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X, INTRODUCT ION

Some recent works on problems of eccnomic development have emphasized
one important proposition, i.e.; that in underdeveloped countries one
should use "shadow prices? of preductive factors rather than thelr observed
market prices in determining the prioritiss in an investment programmeﬁl
By an investment programme we mean & design for determining an opbimal
product mix ss well 23 an optimal technology for the productive sectors.

It is the purpose of this paper 0o discuss critically a range of lssues
connechbed with the use of shadow prices in programme evaluation. The issues
are the following:

{a) What exactly do we mean hy shadow prices.

() The problem of estimating shadow prices of the relevant productive

factors.

(¢) If there exist ways of determining them approximately even though

an exacht solubion may be out of resch.

{d) What the conditions are under which shadow prices would enable

an optimal assigmmeat of priorities.
(e) And finally %o examine 1f there are situations where zlthough

shadew prices do nob lesd in general te a proper assignment of priorities,

1. J, Tinbergen, The Design of Develonment (Baltimore: Johns Hopkins Press, 1958) .
H, B. Chenery and P. G, Clark, Inter-industry Economics (Hew York: dJdohn Wiley, 1959,
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yet within the context of an over-all optimal programme determined
directly, they may still bs used to choose between relevant alternatives
within somewhat narrover specifications, To mention 2 cenclusion reached much
lster in discussion, it would be noticed that in the most realistic situa~
tion with which we are likely tc bs faced, it is only an affirmative answer
to question (e) which assigns a proper mcasure of importence to shadow prices
in programme evaluation.

So far as the cstimstion problems are concerned, ve shall illustrate
our argument with reference to the shadow prices of canital and foreign
exchange, which figure in common discussion as ¢wo of the most important
productive factors in the conterxt of planning in underdeveloped areas.
It may be thought a little surprising to use capital and foreign exchange
as two separate fsctors. Because our usuval definitic- of a factor of pro-
duction runs in terms of 2 grour of productive agents which have a very high
elasticlty of substitution among themselves, but between which and other
productive sgents, the elasticity of substitution is zero or nearly zero.
On this basisg, it may be guestioned if capital and ‘oreipgn exchange are
such Imperlecht substitutes for eech other as to be described as separats
factors, It must Le conceded that there is nothing s priori about this
division. It ‘s basad on the assumptlon, a very realistic one for many under-
developed countries, that possibllities of exporting and importing commodities

at roughly unchanged prices are exiremely low or roughly, non-existent, Tris

means that substitution possibiiities are very severely limited as to mske it a

convenicent simplification %o use them a3 seperate factors.

I¥, THE CCNCEPT AND RATIONALLE OF SHADOW PRICES

In the lznsuszs of progremming, shadow prices are nothing but the

Lagrance multipliers of s constrained optimizstion problem, An equivalent
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way of describing them is in terms of the optimal solution of the so-called
symmetric "dual® problem., Their plain econcmic meaning 1s none other than
that of marginsl velue productivity of the productive factors in an optimal
situation when 8ll elternstive uses have been taken into asccount. The
resson why shadow prices are considered to be important for an economist

is thet neo-classical theory of resource allocation tells us that the value
of the national product at given prices of inal commodities is maximized
if productive factors are employed so as to equate their value productivie
ties with their rentals.

Tt so happens that the rules of the rame associeted with perfect
competition also lsad t- an identical result, e.g., equivalence of marginal
productivities with rentals, But the connection 7ith institutional aspects
of perfect competition in this context 4s incidental. What is, however,
impertant is the use of prices as paremeters in deciding how much to produce,
Now, there are a veriety of reascns why observed prices in an underdeveloped
economy deviate from prices as calculated from the optimizing solution of a
programming problem: (&) the institutionsl context »f perfect competition
is almost aentirely sbsent; (bt) there are structural shortages which do
not respond to price changes, In some cagses this i1s not an unmixed evil
from the wider sociclogical peint of view, for example, where merginasl
productivity of labor is zero, and the corraesponding shedow price of labor
should also be zero, but the market hes to assign a non-zero wege level to
lsbor just to keep them alive (c); connected with (b) trere is the problem
that prices do not reflect and hence do not transmit all the direct and
indirect influences on the cost as éell 2s on the demand sids, which

under smoother conditions, they would,



Now, it should be obvious that if our objective is to maximize the
valuerf national income, then prices which should be regarded as pointers
in plamning investment are not the market prices, but what are callsd
shadow prices,

There are, however, several questions which may be raised at this
gtage:

(a) How do we know these shadow prices.,

(b) Even if we know them from an optimal programme in the sense
discussed above, they may not be the appropriate ones, because
the interest of the plarner may lie not in maximizing current
national income, but soms other objective or a combination of
objectives.

