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Abstract

This thesis studies problems of belief and information formation of agents, and its effect on incentive
provision in problems of experimental and mechanism design.

Chapter 1 is based on joint work with Arun Chandrasekhar and Horacio Larreguy. In this
chapter we present the results of an experiment we conducted in rural Karnataka, India, to get
evidence on how agents learn from each other’s actions in the context of a social network. Theory
has mostly focused on two leading models of social learning on networks: Bayesian updating and
local averaging (DeGroot rules of thumb) which can yield greatly divergent behavior; individuals
employing local averaging rules of thumb often double-count information and, in our context, may
not exhibit convergent behavior in the long run. We study experiments in which seven individuals are
placed into a network, each with full knowledge of its structure. The participants attempt to learn
the underlying (binary) state of the world. Individuals receive independent, identically distributed
signals about the state in the first period only; thereafter, individuals make guesses about the
underlying state of the world and these guesses are transmitted to their neighbors at the beginning
of the following round. We consider various environments including incomplete information Bayesian
models and provide evidence that individuals are best described by DeGroot models wherein they
either take simple majority of opinions in their neighborhood

Chapter 2 is based on joint work with Arun Chandrasekhar, and studies how researchers should
design payment schemes when making experiments on repeated games, such as the game studied in
Chapter 1. It is common for researchers studying repeated and dynamic games in a lab experiment
to pay participants for all rounds or a randomly chosen round. We argue that these payment schemes
typically implement different set of subgame perfect equilibria (SPE) outcomes than the target game.
Specifically, paying a participant for a randomly chosen round (or for all rounds with even small
amounts of curvature) makes the game such that early rounds matter more to the agent, by lowering
discounted future payments. In addition, we characterize the mechanics of the problems induced
by these payment methods. We are able to measure the extent and shape of the distortions. We
also establish that a simple payment scheme, paying participants for the last (randomly occurring)
round, implements the game. The result holds for any dynamic game with time separable utility
and discounting. A partial converse holds: any payment scheme implementing the SPE should
generically be history and time independent and only depend on the contemporaneous decision.

Chapter 3 studies a different but related problem, in which agents now have imperfect infor-
mation not about some state of nature, but rather about the behavior of other players, and how
this affects policy making when the planner does not know what agents expects her to do. Specif-
ically, I study the problem of a government with low credibility, who decides to make a reform to
remove ex-post time inconsistent incentives due to lack of commitment. The government has to
take a policy action, but has the ability to commit to limiting its discretionary power. If the public
believed the reform solved this time inconsistency problem, the policy maker could achieve com-



plete discretion. However, if the public does not believe the reform to be successful some discretion
must be sacrificed in order to induce public trust. With repeated interactions, the policy maker
can build reputation about her reformed incentives. However, equilibrium reputation dynamics are
extremely sensitive to assumptions about the publics beliefs, particularly after unexpected events.
To overcome this limitation, I study the optimal robust policy that implements public trust for
all beliefs that are consistent with common knowledge of rationality. I focus on robustness to all
extensive-form rationalizable beliefs and provide a characterization. I show that the robust policy
exhibits both partial and permanent reputation building along its path, as well as endogenous tran-
sitory reputation losses. In addition, I demonstrate that almost surely the policy maker eventually
convinces the public she does not face a time consistency problem and she is able to do this with
an exponential arrival rate. This implies that as we consider more patient policy makers, the payoff
of robust policies converge to the complete information benchmark. I finally explore how further
restrictions on beliefs alter optimal policy and accelerate reputation building.
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Thesis Supervisor: Ivan Werning
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Chapter 1

Testing Models of Social Learning on

Networks

1.1 Introduction

The social learning process is central to many economic environments. Information and opinions
about new products, , political candidates, job opportunities, among others, are transmitted through
word-of-mouth or observational learning. This is especially true in developing countries, where a lack
of formal institutions and markets as well as information aggregating mechanisms forces agents in
developing economies often rely on social connections for information and opportunities. However,
the manner in which individuals acquire and process information — their learning mechanism — can
greatly influence how society at large learns about the state of the world., Given that social learning
is a fundamental component of many economic processes, before employing models of social learning
to make policy recommendations we must first understand which models hest describe features of
empirical social learning. That is, the mechanics of the learning process are of policy interest. If
the features of social learning are better described by certain models, those models should be the
environment in which the relevant economic outcomes are studied.

