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PREFACE
(March, 1960)

This paper was originally presented in August, 1958 as a preview
of a major analog simulation study soon to be carried out. As events
actually developed, however, the analog simulation had to be abandoned,
and has since been replaced (with about a year's delay) by a digital-
computer study (using an IBM 704). The new investigation uses the same
basic approach -- trial and comparison of meny particular cases -- and
the model is very similar to that planned for the analog. Thus, although
the technique has changed, the example presented here is still a relevant
illustration of the sort of model used and the sort of particular sclu-
tion which, with many variations, is expected to shed light on the be-
havior of a dynamic macro-economic system. The similarity in basic ap-
proach with the two techniques is so great that digital-computer research-
ers have taken over the word "simulation” for this kind of study even
though they are really computing numbers rather than simulating processes.
The type of diagréms used in formulating the analog model (like Figures 2
and 3) have proved very useful for the digital-computer system as well,
being interpreted in terms of abstract information flows and relation-
ships rather than hardware.

In March, 1960, when this preface is being written, the digital-
computer simulation has just begun to produce time-histories equivalent
to the cne presented here, but for a model with several more producing
sectors, and other complexities. (These developments were to have been
included in the analog program, had it succeeded.) No reports have yet
been prepared, and it will be several months at least before any will
be ready. , .

The failure to accouplish the program with the analog equipment
resulted from the poor state of the equipment due to past under-
paintenance and from the lack of adequate maintenance and operating

staffs for trouble-shocting such a complex system as this. These



deficiencies were closely related to the fact that the laborsa-
tory was scheduled to be closed and dismantled as soon as our
program was completed. Whether under ideal conditioms the ana-
log or the digital computer would be preferable is still a
debatable question and cannot be judged from this case. Each
has gsome advantages. Practically, however, the question is
likely to be settled by the equipment that is available and
accessible. At present, large digital computers seem to be
becoming available more generally than adequate* analog facili-
ties, but there may be significant exceptions to this in par-

ticular pilaces.

*Only a few analog laboratories have sufficient cepaciiy and versa-
tility for a model as complex as the one currently being studied,
or even for the simpler one described here., HMany small analogs
lack units for multiplying or dividing two variables. A model with
flexible pricing will require several such units for each price.



ANALOG SIMULATION OF AN ECONOMY BEGINNING TO DEVELOP

EconoﬁiSts work under a handicap. Aeronautical engineers have
-wind tunnels; psychologists have white rats and chimpanzees; but
.'economists have no handy way of exploring their problems by trial
and error in a laboratory. This is a grave handicap for policy form-
ulation and needs ﬁo be offset by as goocd a substitute 23 can be
iﬁund. One substitute is mahipulating mathematical models. This helps
us find out what kind of relationships could account for observed be-
havior and helps us draw inferences. However, many phenomena that have
been recognized and described verbally have been omitted from such models,
or have been studied only in isolation from the systems to which they be-
long, hecause they involve ﬁbn11near1ties and other features that inter-
fere with direct mhtheméticai solution. A method of manipulating models
vhich holds great promise for ovéréoming some of these difficulties is
simulation by means Bf analogs . This paper concerns a pilot project
which was done early in 1958 to gain experience with this technique.
vIt was done on the large general-purpose analog of M.I.T.'s Dynamic
Analysis & Control Laboratory, which was originally designed‘for simu-~
lating aircraft flight dynamics, and has been used on many other
problems as w311,

The paper will first describe and iliustrate the basic principles

- of using analogs for simulation, but without going into the electronics



of the components. Then the economic system which was simulated will
be described. After that, the results of a sample run will be shown
and discussed.

ANALCG SIMULATION TECHNIQUE

Aﬁalog simulation is basically a matter of making a laboratory
setup which will act out processes analogous to those to be studied,
and then observing it while it acts them out under many different
conditions.

¥With general purpose analogs, like ours, parameters of the systen
can be changed by turning knobs, and the basic structure can be al-
tered by plugging in different units or rearranging connecting wires.
The behavior is recorded, in our setup, as graphical time-~histories
of twelve selected variables. (If we want more than twelve, we can
repeat the run with altered connections to the recorder). Thus it is
convenient to compare the results of a run just made with earlier ones
for the purpose of deciding what further changes in policy or para-
meters might be worth trying on the next run. A study such as we are
contemplating would 1pc1ude several hundred rung, surveying the
effects of various investment allocation pregrams, foreign trade poli-
cies, and so forth, on underdeveloped economy modeils with different
structural parameters and different initial conditions.