This ruestion is, howsver, in a sense, not important, because the
logic of using shadow prices is quite independent of the nature of the
spacific preference function that has bgen set up. Shadow prices in the
programming interpretation are perfectly neutral with respect to the type
of maximization that is employed; although their interpretation as prices
which would be realized under perfect competition iz not, But there is a
gsomewhat related question, though a different one which is not purely
semantic. Thig is concerned with the empirical proposition that planners
suggest, and given the power, carry out certain types of investment which
yield results over finite though long periods of time, In certain extreme
cases these projeche do not yield results af all for some time to come,

In evaluating such projects, to take into account only the impact on current
nationsl income is not aporopriate, Pat if future experiences ars to count,

shadow prices caloulated as of conbesporary scareitics would not be proper.



In planning for ecconomic development, thé endowments of the relevant primary
factors are contimmally changing and thelr scarcity aspects are therefore
shifting, Hende, what we need for such purpcses is not merely the shadow
price relating to one point of time, but the development of shadow prices
over a period of time, i.e., the time path of shadow prices, Without such
an estimate of the time path, there may arise a systematic bias against the
use of longerun projects, if the "shadow ﬁrices" implied in maximizing
current preoduction were the only ones to be used.

Once, however, the values and time paths of these prices have been
ascercvained, there is no doubt they would greatly simplify the lack of
assigning detailed priorities. Construction of adequate "benefit-cost®
ratios for the investment projects is possible on the basis of these
estimates only, They could then be employed to discriminate between projects,
in view of all the interdependences existing aﬁ a point of time as well as
over a pericd of time.

Granted what has been sald above, we have to turn o question (a)g
which in a sense is the crucial cne: How do we know these proper shadow
pricea? If they ave known, then, the opbtimal patiern of capital accumlstion
is already known and vice versa, Thus, we are not offering the planners
anything immediately practical when we advise them to solve a problem in
dyﬂamié programming, however gimplified its structure may beo2 Because any

reasonable problem in dynamic programning would have a high dimensionality,

2, S, Chakravarty: An Outline of a Method cf Programme Evaluation,
Center for International Studies, Mol.To, G/OU-L.
Re Dorfman, P, A, Samuelson, and R, Solow: Linear Programming znd
fconomic Analysis, McGraw Hill, 1958,
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raising significant problems with regard to the collection of data and
computation of solutions, Considerable problems would also be involved
in choosing suitable terminal conditions for closing the dynamic model,

At this stage, the argument for shadow prices resis on our ability
to devise certain approximations, which do not require the solution of a
fuil--seale dynamic programming problem, Thus we may first solve a
programming model on a relatively very high degree of aggregation and
determine the time path of prices of important groups of productive factors
guch as labor, capitel and foreign exchange. Having attained these broad
estimates, we mayv be justified in using them for purposes of assigning
detailed priorities to the investment projects in various sectors,

Thus, the derivation of shadow prices on a more aggregative and hence
approximative basis tegether with the decision rule 4o maximize net incomes
or net discounted velue of earnings at thess prices would already go a
long way te devising more efficient methods of programe evalustion,

An even more approximate procedure would be Lo use scme general
gualitative feztures of capital accumulation in an economy whose structural
characterisztics are well=-known bo make certain approximate estimates of
ranges within which shadow prices of importent preductive factors might be
‘expected to lie. This is attempted in our discussion of shadow rate of
interest on the basiz of the qualitabive characteristics of a multi-sector
growth procees. Discussion on this point iz meant only to suggest certain
Llimits withoul preterding at guantitative exactitude.

Since the present practice in development programming is based almost
sxclusively on the current market prices of primaxy factors which are heavily

out of line with their "intrinsic? values, even the use of such approximaie



shadow prices would lead tc a more efficient resource allocation, provided

the estimates are correct in a qualitative sense,

ITI. THE PROBIEM OF ESTIMATION

(a) The Shadow Price of Foreign Exchange

It is & well-known observation that the shadow price of foreign
exchange in many underdeveloped countiries suffering from chronic
balance of payments difficulties is substantially higher than the
cfficial rate of exchange, The reason for such maintained prices of
foreign currency is that price elasticity of the exports and importe
being quite low, the mechanism of letting price find its own level
by equating the total demand for foreign currency to the total supply
of foreign currency either does not work or works at the expense of
income growth, Further, there is a widespread opinion that balance
of payments difficulties of newly developing countries avre transitional
in character, s0 that once certain structural changes have been well
under way, excessive demand for imports or diversion of exports to
homs usesz may cease, thus making it possible to approximate closaly
the equilibriuvm rate of exchange°3 '

Thus while it is necesssry 4o maintain an official rate of ex-
change different from the shadow‘rate, the shadow rate will still be

the appropriate one Lo use in order to discriminate between alternative

3. Ons may, however, argue for a devaluation of the home currency
instead of letting the exchange rete seek lis own level, This, however,
rung into problems {hat are not entirely economic in character. Further,
too frequent devaluations, depending on the variations in the import
composition of the successive plang, will introduce nearly the same iype
of destabilizing influence as the method of floating exchange rates,
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programs or, in marginal cases, between alternative projects. Since
gectors a3 well as the processes within any sector differ remarkably
with zespect to forelgn exchangs requirsments, direct and cumalative,
such discrimination is sssential in order fto satisfy the constraint
releting to balance of paymentz eguilibrium. 1f these constraints refex
to different points of time, a time path of the shadow rate of exchange
will be involved, rather than a single rate of exchange to be applied
indefinitely. The standard procedure to determine the Yshadow rate of
exchange" at a point of time is 7o solve a pregramming vroblem of the
following type:

