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Abstract

This thesis considers three topics related to the representations of Coxeter systems, their
Hecke algebras, and related groups.

The first topic concerns the construction of generalized involution models, as defined by
Bump and Ginzburg. We compute the automorphism groups of all complex reflection groups
G(r,p,n) and using this information, we classify precisely which complex reflection groups
have generalized involution models.

The second topic concerns the set of “unipotent characters” Uch(W) which Lusztig has
attached to each finite, irreducible Coxeter system (W,S). We describe a precise sense in
which the irreducible multiplicities of a certain W-representation can be used to define a
function which serves naturally as a heuristic definition of the Frobenius-Schur indicator
on Uch(W). The formula we obtain for this indicator extends prior work of Casselman,
Kottwitz, Lusztig, and Vogan addressing the case in which W is a Weyl group.

Finally, we study a certain module of the Hecke algebra of a Coxeter system (W,S),
spanned by the set of twisted involutions in W. Lusztig has shown that this module has
two distinguished bases, and that the transition matrix between these bases defines interest-
ing analogs of the much-studied Kazhdan-Lusztig polynomials of (W, S). We prove several
positivity properties related to these polynomials for universal Coxeter systems, using com-
binatorial techniques, and for finite Coxeter systems, using computational methods.
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Introduction

This thesis studies several related questions concerning the representations of Coxeter sys-
tems and their Hecke algebras, and is divided into three self-contained chapters.

The first is devoted to the construction and classification of certain types of multiplicity
free representations of complex reflection groups. (By a multiplicity free representation, we
mean one for which no distinct subrepresentations are isomorphic.) Central to the story
told in this section is the notion of a generalized involution model, as defined by Bump
and Ginzburg in [24]. As our first significant result, we prove that if a finite group H
has a generalized involution model, then the wreath product H ! S, also has a generalized
involution model. We go to compute the automorphism groups of all complex reflection
groups G(r,p,n) and using this information, we classify precisely which complex reflection
groups have generalized involution models. Our final result is to derive a formulation of this
classification in terms of the existence of isomorphisms between certain projective reflection
groups, as defined by Caselli [25].

The second chapter concerns the set of “unipotent characters” Uch(W) which Lusztig has
attached to each finite, irreducible Coxeter system (W, .S). There is a notion of a “Fourier
transform” on the space of functions Uch(W) — R, due to Lusztig for Weyl groups and to
Broué, Lusztig, and Malle in the remaining cases. We show that the irreducible multiplicities
of a certain W-representation gy, defined on the vector space generated by W’s involutions,
are given by the Fourier transform of a unique function € : Uch(W) — {-1,0, 1} which for
various reasons serves as a heuristic definition of the Frobenius-Schur indicator on Uch(W).
The formula we obtain for € extends prior work of Casselman, Kottwitz, Lusztig, and Vogan
addressing the case in which W is a Weyl group. We also prove that a conjecture of Kottwitz
connecting the decomposition of gy, to the left cells of W holds in all non-crystallographic
types, and observe that a weaker form of Kottwitz’s conjecture holds in general. In giving
these results, we carefully survey the construction and notable properties of the set Uch(W)
and its attached Fourier transform.

The final chapter concerns some conjectural properties associated with a certain module
of the Hecke algebra of a Coxeter system (W, S). Let w — w* be an involution of W which
preserves the set of simple generators S. Lusztig [70] has recently shown that the set of
twisted involutions (i.e., elements w € W with w™! = w*) naturally generates a module of
the Hecke algebra of (W, S) with two distinguished bases. The transition matrix between
these bases defines a family of polynomials Py, which one can view as “twisted” analogs of
the much-studied Kazhdan-Lusztig polynomlals of (W, 8). The polynomials P, can have
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negative coefficients, but display several conjectural positivity properties of interest. We
review Lusztig’s construction and then prove three such positivity properties for universal
Coxeter systems (i.e., such that st has order 2 or oo for all 5, € §), generalizing previous
work of Dyer [35]. We present in addition a computational proof of a subset of the same
conjectures for finite Coxeter systems, relying on extensions to Fokko du Cloux’s algebra
system Coxeter [34].

The three chapters of this thesis are independent from one other, and can be read in any
order. The results included here appear elsewhere in the papers [29, 78, 79, 80, 81, 82], the
first of which is joint work with Fabrizio Caselli.
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Chapter 1

Generalized involution models of
finite complex reflection groups

The material in this chapter is drawn primarily from the articles [78, 79]. Section 1.8 includes
results from the paper [29], which is joint work with Fabrizio Caselli.

1.1 Introduction

A model for a finite group G is a set {A; : H; — C} of linear characters of subgroups of G,
such that the sum of induced characters }_, Indgi()\i) is equal to the multiplicity free sum of
all irreducible characters Zd)EIrr(G) 1. Models are interesting because they lead to interesting
representations in which live all of the irreducible representations of G. This is especially
the case when the subgroups H; are taken to be the stabilizers of the orbits of some natural
G-action. A canonical example of this phenomenon comes from the following model for the
symmetric group S,, described (among other places) by Inglis, Richardson, and Sax! in [49].

Example 1.1.1. The symmetric group S, acts by conjugation on its involutions (elements
of order < 2). For each nonnegative integer i with 2¢ < n, choose an involution w; with
n — 21 fixed points and write H; for its centralizer. The elements of H; permute the support
of w; (i.e., the set of points not fixed by w;), inducing a map 7; : H; — Sy;. If \; € Irr(H;) is
the linear character \; &ef sgn o m; then {\; : H; — {£1}} is a model for S, [49].

Generalizing the preceding construction, Adin, Postnikov, and Roichman proved that the
following gives a model for the wreath product of a symmetric group and a cyclic group of
odd order. We will rederive this result from a more general theorem in Section 1.3.

Example 1.1.2. Let G = G(r,n) be the group of complex n X n matrices with exactly one
nonzero entry, given by an rth root of unity, in each row and column. Assume 7 is odd.
Then G acts on its symmetric elements by g : X — ¢gXg7, and the distinct orbits of this
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action are represented by the block diagonal matrices of the form

d__ef -]2i 0
Xi - ( 0 In—2i > ’

where J, denotes the n x n matrix with ones on the anti-diagonal and zeros elsewhere. Write

H; for the stabilizer of X; in G. The elements of H; preserve the standard copy of C% in

C", inducing a map m; : H; — GLy;(C). If X 4 det o 7; then {)\; : H; — C} is a model for

G(r,n) [2, Theorem 1.2].

The following definition of Bump and Ginzburg [24] captures the salient features of these
examples. Let 7 be an automorphism of G with 72 = 1. Then G acts on the set of generalized
involutions

Ter «f {weG:wt=7w)}

by the twisted conjugation g : w— g-w - 7(g)"!. We write

Corw)E{geG:g-w-1(g)  =w}

to denote the stabilizer of w € Zg » under this action, and say that a model {A; : H; — C}
is a generalized involution model (or GIM for short) with respect to 7 if each H; is the
stabilizer Cg -(w) of a generalized involution w € Zg -, with each twisted conjugacy class in
Zg, contributing exactly one subgroup. The model in our second example is a GIM with
respect to the inverse transpose automorphism of G(r,n). The model in Example 1.1.1 is a
GIM with respect to the identity automorphism; we call such a GIM an involution model.

The main object of this chapter is to classify the finite complex reflection groups pos-
sessing generalized involution models. Recall that a complex reflection group G is a group
generated by a set of pseudo-reflections of some finite-dimensional complex vector space V.
By pseudo-reflection we mean an element of GL(V') which fixes every point in some hyper-
plane. Complex reflection groups include Coxeter groups as a special case, and one can view
our classification of GIMs for complex reflection groups as a natural extension of the classi-
fication of involution models for Coxeter groups. The latter classification is due to Baddeley
[11] and Vinroot [101}; consult Corollary 1.7.3 below.

We may summarize the main results of this chapter as follows. For positive integers
r,p,n with p dividing r, define G(r,p,n) as the subgroup of G(r,n) (as given in Example
1.1.2) consisting of matrices whose nonzero entries, multiplied together, form an (r/p)th
root of unity. A complex reflection group G C GL(V) is irreducible if V has exactly two
G-invariant subspaces (namely, {0} and V). Every complex reflection group is isomorphic
to the direct product of a list of irreducible groups (which is unique up to permutation of
factors). The irreducible finite complex reflection groups are given by the groups G(r,p,n)
along with thirty-four exceptional groups labeled Gy,...G37; see Section 1.4.1 for a more
extensive discussion.

We prove the following theorem in Section 1.7.3.

Theorem. A finite complex reflection group has a generalized involution model if and only

18



if each of its irreducible factors is one of the following:
(i) G(r,p,n) with ged(p,n) = 1.
(il G(r,p,2) with r/p odd.
(iii) Gls, the Coxeter group of type Hj.

There is an interesting reformulation of this classification, due originally to Caselli and
described in the joint work [29], in terms of isomorphisms between projective reflection groups.
These groups were introduced in [25] and studied, for example, in [15]. They include as an
important special case an infinite series of groups G(r,p, ¢, n) defined as the quotient

G(r,p,q,n) ¥ G(r,p,n)/C,

where Cj is the cyclic subgroup of scalar n x n matrices of order gq. For this quotient to be
well-defined we must have C, C G(r,p,n), which occurs precisely when ¢ divides r and pgq
divides rn. Observe also that G(r,n) = G(r,1,n) and G(r,p,n) = G(r,p, 1,n).

We now have our second main theorem, which we prove in Section 1.8.3.

Theorem. The complex reflection group G(r,p,n) = G(r,p,1,n) has a GIM if and only if
G(r,p,1,n) =2 G(r,1,p,n).

On the way to establishing the main theorems just mentioned, our discussion will uncover
a number of intermediate results. Most prominently:

(a) Given a finite group H with a generalized involution model, we describe how to con-
struct a GIM for the wreath product H ! S,; see Section 1.3.

(b) Using (a) we give an alternate proof of the main result [2, Theorem 1.2] in Adin,
Postnikov, and Roichman’s paper [2]; see Section 1.3.4.

(¢) We compute the automorphism group Aut(G(r,p,n)) in Section 1.6.

(d) In Section 1.8, we give necessary and sufficient conditions for two projective reflection
groups G(r,p, q,n) and G(r,p’, ¢, n) to be isomorphic.

The results in this chapter completely solve the problem of determining whether a complex
reflection group has a generalized involution model. The same problem for projective reflec-
tion groups is still not yet fully understood; one can find some partial results and conjectures
stated in the followup work [29].

1.2 Preliminaries

Let G be a finite group. Throughout this chapter we employ the following notational con-
ventions:
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We let Zg = T, = {g € G : g* = 1} denote the set of involutions in G.

We let Co(w) = Cgi1(w) = {g € G : gwg™! = w} denote the centralizer of an element.
We write 1 = 1g for the trivial character defined by 1(g) =1 for g € G.

We write ® to denote the internal tensor product;

We write ® to denote the external tensor product.

Thus, if p, p’ are representations of G, then p® g’ is a representation of G while p® p' is a
representation of G x G, and similarly for characters.

1.2.1 Facts about models

Fix a finite group G with an automorphism 7 € Aut(G) such that 72 = 1. We denote the
action of 7 on an element g € G by "g or 7(g). For each ¥ € Irr(G) let "¢ denote the
irreducible character "¢ = 1 o 7. Define ¢, : Irr(G) — {—1,0, 1} as the function with

1, if ¢ is the character of a representation p with p(g) = p("g) for all g € G,

e(W)y=1< 0, ify#79,

—1, otherwise.

When 7 = 1, this defines the familiar Frobenius-Schur indicator function. Kawanaka and
Matsuyama prove in [52, Theorem 1.3] that the twisted indicator €, has the formula

&%) = ﬁ S pg-Tg), forw €Lm(G).

geG

In turn, we have the following result which appears in a slightly different form as [24, The-
orems 2 and 3.

Theorem 1.2.1 (Bump, Ginzburg [24]). Let G be a finite group with an automorphism
7 € Aut(G) such that 72 = 1. The following are equivalent:

(i) The function x : G — Q defined by
x(@)=HuveG:u-Tu=g}, forgeG
is the multiplicity free sum of all irreducible characters of G.
(ii) Every irreducible character ¢ of G has €. () = 1.

(iif) The sum - e ¥(1) is equal to |Zg,| = {w € G 1w -"w = 1}].
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This theorem motivates Bump and Ginzburg’s original definition of a generalized in-
volution model. In explanation, if the conditions (i)-(iii) hold, then the dimension of any
Gelfand model for G is equal to the sum of indices ) ,[G : Cg (w;)] where w; ranges over a
set of representatives of the distinct orbits in Z .. The twisted centralizers of a set of orbit
representatives in Zg . thus present an obvious choice for the subgroups {H;} from which to
construct a model {); : H; — C}, and one is naturally tempted to investigate whether G
has a generalized involution model with respect to the automorphism 7.

Remark. Bump and Ginzburg’s definition of a generalized involution model in [24] differs
from the one we have given here in the following way: in (24], the set Zg, is defined as
{w € G :w-"w =z} where z € Z(G) is a fixed central element with 2% = 1. One can show
using the preceding theorem that under this definition, any generalized involution model with
respect to 7,z is also a generalized involution model with respect to 7/, 2/, where 7’ is given
by composing 7 with an inner automorphism and 2’ = 1. Thus our definition is equivalent
to the one in [24], in the sense that the same models (that is, sets of linear characters) are
classified as generalized involution models.

The following observation concerns the relationship between a generalized involution
model and a corresponding Gelfand model, by which is meant a representation equivalent to
the multiplicity free sum of all of a group’s irreducible representations. Given 7 € Aut(Q)
with 72 = 1 and a fixed subfield K of the complex numbers C, let

Va,r = K-span{C,, : w € I+ } (1.2.1)

be a vector space generated by the generalized involutions of G. We often wish to translate
a generalized involution model with respect to 7 € Aut(G) into a Gelfand model defined in
the space Vg ;. For this purpose, we repeatedly use the following result.

Lemma 1.2.2. Let G be a finite group with an automorphism 7 € Aut(G) such that 72 = 1.
Suppose there exists a function signg : G x Zg» — K such that the map p: G — GL(Vg;)
defined by

p(g)C., = signg(g,w) - Cyurg-1, forge G, welg, (1.2.2)

is a representation. Then the following are equivalent:

(i) The representation p is a Gelfand model for G.

(ii) The functions
{ signg(r,w) : Cg,(w) — K }
g  — signg(g,w) f7
with w ranging over any set of orbit representatives of Z¢ ;, form a generalized involu-
tion model for G.

Remark. If G has a generalized involution model {}; : H; — K} with respect to 7 €
Aut(G), then there automatically exists a function signg : G x Zg, — K such that p is
a representation and (1) and (2) hold. One can construct this function by considering the
standard representation attached to the induced character 3, Ind§, (\).
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Proof. This proof is an elementary exercise involving the definition of a representation and
the formula for an induced character. Fix w € Zg ;. Since p is a representation, the function
signg(-,w) : G — K restricts to a linear character of Cg(w). Let ¢ =z -w - "z~ for some
z € G. Then g € G has z7'gz € Cg () if and only if g € Cg (o), and signg(z~1gz,w) =
signg(g, o) since by the definition of a representation

1 = signg(1,w) = signg(z7 1z, w) = signg(z,w) - signg(z7!, 0)
and so

signG(:z:"lg:v,w) = signg(z,w) - signG(:c—lg,a)
= signg(z, w) - signg(g, o) - signg(z ™, o) = signg(g, o).

If Q2 is a set of orbit representatives of Zg , and x” is the character of p, then it follows that

x’(g) = > signg(g,0)

O'EIG,T
g€Cg, T(a')
: -1
= ———~ >  signg(g,aw-"z7")
wEN ’CG T(w)[ z€G

9€Cq, - (zw Tz 1)

=) = oo CG - S signg(elgr,w) = Y IndS, ., (signg( w)) (g)-

weN z€G wEN
1gmec’G,-r (“))

Thus p is a Gelfand model if and only if {sign(-,w) : Cg.(w) — K},eq is a generalized
involution model. O

1.2.2 An involution model for the symmetric group

Here we review what is known of the generalized involution models for the symmetric groups
from [1, 24, 49]. Since the symmetric group typically has a trivial center and a trivial outer
automorphism group, the group’s generalized involution models are always involution models
in the classical sense. In preparation for the next section, we quickly review the proof of [1,
Theorem 1.2] using the results of [49].

Klyachko [56, 57] and Inglis, Richardson, and Saxl [49] first constructed involution models
for the symmetric group; additional models for the symmetric group and related Weyl groups
appear in [3, 7, 8, 10, 91]. More recently, Adin, Postnikov, and Roichman [1] describe a
simple combinatorial action which defines a Gelfand model for the symmetric group. Their
construction turns out to derive directly from the involution model in [49], and goes as
follows. Let S, be the symmetric group of bijections {1,2,...,n} — {1,2,...,n} and define
Ts, = {w € Sp:w? =1}. Let

Vi = Q-span{C,, : w € Tg_}
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be a vector space with a basis indexed by Zg,. For any permutation 7 € S,, define two sets

Inv(m) = {(i,4) : 1 < i< j<nm, w(i) >7(j)}
Pair(w) = {(1,7) : 1 €i < 7 < n, w(i) =j, n(§) =i}.

The set Inv(r) is the inversion set of 7, and its cardinality is equal to the minimum number
of factors needed to write 7 as a product of simple reflections. In particular, the value of the
alternating character at 7 is sgn(w) = (—1)™¥(")_ The set Pair(r) corresponds to the set of
2-cycles in 7.

Define a map p, : S, — GL(V,,) by

pn(7)Coy = signg (7,w) - Cryn-t, for m,w € S, w? =1,

where
signg (7, w) = (—1)Hmvm)nPair(w)] (1.2.3)

Adin, Postnikov, and Roichman [1] prove the following result.

Theorem 1.2.3 (Adin, Postnikov, Roichman [1]). The map p, defines a Gelfand model for
Shn.

Kodiyalam and Verma first gave a proof of this theorem in the unpublished preprint [58],
but their methods are considerably more technical than the ones used in the later work [1].
We provide a very brief proof of this, using the results of [49], which follows the strategy
outlined in the appendix of [1]. This will serve as a pattern for later results.

The fact that p, is a representation appears as [1, Theorem 1.1]. We provide a slightly
simpler, alternate proof of this fact for completeness.

Lemma 1.2.4. The map p, : S, — GL(V,) is a representation.

Proof. 1t suffices to show that for w € Zg, and my, 73 € S,
|Inv (7r172) N Pair(w)| = |Inv(m) N Pair(mawmry )| + |Inv(my) N Pair(w)| (mod 2).

Let A¢ denote the set {(1,7) : 1 <1i < j <n}\ A. The preceding identity then follows by
considering the Venn diagram of the sets Inv(m72), Pair(w), and Inv(n;) and noting that

[Inv(m;) N Pair(mewny !)| = |Inv(mymg) N Pair(w) N Inv(mg)| + |Inv(my 72 )¢ N Pair(w) N Inv(m,))
since if ¢/ = m2(7) and j' = m2(j), then we have

i < jand (7,5) € Inv(m) N Pair(rwny!) iff  (4,5) € Inv(myms) N Pair(w) N Inv(me),
i > 7 and (7,7") € Inv(m;) N Pair(mwnyt) iff  (j,4) € Inv(mmy)® N Pair(w) N Inv(rm).

a
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The preceding proof shows that as a map

signg (-, w): Cs,(w) — C
T — (__1)|Inv(7r)r‘lPa.ir(w)|,

the symbol signg (-,w) defines a linear character of the centralizer Cg,(w). To name this
character more explicitly, observe that elements of Cg (w) permute the support of w and
also permute the set of fixed points of w. In particular, if w € Zg, has f fixed points, then
Cs, (w) is isomorphic to (S22 8k) x Sy, where k = (n — f)/2 and where the wreath product
Sy 1 Sy is embedded in S, so that the subgroup (S;)* is generated by the 2-cycles of w. We
now have a more intuitive definition of signg (7, w).

Corollary 1.2.5. The value of signg (7,w) for w € Zg, and 7 € Cg,(w) is the signature of
7 as a permutation of the set {i: 1 <i <mn, w(i) # i}

Proof. If in cycle notation w = (i, j1) - - - (ix, Jx) Where each ¢; < j;, then Cg, (w) is generated
by permutations of the three forms «, 3,7, where a = (i, %41)(jt, Je41), B = (&, i), and v
fixes 41,1, - ..,%, jk- By inspection, our original definition of signg (w,w) agrees with the
given formula when 7 is one of these generators, and so our formula holds for all 7 € Cg, (w)
since signg (-, w) : Cg, (w) — €% is a homomorphism. O

That p, is a Gelfand model now comes as a direct result of the following lemma, which
appears as [12, Lemma 4.1] and [49, Lemma 2]. In the statement, we implicitly identify
partitions with their Ferrers diagrams.

Lemma 1.2.6 (Barbasch and Vogan [12]; Inglis, Richardson, Sax! [49]). Let w € S, be an
involution fixing exactly f points. Then the induced character

Indg';n ) (signs, (w))

is the multiplicity free sum of the irreducible character of S, corresponding to partitions of
n with exactly f odd columns.

Corollary 1.2.7. The linear characters {signg (-,w) : Cs,(w) — C}, with w ranging over
any set of representatives of the conjugacy classes in Zg,, form an involution model for S,,.
Remark. [49, Lemma 2] actually concerns the function signg (-,w) ® sgn, whose value at

7 € Cg,(w) is the signature of 7 as a permutation of the set Fix(w) o {i: w(i) =1i}. Our
version follows from the fact that tensoring with the alternating character commutes with
induction. Specifically, the authors of [49] prove that if w € Zg, is an involution with no
fixed points, then the induction of the trivial character

Indg;, (1)

is equal to the multiplicity free sum of the irreducible characters of S,, corresponding to
partitions with all even rows. Proposition 1.3.5 gives a generalization of this result.
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1.3 Generalized involution models for wreath products

In this section we fix a finite group H and a positive integer n and let G, = H1.S, denote the
wreath product of H with S,,. By definition, G, is then the semidirect product G, = H* x S,
where S, acts on H™ by permuting the coordinates of elements. We denote the action of
w €S, onh=(hy,...,h,) € H" by

w(h) def

(hﬂ.—l(l), caey h,,—l(n))
and write elements of G, as ordered pairs (h,7) with h € H® and = € S,. The group’s
multiplication is then given by

(h,7)(k,0) = (c71(h) - k, 7o), for h,k € H*, w,0 € S,.

Throughout, we identify H™ and S, with the subgroups {(h,1) : h € H"} and {(1,7) : 7 €
Sp} in G, respectively.

The main goal of this section is generalize several results [10], in order to show how to
construct a generalized involution model for the wreath product H ! S, given a generalized
involution model for H. From this construction we will give a simple alternate derivation
of Adin, Postnikov, and Roichman’s proof [2] that the complex reflection group G(r,n) =
G(r,1,n) has a GIM.

1.3.1 Irreducible characters of wreath products

Here we review the construction of the irreducible characters of G,. Our notation mirrors
but slightly differs from that in [10]. Given groups H; and representations g; : H; — GL(V}),

fori=1,...,m, let
Ony 0 I, Hi — GL(®Z, Vi)
denote the representation defined for h; € H; and v; € V; by

(OL,0) (hy- . hn) (V1 ® - ® ) = 01(”1)v1 @ * - ® O (B ) Unm.

If x; is the character of p;, then we let (O, x; denote the character of (D}, 0;.
Given a representation p : H — GL(V), we extend ()}, o to a representation of G, by
defining for h€ H*, 7 € S, and v; € V,

e

(62;1 9) (h, ) (01 ® - @ vn) = (0 (Br-1(1)) Va-1(1) ® -+ @ 0 (Br-1(n)) Va-1(m)) -

Remark. This formula differs from the corresponding formula in [10]: there the right hand
side is (g(hl)v,,—x(l) R ® Q(hn)v,,-z(n)). This is an artifact of our convention for naming
elements of G,,, which differs from the one implicitly used in [10], but which will later make
some of our formulas nicer.

Let &?(n) denote the set of integer partitions of n > 0 and let & = |2, #(n). Given

n=0
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A € Z2(n), let p* denote the corresponding irreducible representation of 3, (as specified, for
example, in [10]) and write x* : §,, — Q for its character. One extends the representation
p* of S, to a representation p* of G, by setting

pMh, ) =pMx), forhe H®, we S,

If p is a representation of H and A € £?(n), then we define p! A as the representation of G,
given by

o ¥ (6:1/9)690

If 1 is the character of p, then we define 1 ! A as the character of p! \. We now have the
following preliminary lemma.

Lemma 1.3.1. Let 9 be a character of H and let A € &(n). If the cycles of 7 € S, are
(ii7zt27 ot 7’2({:)) for t = 1, ey T, then

W I\ (h, ) = A(W)Hd)( o high) s forh=(ha,... ) € H".

Proof. Suppose ¥ is the character of a representation g in a vector space V with a basis
{v;}. Observe that if h; , h;,,..., h;, € H, then

Y (hi, -+ hiyhy) = Z (@ (hiy) ’Uj1|%) (Q(hz'rl)vhl%) e (Q (hi,) vj"vn) .

J1:3250:52

Therefore, it follows by definition that

@B =30 3 (0 (i) viymsy) 8+ @ (0 (hems) V3,100 ) Liy-m

= x*(n) ,Z;HLI(Q(h)szvJ ) 7r)tl—_lllp(’e(t)' % t)'

Let &y denote the set of all maps 8 : Irr(H) — & and define

Pu(n) = {6 € Pu: Cyernqay 1000) =7} -

The following classification appears, among other places, in [10] and as [98, Theorem 4.1].
Stembridge [98] attributes its original proof to Specht [94].

Theorem 1.3.2 (Specht [94]). The set of irreducible characters of G,, is in bijection with
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HPy(n). In particular, each element of Irr(G,,) is equal to xp for a unique 8 € g (n), where

v (O o] w9 I G

elrr(H) Yelrr(H)

In addition, the degree of the character g is

deg(¢)l9(w)l deg (Xe(w))
6(¥)]!

deg(xs) =l ]

PEIrr(H)

All products here proceed in the order of a some fixed enumeration of Irr(H). The
character xp is independent of this enumeration because reordering the factors in Sy yields
a conjugate subgroup.

1.3.2 Inducing the trivial character

Fix an automorphism 7 € Aut(H) with 72 = 1. In this section, we describe the irreducible
constituents of the induced character

Ind73*(1),

where 1 € Irr(V)]) denotes the trivial character of V;7, a subgroup which will be one of the
twisted centralizers in our generalized involution model for G,,.
Fix a nonnegative integer k, and define W) C S as the subgroup

Wi = £(S21 k), (1.3.1)

where £ : S2 1 Sk — Sor embeds S35, in Sgx such that the wreath subgroup (S5?)* C S5 1.5k
is mapped to the subgroup of Sy generated by the simple transpositions (2i — 1,2i) for
1 =1,...,k In other words, let W} be the centralizer in S, of the involution

wie & (1,2)(3,4) -+ (2k — 1,2Kk) € Sax, (1.3.2)

where by convention wy = 1. Next, define 67(H) as the subgroup
5]:(1?[) = {(hl,fhl,hz, Thz, ceey hk,Thk) th; € H} C H*

Observe that the action of Wy, preserves 67 (H), and let V;7 denote the subgroup of G given
by
Vi =0p(H) - Wi = {(h,7) € G : h € §;(H), = € Wy}.

The most difficult step in constructing a model for G,, from a model for H will be to determine
the irreducible constituents of the character of G, induced from the trivial character of the
subgroup V7. The following two lemmas address some the calculations needed to compute
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this. In what follows we write (-, -)g for the L?-inner product on functions G — C given by

(f,9)e = Z f(2)g(z)-

xEG

Recall that the irreducible characters of G are orthonormal with respect to this inner product.

Lemma 1.3.3. Let ¥ be an irreducible character of H with €,(¢) = &1 and let A € £(2k).
Then

1 ife,(¢) =1 and X has all even rows;
<]1,Res€§" (P /\)>VT =<1 ife (1) =—1and X has all even columns;

, 0 otherwise.

Proof. Fix m € Wy. The cycles of 7 are either of the form (24, — 1, 2i,) fors=1,...,5, or
come in pairs of the form (if, 4, -- i;(t)), (53,48, --- jj(t)) fort=1,...,T, where (if, jt) is a
cycle of wy, for each a,t. If h € 67(H), then in the former case hiis, = "h;, and in the latter
case hj: = "hy. In addition, note that sgn(n) = (—1)%. By Lemma 1.3.1,

> @GR =xMr) Y H¢(hk+z, i) ﬁ?P( hag o ) (hg;(t)"'hjéhjf)
t=1

REST(H) hedl (H) s=1

S T
=x*™]] (Zw(h-%)) Il > w(hahew) v (ha---"heyy)

heH t=1 hl,...,h[(t)EH

We have ¥(h) = ¥("h™!) since €, () = £1. Therefore

Z P (hy- - hy) & (Tha - - The) = |H|FO! z ¥ (h)yp ChT)

hl,...,hg(t)GH heHd

= |H|"“O(p, by g = |H|"®.

Substituting this and €,(¢) = ﬁZhe g ¥ (h-Th) into our expression above, and noting
that 25 + S°L 2¢(t) = 2k, we obtain Zhea’:(m(?ﬁ YA (R, ) = |H|F(e,(40)) x> (7). Since
sgn(7) = (—1)%, applying this identity gives

<11,Res‘G,E’° (¥ )\)>Vkr Al Z Z LA (h, )

TEWy hed] (H)

_ {(Il,ResS‘”c Nhw, e =1
(sgn,Ressz"(X Ww, if e(¥) =~

Our result now follows from applying Frobenius reciprocity to Lemma 1.2.6. O
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Define another subgroup of G by
If = {(h, (m,7)) € Gox s h = (ha, ... hie, "ha, ..., Thi) € H*, w € S}

where we view (m,7) € S x Sk as an element of Sy in the obvious way. We then have a
second lemma.

Lemma 1.3.4. Let 9 be an irreducible character of H with €,(¢) =0 and let A, p € F(k).
Define wy € Sor C Gax as the permutation given by

wk(2i - 1) =

fori=1,...,k
(2 =i+ k, T

Then If = (Gi x Gy) N w; (V] )wy, and

<11 ResG"XG" ((1/12)\)6( z,blu))> {1 A =g

0 otherwise.
Proof. We first observe that if w = (1,k + 1)(2,k +2) - - - (k, 2k) = wrwywg ' € Sax then
w (Vi Yo = {(h,ﬂ') 17 € Cop (W), h=(h1,..., 0, h1,...,"hg) € sz} .

It immediately follows that IT = (Gi x Gi) Nw; (V7 )we. Next note that T4("h) = ¥(h)
for h € H and that x* € Irr(S,) is real-valued. Hence

(72;;) ("h,m) = (Y rp)(h,n), for 7 € Sy and h € H,

where we let "Th = ("hy, ..., hi). Therefore by Lemma 1.3.1 and an argument similar to the
one used in the previous lemma, if 7 € Sy then we have

ST @) - (FL )Ry = 3 @ (k) - G () = [HI ()X ().

heHk he Hk

Our result now follows from

(1, Res?,kxck((wu)@(wzu))> Z > (woe @) (¢
mh)EL;
1,: Z 3 N m)- (Ve hm
wESy he Hk
= (0 X,

We are now prepared to prove the following instrumental proposition.
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Proposition 1.3.5. The induction of the trivial character of V|7 to Gar decomposes as the
multiplicity free sum

nd{#(1) = Y xs,
g

where the sum is over all § € Py(2k) such that for every irreducible character ¢ € Irr(H),

(1) 6(y) = 0("¥);
(2) 6(%) has all even columns if €, (¢) = —1;
(3) () has all even rows if €,(¢) = 1.

This result generalizes [10, Proposition 3], which treats the case 7 = 1. Our proof derives
from a pair of detailed but straightforward calculations using the preceding lemmas. This
approach differs signficantly from the inductive method used by Baddeley in [10].

Proof. Choose 68 € Py(2k) satisfying (1)-(3). We first show that x4 appears as a constituent
of Indgi"(ﬂ) and then demonstrate that the given decomposition has the correct degree. To
this enﬁ, define

m= (O ¥6(¥), sothat  xp=Indg(m).
velre()

Let s € Sgx and define the subgroup D, = SgNs~1(V[)s. Then by Frobenius reciprocity and
Mackey’s theorem, we have

<Ind€3" (), X9>G = <Resg:" (Ind%" (IL)) ,779>S (by Frobenius reciprocity),
2k [4
> <Ind“g£ (1), n9>s (by Mackey’s theorem),
]

= < 1, Resf)"’ (779)>D (by Frobenius reciprocity).

Recall from Section 1.2.1 that if ¢ € Irr(H) then the two irreducible characters %, T of
H are distinct if and only if e,{¢) = 0. Therefore we can list the distinct elements of Irr(H)
in the form

1/’1’1/’17---,¢r,¢:-ﬂ91,--—,193,

where for all 7 we have ¥} = T; and e (i) = e.(¢)) = 0 and €,.(¥;) # 0. Without loss
of generality, we can assume that the products defining ps and Sy proceed in the order of
this list; a different ordering corresponds to a conjugate choice of s in what follows. Since
|6(:)] = |8(¥5)| and |8(D;)] is even for all ¢, if we define s € Sy as the element

s = (@) @) - > 1) € [T Secwiecwny [ [ Sewwar € Sax

i=1 i=1
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where @y for k = [6(31)],...,[0(%,)| is as in Lemma 1.3.4, then D, = []i_, T x
I,V o(9,))/2- Consequently (1, Resi‘i(ng)) D, = €0€+1 Where

4 [6(%;)]
=1 oo

cor = [T (1R, 000000)

We have gy = 1 by Lemma 1.3.4 and £4; = 1 by Lemma 1.3.3 and so we conclude that if
0 € Py(n) satisfies (1)-(3), then xy appears as a constituent of Indgl:;(]l) with multiplicity
at least one.

6y = H <H,Resi'|0(¢i)|XG|0(¢£)l ((1/}2 2 9(1/)1)) ® (1/}: ) 9(¢:)))> ,

Viecs,)i/2

To prove that this multiplicity is exactly one and that these are the only constituents,
we show that both sides of the equation in the proposition statement have the same degree.
Define F as the set of functions f : Irr(H) — Zyo which have f() = |8(¢)| for some
8 € Py(2k) satisfying (1)-(3). Then the sum of the degrees of xy as § € Py (2k) varies over
all maps satisfying (1)-(3) is

> deg(xe) = > 2k ]
2] [

deg(¢)l9(¢)l deg (Xo(ﬂb))

=Zn!~ﬂo(f)‘n+(f)’n—(f)

Yelrr(H) o(p)! fexr
where
of T deg(1p;)/®) deg (X'\) deg(wl)f(d)i) deg (X/\)
no(f>"=fH< > ( — ,
i=1 \XeP(f(:)) F)! G
and
o d f#) g A
. (f) < H Z Eg("/’)f(w)'eg (X )
YeIrr(H) \ Ae P(f(¢)) with )
er(1P)=1 all even rows
and

def deg(¢)f(¢) deg (X/\)
n-n= 11 2 @

Yelrr(H) \ AeP(f(y)) with
er(¢)=—1 \all even columns

Note that deg(v;) = deg(¢}) and f(¢;) = f(¥}) for all i if f € F. Therefore

de wz f(d’x 5 T 2d i 2 f(ll’i)
o(f) = H fjg¢)v)z > dez(x) ) =.11( 2;5’5:/}2121)! '

AeP(f(¥:)) 1=
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Next, recall from Lemma 1.2.6 that the sum ¥, deg (x*) as X varies over the partitions of
2n with all even rows is equal to n) 5nd that the sum over A with all even columns has

2rnnl?
the same value. Thus F(9:)/2
 (deg(9;)%)"™™
L(f)-1-(f) = [ 57 :
o 2f0/2 (f(9;)/2)!

As f varies over all elements of F, the numbers f(¢1),..., f(¥:), f(P1)/2,..., f(¥,)/2 range
over all compositions of k. Therefore, following substitutions in the preceding expressions,
we obtain by the multinomial formula

(2k)! (2deg( 1/;,)2)“’/”) s (degwi):z)f(i%)/?
Z deg(xs) = 9kl H 7o) E (f(ﬁi)/Q)!

feF i=l1

s k

k
2k)!
=P S destuy
| \welr(H)
_ |Gl
Vil

Since this is precisely the degree of Indg';(ll), the given decomposition now follows by di-
k
mensional considerations. O

1.3.3 Construction of a model

With this proposition in hand, we can now construct a generalized involution model for G,
from any generalized involution model for H. As above, we fix an automorphism 7 € Aut(H)
with 72 = 1. Throughout this section, we assume there exists a model for H given by a set of
linear characters {); : H; — C}1%; for some positive integer m and some subgroups H; C H.

Our notation is intended to coincide with that of [10] when 7 = 1. Let %, denote the

set of vectors (zg, T1, - - ., Tr,) With all entries nonnegative integers, and define
m
%m(n) = {Zl? € %m:QIO"‘in =TI,} .
i=1

Let o : V7 — {£1} be the linear character given by
op(h,7) =sgn(r)  for (h,7) € V{.
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For each z € %, (n), we define a subgroup G7 C G, and a linear character ¢ : G,

T

— C by

=V % H(H and  ¢] =07, @ (D) (N1(zi)), (1.3.3)
i=1

where on the right hand side (z;) denotes the trivial partition in &?(z;) and we ignore terms
corresponding to 4 if z; = 0.
Given z € %n(n), define

Z(z) = {0 € Pp(n):

for each i > 0, z; is the sum of the number of odd columns in
6(v) as ¢ ranges over the irreducible constituents of Indj (\;)

We then have the following extension of [10, Theorem 1}, which treats the special case 7 = 1.

Theorem 1.3.6. Suppose €,(¢) = 1 for every irreducible character 9 of H. Then

iz (9) = 3 X0 for each z & %n(n)
6% (x)

and {@] : G] — C}eea(n) is a model for G, = H 1 S,.

Proof. By the transitivity of induction we have

nd (¢7) = ndg; ., x.xc., (Indg:f“ )@@Indf;;s (s z(z,-))). (1.3.4)

Note that if 8 € Py (n), then xp ® sgn = xo» where §' € Py (n) is defined by setting & (1))
equal to the transpose of 8(y). Therefore, since e,('«/)) = 1 for all 9 € Irr(H), we have by
Proposition 1.3.5 that IndGz" (of) = Indg?-"(ll) ® sgn = )y _, pp where the sum ranges over all

6 € Py(n) such that 6’(1{1) has all even columns for all ¥ € Irr(H). Also, [10, Proposition 1]
states that Indgffsr (X U (@) = D4 xo where the sum is over all § € HPy(z;) such that 6(z)
is the zero partition if ¢ is not a constituent of Indgi()\i) and a trivial partition otherwise.

Given these facts, we can completely decompose Indg¢(¢;) by using [10, Lemma 1],
which shows that if ¢ is a representation of H and a € #(a) and 8 € (b), then
IndG";"Gb (W12) © (Y21B)) = X cpars) Cap(¥ 1) where the coefficients ], 5 are the non-
negative integers afforded by the Littlewood-Richardson rule. Thus, after applying our
substitutions to (1.3.4) we can invoke Young’s rule to obtain the desired decomposition. [I

The automorphism 7 € Aut(H) extends to an automorphism of H™ and of G,, via the
definitions
T(hyy o ) (Thy, o Tha) for (hi,...,h,) € H",

T def (135)
(h,m) = (Th,n) formre S, he H"
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As in (1.3.2), let wr = (1,2)(3,4) ---(2k — 1,2k) € So, where by convention wy = 1. We
now have the following generalization of [10, Theorem 2].

Theorem 1.3.7. Suppose {\; : H; — C}2, is a generalized involution model for H with
respect to 7 € Aut(H), so that there exists a set {¢;}]2, of orbit representatives in Zp . with
H; = Cpu.(e;). For each z € %p,(n), define

Ex = (1,...,1,81,...781,62,...,82,...,Em,...,Em),wxo EGn.
Nt e, e et v’ et
2zp times x1 times 22 times Tm times

If we extend 7 to an automorphism of G, by (1.3.5), then the linear characters {¢7 : GL —
C}ze#m(z) form a generalized involution model for G, with respect to 7.

Proof. By Theorem 1.2.1, we have ¢.(¢) = 1 for all ¢ € Irr(H). Since {A\;}2, is a model
for H, it follows from Theorem 1.3.6 that {¢]}sc#,.(z) is a model for G,. To show that this
model is a generalized involution model, we must prove both of the following;:

(1) For each x € %n,(n), the group G, is the T-twisted centralizer in G, of €; € Ig, ..
(2) The set {&;}zew,.(n) contains exactly one element from each orbit in Zg, .

To this end, fix x € %,(n) and let &, € H" be the element with e, = (€}, w,,). Since
gl -Tel, =1 € H™ and wy,(e),) = €], by assumption, we have e, € Zg,, .-

Next, let 7 € S,, and h € H" and consider the twisted conjugation of £, by the arbitrary
element g = (7~'(h), 7) € G,. This gives

(hyo)E g.e,- g7l = (rweem ™ (B) - m(eh) - TR, mwgm ) (1.3.6)

Hence g € Cg, -(w;) only if # € Cg, (wz,). Assume this, and define Jy = {1,...,2z¢} and

Ji={2x0+ 1+ +xim1)+j:1<j<z}fori=1,...,m. Then 7 permutes the sets
Joand J; U---UJy,, so

71 —1 ap . g .

= hjr - th > ifje J.g, where ]'”_ wzo(]),- . . y (13.7)

hj-e -Thy", otherwise, where ¢ is the unique index with 7~ (4) € Ji.

It follows from the first case in this identity that & = ¢/, only if hy = "h; for all j € Jp. It
follows from the second case that if j € J; U--- U J,, then k; lies in the H-orbit of ¢;, where
i is the unique index with 7~1(j) € J;. Thus, k = £/, only if 7 also permutes each of the sets
J; and hj € Cy-(g;) = H; for all j € J; and i = 1,..., m. Combining these observations, we
see that g € Cg, ,(g;) only if g € GZ. The reverse implication follows easily, and so we have
CG,;,T(EI) = G;

It remains to show that the elements &, for z € %,(n) represent the distinct 7-twisted
conjugacy classes in Zg, . This requires a straightforward but tedious calculation, similar
to the one in the previous paragraph, which we omit. 0
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We conclude this section with an observation on how to construct a Gelfand model for
G from a generalized involution model for H. To make our notation more concise, we adopt
the following convention: given g = (h, 7) € G, define |g| € S, and z, : [n] » H by

lgl=m€S, and  z(i)=h; € H. (1.3.8)

We can identify G, with the set of n X n matrices which have exactly one nonzero entry in
each row and column, and whose nonzero entries are elements of H. Viewing ¢ € G, as a
matrix of this form, |g| is the matrix given by replacing each nonzero entry of ¢ with 1, and
24(1) is the value of the nonzero entry of the matrix g in the ith column.

In the following statement, it helps to recall the definition of signg from (1.2.3). The
symbol 7 continues to denote a fixed automorphism of H with 72 = 1, which we have
extended to an automorphism of G,, by (1.3.5). Also, K here denotes a fixed subfield of C
and Vg, Vg, are the vector spaces over K defined by (1.2.1). Finally, we write Fix(r) for
the set of fixed points of a permutation 7 € S,,.

Proposition 1.3.8. Suppose signy : H x Iy, — K is a function such that the map p :
H — GL(Vg,,) defined by

p(h)C, = signg(h,w) - Ch.prp-t forhe H, we Iy,
is a Gelfand model for H. Then the map p, g : G, — GL(Vg,,) defined by
pn,H(g)Cw = SignG,. (97 (4)) . C’g-m-"g—1 for g€ Gm w € IGn,T7

where
signg, (9,w) = signs, (lgl, [wl) [ signm(z,(i), 2.(9)
1€Fix(|w])

is a Gelfand model for G, = H S,.

Proof. By Lemma 1.2.2, H possesses a generalized involution model {)\; : H; — K},
with respect to 7. Retaining the notation of Theorem 1.3.7, we may assume without loss of
generality that \;(h) = signy(h, &;) forall h € H; and H; = Cy ,(g;) foreachi = 1,...,m. To
prove that p, g is a Gelfand model, it suffices by Lemma 1.2.2 to show only two things: that
¢7(9) = signg, (g, €z) for all g € G and each z € %,(n), and that p, g is a representation.

To this end, fix € %,(n) and consider g € H;1 S,,. Since ); is a linear character, we
have by Lemma 1.3.1 that

(2 @)(9) = [ulz00) = [[sigmalzo(). 60
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Thus if g = (90,91, ---,9m) € G, where go €V and g; € H;1 S, for i =1,...,m, then

¢2(9) = o7, (90) H()‘i 12:)(9:)

= signg,_(|g], |€=]) H sign g (z4(1), 20, (1)) = signg, (9, €2)-
i€Fix(wz)

It remains to show that p, 4 is a representation. Let g,h € G, and w € I, ; and write
w' =h-w-"h"!. First, by Lemma 1.2.4 we have

signg, (|91, o']) - signg, (|k], |w]) = signg, (Igh], |w])- (1.3.9)

Now let 7 = |h|. Choose i € Fix(|w|) and observe that «(i) € Fix(|w'|). It follows from the
fact that w - "w = ' - "’ = 1 that both z,(¢) and z, o 7(i) belong to Iy ,. Furthermore,
one can check that

2g 0 w(1) - 2r(2) = 2gn (%) and  zy o w(i) = zx(4) - 2, (1) - Tz (3)7h.

Since signg(a,b -z - 7b7) - signg(b,z) = signy(ab,z) for a,b € H and = € Iy, it follows
that

signg(zg 0 7(4), 2, © w(1)) - signg (24 (1), 2,(8)) = signg(zen(2), 2.,(2))- (1.3.10)

Since Fix(jw'|) = {n(3) : i € Fix(|w|)}, combining the identities (1.3.9) and (1.3.10) shows
that signg_(g,w’) - signg_ (h,w) = signg, (gh,w), which suffices to show that p, g is a repre-
sentation, and therefore a Gelfand model. (|

1.3.4 Applications

We now construct a generalized involution model and a Gelfand model for G, = H 1S,
when H is abelian. This gives a simple proof of [2, Theorem 1.2}, which asserts that the
representation p,, from the introduction is a Gelfand model for G, in the special case that
H is the cyclic group of order r. Using Theorem 1.3.6, we prove some facts concerning the
decomposition of this representation into irreducible constituents, and in so doing prove a
conjecture of Adin, Postnikov, and Roichman from [2].

Throughout this section, let A be a finite abelian group and let 7 € Aut(A) be the
automorphism defined by "a = a~!. For this particular case, we note that

ITp={acA:a®=1}, Cala)={b€ A:bab”! =a} = 4,
Tar={a€A:a-Ta=1} = A, Carla)={b€A:b-a- b ' =a} =Ty

The automorphism 7 gives rise to the following generalized involution model for A.
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Lemma 1.3.9. If A is abelian, then the set Irr(Z4) of all irreducible characters of the
subgroup Z4 = {a € A : a = 1} forms a generalized involution model for A with respect to

the automorphism 7 : a — a~!. In particular, for each A € Irr(Z4), the induced character
Ind, (X) is the sum of all ¢ € Irr(A) with Resf, () = A.

Remark. This generalized involution model is clearly unique, up to the arbitrary assignment
of irreducible representations of 74 to orbits in T4, since we must have T4, = A as the
degree of any Gelfand model for 4 is |A|.

Proof. Since Ty, = A and T4 = Cy4.(a) for every a € A, there are |T4| distinct twisted
conjugacy classes in Z4, and so each irreducible character of 74 can be viewed as a linear
character of the 7-twisted centralizer of a representative of a distinct orbit in Z4,. The
claimed decomposition of Indf, (\) is immediate by Frobenius reciprocity, and since each
element of Irr(A) restricts to an element of Irr(Z4), our assertion follows. O

Seeing this result, we naturally want to use Proposition 1.3.8 to obtain a Gelfand model
for the wreath product A1 .S,. In order to do this, we must first define a function sign, :
A x A — C which corresponds to the generalized involution model for A just described. We
will define this function in two different ways: first from a completely abstract standpoint
which does depend on the structure of A, and then with an explicit construction which relies
on a given decomposition of A as a direct product of cyclic groups.

For our first definition, we must introduce a few pieces of notation to keep track of our
arbitrary but unspecified sets of orbit representatives. Let B = {a? : a € A} and observe that
the cosets of this subgroup in A are precisely the orbits in Z4 , under the twisted conjugacy
action @ : z — a -z -Ta”! = a?z. Fix a bijection between A/B and Irr(Z4), and for each
x € A, let A; : T4 — C denote the linear character corresponding to the orbit zB. Now
choose two maps

Sorb : A/B — A and 5:A/Ip— A

assigning representatives to the cosets of B and Z4 in A, and let
Sorb(@) = Sorp(aB) and s(a) =35(aZy), for a € A.

The image of s, is then a set of orbit representatives in A, which explains our notation.
Our next definition is our most complicated: let ¢ : A — A be the map

gla) =5 ({b€ A :som(a)- ¥’ =a}), forae A,

The set {b € A: sop(a) - b2 = a} is a coset of Z, in A and so the map g is well-defined. We
can think of the value of ¢(a) as the square root of @ modulo B. In the case that A is cyclic,
g has a much more direct formula which we will compute.

We now define sign, : A x A — C as the function
signg(a,z) = A; (a-g(z) - s (a-q(z))™") (1.3.11)
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and let pgq : A — GL(V4,;) be the map given by

pa(a)Cy = signy(a, z) - Chzg, for a,z € A. (1.3.12)
These definitions come with the following result.
Proposition 1.3.10. The map p4 defines a Gelfand model for the abelian group A.

