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ABSTRACT

Finite element analysis (FEA) was used to study the mechanical behavior of three
idealized cellular solids: a regular hexagon, a two-dimensional non-periodic
honeycomb, and a three-dimensional random network of struts. FEA results for
uniaxial deformation of the hexagon with elastic-plastic cell walls were compared to
analytical solutions for stiffness and strength. A plastic failure envelope was
calculated for the two-dimensional non-periodic honeycomb under biaxial loading.
Results were compared to the failure envelope for a regular hexagonal honeycomb.
Finally, FEA results for a three-dimensional random structure under cyclic
compression were compared to experimental results for fatigue of trabecular bone.
The studies demonstrated the usefulness of the unit cell approach and the strengths
of different finite element models for understanding mechanical response to
uniaxial, biaxial, and cyclic loading.
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1 Introduction

11 Background

A cellular solid is “made up of an interconnected network of solid struts or plates
which form the edges and faces of cells (Gibson and Ashby, 1997).” Examples from
nature include bees” honeycombs, cork, coral, and wood. In the last decade, there
has been a remarkable increase in applications and manufacturing techniques for
cellular solids. Man-made examples range from prismatic honeycombs in catalytic
converters to Triscuit wafers. Cellular solids have a variety of applications such as
sandwich panels in airframe structures and foamed polymers for insulation.
Understanding the mechanical properties of cellular solids can lead to improved

materials design and performance.

Analytical and numerical solutions for the behavior of cellular solids have been
developed using two- and three-dimensional geometric models for open and closed
cells (Gibson and Ashby, 1997). Some models have been extended to understand the
properties of specific cellular solids like foams and trabecular bone (Beaupre and
Hayes, 1985; Guo et al, 1994; Kraynik et al, 1997; Silva and Gibson, 1997). Numerical
solutions allow parametric studies than cannot be easily obtained from
experimental data. Finite element models are useful for predicting and interpreting

the micromechanical consequences of various external loading configurations.

In this study we develop computational models to explore the mechanical behavior
for three idealized cellular solids: a unit cell of a regular two-dimensional hexagonal
honeycomb, a random two dimensional non-periodic honeycomb, and a random

three dimensional non-periodic open cellular solid. We extend the results of the

13



final model and apply them to a physically meaningful problem, namely fatigue of

trabecular bone.

1.2 Objectives

There were three principal aims for this study:
(1) to demonstrate the usefulness of finite element analysis (FEA) and the unit
cell approach,
(2) to understand the biaxial loading behavior of a random cellular solid, and
(3) to compare the fatigue behavior of a random three-dimensional cellular

solid model to the behavior of trabecular bone under cyclic compression.

1.3 Overview

Chapter 2 demonstrates the use of the unit cell approach and finite element analysis
(FEA) to compute the uniaxial properties of a regular hexagonal honeycomb. A
comparison to the closed-form solutions for elastic modulus and plastic yield

strength enables us to evaluate the effectiveness of the finite element approach.

In chapter 3, we perform FEA to obtain a plastic failure envelope or yield surface for
a non-periodic, two-dimensional random honeycomb. We study bending and
stretching in the cell walls to understand the differences between the periodic and

non-periodic biaxial loading behavior.

Chapter 4 extends the idealized non-periodic model to three dimensions. We apply
the model to represent a specific cellular solid, trabecular bone. By selecting

physically meaningful input parameters, we study micro-mechanisms for
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osteoporotic fracture in trabecular bone, in particular the micro-mechanical

response to fatigue.

1.4 References

Beaupre GS and Hayes WC. Finite element analysis of a three-dimensional open-
celled model for trabecular bone. ]. Biomech. Eng. 1985; 107: 249-256.

Gibson LJ and Ashby MF. Cellular Solids Structure and Properties. Cambridge
University Press, 1997.

Guo XE, McMahon TA, Keaveny TM, Hayes WC and Gibson L]. Finite element
modeling of damage accumulation in trabecular bone under cyclic loading. J.
Biomech. 1994; 27: 145-155.

Kraynik AM, Neilsen MK, Reinelt DA, and Warren WE. Foam Micromechanics:
Structure and Rheology of Foams, Emulsions, and Cellular Solids. Proceedings
of the NATO Advanced Study Institute on “Foams, Emulsions, and Cellular
Materials.” Kluwer, 1997.

Silva MJ and Gibson LJ. Modeling the mechanical behavior of vertebral trabecular

‘bone: effects of age-related changes in microstructure. Bone 1997; 21: 191-9.
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2 Uniaxial mechanical properties of a regular hexagonal honeycomb

21  Background

Man-made honeycombs are commercially available for an assortment of
applications: polymer and metal honeycombs for structural applications, metal ones
for energy-absorbing applications, and ceramic ones for high-temperature
processing. Understanding the properties of honeycombs allows us to define new
applications and improve design parameters for existing applications.
Characterizing the mechanical behavior of two-dimensional honeycombs is also
important because the results shed light on the mechanics of complex three-

dimensional foams.

Analytical model

Gibson et al (1982) derived an analytical expression for Young’s modulus for a unit
hexagonal cellAby calculating the moment required to bend a cell wall and the
resulting deflection. For a regular hexagonal honeycomb (figure 1) with linear
elastic walls of uniform thickness, t, side length, 1, and Young’s modulus, E,, the

expressions for in-plane Young’s moduli reduce to

X —_ Y —

E E 3

E' E 4(t)3 1)
l/

where E" and E, are Young’s moduli in the x- and y-directions, respectively. The

thickness to length ratio, t/1 is given as a function of the relative density p’/p, by
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()= V3 (p_]
AN @)
If one includes axial and shear deflections, which become especially significant

when (t/1) > 0.2, the expression for Young’s moduli of a regular hexagonal

honeycomb becomes

1+(5.4+1.5v, )(E)
! 3)

Note that this expression reduces to equation 1 for small t/1.

Iz

Figure 1: A regular hexagonal unit cell with cell walls of length, 1 and thickness, t.
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Gibson et al (1982) also gave an analytical expression for the yield strength of a
hexagonal unit cell with elastic-perfectly plastic cell walls. Elastic buckling precedes

plastic collapse so long as

1) 7E,

Otherwise, plastic collapse occurs when the bending moment in the cell walls
reaches the fully plastic moment. When the two moments are equated, the plastic

yield stress of the regular hexagon reduces to
o, o Z(t)z (4)
o, o, 3\’

Our research aim in this study was to show that finite element analysis (FEA) can be
used to compute mechanical properties for a regular hexagonal honeycomb. After
demonstrating that the computational results are consistent with analytical
solutions, we can extend the study to understand mechanical behavior of non-

periodic honeycombs, which are less well understood.

2.2 Methods

Analytical evaluation of mechanical properties

Young’s modulus and uniaxial yield strength were determined for a regular

hexagonal honeycomb of relative density, p’/p,=0.15. The elastic-perfectly plastic cell

19



wall properties were Young’s modulus, E;=1.0, Poisson’s ratio, v;=0.3, yield strength,
0,+=0.01, and thickness to length ratio, t/1=0.13. Using the equations 3 and 4
discussed above, we obtained the following results:

E. /E=E, /E=E /E=461x10°

Oy /Gys=0, /Cys=0p1 /Oy = 1.13 x 10,

Finite Element Analysis

Unit cell mesh generation

To compute the mechanical properties of a regular hexagonal honeycomb, FEA
input files were created for a regular hexagonal honeycomb unit cell. Four to eight
three-noded elements (ABAQUS beam type B22) comprised each cell wall of length,
1, uniform thickness, t, and width, b (ABAQUS, Hibbitt, Karlsson, & Sorensen, Inc.,
Pawtucket, RI). The cell wall properties and value of t/1 were identical to those
given above. The selected mesh consisted of 32 elements and 64 nodes. The results
of a convergence study (figure 2) showed that the reaction force in the displacement
direction came within 3.7% and 1.6% of the exact solution in the x and y directions,

respectively.
Computing uniaxial mechanical properties using FEA

Young's modulus and uniaxial compressive yield strength were computed for both
x and y directions. To determine the Young’s modulus and yield strength in the x

direction (figure 3), a displacement in the x-direction was imposed on node C in one
step. Node F was constrained from translating in the x direction. Rotation in the x-

y plane was prevented at nodes A, B, D, E, G, and H to reproduce the behavior of a

20



unit cell in a hexagonal honeycomb (figure 3b). A node on wall CD was constrained
from translating in the x-direction to ensure uniform deformation of the unit cell.

Reaction forces and displacements were reported for the displaced node at each

increment.