Maximize a certain preference functicn, e.g.. value of national
income, subject to a specification of technology and a prescribed levsl
of primary factors, insiuding foreign exchange availabilityoh
Such models have teen extensively studied by Chenery, who normally
expresses the preference furction in terms of minimizing capital nesaded
subject to final demand restrictions, technology and foreign exchange
garnings. OChenerv alzo includes import substitution as a built-in choice

problem, oven when alternative technigees are ruled out, When exports

ar2 not infinitely elastic, we have a problem in non-linear programing

A

which has alec Leen congiderzd by him.”

In keeping with what hag boen

g s R T A s LS e

¥

L., ‘The more general approach inclading balance of payments deficit
{or surplus), as well as the rate of growth of income in the social welfare
function cznnot be implemented unless we have some method of nmumerically
astimating the relative ratos of subriitution betweon the different policy
cbjectives. No very convenisnt method axiste in this connection, nobwithe
standing the contribution of Feiech, R, Frisch, "The Iumericai Determination
of the Coefficilents of s Preference Funchion,® Jslo (mimeocraphed),

5. Chenery, H. B, and Uzawa, H., Non-Linear Programming in %o
Developuent, in ®Shudies in Vinear and Non-Linear Propgramming, ” edibec
Arrow, Hurwicsz, Uzawa, 1G58,
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said in I, if the type of problem considered by Chenery in its static
aspects is extended to take into account interdependences in time, in
the form of usual recursion relationships that characterise a dvnamic
model, then, the corresponding preference funchtion can be expressed in
a large number of ways. Some details along these lines have been
investipated in & somewhat different contexto6 But the upshot of the
whole thing is ¢o pose a problem having significant dimensions, although
part of the dimensional difficulties may be reduced by taking advantage
of blockmbriangularityg.characterising dvnamic Leontief-type models.
What we suggest here is an extremely simple procedure, which has the
advantage of retaining enough flexibility in formmlating an investment
programme, but is certainly not an optimal procedure, in the strict
logical sense, What it does is to help us in making decisions rslating
to the inclusion or exclusion of detalled projects, within the context
of a plan which is assumed to be known in broad details, Essentially
the method consists in equating demand to supply of foreign exchange.
What we elaborate is how all the components of demand and supply may bs
taken inte account, The following notations are employed in the formula
for determining the shadow rate of exchangz:

{e} = Column vector of exports.

A

=

al - 1is the corresponding row vector,

ﬁ} =  {olumn vector of investment received by the sectors,

Q
i

{w} = Column vector of imvestment delivered by the sectors,
{ Column vector of final consumption,

i

6, Dorfman, Samuelson, and Solow, op, cit., chapter 12,
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P = Price level of goods preduced at home, .
{p} = Vector of domestic pricss,
Py = Price of imports, here assumed to be homogeneous for simplicity.

A
§

The shadow rate of exchange,
m e The quantity of raw materials imported.
n, ~ The quantity of investment goods imported,

= Import of consumer goods,

Coefficients: {a} - Isontief's matrix of flow coefficients.

{VI}w Row vector of imports per unit of gross output, These may
also be called noncompetitive import requirements per unit
of output.

{vzﬁm Row vector of imports per unit of investment received., This
gives the import composition of the investment program.

v3 = The functional dependence of imports of consumer goods on
- home consumption and the relative prices at home and abroad.

M -~ Total value of imperts (measured in domestic prices),.

E -~ Total value of exports {measured in domestic prices).

D = Permissible balance of paymente deficit., This need not be
a single number, but may only indicate a range within which
the deficits should lie.

The problem then consists in determining the value or values of 'k

so that the balance of payments deficits are confined to a certain pre-

assigned rvange determined by possibilities regarding foreign aid. Since

the estimates are seldom precise, it is useful to work out alternative
values of 'k° corresponding tc a whole range of possibilities relating

to "D, Given a criterion function, the above problem is one in parameiric
programming. In principle, we can solve it to get a step~function
relating the shadow rate of exchange to the parameter 'D’, assuming

variable over a cervain range, Assuming, however, ibabt the plan specifien
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a set of values of {e}, {w}, and {c}, and the coefficients are inflexible,
then 'k’ is the only variable to adapt itself to such predetermined
magnitudes, It will, however, be desirablse to determine the gensitivity

of 'k? to adjustment in some of the physical magnitudes which are subject

to some degree of control, eogo,.{w} which gives the import composition
of investment or {c}, the import of consumer goods. We have the following

final equation for this purpose:

f=M<E
- kpmm < e'p
= kpm (ml + m2 ER m3) - eﬂp
B = ko {{r) (T = )Mo » 5+ o) + v f¥) + v3le,B - B)
Pm) V'Y 207 e n
“{plel * pzeg + e ) + pnen}