The laboratory setup which acts out the processes we want to study
is made by interconnecting vﬁrious kinds of electronic and electro-

mechanical units, each of which receives and produces signalg in the form of




electrical voltages which can vary continuously through time. Dif-
ferent kinds of units, embodying different relationships, are ap-
propriately combined into subsystems which behave like parts of

the economic model. The subsystems are then interconnected to
correspond to the complete model. The simplest type of unit re-
ceives several varying signals and produces their continuously
varying sum. Another type has an output which follows the input
with an exponential lag, according to the relation: dy/dt = k(x-y).

Its response to & step change in the input signal is shewn in Figure 1:

INPUT _ (%)

VOLTAGE
X OR,Hr

QUTPUT (y)

TIME ———p
FIGURE 1

Other types of units integrate variable inputs, multiply or divide
two variables, impose ceilings or floors, chcose between two sig-
nals on the basis of some criterion, or do 2 number of other opera-
tions.

As an example, consider the following set of velations (which are

a small part of the economic system model described more fully later onQ
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MODEL FORMULATION - A SMALL EXAMPLE | i

On the basis of wieliable iafurmatios and certsin decision cri-
teria, antreprongdrﬁ, in anyfpartiaular day ur werk, make commi tmenta
for construcﬁian of a number of plants and rachines. The number will
vary from waek to week. <t is represented in the model as the tima»
rate of starting capacity-constructlon pi@jectso This/ia~§ continuous
signal ;continuously varying. - It is synbolized by ﬁa, gndlhaa dimen~
sional unite of‘planta per year, where a plant is defined as a stand-
ardized unit of prcductive capacity. The crude assumption is made
that the time required to complete a plant and get it ;roducing is
invariant. Therefore, at any given time the rate at which new plants
kaéu»comiﬂg ihtc produétion is identical to the raie at which construct-
ion projects wers stirted g years previously, whers g is the length
ot the gestation perioud:

KP, .y = KB -
(t) (t=g) (1)

The lisvel of conasiruction activity at any tiﬁg is given by the
number of plants uuder construction (or "in gestat{on"), which

is equal to the number which have been started but not completed:

. b .
. - * L] '

K8 = XB(rmg) ojxédm - f kPat ' (2,
- L] .

The rate of invesiment expe diture, I, is determined from K&, the
number of plants in gestation, Thus it is not subject only to current

decisions but iy dependent on earlier commitments as well:
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Where pk is the cost in dollars per plant of capacity«comtruction,

it is a variablé,a depending on factor and material prices.

The analog of these relations uses & delay unit, whose output

voltage is approximately an echo of its input voltage at f an earlier

time, ‘Ihié simulates Equation 1. FEquation 2 is simulated by an

integrator, and Equation 3} by an electro-mechanical multiplier.

These units are wired together as shown by the arrows in Figure 2

to transmit required iufomation from unit to unit in tha form of

electrical volta, es,
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No matter how erpaticelly the it signe o B and poo, mRy vary,
this combingticn of usite wiil pradoca efpos.s aocording to fquations
1,25 and 3. ihes L% ron ote wired in as pary of a larger system which

provides its input informati.n and uses its ontpuais.
THE. BECONOMIC -SYSTHM 1 ODEL

In the pilot operstion rany simple relations like those
in the example above wers set up and interconnected to simulate a
complex ecuononic model, The principal features of the model are
diagrammed in Figure 3 and described beiaw, without further explan-
ation of tha analég details, BEguations specifying it fully are given
in an ap.endlx.