2.65E-11

2.60E-11

2.55E-11

2.50E-11
-]

2.45E-11

B 2.40E-11
=y

2.35E-11

2.30E-11

2.25E-11
=

2.20E-11

2.15E-11 T T - v T T T v
0 50 100 150 200 250 300 350 400 450

DOF

Figure 2: Convergence study results. Reaction forces were plotted against the number of degrees of
freedom to determine how many degrees of freedom were required to achieve convergence for testing in
both x- and y-directions Each point on a series corresponds to a different mesh.

The Young’s modulus and yield strength in the y-direction were determined by
imposing a vertical displacement on nodes A and B, while nodes G and H were
prevented from translating in the y-direction. To represent behavior in a hexagonal
honeycomb, nodes A, B, D, E, G, and H in the unit cell were prevented from rotating
in the x-y plane (figure 3c). One node on wall AB was constrained from translating
in the x-direction to ensure uniform deformation of the unit cell. Reaction forces

and displacements were reported for the displaced nodes at each increment.

21



Figure 3: (a) The initial finite element mesh for the unit cell of a hexagonal honeycomb

Stress, ¢ and strain, € were calculated from the reported reaction forces, F and

displacements, U at each increment using the following expressions (figure 4):

__F
2blcosB (5a)
u
P SE—— 5b
& = 2 +1Isinb) (5b)
E
0 =—1——
' 2b(I +Isin6) (6a)
£ = u’
* " 2]cosh (6b)
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p» = translational constraint
- [ ] = rotational constraint
—p» = translation vector
(b)

p»- = translational constraint

/2 - = rotational constraint

— —p = translation vector

(c)

Figure 3: Boundary conditions used to determine E* and G, in the (b) x- and (c) y-directions. The
arrowheads represent translational constraints, and the squares represent rotational constraints.
Displacement boundary conditions are denoted by arrows with tails.
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2(l+1sinB)

——
ey

F, —» 2lcosO
F,2 F,2
[ y
2lcosO
X
—— L ]
F
2(l+1sinB)

Figure 4: Calculation of stress and strain in the x- and y-directions.

Young's Modulus, E” was calculated for both x- and y-directions by computing the

tangent to the stress-strain curve at the second increment of load so that

E =22
g, (7a)
(7b)
P =%
£

Uniaxial yield strength was taken as the peak value of stress on a stress-strain curve.
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2.3  Results
Analytical values for uniaxial mechanical properties

Evaluation of analytical expressions for mechanical properties of an isotropic
hexagonal honeycomb with linear elastic-perfectly plastic cell wall material (E=1.0,
v.=0.3, ,,=0.01, t/1=0.13) gave the following results:

E. /E=E, /E=E /E=461x10°

G,/ cys=0y*/ cys=opf/ Oys = 1.13x 107
Uniaxial mechanical properties by FEA

Uniaxial properties were also computed based on a finite element analysis of a unit
hexagonal cell with linear elastic-perfectly plastic cell wall material. Stress-strain
curves for the x- and y-directions are shown below (figure 5). Young’s modulus and
yield stress were calculated for both directions giving the following results:
E. /E=4.64x10°
E, /E=459x10°
0.*/6,s=1.21 x 107
0, /0,=1.10x 10

24 Discussion

We developed a finite element model for a unit cell of a hexagonal honeycomb to

compare the computational predictions of Young’s modulus and failure strength to
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Figure 5: Young’s modulus and yield stress were determined from stress-strain curves for the (a) x- and
(b) y-directions of the hexagonal unit cell.

26



the values obtained using analytical expressions. The computational findings are

largely in agreement with analytical results.

Finite element analysis results for Young’s modulus in the two directions differed
from the analytical values by 0.6% and -0.4% in the x- and y-directions, respectively.
We expect E,=E, for regular hexagonal structures, and the FEA results give Young’s
Moduli which differ by only 1%. An explanation for the difference between Young's
moduli in the x- and y-directions for the model and the analytical solution is that
the analytical solution (equation 3) assumes that the walls AB, CD, EF, and GH have
thickness t/2 as they would in a proper unit cell. We assigned identical thickness, t
to the walls in our “unit” cell. For loading in the y-direction, walls AB, CD, EF, and
GH are unloaded so E, should be nearly equal to the analytical results. However, for
deformation in the x-direction, axial loading in walls AB and GH is included in the
finite element calculations. Then the axial deflection §, for these members in our

model is:

_ B ®
" btE,

Gibson and Ashby (1997) give small strain calculations of the moduli, including
axial and shear deformations. Accounting for the thicker walls, the analytical

solution for Young’s modulus in the x-direction becomes

©)

)3 G +ein 9) 1

t
E =E (— - ;
l cos’6 [l + (2.4 +1.5v +tan’ 0+ —(h—/l)—)(fj ]

cos’O M\
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Evaluating this expression for our model gives Young’s modulus in the x-direction

E*/E= 4.71x10°. The FEA result for stiffness differs from this value by ~-1.49%.

We also expect strength to be equal in both x- and y-directions for the regular
hexagonal unit cell. When comparing the computational and analytical results for
plastic yield strength, one should consider boundary conditions, mesh design, and
element types. To mimic behavior of a unit cell in a periodic lattice, rotational
boundary constraints were imposed at the hexagon nodes for loading in the two
directions as shown in figure 3. In addition, each cell wall of length 1 was modeled
with the same number of elements. A finer mesh or a mesh with varying numbers
of elements per cell wall might have improved the accuracy of our solution.
Selection of the element types could also improve the results. A continuum model
would approach the analytical solution more exactly. These factors may explain the
7.1% and 2.7% differences between the x- and y-direction yield strengths,

respectively, and the yield strength as determined by the analytical expressions.

25 Conclusions

This study demonstrated that a finite element model can be effectively used to
evaluate Young’s modulus and plastic yield strength for a hexagonal honeycomb
unit cell. Improvements to this study should focus on a better evaluation of yield

strength by FEM.

2.6 Reference

Gibson LJ, Ashby MF, Schajer GS, and Robertson CI. Proc. R. Soc. Lond. 1982; A382:
25.
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3 A failure envelope for two-dimensional Voronoi honeycombs

3.1 Background

Behavior of cellular solids in uniaxial loading is relatively well understood.

However, loads in real engineering structures are often multiaxial. For these cases,
the designer is concerned less with the uniaxial stress than with the combination of
stresses causing failure. In this chapter we consider failure i.e the onset of plasticity

of a two-dimensional non-periodic cellular solid subject to biaxial loads.

Biaxial properties can be studied by considering the plastic moments and axial forces
in cell walls of a cellular solid. The biaxial properties of periodic structures like the
regular hexagonal honeycomb have been analyzed (Gibson et al, 1989). In the case of
equibiaxial stress states, the plastic moments cancel so that the cell walls stretch. In
this extreme, the axial stresses in the cell wall define the criteria for plastic failure.
To obtain the complete failure surface for a hexagonal honeycomb, Gibson et al
(1989) considered both stretching and bending of cell walls. Their analytical solution
for the plastic yield surface of a hexagonal honeycomb gives two intersecting ellipses

following the equations:

2 (1)

0',(% + sine)sine —0,c05°0 . 0',(? + sine)cose + o ,cosBsin6
£ 1

; (47 2| o)

For regular hexagonal cells, the failure envelope delineating plastic collapse is the

intersection of two symmetric elongated ellipses (figure 1).
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Figure 1: The plastic yield surface for an idealized, two-dimensional cellular solid made up of regular
hexagonal cells. The surface is truncated by the elastic buckling failure surface in biaxial compression.
(from Gibson et al, 1989)

While the biaxial failure envelope for regular hexagonal honeycombs has been
determined analytically, the multiaxial loading behavior of random honeycombs
and foams is less well understood. An exact analytical solution for the random non-
periodic structure of foams cannot be obtained. A finite element model for a
Voronoi cellular solid would enable one to study bending and stretching in the cell

walls of a random, non-periodic structure.

The Voronoi honeycomb is constructed as follows. Consider points distributed
randomly in a plane. If at each point a gas bubble were to nucleate simultaneously

and grow radially at the same rate, then the initial structure would be a Voronoi
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honeycomb. Alternatively, the structure can be thought of as a network composed
of the perpendicular bisectors of line segments connecting each point to its nearest
neighbors (figure 2). By excluding points within a specified distance, or “exclusion

distance,” one can create a relaxed Voronoi honeycomb, a more regular structure.

Figure 2: Cell centers are randomly distributed in a plane. Dotted lines connect each cell center to its
nearest neighbors. The perpendicular bisectors, shown in solid lines, connect to give the resulting
Voronoi honeycomb.