There are two broad classes of models that describe learning on social networks. The first is
Bayesian learning, wherein individuals process information using Bayes’ rule (see, e.g., (Gale and
Kariv 2003), (Mossel and Tamuz 2010), (Acemoglu, Dahleh, Lobel, and Ozdaglar 2010), among
others.) The second class consists of DeGroot rule of thumb models ((DeGroot 1974)). In these
models, agents are myopic and, after seeing the behavior of their network neighbors, individuals take
a weighted average of the behaviors to construct their myopic belief going into the subsequent period.
DeGroot models are local averaging models and, as such, when individuals freely communicate
beliefs formed from repeatedly averaging continuous signals, they commonly converge to the truth
((Golub and Jackson 2010)). However, this convergence is inefficient and, as shown by (Golub
and Jackson 2009), networks that exhibit significant homophily — wherein individuals tend to be
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connected more with those of their own “types” — will converge more slowly to the truth.

Many, if not most, environments of interest, however, have environments in which the actions
observed by individuals are discrete. For instance, individuals may observe what sort of technology
their neighbhor has adopted or whether or not their neighbor supports a particular candidate. The
differences between the Bayesian and DeGroot models in these settings are particularly pronounced.
While Bayesian learning will typically generate convergence to the truth in large societies, DeGroot
learning may generate misinformation traps wherein pockets of individuals hang on to an incorrect
opinion for all but finitely many periods.

Consider the case where the state of the world is either 0 or 1. In this binary environment,
individuals employing DeGroot rules of thumb often double-count information and may not reach
consensus in the long run even for extremely large graphs (as we show below). Meanwhile, in such
an environment, Bayesian learning mechanisms will generically generate consensus in finite graphs
and, moreover, in very large graphs the populations’ limit opinion will coincide with the true state
of the world ((Gale and Kariv 2003), (Mossel and Tamuz 2010)). That is, if the world was truly 0,
all individuals would eventually come to believe this.

In this paper, we will study whether Bayesian learning or DeGroot rules of thumb models do
a better job of describing empirical learning processes on networks. To study this question we
conduct a unique lab experiment in the field across 19 villages in rural Karnataka, India. We ran
our experiments directly in the villages so that we could study the relevant population of interest —
namely those who could be potentially targeted by policy that depends on social learning (e.g., the
introduction of a new fertilizer or credit opportunity, an informational campaign against clientelism).
Our approach was to optimally design simple networks that provide statistical power to distinguish
between the different learning models in the (Gale and Kariv 2003) environment. We then conducted
a lab experiment in the field using these networks to address the proposed question.

We created networks of seven individuals and gave each individual a map of the entire graph
so that the full informational structure was comprehended. The underlying state of the world was
either 1 or 0 with equal probability. At ¢ = 0 each individual received an independent identically
distributed (iid) signal about the underlying state of the world and were informed that signals were
correct with probability 5/7. After receiving the signal each individual privately made a guess about
the state of the world. These guesses were communicated to each individual’s network neighbors at
the start of the first period, £ = 1.

Thereafter, in any given period, each individual knew the guesses of all of her network neighbors
from all past periods. Using this information, she made a guess about the state of the world, which
in turn was communicated to each of her network neighbors at the beginning of the following period.
Every individual was paid for her guess in a randomly chosen round from the set of rounds that
she played that day over the course of all the experiments. Consequently, participants had strong
incentives to make their best guess in each round.!

L'While it could be the case that players were extremely sophisticated and engaged in experimentation in early
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We are able to analyze the data at two levels: the network level and the individual level. Network
level analysis considers the entire network and sequence of actions as a single observation. That
is, theory predicts a path of actions under a model of social learning, for each individual in each
period given a network. At the network level, we address a question about how well social learning
behaves; the observational unit in this approach is the social network itself. Meanwhile individual
level analysis considers the action of an individual, given a history, as the observational unit.

Our core results are as follows. First, at the network level, we find evidence that a DeGroot
rule of thumb model better explains the data than the Bayesian learning model. This is not to say,
however, that the social learning process does not resemble the data generated by Baysian learning.
In fact, the Bayesian learning model explains 62% of the actions taken by individuals while the best
DeGroot rule of thumb explains over 76% of the actions taken by individuals.?

Second, at the individual level, we find that a DeGroot rule of thumb model of learning performs
significantly better than Bayesian learning in explaining the actions of an individual given a history
of play. In fact this model explains nearly 87% of the actions taken by individuals given a history.

Third, to address the limitation that we have designed and restricted our analysis to test whether
Bayesian or DeGroot models of social learning better fit the experimental data, we extend the
DeGroot model to allow for time variant weights that put a larger emphasis over the actions of
the neighbors that are potentially more informative. This new model fits the data as goods as its
original DeGroot model, and consequently, points out the need to conduct further social learning
experiments with network topologies that allow us to separate between time variant and time
invariant DeGroot models.