The model represents an upﬁerdevelaped economy with préduction
taking ; lace in an agriculturalkana an industrial sector énd with
foreign trade. The gestation period relations in the example abvove
pertain to capacity crestion in ihe industrial sector, They are
summar zed ‘n Figure 3 by one block at the left side la:eled "Con-
struciion FPericd," Information coming out of that block include~
tnveatment used‘in the income block above; tiie number of plants under
constructivn, fei back to the investment decision function as part
©. the foreseeabvle capacity change, {the other part is anticipated
attrition}s the daﬁand for inported capital goods, proportional to
KE; and the raie of completion of new plants, EP plants per year.
hiz last gignal is the inpuf L0 another sort uf delay functiun, repre=

genting the lifr span of plants.  This function ie wore suphisticated



than :éat for the geo ction jeridd . Ite cotpat is uot 2 sharp
eciio of & revioas ool timewfvefileg Lut is smoothed out over
time to simulate & diamrsiun of life spans of different plants.
. {See Life-ipan farction i Figure 3). Information from the~iife
sﬁan function dete wines the capacity of the industrial sector,
which is one of the main variable paramateré of the shortmruh |
supply curve. It also determinea the labor ~t0woﬁtput ratio; since
labor-saving technological develoupment is correlated with the construc-
tion of new plants,

with this information on capacity and roductivity, together
with wage rates and _rices of intermediate gouds, a short;run
sup.ly function is estaclished, 1ike that shown at the right of the
industrisl sector. This supply curve, in effect, shifts to the _
right,witn physical capital formation, the left hand intercept mov-
ing correspondingly dounward, and movesrup with wages, which rise
when business is profitable but do not go down a:ain. The supply
function interacts with a demand function to establish a market price.
This, with cost information, determines a profit rate, the rrincipal
sti.ulus to investrment decisions. Other determinants of the rate
of starting plant construction projecta are the current cost-of=con-
atruction index, expected change in Hrofitability, the numbef‘cf
plants already under construction, the number reaching replacement
4age, cailings impcsed by govérnment, by inability to import capital

goods, or by lack of cagsacity of the construction indusiry, and-a
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- Demand for poods Lrom the industrial sector comes both from
dJomestic consumers and Trom export markets. Demand from abroad
is & simple function of the ;rice in foreign currency. For home con-
sumers there is a prefersnce function which determines simultaneously
' the demand for éach of three products in accordance with the three
prices and disposable incame. Food and imported consumers? gooda are
consumed as well as induatrial products. Importa are supplied at
a4 fixed world price, subject to teriff and exchange rate changeia
Food output ie inelasiic and equal to capacity. Capacity can be
changed by invaatmentg tut in the example presented in this paper it
- was fixed throughouf the run, lnventory fluctuatiéna are not coasid-
ered in this quelo Thue investment in capacity formation, govern-
ment expenditures, and production for consumption and export add up
to national incoméo Texes and business savings out of profits are

deducted 1o pet dlsposable income for the consumers’ demand function.

RESULTS OF A TYPICAL RUN

This model has been simulated, and the results of one run af@
presented in Figures L and 5 and interpreted below, Thpygghaﬁ;hoﬂ
a particular hypothetical sconomy would be affected'by~a’cnrrency
devaluation in a timé of depression. |

in the period befcore zero time tne economy was in a state of |
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glow decline. Fir iohsse years the Vv»§mu af exports was éonstant, the
price of tanufsctured puods was constsri, and the home conswiption of
such goods ws. slowly declining. Thase.variahles are shown in the
first three zraphs of Figure 4 Although it is not shown expliéitly
there, the physical quantity of manufactured goods demanded for both
export 21d home consw:.tion was less than productive caphcityo " Be~
causé ¢. the low demand, the expected return on new industrial invest-
went ~as negative, as shown in the fourth graph., The fifth graph
sh:+8 that s§m¢ plant construction was nevertheless being undertaken
Juring this period. The rate of starting such construction was less
than enough Lo replace attrition of old plants, The fact that there
was any construction at all was due to anticipation of the shrinking
of capacity to a level that would match demand and make production
profitable. |

The next-to-last graph in Figure L shows, for the before;zero
period; a very low level of gross.investment expenditure, corresponding
to the level of plant construction. “ational income, as shown in the
last _raph on that pae, was steadily declininga

Shortly after Year Zerc, the currency was devalued relative to

that of the outside world. - The exchange rate, formerly ouzvg'tu per

dollar became 1.25 pesos per dollar. (In the abscneoaocsquba%anceo
prayments crisis this devaluation would probably havs beqn eansidered
unjustified in the re. 1 world. In our laboratory model, however, we

are free to carry ot cur wiims just to see what will happen.)