Depending on the relative density, the honeycombs can represent cellular solids, e.g.
the result of spherulitic growth in some polymers. According to Gibson and Ashby
(1997), the nearest thing to Voronoi honeycombs in nature include coral, some

sponges, and the nests of wasps and ants.

Silva performed finite element analysis (FEA) to study the uniaxial properties of
non-periodic cellular solids (Silva et al, 1995/Silva and Gibson, 1997). He
determined that elastic properties could be well represented by combining estimates
of relative density and microstructural anisotropy with simple relations developed
for periodic honeycombs. For twenty isotropic Voronoi honeycombs with a relative

density of 15%, the mean relative Young’s modulus, E'/E =0.488 x 10?, was within a
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few percent of the analytical solution. Young’s modulus varied as a power law of
relative density with an exponent of approximately 2.5. This relationship nearly
identically matched the results of a closed-form solution for the elastic modulus of a
hexagonal honeycomb as described in the previous chapter (eqn 3). The uniaxial
compressive strength of Voronoi honeycombs with a relative density of 15% was
30% lower than that of the corresponding regular hexagonal honeycomb. This
finding contrasts sharply with the strongly correlated results for Young’s modulus of

the periodic and non-periodic structures.

Our goal in this study was to compute a failure envelope for an elastic-perfectly
plastic 2D Voronoi cellular solid using FEA. By comparing our results to the failure
behavior of a regular hexagonal honeycomb, we hoped to gain insight on the effect

of non-periodic structure on the biaxial failure envelope.

3.2 Methods

Mesh generation

FEA input files for two-dimensional Voronoi honeycombs were produced using
software originally written by Matt Silva (Silva, 1996). Each Voronoi mesh was
constructed by connecting the perpendicular bisectors of line segments between
adjacent “nucleation” points in two-space to form a network of cell walls.

To obtain a more even distribution of cell size, points within a specified exclusion
distance were not considered nearest neighbors. For our 17x17 mesh, the exclusion

distance was set at 2 units of length.

32



The original programs were modified to allow control over the number of finite
elements in a cell wall. This feature was used to perform a convergence study (see

Results) to identify the required number of degrees of freedom.

The final mesh had 309 cells (figure 3). Because the cells had no preferred
orientation, the model was considered to be isotropic. Each cell wall had uniform
thickness and was modeled as a series of four 3-noded beam elements (ABAQUS
element type B22) with Young's Modulus, Eg=1, Poisson's ratio, vg=0.3, and yield
strength, Cys=0.01. The mesh tested in this study achieved a relative density p*/ps
of 0.15 by specifying a uniform cell wall thickness which was computed using the

expression:

p_* _ Area of Solid N 1t
p. Total Area “LL, (2)

where NE is the total number of cell edges, t is the uniform cell wall thickness, 1, is

the length of the ith cell wall, and Ly and Ly are the dimensions of the cellular solid.

The mesh used for uniaxial and biaxial compression loading had elastic-perfectly
plastic cell walls, while for uniaxial tension, biaxial tension, and combined tension-
compression stress states, cell walls were modeled using strain-hardened material
with a strain hardening coefficient, h=0.01 (figure 4). Though the elastic-perfectly
plastic walls were sufficient to achieve failure in compression, slight strain-
hardening was required to induce a discernible failure point in tension loading. A
convergence study indicated that four elements per cell wall or 11,288 degrees of
freedom were adequate to obtain a solution within 6% of the exact solution in both x

and y directions (figure 5). The final mesh had 3836 nodes and 1988 elements.
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Figure 3: The Voronoi honeycomb finite element mesh had 309 cells.

() ()
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Figure 4: The cell wall material was modeled as elastic-perfectly plastic (a) for compression tests and
as elastic-perfectly plastic with slight strain-hardening (b) for tension tests. Note that the schematics
are not drawn to scale.
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Figure 5: Convergence studies were conducted in both the x and y directions of the mesh. Each series of
points corresponds to one node on the mesh. Each point of a series denotes the reaction force resulting
from a prescribed displacement of the node for a model with a specified number of degrees of freedom in

the mesh. The degrees
Results indicated that four elements per cell wall were adequate.

of freedom were adjusted by controlling the number of elements per cell wall.
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Uniaxial properties

Elastic properties and the uniaxial yield strength of the Voronoi honeycomb were
determined using a displacement boundary condition. The nodes forming an edge
were displaced by a specified amount while the nodes of the opposite edge were
prevented from translating in the direction of displacement. Additional boundary
conditions were imposed to apply biaxial stresses. Since biaxial testing specified
displacements at two edges, boundary conditions were ultimately imposed at all
four edges for the biaxial tests. To design a uniaxial testing methodology that would
be consistent with the anticipated biaxial testing, the nodes of one of the two edges
in the direction normal to the displacement direction were prevented from
translating in the direction normal to the displacement direction (figure 6). Edge
nodes were prevented from rotating in the x-y plane to reduce local crushing effects.

A mesh with edges free from rotation constraints was also tested for comparison.

Uniaxial deformation occurred in one step. Each step was automatically divided
into increments. Uniaxial compression testing required approximately twenty
increments to achieve a specified displacement while tension required about sixty
increments. Stress and strain, or average displacement per length, were computed

at each increment using the following expressions:

EN, (3a)

_XRF (3b)

U (42)
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L (4b)
"EN ‘L,

where i refers to the increment, n specifies a node, EN is the number of nodes in a
displaced edge, RF is the reaction force at a node in a displaced edge, L, and L, are the
edge lengths, and U is the specified displacement of each node on the edge. Strain is
calculated by taking the average nodal displacement. Young's modulus was
calculated using the stress and strain from the first increment of the uniaxial

compression test:

E=2
& (5a)
E=2. (5b)
&

p» = translational constraint
| | = rotational constraint
—p = translation vector

Figure 6: This figure depicts boundary conditions used to determine E’ and ¢” in the x-direction for the
Voronoi honeycomb. The squares and arrowheads represent rotational constraints at edge nodes and
translational constraints, respectively. Arrows with tails indicate displacements.
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For compression, yield strength was taken as the peak value of stress on the stress-
strain curve (figure 7a). For tensile testing, yield strength was taken as the intercept
of the linear elastic and plastic portions of the stress-strain curve (figure 7b).
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Figure 7: Uniaxial yield strength was taken as the peak of a stress-strain curve for compression (a) and
as the intercept of the linear elastic and plastic portions for tension (b).
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Biaxial properties

Biaxial deformation required two steps. The first step occurred as in uniaxial
deformation except that the displacement magnitude was limited to strains in the
linear-elastic portion of the stress-strain curve. In the second step, the edge
displaced in the first step was prevented from translating further in its original
displacement direction while a displacement boundary condition was applied in the
second direction to the fourth edge (which had no prior translational constraints).
Stress was computed at both of the displaced edges in their respective displacement
directions at each increment and plotted against the strain associated with the edge
displaced in the second step (figures 8 and 9). Failure corresponded to a peak or the
intercept of the linear elastic and plastic portions on one of the stress-strain curves.
The combination of stresses served as coordinates for a point on the failure
envelope. The magnitudes of displacements in the first and second steps were

varied to obtain twenty points on the two-dimensional failure envelope.

- = translational constraint
| = rotational constraint
—»  =translation vector

f’

X

Figure 8: Squares indicate that rotation was prevented in the x-y plane at a node. Arrowheads denote a
restriction in translation in one direction at a node. Arrows indicate direction and magnitude of
displacement.
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Figure 9: Stress was plotted for both directions against the strain at increments in the second step. The
first peak in the stress-strain curves indicated the yield strength in one direction, shown here as 0, iy
The corresponding stress, shown here as Gy .., Was taken as the yield strength in the second direction.

Element moment and stress characterization

Section forces and geometry were used to calculate internal moments and stresses

for each element. Bending moments, Mj and axial forces, Si, were obtained for each

element in equibiaxial tension and compression to characterize bending and

stretching contributions to failure in each mode.
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Bulk modulus

The bulk modulus, K, was computed using results from equibiaxial compression
and tension of a mesh with the same geometry but with linear elastic cell walls. The

following expression was used:

Ko Ao
Ad/A (6)

where Ac is the equibiaxial compressive stress, AA is the change in area, and A is the

initial area. The mesh was also deformed beyond failure to depict visually the

elastic cell walls in equibiaxial tension and compression.