We give 'n? export quantities for generality, but come of these will
be identically equal to zero, gince we have sectors which do not export
anything, like sevxvices for example, The dimensionalities in matrix
mltiplication are also properly observed in as wuch as {vlg is (1 x n),
(1 - a)wl is (nxn), (e +w +c)is {(nx 1), Thus the whole expressicn
is (1 x 1) and may be multiplied by "p,' to get the value in foreign

currency of the required amount of imporits of rew materials,
=) s . , o oaatd
W) and £W} are connected by the following matrix equation:
J

7

{W§ = [w]{?@ where {w] is the matrix of investment coefficients,

7. ¥or a discussion of this matrix, see S. Chakravarity, The Togic

LA -

of Investrmen’ Planning, Chapter V, Nerth Holland Publishing Co,.
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Bach 'p ' may be written in the following way: (2) py = A ko
i=1. . n+ other terms, indicating the influence of whatever other
primary factors are assumed to be impertant. Thus we have (n + 1)
equations to deiermine the (n + 1) unknowns, the shadow rate of exchange,
k? and ‘n® domestic prices, This circularity arises because the
production of domestic goods nesds imports, and as such prices of domestic
goods are dependent on prices of imports as expressed in domestic currency,

The above analysis may be easily extended to take into account the
heterogeneity of imports, and thus we need not assume only one composite
type of imports which is capable of being used for varlous functional
purposes. The extensiocn is of merely algebraic nature and is thus relegated
to an appendix,

It should be apparent from the above discussion that exports for

this purpoge have been assumed to be exogenously prescribed, This is a

simplification, although of a nature that is not difficult to Justify,

especially when price elasticity of exports is very low or low in relation

to the other factors imvolved, Theae other factors imvolve the level of

world demand as determined by rising world incomes, as well as the domestic
expansion of demand for export commodities. If the price elasticities are
assuned to be siganificant, then this may elso be tsken account of by a

further complication in analysis,

The Shadow Rats of Interest

The shadow rate of interest is commoniy regarded as a concept more
difficult than the shadow rate of forelgn exchange, One reason for this

is that in the case of foreign exchange we are concerned exclusively with



flow magnitudes; so much imports representing a low demand for foreign
currency and so nuch exports representing a flow supply of foreign
currency., The shadow rate of exchange eguilibrates the demand and supply
of foreign currency. With the shadow rate of interest, however, we are
concerned with relations between stock and flow, and a very large
variety of stocks at that, PFurther, these stocks have different degrees
of durability, All these become extremely complicated if we want to get
one single mesasure of thess stocks, as we normally do in talking about
ithe amount of capital” and "the rate of interest.”

The presence of double index number ambiguity, one, due to cross-
sectional aspzchts and the other due to longitudinal or intertemporal aspects
of capital, makes the interpretation of this single measure somewhat
dubious., Nonetheless, it has heuristic significance, as more rigorous
models involving multiple capital goods seem to indicate,8 The logically
rigorous way of dariving these interest rates, one for each stock, which
under ceriain circumstances equal each other, is to specify the decision
problem as ons in dynamic programming, with appropriate initial and
boundary conditions, Choice of natural boundary conditions is not an
easy question, For absence of "compactness’ in the policy space, infinity
does not serve as a proper boundary condition in most economic problems
extending over timeo9

All these theoretical considerationsare, however, poor consolation

for the planner, if the policy maker is concernad with rationing out scarce

8, Samuelson, P, A. and Solow, R, M.,"A Complete Capital Model
Involving Heterogeneous Capilial Goeods,” Quarterly Journal of Economies, Nor, 1956,

9. Por a discussicn of this point see:r 3. Chakravarty, On the Existencs
- . . . o rme < F
of an Cptimun Savings Frogram, CENIS (/60-11,
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capital amongst a number of competing projects., True enough that if we
know the solution to a full-fledged dynamic programming problem, we know

at the same time the shadow rates of interest, because the optimum program

of capital accumulation determines the shadow rates of interest. In that

context, they may be used to decentralize decision making by permitting
simple decision rules tec be specified, But when that is not feasible, we

still need a kind of computational shorthand in order to rank projects,

Whatever approximations we may devise for computing the shadow rate of
interest, even though they are correct in only a qualitative sense, will
be more useful than relying on the observed market rate of interest in
economies characterized by market imperfections, etc,

In the subsequent paragraphs, certain methods of approximation to the
shadow rate of interest are discussed under the following sets of assumptions,

a) Vhere capital stocks are growing at the same proportionate rate and
P 2

the production functions are linear and homogeneous;
b) Where the relative rates of grdwth of the capital stocks are
different, but we still maintain the lineer homogeneity assumption;
¢} Where the production functicns are no longer assumed to satisfy
the linear homogeneity conditions, and the equiproportionate rate
of growth of all the sectors does not hold,
We shell discuss these various cases in the order preseited above.,
a) The situatior {a) may be further subdivided into the following two
cases: (i) where there is no final demand; and (il) wherve the systen
admits of [inal demand, i.¢., not all ths net product is reinvested. An
illustration of case {i) is ithe closed dynamic model snunciated by Von