Theléffect on o expoets indtisly wee a4 Jug in volume as
well as in value in rssponse to the reducaed dellar price, within
a jear the value of eiparts in &allars per year had declined to its
previous level, as the price rcse in line wiih increasing ddmesfic
demand. The step up in peso value of exports was of course reflect-
ed in a step up in national income, shown at the bottom of Figure 4,
- and a step up inte the positive range of return on industrial invest-
ment (middle of Figure L). The next graph down shows the response
of enirepreneurs in starting construction of new plants. The entre-
preneurs'in this case wefo oxtremely résponsice and would have staried
new plant-building projects at a rate of over lQO per year (da#hsd
line) had they not been limited by the capacity of the comstruction
industry to the rate shown by the solid line. This limit on starts
varied in keeping with the objective of limiting‘the‘number of plants

under construction,i.e., previously started but not yet completed.

The number of plants under construction is reflected in the next
graph, of’eapenditures on investment in the industridl sector. (The
time scale on this graph is about 1/2 year off in comparison with
that just above itj; the beginning of the rise in inveatmgnt¢qhould be
simultaneous with the jump in the rate of starts.) when ﬁnﬁuﬁh plant
consiruction projects had been stérted to neet entroprannﬁrQS-axpanw

sion plans, the rate cf starting new projects fell rapidly, becoming
zero at Year 1 1/2. At this point.the declining rate §f return

would have led to a negative rate of starting projacts (dashed line).
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This, honever, was fortiddsa by e postulates of the model. and
the decline stopped at zero, fns projects in'gesmétion at that time
hqre rapidly balné corplated a yo.r later, Yaar 2%, and new projecta
aéain were underiakeng but-less rapldly this tine; so that investment
ozpenditures wers allaued‘to drop to about half their peak level. From
then on, the cycle of atartiag projecta continued repeating in such a
way as to keep the fluctuations in investment expenditure fairly amlilo
With exports stimulated by the devaluation, and investment stimulated
by the rise in export demand; national incomw of_course rose, lead}ng
to a gradual increase in home consumption of home-manufactured goods,
which had almost vanished in the previous declihgm These effects |
turned out to be mutually reinforcing. A soltesuataining growth
had been started, and continued as long as the run lastied. |
The next figure gives the histories of more variables from
the same run., Mational income is repsated in the first graph for
reference., The secohd shows the inflation of food prices and farm
income resulting from rising totai income while the physical voluns
of food cutput was fixed, The peso price of imports, supplied at
a fixed world price, is a direct image of the exchange rate (third
graph)b The consumption of 1mports, inicially raduccdaby t59?pr1ce
boost, soon climbed up to and even ibove ita~prcvion=%i§ua1@b§pausa
of increased incoms (fourth graph)., Exports (fifth graph)wﬁhied
oppositely to imports in the first few years; giving # £1u¢tuntion

in the balance of trade (last graph). In the long run, imports,
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influenced by rising incomm, grew faster than exports, which rose
only slightly with the slipghtly increasing pruductivity’and the
consequently declining price of {ndustrial goods, Thus the balance
of trade drifted into an ever-increasing import surplus.

This example was not presented for t he pﬁrpose of showing that
currency devaluation is a good thing, The parameters of this hypo-
thetical economy happened to be such that a good push in the right
direction would start a cumulative process. A "punp—prining“ progran
might have been a bettar means. Had the,paramutorzxbatn:diffﬁzint,
corresponding to #ifferent technological opportunitios, different .
prOpensities of entreprensurs, or any of a variety of other differances,
perhaps nothing could have caused growth to begin., It is not even
possible to say that this example represents a successful develop-
neﬁt policy, or that it is better than another in which national in-
cume grows lsss rap;d1y¢ In some countries it might be beiter,to |
gccept # slightly lower income yrowth rate if in so doing an unemploy-
ment problem could be solved sooner., Perhaps an increase in food
output would be a neceasitykor more desirable than having all of the
growth in industry. Thus the results of a run cannot be evaluated
by 8 single criterion.

The coming simulator study of the problems of starting.esanomic\
growin will field a large number of resulté of particular caéeso :It
is expected that study aﬁd coi parisons of theﬁe results will give in-

creassd understanding of the dynamic interactions in the ecohomic




growth process and new inslght into the efiectivermss of various
policies for coping with the problems inherent in L.e early stages
of growth. lthe same vasic techniqus should prove effective also

for many'other'dynamic eccnormic problems.
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Equations of the Economic Madel

(Symbols are listed and identified at the end)

Industrial Sector

1.