We also establish several supplementary results which may also be of independent interest.First,
we develop a simple algorithm to simulate Bayesianlearning on networks which is computationally
tight in the sense that asymptotically there can be no faster algorithm. Namely, the algorithm
is O(T) were T is the number of rounds played.®> Second, we argue that there are problems in
estimating models of Bayesian learning on networks with trembles or quantal response equilibrium
(QRE). We demonstrate that networks that are small enough to avoid computational constraints
are not large enough to tease out the differences between DeGroot and Bayesian learning with
trembles. Meanwhile those that are large enough to separate the models become computationally
infeasible to study using trembles or QRE. Third, we discuss why such a model selection exercise
with network data must be done via a structural approach from the lab. We show that natural

examples of reduced form analyses, wherein researches use the intuitions of Bayesian learning and

rounds, anecdotal evidence from participants suggests that this is not the case. In addition, the theoretical and
experimental literature uses this assumption (see, e.g., (Choi, Gale, and Kariv 2009)).

2When we say a model explains £% of the actions, we are interested in = := }%05—9, where y is the percent of
actions predicted correctly. This is the right normalization since we could always explain half the actions by flipping
a fair coin.

3 An slgorithm is O (T) if the number of computations as a function of T, f (T, is such that !%l — M for some
constant M. In particular, this is true if f(T") = MT, as it is in our algorithm
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DeGroot learning to test for correlations in regression analysis of social learning data, may be
problematic. Namely, the data generated even by Bayesian learning models do not conform to the
intuition motivating the regressions. We maintain that, in turn, the researcher ought to proceed
by a structural analysis. Given the computational constraints for structural estimation of learning
models in large networks, this suggests that separating models of social learning are best addressed
in a lab setting.

There is little empirical evidence comparing Bayesian learning with rules of thumb learning in
non-experimental contexts. Without experimental data it is difficult to control priors of agents in
the network and the signal quality. Moreover, even in field experiments separating between Bayesian
and DeGroot models may be difficult. First, structural approaches are computationally infeasible
even with moderately sized networks (10 nodes), as it will become clear below in our discussion of
computational complexity. Second, reduced form tests may not suffice for separating between these
models. Third, empirical network data may not be precisely measured, affecting the conclusions of
a researcher who is trying to select between these models of learning. There may be problems with
estimating a structural model on a sampled network and the survey-obtained social network may
not be precisely the communication channels used in practice, both of which would induce biases
((Chandrasekhar and Lewis 2010)). Since network-based estimation (which is inherently structural
even when using reduced form regressions) is often sensitive to misspecification of the network, it is
difficult to cleanly identify which model best describes the data in a non-laboratory context. Fourth,
we are unable to know exactly what information is being transmitted in empirical data. Without
knowing whether the information transmitted in this context is beliefs, actions or something else
all together, one may mistakenly select the wrong model because of not properly specifying the
information that is communicated.

Meanwhile, we believe that for our purposes, conducting a lab experiment outside the field of
interest is insufficient because we desire to describe the social learning process for our population
of interest. We are precisely interested in studying the social behavior of rural populations in a
developing country as this is the relevant population in the aforementioned literature.

(Acemoglu, Dahleh, Lobel, and Ozdaglar 2010) and (Jackson 2008a) provide extensive reviews
of the social learning on networks literature. The literature is partitioned by whether the learning
is Bayesian or myopic (following some rule of thumb). On top of this, the literature layers a myriad
of questions such as whether individuals learn from the communication of exact signals (or beliefs
or payoffs of other agents) or by observing others’ actions, whether the information arrives once or
enters over time, whether the interaction is simultaneous or sequential, etc.*

“The benchmark models of Bayesian learning come from (Banerjee 1992) and (Bikhchandani, Hirshleifer, and
Welch 1992). They examine sequential decisions by Bayesian agents who observe past actions. These papers point
out that consensuses are formed and thereafter agents end up making the same decision, which may in fact be
the wrong decision. (Smith and Sorensen 2000) and (Celen and Kariv 2005) look at Bayesian-rational sequential
decision making and explore the conditions under which asymptotic learning is attainable. (Acemoglu, Dahleh,
Lobel, and Ozdaglar 2010) extend the framework to consider a social network environment in which individuals
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(Gale and Kariv 2003) study the Bayesian learning environment that is closest to ours. They
only focus on Bayesian learning and extend the learning model to a finite social network with
multiple periods. At time ¢ each agent makes a decision given her information set, which includes
the history of actions of each of their neighbors in the network. Via the martingale convergence
theorem, they point out that connected networks with Bayesian agents will yield uniform actions in
finite time with probability one. (Choi, Gale, and Kariv 2005; Choi, Gale, and Kariv 2009) make a
seminal contribution to the empirical literature of social learning by testing the predictions derived
by (Gale and Kariv 2003) in a laboratory experiment. They are able to show that features of the
Bayesian social learning model fit the data well for networks of three individuals. However, they
do not allow for statistical power under the DeGroot alternatives. In extremely simple networks,
such as the ones studied in their paper, there are few (if any) differences in the predicted individual
learning behavior by the Bayesian and the rule of thumb learning models.?