Fewmann in the early !thirties. The specific sstup of the Von Neumann medel



is well known and does not require any repetition. _Von Newnann stated as
the main conclusion of his investigation the now famous equality between the
rate of interest and the maximum rate of balanced growth that the sysiem
can perform, As recent work by Samuelson and Solow has demonstrated, the
Von Neumann path in the closed case has important normative significance

in as much as it satisfies all the intertemporal conditions of efficiency,
Thus the equilibrium rate of interest is known as scon as the maximum rate
of steady growth is determined,

The Von Neumann medel of a closed expanding economy has been gensralized
by Solow and Malinvaud, who relax the assumption that all the net product
is reinvested, In other words, thev assume the savings coefficient to be
less than unity. Despite differences in presentation, the relationship
between the rate of interest and the rate of growth given by the above
authors is the same,

QA

The folilowing expression of the relationship is due to Solow” whe

considers both the capitalists and Lhe wage earnsrs 4o be gsaving constant

proportions of their incomes:

g where: O 1s the rate of interest

g }g@ci’ g is the rate of growbh

oy, is the sevings coefficient for
profit receivers

Gw.is the gavings coefficient for
Wage earners

D is the share of ovrofit income in
total income

hS ’
It 19 evident that the 0 = g according as the denominator is<l,

Now the denominator may he writien as follows: DGE + (lmﬁ}¢@

D

94. R, M. Solow, Motes Towards a Wicksellian Theory of Distributive
Share (wimeographed) .



The expression Hcﬁ

average of the two savings coefficlents ur the savings coefficient for

{lmD),—w is notaing other than the weighted

the economy as a whole., Thus we may write P - ggﬁ-»where 87 ig the

global savings ratioc, That this relationship is merely & generalization

of the Von Neumann result may be seen easily. On the specific Von Neumann
assumption thatc}i’* 1 andqﬁﬂ = 0, the above formula indicates { = g,
Whenqrw.is allowed to assume positive valves, there are other constellations
of the coefficients for which equality holds, Although the formula
indicates the theorstical pessibility that the rate of interest may be
lower than the rate of growth, whatever empirical evidence we have rules
out this as a realistic case, Thus we mayv be Jjustified o consider the
equality as the limiting cass,

From the data given by S. J. Patel, (Indian Economic Review, February

1956) it appears that 's/D! in India may lie somswhere between .5 and .3
dependlng on how onc classifies income in the household sectors, Thus, if
we assume 3 naximal rate of steady growth of income ab L per cent, the rate
of interest lies betwesn 3 per cent and 12 per cent, It is obvious that
with a larger rate of growth, the equilibrium value of the rate of interest
goes up, or with a higher rate of savings, it falls,

There are two points that one should remsmber in this context:

{a) The rate of interest as calculated on 4he above approach is not
"the rate of interest¥ as usually understood in connection with the capital
or mory arket. This should be obvious, because the model does not

introduce uncapbainty and corresponding distinction between varlous types

of assets,

{o} The rate of interest as deduced from the Solow formula ig 417

Hims discount. 1% takes Inue acceount both produc

fyow whe pure rate of
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and thrift. The influence of productivity is taken into account in the
numerator, while the savings coefficient subsumes the influence of thrift,
Behind thrift lies the factor of time preference. The rate of pure %ime
discount that is involved may be ecatimated if we assume that the observed
savings rats is the resuli of an operational decision to maximize ths sum
of discounted values of consumption over a period of time, This is
similar to the famous Homsey model of optimal savings., The difference
consists in intreducing a nonzero rate of time discount which Ramsey wonld
have found ethically inappropriate, and in the further restriction that
is involved in reducing the 'path maximum® problem to a ‘point maximum®
problem. By a ‘point maximm’ problem we mean the problem of maximizing
an integral of discounted utilities, by a once-for-all choice of savings
rate, The perlod of time mary be finite or infinite, depending on the
planner's pnint of view, In the finite case, there should be a provision
for terminal squipment. Then, for every savings rate, we can find the
underlying rate of time preference,

This problem has been investigated by Tinbergenelo He gives a number
of equilibrium relations involving the rate of time discount, the savings
rate, and the capital coeificient, each based on a specific hypothesis
relating to the utiiity function, The utility function underlving the

simplest problem is in his case a loparithmic one. It should, however,

protlem, He is interested in finding out the opitirum rate of savings

3 I

corresponding to any given values of the capital-ccefficient, and time

”

0. J. Tinbergen, "The Uptimum Rate of Savings,” Bccnomic Journal, 1956
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preference, In our case, we want Lo know the underlying time preference,
assuming that the savings rate is already an optimal one, other parameters
remaining ﬁhe same,

The Tinbergen result can be generalized by introducing more general
types of production functions and utility functions other than the
logarithmig or hyperbolic ones considered by him, There is scope for much
further investigations along these iines,.