2

3a

10,

11.
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12, r . = .r =-AOh {ah = 0o 1in example)

*rrm.
13. r = k
P
4 k

1 z
15. ’; = Kk Pan t k)Y tanP,
p} ;
¥
l16. p = w(l/Q)
17. pL, = w(i/Q)
* Ppin | min

15, (WQ)_,_ = (wQ) - 5P
1. (V@) = (W), +£Q

+ §(Q'3)+

. 305 p = 'I(VQ)]. + q61p6

Last term omitted if negative. (q61 = o0 1in example)
21. Q, = cI/p1
22. 7. = p-p., - 23 - np
’ av min IR P

23, 9_! B/OTrav
24. [ = 17Q

égficu ltural Sector

the ex ie here, capapcity was fixed and output always equal
2 capacith: : capRcity pu ¥ ‘eq
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27, ¥

o3 : * ’ - . ¥ -
: P ?
28. t} w}z'&‘l -ty - oy rx
, K b (¥ ‘
29. Cz = 3:2(-12 & 2 PBQ
D
a4, “C’: 1 Cl + (..76 ® bc R 4
1. C Q’ b, | ¢
A T - A TR S T
35, © Qd 4+ b °
e , =
5 = Pgl sgc# - pQ

¥ ¥ ; I
:
“ ¢
p2“2 i
: ’ ¥
paQa 4
Q)
Pgg ¢

1o the relations above, the b's and Q%'s sre constanis. Q; and Q;

had negative values, which ikes for higher substitutebility. Under

spme conditions either Equation 31 or Equetion 32 would give a nega-

tive result.

piaced by:

or
4. Cl w0
Ca o C{'

35. p g ® ¥ Pg (pﬁ con. t)
@. ¥ = 1, _’

6 + 76
37. 4° v -vp)
8. p = 1 @

”

if Bguation 31 gives negative

During such periods both of them were bypassed and re-~

if Equation 32 gives negative result.

raesult,
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4 Entreprensuys’ desires ralr of
startiog industrosl capacitly - {pisnts per year)
creation projects,
g® Actual rate of starting suck orojects, " " "
£P Rate of new plants coming into production. " " "
ol Rete of old plants reaching "replacement
age" (death anticipated by one gestation * " "
- period),
d N ‘ " Toey ¥y
R Rate of death of plants
R , R tUpper und lower limits, respectively,
%
oo R
o - Productive capuclity under construction : {plaats)
K Capacity in existence; pumericslly equal to Q. "
K® cCspacity over “replacement age" but still
usavle. "
Kp Total capecity constructed without deducting :
sttrition. (Equivalent to serigl number of "
newest plant).
g gestation period ‘ " (vears)

a duration ot life-span (average) i

L]
a digperaior of lite-gpans
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- Government

fmgentment Axpeaditare rele

Na o idibkn Loons
Disposable incowme
BProfits

Consunption expenditures
jmport "

Export receipts

Import expenditures

Export receipts

Balance of trade

Physical quantity rate of production

 Prysical capacity of sector; numerically

——y

equal to K

Labor input

price of goods

Cost of capacitycreation

{pesas per yeash

" i ¥

¥ 1L d

" e . ¥
v av "
" " LA
1 vil L1
L] L L]

{$ per yesr)

1 ] " i

” ” L]

(quents per year)

” v *

{nman-~-hours}

i{pesos per guant)

{pesos per plant}




* Fagw rate

Tr  Frodit reto

OW Rate of tacsilon plug saving oni ol pp

t Other tax rate or taritf rate

T Current rate of return based on

current replacement cost

r Expected future rate of return

based on current cost.

x Exchange rate

-
B
o+

{ o808 per nan-hour)
{rzemos per quant)

Lrationg

"

(ipesoa/!ra )

pesos
"

{pesos per dollar)

All other lower case and Greek letters are parameters idencvifiable

from the context in which they occur,

Subscripts: 1. Industrial sector
2. Agricultural sector
3, 4, 5, ({omitted)
6. Consumers' imports

7. Capital-goods imports




