that pu € i(cg)* is the highest weight of

a representation of K.
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By the proof of Proposition 2.5.6 we may use

determine a compact parabolic subalgebra

u N k.

Set 2p(uNk)
g + 2p(unk)

(al...a1

———

T

Proposition 5.3.2.

then pn 1is the

p
N

and

If

>

Proof.

hence the coordinates of

LKT of some

+

2p(A(unk)).

0

In the above setting,

A, ()

then

2p(unp),

L+ 2p(unk)

g N k =

Suppose that

set

A+ 2p(u)

n o to

L N k +

give
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Ai + 2n - 2(n1+...+ni_1)—ni+1—(ki+1+2n—2(ni+...+ni)—n +1)

i+1

and

A, + 2n - 2(n

+ +,...+
t Ny n

1 ¢-1) T Py < Tt
Conversely, suppose we are given u satisfying the

conditions of the theorem. Let ¢ = ( + ¢« be the

parabolic defined by p + 2p(ufk). Set

Ai =a, - 2n + 2(n1+...+ni_1) + n, - 1.
So NLA(uw)> 2 0,
NVA(L)> = 0,
and = AN+ 2p(unp).

5.4. Proof of Theorem 2.6.7 for G = SP(n,R).
Let X as in Theorem 2.6.7, with infinitesimal
character ~ € (hc)* p € (cc)*, the highest weight of a

LKT of X. Suppose X 1is not a module Aq(k). Let
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bty = ty(r) = (u(py.q;) ® u(py.qy) ©...8 u(p,..q,)) & op(m,R)

(cfr. 5.2.2) and p = 3 Py q =3 q,- Set
Ll = u(p.q), L2 = ap(m,R)
then { = Ll ® L2 2 LV

Define u C Uy by Uy u + (uvﬂL).
Then ¢ DO Gy and by Proposition 2.4.15, a) of Theorem
2.6.7 holds.

Now let X be an ({,LNK)-module such that X

L
occurs only as composition factor of %q(XL). We can see
X as the exterior tensor product X, = X ® X with
L L L
1 L
2
XL. an (Li,LiﬂK)—module.
i
That X? has a Hermitian form < , >L follows from

Lemma 2.7.4.

Lemma 5.4.1. X = A (Ao), for some qo CL.,; A
L1 qO 1

LO -— C.

Proof. By Theorem 2.6.7, b) and c) (proved for SU(p.q))

and Theorem 2.6.8, if XL ?'Aq(k) then there are 6j €
1

(Lan)A, j = 1.2, K-types of X such that
1
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<, D is indefinite. Moreover, we know that if

|

V., 8V

61 99

ul = uLIL and uL = pn - 2p(uNp). Then there is B €
i

A(Llﬂp) such that < ,‘>L is indefinite on the sum

» X . and

If H = (xlv---vxpyxp+1’o-- p+m

xp+m+1....xm)

2p(unp) = (n-q+l1,...,n-q+1,p-q.....p-q,-1-n+p...-1-n+p)
N ~— /\_W
P m q

then, since

ACLiNp) = #{(eg+e;) | 1 <1 <Cp,p+m << m)

-

it is clear that if ul + B 1is dominant for A(Llﬂk),
then p + B is dominant for A+(k), unless x_ = x or
P p+1
xp+m = xp+m+1'
Suppose then that xp = xp+1.
Lv 2
Note that 2p(u,Np) = 2p(unp) then p = u
A L L L
2 2 2
and hence u2 is fine and XL is a principal series.
2
So u2 € {(0...0);(1...1,0...0);(0....0,-1.-1...-1)}.

Suppose that u2 is of the form
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p? = (1...1,0...0) with a >0
——— ——~
a m-a
Then for n2 = (0...0,-1...-1), V , 1is also a LKT of
e — ™™ n

m-a a

XL , by Frobenius reciprocity.
2
So if 1 = ul + n2 + 2p(unp), Vn is a LKT of X.

Since 71 1is also dominant, it follows that xp+m - 12
Xpem+1-

Suppose that pl + B 1is dominant for some f €

AL Np) N U(p,.q,). If

B=((0...010...00...01 0...0),
\ ) S~ e e —~—

PP, P, m q

p+m 2 xp+m+1, n+ B 1is dominant. If

= (0...00...00 -1 0...00...0 -1 0...0),
B = ( 0...0 -1 )

v——\/_—_,_/w/
P m q, qQ-q,
L L .
then, since pu IL =0 |L then 7n + B is a dominant
1 1
candidate.
1f p2 = (0...0,-1...-1), with a > 0, a similar
\-V—"—v——f
m-a a
argument shows that xp—l 2 xp+1.
If u2 = (0...0) then both differences xp - xp+1
and x must be strictly positive. This is

p+m ~ p+m+1
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clear from the pictures of p + 2pc.