b) We now consider the situation when all the sectors are not assumed to
grow at the same proportionats rate, but all the relevant production
functions have the nesded convexity properties,

In this case, the relative prices and the interest rate are no longer
constant. Further, since the rate of growth is not a unique number
characterizing the entire process, we have %o deal with constantly
changing moving squilibria, as it were, and the ralation in which the
growth rate stands to the rate of interest would therefore be continually
shifting, Furthér, ‘the growth rate® ir this case is itself a somewhat
ambiguous concept, Also, the various own rates of interest do not any
longer equal the own rate of interest for the nureraire cormedity. It
therefore inescapably appears that we could say very little on the question
without geing the whole hog of solving a problem in dynamic programming.
In principle, an optimal solution is alwavs possibie in case (b), But %o
do that we'have to specify first the appropriate terminal conditions, the
initial stacksland the time profile of consumption over the entire period,
Having dotie that, we have to apply the usual techniques of maximization
over time. Such problems have been considersd in the earlier paper entitled

“A Complete Model of Program Evaluation." For & general reference, sce



Dorfman, Samuelson, and Solow, Linear Programming and Economic Analysisg,

Chapter 12,

In practice, the whole procedure outlined abeve will be difficult to
apply for at least some time to come., In the meantime, we may consider
if there is any kind of approximation that we may try here., If we are
concerned with very rough notions of accuracy, one may still suggest a few
things, which have some heuristic validity.,

Assume first a situation where all the sectors are growing at a
proportionéte rate of ‘r® per cent. This is the situation discussed in
(a). Now consider that one group of sectors is moving a%t the rate of
(r « €) per cent, as against the rest. The over-all rate of growth is
given by the expression (r + \¢) per cent., But since !N' is a variable
magnitude indicating the proportion of total canital stock invested in the
sectors growing a% the rate of (r » €) per cent, it appears therefore that
(r “Af) represents an ever changing sequence of moving equilibria, Now
we may ask ourselves how much error do we commit if we assume the whole
system to be growing at the rate 'r? when in reality it is growing
according to the rate (r ”*>\€ Js which is none other than the weighted average
of the rate of growth of ithe sectors, Obviously, over a leng period of
time, the ervor would be very considerable indeed even though '€’ is small,
As a matter of facht, the system would asymptotically be growing at the rate

of (r +£) per cent, since it is the largest root that dominates. But
suppose we are Interested only in a pericd of five to ten years, is it
possgible to say how large the error would be? The answer to this is fyes,?®
gubject to an imporiant index mumber ambiguity that arises whenever the

2.

prices are changing at different rates. Ieaving cut this complication for



the time being, and confining ourselves to small periods of time, say,

t = 5 one can work out the value of A\(t), if we know £, For r = .0,

€= 02, and ¢ = 5,,Xo = .20, the rate of growth achieved at the end of
the fifth year is roughly .0L09. If we assume £ = .0, namely, the first
sector has a rate of growth twice as fast, then, the rate of growth achieved
at the end of the fifth year is roughly .05. This indicates the erroy,
for fixed values of %, is not highly sensitive to the excess rate of growth,
In otker words, the error that we commit for the fifth year is of the order
of .01 on first assumption that we have chosen, Thez error for the whole
period will be somewhat less, approximately, than half the above amount,
If necessary, more precise relations for this purposs can be worked out.,
To put it simply, the above procedure understates the rate of growth by

approximately 1C per cent., All this, of course, makes sense only if the

relative prices are not altogether different.

The above example is in wany ways an extreme example, We have assumed
a very important segment of the economy to be growing twice as fast ag the
rest of the economy, In more realistic cases, the errors would be even less.

Thus, wroughly speaking, over a small periocd of time we do not make a
significant error when we assume the system to be growing at a stéady rate,
even though it is not exactly so. Once this is accepted, the Solow formala
connecting the rate of growth with the rate of interest may be applied %o
give us an approximation Lo the shadow rate of interest.

In gpite of its inaccurate nature, the approximation suggested above
i3 very important because in the real world examples of strict balanced
expansion are very rare. Thus the Solow formula we recommend will in this

case give the lower 1limit to the rate of interest,



e) This is logically the most difficult case., We may consider ivhe
following sub-cases:

(1) Where the individual production functions show only local

nonconvexities, but they are corwex in the large;

(i1) Where some of the individual productior: functions are nonconvex

throughout, but the aggregate production function is convex ;

(1ii) Where the relevant functions can be spproximated by piecewise

linear functions,

We may alsc consider an extreme case where the aggregate production
function is also noncomvex, This, however, does not seem 4o be a realistic
gituation, In case (i}, whers noncomvexities are rervely local, the shadow
price device which consists in maximizing set present value with Para-
metrically treated prices and interest rates still works. The reason
of course is that the decision maker having some foresight will exypand
production till he reaches the convex sepgment, The case (ii) deserves
some special consideration. In this case, since individual sectors have
nonconvex producticn functions, the parametrization deviece breaks down even
though the over-all maximization process is a determinate one, This means
that the coordinated decision making of the central planner, which |
maximizes a preferance function taking inte account all the interdependenciss,
will yield an optimal patiern of investment which, however, cannct be built
up from piecemeal choices, each being profitable on given interest rates and
prices, Thus investment in sectors like soclal overhead capital will elther
not he made or, if made, they will be made on an insufficient scale, Thus
the use of the shadow price critericn breaks down for thig problem. In

the procedure works provided we have knowledgs about the nodal



points, What we do is to use a succession of interest rates, corresponding
to the succession of linear facets. In empirical work, this may be a
useful simplification,