Turning to DeGroot learning, (DeGroot 1974) provides the most influential non-Bayesian frame-
work. Agents observe signals just once and communicate with each other and update their beliefs
via a weighted and possibly directed trust matrix. (Golub and Jackson 2010) characterize the
asymptotic learning for a sequence of growing networks. They argue that crowds are wise, provided
that there are not agents that are too influential.®

The work most closely related to ours is (Mdbius, Phan, and Szeidl 2011), who study how
information decays as it spreads through a network, and (Mueller-Frank and Neri 2012), who conduct
a similar experiment to ours. (Mo6bius, Phan, and Szeidl 2011) test between DeGroot models and a
streams model that they develop in which individuals “tag” information by describing where it comes
from. Their experiment uses Facebook network data from Harvard undergraduates in conjunction
with a field experiment and finds evidence in favor of the streams model. In our experiment, we
shut down this ability for individuals to “tag” information to be able to compare the Bayesian model
to DeGroot alternatives.

The rest of the paper is organized as follows. Section 1.2 develops the theoretical framework.
Section 1.3 contains the experimental setup. Section 1.4 describes the structural estimation proce-

have stochastic neighborhoods. Their main result is that asymptotic learning occurs even with bounded beliefs for
stochastic topologies such that there is an infinitely growing subset of agents who are probabilistically “well informed”
(i.e. with some probability observe the entire history of actions) with respect to whom the rest of the agents have

expanding observations.
5The literature on social learning experiments begins with (Anderson and Holt 1997), (Hung and Plott 2001),

and (Kubler and Weizsacker 2004). Explicit network structure are considered in a series of papers by (Gale and Kariv

2003) , (Choi, Gale, and Kariv 2005; Choi, Gale, and Kariv 2009), and Celen, Kariv, and Schotter (2010).
8(DeMarzo, Vayanos, and Zwiebel 2003) also consider a DeGroot style model and show that as agents fail to

account for the repetition of information propagating through the network, persuasion bias may be a serious concern
affecting the long run process of social opinion formation. Moreover, they show that even multidimensional beliefs
converge to a single line prior to obtaining a consensus, thereby demonstrating how a multidimensional learning
process can be characterized by a uni-dimensional convergence. (Chatterjee and Seneta 1977), (Berger 1981), (Friedkin
and Johnsen 1997), and (Krackhardt 1987) are among other papers that examine variations on the DeGroot models.
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dure and the main results of the estimation. Section 1.5 presents the discussion of the difficulties
of reduced form approaches. Section 1.7 concludes.

1.2 Framework

1.2.1 Notation

Let G = (V, E) be a graph with a set V of vertices and F of edges and put n = [V| as the number
of vertices. We denote by A = A () the adjacency matrix of G and assume that the network is an
undirected, unweighted graph, with A;; = 1{ij € E}. Individuals in the network are attempting
to learn about the underlying state of the world, # € © = {0,1}. Time is discrete with an infinite
horizon, so t € N.

At t = 0, and only at { — 0, agents receive iid signals s;|@, with P (s; = 60|@) = p and
P(s; =1—6|#) = 1 — p. The signal correctly reflects the state of the world with probability p.
In every subsequent period, the agent takes action a;; € {0,1} which is her best guess of the
underlying state of the world. Figure 1-1 provides a graphical illustration of the timeline.

i

[ i

t=0 t=1 t=2 t=T PAYMENT
e nature e receive iid e observe e observe e participants paid
moves and signals, actions of . actions of Rs. 100 ifa
picks correct with neighbors neighbors correct guess is
(binary) probability p fromt=1 fromt=T-1 played from a
state of the e guess state e guess state ® guess state randomly chosen
world of the world of the world of the world round

Figure 1-1: Timeline

In addition, we denote by W the set of all possible combinations of signals among agents, which
we will refer to as “worlds”. Therefore s € S is an element s = (sy,....,s,) with s; € {0,1}. Note
that |W| = 2". We will use d; = }_; Aj; to refer to the vector of degrees for i € {1,...,n} and ¢ for
the eigenvector corresponding to the maximal eigenvalue of A.