For comparison, the bulk modulus was calculated for a regular hexagonal
honeycomb using the following expressions:

A =T
A=(1-8)y=1-28+8 =I-28
AA _A-A, _-25

_—-—=————z2£

A A l

0 0

K= Ao _AG_E;(%) 7)
—AAA_ZAS- 23

3.3 Results

Uniaxial Stiffness and Strength

Young’s Modulus was computed for both x- and y-directions in compression giving
the following results:

E’/E=442x10"

E'/E,=413x10%
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where E;" is Young’s Modulus in the i-direction and E, is Young’s Modulus for the

cell wall material.

Yield strength was computed for both x- and y-directions in uniaxial compression
and tension with the following results:

o, /0, =889 x10°

o, /G, =839 x10°

o, /0,.=11.0x10°

G, /c,,=9.90 x 10°,
where o, is the compressive yield strength in the i-direction, o, is the tensile yield
strength in the i-direction, and o, is the yield strength of the cell wall material. FEM

and analytical solutions for Young’s modulus and uniaxial strength are shown for

the regular hexagonal honeycomb and for the Voronoi honeycomb in Table 1.

Table 1: Mechanical properties of periodic and non-periodic honeycombs
Regular hex, Regular hex, FEM solution Voronoi, FEM solution
analytical solution

E, 4.61x10° 4.64x10° 4.42x10°

E, 4.61x10° 4.59x10° 4.13x10

K 0.037 * 0.020

Cc 1.13x107? 1.21x10? 0.889x10?

Oy 1.13x1072 1.10x107 0.839x10?

Oy 1.13x107? * 1.10x10*

Oy 1.13x10% * 0.990x10?

*not determined
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Failure Envelope Results

The locus of points defining yield strength for twenty combinations of biaxial strain
was plotted to create the failure envelope (figure 10). Three sets of points were
plotted. The first set was derived for a Voronoi mesh with an elastic-perfectly plastic
cell wall material. The second set of points corresponds to a Voronoi mesh with
strain hardened cell wall material. Whereas the first two sets were derived for a
mesh with restricted x-y rotation at the edge nodes, the third set was derived for a
Voronoi mesh with perfectly plastic cell wall material but with edge nodes free from
x-y rotation constraints. For each point (6,,6,), 6, was normalized by the uniaxial
compressive yield strength in the x-direction and 6, was normalized by the uniaxial
compressive yield strength in the y-direction. Each set of points was normalized by
the uniaxial compressive yield strengths obtained for that set to allow comparison
between sets. Values of the coordinates are given in Table 2.

Table 2a: Failure stress values for biaxial compression of Voronoi honeycomb with elastic-perfectly
lastic cell walls and edge nodes with rotational constraints.

o, o,

0 -8.39x10°
-8.87x10° 0
-9.92x10° -12.1x10°
-10.6x107 -12.2x10®
-11.6x10° -12.2x10°
-11.6x10° -12.2x10°
-12.7x10%* -12.2x10°%*
-12.7x10°° -7.81x10°
-12.8x10° -8.60x10”
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-13.0x10° -12.1x10°

-13.1x10° -11.5x10°
-13.1x10°® -11.3x10°®
-13.2x10°% -10.4x10°

*equibiaxial strength in compression

Table 2b: Failure stress values for Voronoi honeycomb with strain-hardened cell walls and edge nodes
with rotational constraints.

o, o,
-13.1x10° -12.5x10°
-5.34x10° 3.29x10°
2.30x10° -5.80x10°
0 9.90x10°
10.6x10° 0
14.9x10°%* 15.0x10°*
14.9x10° 16.7x10°
16.4x10° 14.0x105
16.7x10° 18.3x10°
17.0x10° 15.6x10°
19.0x10° 14.5x10”

*equibiaxial strength in tension

Table 2c: Failure stress values for Voronoi honeycomb with unconstrained edge nodes. Compression
loading was done using elastic-perfectly plastic cell walls; tension loading was done using strain-
hardened cell walls.

o, o,
0 -6.18x10°
-7.11x10% 0
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Figure 10a: Three sets of points were plotted to produce the plastic failure envelope for a Voronoi
honeycomb. Points marked by “0” and “x” correspond to a Voronoi mesh with rotational constraints at
edge nodes having elastic-perfectly plastic and elastic-strain hardened cell walls, respectively.
Points marked by “+” represent results for a mesh with no edge constraints. Each set of points was
normalized by the uniaxial compressive yield strength for the set. Deformation of the cell walls could
not be seen at the stresses used for the analysis.
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Figure 10b: The three sets of points are shown with the plastic failure envelope for a regular hexagonal
honeycomb following equation (1) where 6=30°, h/1=1, t/1=0.13, and o©,,/E=0.01.
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Axial Forces in Elements

Axial forces were computed for each element in the mesh for two stress states:
equibiaxial compression and equibiaxial tension (see the * values in Tables 2a and
2b). These cases corresponded to the equibiaxial strengths on the plastic failure
envelope. The average axial force in compression (1.131 x 10°) was very close to the
value obtained in tension (1.135 x 10%), and the distribution of axial forces was also
similar for the two stress states. To compare the distributions, data was plotted in the

histogram shown below (figure 11).

Axial Force Distribution
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Figure 11: This histogram compares the distribution of axial forces in the cell walls of a Voronoi mesh
in equibiaxial tension and in equibiaxial compression.
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Element Section Moments

Section moments were also computed for each cell wall in equibiaxial compression
and tension (see the * values in Tables 2a and 2b). The average element section
moment for compression was 4.241 x 10 while the value for tension was 2.279 x 10°.
The distribution results, depicted in the following histogram (figure 12), show that

more elements have greater moments in compression than in tension.
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Figure 12: This histogram shows a comparison of the section moment distribution for elements of a
Voronoi mesh in equibiaxial compression and in equibiaxial tension.
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Bulk Modulus

Bulk modulus calculations were made using the same Voronoi mesh but with
linear elastic cell wall material. Stresses in the x- and y-directions were plotted
against the strain at each increment of the second step of biaxial compression. The
stress value Ac used to calculate bulk modulus, K, was chosen at an increment for
which the stress values in the x- and y-directions were equal (figure 13). This point
corresponded to biaxial strain of approximately 0.02%. The Voronoi mesh used in
this study had K_,=1.98 x 10? and K,,=2.01 x 10

Bending of the linear elastic cell walls was evident when the initially 17x17 model
was compressed to dimensions of 16x16 (figure 14a). In contrast to the compression
results, individual cell walls stretched to achieve equibiaxial tension (from 17x17 to

18x18—figure 14b).

Evaluation of the analytical expressions for bulk modulus of a hexagonal

honeycomb gave a result of K*/E=0.037.

34 Discussion

We conducted finite element analysis of a Voronoi honeycomb to compute a plastic
failure envelope for an idealized cellular solid. We compared Young’s modulus,
uniaxial strength, and biaxial failure envelopes of Voronoi and regular hexagonal
honeycombs to identify and understand differences attributed to the non-periodic

structure of foams.
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Figure 13: For the second step of biaxial (a) compression and (b) tension, o, /o, and 6,/ G, at each
increment were plotted against €,, the strain in the direction of displacement in the second step. The &,
axis begins at values less than zero due to the Poisson effect which allows the mesh to expand in the
second direction during the displacement in the first step.
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Figure 14: (a) Elastic cell walls bend when the Voronoi honeycomb is equibiaxially compressed from
initial dimensions of 17x17 to 16x16. (b) The cell walls stretch to accommodate equibiaxial tension
when the original mesh expands to 18x18. The relevant stress-strain data is presented for the second

step of both loading scenarios.
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Young’s modulus for the Voronoi structure in the two directions was within the
range of values reported in a previous study. Silva et al list (1995) elastic moduli for
twenty isotropic Voronoi meshes with a relative density of 15%. They tested
meshes with linear elastic cell walls given a Young’s modulus of 1.0 and found the
resulting elastic moduli to range from 0.433 x 10” to 0.583 x 10? (Silva et al, 1995).
Their values compare with the values computed in this study of E,=4.42 x 10° and

E=413x 10°.

The strength of the Voronoi honeycomb was 73% and 78% of the FEM solution for
the strength of the hexagonal mesh in the x- and y-directions, respectively. These

differences are consistent with a previous study that reported the mean strength of
five Voronoi honeycombs with relative density of 0.15 to be 70% of the strength of

the corresponding periodic hexagonal honeycomb (Silva and Gibson, 1997).

The failure envelope obtained for the Voronoi honeycomb was compared to the
plastic yield surface predicted for regular hexagonal honeycombs in biaxial loading.
Using the equation derived by Gibson et al (1989) to calculate the biaxial failure
strength of a regular hexagonal honeycomb with t/1=0.13, the equibiaxial stress states
are nearly seven times as great as the uniaxial failure strengths in both compression

and tension.