Proof. If a € T4, then s(a-q(z)) = s{q(z)) = ¢(z) and so signs(a, r) = A;(a). Therefore, by
Lemma 1.2.2 and the preceding lemma, it suffices to show that p4 is a representation. For
this, fix a,b,7 € A and observe that ¢(b?z) = s(b- g(z)) since

Sorb() - (b q(2))2 = B - s () - q(T)* = b2z,

In addition, since s{c)Z4 = T4 for all ¢ € A, we have s (a- s(b- q(z))) = s (ab- g(z)). Thus,
since A; = Mgz, by construction, signs(a,b%z) = A, (a-s(b-q(@)) - s (ab- q(z))™") and so
sign 4(b, T)-sign 4(a, b?x) = sign 4(ab, z), which suffices to show that p4 is a representation. [

Using this abstract formulation, we can provide a concrete definition of sign 4 using the
structure of A as a finite abelian group. For any two integers a < b, let

[a,0] ={i€Z:a<i<b} anddefine [n]=][1,n]

Identify the cyclic group Z, with the set [0,7 — 1] so that the group operation is addition
modulo r, and define a function sign, : Z, x Z, — {1} by

—1 if r is even and there exists k € [0,7/2 — 1]
sign,(a,z) = withz=2k+1land a+k € [r/2,r — 1] for a,z € Z,.

1 otherwise

IfA= Hle Z,, where each r; is a prime power, then we define sign, : A x A — {1} by

k
signy(a, z) = Hsign,i(al-,mi), for a = (ay,...,ax) € A, z = (z1,...,2x) € A.  (1.3.13)

i=1

Every finite abelian group is isomorphic to a direct product of this form which is unique up
to rearrangement of factors, so the formula (1.3.13) is well-defined for all abelian groups. The
definition (1.3.13) is just a special case of (1.3.11), which explains the following corollary.

Corollary 1.3.11. If A is abelian then the map ps with sign, defined by (1.3.13) is a
Gelfand model.

Proof. Tt suffices to prove this when A = Z, is cyclic, for this we only need to show that
sign 4 = sign, for some choice of the sections s, and s and of the arbitrary correspondence
between orbits in 7,4, and irreducible representations of Z4. If r is odd then this always

38



happens since Z4 = {1} so sign4(a,z) = sign,(a,z) =1 for all a,z € A. Suppose r is even.
Then Z,4 = {0,7/2}; the cosets A/T4 are [0,7/2 — 1] and [r/2,r — 1]; and the two orbits
in Z4, = A are given by the sets of odd and even integers in [0, — 1]. Assign the trivial
representation of Z4 to the even orbit and the nontrivial representation to the odd orbit, so
that the notation A, : T4 — C becomes

1 if = is even:

forz € A.
—1 if z is odd;

Az(0) =1 and A (r/2) = {
If we define the sections s, and s by

0 if aiseven a ifae0,r/2—1]
Sorb(@) = o and s(a) = )
1 ifaisodd a—r1/2 fac€r/2,r—1]

then the function ¢ : A — A is given by the simple formula g(a) = |a/2] for a € A, where
the floor function takes its usual meaning for integers. It now follows by inspection that
with respect to these choices, the definition (1.3.11) of sign, matches sign, as required. O

We are now in a position to apply Proposition 1.3.8 to obtain a Gelfand model for the
wreath product G, = A1 S,. In particular, extend 7 to an automorphism 7 € Aut(G,) by
"(a,m) = (a7',7), and define a map p, 4 : G, — GL(Vg, -) by

pﬂ,A(g)Cw = SignGn (g, (u’) - Cg~w~"g‘1’ for g€ Gn, w e IGn,T7

where

signg, (9,w) =signg, (Ig], [wl) [ signalz,(i), z.(i)).
i€Fix(|w])

Here signg_ is given by (1.2.3) and sign, is given by either (1.3.11) or (1.3.13). The following
theorem is now immediate from Proposition 1.3.8 and the preceding two results.

Theorem 1.3.12. The map p,, 4 defines a Gelfand model for G,, = A1S, when A is abelian.

By restating this theorem in slightly greater detail in the special case that A is cyclic,
we can provide an alternate proof of [2, Theorem 1.2]. For this, we view Z, as the additive
group of integers [0, r — 1], so that

(a,7)(b,0) = (67 (a) + b, 7o), for (a,n), (b,0) € Z, 1 S,. (1.3.14)
We let (a,7)T = (—a,7)"! = (x(a),7}) for (a,7) € Z, 1 S, and define
Vin =Q-span {C, : w € Z,1S,, w™ = w}.

Observe that g" = "g~! for g € Z, 1 S,, where 7 is the automorphism "(a,7) = (—a,n).
Therefore V., = Vg, with G = Z.1 S, in our earlier notation. Also, if we view elements
of the wreath product Z, S, as generalized permutation matrices, then g7 is to the usual
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matrix transpose of g. An element g € Z, 1S, is symmetric or an absolute involution if
T
g =g
Recall the definition of |g| and z, for ¢ € Z. 1 S, from (1.3.8). The following notation
comes from [2, Definitions 6.1 and 6.3]. For g,w € Z, 1 Sy, let B(g,w) denote the subset of
[n] given by

& if r is odd;

i € Fix((w]) z,(1) is odd and z,(i) + k € [r/2,r — 1] £ 1 is even
" for the k € [0,7/2 — 1] with 2k + 1 = 2,,(3) '

B(g,w) =

Next define '
sign, (g, w) = (—1)1Blal. (—1)iv(lghnPair(wD]

with Inv(-) and Pair(-) given as in Section 1.2.2, and let p,p : Z, 1S, — GL(V;,) be the map
given by

Prn(9)Cu = sign, ,(g,w) - Cygugr, for g,w € Z,1 S, with w7 = w. (1.3.15)

The map p,, is precisely the representation p, 4 above with A = Z, and sign, = sign,, and
one can check that our definition of sign, , agrees with the one given on generators in the
introduction. We thus obtain the following corollary, which appears as [2, Theorem 1.2].

Corollary 1.3.13 (Adin, Postnikov, Roichman [2]). The map p., defines a Gelfand model
for the wreath product Z, ! S,.

By directly applying Theorem 1.3.7 to Lemma 1.3.9, we can explicitly describe the gen-
eralized involution model for Z, ! S, whose existence is implicit in our construction of pr .
In this situation, it is convenient to identify Z. with the multiplicative subgroup of C* given
by all 7th roots of unity; thus Zy; = {£1}. Let ¢, = €*/ be a primitive rth root of unity.
We view Z,1S,, as the multiplicative group of n X n generalized permutation matrices whose
nonzero entries are taken from Z.. Given g € Z, ! Sy, let |g| denote the permutation matrix
given by replacing each entry of g with its absolute value, and let z,(i) fori = 1,...,n denote
the nonzero entry of g in its ith column. Under our previous conventions, the matrix g can
then be identified with the abstract pair (z,7) where 7 = |g| € S, and z; = z,(i) € Z, for
i = 1,...,n. The matrix transpose g© then coincides with our previous definition of the
transpose.

For each i € [0,7 — 1], let ¢; : Z, — C denote the irreducible character
Pi(z) = 2, for ¢ € Z, viewed as an element of C*,
so that Irr(Z,) = {¢; : i € [0,r — 1]}. Additionally let £?,(n) denote the set of r-tuples

6 = (6y,01,...,0,_1) of partitions with |6g| + |61] + - - - + |6,—1] = n. We refer to elements of
P, (n) as r-partite partitions of n. Define 9,1\ for ¢ € [0,7 — 1] and A € & as the character
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of Z, 1 S}, given by

n

@i 1) (9) = x*(lg)) (H zg(j)) for g € Z, 1 S|y

J=1

One checks via Lemma 1.3.1 that this coincides with our constructions in Section 1.3.2 since
Z, is abelian and since det(g)/det(]g|) is the product of the nonzero entries of generalized
permutation matrix g. Now, following Theorem 1.3.2, each irreducible character of Z, 1 S,
is of the form

r—1 r—1
Xe d:e:f Ind?-;zs" (@ T/’i 291) where Sg = HZT 28]911 (1316)
i=0 i=0

for a unique 8 € £.(n). We refer to the r-partite partition § of n as the shape of the
irreducible character xs. The shape of an irreducible Z, ! S,,-representation is then the shape
of its character.

We recall also the following additional definitions from Section 1.3.2:

Wi = (1,2)(3,4) oe (Qk: - 1,2]6) € Sok,
Vi ={9€Z 15 : |g| € Cs,(wk), 24(2i — 1)+ 24(23) =1 for all i}.

The next pair of theorems says precisely how to construct p., by inducing linear represen-
tations.

Theorem 1.3.14. Assume 7 is odd. Then the wreath product G(r,n) = Z.1 S, has a
generalized involution model with respect to the automorphism g — (¢7!)7, given by the
1+ |n/2] linear characters A; : Cg,, -(ex) — Q with 0 < 2k < n, where

€k = ( we 0 ) for 0 < 2k < n are orbit representatives in Zg,, -,

CGn,T(ek) = {g é—gf ( I(; ’?I‘ ) ve Vz—, TEe S,-_Qk},

Ax(g) = det(v) for g € Cg, -(ek)-

If 0 € 22,.(n) then the irreducible character xy is a constituent of Indgg ~(er)(Mx) if and only
if the partitions 6y, 64, ..., 6,_; have n — 2k odd columns in total.

Theorem 1.3.15. Assume r is even. Then the wreath product G(r,n) = Z, ! S, has a
generalized involution model with respect to the automorphism g — (g~!)7, given by the
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T2+ . | 282 | linear characters Ay : Co, r(exe) — Q with 0 < 2k + £ < n, where

We 0 0
Eke=1 0 Thop—re O for 0 < 2k + £ < n are orbit representatives in Zg, -,
0 0 Grle
ot v 0 0
Conrlere) =39S | 0 2 0 | :veV], £E€Z2tSngkt, YEZ21S;
0 0 y

Aee(g) = det(z/);e—it(%% for g € Ca, r(€xy)-
If 6 € #.(n) then the irreducible character x, is a constituent of Indgg 3 (sk)()‘k) if and only
if the partitions 6y, 82, ..., 6._ have n — 2k — £ odd columns in total and the partitions 6,
s, ..., 0._1 have £ odd columns in total.

The proofs of these results are straightforward exercises in translating the notations of
Theorem 1.3.7 and Lemma 1.3.9. We prove only the second theorem, since the proof of the
odd case is the same but less complicated.

Proof of Theorem 1.3.15. Let I, = Zy = {%1} denote the subgroup of involutions in Z,,
and define 1,y : Z, — C to be the trivial and nontrivial characters of Z,, respectively. By
Lemma 1.3.10,

IndZ (1) = o+ o+ + %o  and  IndZ(x) = ¢+ Pa+ -+ Pr_1.

Asin Section 1.3.3, let % (n) denote the set of triples of nonnegative integers = (xo, 1, x2)
with 2z¢ + 1 + 22 = n. For each z € %(n) define ¢7 : G — C by (1.3.3) and ¢; € G as
in Theorem 1.3.7, where we take H; = Hy = Z,, define 7 by "g = (g7 )7, set &y = 0 € Z,
and g2 = 1 € Z,. By Theorems 1.3.6 and 1.3.7, the linear characters {¢] : x € %(n)} form
a generalized involution model for G,, and xp is a constituent of Indg;‘ (¢7) if and only if
the partitions 6y, 65, ..., 6,_2 have z; odd columns in total and the pz:rtitions 6, 65, ...,
6,—1 have 2 odd columns in total. The theorem is immediate after noting that e; = €5, 4,
and @7 = Az z, in the notation of the current theorem, which follows easily from the fact
that the product of the nonzero entries of an invertible generalized permutation matrix g is
precisely det(g)/ det(lg|). a

In the following corollary, let 2Z, = (¢?), where (, = ¢*™/" generates Z,. If r is odd then
of course 2Z, = Z,, while if r is even then 2Z, = Z, o = {1 = *,¢Z,..., %}

Corollary 1.3.16. Fix w € Z, 1 S, such that w = wT. Let

k = the number of 2-cycles in |w|,
¢ = the number of i € Fix(Jw|) with z,(¢) ¢ 2Z,.
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The character of the subrepresentation of p,, generated by vector C,, € V., is then the sum
Yo Xo over all 8 € &, (n) such that

(i) When r is odd, the partitions 6y, 8y, ..., 6,_; have n — 2k odd columns in total.
(i) When r is even, the partitions 6y, 8,, ..., 8,_» have n — 2k — £ odd columns in total
and the partitions 6y, 6s, ..., 6._; have £ odd columns in total.

Proof. This follows from the preceding theorem after checking that the orbit of w under the
twisted conjugacy action g : w — gwg” contains e; when r is odd and €x,e when riseven. [

This corollary allows us to prove [2, Conjecture 7.1]. Recall the definition given above
of an r-partite partition of n. One obtains an r-partite standard Young tableau of shape
8 € &,(n) by inserting the integers 1,2, .. ., n bijectively into the cells of the Ferrers diagrams
of the partitions 6,8, ...,8,-; so that entries increase along each row and column of each
partition.

The natural subrepresentations considered in the preceding corollary have the following
connection with the generalized Robinson-Schensted correspondence for wreath products
due to Stanton and White [100]. Recall, for example from [97], that the usual Robinson-
Schensted-Knuth (RSK) correspondence is a bijective map

a az -+ Qp RSK
(bl by - b,,)""’(P’Q)

from two-line arrays of lexicographically ordered positive integers to pairs of semistandard
Young tableaux (P, Q) with the same shape. Viewing o € S, as the two-line array with a; = 4
and b; = o(i), this map restricts to a bijection from permutations to pairs of standard Young
tableaux with the same shape. Schiitzenberger proves in [99] that the RSK correspondence
associates to each involution w € Zg, with f fixed points a pair of standard Young tableaux
(P, Q) with P = @ whose common shape has f odd columns.

To define Stanton and White’s colored RSK correspondence for wreath products, fix an
element g € Z, 1 S, and for each j € [0, — 1], let (P;,Q;) be the pair of tableaux obtained
by RSK correspondence applied to the array

i Gy e iy
. . . 1.3.17
( o(i) o(iz) - olis) ) (1.3.17)
where {i; < 4y < --- < i} is the set of i € [n] with 2,(i) = ¢. The colored RSK corre-

spondence is then the bijection from elements of Z, .S, to pairs of r-partite standard Young
tableaux of the same shape defined by

0= (P.@) = (B P P (@0, Gar Qo) )
To begin, we have the following easy corollary of Schiitzenberger’s result.
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Lemma 1.3.17. Fix w € Z, ! S, such that w = w? and suppose w — (P, Q) under the
colored RSK correspondence. Then P = Q and for each j € [0, — 1], the number of odd
columns in the shape of P; is equal to the cardinality of {i € Fix(|w|) : 2,(¢) = ¢}.

Proof. Since w is a symmetric element, we have z,(i) = z,(j) whenever i and j are in the
same cycle of the involution |w| € S,. Therefore each array (1.3.17) corresponds to an invo-
lution in the group of permutations of the set {i1,...,4,}, and it follows by Schiitzenberger’s
result that P = Q and the number of odd columns in the shape of P; is as claimed. O

We can now prove the theorem promised in the introduction.

Theorem 1.3.18. Let X be a set of symmetric elements in Z, ! S,. If the elements of X
span a p,n-invariant subspace of V,,, then the subrepresentation of p., on this space is
equivalent to the multiplicity free sum of all irreducible Z, ! S,-representations whose shapes
are obtained from the elements of X by the colored RSK correspondence.

Remark. Caselli and Fulci prove a similar result concerning the decomposition of a different
Gelfand model for Z,1 S, in [28]. Comparing the preceding theorem with (28, Theorem 1.2]
shows that there exist abstract isomorphisms between various natural subrepresentations of
these two Gelfand models.

The symmetric elements w € Z, ! S, whose underlying permutations |w| € S, have
a fixed number of 2-cycles form a union of twisted conjugacy classes with respect to the
inverse transpose automorphsim, and so they span an invariant subspace of V, ,. Hence, this
result implies [2, Conjecture 7.1].

Proof. 1t suffices to prove the theorem when X = { gwgt 1 g€ Z Sn} is the orbit of some
w € Z.1 S, with wT = w. In this case, it follows by comparing Corollary 1.3.16 and
Lemma 1.3.17 that the colored RSK correspondence defines an injective map from X to
the set of r-partite standard Young tableaux whose shapes index irreducible constituents of
the subrepresentation generated by X. Since the number of such tableaux is equal to the
cardinality of X due to the well-known fact that the number of r-partite standard Young
tableaux of shape @ is equal to xs(1), this map is in fact a bijection, which proves the
theorem. O

We conclude by deriving two additional results which will be useful in the subsequent
work [79]. Assume r is even. We then have two p, ,-invariant subspaces of V,, given by

Vi, = Qspan {C, 1w € Z,1 Sy, w' = w, det(w)/ det(|w|) € 2Z,},

1.3.18
Y, = Q-span {C,:weZ 15, wl = w, det(w)/ det(|wl|) ¢ 2Z,} . ( )

Let X;': » and x;, denote the characters of Z. 1S, corresponding to the subrepresentations of
prn on Vi and V7, respectively.
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Corollary 1.3.19. Let r,n be positive integers with r even. Given § € £2,.(n), define Q(0)

as the sum of the numbers of odd columns in the partitions 6,, 63, ...,6,_;. Then
Xho= > x and x,= >  xe
8e P (n), e F. . (n),
Q) is even Q(8) is odd

Proof. Since det(w)/det(jw]) € 2Z, for a symmetric element w € Z, ! S, if and only if
the union of the disjoint sets {i € Fix(|w|) : z,(i) = ¢} over all odd j € [0, — 1] has even
cardinality, this is immediate from Lemma 1.3.17 and Theorem 1.3.18. O

Suppose p is a positive integer dividing r. Let v : Z,.1 S,, — C denote the linear character
defined by

n r/p
v(g) = (1/)1-/;; ! (n)) (9) = (H zg(i)) for g € Z, 1 S,. (1.3.19)

i=1
Here (n) denotes the trivial partition of n. A straightforward calculation shows that for all
0 € #,.(n) we have

v ® Xo = Xeos where 6] =0;_, s, for i € [0,r — 1] (1.3.20)

where with slight abuse of notation we define 8;_, = 8; for ¢ € [0, — 1]. This observation
leads to the following lemma.

Lemma 1.3.20. Let r,p, n be positive integers with r even and p dividing 7. Then

X, otherwise; ~., Otherwise.

r,n?

—., if nand r/p are odd, _ * ., if n and r/p are odd;
Y® Xin = { o & T®Xrm = {X”" &

rny

Proof. Recall the definition of €2 from Corollary 1.3.19 and let /() for § € £.(n) be the
sum of the numbers of odd columns in the partitions 8y, 62, ...,60,_2. Suppose 7/p is odd;
then (1.3.20) implies that the map x — v ® x exchanges the two sets

{xo:0 € P (n), QOB)isodd} and {xs:0€ L (n), V() is odd}. (1.3.21)

If n is odd, then 8 € Z.(n) has (¥(f) odd if and only if () is even, and it follows
immediately from Corollary 1.3.19 that v ® x;5, = xF,. If n is even, then 6 € Z,.(n) has
Y(6) odd if and only if () is odd, so the two sets in (1.3.21) are the same, and necessarily
Y ® Xin = Xi,- Alternatively, if 7/p is even, then by (1.3.20) the map x — 7 ® x defines a
permutation of the set of irreducible constituents of x;,, so y®x;,, = x#,. Similar arguments
show that ¥ ® x;,, = Xy if n or r/p is even. O
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1.4 Complex reflection groups

We devote the rest of this chapter to the problem of showing how and when the Gelfand
model p, , for G(r,1,n) = Z, 1S, can be extended to the complex reflection groups G(r, p, n).
More generally, we will classify all finite complex reflection groups which have generalized
involution models.

1.4.1 Definitions and notation

Before proceeding we recall a few general facts about complex reflection groups. As men-
tioned at the beginning of this chapter, every finite complex reflection group decomposes
as a direct product of irreducible complex reflection groups. The finite irreducible complex
reflection groups were identified through the work of a number of mathematicians in the
nineteenth and first half of the twentieth century. Shephard and Todd completed this clas-
sification in their seminal paper [92]; a useful modern treatment of this material appears in
[60].

The finite irreducible groups include one infinite family G(r, p,n) and thirty-four excep-
tional groups labeled Gy, ... G37. Presentations for the exceptions as abstract groups appear
in [21]. We can describe the infinite series of groups G(r, p, n) more concretely. Let r,p,n
be positive integers with p dividing r. As a subgroup of GL,(C), the group G(r,p, n) can be
realized as the set of generalized permutation matrices whose nonzero entries are complex
rth roots of unity, such that the product of the nonzero entries in any matrix is an (r/p)th
root of unity. This group acts irreducibly on C* when r > 1 and (r,p,n) # (2,2,2), and on
the codimension 1 subspace of C" consisting of vectors whose coordinates sum to zero when
r=1and n>1.

The wreath product Z,S,, (viewed a group of matrices following the conventions set down
after Corollary 1.3.13) is just G(r, 1,n), and henceforth we refer to elements of G(r,1,n) and
its subgroups G(r, p, n) by the notation (z, 7) exactly as for elements of Z,15,, in Section 1.3.4,
with multiplication again given by (1.3.14). Likewise, every finite Coxeter group is a finite
complex reflection group. The Coxeter groups of type A,, By, D,, G2, and I3(n) appear
within the infinite series as G(1,1,n + 1), G(2,1,n), G(2,2,n), G(6,6,2), and G(n,n,2)
respectively. The remaining finite Coxeter groups of type Hs, Fy, Hy, Eg, E7, and Fg appear
as the exceptional groups Gasz, Gag, G3g, G35, G3s, and Gaz, respectively.

Given an element g = (z,7) € G(r,1,n), we define |g| € S, and z, : [n] — Z, and
7,9F € G(r,1,n) in the same way as for Z, ! S, above, by setting

ol Em @) Em,  §E(-zm), and P EGT = (r(2),7). (141)

We call g7 the transpose of g, and say that g is symmetric if g = g7. After fixing a primitive
rth root of unity (., it makes sense to view each element (z,n) € Z,1S, as the n x n
matrix with ¢* in the position (7 (),7) for i = 1,...,n and zeros in all other positions. If

we identify g with a generalized permutation matrix in this way, then g7 corresponds to the
usual matrix transpose of g, and § is the complex conjugate of g. In particular, the map
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g+ g7 is an anti-automorphism and g — g = (g~!)7 is an automorphism.

There is a homomorphism A : (Z,)* — Z, given by
A=z +z9+ - + T, for z € (Z,)".

This map extends to a homomorphism A : G(r,1,n) — Z. by the formula A(z,7) = A(z)
for € (Z,)" and 7= € S,. Observe that A(g) = A(g7!) = —~A(g) and A(g) = A(g7) for
g € Z.18,. Given positive integers r, p, n, the complex reflection group G(r, p,n) is then the
normal subgroup of G(r,p,n) given by

G(r,p,n) ={g € Z. 1 5, : Alg) € PZ,},

where pZ, denotes the subgroup {0,d,2d,...,r —d} C Z, generated by the greatest common
divisor d = ged(r, p). In particular, if d = r then pZ, = {0}. To avoid redundancy in this
definition, we from now on require that p divide r.

1.4.2 Irreducible characters

To understand the irreducible characters of G(r,p,n) we begin from a more general stand-
point. Throughout, let Irr(G) denote the set of irreducible characters of a finite group G.
Now consider a finite group G with a normal subgroup H such that G/H is cyclic. Let
C = G/H denote the cyclic group of linear characters v of G with kery D H. Then the
tensor product ® defines an action of C' on the irreducible characters of G, and we can say
the following;:

(i) Each irreducible character x of G restricts to a multiplicity free sum of k irreducible
characters of H, where k is the order of the stabilizer subgroup {y € C: vy ® x = x}-
Furthermore, each irreducible character of H is a constituent of some such restriction.

(i) If x,9 are irreducible characters of G, then the following are equivalent:

(a) Res$(x) and Res$ (1) share a common irreducible constituent.

(b) Resf(x) = Res§(y).
(¢) x =7® for some vy € C.

These statements follow from Clifford theory; see [98, Section 6] for proofs.
Specializing to the case at hand, we fix r, p, n with p dividing r and let G = G(r,1,n) and
H = G(r,p,n). Observe that H is a normal subgroup of G whose corresponding quotient
group is cyclic and of order p. The irreducible characters of G are the functions y, for
6 € &, (n) defined by (1.3.16). If v : G — C denotes the linear character given by (1.3.19),
then kerv D H and, since  has order p in the group of linear characters of G, it follows
that C' = (y) = {1,7,7%,...,77"'} in the notation above. In light of (1.3.20), it follows for
i€ [0,p—1] and 0 € £, (n) that v* ® xg = xp if and only if
9_7‘ = 9]'

—irfp = Uj=2ir/p = °** = Vj—(p-1)ir/p
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for all 7. If this holds then Ec—(ﬁp—ﬂ is a nontrivial divisor of both p and n since Z;;Cl, 6] = mn.

Hence, if gcd(p,n) = 1, then v* ® xg # Xp for all 0 < i < p, so by the observations above we
arrive at the following fact.

Observation 1.4.1. If ged(p,n) = 1, then each irreducible character of G(r,p,n) is equal
to the restriction of exactly p distinct irreducible characters of G(r, 1, n).

Concerning the irreducible characters of G(r,p,n), we will make use of one additional
result due to Caselli. The next theorem derives from the combination of {26, Proposition
4.4, Theorem 4.5, and Proposition 4.6].

Theorem 1.4.2 (Caselli [26]). Let r, p,n be positive integers with p dividing . Then

[{wEG(r,p,n) :szw}I < Z P(1)

PYeIer(G(r,p,n))

and we have equality if and only if ged(p,n) < 2.

1.5 Constructions for the infinite series

In this section we describe how one can obtain a generalized involution model for G(r, p,n) in
the cases where this is possible. We have two methods for doing this: by explicitly identifying
the set of linear characters comprising our model, or by giving a Gelfand model of the
particular form appearing in Lemma 1.2.2. We apply the second method when ged(p,n) = 1
and the first when ged(p,n) = n = 2 and r/p is odd. In Section 1.7 we will discover that
G(r,p,n) does not have a generalized involution model in any other cases.

1.5.1 Gelfand models with p and n coprime

Some work has been done on this topic. In [26], Caselli describes a representation for
G(r,p,n) in the complex vector space

Vspm dzef C_Span {C‘*’ HCAS G(r,p,n), wl = w}

which defines a Gelfand model whenever equality obtains in Theorem 1.4.2, i.e., when
ged(p, n) < 2. He calls such complex reflection groups involutory. Caselli’s constructions do
not arise from generalized involution models and require the field of complex numbers for
their definition. The Gelfand models we present coincide with Caselli’s only when r = 1,
and are by contrast rational representations.

To give these, we begin by noting that the Gelfand model p, , for G(r, 1,n) restricts to
a representation of G(r,p,n) for any p dividing r, and that one obvious subrepresentation
of this restriction poses a natural candidate for a Gelfand model. Specifically, if we define
Vrpa C Vrn as the subspace

Vrpn = Q-span {C,, : w € G(r,p,n), wl = w}
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then since G(r,p,n) is closed under taking transposes—as defined by (1.4.1)—the map p, 5, :
G(r,p,n) = GL(V;pn) given by

pr,p,n(g)Cw = Signr,n(ga w) : nggTv for g,w € G(T7 y n) with wT = w

is automatically a well-defined G(r, p,n)-representation. The following theorem says exactly
when this representation is a Gelfand model.

Theorem 1.5.1. Let r, p,n be positive integers with p dividing ». Then the representation
Prpn 18 & Gelfand model for G(r,p,n) if and only if ged(p,n) =1 and p or 7/p is odd.

Proof. Let G = G(r,1,n) and H = G(r,p,n). By Theorem 1.4.2, p, ,, can only be a Gelfand
model for H if ged(p, n) = 1 or 2, so we only consider those cases. View V,, as a G-module by
defining gC,, = prn(9)C., for g € G, and for any i € Z,, let V,,(7) denote the H-submodule

V(i) = Qspan {C, :w € G, W' =w, A(w) —i € pZ,}.

Observe that V, ;. = V,,(0) and that V., = V.o (0) @V, (1) B --- @ V. u(p— 1).
Suppose ged(p,n) = 1, and let ¢ € G denote the central element

c=(11,...,1),1) G  sothat ¢ =((4,4,...,i),1). (1.5.1)

Observe that V,,(2ni + j) = ¢V, ,(j) and so V,,(j) = V,,(2ni + j) as H-modules since
c* is central. Consequently, if p is odd then ged(p, 2n) = 1 and the H-modules V,,(i) are
all isomorphic, since as i ranges over 0,1,...,p — 1 € Z,, the elements 2ni represent every
coset, of pZ, in Z,. In this case, it follows that an irreducible H-module i/ is a constituent of
Vepn = Vra(0) with multiplicity m if and only if ¢ is a constituent of V,,, with multiplicity
pm. Therefore if p is odd then p,,, is a Gelfand model for H since ged(p,n) = 1 implies that
each irreducible H-module appears as a constituent of V, ,, with multiplicity p by Observation
1.4.1.

Suppose alternatively that ged(p,n) = 1 but p is even, so that n is odd. Then by the
same considerations the H-modules V/, and V;, defined by (1.3.18) are isomorphic to p/2
copies of V,,(0) and V,,(1), respectively. Since every irreducible H-module is isomorphic
to a constituent of V., with multiplicity p as ged(p,n) = 1, it follows that every irreducible
H-module is isomorphic to a constituent of V,,, = V;,(0) with multiplicity one if and only
if V1, =2 V7, as H-modules. We claim that this holds if and only if 7/p is odd.

To show this, observe that V}, =V, as H-modules if and only if v ® x{,, = x;,, where
«v is the character defined by (1.3.19). The “if” direction of this statement is immediate since
-y restricts to the trivial character of H, and the other direction follows from Lemma 1.3.20,
since if v ® X;t n 7 Xrm then v ® Xrn = Xrn Which implies that no irreducible constituent of
the nonzero H-module V,, appears as a constituent of V. Since n is odd, Lemma 1.3.20
implies that v ® xj: n = Xon if and only if r/p is odd, which proves our claim. Thus if
ged(p,n) =1 then prp, is a Gelfand model for H if and only if p or r/p is odd.

To complete the proof, suppose ged(p,n) = 2 so that n and p are both even. Then r is
even and it follows from Lemma 1.3.20 that y®Xx;,, = X;.,- Hence any irreducible constituent

49



of the nonzero H-module V7, does not appear as a constituent of V1, or in the submodule

™n?

Vipn = Ven(0), 50 pppn cannot be a Gelfand model for H. a

Suppose ged(p,n) = 1 but both p and 7/p are even. Then while Theorem 1.5.1 does
not hold, by modifying our construction slightly we can still produce a Gelfand model for
G(r,p,n) in V,pn. In this case, for every w € G(r,p,n) exactly one of the containments

A(w) € 2pZ, or A(w) — p € 2pZ, holds. Thus, we may define B(g,w) for two elements
g,w € G(r,p,n) as the subset of [n] given by

~ I ~2,(1) is odd and 2,(3) + k € [r/2,7 — 1]
Blg,w) = {Z € Fix(lul) : for the k€ [0,7/2 — 1] with 2k + 1 = zw(z')}

when A(w) € 2pZ,, and by

B(g,w) = {z € Fix(|wl)

~ 2,(4) iseven and z,(3) + k € [r/2,r — 1]
" for the k € [0,7/2 — 1] with 2k = z,()

when A(w) ¢ 2pZ,. Let prpn 2 G(r,p,n) — GL(V,, ) be the map given by
Prpn(9)C0 = 818051 (9,w) - Cougr,  for g,w € G(r,p,n) with o™ = w

where . B
sign, , o (g, w) = (=1)IBlewl . (_1)Hnv(lghnPaiz(ju)
for g,w € G(r,1,n). We then have the following result.

Theorem 1.5.2. Let r, p,n be positive integers with p dividing r. If ged(p,n) =1 but r/p
and p are both even, then p,, . is a Gelfand model for G(r,p,n).

In the following proof, it is helpful to note that if ¢ € G(r,1,n) is the central element
defined by (1.5.1), then

sign, ,(9,w) - Cpugr  if A(w) € 2pZ,,

Sigh, (9 W) =
e r,p’n(g W) { signr,n(g’wc) . CQWQT lf A(LU) -p = QPZT

Given this observation, one can check without difficulty that p,,, is a well-defined represen-
tation when p and r/p are both even, using the fact that p, ,, is a representation and that
A(gwg™) — A(w) = 2A(g) € 2pZ, for all g,w € G(r,p, n).

Proof. Again let G = G(r,1,n) and H = G(r,p,n), and view V,, as a G-module as in the
proof of Theorem 1.5.1. Since 2p divides r, V;, decomposes into a direct sum of 2p distinct
H-submodules as V,n = V,2(0) ® V,n(1) ® -+ - ® V,n(2p — 1) where

V,.n(i) = Q-span {Co:wel v =w, Alw)—i€2pZ,}.
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Defining ¢ € G by (1.5.1), we again have 177,,1(2111' +j) = cigr,n(j) for all 4,5 € Z,, so since
ged(2p,n) = 1 as p is even, the H-modules V), and V7, defined by (1.3.18) are isomorphic
to p copies of V, ,(0) and V, (1), respectively. Since § ® Vi, =V by Lemma 1.3.20, the
H-modules V1, and V7, do not share any irreducible constituents. Therefore, since each
irreducible H-module appears as a constituent of V,, with multiplicity p by Observation
1.4.1, it follows that each irreducible H-module appears as a constituent of V, ,(0) @ Vy..(1)
with multiplicity one.
If we view V,,, as an H-module by defining gC, = p,,n(9)C,, for g € H, then Vrpn

decomposes into H-submodules as V,,, = Vy ® V| where

Vo = Q-span{C,, : A(w) € 2pZ,} and Vi = Q-span{C,, : A(w) — p € 2pZ, }.

By definition V, = ~,n(0) and the linear map V; — Vrn(p + n) defined on basis elements

by C, + C,. is an isomorphism of H-modules. Since n is odd, Vm(p +n) Vm(l) as
H-modules, and so we conclude that p,,, is a Gelfand model. o

Since in the notation of the previous section V,,, is precisely the vector space Ve, with
K=Q, G =G(r,p,n), and 7 € Aut(G) the inverse transpose automorphism 7 : g — g, we
are afforded the following corollary by Lemma 1.2.2.

Corollary 1.5.3. Let r,p,n be positive integers such that p divides . Then G(r,p,n) has
a generalized involution model with respect to the inverse transpose automorphism g—qif

ged(p,n) = 1.

One can form a generalized involution model for G = G(r,p,n) by choosing a set of
representatives {w} for the T-twisted conjugacy classes in Zg,r, and then taking the linear
characters A : CGT(w) Q defined as the coefficients in Q such that p(g)C,, = A(g)C,, for
those g € G with gwg” = w, where p is our Gelfand model.

1.5.2 Models in rank two

We can only expect to be able to construct a generalized involution model for G(r,p,n)
when ged(p,n) < 2, and we will in fact be unable to do so when ged(p,n) = 2 in most cases.
Here we deal with the one exception to this rule, occurring when n = 2 and r/p is odd. In
contrast to the previous section, here we produce the generalized involution model directly.

Throughout this section, fix positive even integers r, p with p dividing  such that T/p is
odd. We write G = G(r,p,2) and let 7 € Aut(G) denote the inverse transpose automorphism
7 : g — g. Of immediate relevance is the following consequence of Theorem 1.2.1.

Lemma 1.5.4. Let g = ((e,b),7) € G, so that a,b € Z, such that a + b € pZ, and 7 € Ss.
Then
(r*+2r)/p fa=b=0and 7 =1,
Z Y(g) =1 2r/p ifa=-b€2Z,\ {0} and 7 =1, (1.5.2)
Y€lm(G) 0 otherwise.
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Proof. By Theorems 1.2.1 and 1.4.2, it suffices to show that the right-hand side is equal
to the number of w € G with w-"w = g. Let w = ((z,9),0) € G; then (z,y) € (Z.)?
can assume r2/p distinct values. If ¢ = 1 then w-"w = ((0,0),1) while if o 7# 1 then
w-Tw= ((y — z,z —y),1). As there are 2r/p choices of (z,y) € (Z,)? such that z +y € pZ,
and z —y = b if a,b € 2Z, and zero choices if a,b ¢ 2Z,, the lemma follows. O

Let s; € S, denote the simple reflection s; = (1,2). One checks that the elements

wi=((0,0,1), w=((1,-1),1), ws=((0,0,5)  wi=((p/2,p/2);51)

represent the distinct 7-twisted conjugacy classes in Zg r, and that

Car(wi) = {(0,1),((3%),1),00,51),((5,5)51) } 2 S2 x 5>
and
Cer(w2) = {(0,1),((5,5),1),((-1,1),5), (F - 1,5+ 1),51) } =82 x 52

and
Cs.-(w3) = Cor(ws) = G(r,1,2).

Define linear characters A; : Cg - (w;) — Q by

| (0,01 (3,51 (=L,1.s) (G-L5+1),s)
Xa| 1 -1 -1 1

and
M) =1, Alg) =sen(lg),  Malg) =sen(lgl) - (=1)*.

In the definition of A, we are of course viewing z,(1) € Z, as an integer in [0,7 — 1]; the
given formula only makes sense because n = 2.
‘We now have the following result.

Proposition 1.5.5. Let r, p be even positive integers with p dividing r, such that r/p is odd.
Then the linear characters \; : Cg(w;) — Q for 1 <1 < 4 form a generalized involution
model for G = G(r,p, 2).

Proof. If we define h;; = ((ip + j,—7),1) € G for i,j € Z, and let

Ci=Cy={h;;:i€[0,7/p—-1], j€[0,7/2 1]}, so that |G| = [Ce| = r*/(2p)
C3=Cs= {hzo 11 € [O,T/p - 1]}, so that |C3l = IC4| = T/p

then each C; forms a set of left coset representatives of Cg,-(w;) in G. Let g = ((a,b),7) € G
denote an arbitrary element of G with a,b € Z,, © € Sz and a + b € pZ,. Observe that

P Y1 — ((a’vb)al)7 if?T"-:l,
hz] g (hz]) _{ ((a—ip—?j,b+ip+2j),81), lfﬂ'?él
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Write A; = Indgc .(w)(As). Using the preceding observation with the Frobenius formula for
induced characters, it is not difficult to check that:

(i) If a +b7# 0 then Aj(g) =0for 1 <i<4.

(ii) f a+b=0and 7 =1 then

Mgy = { 5/ BT b e OB g =,

otherwise,

r?/(2p), ifa=b=0 :
3 . ? r/p, if a € QZr,
A2(g) = —'7’2/(21))7 1fa_—=b=7'/2, A4(g) = { _/f/p ifa ¢ 27,
0, otherwise, ’ "

(iii) Ifa+ b =0 and m # 1 then

2r/p, if a € 2Z, and r/2 is even,
Ai(g) =14 O, if a ¢ 2Z, and r/2 is even, As(g) = —r/p,
r/p, ifr/2isodd,

0, if 7/2 is even,
A2(g) =< r/p, ifa€2Z, andr/2is odd, Ay(g) = {
—r/p, ifa ¢ 2Z, and r/2 is odd,

—r/p, ifa€2Z,,
r/p, ifa¢2Z,.

In turn, these formulas imply that (A; + A2 + Az + A4) (g) is precisely equal to the right-
hand side of (1.5.2), which completes our proof. 0

1.6 Automorphisms for the infinite series

To prove that the groups G(r,p,n) do not have generalized involution models other than
in the situations addressed by the previous section, we require some understanding of these
groups’ automorphisms. In particular, we require a sufficiently explicit description of the
elements of Aut (G(r,p,n)) to be able to deduce precisely which automorphisms can satisfy
the conditions of Theorem 1.2.1.

Marin and Michel provide in [84] several useful general results concerning the structure
of Aut(G) when G is any finite complex reflection group. In particular, they prove that
when G is an irreducible complex reflection group not equal to the symmetric group Sg, each
automorphism of G is the composition of an automorphism which preserves the pseudo-
reflections in G and a “central automorphism,” by which we mean a map 7 such that 7g-¢g~!
is always central. Letting V denote the vector space on which G acts irreducibly, Marin
and Michel describe how each reflection-preserving automorphism can be interpreted as
the composition of an automorphism induced from the normalizer of G in GL(V) and an
automorphism induced from the Galois group of K over @, where K is the field of definition,
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i.e., the extension of Q generated by the traces of elements of G. They further discuss how
to construct central automorphisms from the linear characters of G.

Marin and Michel’s paper does not go as far as to actually write down the definitions of
all the automorphisms in a very accessible fashion. Shi and Wang in the article [93] do write
down explicit formulas, but only for the subgroup of reflection-preserving automorphisms
of G(r,p,n). From elementary considerations and without too much difficulty, one can
give a complete and explicit description of Aut (G(r,p,n)), and we provide this here for
completeness. It is possible to glean many of these results from Shi and Wang’s classification
(93] and Marin and Michel’s work [84]. The content of this section is, as such, to produce
from a short, self-contained argument actual formulas for all the automorphisms of G(r, p,n)
which we can use to classify their generalized involution models.

In what follows, we denote by Inn(G) the group of inner automorphisms of a group G;
by Out(G) the quotient group Aut(G)/Inn(G); and by Z(G) the center of G. Fix positive
integers 7, p, n with p dividing 7. Let ¢; = (0,...,0,1,0,...,0) € (Z,)" denote the standard
vector in the obvious free basis of (Z,)" over Z,, and define elements s;, s}, s € G(r,7,n) and
t,c€ G(r,1,n) by

8, =(0,(4,i+1)) fori=1,...,n—1,

s =(e; —ei41,(3,i+ 1)) fori=1,...,n—1,

s=(e; —eg1), (1.6.1)

t= (61, 1) ’

c=(er+es+---+e,1).
Note that the elements s}, s, are only defined for + > 2 and n > 2, and that s} = s;3. Also,
observe that each s; and s has order 2 while s, ¢, ¢ all have order r. In particular when
r=1wehave s=t=c=1.

The group G(r,p,n) is generated by s}, 81, ..., Sn—1, P Or by 81, ..., Sp-1, S, tP; we can
omit from these lists s} and s if p = 1 and #* if p = . Broué, Malle, and Rouquier [21] give
presentations for G(r, p,n), as well as for the exceptional groups G;, using the former set of
generators; however, the latter set will be more convenient in many of our definitions.

For each integer j we note that

d=4. (sltjsl) . (5231tj3132) e (Sn—1 - 898178189 - sn_l) € Z(G(r,p,n)). (1.6.2)

The center of G(r,p,n) almost always lies in the subgroup of G(r,1,n) generated by ¢, as
we note for later use in the following basic lemma.

Lemma 1.6.1. Let 7, p,n be integers with p dividing r. If d = gcd(p, n) then
(Z,)" N Z (G(r,p,n)) ={P*: j € [0,dr/p—1]}.

This subgroup is equal to the center of G(r,p,n) unless (r,p,n) is (1,1,2) or (2,2,2), in
which case G(r,p,n) is abelian.

Proof. We leave this easy exercise to the reader. O
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To make our notation less cumbersome, we set
C(r,p,n) = (Z,)" N Z (G(r,p,n)).

The following definition in some sense names all nontrivial outer automorphisms of G (r,p,n).
Given j,k € Z and z € C(r,1,n), let ez, : G(r,1,n) — G(r,1,n) be the map

ks o (T, 7) = DA E G 1), for x € (Z,.)", w € S,,. (1.6.3)

We recall that A : (Z,)* — Z, is the homomorphism A(z) = ©; + 2 + ...ZTs. In our

superscripts we naturally identify Z, with the integers [0,7 — 1] and view Z, as a Z-module.

Since ¢ has order r, this is well defined. Also, ¢ : S, — Zso denotes the usual length function,

defined as the minimum number of factors needed to write a permutation as a product of

the simple transpositions s;, or equivalently the cardinality of a permutation’s inversion set.
The map ;. has the following effect on our generators:

8 > 284, ;v zsi(s;sl) 71, s 8, t — 7, ¢ Itk
Observe that a;; is the identity and a_; g is the inverse transpose automorphism g — g.
The map a; ; is often but not always an automorphism, as we see in the following lemma.

Lemma 1.6.2. Let r, p, n be positive integers with p dividing r. If j, k € Z and z € C(r,1,n),
then the map a4 . restricts to an automorphism of G(r, p,n) if and only if

ged (g, 7) = ged(j + nk,r/p) =1 and z € C(r,p,n) and 2% = 1. (1.6.4)

Proof. Assume a;y . restricts to an automorphism of G(r,p,n). The image zs; of s; then
has order two and belongs to G(r,p,n), so 2> =1 and z = zs; - 5; € G(r,p,n), which implies
z € C(r,p,n) since z € C(r,1,n). Likewise, the image s/ of s has order r so ged(j,r) =1,
and the image c?9+%) of ¢? has order r/p so ged(j + nk,r/p) = 1.

Conversely, suppose (1.6.4) holds. Since ¢® € G(r,p,n) and A(jz) = j - A(z), it follows
that ajk. maps G(r,p,n) into itself. One easily checks that o, is a homomorphism
using the following observations: ¢,z are central; if 7,0 € S, then £(r) + £(0) — {(n0)
is even; and A(o(z)) = A(z) for all z € (Z,)" and ¢ € S,. It remains only to show
that a;x, : G(r,p,n) — G(r,p,n) is bijective, and for this it suffices to show that Qjj» 18
surjective.

To prove this, we first observe that z is either the identity or the element ¢*/2 when r is
even and nr/2 is a multiple of p. Assume this latter case occurs; since A (gel 4o+ gen) =
nr/2 we then have ;i .(z) = U™ )/2 If r /p is even then ged(j + nk, r/p) = 1 implies that
J +nkis odd. If r/p is odd then p is even and r/2 is an odd multiple of p/2, so n must
be even in order for nr/2 to be a multiple of p. Since r is even and ged(j,r) = 1, j is odd,
so again j + nk is odd. Hence clU+™)7/2 — /2 = ; and we conclude that in either case
ajk.(2) = 2.

Given this observation, it follows that a;y .(2s;) = s; for all 4. Furthermore, if j’ is an

95



integer such that 55’ = 1 (mod ), then a;x.(s7) = s. Finally, if ¥’ is an integer such that
(4 +nk)k' = —j'k (mod r/p), then

aj,k,z (Cpk,tpjl) — Cp(]+nk)k, . Cp]’ktpjjl _ tp.

Since there exist such integers j', k’ by assumption and since sy, . . . Sp—1, 5, ¥ generate G(r,p, n),
it follows that our map is surjective and hence an automorphism. O

Given g € G(r,1,n), let Ad(g) : z — gzg~' denote the corresponding inner automor-
phism. Each such Ad(g) of course restricts to an automorphism of the normal subgroup
G(r,p,n), and with slight abuse of notation we regard Ad(g) for g € G(r,1,n) as an element
of Aut (G (r,p,n)). The following lemma gives a useful characterization of which maps Ad(g)
restrict to elements of Inn (G(r, p, n)).

Lemma 1.6.3. Let r, p,n be positive integers with p dividing r. If g € G(r,1,n), then the
following are equivalent:

(i) Ad(g) restricts to an inner automorphism of G(r,p, n).
(i) Ad(g)(w) is conjugate to  in G(r,p,n) for all w € S,.
(iii) A(g) € dZ, where d = ged(p, n).

Proof The lemma is trivially true if n = 1 so assume n > 2. Clearly (i) implies (ii), so
assume (i) holds. Choose a € [0,p — 1] such that g = ¢'t* for some ¢’ € G(r,p,n) and let
7 =(1,2,--- n)~! € S,.. Then (ii) implies

Ad(t*)(r) = (—aey + aep, 7)) = (z,0)m(z, o)™
for some (z,0) € G(r, p,n). Conjugating both sides of this equation by o1 gives

(—ae,—l(l) -+ aea-l(z), 0_17F0') = ((CL’n - 21}1)61 + (.’L‘] - 1I2)62 + -+ (In—l - :cn)en,r) .
(1.6.5)
Since Cg, (7) = (r), we must have ¢ = n*~2 for some i € [n]. In this case o~1(2) = i and
o~1(1) = i — 1 or n, and so if we make the abusive definition z;_, = z; for j € [n], then
equation (1.6.5) implies

def
i1 —Ti—=4a, Lo — Ti—1 = —Q, and Ti_g =Tj_g =" =ZTj—n — be Z,-.

From these identities, one computes a+bn = z;+22+ - -+, € pZ,, so we have A(g)+bn =
A(g') +a+bn € pZ, C dZ,. Since bn € dZ,, (iii) follows.

Finally assume (iii) holds. Then since d = ip + jn for some i,j € Z, it follows that
(viewing Z, as a Z-module) A(g) — kn € pZ, for some k € Z in which case gc € G(r,p,n).
Since c is central, we have Ad(g) = Ad(gc™*) which gives (i). O
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In almost all cases every automorphism of G(r, p, n) arises by composing Ad(g) for some
g € G(r,1,n) with some c;x .. To make this precise, we first require the next lemma.

Lemma 1.6.4. Let r, p, n be positive integers with p dividing . Then every automorphism of
G(r,p, n) which preserves the normal subgroup (Z,)" NG(r,p,n) = {9 € G(r,p,n) : |g| = 1}
is of the form

Ad(g) o .z, for some g € G(r,1,n) and j, &, z as in (1.6.4),
unless (r,p,n) is (1,1, 6).

The following elementary proof uses many of the same arguments as the proof of [84,
Proposition 4.1], which describes a related but less specific result.