1.2.2 Bayesian Learning

In our analysis we consider a model of Bayesian learning with incomplete information. Individuals
will have common priors over the relevant state spaces (described below) and update according
to Bayes’ rule in each period. We formalize the model in Appendix 1.9. Each agent is drawn
from a population which has 7 share Bayesian agents and 1 — 7 share DeGroot agents and this

fact is common knowledge, as is the structure of the entire network. However, there is incomplete
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information about the types of the other agents in the network, and the Bayesian individuals will
attempt to learn about the types of the other agents in the network along the path while attempting
to learn about the underlying state of the world. The incomplete information setup is a useful step
beyond the fully Bayesian environment, restricting = = 1. For instance, if an individual believes that
her neighbor does not act in a Bayesian manner, she will process the information about observed
decisions accordingly; as outside observers, the econometricians might think that she is not acting
as a Bayesian. This is a very common problem when testing Bayesian learning, because we need
to make very strong assumptions about common knowledge. A model in which there is incomplete
information about how other players behave attempts to address this issue while only minimally

adding parameters to be estimated in an already complicated system.

1.2.3 DeGroot Learning

We begin with a classical model of rule of thumb learning on networks and discuss three specific
and natural parametrizations. (Jackson 2008b) contains an extensive review of DeGroot learning
models. In our experiment, we consider DeGroot action models as opposed to communication
models. In action models individuals observe the historical actions of their network neighbors, while
in communication models individuals will be able to communicate their beliefs to their neighbors.
One might also call these (weighted) majority models; individuals choose the action that is supported
by a weighted majority of their neighborhood.

We are interested in action models for several reasons. First, the models of Bayesian learning
on networks are action models, so it is the appropriate comparison. Second, it is extremely difficult
to get reliable, measurable, and believable data of beliefs in a communication model for a lab
experiment conducted in the field in rural villages. Third, as it is difficult to control and map into
data exactly what is (or is not) communicated by various agents in a more general communication
model, we are able to focus on the mechanics of the learning process by restricting communication
to observable actions. Fourth, this also fits with the motivating literature wherein individuals may
observe the actions, such as technology or microfinance adoption decisions, of their neighbors.

Let T = T'(A) be a weighted matrix which parametrizes the weight person i gives to the action
of person j. We study three natural parametrizations of the DeGroot model. The first is uniform
weighting wherein each individual weights each of her neighbors exactly the same. The weight
matrix 7% (A) is given by

Aij 1

w_ i qu o _ 1
TW di+1 and T d; +1

meaning that each individual puts (d; +1)~! weight on each of her d; neighbors as well as on herself.
The second model we consider is degree weighting. Each individual weights her neighbors by
their relative popularity, given by degree. T¢ (A) is given by

d

i d;
ZjENi dj +d;
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’ ZjEN,‘ d.? + d'i
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The third model is eigenvector weighting. An individual places weight on her neighbor pro-
portional to the neighbor’s relative importance, given by eigenvector centrality. 7 (A) is given
by

& &
TS = ———2—— and T}, = v
T Y en, Gt >jen; & &

where £ is the eigenvector corresponding to the maximal eigenvalue of A. This is motivated by
the idea that an individual may put greater weight on more information-central neighbors, which
eigenvector centrality captures.

While a very natural parametrization of learning, the DeGroot model misses strategic and
inferential features of learning. Behavior is as follows. At time ¢ = 0, individuals receive signals
8 = (81, 82,..., 8n), and accordingly, actions a;o =1 {s; = 1} are taken. Let ay = (a1,0,420, .., Gn0)
At the beginning of t = 1, individual ¢ observe aﬁj ) for all j € N; and aggregates information to
form beliefs to by = T'ap. In turn, actions are chosen a;=1 {b; > 1/2}. Now consider time ¢t = k
with action profile ax. Then beliefs for stage k + 1 are formed bxy; = Tax and accordingly actions
are chosen agy1=1 {bgy1 > 1/2}. In turn, we have if the limit exists,

o = k‘i,’{.lol{T“k“ > 1/2} |
= lim 1{T-1{Tax > 1/2} > 1/2}, ax = 1 {Tar—1 > 1/2}.
—00 :

While we cannot easily analyze this using the theory of linear operators (due to nested indicator
functions), we will discuss its implications in section 1.2.4.

1.2.4 An Illustrative Example: Concentric Social Quilts

We present a simple setup which yields asymptotic learning under communication DeGroot models
and consensus under action Bayesian models, but fails asymptotic learning and violate consensus
with action DeGroot models. Namely, a number of nodes will become “stuck” in an information
trap in a local neighborhood of the network. This demonstrates a wedge between DeGroot and
Bayesian learning in models with discrete actions.