The Voronoi honeycomb failure envelope varies considerably from the plastic yield
surface shown above for the hexagonal honeycomb. Our envelope depicts a
structure that is weaker than the periodic structure in both biaxial compression and
in biaxial tension. Whereas the hexagonal mesh in equal biaxial loading could

withstand nearly six times its uniaxial strength, the Voronoi mesh failed under
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equal biaxial loads less than two times its uniaxial compressive strength. The

structure was also somewhat stronger in tension than in compression.

Both the relative weakness in biaxial loading of the Voronoi mesh compared to the
hexagonal mesh and the relative weakness in compression versus tension for the
Voronoi case alone can be explained by examining the contributions to failure due
to stretching and bending of the cell walls. To achieve uniaxial deformation in a
hexagonal honeycomb, the cell walls bend (Gibson et al, 1982; Papka and Kryakides,
1994; Warren and Kraynik, 1987). In the biaxial case, the bending moments can
cancel so that the cell walls feel only axial forces (Gibson and Ashby, 1997). The cell
walls stretch to achieve the extreme state of biaxial loading and are thus able to

withstand much higher stresses than in uniaxial deformation (Gibson et al, 1989).

One might consider that the relative weakness of the Voronoi mesh in compression
presents a different failure mechanism that dominates over plastic yielding. As
shown in the plastic yield surface for a hexagonal honeycomb with t/1=0.1 (figure 1),
elastic buckling of cell walls in compression will occur before the mesh reaches the
plastic yield strength predicted by the theoretical expression. One should note that
in our study, the relative density of the Voronoi honeycomb was taken at 15%

(t/1=0.13) to ensure that plastic yielding would be the dominant failure mechanism.

For the Voronoi mesh, cell walls accommodated both uniaxial and biaxial stress
states by a combination of stretching and bending. We computed element axial
forces and section moments to characterize contributions to plastic failure made by
stretching and bending, respectively, in the cell walls. We then plotted histograms
to compare distributions of axial forces and section moments in equibiaxial tension

and compression for the non-periodic structure.
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The average axial force of the elements were nearly equal in both compression
(<S>.=0.000113) and tension (<5>=0.000114). The distribution varied only slightly
for the two states, showing that the contributions to failure by stretching of cell walls
were equally significant in both loading scenarios. In contrast to the axial force
results, the element section moment analysis revealed that the average bending
moment in compression (<M>=4.24 x 10®) was nearly two times as much as the
average section moment in tension (<M>=2.26 x 10°). The histogram confirmed
that in compression, more elements have higher bending moments than in

tension.

Large deformation analysis of the Voronoi mesh with linear elastic cell walls clearly
depicted the dominant failure mechanism for the two loading states. In
compression, the walls appear uniformly bent, whereas in tension, there is no
apparent bending in the cell walls. Figure 14 shows the walls stretching in their

axial direction to achieve the state of equibiaxial tension.

A comparison of the bulk moduli of hexagonal and Voronoi honeycomb supports
the bending and stretching conclusion. Equation 7 was evaluated to determine the
theoretical bulk modulus for a hexagonal honeycomb, K,.=0.037. The bulk
modulus for the Voronoi mesh was similarly computed using FEM results for the
mesh with linear elastic cell walls. The Voronoi mesh exhibited a much lower
modulus, K,_=0.020. Bulk modulus physically represents the extent to which a bulk
material deforms under uniform pressure. The bulk modulus values reported in
this study are consistent with the failure envelope which depicts a material weaker

in the extreme biaxial stress states than the corresponding periodic structure.
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In practice, rotational constraints at the edge nodes are unrealistic compared to
physical specimens of foams which would not be constrained at the edges. An
accurate prediction of experimental results for a three-dimensional specimen in
hydrostatic compression would fall somewhere between the constrained and
unconstrained models. Plastic collapse strength is sensitive to small defects so the
experimental results may be systematically less than theory or computational results
would predict (Gibson and Ashby, 1997). Our computational results predict failure
in equibiaxial compression to occur at biaxial stresses equal to 1-1.5 times the
uniaxial material yield strength. Failure in equibiaxial tension takes place at

approximately two times the uniaxial failure strength.

This study has several strengths. The computational approach enabled us to
determine the failure mechanism in the biaxial loading state by determining the
stress states in each element. The dimensionless results are highly reproducible and
can be qualitatively applied to predict results for plastic yield surfaces of cellular

solids having 15% relative density.

Certain limitations to this study should be noted. The failure envelope described
here represents oniy one specific arrangement of cells. Increasing the number of
non-periodic arrangements would improve the accuracy of the predicted yield
surface. The study could also be extended to determine how properties like bulk
modulus and failure mechanisms vary with changing relative density. Finally, the
finite element model might be improved by using elements of the same length as

opposed to dividing each cell wall into equal numbers of segments.
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3.5 Conclusions

In this chapter we computed the failure envelope of a two-dimensional non-
periodic cellular solid under biaxial loading. FEA results show that the material has
a lower plastic failure strength in both biaxial tension and compression compared to
a regular hexagonal honeycomb of the same relative density. The non-periodic
honeycomb exhibited greater strength in equibiaxial tension than in equibiaxial
compression due to larger bending moments in the elements for external
compression loading. These results shed light on the mechanical behavior of

random foams under hydrostatic loading.
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4 Fatigue of trabecular bone

41 Background

All bones contain trabecular (also termed spongy, cancellous, or marrow bone) and
cortical (or compact) bone (Schiller, 1994). Trabecular bone (figure 1) appears as a
porous network of connecting rods or plates (Gibson, 1985) and can be found at the
ends of long bones within the medullary canal (Schiller, 1994). As a consequence of
aging and osteoporosis, the horizontal and vertical struts in the trabecular lattice
thin and even disappear, resulting in the loss of bone strength. These age-related
effects on the structure and mechanical behavior of trabecular bone are well

documented (Ding, 1999; Mosekilde, 1988, 1989; Snyder, 1993).

Figure 1: Trabecular bone is a partly open, partly closed cellular material. (Image courtesy of Ralph
Mueller.)

Early models of trabecular bone focused on the response to monotonic loads using a

variety of structural representations. Beaupre and Hayes used a three dimensional
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unit cell for a porous model to study the modulus as a function of density (1985).
Jensen et al used a three dimensional cubic lattice with struts of different cross-
secitional areas to model the effects of aging (1990). Silva and Gibson randomly
removed struts from a two-dimensional hexagonal honeycomb to simulate the

effects of trabecular thinning and disappearance due to aging (1997).

Microdamage accumulation has been proposed as a factor that contributes to skeletal
fragility with age, especially for older women (Burr et al, 1997). There is strong
evidence of microcrack growth due to fatigue in cortical bone, and recent studies
have begun to explore these phenomena in trabecular bone (Burr et al, 1995; Huja et
al, 1999; Reilly et al, 1999; Schaffler et al, 1996; Vashishth et al, 1996; Vashishth et al,
1997; Vashishth, 1999). Several studies describe mechanical behavior of bone in
dynamic loading conditions as well. Michel and Bowman reported cycle-dependent
and time-dependent response to repeated loading in trabecular bone and suggest
that creep-fatigue interaction contributes to failure (Bowman et al, 1994, Bowman et
al, 1998; Michel et al, 1993). A similar interaction was found in earlier experimental

studies of cortical bone (Caler and Carter 1989; Carter and Caler, 1983).

Finite element models and analytical methods have been used to characterize and
distinguish between fatigue and creep contributions to failure in trabecular bone.
Guo used a two dimensional hexagonal honeycomb with a beta distribution of crack
lengths to model the effects of fatigue due to microcrack growth in trabecular bone
(1994). This study contrasted the effects of fatigue and creep and suggested the

presence of a creep-fatigue interaction as has been shown for cortical bone.

In this study, we propose a new model to characterize effects of fatigue and creep in

trabecular bone. We believe that the rod-like structure of trabecular bone can be
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better represented by a three dimensional Voronoi network. Like the two
dimensional Voronoi honeycomb described in chapter 3, Voronoi solids in three
dimensions have been used to model the mechanical behavior of open and closed
cell foams (Kraynik, 1997; Schulmeister, 1997; van der Burg, 1997). A Voronoi solid
(figure 2) has straight edges and flat surfaces with the proper connectivity of a soap
froth. The open Voronoi network mimics the structure of trabecular bone which

appears mostly rod-like in the later stages of life.

