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�

Review Paramagnet: a collection of non-interacting 

magnetic moments 

Quantum Mechanics


µ = gJµBJ�

2J + 1  levels ⇒ 

The topic was saved until the last because it is subtle.


First J = 1/2, Microcanonical: S(M) → M(T,  H) 
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Second J = 1/2, Canonical: p(mJ) →< µ >→ M(T, H)


SATURATION


M 

T 

CURIE LAW: M ∝ 1 /T  

µN 

Third J >  1/2, Canonical: < µ >→ M(T, H) 

Z = Z(η = gµBH/kT ) 
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�

︸ ︷︷ ︸ ︸ ︷︷ ︸ 

So what’s the problem?


< H >S. M. = UThermo 

Uassembly + (− � M)position (for d= H � /W = HdM)
· 

    
1 ∂Z 1 dZ ∂η 

< H >=   =   = −HM  
√

−
Z ∂β H 

− 
Z dη ∂β H 

M/gµB gµBH 
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Entropy of a Quantum Paramagnet


• When is −kT ln Z = F ? 

• How is a paramagnet like a sponge? 
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HIGH AND LOW TEMPERATURE BEHAVIOR

OF A QUANTUM PARAMAGNET


kT >> g µBH 

kT << g µBH 

gµBH 

ENERGY LEVELS ALMOST MOMENT ALMOST SATURATED, 
EQUALLY POPULATED, ENERGY GAP BEHAVIOR 
CURIE LAW BEHAVIOR 
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∑ 

S(kT � gµBH) → Nk  ln(1) = 0 

S(kT � gµBH) → Nk  ln(2J + 1)  

J 
Z1 = (eη)m η ≡ gµBH/kT 

m=−J 

Try 

−kT ln Z = F = U −TS  S = k ln Z = Nk  ln Z1︸︷︷︸ ⇒
0 
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∑ 

S(kT � gµBH) → Nk  ln(1) = 0 

S(kT � gµBH) → Nk  ln(2J + 1)  Nk  ln(2J + 1)  O.K. 

J 
Z1 = (eη)m η ≡ gµBH/kT 

m=−J 

Try 

−kT ln Z = F = U −TS  S = k ln Z = Nk  ln Z1︸︷︷︸ ⇒
0 
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∑ 

︸ ︷︷ ︸ 

S(kT � gµBH) → Nk  ln(1) = 0 NkJ(gµBH/kT ) wrong! 

S(kT � gµBH) → Nk  ln(2J + 1)  Nk  ln(2J + 1)  O.K. 

J 
Z1 = (eη)m η ≡ gµBH/kT 

m=−J 

Try 

−kT ln Z = F = U −TS  S = k ln Z = Nk  ln Z1︸︷︷︸ ︸︷︷︸ ⇒
0 

wrong ⇐ wrong 
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In the derivation of the canonical ensemble we found


−kT ln Z =< E1 > −TS1 where < E1 >=< H({p, q}) >


Then we set < E1 >= U . But in the paramagnet


< E1 >= U − HM  , thus 

−kT ln Z = U − HM  − TS  = G(T,  H) for our model. 

⇒ S = k ln Z − HM/T  = Nk  ln Z1(η) − NkJ  ηBJ (η) 
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ADIABATIC DEMAGNETIZATION

(MAGNETIC COOLING)


INITIAL COOLING 
STAGE 

Tinitial 

SAMPLE 

1
THERMAL LINK 

1 

1 

1 
MAGNET 

1 ⊗ 
kT << gµBH 

H = Hinitial 

SM ~ 0 

SS high 

TS = Tinitial 

Stotal 
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ADIABATIC DEMAGNETIZATION

(MAGNETIC COOLING)


INITIAL COOLING 
STAGE 

Tinitial 

SAMPLE 

2J+1 ⊗ 

kT >> gµBH 

H ~ 0 

SM ~ 

SS  low 

TS << Tinitial 

Stotal 

Nk ln(2J+1) 
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Electronic Example, CMN


Cerium Mangesium Nitrate


2Ce(NO3)3 · 3Mg(NO3)2 24H2O
· 
Ce+++ J=5/2 Tordering ∼ 1.9 mK 

Cools 3He and samples therein to ∼ 2 mK. 
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Nuclear Example, Cu 

Metallic Copper 

Cu I=3/2 Tordering ∼ 1 µK 

Cools Cu electrons and lattice to ∼ 10 µK. 
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