We argue that there is an asymmetry in the literature; the right abstraction to think about social
learning ought to be parallel across the competing Bayesian and DeGroot models. For motivation
we examine a key example of a sequence of networks which satisfy the properties to have asymptotic
learning under both Bayesian (action) and DeGroot (communication) learning models, but fail to
have asymptotic learning with DeGroot (action) learning models.”

The motivation for the graph structure comes from (Jackson, Barraquer, and Tan 2010) who
study network architecture that arise as equilibria in favor exchange games. They show that these

"The wisdom of the DeGroot learning hinges on the fact that an extensive amount of information is passed along
such a model relative to the action model of Bayesian learning. For a parallel, in Bayesian learning if we introduced
a communication model, then the filtering problem would be somewhat simpler since an agent would know her
neighbors’ posteriors exactly.
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networks will be social quilts; a social quilt is a patchwork of substructures (e.g., triangles) pasted
together in specific ways. We take a very simple example of this style of a network. From the
applied perspective, the intuition is that if graphs are constructed as equilibria of risk-sharing
or favor-exchange games, then they may have such quilt-like substructures. While these quilt-like
structures enable network members to maintain favor-exchange relationships in equilibrium through
local punishment of misbehavior, the same networks are also the surface on which information passes
among members. We note that, if individuals are indeed DeGroot in a discrete learning process, it
may be the case that information does not transmit efficiently through social quilts.

To illustrate this we define a social quilt tree (SQT) as a graph that consists of triangles quilted
together around a central triangle such that every triangle (in the interior of the structure) is
connected to exactly three triangles in the following way. Consider a sequence of SQTs which can
be constructed following a recursive process as the number of nodes goes to infinity. We index this

sequence by r € N.
1. Take SQT,_; and let T} be the set of terminal nodes of SQT5—1.
2. To each terminal node i € T}, attach a triangle with two new nodes added.

Figure 1-2 shows such a network and the model is developed in detail in Appendix 1.11.

Figure 1-2: A social quilt tree

Definition 1. We say that node i € V, is stuck if there exists a ¢; € N such that for all £ > {;,
At = 1-20.

A node is stuck if the node for all but finitely many periods takes the same (wrong) action.
Figure 1-3 provides two examples of nodes that get stuck despite the majority of nodes in the
network receiving the right signal.

Panel A of Figure 1-3 illustrates the problem. Assume that for some subtree of the SQT, which
connects to the rest of the network through the top-most node, we have the initial signal endowment
shown. Any information from the rest of the graph will come via top-most node, which we will call
parent node. To get a lower bound on the number of nodes that get stuck in the wrong action,

we can simply assume that the parent node of the subtree always chooses the right action for all
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Figure 1-3: In Panel A two nodes are stuck for all periods ¢ € N, even though 5 of the 7 nodes have
received the true signal. In Panel B in the first period 4 nodes receive the true signal, and after one
node switches, 3 are asymptotically stuck.

rounds. However, even in this case the nodes in the lower right triangle act in the same (wrong)
manner for all but finitely many periods. As the sequence of networks grow, » — oo, there will be
a non-vanishing fraction of subtrees with this initial configuration of signals. These subtrees will
have at least 3/7 nodes which become stuck. This example has demonstrated the following result.

Proposition 2. For a sequence of concentric social quilts with iid signals with probability p, with

probability approaching one
1. under the Bayesian action model there is consensus and asymptotic learning,
2. under the DeGroot communication model with uniform weighting the network is wise,®

3. but under the DeGroot action model with uniform weighting a non-vanishing fraction of nodes

get stuck.

Proof. All proofs are contained in Appendix 1.12. 0

8Let u = Op | (1—p)(1—0) and T}, is a sequence of convergent row-normalized matrices. As defined in (Golub and
Jackson 2010), the sequence is wise if plimy, oo SUP; <, |lilm_mo T gy p| = 0. In our context wisdom corresponds
to asymptotic learning since in the limit a share of nodes that have belief i goes to one and therefore the nodes can

distinguish g > 0 or g < 0, as p is known.
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Figure 1-4: Bounds for fraction stuck

¢That asymptotic learning occurs with the Bayesian action model follows from (Mossel, Sly, and
Tamuz Forthcoming) and that it occurs with DeGroot communication for this model follows from
Corollary 1 of (Golub and Jackson 2010). However, the result for the DeGroot action model is
apparent from the previous example. To illustrate the severity of Proposition 2, in Figure 1-4 we
show lower bounds on the expected fraction of nodes that are stuck. Even with high quality signals
(p = 0.7) at least 16% of nodes become stuck and do not asymptotically learn. In particular, recall
that the benchmark for mistakes is 50%, since a node can always randomly guess. Therefore, relative
to the expected fraction of nodes that should have learned, at least 25% actually get stuck with the
wrong information.