Figure 2: (a) Closed and (b) pen cell Voronoi solids. Randomly oriented nuclei appear and grow
spherically at the same rate; growth ceases when one cell contacts a neighboring cell.

In this chapter we build on concepts explored in previous chapters and apply the
results to a physically meaningful problem. We extend the Voronoi honeycomb to
three dimensions and use the finite element method to study the effects of cyclic
compression on a unit cell of a low density open cellular solid. Finally, we
extrapolate these results to apply them to a higher density cellular solid and
compare our findings to studies of creep and fatigue contributions to failure in

trabecular bone.
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4.2 Methods

Cells

3@5» VCS

-] (] "
-5 torus_munge
>_< surface
\*X evolver
FEA

Figure 3: Schematic overview of mesh generation.

Mesh Generation

Three-dimensional Voronoi networks were created using software from the
University of Minnesota Geometry Center (UMNGC) and Sandia National
Laboratories (SNL) (figure 3) based on the method of Kraynik (1997). Cells (Sullivan,

1997) was used to generate random seeds for a unit cell of a Voronoi network.
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Different random seeds were used to produce five Voronoi models, each with
twenty-seven cells. Cell seeds were placed to achieve cell radii less than or equal to
77% of a cell’s radius in an equivalent face centered cubic (fcc) crystal lattice for a

3x3x3 mm® unit cell (figure 4).

Figure 4: Spacing was set so that the radius of each cell in the Voronoi network was greater than or
equal to 77% of Ry, the radius of an atom in a face centered cubic unit cell, shown in the figure above.

The program VCS (Sullivan, 1988) was used to create and connect the vertices of the
Voronoi network. Torus_munge (Sullivan, 1988) was used to make the structures
spatially periodic. A spatially periodic unit cell repeats infinitely in space, thus

eliminating edge effects from the mechanical analysis.

The UMNGC Surface Evolver (Brakke, 1998) was used in conjunction with a
number of software programs from SNL (Kraynik et al, 1998) to remove short edges
and to produce an input file for the finite element modeling software, ABAQUS
(HKS, 1997). It has been shown that removal of short struts does not influence the
accuracy of results (Schulmeister, 1997). The constant cross-sectional area of the
struts was computed by dividing the product of the relative density and unit cell
volume by the sum of the lengths of all struts. Because this approximation greatly
overestimates the volume of material contained in the joints at high relative

densities, our structures were limited to relative densities, p*/p, less than or equal
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to 0.1%. Also, a low relative density ensures that beam elements adequately model
the struts since the resulting element aspect ratio would satisfy beam theory. Based

on these considerations, relative density was set at p*/p.=0.1%.

The five final structures used in this study had three-noded three-dimensional
beams (ABAQUS type B31) with uniform circular cross-sections (figure 5). The strut
material had properties of human trabecular bone: Young’s modulus E.=17.2x10°
MPa (Rho et al, 1998) and Poisson’s ratio v.=0.3. Each model represented a 3x3x3
mm?® unit cell defined by three basis vectors in the input file:

<300>,<030>,and <00 3>.

Convergence study

A convergence study was conducted on a representative model to identify an
adequate number of elements per strut and to determine the appropriate amount of
strain per increment. Input files were created for structures having struts divided
into two to eight elements, on average. After a uniaxial compression to €=1.0%,
reaction forces were reported at each basis vector node and true stress was computed.
True stress values were plotted as a function of degrees of freedom and as a function
of average number of elements per cell wall. For a strain of 1.0%, the stress values
converged to within 0.23% of the true solution when struts were modeled using
seven elements (figure 6). A typical mesh consisted of approximately 2200 elements
and 2500 nodes. By varying the amount of strain per increment in a one step
uniaxial compression (¢=1.0%) of a model with an average of seven elements per
strut, we found that 0.001 strain, or €=0.1%, per increment gave stress values which

converged to within 0.16% of the exact solution.
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Model 1: 314 struts

Model 5: 319 struts

Figure 5: Five models of Voronoi networks. The number of struts in each model is given next to each
model. Each model occupies a 3x3x3 mm? unit cell with three orthogonal unit vectors: <3 0 0>, <0 3 0>,
and <00 3>.
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Figure 6: Reaction force values converged when struts were modeled using seven elements.

Finite element analysis

Finite element analysis (FEA) was performed for each model. Each structure was
loaded by boundary condition displacement applied at the node of the third basis
vector <0 0 3> in the z-direction. Five loading values of Ac/E, were chosen: 1%, 3%,
5%, 7%, and 10%. For each model, E, was calculated by dividing the stress, ¢ by the
strain, € for a model in uniaxial compression. In each case, E; was computed at 0.1%

strain.
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A separate analysis was performed to determine the displacement and number of
increments required to achieve the Ac/E, value. Using data on reaction forces and
displacements at the nodes, stress and strain were calculated at each increment (0.1%
strain) of an analysis in which the structure was compressed to a strain large enough
to achieve the specified Ac/E; value. We then identified the strain and exact
number of increments corresponding to a loading level just less than or equal to the
Ac/E, required for the analysis. In all cases, Ac/E; was within 0.04% of the specified

value.

Once the appropriate boundary condition displacement had been determined, FEA
was used to compute and report the axial reaction forces (SF1), section bending
moments (SM1, SM2), and section twisting moment (SM3) at the centroid of each
element (figure 7). These values were used in the fatigue calculations described

below.

—————

Figure 7: Geometry of beam and stress values. Finite element modeling software was used to compute
the axial force SF1, bending moments SM1 and SM2, and twisting moment SM3 with respect to the local
coordinate system of each beam element.
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Fatigue calculations

Based on studies of damage accumulation and fatigue in bovine trabecular bone
(Lee, 1997; Arthur, 1999) a semi-elliptical surface crack was selected for placement in
10% of the trabeculae in each model. Cracks were assumed to be in the worst
configuration, i.e. on the surface experiencing the greatest bending moment. The

initial crack length a, was set to 1/4 of the diameter of the trabecular cross section.

The strain energy release rate, G, was used to combine stress intensity factors for the
three modes of loading (Anderson, 1995):
K K K 1
G=—L4—tqm 1
E E 2u

where K, K, and K are the stress intensity factors for opening, sliding, and tearing

modes, respectively. The shear modulus, L, is given as

E 2)
21+v)’

u =
where v is Poisson’s ratio.
Using the strain energy release rate, we derived an effective stress intensity factor for

the opening mode, K|, by combining these terms to characterize the total effects of

the three loading modes:

6K
E

K, =~/GE

K, =K/ +K + K, (1+V). €)
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Stress intensity factors for a surface crack in a three-dimensional cylindrical beam
were obtained from several previous studies of stress intensity factors for various

semi-elliptical surface crack geometries (Levan and Royer, 1993; Murakami, 1987;

« INCD v

<>
22,

Rooke and Cartwright, 1976).

Figure 8: Geometry of semi-circular surface crack on trabecular cross-section. The initial crack length a,
at the crack front was set to 1/4 of the trabecular diameter, d.

Based on previous studies of microcracks in trabecular bone (Arthur, 1998; Lee, 1997;
Taylor and Lee, 1998) we selected a semi-circular crack with an initial crack length,
a,, equal to 1/4 of the trabecula cross-section diameter, d (figure 8). Levan and Royer
give normalized stress intensity factors K/(c(nb)*®) as a function of relative crack
depth a/R for various crack shapes (figures 9 and 10) Murakami reports calculated
values of the normalized stress intensity factors for our geometry and initial crack
length, a;=0.25d as 0.758 for a shaft under tension and 0.513 for a shaft under bending
(1987).

Figure 9: Crack shapes for the surface cracks defined by parameter a. (from Levan and Royer, 1993)
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Figure 10: Normalized stress intensity factors versus the relative crack depth. (a) Tension. (b) Bending.
(c) Torsion. (from Levan and Royer, 1993)

Based on these studies, our geometry corresponded to the following stress analysis

factors:
K’® = 0.5130,m @
K'=0.7580,m (5)
K =K' +K] 6)
K, =-0.3257,~m )
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where K" and Kp® are the stress analysis factors for tension and bending, respectively.
The two factors are combined to obtain the stress analysis factor for the opening
mode. (Note that there is no sliding mode for this geometry; therefore, K;=0.) The
bending moment o©,, axial stress 6,, and twisting moment 1., were calculated for each
element using the data obtained from FEA (Crandall et al, 1978):

o - 4/SM+SM; (8)

b 3

_SE, (9)
t mz

_2SM, (10)
m ms

where r is the radius of the trabecula cross-section. By combining the two reported
section moments SM, and SM,, we assumed that each crack was placed in the worst
possible configuration for the element, i.e. on the portion of the surface which

experiences the highest bending force.