Proof. Let G = G(r,p,n) and N = (Z,)* N G, so that G = N x S,. For the present
we assume n # 6. Fix v € Aut(G) and suppose v(N) = N. If proj : G — S, denotes
the homomorphism (z,7) — =, then it follows that map « — proj o v(0,#) is an inner
automorphism of S, and so v = Ad(w) o ¢/ for some w € S, and some v/ € Aut(G) with

V'(s;) = (zip€1 + -+ - + Tinen, (1,1 + 1)) for some choice of z; ; € Z, (1.6.6)
for i = 1,...,n — 1. Since s> = 1 we must have z;; = —z;;41 and 2z;; = 0 for j ¢
{#,7+ 1}. Since s; and s; commute for 7 > 2, inspection of the equal expressions v/(s;) and
v'(s;)v'(s1)V'(s;) shows that 2153 = x4 = - -+ = x1,,. Therefore

V' (81) = zs%sy, for some a; € Z, and some z € C(r,p,n) with 2% = 1.

The conjugacy class of zs% s, consists of elements of the form z (ae; — aej, (4, 7)) for a € Z,
and 1 <i < j < n. The element ¢/(s;) must be of this form, as well of the form (1.6.6), so we
conclude that v/(s;) = z (a;e; — aseiqa, (i, + 1)) for some a; € Z, foreachi=1,...,n— 1.
Once can check that if

Y= <Z?=1 > i Gjeis 1) € G(r,1,n) then gy~ 1-v/(s;) -y = 2zs; for all 4,

and so v = Ad(wy) o v” where v” € Aut(G) has v”(s;) = zs; for all i. Since N is normal in
G(r,1,n), it follows that v”(N) = N.

Since s and ¢ commute with s; for j > 2 and 7 > 1 respectively, and since syss; = s~
it follows that we can write

1
’

V'(s) = 2's? and V() = 2"¥7, for some j,j € Z, and 2/, 2" € C(r,p,n) with (z/)* = 1.

If n = 2 then it follows that either 2’ = 1 or 2’ = s™/2, and so in this case we lose no generality
by assuming 2’ = 1. If n > 2, then since s157 = (s25752) 7 51(5257s2), we have

22’8187 = 0" (818) = '((82882) "Ls1(52882)) = 28187

57



so 2’ = 1 automatically. Hence v"(s) = s? for some j € Z,. Since s = tPs1t7Ps;, we obtain
(pjey — pjeg, 1) = V"'(sP) = V" (tP) - zsy - V()" - 281 = (pj'er — pjles, 1).

Therefore t?J = t#7’ so we can assume j' = j. Since t” has order r/p, the central element 2"
must be of the form ¢ for some integer k, and so v"(t?) = P¥tP/. But now v" agrees with
the map «; . on the generators sy,..., s,-1,s,%", and so we conclude by Proposition 1.6.2
that v = a;,. Thus v = Ad(wy) o a; k. as desired.

To finish our proof we must treat the case n = 6 and r > 1. In this situation, N is
a characteristic subgroup by [84, Lemma 4.2] and so the map n — proj o v(0,7) again
induces an automorphism of S,. Our desired conclusion will follow if we can show that this
automorphism is inner, since then we can invoke all of the preceding arguments. This is
shown in the last paragraph of the proof of [84, Proposition 4.1]. O

Barring a finite number of cases, the subgroup (Z,)*NG(r,p, n) is typically characteristic
and so every automorphism of G(r,p,n) is of the form given in the lemma. To account for
the possible exceptions, we define additional automorphisms 7, p,n,7;,,,, € Aut (G(r, p, n))
on generators by

. . 2 .
) ; T222:81— 8 Nag2: 81—t 73,33 - 81 > S2
2,12 51 ’ ’ ’
t 31)—)31 SIHSI S2F—)Sl
51 ’ 2 ’ ’
S+ 5 1% — sy 8, 81

771,1,6 D8 — (1, 2)(3, 4)(5, 6)
Thag : 51+ 81 sy — (1,5)(2,3)(4,6)
So > 8o

89 > So S3 — (17 2)(3’ 6)(475)
s sa > (1,5)(2,6)(3,4)
ss — (1,2)(3,5)(4,6)
and in all other cases 7.,n, = 1 and 7}, = 1. Thus 7, is the identity unless (r,p,n) =
(3,3,3).

Many of these automorphisms are well known: for example, 77212 and 722 4 are the graph
automorphisms 2By and 3Dy, and 7,6 is the outer automorphism of Sg. The automor-
phisms 7422 and 7333, 7333 and 7294 derive from normal embeddings of G(4,2,2) < G
and G(3,3,3) < Gy and G(2,2,4) < Gag in exceptional groups. For more information on
the structure of this embedding, see [20, Proposition 3.13] or [84, Section 3.

. !
2,24 - S1 1 &

517 5 ,
81H$3

Theorem 1.6.5. Let , p, n be positive integers with p dividing r. Then every automorphism
of G(r,p,n) is of the form

(nr,P,n)il ° (”7;‘,;7,71.)1:2 ° Ad(g) 0 Qjk,z

for some g € G(r,1,n), i1,%2, 7,k € Z, and z € C(r,p,n).
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Remark. Of course, by Lemma 1.6.2 the given expression is an automorphism of G(r, p,n)
if and only if ged(j,r) = ged(j + nk,7/p) = 1 and 2* = 1. Note, furthermore, that 7,,, =
Mom = 1if (r,p,n) is not (2,1,2), (2,2,2), (4,2,2), (3,3,3), (2,2,4), or (1,1,6). In these
cases, it is easy to see that the reflection-preserving automorphisms of G(r, p, n) are precisely
the maps of the form Ad(g) o a1, as predicted by [93, Theorem 7.1].

Proof. One can check directly that the theorem holds if (r,p,n) is (2,1,2), (2,2,2), (4,2,2),
(3,3,3), (2,2,4), or (1,1,6); we have done so using the computer algebra system GAP. If
(r,p, n) is not one of these exceptions, then by [84, Lemma 4.2] the subgroup (Z,)"NG(r, p,n)
is characteristic, and hence preserved by Aut(G), in which case the theorem follows imme-
diately from Lemma 1.6.4. O

We can be a little more specific about the uniqueness of the decomposition given in the
theorem, and this will allow us to give a formula for the order of Aut (G(r,p,n)). Given
integers j, k and z € C(r,1,n), we adopt the shorthand

B; o ajo,1 ¢ (z,7) — (jz, ) and Vk,z o Okt (T,7) — Ze(”)CA(I)‘k(x,W)-

One checks that

BioBy = Bijry,  MezO et =Yz,  a0d B0y, =Y. 0 B = ks

where k" = k + k' + nkk’. Since in this notation ag11 = B1 = Y, all equal the identity
automorphism of G(r,p,n), it follows that the sets

BE {§:ged(j,r) =1} and  C¥ {y, : ged(l4nk,r/p) = 1, 2 € C(r,p,n), 2* = 1}

are subgroups of Aut (G(r, p,n)). Define additionally the subgroups

def ’ ef
XZ (pmThpm)  and  AE {Ad(g) : g € G(r, 1,n)}

of Aut (G(r,p,n)). Using the previous result, we have the following.
Proposition 1.6.6. Let r,p, n be positive integers with p dividing r. Then
(i) Aut(G(r,p,n)) = XABC and XA is a normal subgroup of Aut (G(r,p,n)).
(ii) a. Ifn=1then B=C,andifn>1then BNC = {1}.

b. We have AN BC = {{aj’k’z (0, k) €{(-1,1),(1,0)}} ifn=2
{1} ifn#2.

A if(rp,n)=(3,3,3)
{1} if (r,p,n) # (3,3,3).

(iii) If n > 2 then Aut (G(r,p,n)) = (XA » B) x C.

¢. We have X N ABC = {
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This result is closely related to [84, Proposition 4.1}, which asserts that any automorphism
of G(r,p,n) is the composition of an automorphism which preserves the pseudo-reflections
in G(r,p,n) and a central automorphism. The subgroup C C Aut (G(r,p,n)) is the set of
central automorphisms of G(r, p,n) and X AB C Aut (G(r,p,n)) is the subgroup of automor-
phisms which preserve the reflections. Furthermore, if we view G(r,p,n) as a subgroup of
GL(C"™) whose elements are generalized permutation matrices, then the subgroup X A con-
sists of all automorphisms induced from elements of the normalizer of G(r,p,n) in GL(C").
The subgroup B likewise consists of all automorphisms induced from elements of the Galois

group of Q(¢,) over Q.

Proof. To prove the first half of (i), one checks that BC is precisely the set of all automor-
phisms of G(r,p,n) of the form a; .; hence, by the preceding theorem Aut (G(r,p,n)) =
X ABC. One can check the remaining assertions in the finite number of cases when X # {1}
directly, by hand or with a computer algebra system. Therefore assume X = {1}.

To show A <1 Aut (G(r, p,n)) we observe that if g = (y,w) € G(r,1,n) then a4 .0Ad(g)o
a;-:,i’z = Ad(¢’) where ¢ = (jy,w). Our description of BN C' is trivially verified. Suppose
n = 2 and z € C(r,p,n) has 2? = 1. We have two cases: either z =1 or z = (%_;-el + Zes, 1),
the latter of which can only occur if 7 is even. One checks that a_; 1, = Ad(g) for g = s, if
z =1 and for g = (}e1,(1,2)) if 2z # 1. Likewise, 7o, is the identity if z = 1 and Ad(g) for
g= (%el, 1) if z # 1. Since n = 2 we have

a Ad(g)(s) =s Ad(g)(s) = s7"
Ad(g)(s1) = s%sy for some a € Z and (Ad(g) () = 17 or Ad(g) () = c"t"p)
and it follows that only elements of the form a;, with (j,k) = (1,0) or (—1,1) can be
contained in A N BC, which proves (ii).

If n = 1then A = {1}. Suppose n > 2 and Ad(g) = o, for some g = (y,7) €
G(r,1,n) and j, k, 2. This implies monr~! = ¢ for all ¢ € S, so 7w = 1 since Z(S,) is trivial.
Consequently Ad(g) fixes both s and ¢ so we must have j = 1 and k¥ = 0. Furthermore,
Ad(g)(s;) = s¥*7¥25; so we must have y; = y2 and z = 1 since n > 2. Therefore a;x. =1 so
AN BC = {1}. Since each element in C' commutes with all elements of A and B, part (iii)
now follows from (i) and (ii). a

From this proposition we are now able to derive a formula for the order of the auto-
morphism group of G(r,p,n). Here ¢(x) denotes Euler’s totient function, which we recall is
defined as the number of positive integers y < z with ged(z,y) = 1.

Corollary 1.6.7. Let r, p, n be positive integers with p dividing . Assume n > 1 and write
e for the greatest divisor of 7/p with gcd(e,n) = 1. Then
Crpn n
o |Aut(G(r,p,n))| = 755 - 4(r) - d(e)/e-nl-7"/p

T’p’“

o [Out (G(r,p,n)) | = crpn - (r) - dle)/e-7/p- ged(p,n)
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i IZ (G(Tv p7n)) ! = c:-,p,n : T/p : ng(pv n)

where
C112 = 1, C222= 3, C212 = 1, Cq22 = 3/27
c333 =4, c224=6, C16 = 2,
7 — 7 —
€112~ 2, Copo =2,

and in all other cases

1/2  ifn=2,

1 if 7 is odd and n > 2, d / 1
= an C = 1.
Crpm if p is even but r/p and n > 2 are odd, e

2 otherwise,
Remark. If n = 1 then G(r,p,n) = Z,, so |Aut (G(r, p,n)) | = |Out (G(r,p,n))| = ¢(r/p).

Proof. The formula for the order of the center of G = G(r,p,n) follows immediately from
Lemma 1.6.1, so it suffices to prove our formula for |Aut(G)|. If (r,p,n) is one of the
exceptional cases (1,1,2), (2,2,2), (2,1,2), (4,2,2), (3,3,3), (2,2,4), or (1,1,6), then our
formula asserts that |Aut(G)] is 1, 6, 8, 48, 432, 1152, or 1440, respectively. One easily
checks that these orders are correct: all but two of the exceptions are Weyl groups whose
automorphisms are well known (e.g., see [9]), and one can compute the outer automorphisms
of G(4,2,2) and G(3,3,3) by hand or with a computer.

Assuming (r, p,n) is not one of these exceptions, we have |A| = |G(r,1,n)|/|C(r,1,n)| =
n!-r"~! by Lemma 1.6.1 and |B| = ¢(r). To compute |C|, we note that v , = v » if and
only if kK = k’ {mod r/p) and z = 2’. Thus the elements of C are in bijection with all choices
of k € [0,7/p—1] and z € C(r,p,n) such that ged(1 + nk,r/p) = 1 and 2% = 1. To satisfy
these conditions, the central element z must be the identity if r is odd, or if r is even but
nr/2 is not a multiple of p, which occurs if and only if p is even but r/p and n are odd.
In all other cases, z can be either 1 or ¢’/2. Additionally, since 1 + nk is coprime to r/p if
and only if 1 + nk is coprime to e, it follows that there are ¢{e) - (r/p)/e possible choices of
k € [0,7/p — 1] with ged(1 4+ nk,7/p) = 1. Thus |C| =G, pn - ¢(e)/e - r/p where

- 1, if 7 is odd, or if p is even but r/p and n are odd,
Crpn = .
2, otherwise.

Asn > 1 and X = {1}, by the preceding proposition we thus have

AIBIC]  Fpm n
ANBCIENC] ~ AnBg] 90 dle)/e-nl-r"/p.

|Aut(G)] =

If n > 2, then |AN BC| =1 and if n = 2 then it follows from part (ii) of Proposition
1.6.6 that |A N BC| = 2¢,pn, so in both cases we obtain C.pn/|AN BC| = ¢rpn/Cpn 88
desired. O
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1.7 First main theorem

In this section we complement the results of Section 1.5 by proving that G(r,p,n) does not
have a generalized involution model if ged(p,n) > 2, unless ged(p,n) = n = 2 and r/p is
odd. Combining this with a computer assisted investigation of the exceptional groups, we
will be able to completely determine which finite complex reflection groups have generalized
involution models.

1.7.1 Reductions

We begin by observing that finding all generalized involution models of a group often is
equivalent to classifying the generalized involution models defined with respect to a single,
fixed automorphism. Say that an automorphism 7 € Aut(G) of a group G is class-preserving
if "g is conjugate to g for all ¢ € G, or equivalently if ¥ o 7 = ¢ for all ¥ € Irr(G).
Clearly all inner automorphisms are class-preserving, but a finite group can possess outer
automorphisms which are class-preserving, as was first shown by Burnside [23]. The non-
existence of class-preserving outer automorphisms can greatly reduce the problem of finding
all generalized involution models of a group by the following lemma.

Lemma 1.7.1. Let G be a finite group with an automorphism 7 € Aut(G) such that 72 = 1
and
> w()=1{geG:g-"g=1}l (1.7.1)

Pelrr(G)

If G has no class-preserving outer automorphisms, then the following hold:
(1) The image of 7 in Out(G) is central.
(ii) Any generalized involution model for G can be defined with respect to 7.

Remark. The conclusion of the lemma can fail if G has class-preserving outer automor-
phisms. Wall [102] showed that the semidirect product G = Z,, % Z), consisting of all pairs
(a,z) € Zp, x Z, with the multiplication

(a,z)(b,y) = (a + zb, zy), for a,b € Z, T,y €L,

has a class-preserving outer automorphism 7 of order two if m is divisible by 8. Takingm = 8
gives a group G of order 32, the smallest group with a class-preserving outer automorphism.
One can check using a computer algebra system (we used GAP) that this G has a generalized
involution model with respect to 1 € Aut(G) but not with respect to the class-preserving
outer automorphism 7, even though (1.7.1) holds.

Proof. Assume G has no class-preserving outer automorphisms. If o € Aut(G) and 7/ =
a o7 oa "l then by Theorem 1.2.1, we have ¢,(¢) = 1 and €+(¥) = €,(¢p o) = 1 for
all ¢ € Irr(G). Therefore, by [24, Proposition 2], "g is conjugate to ™ g for all g € G, so
aoToa o7t is class-preserving, and therefore an inner automorphism. This proves (i).
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Now suppose G has a generalized involution model with respect to v € Aut(G) with
v? = 1. By Theorem 1.2.1, it follows that ¢, (1) = €,(%) = 1 for all ¥ € Irr(G), so by [24,
Proposition 2] each g € G is conjugate to both g™ and Yg~!. Replacing g with ¢!, one
sees that g is therefore conjugate to Yg for all ¢ € G, which suffices to show that 7 o v~! ig
a class-preserving automorphism. Hence 7 = Ad(z) o v for some z € G. Since 72 = v? = 1,

the element z % z - ¥z € G is central. Fix ¥ € Irr(G) and let wy(z) o %(% denote the

value of its central character at z; then ¥(zg) = wy(2)¥(g) for all ¢ € @, and it follows
that wy(2)e-(¥) = € (¥) = (1) = 1 so ¥(2) = (1). Since this holds for all irreducible
characters of G, we have z = 1. This means that g-"g = gz -Yg-z~! = (gz) - "(gz),
and it follows that the map Zg, — Zg, given by g — gz is an isomorphism of G-sets. In
particular, the twisted conjugacy classes with respect to 7 and v are in bijection and have
the same twisted centralizers. Therefore the generalized involution model with respect to v
can also be defined with respect to 7, which proves (ii). O

As a consequence of this result, to determine whether a group G with no class-preserving
outer automorphisms has a generalized involution model, one only needs to check (1) if there
exists 7 € Aut(G) with 72 = 1 such that (1.7.1) holds, and (2) if G has a generalized invo-
lution model with respect to 7. This strategy is especially apposite for irreducible complex
reflection groups in light of the following result given in a slightly different form as [84,
Proposition 3.1].

Lemma 1.7.2 (Marin, Michel [84]). A finite complex reflection group has no class-preserving
outer automorphisms.

Remark. We remark that it is a tedious but not overly difficult exercise to prove the lemma
directly for the irreducible groups G(r,p,n), and via computer calculations for the excep-
tional groups. The lemma then holds for all finite complex reflection groups because a
class-preserving automorphism of a direct product must restrict to a class-preserving auto-
morphism of each factor.

These results become especially useful when doing calculations. To determine which of
the exceptional irreducible complex reflection groups Gy, . .., Gz have generalized involution
models, we will rely on a computer-assisted brute force search. The preceding lemmas greatly
diminish the size of this calculation, because they show that one needs to examine at most
one automorphism for each group to determine if a generalized involution model exists. In
Table A.1 we provide a list of automorphisms 7 € Aut(G;) for which (1.7.1) holds, if this
is possible. These automorphisms are defined on the generators s, t, u, v, w which appear in
the presentations for Gy, . .., Ga7 in the appendix of [21]. These generators coincide with the
generators for the exceptional groups in the GAP package CHEVIE, which allows one easily to
compute things with this data.

Vinroot, elaborating upon the work of Baddeley [11], describes in [101] all finite Coxeter
groups with involution models in the classical sense; in particular, the only irreducible finite
Coxeter groups which fail to have involution models are those of type Dy, (n > 1), Eg, Fr,
Es, Fy, and H,. If G is a finite Coxeter group then all of its representations are equivalent
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to real representations, and so by the Frobenius-Schur involution counting theorem, (1.7.1)
holds with 7 = 1. Hence, by Lemmas 1.7.1 and 1.7.2, a finite Coxeter group has a generalized
involution model if and only if it has an involution model, and we are left with the following
corollary of [101, Theorem 1].

Corollary 1.7.3. A finite Coxeter group has a generalized involution model if and only if it

has an involution model, which occurs if and only if all of its irreducible factors are of type
An, Bn, D2n+17 H37 or I2(n)

Remark. The Coxeter group of type G is omitted from this list only because it is isomorphic
to the one of type I3(6). We note that the Coxeter group of type Iz(n) is the involutory
complex reflection group G(n,n,2), and that restricted to this group the map 7 : g — @
is a nontrivial inner automorphism. Thus, while the group has an involution model in the
classical sense, it also has a generalized involution model with respect to 7, which is consistent
with Lemmas 1.7.1 and 1.7.2. The same is true for groups of types A,, By, and Da,41, but
vacuously since in these cases the inverse transpose 7 acts as the identity map.

In order to reduce our investigation of finite complex reflection groups to irreducible
groups, we require one additional lemma. This next statement generalizes [101, Lemma 1]
which considers only involution models.

Lemma 1.7.4. If Hy, ..., H, are finite groups then H = [[7_, H; has a generalized involution
model if and only if each H; has a generalized involution model.

Proof. If H has a generalized involution model with respect to 7 € Aut(H), then each
h € H is conjugate to "h~! by [24, Theorem 1.2.1 and Proposition 2], and so 7 restricts to
an automorphism of each factor H;. Given this fact, it follows that any generalized involution
model for H decomposes in an obvious way as a “product” of generalized involution models
of the factor groups H;, and the proof of the lemma becomes a simple exercise. O

1.7.2 Addressing the case with p and n not coprime

We now demonstrate that G(r, p, n) does not have a generalized involution model if ged(p, n) =
2, unless n = 2 and r/p is odd. Our proof of this proceeds in two steps, and will use somewhat
different methods. We begin in the case when ged(p,n) = 2 and r/p is even.

Lemma 1.7.5. Let r, p, n be positive integers with p dividing r. If ged(p,n) = 2 and r/p is
even, then G(r,p,n) does not have a generalized involution model.

Proof. We can tackle this case by much more direct methods than when r/p is odd. Let
G = G(r,p,n) and define 7 as the usual inverse transpose automorphism g — g. Since
ged(p, n) = 2, it follows from Theorem 1.4.2 that equation (1.7.1) is satisfied, so by Lemmas
1.7.1 and 1.7.2, we need only show that G has no generalized involution models with respect
to 7. Towards this goal, our strategy is simple. Since r/2 is a multiple of p, the central

element z % ¢/2 € G(r, 1,n) is contained in G; here c is defined as in (1.6.1). We claim that
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z lies in the commutator subgroup of the twisted centralizer Cg ,(w) for every generalized
involution w € Zg ;.

If this holds, then z lies in the kernel of every linear character A of Cg - (w) and therefore
also in the kernel of the induced character Ind$ -(w)(A) since z is central. In this case, if G
has a generahzed involution model {J; : H; — C} with respect to 7, then z lies in the kernel
of >, Ind '_()\ ), implying the contradiction

l#£z€ n ker(y) = {1}.

Pelrr(G)

To prove our claim, suppose w = (a,7) € G has w - "w = (77 Y(a) — a,w?) = (0,1) = 1.
Then n € S, must be an involution with w(a) = a. We lose no generality by conjugating
w by an element of S, C G since this has the effect of conjugating the twisted centralizer
Cg,-(w) and fixing z. Therefore, we can assume that w = (1,2)(3,4) - - - (2k — 1,2k) for some
k < n/2, in which case 7(a) = a implies ag;—; = ag; for all< = 1,...,k. Since r and p are
even and A(a) € pZ,, the number of a; € 2Z, is even; therefore, letting £ = n/2 — k, there
are distinct indices {31, 71,...,%,je} = [2k+1,n] such that a;, —a;, € 2Z, forallt =1,...,¢.
For each t, let b, € Z, such that 2b, = a;, — a;,. Now define g = (z,0) € G by

0, ifie[lk],
o=1(1,2)---(2k — 1,2k)(i1, 1) - - - (3¢, Je) € Sn and zi=4q b, ifi=y4,
—bh if'i =it'

One can check that we then have o € Cg, (), n(z) = z, and a + 2z = o(a), and so
grw-"gt = (0" r N z) + 07 a) + 07 (z),0m07!) = (7 (a + 22),7) = w.

Thus g € Cg,(w). Since 7 is divisible by 4 and r/2 is divisible by p, we can define h =
(y,1) € G by setting y € {(Z,)™ to have

r/4, ifie{1,3,...,2k~1},
) —rja, i€ {2,4,...,2k},
Y=Y rj2, ifi=a,

0, if i = j,.

Observe that 7 1(y) = —y since r/2 = —r/2,s0 h-w-"h™! =wh™'h =w and h € Cg,(w).
Our claim now follows by calculating ghg~*h~! = (o™ (y) — v, 1) = 2, which completes the
proof. O

If ged(p,n) = 2 but r/p is odd, then the crucial step in the preceding proof does not
hold. However, in this case the group G(r,p,n) still fails to have a generalized involution
model, provided n > 2. To show this, we will use two results from Baddeley’s thesis [11].

First, recall that a model for a group G is a set {\; : H; — C} of linear characters of
subgroups of G such that >, Indf,',()‘,-) = Z¢€Irr(G) 1. Following Baddeley, we say that a
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model {)\; : H; — C} is based on a set S of subgroups of G if for each 7 there exists a
subgroup H! € S with a linear character ), : H, — C such that Ind$ (\;) = Indgt,(/\’i). Thus
{N\i : H; — C} is based on the set of subgroups {H;}, as well as on any set of subgroups
which are conjugate in G to the subgroups H;, as well as on the set of all subgroups of G.
For each n > 1, let G(n) denote the set of subgroups of S, of the form

Wi x 8 x 5, where 1, j, k are nonnegative integers with i + j +2k =n

and Wy C So is the centralizer of the permutation (1,2)(3,4)---(2k — 1,2k) € Sak. The
centralizer of any involution in S, is conjugate to a subgroup of the form Wy x S; = Wy, x Sy x
S; € G(n) for some j,k with j + 2k = n, so any involution model for S, is based on G(n).
(This is not a vacuous statement; [49] constructs an involution model for the symmetric
group.) Baddeley states the following result as [11, Corollary 4.3.16].

Lemma 1.7.6 (Baddeley [11]). Suppose M is a model for S,, based on G(n). If M contains
both the trivial character 1 € Irr(S,) and the sign character sgn € Irr(S,) then n = 2.

To state our second needed result, let ® : G — G’ be a surjective group homomorphism.
Suppose H C G is a subgroup and ¢ € Irr(H). If ker(¥)) D ker(®) N H, then there
exists a unique irreducible character ¢/ € Irr(®(H)) such that ¥ = ¢’ o &, and we define
Ro(¥p) € {0} UIrr(®(H)) by

_ | o', if ker(y) D ker(®) N H,
Ro(¥) = { 0, otherwise.

The following appears as [11, Theorem 4.2.3].

Theorem 1.7.7 (Baddeley [11]). Let & : G — G’ be a surjective group homomorphism. If
M is a model for G and

M={re M:Re()) #0},
{Rq>()\) A€ M} is a model for G'.

then Mg e

We now apply the preceding lemma and theorem to prove that most of the complex
reflection groups G(r,p,n) with ged(p,n) = 2 do not have generalized involution models.
We proceed by an argument similar to one used by Baddeley to prove that the Weyl group
of type Da, does not have an involution model if n > 1 [11, Proposition 4.8.1].

Lemma 1.7.8. Let r,p,n be positive integers with p dividing r. If ged(p,n) = 2, then
G(r,p,n) has a generalized involution model if and only if n = 2 and r/p is odd.

Proof. Assume ged(p,n) = 2 so that n and r are both even. Given Lemma 1.7.5, we may
assume that r/p is odd. Suppose M = {\; : H; — C} is a generalized involution model for
G = G(r,p,n) with respect to some automorphism 7 € Aut(G). Then each H; = Cg (w;)
for a set of orbit representatives w; € ZIg,, and by Theorem 1.4.2 and Lemmas 1.7.1 and
1.7.2, we may assume that 7 is the usual inverse transpose automorphism g — §. Identify

66



Zy C Z, as the subgroup Zy = {0,7/2} = (r/2)Z,, so that we can view G(2,2,n) as a
subgroup of G.

If we define @ : G(r,1,n) — S, as the surjective homomorphism given by & : (z,7) — ,
then & restricts to a surjective homomorphism G(r,p,n) — S,, and the image under & of
each T-twisted centralizer H; is conjugate to some subgroup Wy x S; x S; in G(n). Thus the
model Mg for S, defined by Theorem 1.7.7 is based on G (n).

We now observe that the generalized involutions

e=(0,...,0),1)=1€Zs, and w=((1,-1,1,-1...,1,~1),1) € Zg,

belong to disjoint twisted conjugacy classes, since every element of the orbit of e is of the
form (z,1) € G with z; € 2Z, for all i. Since the stabilizers of elements in a given orbit are
all conjugate, we may therefore assume without loss of generality that one linear character
of Cg,-(e) appears in M and one linear character of Cg ,(w) appears in M.

Because r/p is odd, so that 7/2 € Zy C Z, is an odd multiple of p/2, we have

Co-(€) =(Z21S,) NG = G(2,2,n).

To calculate Cg,-(w), we observe that if z = ((1,0,1,0,...,1,0),1) € G(r,1,n) and ¢ €
G(r,1,n) is the central element defined by (1.6.1),then z-e - 727! = we. Consequently, if
9 € G then g-w-"g™ = wif and only if g-we-"g™! = we, and so Cg, (w) = Ad(z) (G(2,2,n)).

The group Cg,-(e) = G(2,2,n) has only two linear characters \; and ), given by restrict-
ing the linear characters 1z 1(n) and 1,2(1") of G(2, 1,n) = ZxS,, respectively. It is evident
from the definition of these characters that ker(®) N G(2,2,n) = (Z.)"NG(2,2,n) C ker(X;)
for i = 1,2 and that

Ro(M) =x"™ =1 €Irr(S,) and Ro(A2) = X = sgn € Irr(S,).
Let A = X; o Ad(z)7"; then X}, )} are the only linear characters of Cg,(w), and since
®oAd(z)™! = @ as z € ker(®), we have Ry(\,) = Rg()\;) # 0. Thus either Rao(A1), Rae(Ny) €
Mg or Re(Az),Ra(N) € Mg. In particular 1 and sgn must both appear in Mg, so by

Lemma 1.7.6 we have n = 2. In this case we know by Corollary 1.5.3 that G indeed has a
generalized involution model, which completes the proof. O

1.7.3 Summary

We may now prove the theorem promised in the introduction.

Theorem 1.7.9. A finite complex reflection group has a generalized involution model if and
only if each of its irreducible factors is one of the following:

(i) G(r,p,n) with ged(p,n) = 1.
(it) G(r,p,2) with r/p odd.
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(iii) Gaes, the Coxeter group of type Hj.

Proof. Let G be a finite complex reflection group. Then G is a product of irreducible complex
reflection groups, so by Lemma 1.7.4 it suffices to prove that the only irreducible complex
reflection groups are those of types (i), (ii), and (iii).

To this end, first suppose G = G; for some 4 < ¢ < 37 is an exceptional irreducible
complex reflection group. If G = Gas is the Coxeter group of type Hj, then G has a
generalized involution model by Corollary 1.7.3. To prove no other exceptional groups have
generalized involution models, we resort to an exhaustive computer search using the GAP
package CHEVIE. Several fortunate circumstances make this computation tractable. First, by
Corollary 1.7.3, we do not need to examine the Coxeter groups Gag, Gag, G35, G3s, and Gsz.
Second, it follows from Theorem 1.2.1 that the exceptional groups Gy7, Gog, and G4 do not
have generalized involution models because, upon examination of their character tables, one
finds that if G is one of these groups then ZMI“(G)'(/) assumes negative values. Checking
that each of the remaining exceptional groups does not have a generalized involution model
by a brute force search is a feasible and not very time consuming calculation. In particular,
by Lemmas 1.7.1 and 1.7.2 one only needs to examine at most one automorphism for each
group; we list candidates for this automorphism in Table A.1. The remaining exceptional
groups neither are prohibitively large nor have an excessive number of twisted conjugacy
classes.

To deal with the infinite series, suppose G = G(r,p,n) for some positive integers 7, p,n
with p dividing r. If gcd(p,n) < 2 then it follows from Corollary 1.5.3 and Lemma 1.7.8
that G has a generalized involution model if and only if G is of the form (i) or (ii). We may
therefore assume ged(p,n) > 2, so that n > 2 and r > 2.

Suppose G has a generalized involution model with respect to some v € Aut(G) with
v?2 = 1. By Theorem 1.2.1 we then have 3 1y %(1) = [Zow| and e(3) = 1 for all
¥ € Irr(G), so by [24, Proposition 2] the elements g~1 and ?g are conjugate for all g € G.
It follows that v preserves the normal subgroup N = (Z,)" N G, and so by Lemma 1.6.4 we
can write

v = Ad(g) o k2, for some g € G(r,1,n) and j,k, z as in (1.6.4).

For some a € Z, we have gt— € G, and if we let v/ = Ad(t%) o k. then g~! and vg are
conjugate for all g € G. This fact implies that v is the composition of an inner automorphism
with the inverse transpose automorphism.

To see this, observe that Ad(t?) fixes all element of N. Therefore, if z = (e; — 2e; + €3, 1) e
N then Yz = (j(e; — 2e; + e3), 1), while all conjugates of 7! in G are of the form

(—ei, + 2e;, — €i, 1) for distinct iy, 2,13 € [n].

Since r > 2, we must have j = —1 (mod r), and we may assume j = —1. If p = r then
ajk: = Qo forall k. If p <, then

vip _ PhpP — (p(k — 1)e; +pk(ea +--- +eq), 1)
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while all conjugates of 77 are of the form (—pe;, 1) for i € [n]. Sincen > 2, it follows that ¢~
and V't? are conjugate only if pk = 0 in Z,, in which case ar, = a_19,.. As Ad(t*)(s;) = s2,
we have s, = zs, while all conjugates of s;' = s, in G are of the form (be;, — bes,, (i1, 42))
for b € Z, and 1 < i; < iy < n. Again since n > 2, it follows that ¥'s, and 32'1 = 8§y
are conjugate only if 2 = 1. Thus ok, = a_10, is precisely the inverse transpose map.
Furthermore, since a_; 9, fixes all elements of S, and since each 7w € S,, is conjugate in S,
to =1, it follows from Lemma 1.6.3 that Ad(¢®) defines an inner automorphism of G.

We therefore may assume that v = Ad(g) o7 where ¢ € G and 7 : g — @ is the
inverse transpose automorphism. We now observe that w € G has w - Y%w = 1 if and only if
(wg) - "(wg) =g-79,50 Zgul = {w € G:w-"w=g-"g}|. Since 7 = 77! and v* = 1, the
element g - "¢ is central, and as n > 2, this implies that |g - "g| = 1. Define X, (h) C (Z,)"
for each fixed 7 € S, and h € G as the set of z € (Z,)" with

T+ +Ta €pL  and  (z,7)-(z,m) = (77 (2) —z,7") =h-Th

If z,y € X,(g) then z — y € X, (1) since if X,(g) is nonempty then 7 = |g- "g| = 1. Hence
|Xr(g)| < |Xr(1)| forallm € S,,. Since {w € G:w-"w=h-"h} ={(z,n) : 7 € Sy, T E
X:(h)}, it follows that

Tl =HweGiw-"w=g-"g}|= Y |X%(9) < D |%() = {w e G:w "w=1}]|.

TESy TESy

We thus have 3,1 o) ¥(1) = |Zgs| < |Zg,-|- By Theorem 1.4.2 this inequality must
become equality, which contradicts the assumption that ged(p,n) > 2. We conclude that
the only irreducible groups with generalized involution models are those of types (i)-(iii),
which completes our proof. O

1.8 Second main theorem

In this section we derive necessary and sufficient conditions for two projective reflection
groups G(r,p,q,n) and G(r,p/,¢’,n) to be isomorphic. From this will derive the second
formulation of Theorem 1.7.9 given in the first section of this chapter. The results here are
joint with Fabrizio Caselli and appear also in the preprint [29].

To begin, we recall the definition of the groups G(r, p, ¢, n) and some notation for referring
to their elements. Fix positive integers r,p,n with p dividing . As we did in (1.5.1), we
again write ¢ to denote the central element

c=(e1+ex+---+es 1) € G(r,n). (1.8.1)

If ¢ divides r and pq divides rn, then G(r,p,n) contains the cyclic central subgroup C, =
(c"/9) of order ¢, and G(r,p,q,n) is the quotient group

G(r, p,q,n) G’(r p,n)/Cqy
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of order %g— -n!. We continue to denote by ¢ the image of the element (1.8.1) in G(r, 1, ¢, n).

1.8.1 Isomorphisms between projective reflection groups

Let r and n be positive integers and let p, ¢/, g, ¢’ be positive integer divisors of . Throughout
we assume pq = p'q’ and that this product divides rn, and we let

G = G(r,p,q,n) and G =G(r,p,q,n).

In this subsection we determine a necessary and sufficient condition for G and G’ to be
isomorphic when n # 2. (Note thus that only the case pg # p/¢’ is of interest, since otherwise
|G| # |G'|.) We start with following result, which is equivalent to [25, Proposition 4.2].
Proposition 1.8.1 (Caselli [25]). If gcd(%,p’) = gcd(';—’,‘, ) then for every g € G there
exists a unique ¢’ € G’ such that g and ¢’ have common representatives in G(r,n), and in
this case the map g — ¢ determines an isomorphism G = G’.

Results in [25, §4] completely characterize when G = G* if n # 2 (where we define
G* = G(r,q,p,n)). Our strategy is to generalize the ideas in that work to the present
context.

Say that a prime integer P appears in a number & with multiplicity e if P® divides k
and P**! does not divide k. A prime is then special if it appears in p and p’ with different
multiplicities. Since pg = p'¢’, a prime is special if and only if it also appears in ¢ and ¢
with different multiplicities. We now have the following proposition.

Proposition 1.8.2. Assume that

ged(p,n) = ged(p’,n)  and  ged(g,n) = ged(q', n),

and write 22 = né where 7 (respectively, &) is a positive integer equal to a product of

non-special (respectively, special) primes. Then G(r,dp, ¢, n) is well-defined and
G(r,p,q,n) = G(r,8p,q,n) x Zs.

Proof. Since ged(g,n) = ged(q’,n), the multiplicity of any special prime in 7 is not greater
than the corresponding multiplicity in g. As n divides ndg = =%, it follows that n divides
nq = g—;}. Thus ép divides r, and since dpq likewise divides rn as 5%1 = 7, we conclude that
G(r,dp,q,n) is well-defined.

A symmetric argument using the assumption that ged(p,n) = ged(p/,n) shows that dqg
likewise divides r. Therefore c% is a well-defined element of order § in G; let Cs = Zs be the
cyclic subgroup it generates. Both G(r, dp, q,n) and Cs are normal subgroups of G(r,p, ¢, n),
so to complete the proof of the proposition, we have only to show that G(r,ép, ¢,n) and C;s
intersect trivially. For this, it suffices to verify that

(c%)* € G(r,0p,q,n) iff 2k =0 (mod ép) iff k=0 (mod J).
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The first equivalence follows by definition, and the second equivalence follows from the fact
that if % = §pk’ for some integers k, k/, then by dividing both sides by p one obtains
nk = 6k', which can only hold if & is a multiple of § as 1 and § are necessarily coprime. O

The next pair of results establish Theorem 1.8.10 in the case n # 2. This generalizes [25,
Theorem 4.4].

Theorem 1.8.3. If pg = p'¢/, then the groups G(r,p, ¢,n) and G(r,p/, ¢, n) are isomorphic
whenever ged(p,n) = ged(p/,n) and ged(g, n) = ged(¢', n).

Proof. Write ﬁ = nd as in Proposition 1.8.2. The theorem will follow immediately from

Proposition 1.8.2 once we show that G(r,dp,q,n) & G(r,6p’,¢',n). Since 2 = nép and
o= ndp’, it suffices by Proposition 1.8.1 to verify that ged(ndp, 6p') = ged(ndp’, 6p), which is
equivalent to the identity ged(np,p’) = ged(np/, p). This holds because every prime dividing
n appears in p and p’ with equal multiplicity, and so we have in fact that ged(np,p’) =

ged(np', p) = ged(p, ). .
The next proposition implies the converse of Theorem 1.8.3, provided n # 2.
Proposition 1.8.4. Assume n # 2 and let G = G(r,p, ¢,n).

(1) The center of G has order 2" ged(p, n).

(2) The abelianization G/[G, G] of G has order Z - ged(g, n).

Proof. One can easily check that, since n # 2, the center of G is given by the set of its scalar
elements (i.e. of the form ¢!). The number of scalar elements in G is é times the number of
scalar elements in G(r, p, n), which is z- ged(p, n) by [79, Corollary 4.1].

To prove (2), it suffices to count the linear characters of G since these are equal in number
to the order of G/[G,G). By [25, §6], the linear characters of G(r,n) are parametrized by
r-tuples of partitions (A, ..., Ar~1) where all partitions \; are empty except one which can
be either (n) or (1*). The linear representations of G(r,1,q,n) are parametrized by these
r-tuples of partitions where, if the only non-empty partition appears in a position %, then
ni = 0 (mod ¢) (ie. (Ag,...,Ar-1) € Fer(r,¢,1,n) in the notation of [25, §6]). Therefore the
number of linear characters of G(r, 1, q,n) is ";—’ -ged(g, n). One can likewise check that, since
n # 2, each linear character of G is given by the common restriction of exactly p distinct
linear characters of G(r,1,¢,n). Thus the number of linear characters of G is % times the
number of linear characters of G(r, 1,¢,n). O

Combining the preceding theorem and proposition gives this corollary.

Corollary 1.8.5. Assume n # 2 and pq = p'q. Then G(r,p,q,n) = G(r,p,¢,n) if and
only if ged(p, n) = ged(p/, n) and ged(g,n) = ged(q’, n).
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1.8.2 Isomorphisms in rank two

In this section we fix n = 2, and assume that p, ¢, q, ¢ divide r and pq = p'¢’ divides 2r. We
now determine when the two groups G = G(r,p,¢,2) and G’ = G(r,p’, ¢, 2) are isomorphic.

In referring to elements of these groups, it is convenient to abbreviate our notation by
writing (a, b; ) for the image of the element ((a,b),7) € G(r,p,1,2) in G(r,p, g,2). We thus
view G(r,p, q,2) as the set of triples (a,b; 7) € S x Z, x Z, with a + b divisible by p, where
(a,b;m) = (/,¥/; ') if and only if 7 =7’ and a — @’ = b — ¥ = k% (mod r) for some integer
k. Multiplication is given by

(a+d,b+V;nr’)y ifn’=1€85,,

b. 4 b,- ! =
(a,b;m)(a’,b';7") {(b+a’,a+b';7r7r’) ifw#1€8,.

We now have this lemma:
Lemma 1.8.6. If p+ p’ and ¢ + ¢’ are both odd and é is even then G 2 G'.

Proof. Since pqg = p'q we may assume without loss of generality that p’ and ¢ are odd and
that p and ¢ are even. By Theorem 1.8.3 we then have that G = G(r,pq,1,2) and G' =
G(r,1,p'¢,2), and so it is enough to show that if p and % are both even then G(r,p,1,2) #
G(r,1,p,2).

To this end, let A= {¢g"/?: g € G(r,p,1,2)} and B = {g"/?: g € G(r, 1,p,2)}. It suffices
to show that |A| = p and |B| = p+ 1. It is easy to check that A consists of the distinct
elements (%, —i:1) € G(r,p,1,2) for i € [p]. It is likewise a straightforward exercise to show
that B consists of the distinct images in G(r, 1,p, 2) of (0, %; 1) € G(r,2) for i € [p] together
with (£, 35;1) € G(r,2). O

The next lemma is similar.
Lemma 1.8.7. If exactly one of the four parameters p, p/, q, ¢’ is odd then G % G'.

Proof. We may assume that the unique odd parameter is either ¢’ or p’. By Theorem 1.8.3, if
¢ is the unique odd parameter then G’ = G(r, pg, 1,2), and if p’ is the unique odd parameter

then G’ = G(r,1,pg,2), and in either case G = G(r,&,2,2). It thus suffices to show that

if p and 7 are even then G(r,2p,1,2) # G(r,p,2,2) and G(r,1,2p,2) ¥ G(r,p,2,2). With
these hypotheses on p and %, let

A = {gr/p :g < G(T, 2]37 17 2)}7
B={g":9€eG(r1,2p,2)},
C = {gr/p ‘g € G(’rvp’2) 2)}

As in the proof of Lemma 1.8.6, it is not difficult to check that A consists of the distinct
elements (%, —£;1) € G(r,2p,2) for i € [p]. On the other hand, one finds similarly that
B consists of the distinct images in G(r,1,2p,2) of the elements (0, %; 1) € G(r,2) for
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i € [p]. Finally, C consists of the distinct images in G(r,p, 2, 2) of the elements (%, —%; 1) e
G(r,p,2) for i € [E]. Thus |A] = [B| = p and |C| = £, which establishes the desired
non-isomorphisms. O

We now examine a particular class of groups G = G(r,p,2) where we can explicitly
describe an isomorphism ¢ : G — G*.

Lemma 1.8.8. If p or % is odd then G(r,p,1,2) =2 G(r,1,p,2).

Proof. 1f p is odd then G(r,p, 1,2) = G(r,1,p, 2) by Theorem 1.8.3, so assume that L is odd.
Let p’ be the largest power of 2 dividing p (and hence also r), and let ¢ = 1 and ¢’ = p/p’.
With respect to these choices of p, p/, ¢, ¢, the special primes are precisely the odd primes
dividing p. Write %’ = I = pd as in Proposition 1.8.2, so that 7 is a product of non-special
primes and ¢ is a product of special primes, and we have

G(r,p,1,2) 2 G(r,0p, 1,2) x Zs

and
G(r,1,p,2) 2 G(r,4,p,2) X Zs = G(r,1,6p,2) x Zs,

the second congruence on the right following from Theorem 1.8.3 as ¢ is odd. Because £ is
also odd, 7 is even and % = ¢ is odd; thus ﬁ is a product of odd primes not dividing p, and
so is coprime to both p and 5 and in particular to ép.

Since G(r,p, 1,2) = G(r,1,p,2) if G(r,ép, 1,2) = G(r, 1,0p,2), the preceding argument
shows that we may assume without loss of generality that g and p are coprime. One checks
that for d = r/p’ the map

¢: G(r,p,1,2) —» G(r,1,p,2)
(4,5;7) = (4,5 +dism)

is a well-defined group homomorphism. To show that ¢ is an isomorphism it is enough to
demonstrate injectivity, so let g € G(r,p,1,2) such that ¢(g) = 1. Then g is necessarily of
the form (4, 7; 1) with

i+j=0(modp) and i=j-+di=kS (modr) for some k € [p],

the second congruence following from the assumption that ¢(z, j; 1) = (4,7 + di; 1) represents
the identity in G(r, 1, p,2). These two congruences imply that k%(2 — d) is a multiple of p.
Since d is odd, no number dividing 2—d divides either 2 or d, and as every odd prime dividing
p also divides d, it follows that ged(2 — d,p) = 1. Since % is coprime to p by hypothesis, we
conclude that & is a multiple of p, which implies that i = 7 = 0 (mod r) and in turn that
g =1, as desired. (W]

Gathering together the preceding results yields the following proposition.
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Proposition 1.8.9. Assume pg = p'¢’. Then G(r,p,q,2) = G(r,p’,¢,2) if and only if one
of the following mutually exclusive conditions holds:

(i) p+p' and q + ¢ are both even;
(i) p+ 7, ¢+ ¢, and 1{3 are all odd integers.

Proof. If the first condition holds then G = G’ by Theorem 1.8.3. If the second condition
holds then since pg = p'q’, exactly one of p, ¢ is odd and it follows that pq in fact divides
r. In this case, we may assume that p and ¢’ are even and that p’ and ¢ are odd. Theorem
1.8.3 then implies that G = G(r,pq,1,2) and G’ = G(r, 1, pq,2), while Lemma 1.8.8 implies
that G(r, pq, 1,2) =2 G(r, 1,pg, 2).

pr+p and q + ¢’ are both odd but £ is even then G % G’ by Lemma 1.8.6. If p + p/
and ¢ + ¢’ have different parities then exactly one of the parameters p, p, q, ¢’ is odd as
pq=1pq¢,s0 G2 G by Lemma 1.8.7. O

1.8.3 Conclusions

As in the previous sections, we let r,n be positive integers and p, p/, q, ¢’ be positive divisors
of r such that pq = p’q’ divides rn. Combining Corollary 1.8.5 and Proposition 1.8.9 gives
this summary theorem.

Theorem 1.8.10. The projective reflection groups G(r, p, q,n) and G(r,p’, ¢’,n) are isomor-
phic if and only if either (i) ged(p,n) = ged(p',n) and ged(q, n) = ged(q/,n) or (ii) n = 2
and the numbers p + p’ and ¢ + ¢’ and é are all odd integers.

Finally, by combining this with Theorem 1.7.9 we get the result promised at the beginning
of this chapter.

Theorem 1.8.11. The complex reflection group G(r,p,n) = G(r,p, 1,n) has a GIM if and
only if G(r,p, 1,n) = G(r,1,p,n).

Proof. Replacing (p,q,p',¢) by (p,1,1,p) in Theorem 1.8.10 implies that G(r,p,1,n) =
G(r,1,p,n) if and only if ged(p,n) = ged(1,n) =1, or n = 2 and p+1 is odd and r/p is odd.
Since if p + 1 then ged(p, 2) = 1 automatically, it follows that G(r,p,1,n) = G(r, 1,p,n) if
and only if ged(p,n) =1, or n = 2 and r/p is odd. These conditions coincide precisely with
the ones given in Theorem 1.7.9 for G(r, p,n) to have a generalized involution model. O

On seeing this theorem one naturally asks whether for arbitrary projective reflection
groups the property of having a GIM is equivalent to self-duality; i.e., the existence of an
isomorphism G(r,p, q,n) = G(r,q, p,n). This turns out to be false, and much of the preprint
[29] (only a small part of which is incorporated into this thesis) is devoted to clarifying which
groups G(r,p, q,n) have GIMs. The classification in [29] is ultimately incomplete; however,
the partial results in that work suggest some plausible conjectures as to a complete answer,
which is the subject of future work.
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Chapter 2

A Frobenius-Schur indicator for
unipotent characters

This chapter represents a revised and expanded version of the semi-expository paper [80].