But even in case (ii), the choice of alternative techniques for a
specified time shape of output will involve a minimization problem that
should employ the shadow rates for primary factors rather than the cbserved

11

market rates., We shall discuss this aspect of the gquestion in greater

detall in the following seciion,

IV, THE CALOULATION OF PRIORITIES

In this section we consider the method of caleulating priorities in
an lmvesgtment program by using shadow prices. We must bear 3in mind that
while we caleulate the benefit-cost ratios for a single project, we do it
as of a given program, aund not for the project in isclation. This follows
out of the fact that the projects are necessarily interlinked, and imply
certain assumptions about the rest of the economy, Thus one project may
be chosen from a set of competing projects, if the rest of the programs may
be asgumed to be relatively unaffected by this choice.

We may also consider 2 more generalized situstion where there is a

technically nonseparable collection of projects wihich can be singled out for

Lo Ko Jo Axrow and A, C. Enthoven discusz the possibilities of
extending the theorem on 'efficient® production o eituations where ihe
production functions show 'quasi-concavity! ("Quasi-Concave Yrogramming, *
The Rand Corporation, p. 18L7). Quasi-corcavity iz defined as the
gltuation where increasing returns prevail %o scale, bui there are
diminishing returns to each particular input. Their statement (p. 30)
that under these conditions efficient combinations of inputs may be
determined, given preassignsd cutput and factor prices, although the
device of profit maximization at paramsirically treated prices breaks down
which agrees with our observations on page 19,
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piecemeal decision making, Now in this case this whole collection has

to be treated as one unit and the benefit-cost calculations have to be
calculated for this one unit as a whole, The word ‘technical non-
separability’ is important in this connection, For if the relative weights
of the different components are variable depending on economic calculations,
there is an unavoidable element of a jigsaw puzzle involved that cannot be
solved by the shadow price device if the assumption of linear homogeneity
is abandoned.

The advantage of the shadow price technique becomes considerably
greater if the complex of plaming problems may be assumsd to be decompoasable
into the following stages:

a) How much to invest in total over a number of years;

b; How to distribute the total investment resources among different
sectors of the economy;

¢} How o choose the best method of utilizing the resources allocated

te a secior.

If the stages are strictly consecutive, we may think that the decision
on level (b) is reached on the basis of maximizing income over a periocd of
time subject %e all the interdependencies in production, investment and
consumption. This would roughly indicate how much to invest in each sector,
If there are sectors like wmocisl overheaé capital where investment is made
on grounds independent of any maximization process, then we should consider
vhe remaining subeset of sactors for our decision purposes,

The decision on stage (¢} can be reached on Lhe basis of utilizing a
shadow rate of interest and For a given time profile of production, on the

requirement that the costs are minimized,
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In theory as well as practice, the stages may not be that distinct,
in which case decisions on (b) and {c) may have to be reached
simultanecusly, The shadow rate technique should then be replaced
by the general methods of dynamic programming.

Now let us consider the problem quantitatively, We use the following
notations:

Wi(t) ~ The investment in the project per unit time.

Fi(t) = The foreign component of investment per unit time.

Fi = awi where 0 <& {1.

g - The length of the gestation period,

n -~ The lensth of the operating verioed,
r =~ The shadow rate of inbtsrest,
k = The shadow rate of =xchange.

D{t} - The current operating expsnses of a project.
Then the cosh of a project may be caleulated as follows:
We have F, = aW,

i i

Therefore Hi - (1¢aa>w§ where H, is the domesiic component of

bR
investment, Since we value the foreign investment component at the
shadow exchange rate, we have:

kaWw, + {1 = ajW, =W, (ka + 1 -a)

i i i
= wi{l wa (1 - k}}

Iat us assume that we know the timeshape on construction effort:

W(%t). Then the cost of investient in the project may be caleulated as:

0 3 n %
¢ - Zw(-z:;){l - a1 - z{)}m s r) T 00t (1 x)”

-;:_spxg [a]
The first term on the lefi-band side indicatss the investment that
is made during the gestation period of ithe project and the second part

indicates the cost that ia incurred during the explioitaition periocd, Now
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the deeision rule consists in ninimizing "C" for a given time profile of
"output.? To put it differently the projects to be compared are those
which give the same time profile of output, given by the over-all planning
problem, Out of these projects, the one will be chosen which minimizes
total cost, over the combined gestation and exploitation pericd of the

project.

