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Simple Quantum Paramagnet, Canonical Ensemble 

Origin of magnetic moments: 

Electron spin and orbital angular momentum 

S + � � h/2mec
� L ≡ J� µ = gJµBJ� µB ≡ e¯

Nuclear angular momentum


� h/2mpc
I� µ = gIµNI� µN ≡ e¯
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εm = −gµBH m  
2J+1 

m = J, J − 1, · · · − J gµBH 

Z1(T,  H) =  
J �


e−εm/kT
 =

J �
 η)m
=


sinh[(J + 1 
2)η] 

sinh[1 2η]
(e 

m=−J m=−J 

η ≡ 
gµBH 

= 
level spacing 

kT kT 

Note Z1 = Z1(η) Z = Z1(η)
N = Z(η) at  fixed N 
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e−εm/kT/Z1 =p(m) =  eη m/Z1


< µ >  =
� 

m


(gµBm)eη m 


Z1

= gµB





1 ∂Z1


Z1 ∂η







gµBJBJ (η) M = N < µ >= gµBNJBJ (η)≡ 

1 
BJ (η) =  

J 




1 ∂Z1


Z1 ∂η







1 1 
=

1 �
(J + 

1
) coth[(J + ) η] − coth[

1 
η]

� 

J 2 2 2 2 

This is called the “Brillouin Function”. 
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J + 1 
1	 x 
x �	1 η

lim
0 

BJ (η) =  ηcoth x + 3→	
x 3 →

e−η 

coth x 1 + 2e−2x x � 1 lim BJ (η) = 1  − 
J→	 η→∞


(gµB )
2J(J + 1)  H


M N	 High T (Curie Law)
→	
3 kT


1 
e−η

�


N gµBJ 
�

1 −	 Low T (Energy Gap) →	
J 
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) ) 

) ) 

(gµB)2J 
χT ≡ 

(
∂M 

= NgµBJ B′ (η) 
( 

∂η 
= N B′ (η)

∂H T J ∂H T kT J 

Note: T and H enter only through η ≡ 
gµBH 

kT 

( 
∂η η 

( 
∂η η 

= = 
∂H T H ∂T H 

−
T 

We now show that this U = 0.  ⇒ 
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) ) ) ) ) ) 

dU = TdS  + HdM 


T 
((

∂S 
) ) ) )

dT + 
( 

∂S 
dH

) 
+ H 

((
∂M 

dT + 
(

∂M 
= dH

) 

∂T H ∂H T ∂T H ∂H T 

(
T 

(
∂S 

+ H 
(

∂M 
+ H 

(
∂M 

dT + 
(
T 

( 
∂S 

= dH 
∂T H ∂T H ∂H T ∂H T ︸ ︷︷ ︸ ︸ ︷︷ ︸

0 0


= 0  for all paths ⇒ U = 0 
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T 
(
∂S

) 

+ H 
(
∂M 

) 

= T 
(
∂S

) 

+H 
( 

∂S 
) 

∂T H ∂T H ∂T H ∂H T 
S

︸ ︷︷ ︸
′(η)(−η/T ) 

︸ ︷︷ ︸
S′(η)(η/H) 

= −ηS′(η) +  ηS′(η) 

= 0 


A similar expansion shows that the other term is also 

zero. 
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��� 

�


CH ≡





d/Q


dT











0


dU � −HdM 





1 
= −H 

�
∂M 

∂T 
= 

dT HH H 

= NkJη2B′ (η)
J 
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MAGNETIZATION OF A QUANTUM PARAMAGNET
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SUSCEPTIBILITY OF A QUANTUM PARAMAGNET
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HEAT CAPACITY OF A QUANTUM PARAMAGNET
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ENTROPY OF A QUANTUM PARAMAGNET
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