2.1 Introduction

Each finite, irreducible Coxeter system (W,S) possesses a set of “unipotent characters”
Uch(W), introduced by Lusztig in [66]. When (W, S) is crystallographic, Uch(W) arises
from Lusztig’s set of “unipotent representations” of a corresponding finite reductive group;
Lusztig’s result that this set depends only on (W,S) (and not on the root datum) was a
primary motivation for the definition. By construction, Uch(W) always contains as a subset
the set Irr(W) of complex irreducible characters of the Coxeter group W. However, we
typically view the elements ® € Uch(W) not as characters but simply as formal objects with
three defining attributes:

o A polynomial FakeDeg(®) € N[z] with nonnegative integer coefficients, called the fake
degree.

e A nonzero polynomial Deg(®) € R[z] with real coefficients, called the (generic) degree.
e A root of unity Eig(®) € C*, called the Frobenius eigenvalue.

It takes some care to adequately describe Uch(W) for all finite, irreducible Coxeter systems
(W, S), and this description is not so well-known as that of, say, Irr(W). Section 2.2.2
supplies these missing details, which for the moment we can work without.

This chapter concerns an interesting way of making sense of the question: is there a
well-defined notion of a Frobenius-Schur indicator for a “unipotent character” ® € Uch(W)?
Recall that if G is a finite group, then the Frobenius-Schur indicator of an irreducible char-
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acter ® € Irr(G) is the number

1, if @ is the character of a representation of G in a real vector space,
e(®) = 0, if the values of ® are not all real,

—1, otherwise, in which case & is called quaternionic.
(2.1.1)
Alternatively, e(®) is also the average value of ®(g?) over g € G (as is explained, for example,
in the proof of [51, Theorem 23.14]). Since Uch(W) consists of formal objects and not
characters, one cannot apply this definition directly, and it is not at all obvious what kind
of definition could serve as an appropriate substitute.

If (W, S) is crystallographic, there is an easy way of circumventing this difficulty. In this
case the elements of Uch(W) are in bijection with the unipotent characters of various finite
reductive groups having W as Weyl group. While not clear a priort, it turns out that all
of the actual characters corresponding to a given ® € Uch(W) have the same indicator—an
observation of Lusztig [68] which we state precisely as Proposition 2.2.3. There is thus a
logical definition of ¢ on Uch(W) when (W, S) is crystallographic, which happens to have
the following simple description: define ¢(®) to be 1 if Eig(®) is real and 0 otherwise.

Things become more interesting in the case when (W, S) is non-crystallographic. In this
situation, to describe the Frobenius-Schur indicator in a satisfactory way, we require a heuris-
tic definition which is consistent with the crystallographic case but which makes sense for
all types. A series of papers appearing in the past decade, beginning with Kottwitz [55] and
Casselman [31] and proceeding through Lusztig and Vogan [72], suggests such a definition,
surprisingly, in terms of the irreducible multiplicities of a certain W-representation. As we
will see in a moment, this approach unexpectedly leads to an extension of the Frobenius-
Schur indicator to the non-crystallographic case which forces us to assign an indicator of —1
to some elements of Uch(W); that is, which suggests the existence of quaternionic “unipotent
characters.”

The W-representation of interest is given as follows. It is interesting to note that Adin,
Postnikov, and Roichman studied exactly this representation in type A, in their paper [1].

Definition 2.1.1. Given a finite Coxeter system (W, S) with length function ¢ : W — N,
let
Invol(W) = Q-span{a,, : w € W such that w? = 1}

be a vector space with a basis indexed by the involutions in W, and define o : § —
GL(Invol(W)) by the formula

~@w, if sw=ws and {(ws) < (w), for s € S and w € W with w? =1

ow(s)ay = {

Qsys, Otherwise,
The map gw extends to a representation of W (a nontrivial fact, whose derivation from

results of Lusztig and Vogan [72, 70] will be explained in Section 2.2.1), and each conjugacy
class of involutions in W spans a gy -invariant subspace in Invol(W). Let gw,, denote this
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subrepresentation on the space spanned by the conjugacy class of the involution o € W.

Notation. We write xw and xw, (when 0 € W and o2 = 1) for the characters of gy and
OW,o-

Kottwitz [55] found a formula for the multiplicities of the irreducible constituents of
ow in the case that (W,S) is a Weyl group, in terms of Lusztig’s “non-abelian Fourier
transform” [63]. (More precisely, Kottwitz computed the irreducible constituents of certain
representations induced from the centralizers of involutions in W. The sum of these induced
representations is isomorphic to gy, although this is not an obvious fact; see [43, Remark
2.2] for a detailed explanation.) Kottwitz proved this formula in the classical cases, while
Casselman [31] carried out the calculations necessary to check it in the exceptional ones.
In more recent work, Lusztig and Vogan re-encountered gy as a specialization of a certain
Hecke algebra representation, and noted a way of restating Kottwitz’s results to involve the
Frobenius-Schur indicator [72, §6.4].

Our main object is to describe how this last formulation extends even to the case when
(W, S) is non-crystallographic. To this end, we must briefly introduce the Fourier transform
matriz of Uch(W). For any finite, irreducible Coxeter system (W, .S), this is a real symmet-
ric matrix M, with rows and columns indexed by Uch(W), which possesses the following
distinguishing properties (among others; see [42, Theorem 6.9] and also Section 2.5.4):

(P1) M transforms the vector of fake degrees of Uch(W) to the vector of (generic) degrees,
permuted by a certain involution (see Theorem 2.5.3).

(P2) M is block diagonal with respect to the division of Uch(W) into families (see Section
2.2.4).

(P3) M fixes each of the vectors indexed by Uch(W) whose entries are the irreducible
multiplicities, extended by zeros, of the left cell representations of W (see Theorem
2.6.3).

(P4) M and the diagonal matrix of Frobenius eigenvalues of Uch(W) determine a represen-
tation of the modular group PSLy(Z) (see Theorem 2.5.6); in particular, M? = 1.

Section 2.5 provides, with accompanying references, a careful description of the matrix M
attached to each finite, irreducible Coxeter system. While the literature often tends to
present these matrices as a somewhat heuristic construction, work in preparation of Broué,
Malle, and Michel shows that when W is a primitive {complex) reflection group, M is
uniquely determined under a suitable set of natural axioms [22].

As a final preliminary, we recall that an element ® € Uch(W) is special if the largest
powers of z dividing the polynomials FakeDeg(®) € N[z] and Deg(®) € R[z] are equal.
Every special ® € Uch(W) belongs to the subset Irr(W). Such characters play an important
role in the theory of unipotent characters for finite reductive groups and have been classified
by Lusztig [63, Chapter 4].

The Fourier transform M acts on functions f : Uch(W) — C by matrix multiplication,
since we may view f as a vector whose entries are indexed by Uch(W). The following
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theorem, which is our main result, extends [55, Theorem 1] and [72, §6.4] to define a function
on Uch(W) which we might naturally view as the Frobenius-Schur indicator. The proof of
this result appears at the end of Section 2.5.

Theorem 2.1.2. Suppose (W, S) is a finite, irreducible Coxeter system with associated
Fourier transform matrix M. There then exists a unigque function € : Uch(W) — R such
that

(1) (®) € {-1,0,1} for all & € Uch(W).
(2) €(®) = 0 if and only if the Frobenius eigenvalue of & € Uch(W) is not real.
(3) (Me)(®) is the multiplicity of ® in xw for each special ® € Irr(W) C Uch(W).

For this function ¢, it in fact holds that

xw= Y (Me)@)p. (2.1.2)

Yelrr(W)

Furthermore, if (W, S) is crystallographic, then e coincides with the Frobenius-Schur indi-
cator on Uch(W), i.e., €(®) is 1 or 0 according to whether Eig(®) is real or non-real for
¢ € Uch(W).

Conditions (1) and (2) are basic properties one would desire of a prospective Frobenius-
Schur indicator. In particular we can restate (2) as the requirement that ¢(®) = 0 if and
only if ® is not fixed by an operator on Uch(W) which we reasonably view as complex
conjugation (see Proposition 2.2.4). The simplicity of condition (3) and the surprising fact
that it implies (2.1.2) make the function defined in the theorem an attractive extension of the
Frobenius-Schur indicator to the non-crystallographic case. Admittedly, this is not evidence
that € is the “right” extension, only that it is a suitable and interesting one.

This Frobenius-Schur indicator gives rise to two quaternionic “unipotent characters” in
type Hy. We record this phenomenon and some other properties of € which become evident
in the proof of Theorem 2.1.2 in the following proposition.

Proposition 2.1.3. Let € : Uch(W) — {—1,0,1} be the function defined in Theorem 2.1.2.

(a) €(®) =1 for all ® € Irr(W). If (W, S) is classical, then e(®) =1 for all & € Uch(W).

(b) €(®) = —1if and only if (W, S) is of type Hy and ® is either of two elements of Uch(W)
with
Deg(®) = &x° + higher powers of z.

(c) (Me)(®) is a nonnegative integer for all & € Uch(W). If (W,S) is classical, then
(Me)(®) is nonzero if and only if @ is special. More generally, (Me){®) is nonzero only
if ® € Irr(W) or if ® a single element of Uch(W) \ Irr(W) in each of the types Fy, Fg,
and H4.
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Remark. A lengthy computation shows that in type H,, there is no symmetric matrix M
satisfying (P1) and (P2) for which there exists a function e : Uch(W) — {0,1} such that
(2.1.2) holds. Thus, in this sense even a different choice of Fourier transform matrix in type
H, still leads to quaternionic unipotent characters.

It is an interesting open problem to describe how much of the preceding theory extends
from Coxeter systems to larger classes of groups. The preprint [43] of Geck and Malle, for
example, describes analogues of many statements here for Coxeter systems with an involution
preserving the set of simple reflections. Moreover, for some but not all complex reflection
groups, there are analogous notions of “unipotent characters” and Fourier transforms (see
[20]), for which one expects some meaningful generalization of Theorem 2.1.2 to hold.

Independent of any connection to unipotent characters, the representation gy is itself an
interesting thing to study (e.g., see [1] which analyzes pw in type A,). When W is classical
of type A,, BCy, or Dy, it is a natural problem to describe the irreducible decomposition
of pw in terms of the familiar sets of partitions ¢, bipartitions (a, 3), and unordered bipar-
titions {c, 8} indexing Irr(W). One can find such a description in Kottwitz’s paper [55]—in
particular, Kottwitz shows that the irreducible constituents of xw are precisely the special
characters of W when W is classical (note also part (c) of Proposition 2.1.3). Many proofs in
[65] are abbreviated or omitted, and we take the opportunity in this thesis to provide more
detailed proofs of xw's decomposition in types BC,, and D,. (Proofs of the type A, decom-
position, which we de not reproduce here, already appear in several places in the literature.)
This material appears in Section 2.3.

One notable corollary of the calculations in Sections 2.3 and 2.4 is the following state-
ment, which is interesting to compare with [101, Theorem 1]. Here, a Gelfand model is
a representation of a finite group which is the multiplicity free sum of all of the group’s
irreducible representations.

Theorem 2.1.4. If (W, S) is a finite, irreducible Coxeter system then the representation gy
is a Gelfand model if and only if (W, S) is of type A,, Hs, or Is(m) with m odd.

Our final results concern a conjecture of Kottwitz connecting the decomposition of xyu
to the left cells of W. (See Section 2.6 for the definition of the left cells and left cell
representations of W.)

Conjecture 2.1.5 (Kottwitz [55]). Let I" be a left cell in W and let xr denote the character
of the corresponding left cell representation. Let o € W be an involution and write ¥ for its
conjugacy class in W. Then (xw,, xr) = |Z NT|, where {-,-) denotes the standard L%-inner
product on functions W — C.

Kottwitz [55] observed that in type A, the conjecture is true, following from the known
description of the left cells of W in terms of the RSK-correspondence. Casselman [31]
meanwhile verified the conjecture in types Fy and Eg by a computer calculation. In Section
2.6, we show ourselves that the conjecture holds in all of the non-crystallographic cases Hs,
Hy, and I(m). Two recent preprints of Geck and Bonnafé [17, 40] establish several more
cases, leaving the conjecture open only in type Ej.
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We note here that a weakened version of the conjecture follows immediately from Theorem
2.1.2 and recent work of Geck [39).

Theorem 2.1.6. Let I’ be a left cell in W and let xr denote the character of the corre-
sponding left cell representation. Then the inner product {xw,xr) is equal to the number
of involutions in T.

Proof. Proposition 2.1.3 and property (P3) of the Fourier transform matrix imply that
{(Xw>XT) = 2 yer(w){¥s xr), which is the cardinality of the set {c €T :0% =1} by
[39, Theorem 1.1]. d

We organize this chapter as follows. In Section 2.2, we note several preliminaries con-
cerning Coxeter systems, the representation gy, and the set Uch(W). Section 2.3 provides
a detailed survey of Kottwitz’s results [55]. In Section 2.5, we describe in detail the Fourier
transform matrices attached to Uch(W) and derive from this information the proof of Theo-
rem 2.1.2. Finally, in Section 2.6 we prove Kottwitz’s conjecture in the non-crystallographic
types Hj, Hy, and I2(m). This last section explicitly describes the left cells in these types,
and includes a proof of property (P3) for the Fourier transform matrix of Uch(W).

2.2 Preliminaries

Throughout, we adopt the following notational conventions: N is the set of nonnegative
integers, P is the set of positive integers, and [n] is the set of the first n positive integers,
with [0] = @.

2.2.1 Representing W in Invol(W)

Let (W, S) be a finite Coxeter system with length function £ : W — N, and define the vector
space Invol(W) as in the introduction. Here, we briefly confirm that the map pw given in
Definition 2.1.1 indeed extends to a representation of W. The easiest way of deriving this
from known results is to prove a slightly more general fact, which goes as follows.

For each constant k € Q, let pwy : S — GL(Invol(W)) be the map given by the formula

Ay + kg, if sw =ws and s ¢ Desg(w),
owi($)aw = { —ay, if sw = ws and s € Desg(w),

Cgips, if sw # ws,

for s € S and w € W with w? = 1. Here we have written Desg(w) = {s € S : f(ws) < &(w)}
for the right descent set of w € W, which coincides with the left descent set when w? = 1.
In this notation, the map pw from the introduction is precisely ow .

Define H,2 as the Hecke algebra with parameter ¢* corresponding to (W, S): for us, this
is the unital associative Q[g]-algebra with basis {T,, : w € W} and multiplication given by
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the rules

TwTy = Tww, for w,w’ € W with {(ww') = ¢(w) + £(w'),
(T, +1)(Ts —¢*) =0, forseS.

In [72, 70], Lusztig and Vogan show that the multiplication defined for s € S and w € W by

)

(q2 — g~ 1ay+(¢* — q)asw, if sw=ws and s € Desg(w),

qay, + (9 + 1)agy, if sw = ws and s ¢ Desg(w
(w
Qsws, if sw # ws and s ¢ Desg(w)
(w

Tsaw =

).

makes the Q[g]-module Invol(W) ®¢ Q[g| into an H,2-module. (It is interesting to compare
this with the Hecke algebra module in [1], which in type A, is isomorphic to the one here
once we replace ¢ in [1] with ¢®.) Specializing ¢ to 1 shows that gw is a well-defined
W -representation, and from this we deduce the following stronger statement.

(q? — 1)ay + ¢%asys, if sw # ws and s € Desp

Proposition 2.2.1. Let (W, S) be a finite Coxeter system.
(1) The map pw, extends to a representation of W in Invol(W) for any k € Q.
(2) The representations pwyx and pw s are isomorphic for all k, k" € Q.

Recall that the geometric representation V of W is a real vector space with a basis
II = {a, : s € S} indexed by S and a bilinear form (-,-) defined by linearly extending the
formula

(as, ;) = — cos (?(ZT)) , for s,t € S, where m(s,t) denotes the order of st in W.

Elements in the generating set S C W act on V as reflections by the formula s(v) =
v — 2(a,,v)a, for s € S and v € V, and this action extends to W, making V into a
faithful W-module. The root system of (W,S) is the set ® = {w(e) : @ € II}. The
basis II serves as a set of simple roots, with respect to which we let ®* denote the set of
positive roots in ®. The right descent set of w € W then has the alternate characterization
Desp(w) = {s € S : w(a,) ¢ &T}.

Proof of Proposition 2.2.1. Let n(w) denote the dimension of the —1-eigenspace of w € W
in its geometric representation. Clearly n(sws) = n(w) for all w € W and s € S. Suppose
w? =1 and sw = ws and s ¢ Desp(w). Then (with respect to the geometric representation
V') all eigenvalues of w and s are equal to 1, and s and w are simultaneously diagonalizable.
Since a, € V spans the —1-eigenspace of s, it follows that «, must be an eigenvector of w,
and that n(sw) = n(w) & 1 according to whether the corresponding eigenvalue is £1. As
w(as) € D since s ¢ Desg(w), we must have w(a;) = as, so n(sw) = n(w) + 1.

List the involutions wy, ..., wy € W in an order such that 7 < j implies n(w;) < n(w;),
and write a; for the vector a,,, € Invol(W). By the preceding paragraph, for each s € S the

81



matrix of gf,(s) with respect to the basis {a;: 1 < ¢ < N} has the block lower triangular
form

Ao

kB, A;

o (s) = kBy Az (2.2.1)

kB, A,

where each A; is a signed m; X n; permutation matrix, with n; denoting the number of
involutions w € W with n(w) = 4, and each B; is an n; X n;_; matrix whose entries are
either 0 or 1. In particular, the matrices A; and B; have no dependence on k, and it is easy
to see that the braid relations (g’ﬁ,(s)g’v“v(t))m(s’t) =1 for s,t € S hold for all k£ € Q if and
ounly if they hold for a single nonzero value of k.

From [72], we know that the braid relations hold when & = 2, which suffices to prove (i).
Part (ii) follows by similar considerations: the trace of any product of matrices of the form
(2.2.1) has no dependence on k, so the character of g, is the same for all values of k € Q
and we conclude that ¥, and g’{{, are isomorphic representations. |

2.2.2 References for the construction of Uch(W)

In this section we provide references for the construction of Uch(W') for each finite, irreducible
Coxeter system (W, .S), and also for the associated data FakeDeg, Deg, and Eig.

Even before discussing Uch(W), we may give the general definition of the fake degree
attached to a unipotent character. The fake degree of an irreducible character ® € Irr(W) is
the polynomial FakeDeg(®) € N[z| whose coeflicients are the multiplicities of @ in the graded
components of the coinvariant algebra of W (see [30, §2.4 and §11.1]). The set of irreducible
characters Irr(W) always forms a subset of Uch(W), and we define the fake degrees of all
® € Uch(W) \ Irr(W) to be zero. For ® € Irr(W), Deg(®) and Eig(®P) are defined by

Deg(®) = the generic degree of ® (see [30, §10.11]) and  Eig(®) =1,
while the polynomial FakeDeg(®) has the following formula [30, Proposition 11.1.1].

Proposition 2.2.2. For ® € Irr(W) we have

¢
FakeDeg(®) = [T (1 —2%)- Wi"l > detﬁ(iv)a:w)’
wew

i=1

where dy, ..., d, are the degrees of the basic polynomial invariants of W (see [30, §2.4]), and
the determinant of 1 — zw is evaluated by identifying W with the image of its geometric
representation.

Explicit expressions for the right-hand side of this formula when (W, S) is classical appear
in [30, §13.8]. We list the fake degrees in type I>(m) in Section 2.2.5. In the remaining
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exceptional and non-crystallographic types, one can readily compute the fake degrees using
the proposition and the character table of W (see also [5, 6, 14]).

Now to describe Uch(W) itself. When (W, S) is crystallographic, Uch(W) corresponds to
the actual set of unipotent characters of an associated finite reductive group. Carter’s book
[30] contains an excellent exposition of this correspondence; Geck and Malle’s paper [42, §2]
also serves as a useful reference. We emphasize, however, that the construction of Uch(W)
is due originally to Lusztig [63, 66], as are the following facts. In brief, if G is a simple
algebraic group defined over a finite field with ¢ elements, with Frobenius map F : G — G
and Weyl group (W, S), and if the finite group G = {g € G : F(g) = g} is split so that F
acts trivially on W, then the following hold:

e The number of unipotent characters of G¥, together with their Frobenius eigenvalues
(as defined in [63, Chapter 11]), depends only on the isomorphism class of (W, S).

e The degrees of the unipotent characters of G¥ are given by the values at g of a set
of generic degree polynomials, which also depends only on the isomorphism class of

(W, 5).

A complete parametrization of Uch(W) in these cases, together with a list of the associated
degree polynomials, appears in [30, §13.8 and §13.9], while [63, Theorem 11.2} classifies in
very simple way all of the Frobenius eigenvalues (see also Observation 2.2.7). From this
description derives the following proposition, which summarizes some results of Lusztig [68]
and shows that there is a natural definition of the Frobenius-Schur indicator on the formal
set Uch(W) when (W, S) is a Weyl group.

Proposition 2.2.3 (Lusztig [68]). Let G be a simple algebraic group over an algebraically
closed field of positive characteristic, with a Frobenius map F : G — G for which the finite
group G is split. Then the irreducible unipotent characters of GF all have Frobenius-Schur
indicator 1 or 0, according to whether their Frobenius eigenvalues are real or non-real.

Proof. Perhaps the simplest way to extract this result from [68] is to compare [63, Theorem
11.2] with the description of ¢(®) (from [68]) given in [72, §6.4]. Alternatively, the result
follows by comparing [63, Theorem 11.2] with [68, Corollary 1.12] if G is classical, or with
Table 1 and Proposition 5.6 in [37] alongside the tables in [30, §13.9] or [63] if G is exceptional.

O

When the Coxeter system (W, S) is non-crystallographic there is no corresponding reduc-
tive group, and the definition of Uch(W) is instead based on heuristic arguments involving a
list of postulates considered plausible desiderata. Lusztig’s paper [66] lists these postulates
and constructs the set Uch(W) with the associated degree polynomials when (W, S) is of any
of the non-crystallographic types Hs, Hy, or Io(m). The corresponding Frobenius eigenval-
ues are given in [66] for Hs, in [75] for Hy, and in [67] for Iz(m); however, this information
is not presented in the literature as clearly as in the crystallographic case. Helpfully, one
can access all the relevant data in types Hs and Hj (as well as in the exceptional types
Es, Ez, Eg, Fy, and G3) from the UnipotentCharacters command in the computer algebra
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system CHEVIE [41]. To deal with the dihedral case, it is expedient to review an explicit
construction of Uch(W); we do this in Section 2.2.5.

2.2.3 Two involutions A and j of Uch(W)

We now define two canonical involutions A and j of the set Uch(W) which will be of im-
portance in Section 2.5. The first of these, A, arises from the observation that there is a
well-defined notion of formal complex conjugation on Uch(W). This fact derives easily from
the descriptions we cited in the previous section, and we record it as the following proposition
for future reference.

Proposition 2.2.4. For each finite, irreducible Coxeter system (W, S), there exists a unique
involutory permutation A of Uch(W') with the following properties:

(i) A preserves Deg(®) and inverts Eig(®) for each & € Uch(W).
(i) A fixes @ € Uch(W) if and only if Eig(®) = £1.

The involution A is the identity permutation if and only if (W, S) is of classical type. Fur-
thermore, in all types, A fixes all elements of Irr(W) € Uch(W)

To define our second involution j, we recall that a polynomial f(z) is palindromic if
there exists a nonnegative integer ¢ € N such that f(z) = z°- f(z~!). In particular, the
zero polynomial is palindromic. As noted by Opdam [87], the fake degree of nearly every
® € Uch(W) is palindromic and reflecting the coefficients of FakeDeg(®) about a certain
central power of z gives rise to a well-defined and meaningful involution of Uch(W). (For
Weyl groups W, this was first observed by Beynon and Lusztig [14].) To explain what we
mean, define a constant Ng for each & € Uch(W) by the formula

N = 3(13 >, ®(r) for & € Irr(W) and  Ng =0 for ® € Uch(W) \ Irr(W),

where the sum on the left is over all reflections r € W (i.e., those r € W conjugate to
elements of the generating set S). Also, let N denote the total number of reflections in W.
The following proposition now summarizes several observations of Opdam [87, Page 448]. (In
comparing this proposition to Opdam’s paper, the reader should note the following misprint:
the exponent of 7" on the right-hand side of [87, Eq. (2)] should be N, — N and not N — N,.)

Proposition 2.2.5 (Opdam [87]). For each finite, irreducible Coxeter system (W, S), there
exists a unique involutory permutation j of Uch(W) with the following properties:

(i) The fake degree of j(®) is zV~N2 . FakeDeg(®)(z™!) for each ® € Uch(W).
(i1) 7 fixes ® € Uch(W) if and only if FakeDeg(®) is palindromic.

The involution j is the identity permutation if and only if (W, S) is not of type E7, Es, Hj,
or H,. Furthermore, in all types, j fixes all elements of Uch(W) \ Irr(W).
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Remark. Under the assumption that W is a Weyl group, this result first appeared as
Proposition A in Beynon and Lusztig’s paper [14]. There is also another interpretation of the
involution j in terms of rationality properties of the corresponding characters of cyclotomic
Hecke algebras; see [77, Theorem 6.5].

Even in types E;, Fg, Hs, and H,, the permutation j is very nearly the identity. In
particular, adopting Carter’s notation for the elements of Irr(W) (see our explanations in
Sections 2.4.2 and 2.4.3), we may describe the nontrivial actions of j on Uch(W):

[ ] Type E7. _’] exchanges ¢512711 with (,{)512712.

e Type FEjg. j exchanges oag6,11 With ¢agos,12 and agge 26 With Pagge, 27
o Type Hj. j exchanges ¢4 3 with ¢y 4.
[ 4 Type H4. ] exchanges ¢15,3 with ¢16,6 and ¢16,18 with qf)ls,zl.

One consequence of this description is that @ € Irr(W) is special if and only if j(® ® sgn)
is special, a fact which Carter notes as [30, Corollary 11.3.10] when W is crystallographic.
Moreover, as Beynon and Lusztig observed in [14], the irreducible characters ® € Irr(W)
with j(®) # ® are precisely the characters corresponding to irreducible representations of
the corresponding Hecke algebra of W which are not rational. For more on this property,
see also [30, Section 11.3] and [61].

2.2.4 Families in Uch(W)

The set Uch(W') possesses a distinguished decomposition into disjoint subsets called families.
When (W, S) is crystallographic, these arise as the equivalence classes of a certain relation
(see [30, Section 12.3]), but in general the families are defined heuristically (see [66]). To
specify the Fourier transform matrix of Uch(W) it suffices to attach Fourier transform ma-
trices to each of the families, and we therefore discuss some of their significant properties
here.

To begin, each family F C Uch(W) contains a unique special element ®— special, we recall
from the introduction, means that there exist an integer ¢ € N and nonzero real numbers
a,b such that

FakeDeg(®) = az® + higher order terms and Deg(®) = bz® + higher order terms.

Since FakeDeg(®) = 0 if ® ¢ Irr(W), each special ® necessarily belongs to the subset of
irreducible characters Irr(W) C Uch(W). If ® is the unique special element of a family F
and e is defined as above, then z° is also the largest power of z dividing Deg(¥) for all
other ¥ € F. Furthermore, if 2 is the largest power of 2 dividing FakeDeg(¥) for some
¥ e FNIrr(W), then e < € unless & = 0.

From this discussion we see that each family F in Uch(W) has a nonempty intersection
with Irr(W). Thus the division of Uch(W) into families induces a similar partition of Irr(W)
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into families. The family decomposition of Irr(W), in contrast to that of Uch(W), has a
simple definition in terms of the two-sided cell representations of W which applies in all
types. Namely, a family in Irr(W) consists of the characters appearing as constituents of
two-sided cells having the same special constituent; see [30, §12.4] for a detailed explanation.

Let A and j be the involutions of Uch(W) defined in Propositions 2.2.4 and 2.2.5 above.
Every family in Uch(W) is preserved by both of these permutations, and we make the
following definition concerning the action of j on a family.

Definition 2.2.6. An element of Uch(W) is ezceptional if it is not fixed by the involution 7,
or equivalently if its fake degree is not palindromic. (All such characters are listed at the end
of Section 2.2.3.) A family in Uch(W) is ezceptional if any of its elements are exceptional.

Remark. This notion of exceptionality originates in Beynon and Lusztig’s paper [14] and
has since become a standard definition, appearing in various places [55, 87]. All exceptional
families have size 4, and they only occur in types E7, g, Hz, and Hy. In types F; and Hs,
Uch(W) contains exactly one exceptional family, while in types Eg and Hy, Uch(W) contains
two exceptional families.

As Lusztig first observed [63], a single construction provides an extremely convenient way
of parametrizing nearly every family in Uch(W). Given a finite group T, let Cr(z) = {g €
T': grg~! = x} denote the centralizer of an element z € T, and define

(D) (2.2.2)

as the set of equivalence classes of pairs (z,0) for z € T and ¢ € Irr(Cr(z)), with respect to
the relation

(x,0) ~ (gzg~,09) for g eT. (2.2.3)

Here 09 denotes the character of Cr(gzg~!) with the formula z — o(g~'zg). Apart from
one family in type Hy and one family in type I(m), each family F C Uch(W) is naturally
in bijection with a set .4 (I") for some finite group I, given either by a product of 2-element
cyclic groups or a symmetric group. In particular, each F has one of the following sizes:

Family size |[F|: 2% 8 21 39 74 k® K*+k+2
Corresponding group I':  (Z/2Z)* S; Sy Ss

Families of size 74, k%, and k% + k + 2 occur only in types Hy, I>(2k + 1), and L(2k + 2),
respectively.

If (W, S) has one of the classical types A, BChp, or D,, then the families in Uch(W) each
correspond to sets .# ((Z/2Z)*) for various integers k > 0. If (W, S) has type Es, E7, Es,
Fy4, or G2, then the families in Uch(W) each correspond to .# (Sk) for some k € {1,2,3,4,5}.
A detailed list of the families 7 C Uch(W) when (W, S) is crystallographic, alongside the
corresponding bijections F — .#(I'), appears in [30, §13.8 and §13.9]. With respect to these
correspondences, the following observation is a consequence of [63, Theorem 11.2]:
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Observation 2.2.7. Suppose (W,S) is crystallographic and F C Uch(W) is a family
parametrized as in [30, §13.8 and §13.9] by the set .#(T") for a finite group I'. Let ® € F be
the element corresponding to (z,0) € .#(T).

(a) If F is not exceptional then Eig(®) = Z2 and A(®) is the unique element of F

a(1)

corresponding to the equivalence class (z,7) € .# (T).
(b) If F is exceptional then I' = S; and Eig(®) = 1if z = 1 and Eig(®) = o(z)-i otherwise.

In this case, A fixes the elements of F with Frobenius eigenvalue 1, and exchanges the
two elements with Frobenius eigenvalue +i.

Furthermore, in either case @ is special if and only if (x,0) = (1,1), where 1 denotes the
principal character of T'.

Carter’s book [30] does not similarly address the non-crystallographic case; however, in
these types, only a small number of families exist. A description of these families appears in
Lusztig’s papers [67, 66], which we may summarize as follows:

e Type Hj. There are 7 families: 4 of size 1 and 3 of size 4.
e Type H,. There are 13 families: 6 of size 1, 6 of size 4, and 1 of size 74.
e Type Iz(m). There are 3 families: they are described by (2.2.4).

One can find an exact parametrization of the families in types Hs and H, (and also for the
crystallographic exceptional types) in the computer algebra system CHEVIE [41]. We will
discuss these families at greater length in Section 2.5.3.

We close this subsection by considering the related combinatorial problem of counting
the elements of .# (T"). If I" is abelian, then .#(I') =T x Irr(I") and we have |.#(T)| = |T.
If ' is a symmetric group, then we have the following less trivial result.

Proposition 2.2.8. Let a, = |.#(S,)| and write o(n) for the sum of the positive divisors of
a positive integer n. The ordinary generating function of the sequence {a,}32, then satisfies

oo

1
1+ Zanmn = H A=z

n>1 n=1
Hence, in the language of [13], {a,}32, is the Euler transform of the sequence {o(n)} ;.
Remark. The sequence {a,}2., = (1,4, 8,21, 39, 92,170, 360, . .. ) appears as [86, A061256].

Proof. If C denotes the centralizer in S, of a permutation with cycle type A, then a, is
equal to sum over all partitions A of n of the number of conjugacy classes of C,. It is not
difficult to check that if the partition A has m, parts of size r, then Cy = [],, G(r,m,),
where G(r,n) = (Z/rZ)1S, denotes the wreath product of a cyclic group of order r with S,.

The conjugacy classes of G(r,n) are indexed by partitions of n whose parts are labeled
by numbers i € [r]. Given a sequence (u,),>1 of such labeled partitions indexing a conjugacy
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class in Cy = [[,.,G(r,m,), modify the r'® partition p, by multiplying its parts by
and replacing all labels i by ordered pairs (r,i). Concatenating the parts of these modified
partitions yields a map from the set of conjugacy classes of C) to the set P, of partitions
of n whose parts of size k are labeled by pairs (d,7) where d is a divisor of & and ¢ € [d].
Conversely, any v € P,, determines a sequence of labeled partitions (u,),>; which indexes a
conjugacy class of some Cy: namely, take p, to be the labeled partition given by dividing by
7 all parts of v which are labeled by pairs of the form (r,i). These operations determine a
bijection from P, to the disjoint union of the sets of conjugacy classes of C) over all partitions
A of n, and thus a, = [Pyl

We can view P, as the set of partitions of n whose parts of size k can have o (k) different
types. The cardinality of this set is what is counted by the coefficient of z* in the right-
hand generating function above, essentially by construction (see [13]), which completes the
proof. O

2.2.5 Unipotent characters in type I;(m)

It seems difficult to find a single reference which provides all of the data our setup requires
to construct Uch(W) in type I>(m). We therefore briefly include the relevant details here,
with the papers [67, 66, 76] serving as our primary references.

Fix m > 3 and let (W, .S) be of type Iz(m). The set Uch(W) then consists of the objects

o D ;) for integers j with 0 < 7 < 3,
o &; ;) for integers 7,7 with 0 <i < j <i+j<m,

together with the additional objects

1, sgn, if m is odd
1, sgn, @'(07%), @2’0’%), if m is even.

Observe that Uch(W) has cardinality k2 +2if m =2k + 1lisodd or k* —k+4 if m =2k is
even.

Let £ =exp (%) be the standard primitive m*® root of unity. The fake degrees and
degrees for Uch(W) are then defined by

2+ zm I, ifi=0,

o FakeDeg (‘I’(i,j)) = {0 otherwise

o FakeDeg (®{y ) ) = FakeDeg (@ ) = 2™,

and

_ fagmiogiogmd (@=1)(+) [Tegim) (z=€¥)
* Deg (Bap) = ™ S o e Lk

88



e Deg (@20,%)) = Deg (@2’0%)) =<.z. H0<k<%(m — &8 (z — gmF),

with FakeDeg (1) = Deg(l) = 1 and FakeDeg (sgn) = Deg(sgn) = z™. Note that in the
right-hand expression for Deg (©(;;)), the denominator of the last factor always divides its
numerator, and so the degree does belong to R[z]. The Frobenius eigenvalues have the
formula

€9, if & =P ; for some (4,5),

1, otherwise.

Eig(®) = {

We note that in this type, the permutation A of Uch(W) defined in Proposition 2.2.4 fixes all
elements except those of the form @(; ;) with 4 > 0, on which it acts by A : @ 3y — P m—j)-
Finally, Uch(W) always has exactly three families, given by the sets

{1}, {sgn}, and  Uch(W)\ {1, sgn}. (2.2.4)

The special elements of Uch(W) are then 1, sgn, and @ ;).

2.3 Decomposing xw for classical Coxeter systems

Kottwitz’s paper [55] gives the decomposition of xy when W is a Weyl group of one of the
classical types A,, BC,, and D,. This section explains Kottwitz’s results in detail, and also
describes the special characters and family decomposition in Irr(W) in the classical cases.
Most of this section is expository, our main references being Lusztig’s book [63], Carter’s
book [30], and Kottwitz’s paper [55].

2.3.1 Type A,

Suppose (W, S) is the Coxeter system of type A,. In this situation, we identify W with
the symmetric group Sn4; of permutations of [n + 1] and take S to be the set of simple
transpositions

S = {Si déf(l,'l'f‘l) ESn+1 11 € [TL]}

We view permutations as functions and multiplication in S,,; as function composition, and
so evaluate the product of cycles to be (1,2)(2,3) = (1,2,3), for example. The involutions
of W are then the permutations of [n + 1] whose cycles all have length one or two, and if
w € W is such an involution, we have

Desg(w) = {s;: i € [n] and w(i) > w(i +1)}.

The conjugacy classes of W are the sets of permutations with the same cycle type; thus the
permutations

wm E (Lm+1)(E2m+2)...(m,2m), form=12,...,|2] (2.3.1)
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represent the distinct conjugacy classes of involutions in W.
To describe the irreducible representations of W, we adopt the convention that a partition
of an integer n is a weakly decreasing sequence of nonnegative integers o = (e, ¢, ... ) with

la| & Y., = n. We write a - n to indicate that « is a partition of n, and treat all
partitions « as infinite sequences (so that «; is defined for all ¢ € P). The Young diagram of
a partition « is the subset of P? given by {(4,7) : 1 < j < \;}, which we typically represent
in “English notation” as in the following example:

L

a=(4,2100,...) 6 has Young diagram

L

We often identify a partition a with its Young diagram; for example, we write o C 8 when the
Young diagram of « is contained in that of 3, which is equivalent to the condition that a; < ;
for all i+ € P. We denote the transpose of a F n by o; recall that of = |{j € P: o; < i}, s0
that the Young diagram of o’ is the transpose of the Young diagram of a.

The isomorphism classes of irreducible representations of W are indexed by the partitions
of n + 1. In particular, for each partition o F n + 1, it is possible to choose an irreducible
W -representation p® with the property that p* restricted to Sy, X Sa, X ++- C Sp41 contains
the trivial representation and p® restricted to the Sa’l X Sar2 X +-+ C S,41 contains the
sign representation. No two such representations are isomorphic, and any irreducible W-
representation is isomorphic to p® for a unique partition a - n + 1. We write x® for the
character of p®, so that Irr(W) = {x*:aFn+1}.

Using this notation, we may state the following theorem assembling several facts from
Lusztig’s book [63].

Theorem 2.3.1 (See Chapter 4, Section 4 in [63]). Suppose (W, S) is of type A,.
(1) Every irreducible character of W is special.
(2) Each irreducible character of W belongs to its own family with one element.

Concluding this subsection, we have these two results which Kottwitz derives in [55].
Adin, Postnikov, and Roichman independently studied the representation gy in type A, in
in [1], and the combinatorial formulation of the first theorem is taken from that paper.

Theorem 2.3.2 (Corollary A.1 in [1]; see also [55]). Assume (W, S) is of type A,.

(1) If o € W is an involution with f fixed points then the character xw, is the multiplicity
free sum ) x© over all partitions o F n + 1 whose Young diagrams have exactly f
odd columns.

(2) A partition of » + 1 has f odd columns if and only if it appears as the shape of the
standard Young tableaux assigned by the RSK correspondence to an involution in S,41
with f fixed points.
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Since xw = .. XWuw. Where the sum is over m = 0,1,..., L%, the first part of the
preceding theorem leads immediately to this corollary.

Corollary 2.3.3 (Theorem 1.2 in [1]; see also [55]). If (W, S) is of type A, then

xw= > x*

AFn+1

is the multiplicity free sum of all irreducible characters of W.

2.3.2 Type BC,

For algebraic groups, the two types B, and C, are distinct, but the Weyl groups (W, S) of
the simple groups of types B, and C, are isomorphic, and for our purposes, all the data of
interest attached to Irr(W) via G is the same in both types. We therefore refer to a single
Coxeter system of type BC,,.

An explicit construction of the Coxeter system of type BC, goes as follows. Let Fy =
{0,1} denote the finite field with two elements and write F? for additive group of n-tuples of
elements of F;. The symmetric group S,, acts on F} by permuting the coordinates of elements,
and we denote the action of a permutation 7 € S,, on a vector = = (z1,73,...,z,) € F} by

71'(.’13) déf (.’1,‘,‘.—1(1), 1:,,—1(2), ey :Eﬂ.—l(n)) .
We let B, denote the group of pairs (r,n) € F} x S, with multiplication given by
(z,m)(y,0) = (6 z) +y, 7o), for z,y € F? and 7,0 € S,.

This is usually referred to as the hyperoctahedral group or the wreath product FsS,. We
view Fy and S, as subgroups of By, by identifying z € F} with the element (z,1) € B, and
7 € Sp with the element (0,7) € B,. It is helpful to observe that the map sending (z,7)
to the n x n matrix with (—1)® in position (n(3),%) for i = 1,2, ...,n and zeros in all other
positions defines an isomorphism from B, to the group of n x n signed permutation matrices.

Suppose (W, S) is the Coxeter system of type BC,,. In this situation, we identify W with
the hyperoctahedral group B, and take S = {sy,...,8,-1,%,} where

si=(hi+1)€S, CB, forien—1] and t,=(0,...,0,1) € F3 C B,. (2.3.2)
An element (z,7) € W is an involution if and only if 7 is an involution in S, and z; = z;
whenever 7 (i) = j. If (z,7) € W is an involution then ¢, € Desg(z, ) if and only if z, = 1,
and s; € Desg(z,7) for i € [n — 1] if and only if one of the following conditions holds:

o 7(i) >7(i+1) and z; = 254, = 0;

o 7(i+1) > (i) and z; = ;4 = 1;
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® I = 1 and Tip1 = 0.

Given nonnegative integers k, £, m with 2m +k + £ =mn, let

e S ((0,...,0,0,...,0,1,...,1 ), wm) cw, (2.3.3)

2m times  k times £ times

where we define w,, € S, as in (2.3.1). This element is an involution, and the elements wg ¢m
with k, £, m ranging over all nonnegative integers with 2m + k 4+ £ = n represent the distinct
conjugacy classes of involutions in W.

The isomorphism classes of irreducible representations of W are indexed by bipartitions
of n, by which we mean pairs of partitions (e, 8) with |a| + |8] = n. We write (o, 8) -7 to
indicate that (o, B) is a bipartition of n. One typically constructs an irreducible representa-
tion p(®# belonging to the isomorphism class of each bipartition (a, 8) I [n] in the following
manner. Any representation p of S, (in some vector space V') extends to representations p
and p_. of B, (in the same vector space V') by the formulas

p+(z,m) = p(n) and p_(z,7) = (=1)" T+ p(rr), for (z,7) € B,. (2.3.4)

If (o, B) is a bipartition of n, then p® and o are irreducible representations of symmetric
groups, and the external tensor product p§ ® p defines a representation of Bj, X Bjg. We
define p‘®? as the induced representation

def a
p(a B) I dB[ |XB|B[ (p+ ®p€) M

This representation is irreducible with degree

deg p*P) = a I,lm,(degp)(degp"),

and any irreducible W-representation is isomorphic to pt? for a unique bipartition (a, 3) F
n. We write x{*® for the character of p(*#), so that Irr(W) = {x("’ﬁ) : (a, B) F n}.

The following constructions are taken from Lusztig’s book [63]. Given a nonnegative
integer m, let SBC denote the set of pairs (A, p), where A = (A, Ag,..., Amp1) and p =
(f1, .-+ Mm) are strictly increasing nonnegative integer sequences of length m + 1 and m,
respectively. The elements (), u) € SEC are often represented as two-line arrays

AL, Az, y Ams At )
A, — ? 3 ? ? i
A w) ( 1, B2, s Hm
Lusztig [63] defines an equivalence relation ~ on the disjoint union $5¢ & Unm>o SBC vy
setting
)‘17 A?v T A‘mn A'rn+]. O, )\1+1; A2+1) T )‘m+17 A'm,+1_*_1
Hi, H2, -y Hm 07 /.L1+1, ,LL2+1, Tt y'm_*_l
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and then extending ~ reflexively and transitively. Following Lusztig [63], we call the equiv-
alence classes in SBC under this relation symabols. Accompanying this notation, we have the
following terminology also from Lusztig’s book [63].

Definition 2.3.4. The symbol of a bipartition (o, ) F n is the symbol of (A, u) € SBC
where

b

Ai = Onpr—-1) + (2 — 1), fori € [n+1],

pi = P--ny + (@ = 1), for i € [n]. (2.3.5)

(a) We say that the bipartition (a, 8) is special if its symbol contains for some m a repre-
sentative (A, i) € SB% such that \; < p; < A4y for alli € [m].

(b) Two symbols A, A’ in SBC are said to belong to the same family if for some m there
exist representatives (A, ) € SECNA and (v,v) € SBCNA’ such that the concatenated
sequences

()\I)A27~'-7Am+17“‘17,u27"'y,u’m) a'nd (717727"')7’”1-}-171/171/27"'an)

are permutations of each other. Two bipartitions of n belong to the same family if and
only if their symbols belong to the same family.

(¢) Inany (A, p) € SBC, a certain number of entries of 4 do not appear in A and a certain
number of entries of A do not appear in . Denote the former number by d(, x); the
latter number is then necessarily equal to d(\, p) + 1.

The number d(], i) is the same for all elements in a given symbol and we therefore define

d(a, 3) e d(X, p) for any (A, ) € SBC which represents the symbol of (a, B).

Example 2.3.5. The bipartitions (B H5), (m,FH), and @3,1:111) of 8 constitute a family as
their symbols are respectively represented by

0, 3, 4 0, 1, 4 1, 3, 4
(1,4) (3,4)’ and (0,4)
The bipartition (FH,HD) is special, and we have d ({3,7) = d (m,FH) = d {H oo =1.
We may now state the type BC, analog of Theorem 2.3.1, also due to Lusztig [63].
Theorem 2.3.6 (See Chapter 4, Section 5 in [63]). Suppose (W, S) is of type BC,,.

(1) A character x(*® of W is special if and only if (a, B) is a special bipartition of n.

(2) Two irreducible characters of W belong to the same family if and only if they are
indexed by bipartitions of n in the same family.
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The following lemma provides another of understanding the special bipartitions («, 3) and
the integer d(a, 3). The first part of this result is similar to Spaltenstein’s characterization
of the special representations of Weyl groups of type BC), in [88, Section 4]. Here, we write
o' for the transpose of a partition a, which by definition is the unique partition whose Young
diagram is the transpose of the Young diagram of a.

Lemma 2.3.7. Let (o, 3) be a bipartition of n.
(1) The bipartition (a,3) is special if and only if 3; < o; + 1 and o} < 8/ + 1 for all i € P.

(2) If (a,B) is special then d(a,3) = |{(a;,-,j) 1j € IP’} N {(z’,ﬁi) NS lP’}|, which is the
number of cells which appear both in the last row of a column of @ and in the last
column of a row of S.

Remark. The condition for a bipartition («, 3) to be special corresponds to the following
picture:

If the Young diagram of « is the set of gray cells, then (o, 3) is special if and only if 3 is
formed from a by adding (a subset of) white cells and/or removing (a subset of) gray cells
marked by e’s.

Proof. If (), i) and (v, ») belong to the same symbol in SZC then \; < p; < Ajyq for all i if
and only if ; < 13 < ;4 for all 4. Given this, it follows that a bipartition (a, 3) is special
if and only if a;41 < ; < @; + 1 for all 7 € P. In turn, it is straightforward to check that
a1 < B; for all i € P if and only if o) < 8 + 1 for all i € P, and this gives part (1).

If (o, 3) is a special bipartition and (\, u) € SBC is defined by (2.3.5), then d(a, ) is
equal to the number of i € [n] with \; < p; < A;41. This is the number of i € [n] with
aiy1 < f; < a; + 1. In light of part (1), we deduce that d(e, 3) is the number of i € [n] with
@it1 < Bi < o;. Part (2) follows immediately as (i, 3;) = (o, j) for some j € P if and only
if aipn < B < a. O

Recall from (2.3.1) the definition of the permutation wy, = (1, m+1)(2,m+2)--- (m,2m) €
Som. View w,y, as an involution in B,,, and note that this involution coincides with the ele-
ment wp, o0 defined by (2.3.3). It will soon be useful to adopt the following notation: given
g = (z,m) € B, for some n, define |g| = 7 € S, and g; = z; for i € [n].

Lemma 2.3.8. If (W, S) is of type BCs,, then the character of the subrepresentation of gy
on the subspace of Invol(W) spanned by the conjugacy class of wp, € Wis 37, sy,
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Remark. This result is mentioned, for example, as [85, Eq. (6)]. We include a detailed
proof for completeness.

Proof. If G is a group then we write Cg(g) = {z € G : g = gz} for the centralizer of an
element g. In particular, let Vi, = Cg,,, (wm) and Hy, = Vi N (Bm X By,). Proofs of the
following facts are left as straightforward exercises:

(@) Vim = {(z, 7) € Bom : 7 € Cs,_(wm) and z; = T,py; for all i € [m]},
(b) The centralizer Cg, , (wm) is isomorphic to By, and so |V, = m! - 22™;
(c) Hpm = {(g, h) € By % Bum - |g| = |k] and ¢ = ; for all i € [m]} > B,

Let A : V, — C be the linear character defined by gw(9)a..,. = A(9)a.,, for g € V,,. The
character of the subrepresentation of gy described in the lemma is just the induced character

Ind;?™(X) and so has degree [Boml — @m)! Gince deg (X aem X@9) = (™) 3 n(deg x2)? =

{Vim| m! -
Qmﬂ,)—!, to prove the lemma it suffices to show that x{*® appears in Indﬁi’" (A) with nonzero
multiplicity for each a - m. Let X% and x2 denote the characters of the representations p$
and p2 given by (2.3.4) so that we have x(*® = Indgfn’">< 8,.(X$®x2). By applying Frobenius
reciprocity and Mackey’s theorem, one obtains the inequality

(Ind§>™(X), x{*) B, = (Resgzn g (Indg?" (M), x5 ® x2) B.xp,  (Frobenius recipr.)
> <Indgz"3’" (Res}/{':‘n (), x5 ®x*) BoxBun (Mackey’s theorem)
= (Resy™ (), Respm P (xS ® x%)) o (Frobenius recipr.)

and thus we need only show that the last inner product is nonzero.