In addition to motivating the study of DeGroot action models in our experiment, this example is
of independent interest as it raises the question about whether certain network structures are better
for social learning, given that asymptotic learning may not occur due to this stuck property. We
conjecture that graphs with sufficiently good expansion properties will generate asymptotic learning
even with action DeGroot models.
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Figure 1-5: Fraction of nodes stuck across 100 simulations per each of 75 Indian village networks

with varying probability of the signal being correct.

DISCUSSION.

1.3 Experiment

1.3.1 Setting

QOur experiment was conducted at 19 villages in Karnataka, India for a total of 95 experimental
sessions for each of three chosen networks. The villages range from 1.5 to 3.5 hours’ drive from
Bangalore. A village setting was chosen because social learning through networks such as by word-
of-mouth communication is of the utmost importance in rural environments; information about new
technology ((Conley and Udry 2010)), microfinance ((Banerjee, Chandrasekhar, Duflo, and Jackson
2010)), political candidates ((Cruz 2012)) among other things propagates through the social network.

1.3.2 Overall Game Structure

In each village, individuals played the social learning game three times, each time with a different
network structure. The three networks (see Figures 1-6) were played with a random order in each
village. Every network consisted of seven individuals and each participant was shown the entire
network structure as well as her own location in the network.

At the beginning of each game, every individual was shown two identical bags, one with five
yellow balls and two blues ball and the other which had five blue balls and two yellow balls. One
of the two bags was chosen at random to represent the state of the world and the goal of the game
was that the participant had to independently guess whether the blue bag or the yellow bag had
been selected. Since there was an equal probability that either bag could be chosen, we induced
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priors of 1/2. As the selected bag contained three balls reflecting the state of the world, individuals
anticipated receiving independent signals that were correct with probability 5/7.

After receiving their signals in round zero, all individuals simultaneously and independently
made their best guesses about the underlying state of the world (which bag had been selected). The
game continued to the next round randomly and on average lasted 6 rounds. If the game continued
to the second round, at the beginning of the second round each individual was shown the round one
guesses of the other individuals in her neighborhood, N;. Agents updated their beliefs about the
state of the world and then again made their best guesses about the state of the world. The game
again continued to the following round randomly. This process repeated until the game came to a
close. Notice that after the time zero set of signals, no more signals were drawn during the course
of the game. Individuals would only observe the historical decisions of their neighbors and update
their own beliefs accordingly.

Individuals were paid for a randomly chosen round from a randomly chosen game and therefore
faced non-trivial incentives to submit a guess which reflected their belief about the underlying state

of the world. Figure 1-1 depicts the timing.

1.3.3 Network Choice

We selected networks specifically so that we could separate between various DeGroot and Bayesian
models considered in the paper. The previous experimental literature on Bayesian learning on
networks ((Choi, Gale, and Kariv 2005; Choi, Gale, and Kariv 2009)) make use of several interesting
and parsimonious three-person networks. However, we are unable to borrow these networks for our
study as they were not designed for the purpose of separating between DeGroot and Bayesian
learning. In fact, the networks utilized in (Choi, Gale, and Kariv 2005; Choi, Gale, and Kariv
2009) lack power to pit Bayesian learning against the DeGroot alternatives posited above. Panel
A of Table 2 shows the fraction of observations that differ across complete information Bayesian
learning and the DeGroot alternatives for each of the three networks used in (Choi, Gale, and Kariv
2005) and (Choi, Gale, and Kariv 2009). In two of the networks, there are no differences between
the equilibrium paths of Bayesian learning and each of the DeGroot alternatives and in the third
network the differences are on the order of 15% of the observations.

Given our goal of separating between Bayesian and DeGroot alternatives, we move to an envi-
ronment with seven agents as opposed to three agents, so that we obtain more power to distinguish
between these models while still maintaining computational tractability.”?