V. CONCLUSION

In this section we may briefly review the conclusions reached in the
earlier sections and indicate the relevance of the shadow price concept
with respect to a few practical problems encountered in Indian planning.,

Briefly stated, our discugsion has ciearly indicated that the technique
of using shadow prices serves as a uselnl compubational shorthand in
deviging a relatively "efficient” system of program evaluation. The
qualification on "efficiency” arises because in the presence of non-
convexitias in the production processes of certain sectors, the shadew
price device does not enable one to reach the Tefficient" constelliatinn of
the system. The advantage from using shadow prices holde goed ewvan though the

shadow prices we use are net exact, but merely approximations, although it

is important that thay should be in the right direction. Given the data,
the calculation of the shadow rate of exchange does not raise great
difficulties, The simplified procedure indicated in this paper, or the
more elaborate linear programming method discusasd by Chenery may be use-
fully employed. With respect to the shadow rate of interest; the
cenceptual difficuliies are greater. Bub if we use the approximation

procedure oublined earlier in this paper, ws get a range of 8 per cent to
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12 per cent for the shadow rate of interest under Indian conditions. The
exact shadow rate of interest may be higher than this, but it is= unlikely
that this would be lower than given by this range. This already gives us

a basis for how to judge projects which are economic only if the rate of
interest is L per cent or L} per cent.

The relevance of the shadow prices to practical problems may be

understood if we take into acccunt the problem of choosing between importing
fertilizer, or setting up a fertilizer plant, or a machinery for manufactur-

ing fertilizer preducing equipment. In the simple Austrian models, where
choice is confined tc a pair of alternatives, the cost cof one is the
opportunity foregone with the other projects. This is difficult to apply
if there exists a manifold of possibilities for each unit of investment.
Under such conditions, the opportunity cost of a unit of investment is
measured by its shadow rate of interest. Similarly, the cost of a unit of
import should be valued at the shadow rate of exchange, rather than at the
official rate. Now, if we take, for example, a shadow rate of exchange of
Rs, 6 to a dolldr and a rate of interest lying between 8 per cent and
12 per cent, we may calculate the cost of each type of project, over the
gestation period, given the tire shape of the construction effort. Further,
with a given time profile of ‘output,’ in this case agricultural produciion,
we can calculate the total costs for each project, e.g., investment costs
and operating costs, Naturally, with other things remaining the same,
the project with the lowest cost sheuld be chosen,

The same line of reasoning may be applied to other problems such as
the choice betwsen various types of power stations, An interesting

contribution in this regard is the paper of FProfessor P, N, Rosenstein-Rodsn



on the contribution of atomic energy to India’s development program012

All this is to suggest the fruitfulnesa of the shadow price method
in practical policy making, if appropriate qualifications are borne in

mind,

12, P. N, Rosenstein-Rodan, Contribution of Atomic Ensrgy to a
Power Program, C/59-15,
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Appendix 1: The Shadow Rate of Exchanpe: The General Case,

This appendix deals with the case of how to determine the shadow
rate of exchange where imports consist of different types of goods,
The price of each domsstic commodity in domestic currency is given

by the following equation:

Py =k ( An+1,i Bnel f An+2,1 Prgeg Yooee ® An+j.1pmn+j)(1”la‘2ooﬂn)

+ contribution of other primary factors.

Here Ap,; j is the cumulative coefficient of the first import commodity
in the production of 1P domestic commodity. We bave fn' such equations
for *n' domestic commodities,

In addition we have the equatioh relating to the permissible balance
of payments deficit:

c ﬂk[‘{(pmj)ﬁ [VJ[I«@J”]’} (8 + w + ) + (ppayg)® L7 /w3

* (ppey)? {V3 (es{Pruy 1 fpii*)gj«» (p)* (e)

Thus we have (n + 1) equations to determiae'(n + 1) prices, 'n? domestic
prices gnd one shadow rate of exchange,

The dimensionalities of above matrices and_column vectors are as
follows: | | |

(1) (Pyeq)® 18 a row vector of the dimension (1 x 3.

(11) /v, 7 is a matrix of dimensions (J x n). o

(111) £f1,3_7f1 16 a matrix of dimension of (n x n). Thus the

S p’iroﬁﬂct h‘éis dimeusi'cn {t X n),’krenca'a A(’ﬁ"‘?eccﬁr'o"""”
(iv) {e + # + ¢) is a column vector of dimensions (n % 1)e Thus
the first term in brackets is a scalar, indicating the total

amount spent on imports of raw materials.



(v)
(vi)

(vit)

(viil)

(ix)
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[ ¥57 is a matrix of dimensions (j x n),
{w]is a column vector of dimensions (n x 1),

The second term in brackets is (1 x 1), also a scaiar,
indicating the amount spent on imports of investment goods,
vy (e, pn*J)',(pi)W'ls a column vector of dimensions (3 x 1)

The third term is also a scalar, indicating the amount
spen§ én imports of consumer goods,
(p)* (e) is also a scalar since (p*) i (1 x n) and (e)
is (n x 1),
In this case, exports-have been exogenously determined. We
may also consider the more general case, where exports are
determined from within the above set of calculations, This,

however, requires a more complicated approach,