To evaluate this, recall that B,,, is generated by the elements sy, 35, .. ., Som_1, tom, and
observe that H,, is generated by the elements s, s5,...,s),_;,t., where s} = s;8;4m for
i € [m — 1] and

tre = tom (SmSma1- - - Som—1) tom (S2m—1" " * Sm415m) -

It is easy to see that A(s}) =1 for all i € [m — 1] as Wy, # Sm4iWmSm4i- With slightly greater
difficulty, we compute A(#],) = —1 as follows. Let vy = wp,; then define v;1; = SpmyiliSmys
for 0 € ¢ < m — 1; then let pg = tomVmtom; and finally define p; = Sgm—ipti—152m—; for
1 < ¢ < m. The element ¢, € H,, is a product of 2m + 2 simple generators, and if we
successively conjugate wp, by these generators (beginning with the right most factor) we
obtain the sequence of involutions

Wm = Vo, V1, V2, .., Um, Hp, K1, H2, .-, HUm, t2m,umt2m=wm-

One checks that the only pairs of equal adjacent elements in this sequence are v,,_1 = U
and po = 1, and that s3n,_1 € Desp(vm—1) while so,,—1 € Desg(o). By the definition of gw,
it follows that A(t;,) = —1 as claimed, and from this we deduce that A(g) = (—1)9m+1++92m
for g € Hy,. On the other hand, if ¢ € H,, and |g| = (0,0) € S,n X S;u C S, then
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(x ® x2)(g) = (—=1)Imnrt+omya(5)2 In the product of these two characters the factors
of —1 cancel, and we obtain

1
(Resz (A), Respr™Bm (x& ®X2)) . = o ZS xX*(0)* = (x*, XM s = 1,
TESM

which completes the proof of the lemma. 0

Continue to let V,,, = Cp,, (wm) as in the proof of the preceding lemma. If k,¢,m are
nonnegative integers with 2m + k + £ = n, then we may naturally identify Cg, (wksm) with
the internal direct sum

CBn(wk,g,m) = Vm X Bk X Bg (236)

where we view the factor By (respectively, By) as the subgroup of B,, consisting of all elements
(z,m) with z; = 0 and (i) = i for

i¢{2m+1,...,2m+ k} (respectively, i ¢ {2m +k+1,...,2m+ k4 £}).
In addition, if we let Ak ¢m : Cg, (wWkem) — C be the linear character defined by

QW(g)awk,['m = Ak,@,m(g)awk,g,mv for g € CBn (wk,f,m)v

then with respect to the identification (2.3.6) we have Ay sm = An ® I, ® sgng,, where
Am = Xoom is the character of V;, which we denoted A in the preceding proof. (Here, ®
denotes the external tensor product.) The character xw., , . of the subrepresentation of ow
on the subspace of Invol(W) spanned by the conjugacy class of wy ¢ is Indpr Bux B, (Aktm)-
Using the transitivity of induction, we deduce from the preceding lemma that this character
is equal to the sum of induced characters

XWertm = Z Indg;mkaxB, (X(a’a) ®1p, ® SgnBl) .

aFm

To decompose this, we appeal to the following lemma.

Lemma 2.3.9. If k, ¢, m are nonnegative integers with 2m + k£ + £ = n, and v + m, then

Bn , a,
IndB2mXBkXB[ (X(7 7) ® IlBk ® SgnB@) = Z X( ﬂ)
(@,8)

where the sum is over all bipartitions (¢, 8) + n such that the Young diagram of a (respec-
tively, B) is obtained from the Young diagram of v by adding % cells in distinct columns
(respectively, £ cells in distinct rows).

Proof. By comparing the formulas for these characters and using the fact that characters
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are class functions, one finds that the left hand side is the character of

S Sm
Indg:z+k><Bm+l ((Indsm;%k (p‘y ® nSk))+ ® (IndSm;tse (p7 ® Sgnsl))—> '

where, as above, we use the notation p;, p_ to denote two extensions of a representation p
of S, to a representation of B,,. By the well-known Pieri rules for the symmetric group, this
representation is isomorphic to

By, o _ B, o,
dBr s | 20 P5 800 | =D mdle o, (i 00%) = 3 o2,
(arﬁ) (Q,ﬁ) (Q!B)

with all sums over bipartitions («, 8) - n as in the statement of the lemma. O

We may now give a detailed proof of the decomposition Kottwitz describes in [55] of the
subrepresentations of gy generated by the involutions wgs.,. In what follows, given two
partitions «, 3, let @ N 3 be the partition with (o N B); = min{e;, 5;} for i € P.

Theorem 2.3.10 (Kottwitz [55]). Suppose (W, S) is of type BC,,. If k, £, m are nonnegative
integers with 2m + k + ¢ = n, then the character xw,,,,, of the subrepresentation of gy on
the subspace of Invol(W) spanned by the conjugacy class of wy ¢, € W is

~ d(a, ) (@)
XWwkem = Z (]aﬂ,ﬁl - m)X ;

(e.B)
where the sum is over all special bipartitions (a, 5) - n with || =m + k and |3| =m + £.
Note that we evaluate the binomial coefficient (':) to be zero if : <0 ori > k.

Proof. If (o, B) is a bipartition of n then the multiplicity of x®® in the character under
consideration is, by the preceding lemma, the number of partitions v - m to which one can
add k cells in distinct columns to obtain « and £ cells in distinct rows to obtain 3.

Suppose x{*#) appears with nonzero multiplicity, so that some such - m exists. Then
necessarily o - m + k and 8 F n + k, and we see that (a,3) is special by the following
argument. On one hand, certainly v; < 8; < o; + 1 for any i € P since 3; € {v,v: + 1} and
a; = ;. On the other hand, a;4; < +; since there are only ; — 7;41 distinct columns to
which one can add cells in the (i 4+ 1)* row of 4. Hence a;y; < 8; < o; + 1 for alli € P so
(o, B) is special by Lemma 2.3.7.

Let us now consider what forms the partition v - m may take. Certainly v C ang, and
the set of cells added to «y to form e is a subset of {(c}, j) : j € P} while the set of cells added -
to =y to form B is a subset of {(7,3;) : j € P}. Consequently, any cell in the Young diagram

of a N B which does not belong to v must belong to the set D & {(e},3) -5 € P} {(i, 8) :
i € P}, which by Lemma 2.3.7 has cardinality d(«, 8) as (a, 3) is special. By construction,
each cell in D is a corner cell in the Young diagram of @ N 8, and so removing any subsct
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of cells S C D from (the Young diagram of) aN B yields a valid partition, which we denote
by vs. Since |y| = m, we conclude that v = vg for some subset S C D with |[an | —m
elements. This suffices to show that the multiplicity of x(*) for a special bipartition (c, 3)

with a - m 4k and 8+ m + £ is at most (‘;é‘;ﬁ)m i

To show that this multiplicity is exactly <|a‘f‘($|’€)m)’ it is enough to prove that (under the
assumption (e, B) is special) the cells in the skew shape a \ vp lie in distinct columns and
the cells in the skew shape 8\ vp lie in distinct rows. This follows easily enough, as it is
not hard, using the definition of special in Lemma 2.3.7, to see that the cells in the first
skew shape belong to {(i,3;) : ¢ € P} while the cells in the second skew shape belong to

{(c},5) : 5 € P}. O
Corollary 2.3.11 (Kottwitz [55]). If (W, S) is of type BC, then
X(w.s) = Z (@) 5 ()
(e,B)
where the sum is over all special bipartitions (e, §) of n.

Proof. If (o, 3) F n is a bipartition, then for each m, there is a unique pair k, ¢ with |a| =
m + k and |3 = m + £. Hence, summing the subrepresentations described in the preceding
result over all integers m, k, ¢ > 0 with 2m + k 4+ ¢ = n yields the given decomposition. [

2.3.3 Type D,

Suppose (W, S) is the Coxeter system of type D,. In this situation, we identify W with the
normal subgroup B} < B, given by

B:{déf{(m,vr) GBn:z1+x2+---+xn=O},

and let S = {s1,..., 8p—1,8,_,} Where s; is defined as in (2.3.2) and s),_, = t,sp—1t,, with
t, as in (2.3.2). The involutions of B; are just the involutions of B, belonging to B;f. Let
(z,m) € W be such an involution. Then s; € Desg(z,x) for i € [n — 1] if and only if s;
belongs to the descent set of (x, w) viewed as an element of the Coxeter system of type BC,,
i.e., if and only if one of the following conditions holds:

o 7(i) > (i +1) and z; = i1 = 0;
o m(i+1) > x(d) and z; = i1 = 1;
o z; =1 and z;4; =0.

On the other hand, the element s/, _; € Desg(z,n) if and only if one of these conditions
holds:

e 7(n—1) > n(n) and £,—; =0 and z,, = 1;
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e w(n) >n(n—1)and z,_; =1 and z, = 0;
® T, 1=x,=1.

When 7 is odd, the distinct conjugacy classes of involutions in W are represented by the
elements wg ¢, with k, ¢, m ranging over all nonnegative integers with m = 2m + k + £ and
¢ even. When n is even, the distinct conjugacy classes of involutions in W are represented

by the same elements wy ¢ together with the one additional involution w/, /20 defined by

o, %t ( (1,1,0,...,0), wn ) €Bf,, foom>1. (2.3.7)

The conjugacy classes of these involutions are the intersection of their conjugacy classes in
B, with B}, with one exception: if n = 2m is even then the intersection with B; of the
conjugacy class of w,, € S, C B, splits into two classes, represented by w,, and ,.

Before even describing the irreducible representations of W, let us prove the following
fact.

Lemma 2.3.12. Suppose (W, S) is the Coxeter system of type D,, and (W', S’) is the Coxeter
system of type BCy, so that W = B is a subgroup of W' = B,,. Write
def def
ep =ow and o = ow,
and suppose m, k are nonnegative integers with 2m + k = n. The subspace V' of Invol(B;')
spanned by the B,-conjugacy class of wig., is then both pg- and pp-invariant, and the

restriction from B, to B; of the subrepresentation of gg on V coincides with the subrepre-
sentation of pp on V.

Remark. If we replace wig.m by wiem for an integer £ > 0, then the B} -representations
described in the lemma are still well-defined, but generally not isomorphic. In particular,
while Invol(B;}) is a pp-invariant subspace of Invol(B,), the subrepresentation of gg on
Invol(B;) does not restrict to a representation isomorphic to pp.

Proof. Tt is enough to demonstrate that if w = (z,7) € B;} is an involution in the B,-
conjugacy class of wgom, then pp(s)a, = op(s)a, for s ef Sh_1 = tpSp_it, € BY. In
particular, this suffices because, as noted above, s; for i € [n — 1] is a right descent of an
involution w € B;' with respect to the type D, length function if and only it is a descent
with respect to the type BC, length function.

To this end, note that we have sw = ws if and only if (n—1,n) isacycleof r orif n—1,n
are fixed points of 7 such that z,_; = z,. In either case, z,_; = z, € {0,1} and one checks
that

o8(s)aw, = op(s)a, = (—1)*a,,.

If sw # ws then either (i) n— 1, n are fixed points of 7 but z,_; # =, (ii) 7(n) ¢ {n—1,n},
or (iii) m(n — 1) ¢ {n — 1,n}. The B,-conjugacy class of wiom has no elements satisfying
(i), since if 4 is a fixed point of = then z; = 0. Using this fact, one checks that in cases (ii)
and (iii) we have pg(s)a, = op(s)a., = aa.., as required. O
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A consequence of Clifford theory is that if o, 8 are partitions with |a| + |3| = n, then the
restricted representations

Resg;: (p("’m) = Resg} (P(ﬂ’a))

are isomorphic. Let p{®#} denote a representation of B} isomorphic to these restrictions;
here, we view the superscript index {a, 3} as a set of partitions, so that a priori we have
pleft = plPe} When a = S, the representation p{®} = p#t = pl@8t decomposes as a sum
of two non-isomorphic irreducible representations, which we denote (in some order) by plebt
and p{eh?. To distinguish between these two types of representations, we give the index of
ptePt with a # B a special name.

Definition 2.3.13. An unordered bipartition of n is a set {a, 8} consisting of two partitions

a # B with |a| + |8] = n. We write {e, 8} F n to indicate that {o, S} is an unordered
bipartition of n.

When n is odd, the representations p{®f} with {a, 8} ranging over all unordered bipar-
titions of n represent the distinct isomorphism classes of irreducible representations of B;.
When 7 is even, the representations p{®f} for unordered bipartitions {a, 3} F n together
with pfeb! and pieh? for partitions o  n/2 represent the distinct isomorphism classes of
irreducible representations of BF. We write y{h!, xeb2 and x{®f} for the characters of
pledl pleb2 and pleb} so that

Irr(W) = {X{a}’l,x{é}’z tak n/2} U {X{"’ﬂ} H{a,B}E n}
where the first set in the right hand union is empty is n is odd.

Observation 2.3.14. It is useful to note that with respect to this notation, we have

(a) Indg'; (x1At) = x(@B + x(B) if {a, B} is an unordered bipartition of n;

(b) Indg’; (X{O‘} 1) = Indg’; (x{"}’z) = x{®®) if n is even and a - n/2.

Proof. These facts are consequences of Frobenius reciprocity. O
Ban
B,
ical: it depends on an arbitrary choice for which representation to call p{®h! and which to
call pleh2, The following result shows that there is a natural way of making these choices;
this is connected to the discussion in Geck’s recent work [40, Section 3.9].

Our labeling of the two irreducible constituents of Res>2 (p(*®)) for a - n is not canon-

Proposition 2.3.15. Suppose (W, S) is of type D, where n = 2m is even. It is possible to
arrange the indices of the characters x{h!, x{2}2 for partitions o - m so that the characters
of the subrepresentations of pw on the subspaces of Invol(W) spanned by the conjugacy
classes of wy,, and w/,, respectively, are the multiplicity free sums

Z y et and Z xleh?,

aFm aFm
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Proof. Let V and V'’ be the subspaces of Invol(W) spanned by the conjugacy classes of wp,
and w!,. Recall that the centralizer of w,, in B, is the group V,, defined in the previous
section. Since V,, C B;, V,, is also the centralizer of w,, in B}, and so if A : V,, —» C
is the linear character defined by pw(g9)a.,., = A(9)aw, for g € V,,, then the character

of the subrepresentation of pw on V is Indgi (A\). Since by Lemmas 2.3.8 and 2.3.12 we
have Indgg (Ind{'c};':‘lr (/\)) =3 b P, it follows from the observations (a) and (b) above that

the character of subrepresentation of py on V contains exactly one of x{h! or x{®h? ag a
constituent for each a - m. This suffices to prove the proposition since the character of the
subrepresentation of pw,.gy on V & V' is Resg'}r (Carm X&) = 3 (b x1eh?) by
Lemmas 2.3.8 and 2.3.12. N [

The following constructions are type D versions of the “symbols” introduced in the pre-
ceding section. This material is again originally due to Lusztig [63]. Given a nonnegative
integer m, let SE denote the set of pairs (), u) of strictly increasing nonnegative integer
sequences of length m, represented as two-line arrays

()\1, A2, e, )\m>
Hi, M2, cc Hm )
Lusztig [63] defines an equivalence relation ~ on the disjoint union S? & Unmzo S by
setting
(}‘17 A2: B} Am>N(;u'1, M2, 0, ﬂm)
M1, M2, -, Hm A1’ A2) Tt Am
and
(A]_, >‘27 Tt /\m>N(O> Al_*_l; A2+1’ T, Am‘"l)
Hi, M2, -y Hm 0, #1+1’ “2+1’ Tty ll"m_l_l

and then extending ~ reflexively and transitively. As with SBC, we call the equivalence
classes in SP under this relation symbols. We now recall the following definitions from [63].

Definition 2.3.16. The symbol of an unordered bipartition {a, 3} of n is the symbol of
(A, 1) € SP, where
Ai = -y + (i = 1), for 7 € [n],
i = ﬂn—(i—l) + (Z — 1), fori e [n]
(a) The unordered bipartition {a, 8} is special if its symbol contains for some m a repre-
sentative (X, i) € SE with \; < y; for all i € [m] and y; < Ay for all i € [m — 1].

(2.3.8)

(b) Two symbols A, A’ in 8P are said to belong to the same family if for some m there
exist (A, p) € SEN A and (v,v) € SE N A such that the concatenated sequences

(A17A27'"aAm7#17”2,~-':%) and (71,72""77m7yl7y27'"aU’m)

are permutations of each other. Two unordered bipartitions of n belong to the same
family if and only if their symbols belong to the same family.
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(c) In any (), ) € SP, a certain number of entries of 1 do not appear in A and a certain
number of entries of A do not appear in u. Denote these (equal) numbers by e(A, p).

The number e(}, 1) is the same for all elements in a given symbol and we therefore define

e(a, 3) & e(\, ) for any (A, i) € SP which represents the symbol of {a, 3}.

Note that e(a, 8) = e(3,a) > 1 by construction since a # 3. In general, d(a, 8) # e(, §),
as shall soon become clear.

Example 2.3.17. The unordered bipartitions {7, EF}, {8,F~}, and {B,EH} of 8 constitute
a family, since their symbols are respectively represented by

1 3 1 4 d 1 2
2 4 ) 2 3) ™ 34)
The unordered bipartition {f*,EF} is special, and e ({F,FF) = e [B,F°) = e (B,H) = 2.

In analogy with Theorems 2.3.1 and 2.3.6, Lusztig [63] shows that the families and special
characters in type D,, are given as follows.

Theorem 2.3.18 (See Chapter 4, Section 6 in [63]). Suppose (W, S) is of type D,.

(1) If n is even then the irreducible characters x{°*! and x{®}? of W are special for all
a - n/2. The irreducible character x{*#} of W is special if and only if the unordered
bipartition {a, 8} I n is special.

(2) If n is even then the irreducible characters x{®}! and x{*? for a F n/2 all belong
to their own families with one element. Irreducible characters indexed by unordered
bipartitions of n belong to the same family if and only if their indices bhelong to the
same family.

As in type BC,, one can define the set of special unordered bipartitions {«, 3} and the
numbers e(a, 3) while avoiding the notion of symbols entirely, and this ability, in the form
of the following lemma will prove useful later.

Lemma 2.3.19. Let {a, 8} be an unordered bipartition of n.

(1) An unordered bipartition is special if and only if it is given by {e, 8} where a € § and
the skew diagram § \ a contains no 2 x 2 squares.

(2) If {c, B} is special and a ¢ 3, then e(a, §) is the number of connected components in
the skew diagram 3\ a.

Before giving the proof we make two remarks.
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Remarks. The condition for an unordered bipartition {a, 5} to be special corresponds to
the following picture:
[ T[]

If the Young diagram of « is the set of gray cells and a C 3, then {a, 8} is special if and
only if 3 is formed by adding (a subset of) white cells to a.

Concerning the second part of the lemma, we recall that the connected components of a
skew diagram are the equivalences classes of cells under the relation of (left-right or up-down)
adjacency. For example, if 3 = (7,5,2,2) and a = (5,4,1) then the skew diagram S\ «,
shown as the white cells in the picture

has e(a, ) = 3 connected components.

Proof of Lemma 2.8.19. Noting (2.3.8), one finds that the definition of a an unordered bi-
partition {a, 3} is equivalent to the condition that o; < f; and f;41 < a;+1foralli € P (or
the same condition with @ and 3 interchanged). It is straightforward to check, remembering
that we assume a # (3, that this holds if and only if @ C 3 and 3 \ a contains no 2 x 2
squares.

Suppose {a, 3} is special and @ C B. Then, defining A\; and p; by (2.3.8), one has
A < <A< pg <0 < Ay < iy, and e(a, B) is equal to the number of i € [n] with
i < pi < Aip1, where by convention A,y = co. Equivalently, e(c, ) is equal to the number
of i € P with a; < 3; < a;_1, where we define ap = oco. It becomes clear on consulting the
picture in the remarks above that the upper right most cells of the connected components
of 3\ a are precisely those of the form (3, 3;) for i € P with o; < i < a;—;. Hence e(a, 3)
is the number of connected components in the skew diagram 3 \ a. O

Continue to suppose (W, S) is of type D, and let k,¢, m be nonnegative integers with
2m + k + € = n such that ¢ is even and k or ¢ is nonzero. Recalling (2.3.6), we note that the
centralizer of wk ¢, in W = B! is the index two subgroup of Cg, (Wk,e;m) = VX By x By C B,
consisting of all elements (z,7) € Cg, (Wkem) With Y0 ;= > ., =; = 0. In other words,
we may identify

Cw(Wi,em) = Vim X Uk
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where o
Uk,e = {(.’E,ﬂ') EB,XBy C By 1+ + Tpye = 0}.

Thus the linear character X : Cw(wk,em) — C defined by

QW(g)a‘wk,z,m = A(g)awk'[‘m7 for ge CW(wk,E,m)a
decomposes as the external tensor product X = \® 7 where A : Vin — C is the linear
character defined in the proof of Lemma 2.3.8 and 7 is a linear character Uy, — C. It is a

straightforward exercise from the definition of gy to check that, writing k for the partition
(k,0,0,...) F k and 1¢ for the partition (1,1,...,1,0,0,...) F £, we have

Indy 3PP (A @ 7) = (A ® x*? ® x“‘"”") + (A ® XY ® x(‘?’f‘”) :

By Lemmas 2.3.8 and 2.3.12, it follows that

abkm

a,o ¢
+ Z (Indg;mXBkXB[ (X( ’ ) ® X(QJC) ® X(g’l )) )'

atm

Bym X By x B, . o ’ e
Indotv(:k,z,:) AQT) = Z (Indgthkal (X( a) ®X(k 2) ® X(l z)) )

The induced characters in these sums decompose according to the following lemma.

Lemma 2.3.20. If &k, ¢, m are nonnegative integers with 2m + k 4+ ¢ = n and a + m, then

3 4 o
g} «puxBe (x“” )@ x®? @ x* ,z)) =3 X
B

and
Indz;, <5, xB, (X(""’) ?xM e x(g’ll)) => x©P
B
where both sums are over all pairs of partitions (3,7) with || =m+k and |B|=m+k+ £
such that the Young diagram of < is obtained from the Young diagram of a by adding &

cells in distinct columns, and the Young diagram of 3 is obtained from the Young diagram
of v by adding £ cells in distinct rows.

Proof. These identities follow from the Pieri rules for the symmetric group in essentially the
same way as in the proof of Lemma 2.3.9. O

From this lemma, we may now likewise give a detailed proof of the Kottwitz’s decompo-
sition of the characters xw, in type D,.

Theorem 2.3.21 (Kottwitz [55]). Suppose (W, S) is of type D,, and k, £,m are nonnegative
integers with 2m + k + ¢ = n such that ¢ is even and either k or ¢ is nonzero. Then the
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character xwiw,, . of the subrepresentation of oy on the subspace of Invol(W) spanned by
the conjugacy class of wxsm € W is

_ e(a7 ﬂ) {a,8}
XWwk eom — Z (k‘ _ f(a,ﬂ))x A y

{8}

where the sum is over all special unordered bipartitions {a, 3} F n with |a| = m and
|B] = m + k + £, and where f(a,(3) is the number of positive integers 7 with o; # ;.

Proof. Let X = XWuy,n.- Continuing in the notation introduced after Lemma 2.3.19, we
have shown that

Indgr (x) = Indgr ., A ®7T) = 3 (D 4 xB) (2.3.9)
(.87

where the sum is over all triples of partitions («, 3,v) with a = m and v - m + k and
B+ m + k + £, such that 7 is obtained from a by adding k cells in distinct columns, and 3
is obtained from < by adding ¢ cells in distinet rows.

It is clear from this equation that for any bipartition (a, ) F n, the character x(@h)
and x) appear in Ind3r(x) with equal multiplicity, and that this multiplicity is zero if
a = B. In light of Observation 2.3.14, the theorem will follow if we can show that the
multiplicity of x(®#) in (2.3.9) is equal to the binomial coefficient ascribed to x{*#} in the
- theorem statement. To this end, we first note that if « - m and + is obtained by first adding
k cells in distinct rows to « and (3 is obtained by adding ¢ cells in distinct columns to +,
then clearly BFm +k+ £ and o C # and 8\ @ has no 2 x 2 squares. It therefore follows
from Lemma 2.3.19 that {«, 3} is a special unordered bipartition.

Let {a, 3} be a special unordered bipartition with a - m and 3 F m + k + £ (so that
a C f3). To complete the theorem’s proof, we must show that the number m,, 5 of partitions
v F m + k such that the cells of v\ « lie in distinct columns and the cells of g\ v lie
in distinct rows is (ki(fa(f)ﬂ)) If v = m + k is such a partition, then every cell in v\ a
belongs to {(a} +1,7) : j € P} and every cell in 3\ v belongs to {(¢,3;) : i € P}. Hence
if v is the partition of m + f(a,3) whose Young diagram is formed by removing from £ all

cells (4, 3;) which do not belong to a, then v C v and every cell in v \ v must belong to

D {(af +1,5) : 5 € P}n{(4,8) : i € P}. For any subset S C D there exists a valid

partition vg of m + f(a, 8) + |S| whose Young diagram is given by adding the cells in S to
v. From the preceding observations, we conclude that v must be equal to v for some subset
S C D with k — f(a,3) elements.

Because the unordered bipartition {a, 3} is special, the cells in v \ a lie in the set
{(cf; +1,5) : 5 € P}. As such, it follows by construction that each partition v for S C D
has the property that the cells in vg \ a lie in distinct columns and the cells in 3\ vg lie
in distinct rows. Hence, the possible choices for v are in bijection with the subsets S C D
with k — f(a, ) elements, so m, 5 = ( D] ) Since 3 \ « contains no 2 x 2 squares, each

k—f(a.B)
connected component of 3\ a contains exactly one cell in D (namely, the upper right most
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cell in the component). Thus |D| = e(e, 8) by Lemma 2.3.19, which completes our proof. [

Corollary 2.3.22 (Kottwitz [55]). If (W, S) is of type D,, then

X(VV,S) = Z (X{'Y}vl + X{'Y})z) + Z 28(0,5)“1X{a,ﬁ}
“{}'1‘!./2 {a,ﬁ}

where we omit the sum over v  n/2 if n is odd and where the second sum is over all special
unordered bipartitions {a, 3} of n.

Proof. If we sum the subrepresentations described in the preceding theorem over all integers
k,€,m > 0 with 2m + k + € = n such that £ is even and % or ¢ is nonzero, then the resulting

multiplicity of p{®#} is a sum of binomial coefficients of the form ((e(oa’ﬂ )) + (e(c’;’ﬂ )) +.. )

or ((e(‘;’ﬁ )) + (e(‘;’ﬁ )) +.. ) These still give familiar powers of two, but with the exponent
diminished by one. O

2.4 Decomposing xw for exceptional Coxeter systems

Casselman computes in [31] the decomposition of xw when W is an exceptional Weyl group
of type of type Fs, E7, Eg, G2, or Fy. Using the computer algebra system MAGMA, we have
in turn computed the decomposition of xy when W is one of the remaining exceptional finite
Coxeter systems of type Hz or Hy. We take the opportunity in this thesis to present all of
this data in one place—namely, as Tables A.2, A.3, A.4, A.5, A.6, A.7, A8, A.9, A.10, and
A1l in the appendix. We have structured these tables to serve the additional purpose of
providing a convenient lexicon for various notations used in the literature for the irreducible
characters of the exceptional finite Coxeter groups.

2.4.1 Format of tables

Tables A.2—A.11 are structured as follows: each row corresponds to an individual character
¥ € Irr(W), and each collection of rows grouped together represents a family of characters
F C Irr(W). In each such family, the unique special character is listed first. The first column
gives the multiplicity of ¥ in xw. The second and third columns give two different names
used for the character . The remaining columns list data parametrizing the characters
within a family (which is used in Section 2.5 to indicate how the Fourier transform acts on
each 7).

In all of our tables, the second column lists the name of 9 in the notation of Carter’s
book [30]. In this notation, each irreducible character of W is generally denoted ¢4 ., were d
and e are such that

¢4ae(l)=d  and  FakeDeg(¢g.) = (nonzero constant) - z° + higher order terms.
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The two numbers d, e uniquely identify all of the irreducible characters of W in types Fj,
Es, Eg, and Hs. In types Fy and Go, Carter addresses a handful of ambiguities by labeling
certain pairs of characters as ¢4, and ¢ ,; we follow his example. In type Hy, the notation
¢a. fails to distinguish the two irreducible characters of W of degree 30. Since we cannot
refer to Carter’s labeling of these characters (as he only considers the crystallographic case),

we denote these characters by ¢39,10,12 and ¢30,10,14, Where ¢39 10, indicates the irreducible
character with

#30,105(1) =30  and  FakeDeg(¢s105) = z'° + z/ + higher order terms.

This data in the columns after the third in our tables is formatted in two different ways
according to whether (W, S) has one of the crystallographic types Eg, E7, Fg, G2, F; and or
one of the non-crystallographic types Hs, Hy. In Tables A.10 and A.11 addressing the non-
crystallographic types, the fourth and fifth columns indicate the Fourier transform matrix
attached to a given family and the index in this matrix which is assigned to a given character.
A detailed explanation accompanying these assignments appears in Sections 2.5.3.

When (W, S) is crystallographic, to each family F C Irr(W) there corresponds a group
I’ and a set A#x = # (') as defined by (2.2.2). To each ¥ € F there is then assigned a pair
(z,0) € M, which also indexes the unipotent irreducible character &, corresponding to 2.
(Our reference for these assignments is [30, §13.2].) In Tables A.2 to A.9, the fourth column
lists the group I' for which #x = .# ('), and the fifth, sixth, and seventh columns indicate
the pair (z,0) € .#x (as well as the centralizer Cr(z) for clarity) which corresponds to 1,
as listed in [30, §13.9] and the appendix of [63].

The groups I' occurring in the fourth column are all symmetric groups S, with n < 5.
Accordingly, the elements £ € I" in column five are permutations written in cycle notation.
The centralizers of these elements which appear are each either

e a symmetric group S, with n <5;

e a cyclic group Z, with n € {3,4,5};

e a direct product of the form S; x S or S3 x S3 or Z3 x Sy;
e the dihedral group of order eight Dihsg.

To indicate the characters o of these centralizers which appear, we employ the following
notation. Let 1 denote the trivial character of any group, and let sgn denote the sign
character of a symmetric group. Other characters of the symmetric group are indicated by
listing the Young diagram of the corresponding partition; e.g., F2 denotes the reflection
representation of S;. We will view Dihg as the centralizer of the permutation (1,2)(3,4) in
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84, and refer to its irreducible characters as they are labeled in the following character table:

1 (1L,2)34) (1L3)(24) (1L,2) (1,4,2,3)
11 1 1 1 1
e |1 1 1 -1 -1
e |1 1 -1 -1 1
|1 1 -1 1 -1
r |2 -2 0 0 0

Finally, we label the characters of direct products as tensor products of characters of their
factors, in the obvious way. This should be ambiguous in only one case, when = = (1,2) €
I =S4 and Cr(z) = {1, (1,2), (3,4), (1,2)(3,4)} = ((1,2)) x {(3,4)) = Sz x Sz and
o = 1®sgn. In this situation, 1 corresponds to the factor group ((1, 2)) while sgn corresponds
to the the factor group {(3,4)), so that 6(1,2) =1 and o(3,4) = —1.

2.4.2 Type H;

We devote the rest of this section to describing the irreducible decomposition of the characters
Xw, in type Hs, Hy, and I(m), since this will be needed in Section 2.6.

Let (W,S) be the Coxeter system of type Hj, so that W is isomorphic to the direct
product of S, and the alternating subgroup of Ss, and S = {a, b, ¢} consists of three elements,
which we label according to the Dynkin diagram

a 5

b

c
(so that a,b,c satisfy the relations (ab)® = (ac)? = (bc)® = a? = b® = ¢ = 1). There are
then four conjugacy classes of involutions in W, represented by the elements 1, a, ac, and
(abc)®, and W has 10 irreducible characters.

Decomposing gy and its subrepresentations is a routine calculation which we have carried
out in the computer algebra system MAGMA [18]. From this computation, we obtain the
following:

Proposition 2.4.1. If (W, S) is of type Hj then the characters xw,, decompose as follows:
(1) xw1 = 1.
(2) Xw(abe)® = P1,15-
(3) xwa =31+ P33+ b3+ P55
(4) XWac = ¢35 + P38 + P44 + P52.

Consequently, xw = Z¢€Irr(w) ¥ and pw is a Gelfand model.
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2.4.3 Type H,

Let (W, S) now be the Coxeter system of type Hy, so that W is a finite group of order 14400
generated by four elements S = {a, b, ¢, d}, which we label according to the Dynkin diagram

asb c d.

There are five conjugacy classes of involutions in W, represented by 1, a, ac, (abc)®, and
(abed)®®, and Irr(W) has 34 elements. Again, decomposing xw and xw, is a routine com-
putation, which we have carried out in MAGMA.

Proposition 2.4.2. If (W, S) is of type Hy then the characters xyw, decompose as follows:

(1) xwa = é10-

(2) XW,(abed)ys = P1,60-

(3) Xwa = Pu1+ Pa7 + b163 + P36

(4) Xw(abe)s = Pa,31 + Pa37 + b1s21 + b6 15

(5) XWac = Po,2 + Ggg + Po 22 + Do o6 + 16,6 + 16,18 + Pos4 + P2516
+ 20946 + 202412 + 201810 + 2030,10,12 + 2¢30,10,14 + 2P0 8-

2.4.4 Type I;(m)

Fix m > 3 and let (W,S) be the Coxeter system of type Iz(m), so that W is the dihedral
group of order 2m, generated by the two elements S = {r, s} subject to the relations 72
s? = (rs)™ = 1. The involutions in W are the elements 1 and (rs)’r for 0 < 5 < m — 1,
along with (rs)™/? if m is even. We always have Desp(1) = @, and one checks that

r}, if2%+l<m
Desg ((rs)™?) = {r,s}  and  Desg((rs)’r) = q {r,s}, if2i+1=m (24.1)
{s}, if27+1>m.

Write wq for the longest element of W, given by (rs)“Z r if m is odd or (rs)™?2 if m is even.
The group W has either two or four conjugacy classes of involutions, represented by 1 and
r if m is odd and by 1, wg, 7, and s if m is even.

The irreducible characters of W are given as follows. There are two linear characters
when m is odd, given by ¢, = 1 and ¢, ;,, = sgn, and four linear characters when m is even,
given by

b10 =1, ®1,m = sgn, Fmyz risk o (—1)F, and s risk o (—1)7.

109



There are in addition |25 ] distinct irreducible characters of degree two given by the func-

tions .
bog: (rsyr — 0,

. . m
(rs)ff > 2 cos(2mik/m), for integers k with 0 < k < 5

These constructions exhaust all elements of Irr(WW). We have labeled the characters of W
following our convention in type Hs and Hj: the first index of ¢4, indicates the character’s
degree while the second index is the largest power of x dividing the character’s fake degree.
In the notation of Section 2.2.5, we have

¢10=1, ¢1,m = sgn, Bimpz = Plozy, W mpz = Plo,m); o2k = Deok)-

Table A.12 describes the irreducible decomposition of the characters xw, and xw in type
I;(m). The rows in this table correspond to individual irreducible characters of W, while
the columns list the multiplicity of each row in the characters xw,.

Three distinct patterns arise according to the residue class of m modulo 4. The proof
of the given decompositions is a simple exercise using Frobenius reciprocity and the fact
that xw, is induced from a linear character A of the centralizer Cyw (o) of o in W. The
character A is determined by formula gw(g)a, = A(g)a, for ¢ € Cw (o), which may be
explicitly evaluated using (2.4.1). In addition, one checks that if m is odd and o is one of the
representative involutions 1 or r then Cyy (o) is W or {1,7} = S, and that if m is even and
ois 1, wy, r, or s then Cy (o) is W, W, {1, wq,r,wer} = Sy X Sy, or {1, wyp, s, wys} = Sy X S,.
Evaluating the inner product of A with the elements of Irr(W) restricted to these subgroups
provides the desired multiplicities of xw.,-.

Summarizing Table A.12, we have the following proposition.

Proposition 2.4.3. Suppose (W, S) is of type Iz(m) with m > 3.
m=1
(1) If m is odd then xw = ¢1,0 + P1m + 2421 Dok = 2 yereiwy ¥-
m=2
(2) If m = 2 (mod 4) then XW == ¢1,0 + d)l,m + ¢1,m/2 + ¢,1’m/2 + Zk=41 2¢2,2k_1.

(3) If m =0 (mod 4) then xw = ¢10 + d1.m + 213-:1 260 21

2.5 Fourier transforms and proof of main theorem

Here we describe the Fourier transform matrices associated to Uch(W) for each finite, ir-
reducible Coxeter system (W,S), and derive from this setup the proof of Theorem 2.1.2.
In the crystallographic case, the relevant definitions are well-established and due originally
to Lusztig [63]. We must take more care to describe the associated matrices for the non-
crystallographic types, as the literature [19, 67, 75, 76] presenting this heuristic theory is not
nearly as cohesive or extensive.

We first describe how to attach to each family in Uch(W) (see Section 2.2.4) a Fourier
transform matrix M. The Fourier transform matrix of Uch(W) is subsequently constructed
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as the direct sum of such matrices M over all families. In Section 2.5.4 we describe some no-
table properties of this Fourier transform and discuss in what sense these properties indicate
the choices of matrices M to be “canonical.”

2.5.1 Fourier transform matrices in crystallographic types

As described in Section 2.2.4, when (W, S) is crystallographic, every family in Uch(W) is
parametrized by a set . (') for some finite group I'. (Recall from (2.2.3) the definition of
this set.) Lusztig [63] defines the Fourier transform associated to a family indexed by .#(I")

as the matrix
def

Mr = ({mvm,})m,m/eﬂ(r) (2.5.1)

whose entries are the numbers

{(z,0), (y,7)} o mm gEZI" o (gyg—l) T (g_lx‘lg)

1 1

T-gygT =gyg T

for (z,0), (y,7) € #(T). Carter helpfully provides an explicit description of the sets .#(T')
and the accompanying matrices Mr in the cases when I’ = S,, and n < 4 (as well a partial
matrix in the case I' = S5) [30, §13.6]; see also the overview in [30, §12.3]. We review the
frequently occurring case I' = S, in the following example.

Example 2.5.1. If s denotes the nontrivial element of Sz, then

'/%(S?) = {(11 Il-)a (LSgn)v (Sv 11), (S’ sgn)},

and with respect to the order in which we just listed .#(S5), the corresponding matrix is

1 1 1 1
111 1 -1 -1
M52“§ 1 -1 1 -1
1 -1 -1 1

2.5.2 Fourier transform matrices in type Ir(m)

The description of the Fourier transform in this case comes from Lusztig’s paper [67]. Assume
(W, S) is of type I(m) for an integer m > 3 and recall the explicit construction of Uch(W)
given in Section 2.2.5. As noted there, Uch(W) has only three families, two of which have
size one: {1} and {sgn}. The Fourier transform of both l-element families is the 1 x 1
identity matrix.

Let F = Uch(W)\ {1, sgn} denote the remaining family, and define X = X'U X", where
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X’ and X” are the disjoint sets given by

X' = {Pairs of integers (z,7) withi+j <m and either 0 <i< j<mor0=i<j< -’2'-‘},

XII — {(07 % ,, (0, % ”}, if m is even,
, otherwise.

As is clear from our notation in Section 2.2.5, X naturally parametrizes F. Write £ =

exp { ZX=1) for the standard m'® root unity. The Fourier transform of F , as defined by
™ Y.

Lusztig [67], is then the matrix

def
D, = ({2,2'}), prex

whose entries are the numbers {z, 2’} given by
{(5,3), (b, D} = & (€% 4 goawoi — gmibadt _gik=dty | for (3, 1), (k, 1) € X',

and if m is even and (3,5) € X', by

{6,),0,2)} = {G:9), 0,2)} = {0, 3Y, (1)} = {0, )", (5, )} = L,

m

m m m m —(-1)m/2
£(0,2),(0,2)} = {(0,2)",(0,2)"} = =G 4 1

2
m m m —(=1)™/2
{(07 2 ,7 (07 2 ”} = {(0: ?)”a (Oa %)I} = lJ_éTlnL - %
We have labeled this matrix D,, as a mnemonic for “dihedral Fourier transform.”
Example 2.5.2. It is helpful to review some examples of this construction.
(i) If m = 3 then X = {(0,1)} and Dj is the 1 x 1 identity matrix.
(i) If m = 4 then X = {(0,1),(0,2),(0,2)",(1,2)} and with respect to an appropriate
ordering of indices we have Dy = Mg,. In a similar way, one finds that Dg = Mg,.
These equalities are consistent with the fact that the Coxeter systems of types I5(4)

and I3(6) are isomorphic to those of types BC, and G,, whose nontrivial families of
unipotent characters are parametrized by #(S2) and .#(S3).

(iii) If m = 5 then X = {(0,1),(0,2),(1,2),(1,3)} and with respect to the order in which
we just listed X, one computes

o) 11
1 [ x X -1 -1 vVE+1 ~ +5-1
Ds; = — ~ |, here \ = d\=
5 \/5 1 -1 é—)\ where D)
1 —1 =X A

This is precisely the matrix listed in [19, Eq. (7.3)] and in [67, §3.10].
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2.5.3 Fourier transform matrices in types H; and H,

The definition of the Fourier transform in the remaining non-crystallographic cases comes
from the papers [19, 75, 76]. In type Hs, Uch(W) has four 1-element families given by {¢1},
{#115}, {#52}, and {¢55}. In type Hy, Uch(W) has six 1-element families given by {¢1,},
{#160}, {P24}, {2516}, {#36,5}, and {ds6,15}. These families are all subsets of Irr(W) and
we have labeled their (necessarily special) elements according to our conventions in Sections
2.4.2 and 2.4.3. To all such 1-element families, the associated Fourier transform matrix is
the 1 x 1 identity matrix.

In type Hj (respectively, H,), Uch(W) has three (respectively, six) 4-element families.
One such family is exceptional in type Hj (see Definition 2.2.6), while two are exceptional
in type Hs. The following observations concerning these families are derived from the
parametrizations of Uch(W) provided by the UnipotentCharacters command in CHEVIE
[41]. First, in both types the exceptional families always consist of four elements

é(l,l)) q)(l,sgn)y q)(s,l), @(s,sgn)
which can be indexed by the set #(S;), such that

® D11y, P(1,5gn) € Irr(W), with ®(1,1) special and Deg (<I>(1,1)) = Deg (<I>(1,Sgn)).

Eig (®(,1)) =i,

. q)(-‘!,l)v (I)(S,SETI) ¢ Irr(W), with Deg (CD(S’I)) = Deg (@(s,sgn)) and {Eig ((I)(s,sgn)) = —1.

Remark. The computer algebra system CHEVIE stores a large amount of data associated to
Uch(W), which can be accessed by combining the commands Display and UnipotentCharacters.
The parametrization by .#(S;) just given, however, is not included in CHEVIE, though the
listed properties uniquely determine which index (z,0) € #(S,) goes to which ® € F for

any exceptional 4-element family F.

The characters @y y), D(1,5gn) € Irr(W) may be respectively either @43, P44 in type Hj or
?16,3, P16,6 OT P16,18, P16,21 in type Hy. There is no established notation for the formal elements
®(5,1), P(s,sgn) in each family, however.

The non-exceptional 4-element families in types H; and Hy, on the other hand, always
consist of four elements

Qo1 P2, Pu2y Pag

which can be indexed by the set X in Section 2.5.2 with m = 9, such that if £ = exp (2—”‘5/3)
is a fifth root of unity, then

* Po,1), Dro2) € Irr(W), with ®(p,1) special and Deg (CD(O,I)) # Deg (<I>(0,2)).

Eig (®01,2) = &,

* 2.2, Baz) ¢ (W), with Deg (9(15)) = Deg (,3)) and {Eig (Pas) =&
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This parametrization by X, though uniquely determined for each non-exceptional family, is
again not actually listed in CHEVIE. The characters ®(g1), ®(0,2) € Irr(W) may be either
$31, P33 OF P36, P3g in type Hj or any of the pairs @y1, ¢a7 Or Py31, Pa37 OF Pg2, Pg6 OT
$9.22, 9,26 in type Hy. There is again no established notation for the formal elements @, ),
®(1,3) in each family.

The Fourier transforms of these families are now defined thus: if F C Uch(W) is a
4-element family in type Hz or Hy, then its Fourier transform matrix is

M = {Msz, if F is exceptional (see Example 2.5.1), (2.5.9)

D;, if F is not exceptional (see Example 2.5.2(iii)).

Note that these assignments make sense because we have indicated how each 4-element family
is indexed by the same set as the corresponding matrix.

Remark. In our definition of the Fourier transform matrix for the non-exceptional 4-element
families, we follow the convention of [19, §7]. The Fourier transform of the exceptional 4-
element families in types H3 and H, seems less well-established in the literature. The matrix
assigned to these families here is chosen to be identical to the Fourier transform matrix of
the other exceptional families in types E; and Eg. We will say more about the “correctness”
of this choice in the remarks following Theorem 2.5.6.

These conventions attach a Fourier transform matrix to all but one remaining family in
type Hs. In this type, Uch(W) has a single family F of size 74; the intersection of this
family with Irr(W) has size 16 and its unique special element is the character ¢o46 € Irr(W).
The Fourier transform of this family is constructed by Malle as the matrix S in his paper
[75]. To do calculations with this matrix, one needs to be able to access it in some computer
format, and the algebra package CHEVIE fortunately provides this capability. In detail, one
can obtain the 74 x 74 Fourier transform matrix of F by the following sequence of CHEVIE
commands in GAP:

W := CoxeterGroup(“H”, 4);

Uch := UnipotentCharacters(W);

F :=Uch.families[13];

M :=F.fourierMat * MatPerm(F.perm, 74);

The odd-looking multiplication by MatPerm(F.perm,74) in the last line has to do with the
indexing conventions of the fourierMat field in CHEVIE. The code given here produces a
matrix M whose rows and columns have the same indices as Uch, and which is identical to
the one in [75].

2.5.4 Fusion data and proof of main theorem

From the preceding three subsections, we know of a Fourier transform matrix attached to
each family F in Uch(W) for each finite, irreducible Coxeter system (W, S). The Fourier
transform matriz of Uch(W), we reiterate, is the direct sum of these matrices over all families
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F. By construction, this Uch(W)-indexed matrix satisfies property (P2) in the introduc-
tion; i.e., it is block diagonal with respect to the decomposition of Uch(W) into families.
The following theorem explains precisely how this matrix also satisfies property (P1) in the
introduction. This statement should be attributed to Lusztig and Malle via a combination
of results appearing in the papers [63, 67, 75, 76]; see the proof of [42, Theorem 6.9] for a
detailed bibliography.

Theorem 2.5.3. Let (W, S) be a finite, irreducible Coxeter system with associated Fourier
transform matrix M, and write j for the (permutation matrix of the) involution of Uch(W)
defined in Proposition 2.2.5. Then the composition M o j transforms for the vector of fake
degrees of Uch(W) to the vector of (generic) degrees.

Remark. This result is mentioned in several places, but sometimes imprecisely. For example,
Carter asserts, without any mention of j, that the Fourier transform matrix of Uch(W)
transforms the vector of fake degrees to the vector of actual degrees whenever (W, S) is a
Weyl group [30, §13.6]. This statement, at least as we interpret it, is not strictly true in
types E7 and FEg. In particular, one can check that the Fourier transform matrix M that
Carter attaches to the three exceptional families in these types (see Section 2.2.4) does not
literally transform the vector of fake degrees to the corresponding vector of (generic) degrees
as listed in [30, §13.8]. But M does transform a nontrivial permutation of the fake degrees
to the (generic) degrees.

The preceding theorem gives one reason to consider the particular Fourier matrices as-
signed to Uch(W) as somehow “canonical,” and our next result provides another. To state
this, we first must recall Lusztig’s definition of a fusion datum [67].

Definition 2.5.4. Let X be a finite set with a distinguished element zy, and suppose
e A is the matrix of an involutory permutation of X with zy as a fixed point;
e M is a real symmetric matrix indexed by X;
e F is a diagonal matrix indexed by X whose diagonal entries are complex roots of unity.
The tuple (X, zo, A, M, F) is a fusion datum if the following axioms hold:
(Commutability). M = AMA and F~! = AFA.
(Positivity). Mz g, > 0 for all z € X and Fy 4, = 1.
(Modularity). M? = (FAM)? = 1.

(Integrality). >, cx M""’l\lfz ()“:’UM"‘" € Nforall z,y,z € X.

Remarks. A few comments are helpful in unpacking this not altogether transparent con-
struction.
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(a) In [67], Lusztig actually presents a more general definition of a fusion datum which
involves two involutions {, b of X in place of A. This definition reduces to ours when
f=b=A.

(b) The modularity axiom is so-named as it requires that the matrices A, F', M determine
a unitary representation of the modular group PSL2(Z).

(c) The integrality axiom allows one to define an algebra structure with nonnegative integer
structure coefficients on the complex vector space generated by X. More specifically,
the axiom asserts that one can give this vector space the structure of a based ring in
the sense of [65]; see the discussion in [42, §7].

Before proceeding we note the following short lemma, which identifies a common type of
fusion datum based on the set .# (I') attached to a finite group T.