Combining equations 3-10, we obtained the following expression for AK,

AK, = [((A+B) +C)a, (11)

where

,_(0513x4) [SNETSIT
7 T ’

(0.758)SE,
E00%  and
I an
C= ((—0.325 x 2)SM, )’(1 + v)
r’ T )

B=

Details of the derivation are given in the Appendix.

The microcracks were assumed to grow under cyclic loading by the Paris law (Paris

and Erdogan, 1963):
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& _ ¢ (aKy -
dN

where da/dN (10° m cycle™) is the crack growth rate and AK (MNm™) is the
opening mode stress intensity factor range for cyclic loading. Based on the only
existing data for bovine cortical bone, the constant C and exponent m of the Paris
law were taken as 0.013 and 4.5 (Wright and Hayes, 1976). After integrating and

accounting for variations in units, we obtained the following expression:

(13)

2-m

a, = exp{(2 _Zm)ln[aoT + é_z—mC,,((A +B)" + C)g -107m NJ}

where a, (m?) is the final crack length taken at the crack front after N cycles.

Based on equation 13 the element force and moment data obtained by FEA were
used to compute the total number of cycles required for an element to fail, N. We
assumed that the element fractured when the final crack length exceeded 3/4 of the
diameter of the trabecula cross section. After an element failed, the element
number and number of cycles to failure were recorded. The element was removed
from the model, and the new mesh was analyzed using the FEA procedure described
above. Young’s modulus was calculated for the new mesh, the number of
increments or strain required to achieve the specified Ac/E value was determined,
and the element forces and moments were calculated again. This process was
repeated iteratively until Young’s modulus for the model had decreased by at least
15% (figure 11). The number of cycles required for the 15% reduction was then

recorded as the number of cycles to failure, N,.
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Figure 11: Summary of FEA and fatigue calculations.

Extending the model to trabecular bone

We developed a dimensional argument to extend the Voronoi model results to
trabecular bone. Consider a single trabecular strut subject to an external load (figure

12).
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Figure 12: External bending moment M applied to single trabecular strut with radius r, length 1, and
crack length a.

When an external stress is applied, the strut will initially deform by bending. The

stress will be related to the bending moment M by

14
g o< ﬂ, ( )
I
where I is the moment of inertia. This expression relates to the external stress 6* by
My _o’lr (15)
1 r
so that equation 14 becomes
. (z) (16)
OO | —|.
r

We can substitute the relative density into equation 16 using the following relation:
p * ( T)z (17)
p,) \1J

The stress intensity factor AK describing the growth of the crack is given as

AK « o~/m. (18)

We use equations 16-18 to derive a relationship between the stress intensity factor

and the relative density:
3

AKoca*(%—j .

Note that we can convert the applied stress to the normalized fatigue stress range

(19)

value using the following expression:
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oy (20)
" o [P_J g A

(Gibson, 1999).

The Paris law for crack growth (equation 12) becomes

mn

«\3 (21)
Eizcv A0 (P7)
AN~ | E “\p,

where C,,, is a scaling constant which incorporates the Paris constant and must be
calculated from the Voronoi model results. Note that our analysis ignores the axial
and twisting components since A, the bending component of AK,,, (equation 11)
was the dominant term for most of the fractured members, e.g. A/B~40, A/C~40.
We integrated the equation and computed C,, for each of the five models at each of
the five normalized stress range values. We then used the constants to calculate the
number of cycles required for the five models to fail at each stress range, assuming a
new relative density p*/p,=0.30. Finally, we compared these scaled results to the
experimental and computational results reported in previous studies on trabecular

bone.
4.3 Results

Young’s modulus for each of the intact structures is given in table 1. Each mesh
required five to nine members to fracture for a 15% reduction in Young’s modulus
for the structure (figure 13). Young’s modulus was recalculated each time an
element was removed. The reduction in Young’s modulus can be seen in the stress-
strain curves in figure 14. Data was successfully obtained for all models at all stress

levels except for the fifth model at the 10% fatigue stress. The finite element
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analysis results did not converge, and results were not included for this model at the

highest fatigue stress.

Table 1: Data for intact structures

Model Number E, (MPa) Number of elements Number of nodes
1 1.23 x 107 2196 2109
2 1.37 x 107 2176 2087
3 1.49 x 102 2081 1997
4 1.51 x 107 2121 2033
5 1.46 x 102 2236 2141

5
G
2
| 7
4
\
2
1
)

Figure 13: This intact model had 2081 elements. Fractured elements, shown in red, are numbered in the
order in which they fractured and were removed.
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Figure 14: Stress-strain curves show reduction in Young’s modulus. After an element fractured, the
structure’s stress-strain curve was plotted and Young’s modulus was calculated for the new mesh.

For each model, the fatigue stress values Ac/E, and the fraction of elements which
had failed was plotted against the total number of cycles to failure. As the loading
value increased, fewer cycles were required to achieve the 15% reduction in Young's

modulus (figure 15).

The relative modulus E/E, was also plotted against the number of cycles for each
model. For some models, the elements failed in the same order for each loading
value (figure 16a); for others, different elements failed or the same elements failed
but in a slightly different order (figure 16b). The number of cycles to failure for each

model at a given load were averaged and plotted against the fatigue stress values on
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a log-log plot (figure 17). These values are given in Table 2 below. There was a
strong (r* = 0.976) power law relationship between the number of cycles-to-failure N;
and the applied normalized stress range Ac/E:

2
logN, =—0.4900 - 8.651-log| 2% (22)
' E

0.004

v ] |

0.003 / 7/ P 7 ]

f i

;o pr
po [ J
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Figure 15: Fraction of fractured elements was plotted against number of fatigue cycles at each Ac/E,
value for a model. For lower Ac/E, values, more cycles were required to substantially reduce the intact
structure’s Young'’s modulus.
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Figure 16: Relative modulus E/E, was plotted against number of fatigue cycles at each Ac/E, value for a
model. The paraliel curves (a) depicts a model whose elements fractured in the same sequence at each
fatigue stress. Figure 16b represents a model which had different elements fail or had the same
elements fail in a different sequence at each stress level.

77



Normalized stress range Ac/E

1.E+04

1.E+05 1.E+06 1.E+07 1.E+08 1.E+09 1.E+10 1.E+11 1.E+12 1.E+13

1.E+14

17

T Ty LB AR S) | B S I B R AY) B B TR R TR T T TTY T T TN

M

0.1 7

= 0.3236x7011%¢
R? = 0.976

0.01

0.001

Cycles-to-failure N¢

Figure 17: Summary of results for all models. The relative loading values were plotted against the
average value of log(INy). Error bars show one standard deviation.

Table 2: Average values for relative Young’s modulus, fraction of failed elements, and number of cycles

to failure for each fatigue stress.

AG/E Average relative Young’s Average percent fractured | Average number of cycles to
(%) modulus E/E, at failure (-) struts at failure (%) failure N; (cycles)

1 0.83 1.80 2.36 x 102

3 0.83 1.82 1.18 x 10°

5 0.82 1.87 7.98 x 10°

7 0.83 1.93 1.28 x 10°

10* 0.82 1.77 5.40 x 10*

*The results for the fifth model were not included at the 10% fatigue stress level.
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We obtained constants C,,, for each model and extended the results to relative
densities for trabecular bone (p*/p,=0.3). The new values for cycles to failure, scaled
for relative densities more appropriate to trabecular bone, were plotted against the
normalized stress ranges. Power law curves were fit to the data for the new relative
densities (table3).

Table 3: Calculated cycles-to-failure as a function of stress for different relative densities [log
N=A+Blog(Ac/E)]

Relative Density, p/p, A B

0.001* -0.4900 -8.651
0.04** -1.022 -8.651
0.15%* -1.213 -8.651
0.20%* -1.255 -8.651
0.30** -1.313 -8.651

*Results from FEA analysis.
**Computed using constants from dimensional argument.

We compared our results for the 3D model at a relative density p/p.=0.30 to
experimental and computational results from other studies (figure 18). The 3D
Voronoi model predicts higher cycles-to-failure for the 0.005-0.04 normalized stress
range compared to the 2D hexagonal honeycomb model for fatigue crack growth.
We also compared the projected results for the 3D model at relative density p/p.=0.30
to the 2D hexagonal honeycomb analytical creep solution (Andrews et al, 1999; Guo
et al, 1993) and to experimental results for compressive fatigue of bovine trabecular

bone (Bowman et al, 1998).