1R

Lemma 5.4.2. 1In the above setting, assume that XL

1
A (AO) for some qo ct¢ and AO : LO — C ..
0 1 0]
q A
Then, Theorem 2.6.7 is true if we assume that
xp - xp+1 2 2
(5.4.3)
and xp+m - xp+m+1 2 2.
Proof. Suppose first that uz = (1,1,...,1,0...0). Then
. + _ [m+1 m+1 .
if Py = [ 5 ,...,—5—], an easy calculation shows
2 + 2 +
<u - pn + pL nk-u - pn + pL nk> < <p,p>.
2 2
By 2) in Lemma 2.7.2, there is a
B € {(0...0 -1 0...0 -1),(0,0...0 -2)}
a m-a m
making V oV into a space on which < , >L is
2 2
7! Lo+B

indefinite.

Moreover pu + B is A+(k)—dominant, by (5.4.3).

Similarly if u2 = (0...0 -1,-1,...,-1) then
—

m-a a
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B € {(1,0...0 1 0...0);(2.,0...)}.
L/—W

—
m-a a
Now, if u2 = (0...0) then the Dirac operator
inequality fails for any choice of P, = p(A+(L2ﬂp)),
. . . + m+1 m+1
unless WIL =P, in particular, if p_ = [—5—,...,—5—];
2 2 n

and, obviously, p + B 1is also dominant for f € A(p+ﬂL2).

Now if WIL =Py then, the Langlands subquotient
2 2

of XL is the trivial representation. (In fact, the
2

Ly Ly
representation XL = 1(5V ® vy ) 1is a principal series

2
and GV = trivial; ~ L2 = vy L2 = vy )

Hence the Langlands submodule of
% (X; X, ) =% (X, ) ® & (X, )
« L Ly ¢ Ly ¢ Ly
is

X = %q(A O(7\0)) ® %Q(trivial representation).
G

By induction by stages, X 1is an AQ(A),
contradicting our assumptions on X.

This proves the lemma..

q.e.d.
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To finish the proof of Theorem 2.6.7, suppose now that

1.

xp B xp+1 <

Lemma 5.4.4. Under the hypothesis of Lemma 5.4.2, if xp -

xp+l = 1 and xp+m - xp+m+1 2 2, then Theorem 2.6.7 is
true.
Proof. The assumptions on the coordinates of pu imply

that the picture of u + 2pc around the coordinates

involved is either

m+ m m-2
m+4 m-1 Ce

or
m+§7 m m-2
m+4 /// m m-2
that is,
n o+ 2pc = (...m+5 m+3 | m m-2 ... -m+1 | -m-4 ...)
or

p o+ 2pc = (...m#¢5 m+3 [ m ... -m | -m-4 ...)
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L
Observe that pu V. pn - 2p(uvﬂp) is fine and that the fine

K-type that gives the picture

m m—2
\\\\m—l v

is p~ = (1,1,...,1,0...0) and the fine K-type that gives
m m-2
m m-2

is u.2= (O...O).

Arguing as in the proof of Lemma 5.4.2. we can find,

in both cases

B € {(0...0 -1,0...0 -1):(0...0 -2))

as we want.

Assume now that

0 < xp - xp+1 <1

(5.4.5)

0 < xp+m - xp+m+1 <1
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We want to contradict the assumption that the
infinitesimal character ~+ 1is regular and integral.
Since we have an Aq(k)—module for L, = U(p.q). we

have some control on ~.

Recall that L = U(p,q) x SP(m,R) and L 2 L, =

t
[ g (U(pi,qi))] x SP(m,R). We may assume P, 2 q.- By

i=1

the computation in 4.3, either

A
VIU(pt,qt)

or

and

(0...0 v

D U(pt.qt) = 1° V¢

Inside SP(n,R) this gives
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If ~+ 1is regular integral
At + v > At + s,
At - s > 0> —At + vy 2 —At + q, + v -1
v > s
qt
=Y
A, > + q--1
t q t
t
> )\t 2 s + q,
Claim. If pun satisfies (5.4.5) then At - s 1.
Proof. The picture for pu + 2pc around these coordinates
can be of the following types.
1. m+2 m m-2
_ m+2 m-1
2. m+%}’ // m-1
m+3 A m-2
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3. .. m+d m+2 ///'m—l .
... m m-2

m+4 m+2

4. ... m+4 m+2 m-1 m-3 ... or e m+3 m

m+4 m+2 m—-1 m-3 ... ... m+3 Lm

5. ... m+3 \\\ESK \{k\¥ m-2
e m+4 m+ m—1 Ce

So we either have (considering that 5 and 2, and 3 and 1

are symmetric)

B+ 20 = (...om+k+2,m+k | .0 | -mok..l)
and p = (...m+k+2,m+k | ... | -m-k+1...)
or

B+ 2p, = ( m+2 | < | -m-3..0),
with p = ( coom+l | oo ] mm-2000)

In both cases we get

This proves the claim.
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This reduces to the case when q, = 0. But then, pu

2pc gives, at worst,

m-1
m+4 m
Because if q; = o, P, = 1, since U(pi,qi) is
. . _ '
quasisplit. So, we have xp+m xp+m+1 2 2!

This concludes the proof of Theorem 2.6.7.
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