Lemma 2.5.5. Let I" be a finite group equal to {Z/2Z)" or S, for some n > 0, and suppose
o X = . #(T') as defined by (2.2.3) and zo = (1,1) € X;
e A: X — X is the involution defined by A : (z,0) — (z,7);
e M = Mr as in (2.5.1);
o F = diag(t:)zex where t(z ) = g—%‘% for (z,0) € A (T).
Then (X, zg, A, M, F) is a fusion datum in the sense of Definition 2.5.4.

Proof. This is equivalent to [67, Proposition 1.6], provided we show that (z,7) ~ (z71, o)
for each (z,0) € #(T") when T is either (Z/2Z)" or S,. This is immediate in the first case,
so assume [ = S, is a symmetric group.

Let A be a partition of n and let x € S, be a permutation with cycle type A. In
the proof of Proposition 2.2.8, we noted that Cs, (z) is isomorphic to the direct product
of wreath products [[,.,; G(r,m,), where m, is the number of parts of A\ with size 7. A
less explicit version of this statement goes as follows: the cycles of x generate an abelian
group A & [[..,Z/NZ, and Cg, (z) is isomorphic to a semidirect product of the form
(Smy X Smy X ...) X A. Tt is easy to see that one can choose a permutation g € S, which
commutes with the left factor of this semidirect product and which has gzg™' = z~! and
in fact g7'yg = y~! for all y € A. Noting these properties, it follows from the standard
construction of the irreducible characters of a semidirect product with an abelian normal
subgroup (see [59, Exercise XVIIL.7]) that 09 = 7 for any o € Irr(Cs,(z)). We conclude
that (z,7) = (gzg~1,59) = (z71, o) for all (z,0) € A#(S,), as required. O

With these preliminaries in tow, we may now state the following noteworthy result due
to Geck, Lusztig, and Malle [42, 67, 75], showing how each family in Uch(W), combined with
its attached Fourier transform matrix, possesses naturally the structure of a fusion datum.
This observation elaborates property (P4) of the Fourier transform matrix noted in the
introduction, and is essentially a special case of [42, Theorem 6.9] (although as stated, that
result drops the positivity axiom of a fusion datum and uses somewhat different terminology.)
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Theorem 2.5.6. Let (W, S) be a finite, irreducible Coxeter system. Suppose
e F is a family in Uch(W) and &, € F is its unique special element;
e A is the restriction to F of the involution of Uch(W) given in Proposition 2.2.4;

e M is the Fourier transform matrix of F, as defined in the Sections 2.5.1, 2.5.2, 2.5.3:

F = diag (Eig(®)) s+ is the diagonal matrix of Frobenius eigenvalues of ® € F.
Then (F,®y, A, M, F) is a fusion datum.

Remark. For almost all families in Uch(W), our assignment of Fourier transform matrix
follows exactly the convention established in the computer algebra system CHEVIE [41].
For the six exceptional families in types E;, Fg, Hs, and Hy, however, our assigned matrix
differs slightly from the one stored in CHEVIE—although, these matrices are the same after
a permutation of rows and/or columns. In justification of our assignments, we can say the
following: if one assumes Uch(W) given, then for each exceptional family, there is a unique
matrix M satisfying both Theorem 2.5.3 and Theorem 2.5.6. So at least in this sense our
choice of M is canonical.

We include a brief proof of the theorem for completeness.

Proof. In the case that (W,S) is crystallographic and F is a non-exceptional family of
Uch(W), the theorem follows by combining Observation 2.2.7 with Lemma 2.5.5. If F is one
of the six exceptional families in types Ey7, Eg, Hs, or H,, then since F is A-invariant, the
theorem is equivalent to the claim that (X, zo, A, M, F) is a fusion datum for X = {1,2, 3,4}
and zp =1 and

1000 11 1 1
0100 11 1 -1 -1 , o

A= 0 0 01 ? M= 1 —1 1 -1 ? F'—dla’g(17172)_z)-
0010 1 -1 -1 1

The proof of this is a straightforward computer calculation. All families not covered by these
cases occur when (W, S) is non-crystallographic, and are either singletons: non-exceptional
4-element families in type H3 or Hy; the nontrivial family in type I»(m); or the 74-element
family in type Hy. In the first case the theorem holds trivially; in the second and third
case, the tuple (F, @9, A, M, F) coincides with dihedral fusion datum given in [67, §3]; and
in the last case, (F, 9, A, M, F) is by construction the fusion datum which Malle describes
in [75]. O

We conclude this section finally by proving our main theorem from the introduction.

Proof of Theorem 2.1.2. If (W, S) is classical, then the function € : Uch(W) — R which is
identically 1 satisfies (1)-(3) in Theorem 2.1.2 and also (2.1.2) by [55, Theorem 1]. The
uniqueness of this function e follows by Theorem 2.5.6 as a consequence of the positivity
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axiom of a fusion datum, since any function € : Uch(W) — R satisfying (1) and (2) must
have € (®) < ¢(®) for all ® € Uch(W). The final statement in the theorem holds because the
Frobenius eigenvalues of Uch(W) all real if (W, S) is classical by Observation 2.2.7 (noting
that the group I in Observation 2.2.7 is (Z/2Z)* in this case).

Assume (W, S) is of type I(m), let M denote the Fourier transform matrix of Uch(W),
and let € : Uch(W) — R be the function with e(®) = 0 if & = O, 5 for some 0 <@ < j <
i+j < m such that j # 2 and with ¢(®) = 1 for all other ® € Uch(W). From the discussion
in Section 2.2.5, this functlon satisfies conditions (1) and (2) in the theorem. To show that it

also satisfies (3) and (2.1.2), it suffices by Proposition 2.4.3 to check that if £ = exp (2’“/—>
and 0 < i < j <1i+j <m, then when m is odd, we have

Me (@(11) Z {(,4),(0,k)} Z 1 (g-m 4 gik _ gk —§"k) _ {0, ifi=0,

otherwise
O<k< O<k< B ’

and when m is even, we have

Me (265) % 30 ({6,9), 0.0} + {6, 5), (6, DY) + {6 9), 0,3} +{(0:9), 0.5)")

O<k<
(e - 4 ) 4
O<k<Z

_J2, ifi=0andjis odd,
B 0, otherwise,

and also, for z € {(0, %), (0,3)"},

Me(@:)E S ({2, 0,00} +{z. (kD)) + {2, 0,5)} + {=,(0,3)}
O<k<Z
-~z J 1, if m =2 (mod 4),
2 |0, ifm=0 (mod 4).

(Note that we need to check that Me(11) = Me(sgn) = 1 as well, but this is obvious.) Proving
each of these three identities is straightforward. Thus the function e satisfies conditions (1)-
(3) in the theorem, and we deduce that it is the only such function by the positivity axiom
of a fusion datum, exactly as in the classical case.

Suppose finally that (W, S) has one of the remaining exceptional types. If (W, S) is not
of type Hj, then one can compute directly using the tables in [31] and Proposition 2.4.1
that the function € : Uch(W) — R which is 1 or 0 according to whether Eig(®) is real
or non-real satisfies (1)-(3) as well as (2.1.2). That e is the unique function satisfying (1)-
(3) then follows as in the previous cases by Theorem 2.5.6 and the positivity axiom of a
fusion datum. Similarly, if (W, S) has type Hy, then one can calculate using Proposition
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2.4.2 that (1)-(3) and (2.1.2) hold for the function € : Uch(W) — R which is 0 on all
® € Uch(W) with Eig(®) ¢ R, —1 on the two elements of Uch(W) whose degrees have
the form 61—0:1:6 + higher powers of z, and 1 on all other elements of Uch(W). Here, the
uniqueness of € does not follow immediately from Theorem 2.5.6 because the values of €
are not all positive, but it can still be easily checked. In this case, the positivity axiom
of a fusion datum implies that nearly all of the functions €’ : Uch(W) — R satisfying (1)
and (2) must have M¢'(®) < Me(®P) for one of the special characters ® € Irr(W). The
remaining list of functions on Uch(W) which could possibly satisfy (1)-(3) is quite small,
and a short calculation confirms that the given function € is indeed the only one with these
properties. O

2.6 Left cells and Kottwitz’s conjecture

In this final section we investigate how the preceding material connects to the left cells of a
Coxeter group, and prove some partial results rclated to Conjecture 2.1.5 in the introduction.
Let (W, S) be a finite Coxeter system with length function ¢ : W — N. We denote the

left descent set of an element w € W by Desy(w) o {s € S : {(sw) < &(w)}, and for each
pair of elements y, w € W, we write

P, .(z) € N[z]

for the associated Kazhdan-Lusztig polynomial, as defined in [16, Chapter 5] or [30, §12.5] or
[48, §7.9], among other places. Recall that P, (r) = 1 and that P,,(z) = 0 unless y < w,
where < denotes the Bruhat partial order on W. From [53], we have the following sequence
of definitions for y,w € W:

e Write y < w if y < w and P, (z) has degree 3 (€(w) — £(y) — 1).
e Write y <p w if there exist elements x4, zy,...,2x € W such that y = 2y and w = z;
and for each 7 € [k], these two conditions hold: (1) either z;_y < z; or x; < z;_;, and
(2) the descent set Desy(z;_1) is not contained in Desp(z;).
° WriteyNLwifySLwandﬁ)SLy.
The left cells of W are the equivalence classes of the relation ~;. Let Vr = Q-span{c,, :

w € T} be a vector space with a basis indexed by a left cell ' in W, and define a map
or : S — GL(Vr) by linearly extending the formula

—Cup, if s € Desy (w),
or(s)cw = { Cw + Z pu(y, w)ey, if s ¢ Desg(w),
yel
s€Desr (y)
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for s € S and w € T, where u(y,w) denotes the coefficient of z3¢@)~¢W)~1) in P,  (z)
(which is zero unless y < w). This extends to a representation of W, called the left cell
representation of I', whose character we denote by xr.

The following properties of left cells and left cell representations are useful to recall (see
[16, Chapter 6]). First, the left cell representations decompose the regular representation of
W and so the sum over left cells ). xr is equal to 3 cr ) ¥(1)¥. Second, the singleton
set {1} is always a left cell, and its character is the trivial character 1. Finally, if wq
denotes the longest element of W and T is a left cell, then woI" and T'wy are left cells and
Xwol' = XTwp = XT * SEM.

We now state a few less well-known facts about the characters xp.

Theorem 2.6.1. If ', I are left cells in a finite Coxeter group W, then {xr, xr) = [TNI""}).

Proof. When W is a Weyl group, this is [63, Proposition 12.15]. Alvis notes how to extend
Lusztig’s proof to type Hy [4, Proposition 3.4], and his argument remains valid in types
Hj and Iy(m) (noting the explicit description of the left cells for these groups given in the
following sections.) Alternatively, Geck has given a general proof of this theorem; see [39,
Corollary 3.9]. O

Corollary 2.6.2. If T is a left cell in a finite Coxeter group W, then xr is multiplicity free
if and only if every w € T N I'! is an involution.

Proof. The character xr is multiplicity free if and only if the inequality {xr, xr) > Z¢elrr(w) {xr, %)
is an equality. The left side is [l N T'""!| by the previous theorem, while the right side is the
number of involutions in I" by [39, Theorem 1.1]. O

The next theorem shows that the Fourier transform matrix of Uch(W) indeed satisfies
property (P3) in the introduction.

Theorem 2.6.3. Let (W, S) be a finite, irreducible Coxeter system with Fourier transform
matrix M, as in Section 2.5. Fix a left cell I of W, and let v be the vector indexed by Uch(W)
whose entries are the irreducible multiplicities of xr, extended by zeros on Uch(W) \ Irr(W).
Then Muv = v.

We prove this here, even though to do so we must appeal to a few results not yet given.

Proof. When W is a Weyl group, this is [63, Theorem 12.2]. In types H3 and Hj, the
theorem follows from a computer calculation using the description of the characters xr given
in Sections 2.6.1 and 2.6.2. In type I3(m) it follows by a short argument using the content
of Sections 2.5.2 and 2.6.3 that the theorem is equivalent to the following identities: if

§=exp(2ﬂ§) and 0 < ¢ < j <i+j <m, then when m is odd

S L (g g gt gk gy {1, if i =0,

0<k<Z 0, otherwise,
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and when m is even

(—lli;ﬁ—llj + Z L (gik 4 gik _ gik _ g=ak) = {1, if ¢ =0,

0, otherwise,

0<k<
1—(—1)m/2 1——1‘°_1
e ) e 5
0<k<
Proving each of these is straightforward arithmetic. O

The last object of this section is to prove the following theorem. We will accomplish this in
a case-by-case fashion, by examining the left cell representations in each non-crystallographic

type.
Theorem 2.6.4. Conjecture 2.1.5 holds if (W, S) has type Hj, Hy, or Iy(m).

From this and the results of [31, 55], it follows that Kottwitz’s conjecture holds for all
finite irreducible Coxeter groups except possibly those of type BC,, D,, E;, and Fg. Recent
work of Bonnafé and Geck [17, 40] has established the conjecture in all of these remaining
cases except Ej.

2.6.1 Left cells of the Coxeter group of type Hs

Let (W,S) be the Coxeter system of type Hs. The group W decomposes into 22 distinct
left cells which we may describe as follows. (This description does not seem to appear
anywhere in the literature, though one can easily compute the left cells in type Hj directly,
using for example Fokko du Cloux’s program Coxeter [34], which is what was used to derive
the following statements.) Label the generators S = {a,b,c} as in Section 2.4.2 and let
wg = (abc)® denote the longest element of W. Following Alvis [4], we define

R;={w &€ W :Des (w) = J}, for each subset J C S, (2.6.1)

and let X* = {wyw : w € X} for any subset X C W. We now define 12 subsets I;, J;, K; ¢ W
as follows:

I = R{b,c} N R{a}aba, Jip = R{a,c} N R{C}cbab, K, = R{a} - ([4 U J3),

I, = La, Je = Nib, Ky = Rpy — (13U J] U J2 U Jy),
13 = 12b = I;, J3 = Jga, Kg = R{c} - J5.
Iy =130 =17, Jy = Jzb,

Js = Jye,

The reader should compute that |;| = 8 and |J;| = 5 and |K;| = 6. In addition, let L = {1}
so that L* = {wg}. We now have this computational proposition (which is closely related to
the calculations summarized in [61, §5]):
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Proposition 2.6.5. The left cells of the Coxeter system (W, S) of type Hj are the 22 disjoint
subsets I;, J;, J¥, K;, K}, L, L*, and the characters of the associated cell representations
are respectively

(a3 + Bag); @52 P55 (P31 +d33); (dae+dag)y d10;  Pris

Proof. Coxeter [34] outputs a description of the left cells and the associated cell represen-
tations in type Hs in a few seconds. We have checked that this information matches what
is asserted in the proposition using MAGMA [18]. O

Table A.13 lists the sizes of the intersections of the left cells in W with the group’s four
conjugacy classes of involutions, which we recall from Section 2.4.2 are represented by the
elements 1, a, ac, and (abc)®. Each row of the table corresponds to a left cell. Each of the
last four columns of the table corresponds to a conjugacy class of involutions, and lists the
sizes of the intersections of the conjugacy class with the left cells. Comparing Proposition
2.4.1 with Table A.13 yields a proof of Conjecture 2.1.5 in type Hj by inspection.

2.6.2 Left cells of the Coxeter group of type H,

The Coxeter group of type Hy decomposes into a disjoint union of 206 left cells. Alvis
classifies these in [4], and assigns each of them one of the labels 4;, B;, B;, Ci, C;, D;, Dj,
E;, E, F;, F¥, Gi, G}. We refer to [4] for the precise definition of these sets, noting the
following correction:

Remark. On page 162 of the published version of Alvis’s paper [4], the left cell A;q is defined
by the equation
Aiz = Asod (INCORRECT)

which should instead be
A12 = And. (CORRECT)

Apart from this quite minor (but inevitably confusing) detail, everything else in Alvis’s paper
seems to be completely accurate.

Table A.14 lists the sizes of the intersections of the left cells in W with the group’s five
conjugacy classes of involutions, which are represented as in Section 2.4.3 by the elements
1, a, ac, (abe)®, and (abed)'®. We have structured this table exactly like Table A.13, and
comparing it to Proposition 2.4.2 similarly yields an immediate proof of Conjecture 2.1.5 in
type H4.

2.6.3 Left cells of the Coxeter groups of type I3(m)

Let (W, S) be the Coxeter system of type Ir(m) for m > 3, with S = {r,s} and wo € W
defined as in Section 2.4.4. The group W then decomposes into a disjoint union of four left
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cells, given by the singleton sets X = {1} and X* = {wg} together with

Y = {s,rs,s78,..., (---sr5) } = Ryg and Y* ={r,sr,rsr,..., (---7sr) } = Ry,
1 facto 1 fact
m— actors m— actors

with Ry defined by (2.6.1). The following description of the left cell representations of W
can be found, for example, in [38, Section 7.1].

Proposition 2.6.6 (Geck [38]). The left cells of the Coxeter system (W, S) of type I>(m) are
the 4 disjoint subsets X, X*, Y, Y*, and the characters of the associated cell representations
are respectively

451,01 ¢1,m7 20<k<% ¢2,k7 20<k<—';—‘- ¢2,k7 if mis Odd1
é1,0, P1,ms ¢,1,m/2 + Zo<k<_';. P2,k ¢11',m/2 + Eo<k<% 2.k, if m is even.

The description of the left cells is also noted in [48, §7.15]. It is easy to compute the
characters of the left cell representations directly, and we have included a short argument
for completeness.

Proof. We have xx = ¢10 = 1 and xx- = ¢1,n» = sgn automatically, and the remaining
left cell characters are multiplicity free by Corollary 2.6.2. Since the left cell representations
decompose the regular representation and since xy~ = Xy - sgn, we must have xy = xy» =
i o2 if m is odd, and if m is even, we must have either xy = ¢,1,m/2 + 3, ¢2 and
Xy = ¢’1”m 2t > i P2k or the reverse assignments. One resolves the ambiguity when m is
even by computing the values of the characters at r or s. O

Table A.15 finally lists the sizes of the intersections of the four left cells in W with the
group’s two or four conjugacy classes of involutions (see Section 2.4.4). We have structured
this table exactly like Tables A.13 and A.14, and comparing it to Table A.12 completes the
proof of Theorem 2.6.4.
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Chapter 3

Positivity conjectures for
Kazhdan-Lusztig theory on twisted
involutions

This final chapter combines and expands some of the results, background, and proofs in the
preprints [81, 82].

3.1 Introduction

3.1.1 Overview

Let (W, S) be any Coxeter system, and write H,2 for the associated generic Hecke algebra
with parameter q*: this is the usual Hecke algebra (namely, a certain Z[gt'/?]-algebra with
a basis (Toy),,cy indexed by W), but with ¢ replaced by ¢? in its defining relations; skip to
Section 3.1.4 for the precise definition. Next, fix an automorphism * : W — W with order
one or two which preserves the set of simple generators S. Write I, for the corresponding
set of elements w € W with w™! = w*, which one refers to as twisted involutions, and let
M2 be the free Z[g*'/?-module which this set generates.

Lusztig [70] has shown that M, has an Hz-module structure which serves as a nat-
ural and interesting analogue of the regular representation of H,> on itself. (Section 3.1.4
contains the details of this construction.) The regular representation of H,2 possesses a dis-
tinguished Kazhdan-Lusztig basis (Cy)wew, Whose transition matrix from the standard ba-
sis (Tw)wew defines the much-studied family of Kazhdan-Lusztig polynomials (P, )ywew C
Zq]. Lusztig’s work [70] indicates that one may repeat much of this theory for the module
Mz: it too has a “Kazhdan-Lusztig basis” whose transition matrix from the standard basis
defines a family of “twisted Kazhdan-Lusztig polynomials” (PZ,,)ywer. C Z[g].

Many remarkable properties of the Kazhdan-Lusztig basis of H,2 appear to have “twisted”
analogs for the module M,.. For example, one of the most famous aspects of the original
Kazhdan-Lusztig polynomials (P, ), wew is that their coefficients are always nonnegative.
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(This statement, while known in many cases from the work of a number of people, has only
recently been proved for all Coxeter systems by Elias and Williamson [36].) The twisted
Kazhdan-Lusztig polynomials (Py,,)ywer. can have negative coefficients. However, LusztIg
and Vogan {72] have shown by geometrlc arguments that the modified polynomials 2(P,,., &

7 ») for y,w € I, have nonnegative coefficients whenever W is crystallographic. In fact for
any choice of (W, S) and *, the polynomials 3(P,., £ Pg,,) belong to Z[q], and Lusztig [70]
has conjectured that their coefﬁments are always nonnegative.

Section 3.1.5 presents two other positivity conjectures for the “Kazhdan-Lusztig basis”
of the twisted involution H,2-module M. These serves as analogues of longstanding con-
jectures related to the ordinary Kazhdan-Lusztig polynomials P,,,. After stating these
“twisted” conjectures, we devote the rest of this chapter to proving them in two significant
special cases: for Coxeter systems (W, S) which are universal (i.e., such that st € W has
infinite order for all distinct s, € S), and for finite Coxeter systems. In the universal case
it is possible to derive explicit formulas for the polynomials P,., and P7,, to establish the
conjectures of interest. To treat the finite case, we combine Lusztig and Vogan’s results for
Weyl groups [72] with computer calculations. A more detailed summary of the main results
in this chapter is given in Section 3.1.6, after some necessary preliminaries.

3.1.2 Setup

Throughout we write Z for the integers and N = {0,1,2,...} for the nonnegative integers.
We also adopt the following conventions:

e Let (W, S) be a Coxeter system with length function £ : W — N.
e Let < denote the Bruhat order on W.

e Let A = Z[v,v™!] be the ring of Laurent polynomials over Z in an indeterminate v.
The ring A will now occupy the role which Z[g*/?] played in the previous section

e Let ¢ = v2. In the sequel, we will refer to v in place of the parameter ¢*/% used in
Section 3.1.1.

Thus W is a group and S C W is a nonempty finite set of elements of order two which
generate W. Recall that the rank of (W, S) is given by the cardinality |S|, and the length
#(w) is the minimum integer k such that w = s1s2--- s for some choice of generators s; € S.
The Bruhat order is defined by the condition that y < w for y,w € W if and only if whenever
W = $182 - - Sg(w) for some s; € S, there are indices 1 <43 <ip <+ < im < £(w) such that
Y = i, 8ip -+ * Si,- In particular, if y < w then £(y) < £(w).

For further background on Coxeter systems and the Bruhat order, see for example [16,
48, 69].
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3.1.3 Kazhdan-Lusztig theory

Here we briefly recall the definition of the Kazhdan-Lusztig polynomials attached to (W,S).
Let 7, denote the free A-module with basis {t,, : w € W}. This module has a unique
A-algebra structure with respect to which the multiplication rule

L tow if £(sw) = f(w) + 1
T tow + (g — Dty if €(sw) = £(w) — 1

holds for each s € S and w € W. The element t,, € H, is more often denoted in the literature
by the symbol T,,, but here we reserve the latter notation for the Hecke algebra H,z, to be
introduced in the next section.

We refer to the algebra H, as the Hecke algebra of (W, S) with parameter q. A number of
good references exist for this much-studied object; see for example [16, 48, 53, 69]. The Hecke
algebra possesses a unique ring involution - : Hy — H, with v* = v™ and t,, = (tw—l)_l for
alln € Z and w € W, referred to as the bar operator, and this gives rise to the following
theorem-definition from Kazhdan and Lusztig’s seminal paper [53].

Theorem-Definition 3.1.1 (Kazhdan and Lusztig [53]). For each w € W there is a unique
family of polynomials (Pyw),cw C Z[q] with the following three properties:

(a) The element c, def )—tw) . > yew Py - ty in Hy has & = cy.
(b) Pyw =0y if y £ w in the Bruhat order.
(c) P, has degree at most § (¢(w) — £(y) — 1) as a polynomial in ¢ whenever y < w.

Remark. Here and elsewhere, the Kronecker delta 4, ., has the usual meaning of §,,, = 1 if
y = w and §,,, = 0 otherwise.

The polynomials (P, ,)ywew are the Kazhdan-Lusztig polynomials of the Coxeter system
(W, S). Property (b) implies that the elements (cy ),y form an A-basis for H,, which one
calls the Kazhdan-Lusztig basis. For more information on the Kazhdan-Lusztig polynomials
and methods of computing them, see, for example, [48, Chapter 7] or [16, Chapter 5].

3.1.4 Twisted Kazhdan-Lusztig theory

We now present Lusztig’s definition of the module M2 and the polynomials P}, mentioned
at the start of this introduction. To begin, we let Hy2 denote the Hecke algebra of (W, S)
with parameter ¢*: this is the free A-module with basis {T,, : w € W}, equipped with the
unique A-algebra structure with respect to which the multiplication rule

T = Tow if £(sw) = f(w) +1
T T + (2 = DT, if £(sw) = £(w) — 1

127



holds for each s € S and w € W. Like H,, this algebra possesses a unique ring involution
-1 Hpg = Hpe withv" =v™and T, = (Tw—l)—l for all n € Z and w € W. This bar operator
fixes each of the elements

c, gl . Z Pyu(@®) - T, forw e W.
yeEW

The elements (Cy), ey form an A-basis of H,z which one refers to as the Kazhdan-Lusztig
basis. The use of the capitalized symbols T, C,, is intended to distinguished elements of
Hge from the basis elements t,,, ¢, of the usual Hecke algebra H,.

The following Theorem-Definition of Lusztig [70] defines My explicitly as a certain
module of the algebra H 2. This statement requires a few additional ingredients:

¢ Iix an automorphism w — w* of W with order < 2 such that s* € S for each s € S.
e Set I, = {w € W : w* = w'}. One calls elements of this set twisted involutions.

e Given s € S and w € I,, let s X w denote the unique element in the intersection of
{sw, sws*} and I\ {w}. Note that while s x (s X w) = w, the operation x : S xI, — I,
generally does not extend to a group action of W on I,.

We now have Lusztig’s result. This statement first appeared in Lusztig and Vogan'’s paper
[72] in the special case that W is a Weyl group or affine Weyl group and * is trivial.

Theorem-Definition 3.1.2 (Lusztig and Vogan [72]; Lusztig [70]). Let M, be the free
A-module with basis
{ay :weL}.

a) Mg has a unique Hz-module structure with respect to which the following multipli-
q q
cation rule holds for each s € S and w € 1,:

Qoxw + Qo if s X w=sws*>w
+ 1a + ga fsxw=s8sw>w

Tyay = (Z - T . (3.1.1)
(¢° — @Qtoxw + (¢°— g — 1ay, fsxw=sw<w
qzasxw+(q2—1)aw if s x w=sws" <w.

(b) There is a unique Z-linear involution - : M,z — Mz such that @; = a; and h - m = -
for all b € Hy2 and m € M2. This bar operator acts on the standard basis of M2 by
the formula @y = (—1)®) . (Ty-1)"! - @y-1 for w € 1.

The bar operator just introduced on M. gives rise, in turn, to the following analogue
of Theorem-Definition 3.1.1. Like the previous result, this was first shown by Lusztig and
Vogan [72] in the crystallographic case (with * trivial). Lusztig [70] subsequently extended
the statement to all Coxeter systems.
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Theorem-Definition 3.1.3 (Lusztig and Vogan [72]; Lusztig [70]). For each w € I, there
is a unique family of polynomials (P;w)y . C Z[g] with the following three properties:

(a) The element A, T y=tw) > yer. Prw - 0y in M2 has 4, = A,
(b) P;”w = 0y if Y £ w in the Bruhat order.
(c) Py, has degree at most % (¢(w) — €(y) — 1) as a polynomial in ¢ whenever y < w.

Note from (b) that the elements (A, )y, form an A-basis for the module M. We
sometimes refer to this as the “twisted Kazhdan-Lusztig basis.” Likewise, we call the poly-
nomials P7,, the twisted Kazhdan-Lusztig polynomials of the triple (W, S, *). We will discuss
some general properties of these polynomials (and also address how one computes them) in
Sections 3.2.2 and 3.4.3.

Before continuing to state the conjectures concerning Py, which are our main subject, let
us mention a few reasons why one might care about these polynomlals or the module M
First, as detailed in [72], when W is a Weyl group or affine Weyl group, the module .M
arises from geometric considerations and in that context the polynomials Py, are expected
to have importance in the theory of unitary representations of complex reductlve groups.

While for more general Coxeter groups we lack such an interpretation for Mg, there
is nevertheless always a sense in which we can view the left regular representation of the
Hecke algebra of a Coxeter system as a special case of (a submodule of) the module M
Consequently, one can realize the ordinary Kazhdan-Lusztig polynomials of one Coxeter
system as the twisted polynomials F;,, corresponding to another Coxeter system with a
particular choice of x. This is explained in Section 3.2.3.

3.1.5 Positivity conjectures

Many results in the theory of Hecke algebras depend on positivity properties of the Kazhdan-
Lusztig polynomials P, ,. In particular, we recall the following much studied conjectures:

Conjecture A. The polynomials P,, have nonnegative integer coefficients.

Conjecture B. The polynomials P,, are decreasing for fixed w, in the sense that the
difference P, ., — P,,, has nonnegative integer coefficients whenever y < z.

Denote the structure coefficients of , in the Kazhdan-Lusztig basis by (hsy..), o 2EWS
i.e., these are the Laurent polynomials in A satisfying c,c, = > zew MayizC: for ¢y, 2 € W.

Conjecture C. The Laurent polynomials k. ,.. have nonnegative coefficients.
These conjectures have been proved in the case when (W, S ) is crystallographic (i.e., when

W a Weyl group or affine Weyl group), finite, or universal through the work of a number of
people (33, 35, 50, 54, 64, 95]. Elias and Williamson’s recent. proof of Soergal’s conjecture
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[36], finally, establishes Conjectures A and C for any Coxeter system. In this generality
Conjecture B remains open.

The central topic of this work concerns “twisted” versions of the preceding conjectures.
While the parallels between Theorem-Definitions 3.1.1 and 3.1.3 suggest obvious analogues
of Conjectures A, B, and C in the twisted case, these statements turn out not to be the right
ones. Notably, the polynomials P, may have negative coefficients. To state the “correct”
conjectures, define P, P, € Q[q] by

P, =3(PywtPFy) for each y,w € L. (3.1.2)

Lusztig proves that these polynomials actually have integer coefficients [70, Theorem 9.10]
and conjectures the following:

Conjecture A’. The polynomials Py‘fw and P, have nonnegative integer coefficients.

This statement is a refinement of Conjecture A since P, + P, = Py, for y,w € L. We
introduce the following stronger conjecture, which is likewise a refinement of Conjecture B.

Conjecture B’. The polynomials Pyﬂfw are decreasing for fixed w, in the sense that the
differences P;,, — P, and P, — P, have nonnegative integer coefficients whenever y < z.

_ Finally, to provide an analog of Conjecture C, for each x € W and y € I, define
(hoyiz) ew 804 (RS :;) oy 8s the Laurent polynomials in A satisfying

T,Y;2

CoCyCan-1 = Z ﬁx,y;zcz - and CA, = Z hg Az (3.1.3)

zEW z€l.

Note that ¢, ¢y, ¢, € H, while C, € H, and Ay, € Mp. Now, define Al .. h .. € Q[v,v7]
by

T,Y5z Y32

hE., =1 (ﬁz,y;z + he ) , for each z € W and y, z € L. (3.1.4)

One can show from results of Lusztig [70] that these Laurent polynomials likewise have
integer coefficients (see Proposition 3.2.17 below), which leads to this conjecture.

Conjecture C'. The Laurent polynomials A} .. and h;,., have nonnegative integer coeffi-
cients.

Lusztig and Vogan’s work [72] establishes Conjecture A’ when W is a Weyl group or affine
Weyl group. In these cases, [72, Section 5] also mentions without proof that Conjecture C’
holds (when * is trivial). Conjecture B’ is still to be open even in the crystallographic case.
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3.1.6 Outline

Following Dyer [35], we say that a Coxeter system (W, S) is universal if the product st € W
has infinite order for any distinct generators s,t € S. Dyer’s paper [35] derives formulas
for the polynomials P,, and for the decomposition of the products c.c, € H, in terms of
the Kazhdan-Lusztig basis, thus establishing Conjectures A, B, and C in the universal case.
(Dyer’s results are formulated in somewhat different language than these conjectures; cf.
Theorems 3.3.5 and 3.3.15 below.) Section 3.3 proceeds as something of a sequel to Dyer’s
work, as follows:

e In Sections 3.3.1, 3.3.2, and 3.3.3 we derive recurrence relations with coefficients in

def def

N[g] for the polynomials PZ,.,,'= PZ,, — P, and Py .o = Py — Prw (With y < 2).

e These recurrences show that in the universal case P?,, and Py, belong to N[g] and are
decreasing with respect to the index y € I, and the Bruhat order; see Theorems 3.3.12
and 3.3.13 below. Thus Conjectures A’ and B’ hold for universal Coxeter systems.

e In Section 3.3.4 we describe the decomposition of the product C,A, in terms of the
distinguished basis (A;),y of M,2; see Theorem 3.3.18. This shows that hZ .. €
N[v,v7}] in the universal case; see Corollary 3.3.19.

e Combining these results with Dyer’s work finally affords a proof of Conjecture C’ for
universal Coxeter systems; see Theorem 3.3.22.

In Section 3.4 we turn our attention to finite Coxeter systems. Most of our effort on this
topic is spent in checking our conjectures for dihedral groups, where one can derive explicit
formulas, and for the exceptional non-crystallographic Coxeter systems of type Hs and Hy,
for which one can resort to computer methods.

e In Section 3.4.1 we prove that our conjectures hold a finite Coxeter system if they hold
for all of its irreducible factors.

e In Section 3.4.2 we work out formulas for the polynomials of interest explicitly in the
case that W is a dihedral group, in order to establish Conjectures A’ and B’ (but,
unfortunately, not yet C’) for rank two Coxeter systems.

s Section 3.4.3 includes pseudo-code for algorithms to compute the polynomials (P, ,,) W

log T o
and (Fy,),, e @nd the structure constants (hm’y;z)zeWy o and (RS2 pewsyser. -

e In Section 3.4.4 we discuss our implementation of the algorithms in Section 3.4.3 as
extensions to Coxeter [34], and then summarize the outcome of our computations for
Coxeter systems of rank < 5.

Before carrying all this out, we provide in Section 3.2 a few preliminaries concerning the
Bruhat order on 1., the polynomials P,,, and P7,,, and the associated bases of Hy and M.
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3.2 Preliminaries

Here, we preserve all conventions from the introduction. Thus, (W, S) is an arbitrary Coxeter
system (not necessarily universal) with an S-preserving involution * € Aut(W), and attached
to these choices are the following structures:

® Hp = A-span{T, : w € W} is the Hecke algebra of (W, S) with parameter ¢2.
o I, ={w e W :w™ =w"} is the corresponding set of twisted involutions.
e Mg = A-span{a,, : w € L} is the H2-module generated by L.

Recall also the definitions of the special bases (Cy), e C Hyz and (Au),ep. C Mgz, and

the polynomials (Py),, ,en a0nd (P;,w)waI in Z[g].

3.2.1 Bruhat order on twisted involutions

The set of twisted involutions I, is partially ordered by the Bruhat order < on W, and this
ordering controls many important features of the basis (Ay),e;, € Mgz and the polyno-
mials (P!:w)ywel,.' The subposet (I,, <) has a more direct characterization and a number
of interesting’properties, which are meticulously detailed in Hultman’s papers [45, 46, 47].
Hultman’s work extends to arbitrary Coxeter systems many earlier observations of Richard-
son and Springer [89, 90, 96] concerning I, when W is finite. Here we review some of this
material which will be of use later on, particularly in Section 3.3.3.

Recall from Section 3.1.4 that we define

SKw = for se€ S and w € I,. (3.2.1)

*

def | SW if sw = ws*
sws* if sw # ws*
In [70}, Lusztig uses the notation sew instead of s X w; we prefer the symbol x to emphasize
that s € S acts to “twist” w € I,. Although this notation does not extend to an action of
W of L,, it does lead to the following definition, adapted from [45, 46, 47]:

Definition 3.2.1. A sequence (sy, s2,...,8;) with s; € S is an I,-expression for a twisted
involution w € L, if w = 53 X (82 X (+-- X (st X 1)---)). An I,-expression for w is reduced
if its length k is minimal. We consider the empty sequence () to be a reduced I,-expression
for w = 1.

What we refer to as I,-expressions are the left-handed versions of what Hultman terms
“S-expressions” in [45, 46, 47]. (In consequence, all of our statements here are in fact the
left-handed versions of Hultman’s.) It follows by induction on £(w) that every w € I, has

a reduced I.-expression, and so the next statement (given as [47, Proposition 2.5]) is well-
defined:
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Proposition 3.2.2 (Hultman [47]). Choose a reduced I,-expression (sy, 8o, ..., sx) forw € I,
and define wg = w and w; = s; X wj_; for 1 < ¢ < k. Then the number of indices
i € {1,2,...,k} with s;w; = w;s} depends only on w and not on the choice of I,-expression.

Define £* : I, — N by setting £*(w) equal to the number & in the preceding propostiion.
(In particular, £*(1) = 0 and ¢(s) = 1 for any s € S N1,.) The function £* coincides with
the map ¢ which Lusztig defines in [70, Proposition 4.5]. This map measures the difference
in size between the (ordinary) reduced expressions and reduced I,-expressions for a twisted
involution, in the sense of the following result, which appears as [45, Theorem 4.8].

Theorem-Definition 3.2.3 (Hultman [45]). Let p : I, — N be the map which assigns to
w € I, the common length of any of its reduced I,-expressions. Then the poset (I,,<) is
graded with rank function p, and

=11 e).
In particular, if w € I, and s € S then p(s x w) = p(w) — 1 if and only if {(sw) = &(w) — 1.

We conclude by stating the “subword property” for the Bruhat order on 1,, which appears
for arbitrary Coxeter systems as [47, Theorem 2.8].

Theorem 3.2.4 (Hultman [47]). If y,w € I, are twisted involutions, then ¥ < w if and only
if whenever (s1, ss, ..., sx) is a reduced I,-expression for w, there exist indices 1 < 4; < i3 <
+++ < iy < k such that (s;;,s4,...,8i,) is a reduced I,-expression for y.

3.2.2 Multiplication formulas and a recurrence for the twisted
polynomials

While Theorem-Definition 3.1.3 establishes the existence of the distingnished basis (Ay), 1.
for the H,2-module Mg, it gives no immediate indication of how Hy2 acts on this basis,
or of how one can compute the polynomials (P_; w)ywel*. In this section we summarize the
main results of Lusztig [70] addressing these probler;ls.

The most straightforward method of computing Py, involves an intermediate family of
polynomials (ngw)y’wel‘.

Definition 3.2.5. For each w € 1,, define (ng)
polynomials satisfying

ver, € A for y € 1, as the family of Laurent

_ ) Bo—
G = Z g Ryw  ay-
yGL

Recall here that ¢ = v® and that if f € A then f denotes the Laurent polynomial f(v~1).
Knowledge of the polynomials Ry ,, determines all of the polynomials P}, as a consequence
of the following observations. First, the defining identity

def _ o -
Aw =7 £(w) Z Py’way = Ay

yel-u
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implies that

P, - gttw)—tw) P, = £(w)—£(y) Z R, - P, (3.2.2)
z€1,
y<z<w

for each y,w € I,. Because the polynomial Py, has degree at most ﬁ’ﬂ)_#t—l when y < w,
we have in this case ¢{®)~¥¥ P '€ q~'Z[g™"] and so Py, is given by omitting all monomials
with negative exponents from the right hand side of (3.2.2), which can be computed (knowing

the R?-polynomials) by induction.
To compute the polynomials R’ , one can appeal to the following recurrences which

y,w?
Lusztlg derives in [70, §4]. (In Lusztig’s notation in that section, one has r,, = v+ Re |
and 74, = Rg ) The proof of this result in [70] is elementary, and follows by comparing

both 81des of (3 1.1) after applying the bar operator, using the definition of RY ,
Proposition 3.2.6 (Lusztig [70]). If y,w € L,, then R, € Z[q], and moreover:
(1) Ry, = 0y if y £ w in the Bruhat order.

(2) If y < w and s € Desy(w) then the following holds:

(a) If s X w = sw (which occurs if and only if sw = ws*) then

zRgxy axw T (q2 -g-1) Z,sxw fsxy=sys’ >y

(q + I)R” (q qz)Rsxy,sxw + (q - 1) 1,8 KW if s X y=s8y>y
. (¢ + DRy oxw — 208 o ifsxy=sy<y
R(;xy,sxw qRy S if s Xy =sys™ <y.
(b) If s X w = sws* then
2Rg><y sXw (q2 - 1)R;sxw ifsxy=sys" >y
@@= PRy + (@ +a4 - DR}y ifsxy=sy>y
we (q + I)Rsxy sXWw qRy XKW fsxy=sy<y
Royy sxw if sxy=sys* <y.

The method of computing the polynomials Py, just outlined is not the most efficient in
practice, and still does not tell us how to compute the action of T, € Hgz on A, € M. We
now summarize Lusztig’s results in [70] resolving such issues. To this end, we first introduce
some notation to refer to the coefficients of Py, of highest possible order.

Definition 3.2.7. Given y,w € I, we let

o d_e'f : L(w)—£ - : a
17 (y, w) = the coeficient of g“()~€W)=1/2 jn p7
v (y, w) L the coeficient of g()~®~2)/2 jn P
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In turn, for each s € S define another integer u”(y,w; s) by the following more complicated '
formula:

o def o fe g o Lo g o
o4 (va;s) =v (y,w) +5sy,ys‘/1 (3y7w) - dsw,ws‘/‘ (y, Sw) - Z 14 (y,x)u (:L',’LU).

T€l4; sz <
As usual, the Kronecker delta here means d,, = 1 if a = b and J, = 0 otherwise.

Note since Fy,, is a polynomial in ¢ and not in v = g% that 1’ (y, w) (respectively,
v (y,w)) is nonzero only if y < w and £(w) — €(y) is odd (respectively, even). The numbers
1% (y, w; s) have an analogous property, which requires a short argument to prove. Here and
elsewhere, for any w € W we write

Desy(w) ¥ {s € §: f(sw) < f(w)} and Desp(w) = {s € S: f(ws) < t(w)} (3.2.3)

for the corresponding left and right descent sets.

Proposition 3.2.8. Let y,w € I, and s € Des(y) \ Desg(w). Then the integer p?(y, w;s)
is nonzero only if ¢(w) — £(y) is even and y < s X w.

Proof. All terms in the definition of u?(y,w;s) are zero if ¢(w) — €(y) is odd. Assume
y £ s x w. Then y £ w automatically so u7(y, w;s) = ey ye~p”(sy, w). This is zero unless
sy = ys*, but if sy = ys* then sy = s X y £ w, as s X y < w would imply the contradiction
y < s X w by Theorem 3.2.4. (In detail, if s X y < w then adding s to the beginning of any
reduced I,-expression for sx y or w forms a reduced I,-expression for y or s X w, respectively.)
Thus p7(s x y,w) = 0. O

Finally, define m?(y = w) € A for y,w €1, and s € S as the Laurent polynomial

oy 5 w) = {pf’(y,w)(v +o71) if £(w) — £(y) is odd 5.24)

ul (y,w; s) if (w) — £(y) is even.
Lusztig proves the following result, which explains our notation, as [70, Theorem 6.3].

Theorem 3.2.9 (Lusztig [70]). Let w € I, and s € S. Then C, = ¢"!(T, + 1) and

(g+¢ 1) Au if s € Desy(w)

Colu = § (W +v7) Aws + 2 e syeyesw ™ U = w)Ay  if s ¢ Desy(w) and sw = ws*

Asusr + Dyt sy<y<awss M (Y = w)A, if s ¢ Desy(w) and sw # ws*.

We may equivalently rewrite this theorem as a recurrence for the polynomials F;,,. This
provides the following “twisted” analog of one of the standard recurrences (see, e.g., [16,
Theorem 5.1.7]) for the ordinary Kazhdan-Lusztig polynomials P, ,,.

Corollary 3.2.10. Let y,w € I, with y < w and s € Des,(w).
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(a) P, = F;,

SKYy,w”

(b) If s € Desp(y) and w’ = s X w and ¢ = Jgyws a0d d = 4y 4=, then

(@+1)°P, = (q+ 1) Py +alg — )P, — > oD% mo(z 20y po_

z€1,; 82<z
ylz<w

Proof. The corollary results from comparing coeflicients of a, on both sides of the equation
in Theorem 3.2.9. Rewriting the right hand side in the standard basis (a.),;, is straight-
forward from the definitions in Section 3.1.4, while rewriting the left hand side can be done
using the identities C; = ¢~1(T, + 1) and 4, = v~*®) > yer. Pyway with the multiplication
rule (3.1.1). a

Remark. Because of the (g + 1)¢ factor on the left, it is not obvious from the recurrence in
part (b) that P;,, € A is actually a polynomial in ¢ (but it is clear that Py, is a rational
function of ¢). That Py, € Z[q] follows from results in [70], however, and in light of this,
the recurrence shows that (g+1)¢®)=¢®) divides P7,,. Recall here the definition of £* from
Proposition-Definition 3.2.2.

The recurrence in the preceding corollary leads to an algorithm for computing the poly-
nomials F,,, though there is some subtlety in formulating this. We discuss these details in
Section 3.4.3.

We mention two additional properties of the polynomials Py ,,. Both follow from Corollary
3.2.10 in a straightforward manner by induction on ¢(w). Lusztig states part (b) explicitly
as (70, Proposition 4.10], but this actually serves in [70] as a preliminary to the other results

given here.
Corollary 3.2.11 (Lusztig [70]). Let y,w € I, with y < w.

(a) Py, = Fo1,-1 = Py () for all S-preserving automorphisms 7 € Aut(W) which

commutes with x in the sense that 7(z*) = 7(z)* for all zx € W.

(b) P;,, has constant coefficient 1.

3.2.3 Recovering untwisted Kazhdan-Lusztig theory

Here we explain how the Kazhdan-Lusztig polynomials P,, can occur as instances of the
twisted polynomials P, for certain choices of (W,S) and . This makes it possible to
recover several important properties of the Kazhdan-Lusztig basis (cw),cpr € Hy and the
Kazhdan-Lusztig polynomials (Pya,),ci C Zlg] from analogous statements for Mg in the
previous section.

We begin with the following observation. In approaching this statement it is helpful to
recall the definitions of the Laurent polynomials P, ,,, Py s heyzy Pz gz, B, from Sections
3.1.3 and 3.1.4.
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Proposition 3.2.12. Suppose that (W,.S) has the form
W=WxW and S={(s,1):s5€5IU{(1,s):5€5} (3.2.5)

for some Coxeter system (W', S'), and that * € Aut(W) acts by (z,9)* = (y, z) fory,w € W'.
Let H; denote the Hecke algebra of (W’,S’) with parameter ¢°.

(a) The map w — (w,w™!) defines a poset isomorphism (W', <) = (I,, <).

(b) The unique .A-linear map Hiz = Mg with T, — Tiyyy for w € W’ is an injective
algebra homomorphism. With respect to this embedding, the unique .A-linear map
7‘(;2 — Mgz with Toy = @y -1y for w € W' is an isomorphism of left ’H; o-modules. This

map commutes with the bar operators of H;z and M2 in the sense that T,, +— T lw,w-1)
for w e W’.

(c) For all y,w € W', we have
Pyywen = (Bw)®  and PGy 0, 0m1y = Pyu(d®).

(d) For all z,y,z € W/, we have

~

h(m,x—l)’(y,y—l);(z,z-l) = (hZ,wZ)z and t(Tx,a:—l),(y,y—l);(z,z“l) = h$’y§z(v2)'

Remark. In the four identities in parts (c¢) and (d), the left expressions are (Laurent)
polynomials attached to the Coxeter system (W, S), while the right expressions are quantities
defined in terms of the (Laurent) polynomials attached to the Coxeter system (W’,S"). In
particular, h,..(v?) denotes the Laurent polynomial obtained by replacing the parameter v
with ¢ = v? in hsy: € A.

Proof. Part (a) is straightforward and has been noted previously as [46, Example 3.2] and
also as [89, Example 10.1]. Since s X w = sws* for all s € S and w € W, part (a) implies
that the map in part (b) is an .A-linear bijection satisfying

T.T, — T(z’l)a(w’w-l) for T, W E w’.

Thus our map is a left H;Q-module isomorphism with respect to the embedding H’, — Hge.
To see that this map commutes with the bar operators, note that if w € W’ then T, = T, - T}
and a(wyw—l) = ’I’(w,l) - ap, SO

To=T,5 T = Tl - 01 = Gy,

The remaining parts follow as an easy exercise from part (b) and the defining properties of
Py and Py, in Theorem-Definitions 3.1.1 and 3.1.2. O
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As one application this observation, we may recover the standard formula for the decom-
position of the product ¢,c, in the Kazhdan-Lusztig basis of H,. Define for y,w € W the
integer

def . - - .
u(y, w) < the coeficient of ¢ —#®-1/2in P, . (3.2.6)

As with u°(y,w), the integer u(y,w) can only be nonzero if ¥y < w and £(w) — £(y) is odd.
If we assume the hypotheses of Proposition 3.2.12, then sw # ws* for all s € S and w € L,
and every twisted involution in I, has even length. In consequence, if s € §’ and y,w € W’
then it follows by part (c) of the proposition that

m? (5,37 L2 (w,07)) =7 (5™ (w0, w™) = ay, w).

If we substitute this formula into Theorem 3.2.9 and Corollary 3.2.10 (and then replace
the Coxeter system (W', §") with (W, S) and the parameter ¢ with v) then we obtain the
following “untwisted” analogue of Theorem 3.2.9:

Theorem 3.2.13 (Kazhdan and Lusztig [53]). Let w € W and s € S. Then ¢, = v™'(t,+1)
and

(v+v ey if s € Desy,(w)
CyCoyp =
Cow + ZZGW; sz<lz<w [.L(Z, 'lU)Cz if s ¢ DesL(w),

Rewriting both sides of the preceding equation in the basis {t,, : w € W} then comparing
coefficients yields the following standard recurrence for the polynomial P, ., which one can
find also derived in [48, Chapter 7].