To compare the results for creep in a 3D model, we used an expression for the creep

strain rate in a foam (Andrews et al, 1999) with relative density, p*/p.=0.30:
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& (n+2) n, c

0 0

where n_ is a creep material constant. We assumed the following creep behavior for

the trabecular tissue:

g=Aoc" (24)
where A, is a creep material constant. We used the material constants for bovine
cortical bone as was done in Guo’s two-dimensional creep model: A;=10"%* and
n,=18.9. Failure corresponded to a 5% strain and the number of cycles to failure
were determined from the time to failure, t, by assuming a frequency of 2 Hz. These
assumptions are consistent with Guo’s fatigue model. The resulting equation,
Aa)"” (25)

N, =2.098x10* - (?

was plotted for comparison with the experimental data and the results of the other

models.

Our model predicts higher cycles-to-failure than the experimental data showed for
the same stress ranges. However, the 3D Voronoi fatigue model provides a better

approximation of the slope of the experimental data than the hexagonal model.

4.4 Discussion

Obvious architectural limitations exist in our model of trabecular bone. We
modeled the structure as a network of beam elements, each trabecular strut
represented by a series of cylindrical rods. Trabecular bone appears as a combination

of rods and plates, a cellular solid which is part open and partially closed. Our
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model also failed to represent the anisotropy present in bone by ignoring

remodeling which occurs due to aging and external loading (Mosekilde et al, 1985).
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Figure 18: FEA results for fatigue of the 3D Voronoi model (p/p,=0.30) were compared to results reported
from previous studies. We plotted the linear regression fitting experimental data for compressive
fatigue of bovine trabecular bone [N=1.77 x 10%(Ac/E,)"*] (Bowman et al, 1998) on a log-log scale.

The shaded region approximates scatter in the data. Equations for curves from FEA of creep and fatigue
(Andrews et al, 1999; Guo et al, 1993) of a hexagonal honeycomb model (p/p,=0.30) for trabecular bone
were also plotted. A plot of an analytical expression for creep in a three dimensional foam (p/p,=0.30)
was included for comparison (Andrews et al, 1999).

Our model suggests that microcrack growth contributes to failure in compressive

fatigue. The three dimensional Voronoi model gives a better prediction of the slope

of the S-N curve (-8.651 compared to —11.19 from experimental results) than the
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two-dimensional hexagonal honeycomb model. Previous studies suggest that other
mechanisms such as creep may contribute to failure of trabecular bone at high stress
ranges (Michel et al, 1993; Guo et al, 1993; Bowman et al, 1994; Bowman et al, 1998).
Creep contributes to the fatigue behavior under cyclic loading at high stress in
cortical bone (Carter and Caler, 1983; Caler and Carter, 1989). Although other studies
have suggested a similar transition from fatigue-dominant to creep-dominant
failure modes at around 100-1000 cycles for trabecular bone, our study indicates that

fatigue plays a role for all stress levels.

Certain differences should be noted when comparing the model to previous studies.
The hexagonal honeycomb modeled by Guo et al (1993) describes a two dimensional,
anisotropic structure with members of wet bovine cortical bone (E.=22.6 GPa) while
our model represents a three dimensional random structure composed of elements
of dry human trabecular bone (E=17.2 GPa). Guo’s study set a 10% reduction in
modulus (typically 15 fractured elements) as the specimen’s failure criterion while
our study did not report cycles-to-failure until the modulus had been reduced by
15% (typically 7 fractured members). Another critical difference between the two
models lies in the assumed crack distributions. Guo assumed a beta distribution of
crack lengths in his model while our study distributed an arbitrary number of
uniform cracks throughout the model. We selected an initial crack length a/d=0.25
based on the average crack length observed in trabecular bone (Arthur, 1999). A
better estimation of microcrack distribution in trabecular bone might improve our

prediction for the cycles-to-failure.

When comparing our results to the experimental results of Bowman et al, consider
that their study (1998) was conducted on wet bovine trabecular specimens over a

range of relative densities and our study used a Young’s modulus for the solid
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material that was consistent with dehydrated human trabecular bone (Rho et al,
1998). (Gibson lists Young’s modulus values for individual trabeculae from various
studies ranging from 0.76<E.<14.1 GPa (Gibson and Ashby, 1997).) Changing
Young’s modulus for the solid might lower the y-intercept for the three-
dimensional Voronoi structure S-N curve. Note also that our results for the
relative densities representative of trabecular bone were computed from FEA results
for a relative density p*/p,.=0.001. A more accurate expression for Young’s modulus
of the solid and the scaling constants used to extend the FEA results to trabecular
bone could significantly improve the correlation between our model and actual

experimental results.

Our model presents several improvements over previous studies by introducing a
three dimensional random structure. The dimensionality enabled us to account for
bending, twisting, and tension in each of the trabecular elements. Despite these
advances in our ability to model the fatigue behavior of bone, several limitations
exist. We ignored trabecular thinning as a mechanism for weakening the structure.
In addition, our analysis assumes that each strut either supports all of the applied
external load or none of it. We did not account for the reduction of modulus in
each individual trabecular strut as the crack length increased. We also assumed that
crack growth proceeded from an initial crack length of 0.25d to a critical crack length
of 0.75d along a linear propagation path. After a trabecular strut fractured and was
removed, we continued the analysis to identify the next strut to fracture by
assuming that all cracks in the model returned to the initial length. In other words,
we assumed that crack propagation only occurred in the trabecular element for
which fracture was imminent; once the element was removed from the mesh, crack
growth in the next element to fracture would begin from the initial crack length and

proceed until it reached the critical crack length. Without this assumption, we
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would need to compute new expressions for bending, tension, and twisting stress
intensity factors for each element every time a member failed. For our initial
conditions, Couroneau and Royer showed that only the type of loading and the Paris
law exponent, assumed to be 4.5 for all trabeculae, influenced the crack propagation
path for the model (1998). For a Paris constant m=4.5, initial crack lengths exceeding
a/r=0.35 do not influence the results. Our crack lengths (a/r=0.5) satisfy this

criterion.

45 Conclusions

This study demonstrates the use of the finite element method to predict fatigue
behavior of trabecular bone using a three-dimensional random network of struts.
Comparison with experimental data suggests that fatigue combines with creep to

result in failure of trabecular bone under cyclic loading conditions at all stress levels.

Future work should focus on considering the effects of trabecular thinning and
weakening of individual struts. Previous studies attempting to determine creep
contributions to compressive fatigue behavior of bone could also be extended to
three dimensions. Finally, the approach described in this study could be applied to

study other open cellular solids like metallic foams.
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APPENDIX: Deriving a stress analysis factor for a semi-circular surface crack on a
trabecular strut

For each trabecular strut, we can compute the strain energy release rate, G
(Anderson, 1995) using the equation

G=£+£+—I§—"’—, (A1)
E E 2u

where K, K;;, and Ky; are the opening, tearing, and twisting mode stress intensity
factors for a surface crack on a cylindrical beam.

The shear modulus y is given by:

_E
A=)

where Vv is Poisson’s ratio for the solid.

The strain energy release rate can be used to determine an effective stress intensity
factor for the opening mode:

2

G=-, or
E
K,J:«/GE.

Substituting equation A.1 for G, we get:
K, =K +K +K(1+V). (A.2)

il

Previous studies give the stress intensity factors for semi-circular surface cracks on
cylindrical beams (Levan and Royer, 1993; Murakami, 1987):

K’ =0.5130,~m (A.3)
K’=0.7580 ~ma

K, =-0.3257 ma,

where K and K| are stress intensity factors for the opening mode under bending

and tension, respectively. For the selected crack geometry, the stress intensity factor
for the tearing mode K=0 at the crack front.

The bending moment G,, axial stress 6,, and twisting moment 1, can be calculated
using data obtained from FEA:
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_25M,

m 3 ?

r

where SM, and SM, are the bending moments about two orthogonal normal axes,
SM, is the twisting moment about the transverse axis, and SF, is the beam axial
force.

We combine K and K;" to obtain K;:

K =K' +K'. (A5)

Replacing Kby the relationship above and noting that K;=0, equation A.2 becomes:

K,, =K +K')+K,(1+V). (A.6)

m

Substituting the relations from A.3, we get

K, = /{05130, +0.7580,) +(-0.3257, )’ (1+v) - V7. (A7)

Finally, after using the relations from A.4 and simplifying, we get:

AK,, = J((A+B) +C)a,

where

A= (0.513 x 4) [SMf + SM;
r’ T ’

(0.758)SE
B =904 nd
r’n an
C- ((—0.325 x 2)SM, )’(1 + v)
r’ z )
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