Corollary 3.2.14. Let y,w € W with y < w and s € Desy(w).
(a) Pyw = Psyw-
(b) If s € Des.(y) then

Py’w — Psy'sw + qu’sw _ Z vf(’w)"‘l(z) . ll'(z’ Sw) . Py’z.

2€EW; 82<z
ylz<w

From this one can derive several well-known properties of the Kazhdan-Lusztig polyno-
mials, which we collect as the following statement paralleling Corollary 3.2.11.

Corollary 3.2.15. Let y,w € W.
(a) Py = Pyt -1 = Pry) r(w) for all S-preserving automorphisms 7 € Aut(W).
(b) P, has constant coefficient 1 if y < w.

Remark. Since Des;(w) = Desg(w™!), it follows that Py, = Py, if s € Desp(w).
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3.2.4 Parity statements

Conjectures A’, B’ and C’ are statements concerning whether the Laurent polynomials

Pru=3(PutPl)  and  hE =1 (Reyhg,.)
defined by equations (3.1.2), (3.1.3), and (3.1.4) for x € W and v, 2z, w € I, have nonneg-
ative integer coefficients. It is not clear a priori that these polynomials even have integer
coefficients, and we spend this last preliminary section clarifying this property.
Here we write f = ¢ (mod 2) for two Laurent polynomials f, g € A if f — g has only even
integer coeflicients; i.e., if f — g = 2h for some h € 4. Lusztig proves the following result,
showing that P, € Z[g], as [70, Theorem 9.10).

Proposition 3.2.16 (Lusztig [70]). For all y,w € 1, we have P,,, = Py, (mod 2).

The next proposition shows likewise that hf .. € Z[v,v™!]. In the case that (W,S) is a

Weyl group and * is trivial, this property was mentioned without proof in [72, Section 5].

Proposition 3.2.17. For all z € W and y, z € I, we have h,,, = A% . (mod 2).

z’yYZ

Proof. In what follows it is helpful to recall that we denote the bases of H, using the lower
case symbols ¢, ¢,, and the bases of H,2 using the upper case symbols T}, C,,. Let w! = w*}
for w € W and define h — h' as the unique A-algebra anti-automorphism of Hg4 such that
(tw)' = t,t. Also write proj : Hy — Mg for the A-linear map with ¢, — a,, for w € I, and
tw— 0 forwe W\IL,.

We write m = m' (mod 2) for m,m’ € Mg if m —m’ = 2m” for some m” € M. With
respect to this notation, Lusztig [70, 9.4(a)] proves that

proj (t,t,(t.)") = Tra, (mod 2) forallz € W and y € I.. (3.2.7)

The current proposition derives from this fact in the following way. Let z € W and y € I, and
note that (c,)’ = c,+ by Lemma 3.2.15. The anti-automorphism } consequently preserves
€xCyCyt, 50 we must have Tzz,y,z = sz,y,zt for all z € W and it follows that we can write
CaCyCat = (@ +al) + 3 o1 R y,zC» for an element a € H,. Since proj(a + af) = 0 (mod 2)
and since proj(c,) = A, (mod 2) for z € I, by Proposition 3.2.16, we deduce that

proj(cqycyct) = Z hey:A; (mod 2). (3.2.8)

z€1,
On the other hand, by definition c,c,c1 = v~ ~4) Zm’,a:”,zew Pyt Pon o Py + tarty (E0)1.
Since P,y = P, forallze W asy = y!, the anti-automorphism t acts on the latter sum

by exchanging the summands indexed by (z/,2”,z2) and (2", 2/, 2%). It follows by dividing
the sum Zm’,z",zew into two parts, consisting of the summands fixed and unfixed by f, that
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we can write

CacyCpt = (b+b1) + v H@ED NN (P, PP,y - bt (t)
o' €W z€1.

for another element b € H,. Since proj(b+ bf) = 0 (mod 2) and (Py ,)? = Py (¢*) (mod 2)
and P, = PZ, (mod 2) for y, z € 1,, applying (3.2.7) to the preceding equation shows that

proj (czcyc,t) = Cz A, (mod 2)  forallz € W and y € L,. (3.2.9)

The proposition now follows immediately by combining (3.2.8) and (3.2.9). O

3.3 DPositivity results for universal Coxeter systems

In this section we let (W, S) be any universal Coxeter system and let * € Aut(W) be any
S-preserving involution of W. In this case W is the group generated by S subject only to
the relations s2 = 1 for s € S. The elements of W consists of all words in S with distinct
adjacent letters, and products of elements are given by concatenation, subject to the rule
that one inductively removes all pairs of equal adjacent letters.

The involution * € Aut(W) corresponds to an arbitrary choice of a permutation with
order < 2 of the set S. The twisted involutions w € I, = {z € W : 7! = 2*} each take one
of two possible forms:

e If /(w) is even then w = z*z~! for some z € W.
o If /(w) is odd then w = z*sz~! for some z € W and s € S with s = s*.

The following observation enumerates a few other special properties of universal Coxeter
systems which make them tractable test cases for general questions and conjectures. Recall
here the definition of s x w from (3.2.1).

Observation 3.3.1. Assume (W, S) is a universal Coxeter system.
(a) Each w € W has a unique reduced expression.
(b) Each w € I, has a unique reduced I,-expression.
(c) If w e W\ {1} then |Des,(w)| = |Desg(w)| = 1.
(d) The map S x I, — I, given by (s,w) — s X w extends to a group action of W on I,.

Notation. In light of part (d), it is well-defined to set z x w sk (so (- X (SpXW):--+))
where z €¢ W and w € I, and s; € S are such that £ = 8185 - -- sp.

Before proceeding, we note as a consequence of our observation that in the special case
that * has no fixed points in S, one can view the ordinary Kazhdan-Lusztig theory of a
universal Coxeter system as a special case of its twisted theory, in the following way.
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Observation 3.3.2. Suppose (W, S) is a universal Coxeter system and s # s* for all s € S.
Then the unique A-linear map Hpe — Mg with Tye — ayry-t for w € W defines an
isomorphism of left H,2-modules which commutes with the bar operators of Hy and Mg,
and consequently

Py, (wrw-1) = P,.(¢%) and R (yry=1); (zzm1) = Bayr;on (v?) for all w,z,y,z € W.

Proof. If s # s* for all s € S then every w € I, has even length and the map w* — w*w™!
defines a poset isomorphism (W, <) = (I, <). From this, the proof of the proposition is a
straightforward exercise using Theorem-Definitions 3.1.1, 3.1.2, and 3.1.3. O

3.3.1 Kazhdan-Lusztig polynomials

Dyer derived a formula for the Kazhdan-Lusztig polynomials of a universal Coxeter system
[35, Theorem 3.8] which shows their coefficients to be nonnegative. We review the key parts
of this result here. To begin, we note the following lemma which is a special case of [35,
Lemma 3.5].

Lemma 3.3.3 (Dyer [35]). Assume (W, S) is a universal Coxeter system. Suppose y,w € W
and r,s € S such that rsw < sw < w and sy > y. Then

Pyw =Py oy + qPoy sy — 0+ qPy row where § = |{s} N Desy (rsw)|.

In the sequel we adopt the following notation. Given y, 2z, w € W with y < z, define

def
Py,z;w =

Py — Py (3.3.1)
We expand upon the previous lemma with the following statement.
Proposition 3.3.4. Assume (W, S) is universal. Let y,z € W with y < z and suppose

e k is a positive integer;

e 7,5 € S such that 7 # s and s € Des;(y) and s ¢ Des.(z);

e u € W such that {r, s} N Des.(u) = @.

If a,w € W are defined by

W= 8rSrs---U and a=:--8TSrs
S —
k41 factors k factors

_ k
then Py,z;w = Fyzswt+ ¢ Pay,az;aw-

Remark. Applying the identity P, .., = Pys-1 ;+-14+-1 from Lemma 3.2.15 affords a right-
handed version of this proposition, which will be of use in Section 3.3.3 below.
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Proof. Note that y < z implies ay < az, since (as sy > y and sz > z) the unique reduced
expression for ay (respectively, az) is formed by concatenating - - - srsrs to the unique reduced
expression for y (respectively, z). To prove the lemma, we proceed by induction on k. If
k = 1 then the lemma reduces to Lemma 3.3.3. If & > 1, then since Py sz:row = Py zirsw
by Lemma 3.2.15, Lemma 3.3.3 asserts that P, .., = Py o0 + @(Pay,sziow — P,y szirsw)- BY
induction we may assume that Py s;.60 = Peyszirsw + ¢°  Pay,az;aw; substituting this identity
into the preceding equation gives the desired recurrence. 0O

From the last lemma we have an easy proof of Conjecture B (and so also of Conjecture
A) for universal Coxeter systems. This result can also be deduced from [35, Theorem 3.8].

Theorem 3.3.5 (Dyer [35]). If (W, S) is a universal Coxeter system, then the polynomial
P, — P. ., has nonnegative integer coefficients for all y, 2,w € W with y < z in the Bruhat
order. In particular, we have P,,, € N[qg] for each y,w € W.

Proof. The proof is by induction on #(w). If £{(w) < 1 then P, .., € {0,1} C N[g] by Lemma
3.2.15. Assume #(w) > 2 so that there exists s € Desy(w). Let (¥/,2') be the unique
pair in the set {(y, 2), (sy, 2), (¥, 82), (sy, sz)} which has s ¢ Des.(y') and s ¢ Des.(2'). It
is straightforward to check that 3’ < 2/, and by Lemma 3.2.15 we have P, .., = Py /-
Proposition 3.3.4 applied Py ..., shows that that P, .., € N[g] by induction, and it follows
that P,,, € N[q] since P,,,, = 1. O

3.3.2 Twisted Kazhdan-Lusztig polynomials

Here we initiate the proof of Conjecture B’ for universal Coxeter systems, to be completed
in the next section. As above, (W,S) is a fixed Universal Coxeter system with a fixed
S-preserving involution .

Recall the definition of the Laurent polynomial m?(y = w) € A from (3.2.4).

Lemma 3.3.6. Assume (W, S) is a universal Coxeter system. If y, w € I, and r, s € S such
that y < w and Desr(y) = {s} # {r} = Des(w), then

mo(y S w) = 1 ify=rwr* orif (y,w) = (s,7)
v " 10 otherwise.

Proof. First note that since W is a universal Coxeter group and y ¢ {1,r} we have r x y =
ryr* and £(r x y) = £(y) + 2. In addition, from Corollary 3.2.10 we have F],, = P/, .

We claim that p?(y,w) = 0. To prove this, note that if r x y = w then (w) — E(y) is
even, and if 7 X ¥y £ w then y £ w, so in either case u”(y,w) = 0. On other other hand,
if 7 X y < w then the degree of P/, = F7,, ., as a polynomial in ¢ is at most ﬁﬂtﬁgﬂﬂ
which is strictly less than ﬁﬂtﬁiﬂt_, so again u?(y,w) = 0.

It thus suffices to show that u’(y,w;s) = 1 if y = rwr* or if (y,w) = (s,r) and
p (y, w;s) = 0 otherwise. To this end, observe that if we apply our first claim to the
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definition of 7(y,w;s), and also note that sw # ws* since w ¢ {1, s}, we obtain

1 (y,w; 8) = v (y, w) + ey et (57, w).

If y = rwr* then P}, = P7,, = 1s0 V?(y,w) = 1. Alternatively, if y < w and y # rwr”* then
it follows as above that Py, = P7, ,, has degree strictly less than M_—gﬂ_—% so v (y,w) = 0.
Hence

1 if y=rwr*
Vo (y,w) = 3.3.2
(w,w) { 0 otherwise. ( )

In turn, we have sy = ys* if and only if y = s (note that y # 1 by hypothesis), in which case
po(sy,w) = p°(1,w). f w=r then p°(1,w) =1 and if w # r then either w = rr* (in which
case f(w) — £(1) is even) or 7 X 1 # w (in which case Py, = P/, ,, has degree strictly less
than &”l-'—éllﬂ) so p°(1,w) = 0. Thus

1 if (y,w) = (s,7) '
Oayye v’ (8Yy, W) = 3.3.3
v (59,) {0 otherwise. ( )
Combining (3.3.2) and (3.3.3) gives the desired formula for p7(y, w; s). a

We now have the following analogue of Lemma 3.3.3.

Lemma 3.3.7. Assume (W, S) is a universal Coxeter system. Suppose ¥, w € 1, and r,s€S
such that rs X w < s X w < w and sy > y. Then
P;r,w = p° + q2P0'

Y,8Xw sXY,sXwW

—4- qu.gxy,rsb(w' 44 - q(Pf:sxw - P.::sxw)'

where we define

0 otherwise 0 otherwise.

{1 if s € Des(rs X w) and 6’={1 ify=1and s=s* and w # srs
Proof. Everything follows by combining Lemma 3.3.7 with Corollary 3.2.10. It is straight-
forward to check that the lemma holds if y £ w, so assume y < w. Let §” = §4y s« and note
by hypothesis that sw # ws*. By Corollary 3.2.10 we therefore have

P;,w = P'_lz.exw + q2P:><y,sb<w + 6”q(Pg;r,s\>(w - ngy,sxw) - Z vE(W)_E(Z)ma(Z = § X 'LU)P;:Z.

z€XL.; 82<2
y<z<w

(3.3.4)
From the preceding lemma we know that m?(z = sxw) = 1if z = rsxw or (2, sxw) = (s,7),
and m?(z = s X w) = 0 otherwise. The sum in (3.3.4) includes a summand indexed by
z = rs X w if and only if § = 1. On the other hand, if s X w = r then the sum includes a
summand indexed by z = s if and only if s = s*. Since P7, =1ify € {1,s} and F;, =0
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otherwise, we conclude that
o o 2 po o 2 po
Py,w = Py,sxw +4q Psxy,sxw + 6” : Q(Pg‘;,sxw - Psxy,sxw) -4- q Py,rsxw - 5”, -q

where we define
5" — 1 ify=1ands=s*and w=srs
" 10 otherwise.

Note that if § =1 then Py, = Pawyrexw Py Corollary 3.2.10. Thus to finish our proof, it
is enough to check that
(5”(Pa - Pcr ) — (5”/ — 5/(Pa'

y,8Xw 8XY,8XWw lsxw P;sb(w)

This is clear if y = 1 and s = s* and w # srs since then & = § = 1 and §” = 0. On
the other hand, if y = 1 and s = s* but w = srs then &’ = 0 and ¢ = §” = 1 and
PJ xw — Pawysxw = Pf. = 1, which again gives equality. Finally, if y # 1 or s # s* then

¢’ = §" = ¢ = 0 and our equation again holds. a

3.3.3 Four technical propositions

To prove Conjectures A’ and B’ for the universal Coxeter system (W,S) we require an
analog of Proposition 3.3.4. The requisite statement splits into four somewhat more technical
propositions, which we prove here. The Coxeter system (W, S) is always assumed to be
universal in this section (and we stop stating this condition in our results).

Mirroring the notation P, .., from (3.3.1), given y, z,w € I, with y < z, we define

def Ho -
P;Z;w é Py,w - Pz,w' (335)
Also, given elements wy, ws, ..., wx € W we write (wy,ws, ..., w) for the subgroup they

generate. Finally, recall from Theorem-Definition 3.2.3 that we denote the rank function on
(L, <) by
p:I, - N,

so that p(w) is the length of any reduced I,-expression for w € I,.
At least one half of the following result is well-known, being equivalent to the fact that
the Kazhdan-Lusztig polynomials of dihedral Coxeter systems are all constant.

Proposition 3.3.8. Let y, z,w € I, with y < z. If r,s € S such that w € {r, s), then

o _p  _ 1 fy<wandz L w
pEw T OBEY 1 0 otherwise.

Proof. 1f suffices to show that Py, = P, ., = 1if y < w; however, this follows by a straightfor-
ward argument using induction on the length of w and Lemmas 3.3.3 and 3.3.7. In particular,
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the base cases for our induction are given by Corollary 3.2.10 and Lemma 3.2.15, which show
that Py, =1if y <w and p(w) <1, and that P,,, = 1 if y < w and £(w) < 1. O

For the duration of this section we adopt the following specific setup: fix y,z € I, with
v < z and assume w € I, has the form

W= Srsrs---Xu 3.3.6
Srsrs- - (3.3.6)
k+1 factors

where
e k is a positive integer;
e 7,5 € § such that r # s and s ¢ Des.(y) and s ¢ Des(z);
e u € I, such that {r,s} N Des,(u) = 2.

In addition, define a € (r,s) C W as the element

a=_--8rsrs (3.3.7)

k factors

and let ¢/, 2/, w’ € I, denote the twisted involutions
Y=axy and Z=axz and W =axuw. (3.3.8)

Observe that p(y') = p(a) + p(y) and p(2’) = p(a) + p(z) and p(w’) = p(u) + 1, and that
clearly ¢’ < 2’ in the Bruhat order. In addition, ' is given by either s X u or 7 x u, depending
on the parity of k. We now have our second proposition.

Proposition 3.3.9. Suppose w ¢ (r, s) and either y # 1 or s # s*. Then

zl wl

(a) yzw = Paz ;sws* + q2kpa'

(b) Py,z;w = Ly,z;8ws* + q2ku’,z’;w' + 2quay,az;aws*-

Remark. The best way of making sense of this and the next two propositions is through
pictures. The recurrences in each proposition are conveniently illustrated as trees whose
nodes are labeled by the polynomials Py ,.,, or P, ;,, and whose edges are labeled by powers
of g; see Figures B-1, B-2, B-3, B4, B-5, and B-6. In these diagrams, the branches at each
level indicate one apphcatlon of Lemma 3.3.7 or Lemma 3.3.3; these lemmas add two or three
children to a given node while possibly also canceling a node two levels down the tree. This
cancelation accounts for the chains of k single-child nodes, which appear as dashed lines.

Proof. First consider Figure B-1. The proof of part (a) is very similar to that of Proposition
3.3.4, but using Lemma 3.3.3 in place of Lemma 3.3.7. The argument is entirely analogous
because, under our current hypotheses, whenever we apply Lemma 3.3.7 the second indicator
¢’ defined in that result is zero.
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Now consider Figure B-2. To prove part (b), we first apply the right-handed version of
Proposition 3.3.4 to P, .., and then apply the left-handed version of Proposition 3.3.4 to the
result. In detail, the first application gives

- k
Py,z;w = Py,Z;ws* +q 'Pg,la““l,z:(z,"‘"1;mo.“"1
while the second gives P ;s = Py zswst + ¢* Payazaws 80d

P,

k
ya*—1 za*—Ljwa*—1 = Pya*—l,za*‘l;swa‘—l +4q Py',z’;w'-

Since Puyazawss = Puat—1 za*~1:swar~1 Dy Lemma 3.2.15 combining the preceding equations
y7 ¥ y ¥ 3 g
gives the desired recurrence. O

We proceed immediately to our next proposition.

Proposition 3.3.10. Suppose w ¢ (r,s) and y =1 # z and s = s* and r = 7*. Then there
are elements ug, U1, ..,Ux € I, and 21, 2, ..., 2 € W with u; <y and u; < z; such that

el _ Do 2k po i+k po
(a') Py,z;w - Py,z;sws + q Py’,z’;w’ + 205i<k q Pu,-,‘u.,-.,_l;w"

(b) P, zw = Ly zaws T qszy',Z’;w’ + Eogkk qi+k (Pui,u.-+1;w’ + 2Pui+1,z.~+x;w') .
Proof. The twisted involutions ug, u1, ..., ux € I, are defined as follows:

o If k — i is even then let u; = (--- srsrs) X 1, where (- - - srsrs) has i factors.

o If k — i is odd then let u; = (---rsrsr) X 1, where (---rsrsr) has i factors.

Consider Figure B-3. To prove part (a), we note that Lemma 3.3.7 implies
P;,z;w = Pla,z;sxw + qz(P;:axz;sxw -4 P:,sxz;rsb(w) + qu,s;sxw

where 6 = 0 if k = 1 and 6 = 1 otherwise. If 6 = 1 then Proposition 3.3.9 gives Py ..., =
Py ozirsww T qz(k_l)P;’z,;w,,; by substituting this into the previous equation we get in either
case

P;;z;w = f;z;sxw + q2kp';',z’;w’ + qus;skw' (339)
If £ = 1 then this equation coincides with the recurrence in part (a), and if £ > 1 then by

induction (with the parameters (k,r,s,y, 2, w) replaced by (k — 1,s,7,1,s,5 X w)) we may
assume that

I — DO 2(k—1) po E : i+k—1 po
Pl,s;sxw - Pl,s;'rsb(w +4q Puk_l,uk;w’ + q Pui,u.;.;.l;w”
0<i<k—1

Since here Py, o0 = Pi1,rsww = 0 88 8 € Desy(rs x w), substituting the previous equation
into (3.3.9) establishes part (a) for all k.

Before proving part (b) we must define the elements z; € W. For this, we first define an
intermediate sequence Z;,22,-..,2k+1 € W in the following way. Set Zxy1 = az where a is
given by (3.3.7), and for ¢ < k define Z; inductively by these cases:
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e If £ —i is even then let Z; be the element with smaller length in the set {Z;11, Ziqar*}.
e If k£ — i is odd then let Z; be the element with smaller length in the set {Z;11, Zi+15*}-

Note by construction that zr* > Z; if £k — 4 is even and Z;s* > Z; if k — i is odd. Finally,
define z;, 29,...,2x € W as follows:

e If £k — i is even then let z; = Z;(rsrsr-- - )* where (rsrsr---) has i — 1 factors.
o If k — i is odd then let z; = Zj(srsrs---)* where (srsrs---) has i — 1 factors.

Note that by construction #(z;) = #(z;) + i — 1. Note also that since we assume s = s*
and r = 7*, the *’s in the preceding bullet points are superfluous; however, these will be
significant in the proof of the next proposition when we refer to the definition of ux_1, u,
and Zk-

Consider Figure B-4. To prove part (b), we note from Proposition 3.3.4 that

k k
Py,z;w = Pl,z;sw +4q Pa,az;aw = Pl,z;ws +q Pas,az;aw-

Here the second equality follows from properties in Lemma 3.2.15 (in particular, the fact
that P, ,, = Py, ,, if ws < w). One checks similarly that applying (the left- and right-handed
versions of ) Proposition 3.3.4 to the terms on the right gives

Py,z;w = Pl,z;sws + qua,Ek;aws + quasr,E'k;aws + qZku',z’;w'- (3310)

From here, it is a straightforward exercise to check the identities

k-1 k-1
. E : i —~ _ § : i
Pa,?k;aws - q Pu,—.;.l,zi.;.l;w’ and Pasr,zk;a'ws - q Pug,z,-.;_l;w’
i=0 i=0

which on substitution afford the desired recurrence (since Py, | s + Puy s = Pui_y g +
2P, ;). In particular, one obtains these identities by applying the right-handed version
Proposition 3.3.4 to the left hand sides, and then applying the proposition again to the
term in the result with coefficient one, repeating this process until the third index of every
polynomial is w'. O

For this section’s final proposition, it is convenient to let y”,2",w” € W denote the
elements

* i
” {azr if 7 € Desg(z) and w” = awsr*. (3.3.11)

az otherwise

We remark that in the notation of the proof of the previous proposition, the element 2" = Z.
Thus we also have z; = 2"(rsrsr---)* where (rsrsr---) has k — 1 factors.
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Proposition 3.3.11. Suppose ¥y = 1 # z and s = s* and r # * (so that automatically
w ¢ {r,s)). Then, with ug_1,ux € I, and zx € W defined as in the proof of Proposition
3.3.10, we have

(a) P'g;z;w = P;z;sws + qZkP;’,z';w’ + qzk—lpgk_l,uk;w"
2qkpyn,zn;wu ifk>1

(b) Py = y,z;sws+q2ku’,z’;W’ +g* ! (P'”'k—huMw’ + 2P"’°’z’°;w’) + {0 ifk=1.

Proof. Consider Figure B-5. To prove part (a), we first note that the argument used to show
(3.3.9) in the previous proposition remains valid here and gives

el _ po 2k po o
Py,z;w - Pl,z;slxw + q Py’,z’;w’ + qpl,s;sxw'

If £ = 1 then (using the definitions in the proof of Proposition 3.3.10) we have ug = 1
and u; = s and so this equation coincides with the desired recurrence. If & > 1, then
since r # 7*, we can apply Proposition 3.3.8 with the parameters (k,r, s,y, 2, w) replaced by
(k—1,s,71,s,5 X w) to obtain
Pﬂs;sxw = lty,s;rsxw + q2(k~1) :k_l,uk;w"

Here uz_; = (---rsrsr) X 1 where (---rsrsr) has k — 1 factors and ux = (---srsrs) x 1
where (---srsrs) has k factors. Substituting this identity into our formula for Py, then
establishes part (a) for all k.

To prove part (b), consider Figure B-6 and observe that it follows by successive applica-
tions of Propositions 3.3.4, exactly as in the proof of Proposition 3.3.10, that

k k 2k
Py,z;w = Pl,z;sws + q Pa,z”;aws +4q Pas,z”;aws + q Py’,z’;w’-

Note that the third term on the right quas,z”;a'ws differs from the analogous equation (3.3.10)
above; this is because now we have asr* £ as since r # .

Now, if kK = 1 then up_; = g = as = land up = uy = a = sand zx = 21 = 2
and w' = aws, so the preceding formula for P, .., coincides with the desired recurrence
as Py | now + Pupzew = Pugoyjuriw + 2Pugzw- Alternatively, if & > 1 then the right-
handed version of Proposition 3.3.4 with the parameters (k,r,s,y, z, w) replaced by (k —
1,s,7,a,2", aws) or (k—1,s,7,as, 2", aws) gives

"

_ k—1 _ k—1
Pa,z”;awa = Lyt +q Puk,zk;w" and Pas,z”;aws = Pas,z";w” +4q Puk_l,zk;w”-

Since w"”s < w" as k > 1, we have Py ynayr = Py graynr = Py 414y, and so substituting these
two identities into our previous equation gives the desired recurrence in all cases. O

Our first application of these results is the following theorem, which shows that the
perhaps most natural analogues of Conjectures A and B for twisted involutions (which are
false in general) do hold in the universal case.
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Theorem 3.3.12. If (W,S) is a universal Coxeter system and * € Aut(W) is any S-
preserving involution, then the difference P, — P7,, has nonnegative integer coefficients
for all y,z,w € I, with y < z in the Bruhat order In particular, Py, € N[g| for each
y,w €I,

Proof. The proof is by induction on p{(w), and is similar to that of Theorem 3.3.5. Fix
y,z,w € I, with y < z. If p(w) <1 then the theorem follows from Proposition 3.3.8. Suppose
p(w) > 2, and that s € Desy(w). By Corollary 3.2.10 we may assume that s ¢ Desy,(y) and
s ¢ Desy(z), in which case one checks that the triple (y, z, w) satisfies the hypotheses of one
of Propositions 3.3.8, 3.3.9, 3.3.10, or 3.3.11. These propositions then imply P?,. € N[g] by

Y2 W
induction. 0

Next, as the main result of this section we prove that Conjectures A’ and B’ hold for
universal Coxeter systems.

Theorem 3.3.13. If (W,S) is a universal Coxeter system and * € Aut(W) is any S-
preserving involution, then the polynomials P, — P}, and P, — P7,, have nonnegative
integer coefficients for all y,2,w € I, with ¥y < w in the Bruhat order. In particular,
P, € N[q] and P,,, € Ng] for each y,w € I,.

Proof. Recall that the coefficients of P, ,.,, £ P?, . are all even by Proposition 3.2.16. Since

y, 2w
Py .w and Py ., both have positive coefficients by Theorems 3.3.5 and 3.3.12, it suffices just
to show that P, .., — Py .., € N[g] for y,z,w € I, with y < z. One can prove this fact

by induction on p(w) using the same argument as in the proof of Theorem 3.3.12. The
same inductive argument works because the differences between parts (a) and (b) in each
of our prOpositions in this section involves only polynomials P, ,.,, € N[g] and differences

Y,zw”

3.3.4 Structure constants

In the rest of this paper, we redirect our focus to Conjecture C’. Continue to assume (W, S)
is a universal Coxeter system. This section describes an inductive method of computing the
Laurent polynomials (hzy:.), , ,cp and (hg iz )mGW, yzel? which we recall from (3.1.3) are
the structure constants in A = Z[v, v™!] satisfying

CeCy = Z hm,y;zcz € Hq and Cz A = Z hxyzAZ € Mq2'

2eEW z€l.

We begin by recollecting some relevant results of Dyer [35] concerning A .. in the universal
case. The following appears as [35, Definition 3.11].

Definition 3.3.14. Assume (W, S) is a universal Coxeter system. Let w € W and n = £(w),
and suppose s; € S such that w = s1s3---5,. For each integer j € Z, define c(w, j) € H,
recursively according to the following cases:
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(a) f2<j <n-—1 (sothat n > 3) and s;_; = s;41, then set
c(w,j) = cw +c(w',j — 1), where w' = s1 -+ 5841 " Sn.-
Here, we write 5; to indicate that the factor s; is omitted.
(b) Otherwise set c(w,j) = 0.

The following result of Dyer [35, Theorem 3.12] gives the decomposition of the product
cxCy in terms of the Kazhdan-Lusztig basis of H,, and shows that the Laurent polynomials
(Ray:2) gy 2cw have monnegative coefficients, and are in fact polynomials in v + v~ with
nonnegative integer coefficients. (This latter property fails for other Coxeter systems.)

Theorem 3.3.15 (Dyer [35]). Assume (W, S) is universal. Let z,y € W and n = {(z).
Then
e = (v +v7Y) (Cosy + c(zsy,n))  if Desg(z) = Desy(y) = {s} # @
il Cay + c(zy,n) + c(zy,n + 1) otherwise.
Remark. The preceding theorem differs from the corresponding statement in [35] as a result

of our notational conventions. In [35, Theorem 3.12], Dyer writes “C,,” to denote the element
of H, which in our notation is written

S (—o)fetw L p (g7 v
yeW

This element is just (—1)4® . 1(c,), where . is the .A-algebra automorphism of H, with
ty > (—q)!® - 71, for w € W. (When checking this, it helps to recall &, = ¢,.) This
observation transforms Dyer’s results into what is stated here.

Moving on to the analogous decomposition of C;4,, we have this lemma. Recall from
Theorem 3.2.9 that if s € S then Cs = ¢~ }T, + 1) € Hep.

Lemma 3.3.16. Assume (W, S) is a universal Coxeter system. Suppose s € S and w € I..
(a) If s € Desr(w) then CsA4, = (g + g7) Aw.
(b) If s ¢ Desy(w) then

Agper + Apyer  if Desp(w) = {r} and Desp(rwr*) = {s}

Agwe + A ifwe S and s = s*

(v+v™HA, ifw=1lands=s"
Aguwse otherwise.

CsA, =

Proof. Part (a) is immediate from Theorem 3.2.9. If w =1 then m?(y 2 1) =forally € 1,
with sy < y so by Theorem 3.2.9 we have C,A; = (v + v™1)°A,x1 where ¢ = &, ,. This
proves part (b) when w = 1.
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For the remaining cases, assume w # 1 and Desp(w) = {r} # {s}. Combining Theorem
3.2.9 and Lemma 3.3.6 gives C, A, = Agu1 + ZyeX Ay, where X C I, is the subset which
contains s if s = s* and w = r € S, and which contains rwr* if rwr* € I, and Desy (rwr*) =
{s}. Since rwr* always belongs to I, and since Desy (rwr*) = {s} implies w ¢ S, the set X
contains at most one element and our formula C;A,, = Asx1 + Zye x Ay reduces to the cases
in the lemma. O

We now make this definition, after Definition 3.3.14.

Definition 3.3.17. Assume (W, S) is a universal Coxeter system. Let w € I, and n = p(w),
and suppose s; € S such that w = s; X 83 X --- X 8, X 1. For each integer j € Z, define
A(w, j) € Mg recursively according to the following cases:

(a) If2<j <n-—1 (sothat n > 3) and s;_; = sj41, then set
Alw,j) = Ay + A[W',j - 1), where @' = 81 X -+ X §j X §j41 X - X 5p.
Here, we again write §; to indicate that the factor s; is omitted.
(b) If j =n and n > 2 and {s,_1, sp} C L., then set

Alw,j) = Ay + A(w',n - 1), where w' = s; X -+ X Sp,_1.
(c) Otherwise set A(w,j) = 0.

Using this notation, the following analog of Theorem 3.3.15 now decomposes the product
C, A, in terms of the distinguished basis (A.),¢; of Mg2. This result shows that the Laurent
polynomials (hg,y;z)mewy o have nonnegative coefficients, but in contrast to our previous

situation, hZ ., does not typically have nonnegative coeflicients when written as a polynomial
inv+ov L

Theorem 3.3.18. Assume (W, S) is universal. If z € W and y € I, and n = {(z), then

(v +v7Y) (Apr + A(z X 1,7)) if z# 1 and y =1 and Desg(z) C L
CrAy = § (q+ q71) (Azsy + Alzs X y,n)) if Desg(z) = Desi(y) = {s} # @
Agwy + Az X y,n) + Az X y,n + 1) otherwise.
Proof. The proof is similar to that of [35, Theorem 3.12], and proceeds by induction on n. If
n € {0, 1} then the theorem reduces to Lemma 3.3.16 (checking this fact is a healthy exercise

which we leave to the reader), so we may assume £(z) > 2 and that

r=21zrs  for some 2’ € W and r,s € S with ¢(z') = ¢(z) — 2.
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It follows from Theorem 3.3.15 (noting that the Z-linear map H, — H,2 with v™ — ¢" and
tw — Ty is a ring embedding with ¢, — C,) that

- {cmscs —Cy if Desg(z’) = {s} (3.3.12)

C.:Cl otherwise.

It suffices to consider the following five cases, exactly one of which must occur:

(i) Suppose y = 1. Then A(z X y,n + 1) = 0 and so we wish to show that C,A; =
(v+v71)°- (Apxt + A(v X 1,n)) where ¢ = |[{s} NL,].

(ii) Suppose s € Desy(y). We then wish to show that C, 4, = (g+q¢7!) (Azexy + A(zs X y,n)).

(iii) Supposey € S and s ¢ Des;(y) and s = s*. Then A(z X y,n+1) = Azuq +A(z X 1,10)
and so we wish to show C;A, = A, + Az X y,n) + Azir + Az X 1,n).

(iv) Suppose p(y) = 1 and s ¢ Desy,(y) but either y ¢ S or s # s*. Then A(z xy,n+1) =0
and so we wish to show C; A, = A, + Az X y,n).

(v) Suppose p(y) > 2 and s ¢ Des,(y). We then want Cp A, = Az, + Az X y,n) + A(z X
y,m -+ 1).

The proof of each case is similar, and involves substituting (3.3.12) for C, and then applying
Lemma 3.3.16 and induction. Case (v) is the most complicated, but its proof is nearly the
same as that of [35, Lemma 6.2]. We demonstrate (i) as an example and leave the rest to
the reader.

For case (i), suppose y = 1 and let ¢ = |{s}NL,|; recall that Desg(z) = {s} by assumption.
If Desgp(z’) # {s} then C; = Cp;C; by (3.3.12) and A(z X 1,n — 1) = 0, in which case by
Lemma 3.3.16 and then induction we get

CzAl = Ca:’rCsAl
= ('U + 'U_l)c c CorAgir
=@W+v ) (Aea + Az x 1,n — 1) +A(z X 1,7)),
[ S—
=0
which is what we want to show. Alternatively, if Desg(z’) = {s} then C, = Cp,C, — C,» by

(3.3.12) and A(z x 1,n — 1) = Ay + A(z’ X 1,n — 2), so by induction CrA; = (v +v~1)°-
A(z X 1,n — 1). In this case by Lemma 3.3.16 and then induction we have

CxAl = (Cx’rCs - Cz’)Al
=(v+ U“I)c -« Corr g1 — Cor Ay
=+ v ) (Apa + Az % 1,70)) + v+ v Az x 1,n—1) — Cw Ay

=0

which is again the desired formula. |
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Wrapping up, we have this corollary immediately from Theorems 3.3.15 and 3.3.18.

Corollary 3.3.19. If (W, S) is a universal Coxeter system then each of the families

(hz,y;Z)x,y,zew and (Rzy;2)z,y,2ew and (hg,y;z):l?EVV, y,2€L

consists of Laurent polynomials in A = Z{v, v~!] with nonnegative coefficients.

3.3.5 Proof of the positivity conjecture for universal structure
constants

As previously, (W,S) is a universal Coxeter system with a fixed S-preserving involution
* € Aut(W). We devote this final section to proving Conjecture C’ for universal Coxeter

systems—i.e., that the Laurent polynomials hf , = %(hm;z + hg,y;z) defined in Section
3.1.5 always have nonnegative coefficients.

To begin, it is useful to recall the following notation from the proof of Proposition 3.2.17.
Given w € W, let w' = w*™! and more generally let A — h! denote the .A-linear map
Hy — Hg with (t,)" = t,+ for w € W. Observe that { is an anti-automorphism (of A-
algebras) and that (c,)' = ¢, for all w € W by Lemma 3.2.15. We now state two technical
lemmas associated with Definitions 3.3.14 and 3.3.17.

Lemma 3.3.20. Assume (W, S) is a universal Coxeter system. Suppose u,t € W such that
€(u x t) = 20(u) + £(t) and £(t) € {0,1} and ¢t = ¢*. Fix an integer n < #(u). Then there
exists a unique integer £ > 0 and a unique sequence of elements

U=Uyg >Up > -~ > Uk

in W (descending with respect to the Bruhat order), such that c(ut,n) = 3% . ¢,,. This
sequence has the following additional properties:

(a) For each 0 < i < k we have €(u; X t) = 20(u;) + £(2).
(b) clutw,n) = Sk, Cupw +c(urtw, n— k) for any w € W with C(utw) = £(u)+£0(t) +{(w).

1 ifn—Fk="~0u)+1

(¢) A(uxt,n) =35 Auue+6- Alug x t,n — k) where § = _
0 otherwise.

Remark. Note that we may have & = 0 in this lemma,; this indicates that c(ut,n) =0. In
this case the sums ZZ:I are considered to be zero, and we automatically have § = 0 in part
(c) since n < €(up) + 1 by hypothesis.

Proof. We sketch the proof of this lemma, as everything derives from the definitions in
a straightforward way by induction on ¢(u). The existence of the sequence of elements
u = up > u; > --- > u follows from Definition 3.3.14 by inspection, as does property
(a). Property (b) holds because the first k + 1 terms in the expansion of c(utw,n), which
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one gets by applying Definition 3.3.14 successively, depend only on the first n + k factors
in the unique reduced expression for utw. Part (c) follows from the fact that the same
sequence of elements in S gives both the unique reduced expression for ut and the unique
reduced I,-expression for u x . Noting this and comparing Definitions 3.3.14 and 3.3.17
(while remembering n < £(u)), we deduce that A(u x t,n) = S Auwe + Alu X t,n— k),
and that A(u X t,n — k) is zero unless n — k = p(ux % t). The latter condition is equivalent
to having both £(t) = 1 and n — k = £(ux) + 1; however, if £(t) = 0 while n ~ k = £(u;) + 1
then A(ux X t,n — k) is zero by definition. O

In what follows, we let ® : M2 — H, denote the A-linear map with A, — ¢, forw € L.

Lemma 3.3.21. Assume (W, S) is a universal Coxeter system. Suppose z € W and s € SN,
such that s ¢ Desg(z). If n = ¢(z), then

clzx s,n+1) = (Alz x s,n+1)).

Proof. If z = 1 or if Desy,(z) ¢ I, then the lemma holds since ¢(zx s,n+1) and A(zxs,n+1)
are both zero. Assume z # 1 so that z = 2'r for some y € W and r € SN I, with {(z') =
¢(x)—1. Then c(z X 5,n+1) = cpxr +c(@’ xr,n) and Az’ x 5,n+1) = Ay, + Az’ X T, 70),
so the lemma follows by induction on n. O

We may now state our final result, which establishes Conjecture C’ in the universal case.

Theorem 3.3.22. If (W,S) is a universal Coxeter system and * € Aut(W) is any S-
preserving involution, then the Laurent polynomials h;t,y,z defined by (3.1.4) have nonnegative
integer coefficients for all z € W and y, z € I,.

Proof. Let H} = N[v,v™"]-span{c,, : w € W} denote set of elements in H, whose coefficients
with respect to the Kazhdan-Lusztig basis (cy),ey have nonnegative coeflicients. Note that
H} is preserved by t since (cw)t = cut-

Let z € W and y € I,. By Theorems 3.3.15 and 3.3.18 we know that coeyc,t € HF
and ®(C,4,) € H}, and if we write cocycer + B(C,4,) = Y sew Pa ¢, for some polynomials

pE € Z[v,v™Y], then by definition hf,, = 4p; for each z € L. It is thus immediate that
every h‘;y;z has nonnegative coeflicients, and to prove the theorem it is enough to show that
CaCyCpe—r — B(CLAy) € HT. (3.3.13)

To this end, let n = £(x). If n =0 then (3.3.13) automatically holds since the left hand side
is zero, so we may assume n > 1. There are three cases, which we consider in turn:

(a) Suppose y = 1. If s # s* then by Theorems 3.3.15 and 3.3.18 we have
CoCyCat = CzCat = Cax1 +c{z X 1,n) +c(z x 1,0+ 1)

while C, A, = Agw1. Certainly c(z x 1,n) +c(x x 1,n +1) € H} so (3.3.13) holds.
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On the other hand if s = s* then we have
C2CyCat = CoCat = (U + 071« (Cam1 + ¢(x X 1,7))
while C; A, = (v+v71) - (Apx1 + Alz X 1,n). Since s = s* we have & (A(z x 1,n)) =
¢(z x 1,n) by Lemma 3.3.21, so (3.3.13) again holds.
(b) Suppose y # 1 and Desy,(y) # Desg(z). If y € S then ¢(zy,n + 1) = 0 and so we have
CaCyCat = (Cqy + c(TY,n)) Cpt
= Cony + C(TY, n)Cat +c(z X y,n + 1) + (an element of H*)
while if £(y) > 2 then

CaCyCat = (Cay + c(zy,n) + c(zy,n + 1)) it
= Cony + (@Y, n)cs + c(zy,n + 1)cr + (an element of H,’;) ,

since in either case zx y = zyz'. Consulting Theorem 3.3.18, we conclude that (3.3.13)
will hold if we can prove the following claims:

(bl) If £(y) > 1 then we have c(zy,n)c,t — @ (A(z x y,n)) € HY.

(b2) If £(y) > 2 then we have c(zxy,n + 1)c,s — P (A(z x y,n + 1)) € H}.

To prove (bl), write y = ztz' where z,t € W such that £(t) < 1 and t = t* and
{(ztz") = 20(z) + £(t). Now let v = zz and let u = ug > u; > --- > u be the

corresponding sequence of elements in W described in Lemma 3.3.20. Using part (b)
of Lemma 3.3.20 and the fact that t is an anti-automorphism, we then have

k
c(zy, n)cgt = c(utzt n)ey = (Z Cugtzt + c(ugtzt,n — k)) Cyt

i=1

k
= (cx Z Cat(us )1) + c(ugtz!,n — k)cgs
=1

. 1
= (Z c(ut(ui)f,n)) + (an element of ;7).

i=1

Here, the last equality follows by applying Theorem 3.3.15 to the terms in the sum on
the second line. Since each c(ut(u;)f, n) = Zf__l Cu(us)t + (an element of H}) by parts
(2) and (b) of Lemma 3.3.20, after collecting terms in H} we get

k

c(zy,n)eq = Z Cuxt + c{ug X t,n — k) + (an element of H}).
i=1
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By part (c) of Lemma 3.3.20, however, we have A(zxy,n) = Zle Au,wt+0-A(ugxt, n—
k), where § € {0,1} is zero unless n — k = €(xx) + 1. If § = 1 then A(ux X ¢t,n—k) =0
unless t € SN 1L, and so (bl) follows by Lemma 3.3.21.

One proves (b2) by replacing n with n+1 in the preceding argument. Our applications
of Lemma 3.3.20 remain valid after this substitution because we assume ¢(y) > 2, which
implies £(u) > 1 and in turn n + 1 < £(u).

Suppose y # 1 and Desg(z) = Desy(y) = {s} for some s € S. Again use Theorems
3.3.15 and 3.3.18 to expand the products (c,c,)c,+ and CpA,. On comparing the
resulting terms (while again noting Lemma 3.3.21) one finds that to prove (3.3.13) it
is enough to show

(v+v7") - c(zsy,n)ct = (g +q7) - @ (A(zs X y,n)) + (an element of H;). (3.3.14)

If y = s € L. then by Theorem 3.3.15 we have c(zsy,n) = c,ys + {an element of H;L)
and in turn c(zsy, n)c,t = (v +v71) - ¢(zs X y,n) + (an element of ’H“;). Thus (3.3.14)
holds in this case by Lemma 3.3.21.

If £(y) > 2 then the proof of (3.3.14) is similar to the arguments in part (b). A sketch
goes as follows. First write y = ztz' where z,¢ € W such that £(t) < 1 < #(z) and
t* =t and £(ztz!) = 26(2) + £(t). Let u = zsz and let v = ug > u; > --- > uy be the
corresponding sequence of elements in W. By now rewriting c(zsy,n) in terms of the
elements u; and expanding various products using the properties in Lemma 3.3.20, one
obtains

k
c(xzsy, n)e, = (v + v (Z Cu;xt + c(ug X t,n — k)) + (an element of ’H;) .
i=1

Comparing this to the formula for A(zsx y,n) in part (c) of Lemma 3.3.20 then shows
that (3.3.14) holds, as a consequence of Lemma 3.3.21.

a

3.4 Positivity results for finite Coxeter systems

In this section we consider Coxeter systems (W, S) which are finite. Here we prove Conjec-
tures A/, B/, and C’ for Coxeters of rank < 5, either by elementary methods (in the dihedral
case) or by computer calculations (in ranks three, four, and five).

3.4.1 Reduction to the irreducible case

For the moment let (W, S) be any Coxeter system. Recall that if there exists a subset S’ C S
such that every s’ € S’ commutes with every s” € §” s \ &, then there is an isomorphism
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W =2 W' x W” where W’ and W” are the subgroups respectively generated by $’ and 5”. If
the only such sets S’ C S are S are @&, then the Coxeter system (W, S) is irreducible. If S’ is

nonempty and the Coxeter system (W', S’) is irreducible then we say that it is an irreducible
factor of (W, S).

Lemma 3.4.1. Let (W, S) be a Coxeter system with an S-preserving involution * € Aut(W).
Let S’ C S be a subset preserved by *, set §” = .5\ S, and suppose every s’ € S’ commutes
with every s” € §”. Write

W' = (5" and W" = (8")
for the subgroups generated by S’ and S§”, and let I, = W' N1, and I’ = W” N1,.

(a) For each w € W there are unique elements in W’ and W”, which we denote w’ and w”

respectively, such that w = w'w".

(b) Moreover, if w € W then w € I, if and only if w’ € I, and w” € I”.
(c) f y,w € W then y < w if and only if ¢/ < v’ and 3’ < w”.
(d) Py,w = Pyr,wlpyn,wn and hm,y;z = hxl,yl;z/hxnwn;zn for all w,x,y,z €W.

() Py =Py Py and by, =hg 0 by . for all z € W and w,y, z € L.
Remark. In part (d), we may identify Py ,» and Py ,»~» with Kazhdan-Lusztig polynomials
of the Coxeter systems (W’,S’) and (W”,S”). In part (e), likewise, we may identify o
and Py, ,» with polynomials attached to (W’, 5", x) and (W”,S”,%). Similar identificiation
apply to the structure constants.

Proof. Parts (a) and (c) follows from basic group theory and properties of the Bruhat order
(see [16, Exercise 2.3]), and part (b) follows from (a) since w = w'w” = w”w’. Since in the
Hecke algebras H, and Hy: we have t,, = tyt,» and Ty, = Ty T for all w € W, parts (d)

and (e) follow from the uniqueness specified in Theorem-Definitions 3.1.1and 3.1.2. W]

The following proposition shows that to establish Conjectures A’, B/, C’ for all Coxeter
systems, it suffices to verify Conjectures A, B, C, A’, B/, C' for all triples (W, S, *) with
(W, S) an irreducible Coxeter system. Table A.16 displays an irredundant list of such triples
with (W, S) finite.

Proposition 3.4.2. Suppose Conjectures A and A’ (respectively, B and B/, or C and C’)
hold with respect to any choice of involution for every irreducible factor of a Coxeter system
(W, S) with finite rank. Then Conjectures A and A’ (respectively, B and B/, or C and C’)

hold for (W, S) with respect to any choice of involution.
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Proof. We prove this result by induction on the rank of (W, S), which is assumed to be finite.
Let S’ ¢ S and 8” = S\ 9 be subsets satisfying the hypotheses in Lemma 3.4.1. Then,
writing W’ = (S’) and W” = (S”), we have in the notation of Lemma 3.4.1 that

Pt = P+ P,

v v

+ Py Py and P, = PJ,w,PyT,,w,, + P Pt

v yw

for y,w € I, and that

P;:W_PZ:,E %(Piw’+Pz:l':w’

(Pg;t”,w” P;’:'w”) (Pyj’:w’ z'w’)(P:,':'w” +sz’:’w”)
for y, z,w € I, with y < 2z, and that

h+

! yll

Y . =hZ

z,y;2 xf Y2

2 + hZ h and h_ = h+

Zl y Z Z” ,yll Z” T,Y;Z ml,yl;zl

hzll yll Z" + hzly zl h+

e
T 7y ’z

for z € W and w,y,z € I,. Suppose Conjecture A’ (respectively B’, C’) holds for all
irreducible factors of (W, S). If §' and S”’ are both proper subsets of S, then we may assume
by induction that Conjecture A’ (respectively B/, C’) holds for (W’, S’, ) and (W”, 8", %), in
which case the same conjecture holds for (W, S, ) as a consequence of the first (respectively
second, third) identities above.

Suppose on the other hand that S’ and S” cannot be chosen to both be proper subsets of
S. Then either (W, S) is irreducible, or there are disjoint subsets S’, $” C S with § = S'US"
such that {s* : s € $'} = S” and such that the Coxeter systems (W’,5") and (W”,S") are
both irreducible, where W’ = (S’) and W” = (S”). In the first case the proposition holds
by hypothesis. In this second case, W’ = W” and we may identify the triple (W, S, ) with
a Coxeter system with involution of the form in Proposition 3.2.12. From parts (c) and (d)
of that proposition it follows that Conjectures A’, B’. and C’ are respectively equivalent to:

(a) P,.(q)* %+ P,.(¢%) € Nlq] for all y,w e W".
(b) (Pyw(@)® = Pow(@)?) £ (Pyw(d®) — Prw(e®)) € Ng] for all y, z,w € W’ with y < 2.

() Pagz(v)? £ hyy(v?) € Nv,v™!] for all z,y,2 € W',

The proposition holds in this case because elementary properties of polynomials show that
statements (a), (b), and (c) are implied respectively by Conjectures A, B, and C. For example,
(b) follows from Conjecture B because if f, g € N[z] such that f — g € Nfz] then

(f? = 60 £ (f(z%) — 9(a%) = (f — 9)" £ (f(=?) — g(a?)) +29(f — g) € Nla].

Elq[a:} EI:I'[I]

O

Since Conjectures A, B, and C hold for all finite Coxeter systems (see [33]), we have this
corollary.
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Corollary 3.4.3. Suppose Conjecture A’ (respectively, B’, C’') holds with respect to any
choice of involution for every irreducible factor of a finite Coxeter system (W,S). Then
Conjecture A’ (respectively, B/, C') holds for (W, .S) with respect to any choice of involution.

3.4.2 Positivity results for dihedral groups

Suppose (W, S) is of type Iy(m) where m € {3,4,5,...} is finite. Throughout this section
we let S = {s,t}; then W is the group of order 2m, generated by S subject only to the

relations s? = t2 = (st)™ = 1. Define for i = 1,2,... the elements
[s,2) = ststs--- and [t,1) = tstst - - -
o N —
i factors i factors
and also

(i,8] = ;- - ststs and (i,t] = ;- -tstst.
N or? N
i factors i factors

The distinct elements of W are then precisely

1, [s,1),...,[s,m — 1), [t,1),...,[t,m—1), and [s,m) = [t,m)
or alternatively

1, (L,s],...,(m—1,s], (L,4],...,(m—1,¢, and (m, s] = (m,t].

The elements just listed are all reduced expressions, and the Bruhat order on W has the
simple description that y < w if and only if £(y) < ¢(w). Using these facts and Corollary
3.2.15, the following well-known proposition is a straightforward exercise by induction.

Proposition 3.4.4. Suppose (W, S) is of dihedral type Io(m), with m € {3,4,...} finite.
Then P, ,, =1 for all y,w € W with y < w.

Proof. The proposition certainly holds if w = 1 since P,,, =1 forallw € W. Fix w # 1
and y < w, and suppose Py s = 1 whenever we have y < v’ < w.

Choose s € Desy,(w); since P, ,, = Py, ,, and sy < wif sy > y, we may assume s € Des(y)
as well. In this case sy < sw, so by the second part of Corollary 3.2.14 we must show that

qP Sw E ,Ul(w)—-f(z) ' #(Z, S'lU).

z€W8z2<z
y<z<w

Observe that by hypothesis u(z,sw) is 1 if £(z) = {(w) — 2 and is 0 otherwise. Thus it
suffices to show that y < sw if and only if there is a unique z € W such that y < z and
sz < z and £(z) = {(w) — 2. To this end, note that if y < sw then since sy < y we must
have sy < y < sw < w, in which case £(w) > 3 so the desired z is given uniquely by tsw.
On the other hand, y £ sw only occurs if #(y) = £(w) — 1 = £(sw) in which case clearly no
such z exists, as £(z) is both equal to £(w) — 2 and bounded below by #(y). 0
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There exist exactly two S-preserving involution * of W: either * is the identity automor-
phism or * is the automorphism interchanging s and ¢. In the trivial case, I, consists of the
identity, the longest element, and all elements of W of odd length, namely

1, [s, 1), [s,3), [s,5), --. ¢, 1), [t,3), [t,5), .. and [s,m) = [t,m).

In the nontrivial case I, consists of the longest element and all elements of even length, i.e.,
1, [5,2), [s,4), [s,6), ... t,2), [t,4), [t,6), ... and [8,m) = [t,m).

In the following three lemmas we assume (W, S) is of dihedral type I2(m), withm € {3,4,...}
finite, and that * € Aut(W) is either S-preserving involution. We also write wg = [s,m) =
[t,m) for the longest element in W.

Lemma 3.4.5. Every w € W has a unique reduced expression except wy, which has exactly
two reduced expressions given by ststs--- and tstst--- (each with m factors).

Proof. Certainly wg has at least two reduced expressions and every other element has at
least one. As there are only 2m + 1 distinct (possibly empty) expressions of length at most
m involving s and t without equal adjacent letters, and since |W| = 2m, we may replace “at
least” in the previous sentence by “exactly.” O

Lemma 3.4.6. Suppose r € S and w € I, such that rw = wr*.
(a) If m is odd and x is trivial then w € {1,7}.
(b) If m is odd and = is nontrivial then w € {wq, Twg}.
(c) If m is even and = is trivial and w € {wy, Twg}.
(d) The case that m is even and * is nontrivial cannot occur.

Proof. Since rw = wr* if and only if rw’ = w'r* where v’ = r X w, we may assume rw > w.
If {(w) = 0 then sw = ws* if and only if s = s*. If 0 < é(w) < m — 1 then it follows from
the previous lemma that rw # wr*. It remains only to consider the case when {(w) =m —1
(since when ¢(w) = m it cannot hold that rw > w). In this situation rw = wr* if and only
if wo = rw = r(rw)r* = rwer*. One checks that this holds precisely when m = #(wy) is odd
and * is nontrivial or m is even and x is trivial. 0O

Lemma 3.4.7. Suppose y,w € I, then #(w) — £(y) = 1.
(a) If m is odd and * is trivial then y = 1 and w € S.
(b) If m is odd and * is nontrivial then y € {swq,two} and w = wy.
(c) If m is even and x is trivial then y € {swq, two} and w = wg, or y =1 and w € S.

(d) The case that m is even and * is nontrivial cannot occur.

160



Proof. The claims here following by inspecting the lists of elements in I, given before Lemma
3.4.5, noting that the elements [s,4) and [t,7) have length 7 when i < m. O

We now have the twisted analog of Proposition 3.4.4, showing that P, ,, = Py, €{0,1}
for all y,w € I, when (W, S) is a finite dihedral Coxeter system. Despite the sunphmty of
this statement, we know of no simpler proof than the following rather complicated inductive
argument using Corollary 3.2.10.

Theorem 3.4.8. Suppose (W, S) is of dihedral type I(m), with m € {3,4,...} finite. Let
* € Aut(W) be either S-preserving involution. Then P ,=1foral y,w €I, withy <w.

Proof. Let y,w € I, with such that y < w. If w = 1 then y < w implies y = w so F,=1
as desired. If £(w) € {1, 2}, then w =r X 1 for some r € S, in which case y < w if and only
if y € {1,w}, whence Py, = Ff,,, =1 by the first part of Corollary 3.2.10.

For the remainder of this proof we assume that ¢(w) > 3. We may assume that y < w

since Py, = 1, and may take as an inductive hypothesm that PJ , = 1 when v’ < w or
when w = ' and Yy > y. Let r € Desy(w) and sct w’ = r x w. If r ¢ Des,(y) then
Py, = Pr"xy w = 1 by our hypothesis, so assume r € Desy(y). This means in particular that

y # 1, and that r x y < w'.
Suppose y £ w'. Then €(y) = £(w’), so the only element z € I, withy < z <wisz =y,
and the second part of Corollary 3.2.10 becomes

(q+1)°P;, = (g+ 1)* — of~t0+e i (y Ty o)

where ¢ = 0,y - and d = 6,y 4r-. To express m?(y Lw ) more simply, we note that since
£(y) = £(w'), we have

V(y,w') = p(y,z)p’(z,w') =0  forallz €1,
and also

(5ry,yr*ﬂo (Tya w,) = 5ry,yr‘ and 5rw’,w'r*ﬂa (y, Tw,) = 61‘w,wr*‘1w7 (Z/a w)

Thus, by the definition (3.2.4), our previous equation becomes

(g + 1By, = (g+1)* — q(d— c- p°(y,w)).

If ¢ = 0 then this reduces to the formula P, = (qg+ 1)¢ — dq which is equal to 1 for all
d € {0,1}. If ¢ = 1 then ¢(y) = ¢(w’) = £(w) — 1 so u°(y,w) is the constant coefficient of
P;,, and therefore equal to 1. In this case we must have d = 0 since (using Lemma 3.4.6)
the only element z € I, with rz = zr* and ¢(z) = ¢(w) — 1 is w’ which by assumption is
distinct from y. Thus if ¢ = 1 then d = 0 and our equation becomes (g + 1)P7,, = ¢ + 1 so
P, =1 again as desired.

From now on we assume y < w’ < w. Since r € Desy(y)\Desy(w'), we must actually have
y < w'. Further, since y # 1 and w' # wy, it follows from Lemma 3.4.7 that ¢(w’) — ¢(y) > 2.
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Continuing, by the second part of Corollary 3.2.10 and our inductive hypothesis, we have

(q + 1)cP;w — qz +1-— Z ,vé(w)—é(z)+cma(z r, wl)
z€l,rz<z
ylz<w
where ¢ = 8.y ur+. (There are no d’s here because (g + 1)¥ 4+ q(g—d) = ¢® + 1 for all
d € {0,1}.) We wish to replace the right hand side of this equation with a more elementary
expression. To this end, suppose z € I, such that 7z < z and ¥ < 2 < w. We make the
following observations:

(a) u?(z,w') = 0. This follows because, by hypothesis, p7(z,w') is 1 if £(w’) — €(2) = 1

and is zero otherwise. We cannot have £(w’) — £(z) = 1 by Lemma 3.4.7 since z # 1
and w' # wy.

1 if f(w') — £(z) =2

(b) By definition and inductive hypothesis, v7(z,w') = )
0 otherwise.

(€) Orzzrp®(rz,w’) = 0. This follows as p’(rz,w') = 0 unless £(w’) — £(rz) = 1, which
by Lemma 3.4.7 occurs only if 7z = 1 and w’ € S (since w’ # wp). By assumption,
however, we have ¢(w') > £(y) +2 > 3.

(d) Orwr e pt” (2, 7w'") = ¢ - p7(z, w) by definition.

(e) p°(z,z)p’(z,w’) = 0 for all z € I, with r € Des(z). This follows as the product can
only be nonzero if z < £ < @/, in which case by hypothesis the product is 1 if and only
if #(z) = £(2) + 1 = £(w’) — 1 and is zero otherwise. If £(z) = £(2) + 1, however, then
z #1,s0 £(z) # £(w') — 1 as w' # wg, by Lemma 3.4.7.

In consequence of (a), we deduce that m?(z — w') = 0 if £(w’) — () is odd, and in
consequence of (b)-(e), we deduce that if (w’) — £(z) is even then

m?(z 5 w') =17 (2,w') — c- (2, w).

Thus, noting that (w) + ¢ = #(w') + 2, we have

(q+1)cP;f,w — q2+1_ (Z ,Ui_'(w')_e(z)-{-?. . V”(z,’w')) + (Z ,Ul(w')—l(z)+2 .c- ,U,U(Z,'U))) (3.4_1)

where both sums are over z € I, with rz < z and y < z < w and #(w’) — £(z) even. Recall
that #(w’) — £(y) > 2 and that £(y) > 1. From this and the description of the elements of 1,
given before Lemma 3.4.5, we note two additional observations:

o There exists exactly one element z € I, with y < z < w and rz < z and £(w’) — £(2)
even and 17 (z,w’) # 0. This is the element z = 7/ X w’ where r’ € Desy(w’) C S is the
generator distinct from r € S, for which £(w') — £(z) = 2 and v?(z,w’) = 1 by claim
(b) above. It follows that the first parenthesized sum in (3.4.1) is equal to ¢*.
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e If ¢ =1 then by Lemma 3.4.6 we must have w = wy, since £(w) > 3 and r € Desp(w).
In this case there exists exactly one element z € I, with ¥ < z < w (note that we
exclude that case y = z) and rz < z and £(w’) — #(z) even and p?(z,w) # 0. Namely,
this element z is given by the unique twisted involution of length m — 1 distinct from
w' = rw. This element has ¢(w’) — #(z) = 0 and p?(z,w) = 1, by inductive hypothesis.
It follows that the second parenthesized sum in (3.4.1) is equal to

c-q+c- v EFL oy ),

The second term here corresponds to the summand indexed by z = y. Such a sum-
mand occurs if and only if £(w') — £(y) is even, but our expression accounts for this
circumstance because if £(w') — £(y) is odd and ¢ # 0 then nevertheless p”(y, w) = 0,
as ¢(w) — £(y) would then not be odd.

Substituting these facts into (3.4.1) gives
(+1)°P;, =1+c-q+c-v" ™ )7 (y w). (3.4.2)

If ¢ = 0 then it follows immediately that Py, = 1. Suppose ¢ = 1. If (w) — {(y) is even
then u?(y,w) = 0 so the preceding equation becomes (¢+1)Fy,, = ¢+1 and we get likewise
PJ,, = 1. Assume therefore that £(w) — £(y) is odd. Define

w)—L(y)—1

tn, = 17 (y, w) and n = >

so that by definition PJ,, = pinq™ + pn-1¢""' + - -+ + po for some integers pg, ..., gn-1. In
this notation, our equation (3.4.2) becomes

(q+1)(/—lmqn +/J'n—lqn—1 +...+‘1’0) =1 +q+qn+1/—1'n-

As the left hand side is equal to g™ + 31 (i + i—1)q™ + Lo, equating coefficients of ¢*
gives po =1 and po + g1 = 1 and p; + -1 = 0 for = 2,3, ...,n. The only solution to this
system of equations is to set g = 1 and py = pg = -+ = u, = 0; hence even in this final
case we get P, =1 as desired. O

Summarizing the effect of Proposition 3.4.4 and Theorem 3.4.8 on our conjectures, we
have this corollary.

Corollary 3.4.9. Conjectures A’ and B’ hold for all Coxeter systems of rank two.

Proof. The results in this section, together with Proposition 3.3.8, show that Conjectures A’
and B’ hold, for any choice of *, whenever (W, S) is of type Iz(m) with m € {3,4, ... }U{co}.
The only remaining Coxeter system of rank two if that of type I3(2) = A; x A;, and all
of our conjectures hold for this Coxeter system, by inspection and also as a consequence of
Proposition 3.4.2. O
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We would like to be able to comment on Conjecture C’ for Coxeter systems of rank two,
but at the time of writing we have not yet worked out sufficiently tractable formulas for
)zEW;y,zEI‘ and (hg’y;z)mEW;y’zEI*
to do so. This is the subject of future work. We mention that Du Cloux [33] has derived
formulas for the Kahzdan-Lusztig structure constants (hsy;:), , .y for dihedral Coxeter
systems, showing at least that Conjecture C holds for all Coxeter systems of rank two.

'~

the Laurent polynomials (hxyy;z in the finite dihedral case

3.4.3 Algorithms for the finite case

We now describe how to translate the formulas in Sections 3.2.2 and 3.2.3 into algorithms

for computing the various polynomials P, ., Py, Rzyzr Bayzr Bg .. of interest. Of course

then the polynomials with which Conjectures A/, B’, and C' are concerned are given by

P;’:z = % (Py’w + P;w) and hi = 1 (”;‘I,y;z + ho’ )

Y52 2 152

forzx e W and w,y,z € 1.

Adapting the recurrence in Corollary 3.2.14 to give an algorithm for computing the
Kazhdan-Lusztig polynomials P, ,, is straightforward, and we include the following pseudo-
code for completeness. A more efficient and involved algorithm for computing the Kazhdan-
Lusztig polynomials is described in du Cloux’s paper [32].

Algorithm for computing the polynomials (Py,w)y wEW"

e Begin by initializing every P, := 0.

e Fix a total ordering < of W x W such that (y,w) = (v/,%’) impliesy > ¢ and w < w’.
Iterate over pairs (y,w) € W x W in increasing order with respect to <.

e For each (y,w):

— If y £ w then continue (i.e., proceed to next iteration).
— If y = w then set P, :=1.
— If y < w then choose s € Desy(w) and proceed as follows:

* If s ¢ Desi(y) then set Py, 1= Pyy,,.
x If s € Desy(y) then set

Py,w = Lay,ow + qP, Sw Z Ul(w)_.e(Z) : H(Z, Sw) - P, ,Z7

2€W;82<2
yLlz<w

where the constants u(z, sw) are computed by applying the definition (3.2.6)
to the presently stored values of all polynomials.
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o At the termination of the preceding loop, the values of P, ,, for y,w € W will be the
unique ones satisfying Theorem-Definition 3.1.1.

An algorithm for computing the polynomials Py, likewise derives from Corollary 3.2.10,
the twisted analog of our recurrence for F,,. Translating this result into an algorithm
involves a little subtlety, as some terms on the right hand side of our recurrence for P/, can
depend on terms on the left. There is actually only one such term: the summand indexed
by z = y when sw = ws* and ¢(w) — {(y) is odd. In this case, however, Corollary 3.2.10(b)
assumes the form

(g+ 1)P7, = f+ gleI=t+D27 (4 )

where f € Zlq] is determined by polynomials which we can assumed to be already known by
induction. Given, f is straightforward to extract P/, as desired in the following pseudo-
code. Lusztig and Vogan describe a similar algorithm in [72, Section 4.5] in the case that

(W, S) is crystallographic and * = 1 (but their statements actually hold more generally by
results in [70].)

Algorithm for computing the polynomials (P;w)ywel .

e Begin by initializing every P;, := 0.

e Fix a total ordering < of I, x I, such that (y,w) < (¢, ') implies y > ¢/ and w < w'.
Iterate over pairs (y,w) € I, x I, in increasing order with respect to <.

e For each (y,w):
— If y £ w then continue (i.e., proceed to next iteration).
~ If y = w then set P, := 1.

— If y < w then choose s € Desy (w), set w' := sxw and ¢ 1= §gy s a0 d 1= G4y ysr,
and compute

=@+ ) Py +alg— Py — Y OO m (L) Py

2€1.;82<z
y<z<w

(In particular, compute the constants m?(z = w') by applying the definition
(3.2.4) to the presently stored values of all polynomials.) Then proceed as follows:

* If s ¢ Desp(y) then set Py, := Py,

sKyw"

x If s € Desy(y) and either sw # ws* or £(w) — £(y) is even, then set
B, = (g+1)"¢f.
* If s € Des;(y) and sw = ws* and £(w) — £(y) is odd, then set
P, =6 +aq+---+a.q"
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where n := 1(f(w) — (y) — 1) and ag, a1, ..., a, are the integers such that
f=a0+ (a0 +a1)q+ (a1 +a2)@® + -+ + (an-1 + az)q".

o At the termination of the preceding loop, the values of P/, for y,w € I, will be the
unique ones satisfying Theorem-Definition 3.1.2.

Next, a simple algorithm (which Du Cloux outlines in [33, Section 2.2]) for computing the
structure constants (hw,y;z)z,y,zew in the Kazhdan-Lusztig basis arises from the multiplication
formula Theorem 3.2.13. In particular, Theorem 3.2.13 gives precisely the values of the
polynomials h,,.. for s € S and y,z € W, and if z € W such that s € Desy(z), then we
have the formula

€z = C4Cop — Z p(x', sz)ew. (3.4.3)

a'eW
sr' <z’ <z

Substituting this for ¢, in the product c,c, allows use to compute h ., inductively in terms
of the polynomials A, ., for £ < x. This idea leaves us with the following simple procedure:

Algorithm for computing the structure constants (hzy;:), , e
e Compute and store the values of u(y,w) for all y,w € W.
e Initialize h,,., for s € S and y,z € W according to Theorem 3.2.13, so that

v+v! if s€Des,(y) andy = 2

)1 if s ¢ Desp(y) and z = sy
B2 Y ulz,y)  if s € Desy(z) \ Des(y) and z < y
0 otherwise.

e Iterate over y € W in any order.

e For each y:

— Initialize hyy,, := 90, for z€ W.
— Iterate over z € W \ {1} in order of increasing length.
— For each z, choose s € Desy(x) and compute

,—_— 7
ha gz = § : P,y s riz — E : 1(Z, 8T) Rt .

2eEW z'eW
s’ <z'<x

e At the termination of the preceding loop, the values of h,,., for z,y,2 € W will be
the unique Laurent polynomials satisfying c,c, = ZZEW R y:2Ce-

166



Onuce the array (hzy..) has been computed, one can compute the Laurent polyno-

—~ xyy,ZEW
mials h 4. via the identity

hoge= Y hayatho@n-1, forzeWandy,z€l,.
Z'ew

Implementing this simple formula presents its own challenges in cases when the array (hazy..), y,2€W
is very large, in particular when (W, S) is of type H,. One way to deal with this is to compute
and store the two-dimensional arrays (hzy;:), oy for each y € L,; then one can compute all

TLI,y;z’s by computing (without saving) the array (hz,,(z*)_l;z)z vew for each z € W.
The formula (3.4.3) (with each ¢, replaced by C,) in conjunction with Theorem 3.2.9

gives likewise a simple algorithm for computing the structure constants A7 .. In fact, the

following pseudocode is almost identical to the algorithm for computing k...

Algorithm for computing the structure contants (hg,y;z)xew-yzel .

¢ Compute and store the values of m?(y = w) for all y,w € I, and s € S.

e Initialize h?  for s € S and y, z € 1, according to Theorem 3.2.9, so that

s’y;z

(0?2 4 072 if s € Desy(y) and y = 2
v+ov? if s ¢ Desy(y) and z = sy
hey: =141 if s ¢ Desp(y) and z = sys*
m?(z > y) if s € Desy(z)\Desy(y) and z < s X y
0 otherwise.

\
o Iterate over y € I, in any order.

e For each y:

— Initialize h{,., := 6§, for z € I,.
— Iterate over z € W \ {1} in order of increasing length.
— For each z, choose s € Desy(z) and compute

o — o o ’ o
hz,y;z i E : hsm,y;z’hs,z';z - E : ;L(.’L‘ 78‘T)hx',y;z'

Z’€l. z’eWw
sa’ <z’ <z

e At the termination of the preceding loop, the values of hZ, , forz € W and y,z € I,

x’y;z

will be the unique Laurent polynomials satisfying C; A, = > cq b2, A:-
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3.4.4 Computations and conclusions

Du Cloux implemented efficient algorithms for computing the Kazhdan-Lusztig polynomials
P, and the structure constants hz ., in his C+4 program Coxeter [34]. Other implemen-
tations for calculating these quantities exist (e.g., in [41}), but at the time of writing Coxeter
appears still to be the only program capable of computing all of Kazhdan-Lusztig structure
constants in type Hy in a reasonable amount of time (though, still on the order of days).
Du Cloux’s final version of Coxeter includes instructions for ways in which to extend
the program. We have made use of this ability to implement the algorithms in the previous
section for computing the polynomials Py, hey.., hZ,., for a finite Coxeter system with
involution [83]. Extensive comments are included in this C++ code [83] with the details of
the implementation. Using these extensions to Coxeter, we have computed the polynomials

(P;,:w)y,weW and (h:y;Z)mGW;y,zEL

for all finite irreducible Coxeter systems (W, S) with involution in ranks three, four, and
five (see Table A.16). Of the cases considered, type H, is by far the most computationally
intensive, requiring for the calculation of the polynomials (hiy;Z)zew- 4,21, around one week’s
computing time (on a 2.26 GHz MacBook Pro) and around 100 GB of memory to store all
(highly uncompressed) output files. (Even in this type verifying Conjectures A’ and B’ only
takes a few minutes, however.) Tables A.17, A.18, A.19, A.20 show the least and greatest
nonzero coeflicients of the polynomials thus computed.

The outcome of this computation is that Conjectures A’, B/, and C’ hold whenever (W, S)
is an irreducible Coxeter system of rank three, four, or five. Combining this with Corollary
3.4.3 and Theorem 3.4.8. gives the following theorem.

Theorem 3.4.10. Let (W, S) be a finite Coxeter system with an S-preserving involution
*x € Aut(W).

(a) Conjectures A’ and B’ hold if all irreducible factors of (W, S) have rank at most 5.
(b) Conjecture C’ holds if all irreducible factors of (W, S) have rank 3, 4, or 5.
As one corollary to this result, we have this second theorem.

Theorem 3.4.11. Let (W, S) be any finite Coxeter system. If * € Aut(W) is an S-preserving
involution such that for each irreducible factor (W', §') of (W, S), it holds that s* ¢ S’ \ {s}
for all s € &, then Conjectures A’ holds.

Proof. The condition in the theorem means that * acts on any irreducible factor of (W, S)
either as the identity or by interchanging it with another factor. Lusztig and Vogan prove
that Conjecture A’ holds whenever (W, S) is a Weyl group and * is the identity automorphism
(see [72, §3.2 and §5.1]). As the only finite irreducible Coxeter systems which are not Weyl
groups have rank two, three, or four, the theorem follows in light of Proposition 3.2.12,
Lemma 3.4.1, and Theorem 3.4.10. O
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Restating the previous theorem in the case that = is trivial gives this final corollary.

Corollary 3.4.12. Conjecture A’ holds whenever (W, S) is a finite Coxeter system and # is
the identity automorphism.
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Table A.1: Automorphisms of exceptional complex reflection groups; see Section 1.7.1

Exceptional Group G;

Automorphism

Gy, Gs, Gs, Gg, Gg, G,
G, Gis, Gi7, Gis, G2, G2

5,t) — (s71,t71)

G7J G117 GIQ

— (s,t7", su"'s)

G2, G2z, Ga, Gos s t yu) = (uht7 s
Gis — (s,u,1)
Gis s, t,u) — (s, t, tu~'t)

G237 G287 G307 G35) G36) G37

dentity automorphism

Gag

(
(s,
(s,
(s,t,u) —
(s,
I
(

— (7t uT)

G277 G29 ’ G34

No such 7 exists

Ga (s,t,u,v,w) — (u,t,s,w,v)
Gz (5,t,u,v) = (v~ u™l ¢t s71)
Gss (5,t,u,v,w) = (v,u,t,s,w)

The automorphisms in the right column are specified in terms of their action on the gener-
ators for each exceptional group, in the notation of the corresponding presentation in [21].
Each automorphism 7 € Aut(G) satisfies the conditions of Theorem 1.2.1 in the sense that
72 =1 and €,.(¢) = 1 for all % € Irr(G).
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Table A.2: Irreducible multiplicities of xw in type Fg; see Section 2.4.1

Multiplicity Name in [30] Name in [63] ' =z Cr(z) o
1 P10 i, 1 1 1 i
1 6.1 6, T 1 1 1
1 $20,2 20, 1 1 1 1
1 Pea s 64, 1 1 1 il
1 Pe0,5 60, 1 1 1 1
1 Pars 81, T 1 1 1
1 Do 24, 1 1 1 1
1 Ps1,10 817 1 1 1 1
1 Peo,11 60, 1 1 1 1
1 Gonrz 24 T 1 i i
1 Pea,13 64;, 1 1 1 1
1 $20,20 20, 1 1 1 1
1 Bozs A 1 I i
1 P13 1 1T 1 1 i
2 $303 30, Sy 1 S2 1
0 b15.4 154 (1,2) Sa 1
0 (]315,5 15p 1 52 sgn
2 B30 30, S 1 5, 1
0 ®15,16 15, (1,2) S 1
0 15,17 15, 1 S sgn
5 o 80, S 1 S 1
0 Peo.s 60, 1,2) S 1
1 bo0,8 90, 1 S3 o
1 109 10, (1,2,3) Zs 1
0 $20,10 20, 1 S3 sgn

173



Table A.3: Irreducible multiplicities of xw in type Er (1 of 2); see Section 24.1

Multiplicity Name in [30] Name ine3] I = Cr(zr) o

1 b1 1, T 1 1 T
1 71 7 1 1 1 1
1 d272 27 1 1 1 1
1 o3 21 11 1 1
1 P 189, 1T 1 1 1
1 Bar0 310, T 1 1 1
1 1056 1055 11 1 i
1 bres6 168, T 1 1 1
1 Brs9.7 189, T 1 1 i
1 Py 378, 1 1 1
1 baro.10 710, T 1 1 i
1 105,12 105, T 1 1 1
1 Baro.13 210] T 1 1 i
1 P378,14 378, 1 1 1 1
1 broots 105, T 1 1 1
1 159,20 189, 1 1 1
1 P210,21 210, 1 1 1 1
1 105,21 105, 1 1 1
1 P168 .21 168, 1 1 1 i
1 P189,22 189, 1 1 1 1
1 Bor.30 21, T 1 1 1
1 pry—— 27 1 1 1
1 bra6 7 T 1 1 1
1 163 T T 1 1 1
1 ¢s12,11 512] S, 1 52 1
1 Ps12,12 512, 1 S sgn

174



Table A.4: Irreducible multiplicities of xw in type E; (2 of 2); see Section 24.1

Multiplicity Name in [30] Name in B3] T = Cr(z) o

2 D563 56, S 1 Ss 1

0 $35.4 35 (1,2) Sa 1

0 (f)zl’g 21a 1 S2 sgn
2 P120 4 120, Sy 1 Sa 1

0 ¢10575 105; 1 Sz sgn
0 ¢15,7 15:1 (172) S? 1

2 ba05 8 405, Se 1 Sa 1

0 $216,9 216, (1, 2) Sa ik

0 $189,10 189, 1 Sy sgn
2 $420,10 420, Sy 1 So 1

0 b336,11 336, 1 Sa sgn
0 Os412 84, (1,2) Sa 1

2 $420,13 4207, Sy 1 Sy

0 $336,14 3364 1 Sy sgn
0 Ps4,15 84!, (1, 2) Sa 1

2 405,15 405/, Sy 1 S 1

0 $216,16 216, (1,2) S2 1

0 $189 17 189, 1 So sgn
2 $120,25 120, Se 1 Sa 1

0 $105,26 105, 1 Sa sgn
0 $15,28 15, (1,2) Sz 1
2 Ps6,30 56, Sy, 1 Sa 1

0 35,31 35}, (1,2) Sa 1

0 ¢21,33 21, 1 Sy sgn
2 P315,.7 315] Ss 1 Sa 1

0 $280,8 280, (1,2) S2 1

1 b0 (A (1,2,3) Zs 1

1 $280,9 280;, 1 S3 oy
0 $35,13 35, 1 S3 sgn
2 $315,16 315, S3 1 S3 1

0 280,17 280, (1,2) Sy

1 70,18 704 (1,2, 3) Zs 1

1 $280,18 280, 1 S3 i
0 ¢35 22 354 1 S3 sgn
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Table A.5: Irreducible multiplicities of xw in type Fg (1 of 3); see Section 2.4.1

Multiplicity Name in [30] Name in 63 I' =« Cr(z) o
1 ¢1,0 1, 1 1 1 1
1 ¢8,1 82 1 1 1 1
1 ¢35,2 35:5 1 1 1 1
1 $560,5 560, 1 1 1 1
1 ¢s567,6 567, 1 1 1 1
1 Bs209 3940, 11 1 i
1 $525,12 525, 1 1 1 1
1 $4536,13 4536, 1 1 1 1
1 $2835,14 2835, 1 1 1 1
1 Pears,14 6075, 1 1 1 1
1 D4200,15 4200, 1 1 1 1
1 $2100,20 2100, 1 1 1 1
1 420021 4200, 1 1 1 1
1 283522 2835/, 1 1 1 1
1 Pe075,22 6075, 1 1 1 1
1 D4536,23 4536, 1 1 1 1
1 $3240,31 3240, 1 1 1 1
1 $525,36 525/, 1 1 1 1
1 567,46 567, 1 1 1 1
1 560,47 560, 1 1 1 1
1 $35,74 35, 1 1 1 1
1 $s91 g, 1 1 1 1
1 $1,120 1" 1 1 1 1
1 ®4096,11 4096, Se 1 So 1
1 P4096,12 4096, 1 Sy sgn
1 $4096,26 4096, Se 1 Sy 1
1 $4096,27 4096/, 1 Sy sgn
2 1123 112, Sy 1 So 1
0 Ps4,4 84, (1,2) S2 1
0 $8,8 28, 1 Sa sgn
2 $210,4 210, S 1 Sy 1
0 b160,7 160, 1 S sgn
0 $50,8 50, (1,2) So 1
2 $700,6 700, Sy 1 Sy 1
0 Gaco,7 400, (1,2) S 1
0 ®300,8 300, 1 Sa sgn
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Table A.6: Irreducible multiplicities of xw in type Eg (2 of 3); see Section 2.4.1

Multiplicity Name in [30] Namein [63] T =z Cr(z) o

2 ¢2268,10 22681 52 1 Sg 1
0 Po72,12 972, (1,2) S: 1
0 $1296,13 1296, 1 Sa sgn
2 $2240,10 2240, Sy 1 So 1
0 P1400,11 1400, (1,2) 5 1
0 $840,13 840, 1 So sgn
2 $4200,12 4200, Sy 1 Ss 1
0 $3360,13 3360, 1 Sa sgn
0 $s40,14 840, (1,2) S 1
2 $2800,13 2800, Sa 1 Sa 1
0 ®700,16 70022 (1,2) S 1
0 $2100,16 2100, 1 S sgn
2 $5600,15 5600, Sy 1 Sy 1
0 $3200,16 3200, (1,2) S 1
0 $2400,17 2400, 1 Sy sgn
2 $5600,21 5600, Sy 1 Ss 1
0 $3200,22 3200/, (1,2) S 1
0 $2400,23 2400, 1 Sy sgn
2 420024 42007, Sy 1 So 1
0 $3360,25 3360, 1 S sgn
0 $840,26 8407, (1,2) S, 1
2 $2800,25 2800, Sy 1 Sy 1
0 $700,28 700, (1,2) S 1
0 $2100,28 21007, 1 Sa sgn
2 $2240,28 2240, Se 1 S 1
0 $1400,29 1400, (1,2) S, 1
0 ¢840,31 840’2 1 82 sgn
2 $2268,30 2268, S 1 Sy 1
0 dor2,32 972, (1,2) S, 1
0 ¢1296,33 1296’2 1 Sg Sgn
2 $700,42 7007, Sz 1 Sy 1
0 100,43 400, 1,2 S 1
0 B300,44 300, 1 Sy sgn
2 $210,52 210, Sp 1 S 1
0 ®160,55 160, 1 Sa sgn
0 Ps0,56 50, (1,2) S 1
2 112,63 112 Se 1 So 1
0 Psa4,64 84, (1,2) S: 1
0 P2s8.68 28] 1 Ss sgn
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Table A.7: Irreducible multiplicities of yw in type Eg (3 of 3); see Section 2.4.1

Multiplicity Name in [30] Namein [63] ' =z Cr(z) o

2 14007 1400, S; 1 S3 1

0 P13418 1344, (1,2) Ss 1

1 ¢448,9 4482 (17 2) 3) Z3 1

1 ®1008,9 1008, 1 S3 B
0 Ps6,19 36, 1 S3 sgn
2 14008 1400, Sz 1 Ss 1

0 $1050,10 1050, (1,2) Sy 1

1 $1575,10 1575, 1 S3 B
1 P175,12 175, (1,2,3) Zs 1

0 $350,14 350, 1 S3 sgn
2 $1400,32 1400, Sy 1 S; 1

0 ©1050,34 10507, (1,2) S 1

1 ®1575,34 1575 1 Ss ==
1 175 26 175" (1,2,3) Zs 1
0 $350,38 3507, 1 S3 sgn
2 1007 14007 5 1 S5 1

0 ®1344,38 1344, (1,2) S2 1

1 bass 39 448, (1,2,3) Zs 1

1 $1008,39 1008, 1 S3 P
0 56,49 56/, 1 Ss sgn
3 $4480,16 4480, Ss 1 Ss 1

0 $r168,17 7168, (1,2) Syx S; 1

2 $3150,18 3150, (1,2,3) Zs xSy 1

1 $4200,18 4200, (1,2)(3,4)  Dihg 1

2 ®4536,18 4536, 1 Sy, ==s
2 $5670,18 5670, 1 Ss o
0 P1344,19 1344, (1,2,3, 4) Zy 1

0 $2016,19 2016, (1,2,3)4,5) Z3zx S 1

0 ©5600,19 5600y, (1,2) Syx Sy 1QHF
0 $2688,20 2688, (1,2)(3,4)  Dihg "

1 $420,20 420, (1,2,3,4,5) Zs 1

0 (,251134,20 1134y (1, 2,3) Zs xSy 1 ®sgn
1 ®1400,20 1400, 1 Ss &
0 ?1680,22 1680, 1 Ss H:D
0 $168,24 168, (1,2)(3,4)  Dihg ¢

0 44825 448, (1,2) Sy x S3 1 ®sgn
0 $70,32 70, 1 Ss Ej
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Table A.8: Irreducible multiplicities of xw in type Fy; see Section 2.4.1

Multiplicity Name in [30] Namein [63] I' = Cr(z) o

1 P10 1 1T 1 1 T

1 o2 9 1 1 1 T

1 B3 8 T 1 1 1

1 s 8 T 1 1 1

1 P89 g T 1 1 T

1 o 8 T 1 1 1

1 $9,10 94 1 1 1 1

1 122 i 1T 1 1 1

2 ¢4,1 42 Sz 1 Sz 1

0 2.4 23 1 Ss sgn
0 P4 2 (1,2) Sa 1

2 ®4,13 15 S 1 Sy 1

0 $2,16 22 1 Sy sgn
0 ¢’2,16 24 (17 2) S2 1

3 124 12, Sy 1 Sy 1

0 ¢16,5 16, (1,2) Sz X Sg 1

1 ¢6,6 61 (1, 2, 3) Zg 1

2 P66 62 1 A B
1 b6 93 1 Sy 5=
1 s 9, (1,2)(3,4) Dihy 1

0 G4z 44 (1,2) Sy x S; 1 ®sgn
0 Pz 43 (1,2,3,4) Z4 1

0 Pag 4, (1,2)(3,4) Dihg e’
0 ?1,12 13 1 Sy B
0 112 1, (1,2)(3,4) Dihg g

Table A.9: Irreducible multiplicities of xw in type Gs; see Section 2.4.1

Multiplicity Name in [30) Namein [63] ' =« Cr(z) o
1 D10 Unit 1 1 1 1
2 $2.1 |4 S; 1 S3 1
0 22 |4 (1,2) Sy 1
1 ¢1,3 €1 1 S3 F
1 13 &2 (1,2,3) Zs 1
1 P16 Sign 1 1 1 1
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Table A.10: Irreducible multiplicities of xw in type Hj; see Section 2.4.1

Multiplicity Name from §2.4.1 Name in [62]

Fourier transform M Index in M

1 $1,0 1 1

1 ®1,15 1’ 1

1 $5.2 5 1

1 P55 5 1

1 a3 4 Mg, (1, 1)

1 a4 4 (1,sgn)
1 P36 b Dy (0,1)

1 ¢3,8 3:; (07 2)

1 $31 3 D (0,1)

1 ¢33 3a (0,2)
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Table A.11: Irreducible multiplicities of yw in type Hy; see Section 2.4.1

Multiplicity Name from §2.4.1 Name in [4, 5, 44] Fourier transform M Index in M

1 ®1,0 X1 1

1 ®1,60 X2 1

1 $25.4 Xa7 1

1 $25,16 X28 1

1 P36,5 X31 1

1 $36,15 X32 1

1 b4 X3 Ds (0,1)
1 P47 X5 (0,2)
1 b4 31 X4 Ds (0,1)
1 $4,37 X6 (0,2)
1 92 X11 Ds (0,1)
1 D6 X13 (0,2)
1 922 X12 Ds (0,1)
1 ®9,26 X14 (0,2)
1 b16,3 X18 Ms, (1,1)
L P16,6 X20 (1,sgn)
1 $16,18 Xa1 Mg, (1,1)
1 P16,21 X19 (1,sgn)
2 P26 X26 (see §2.5.3)

0 b6,12 X7

0 6,20 X8

0 ?s,12 Xo

0 ®s,13 X10

0 ®10,12 X15

0 016,13 X17

0 o16,11 X16

2 ®18,10 X22

0 d2a11 X23

0 P24z X24

2 24,12 X25

2 $30,10,12 X29

2 ¢30,10,14 X30

2 ¢40,8 X33

0 Pago X34

181



Table A.12: Irreducible multiplicities of xw, and xw in type I2(m); see Section 2.4.4

m odd

Character XW,i Xwr
d10 1 0
¢1,m 0 1
o O<k<Z)|0 1

— e

m = 2 (mod 4)

Character

é1,0
¢1,m

Xwil XWuwy  XwWr XWs
1
0
(}52,]‘; (k Odd) 0
0
0
0

0 0 0

¢2k (k even)
/

1,m/2
1
1,m/2

— O N = e

o oo O
O o O
O RO -=O

m =0 (mod 4)

Character
1,0

X

1

¢1,m 0
box (kodd) |0
0

0

0

¢ x (k even)
,l,m/2

OC o0~ O O
O OO N

4
1,m/2
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Table A.13: Left cells and conjugacy classes of involutions in type Hj; see Section 2.6.1

Left cell Cell size | Cell character |1 (abc)® a ac
L(1<i<4) |8 Gs3 + Pau 00 11
Ji(1<i<s) |5 5.2 00 01
J(1<i<5) |5 5.5 00 10
K;(1<i<3) |6 ¢31 + P33 00 20
K;f(1<i<3)|(6 P36+ P38 00 0 2
L 1 1.0 10 00
L 1 ®1,15 01 0 0

The last four columns are labeled by involutions in W. The numbers in these columns are
the sizes of the intersections of the conjugacy class of the column label with the left cell
labeling a given row.
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Table A.14: Left cells and conjugacy classes of involutions in type Hy; see Section 2.6.2

Left cell Cell size | Cell character 1 (abed)®® a (abc)® ac
A;(1<i<8) |326 246 + P2a12 + Poa7 00 00 12

+oa11 + @812 + P13

18,10 + 30,1012 + P30,10,14

+oaos + 2¢489
A; (9<i<18) | 392 daa6 + Gaa12 + Posr 00 00 14

+d24,11 + Pr0,12 + di6,11

+16,13 + d18,10 + P30,10,12

+¢30,10,14 + 2¢40,8 + 2¢48,9
A; (19<i<24) (436 Pa16 + P2a,12 + Poa7 00 00 16

+d2a11 + P6,12 + Do 20

+é16,11 + b16,13 + 2¢30,10,12

+26¢30,10,14 + 20408 + 200189
B, (1<i<36) |36 265 00 10 0
B (1<i<36) |36 b36,15 00 01 0
C;(1<3<25) |36 $25,4 00 00 1
Cr1<i<25) |36 25,16 00 00 1
D; (1 <1< 16) 32 16,3 + ¢16,6 0 0 10 1
D; (1<i<16) |32 ®16,18 + 1621 00 01 1
E;(1<i<9) |18 $o2 + dos 00 00 2
Ef (1<i<9) |18 $9,22 + P9 26 00 00 2
F, (1<i<4) 8 ba1+ Gaz 00 2 0 0
Fr(1<i<4) |8 $431 + Pa 37 00 0 2 0
G 1 10 10 0 0 0
G1 1 ®1.60 01 00 0

The last four columns are labeled by involutions in W. The numbers in these columns are
the sizes of the intersections of the conjugacy class of the column label with the left cell
labeling a given row.
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Table A.15: Left cells and conjugacy classes of involutions in type Io(m); see Section 2.6.3

m odd
Left cell Cell size Cell character 1 r
X 1 b1 10
X* 1 d1,m 01
Y m—1 Zo<k<% b2,k 0 (m-—1)/2
Y m—1 2o<kem Pok 0 (m—1)/2
m = 2 (mod 4)
Left cell Cell size Cell character 1 wy 7 s
X 1 d11 10 O 0
X* 1 d1,m 01 0 0
Y* m_l ’1,,m/2+20<k<%¢2)k O O (m+2)/4 (m—2)/4
m = 0 (mod 4)
Left cell Cell size Cell character 1 wy r s
X 1 $11 1 0 0 0
X* 1 d1m 01 0 0
Y m—1 Lmj2 T Zo<k<1;— ¢k |0 0 m/f4 m/4
Y* m—1 Ims2t 2ockem P2 |0 0 m/4 m/4

The last four columns are labeled by involutions in W. The numbers in these columns are
the sizes of the intersections of the conjugacy class of the column label with the left cell
labeling a given row.
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Table A.16: Irreducible finite Coxeter systems with involution; see Section 3.4.1

Name Dynkin diagram for (W, S) | Involution * € Aut(W)
A, (n>1) 81—S3— -+« —Sn Identity
2A, (n>2) Diagram s; — Spi1-i
BC, (n > 3) 81-28p— -+ —Sp Identity
D, (n>4) 81 Identity
\33..._ e _Sn
507
2
2D, (n>4 Diagram 517 52
( - ) & {SiHSi(iZB)
FEg 33 Identity
51—S53—S84—55—35¢
81 ¢ 8¢
2Fs Diagram ¢ s3 < s5

s — s; (1=2,4)

E; 82 Identity
8§1—S3—84—85—S6—S7

By 82 Identity
$1—83—54—55—56—S57—58

Fy S1—Sp—-S3—S4 Identity

2Fy Diagram s; — S5_;

Hj, 515983 Identity

H, 51-2-So—S3—54 Identity

L(m) (m>4) | si—s2 Identity

2I,(m) (m > 4) Diagram s; — $3-;

All Dynkin diagrams are labeled to coincide with the indexing conventions in Coxeter [34].
The types BCa, 2BCs, Ga, 2G, are omitted since they coincide with types Iz(m), I2(m) for
m=4,6.
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Table A.17: Minimum nonzero coefficients in KL-type polynomials; see Section 3.4.4

Type | Pyw (y,w€lL,) P7, P&[’w P
Az |1 1 1 (all polynomials are zero)
243 |1 -1 1 1
BC; | 1 -1 1 1
Hy |1 -1 1 1
Ag |1 1 1 (all polynomials are zero)
244 |1 -1 1 1
BCy |1 -1 1 1
Dy |1 -2 1 1
2p, |1 -1 1 1
Fy|1 -2 1 1
2Fy | 1 -1 1 1
Hy |1 -9 1 1
As |1 1 1 1
245 | 1 -1 1 1
BCs |1 -3 1 1
Ds|1 -3 1 1
2Ds | 1 -2 1 1

Table A.18: Maximum nonzero coefficients in KL-type polynomials; see Section 3.4.4

Py (y,wel) P7, Pi,fw

Py

1

1

1

(all polynomials are zero)

1
1
1

TN DO =

12
12
5,116

[y
w

(all polynomials are zero)

1

35
17
17

e Q0 k=t B RRIDD DD 0O 00 Q0 WO = D e

Bl OO~ W= NN e

R IR O NN

-~ O
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Table A.19: Minimum nonzero coefficients in KL-type structure constants; see Section 3.4.4

Type ha;,y;z (.’L‘EW; y7ZEI*) hg,y;z h;-,y;z h;,y;z
Az |1 1 1 1
245 |1 -3 1 1
BCs |1 -8 1 1
Hs |1 —49 1 1
A |1 1 1 1
244 | 1 -10 1 1
BCy |1 ~156 1 1
Dyl 1 -85 1 1
2Dy |1 -30 1 1
Fy |1 —2,007 1 1
2R |1 —86 1 1
Hy |1 —60,353,800 1 1
As 1 1 1 1
245 | 1 -162 1 1
BCs | 1 —9,924 1 1
Ds |1 —-3,319 1 1
Ds | 1 —-1,538 1 1

Table A.20: Maximum nonzero coeflicients in KL-type structure constants; see Section 3.4.4

Type hz,y;z (.’L‘EW; y,ZEI*) hg,u;z hatu;z ha—:,y;z

Az | 132 10 66 66

243 | 132 7 66 66

BCs | 905 28 451 454

Hs | 15,676 106 7,870 7,806

Ay | 3,748 61 1,892 1,856

244 | 4,698 36 2,358 2,340
BCy | 397,846 767 199,042 198,804
Dy | 42,384 246 21,226 21,225
2D, | 42,384 116 21,225 21,159

F, | 108,380,588 8,995 54,192,072 54,188,516
2F, | 108,380,588 2,600 54,191,594 54,188,994
H, | 59,133,414,193,112,056 467,325,554 29,566,707,126,594,414  29,566,707,066,517,642
As | 922,740 912 461,826 460,914
245 | 922,740 506 461,404 461,336
BCs | 1,319,190,596 42,248 659,608,306 659,582,290
Ds | 89,307,651 11,123 44,652,166 44,655,485
2Ds | 89,307,651 4,748 44,655,112 44,652,539
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Appendix B

Figures
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Figure B-1: Labeled tree illustrating part (a) of Proposition 3.3.9.
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Figure B-2: Labeled tree illustrating part (b) of Proposition 3.3.9.
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Figure B-3: Labeled tree illustrating part (a) of Proposition 3.3.10
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Figure B-4: Labeled tree illustrating part (b) of Proposition 3.3.10
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Figure B-5: Labeled tree illustrating part (a) of Proposition 3.3.11
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Figure B-6: Labeled tree illustrating part (b) of Proposition 3.3.11 (when & > 1)
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