We considered all connected, undirected networks with seven nodes. Next, we established a
model selection criterion function. This criterion function depended on power to detect a DeGroot
alternative against a complete information Bayesian null, using our pilot data to generate an estimate
of the noise, as well as a divergence function. The divergence function measures the share of node-
time observations for which the Bayesian model (with 7 = 1) and a DeGroot model pick different

“Moving to eight agents, for instance, would be exponentially more difficult for our structural estimation.
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where aﬁ(le) is the action predicted under the Bayesian model and a7 (w|G) is the action pre-
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dicted under DeGroot with m-weighting, where m is uniform, degree, or eigenvector weighting.
Figure 77 depicts the Pareto frontier between power and divergence and shows one of the networks
that we have selected. The procedure yields the networks shown in Figure 1-6.

1.4 Testing the Theory

In order to test how well a model m fits the data in village r, we will use the fraction of discrepancies
between the actions taken by individuals in the data and those predicted by the model. This is
given by

n T
D{(m,r) = (T-—l ZZ;

where D7}, = Ia”, — a} .| which computes the share of actions taken by players that are not
predicted by the model m.'® To examine how poorly model m predicts behavior over the entirety
of the data set, we define the divergence function as

n Ty

D (m):= RZ (T, — 1)n;§
This is simply the average discrepancy taken over all villages. Model selection will be based on the
minimization of this divergence measure.

While the divergence is the deviation of the observed data from the theory, we may define the
action prescribed by theory in one of two ways. First, we may look at the network level which
considers the entire social learning process as the unit of observation and, second, we may study
the individual level wherein the unit of observation is an individual’s action at an information set.

When studying network level divergence, we consider the entire learning process as a single
observation. Theory pfedicts a path of actions under the true model for each individual in each
period given a network and a set of initial signals. This equilibrium path that model m predicts
is gives the theoretical action, a7 ,. When using this approach, we try to assess how the social
learning process as a whole is explained by a model. This method maintains that the predicted
action under m is not path-dependent and is fully determined by the network structure and the set
of initial signals. When we consider the individual level divergence, the observational unit is the

1%Since all models and all empirical data have a fixed first action (given by the signal endowment), the first round
should not enter into a divergence metric. In turn, we restrict attention to ¢ > 2.
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individual. The action prescribed by theory is conditional on the information set available to i at

t—1: a™

7t 18 the action predicted for agent ¢ at time ¢ in treatment r given information set [irs.

1.4.1 Learning at the Network Level

We begin by treating the observational unit as the social network itself and take the whole path
of actions as a single observation. Table 3 presents the network level divergence for each of the
three DeGroot models as well as the complete information Bayesian model (7 = 1). Across all the
networks, uniform weighting fails to explain 12% of the data, degree weighting fails to explain 14% of
the data, complete information Bayesian learning fails to explain 19% of the data, and eigenvector
centrality fails to explain 27% of the data. This suggests that the degree and uniform DeGroot
models as well as the Bayesian learning models each explain between 60 to 80% of the observations.

Figure 1-7 presents the data in a graphical manner. Uniform weighting dominates each of the
other models, including the complete information Bayesian model, in terms of fit. Meanwhile,
eigenvector centrality weighting performs uniformly worse. The data shows that these models
outperform the eigenvector weighting model considerably: they explain approximately 84% of all
agent-round observations, while the latter explains less than 67% of these observations.

We then compare, pairwise, the complete information Bayesian learning model to each of the
DeGroot alternatives. To be able to statistically test the difference of fits across these different
models, we conduct a non-nested hypothesis test (e.g. Rivers and Vuong, 2002). Specifically, we
perform a nonparametric bootstrap at the village-game level wherein we draw, with replacement,
75 village-game blocks of observations, and compute the network level divergence.!! This procedure
is analogous to clustering and, therefore, is conservative exploiting only variation at the block level.
We then create the appropriate test statistic, which is a normalized difference of the divergence
functions from the two competing models.

Our key hypothesis of interest is a one-sided test with the null of Bayesian learning against the
alternative of the DeGroot model. Table 4 presents the p-value results of the inference procedure.
Note that most of the values are extremely close to the boundary — highly significant at the 0.5%
level at a one-sided test (let alone a 1% test). First, looking across all topologies, we find evidence
to reject the Bayesian model in favor of the uniform weighting alternative and the degree weighting
alternative. Second, we find that uniform weighting dominates every alternative across every topol-
ogy both separately and jointly. Third, we note that eigenvector centrality weighting is dominated;
looking across all networks, it is summarily rejected in favor of any alternative model. Ultimately,
the bootstrap provides strong evidence that the uniform weighting DeGroot model best describes
the data generating process when analyzed at the network level.

Next, we study the incomplete information Bayesian learning model with DeGroot alternatives.
We estimate the parameter that minimizes the network level divergence: the best-fitting value of =,

1 We have 95 village-game blocks in network 1 and 75 for each of networks 2 and 3. We redraw with replacement

the same number that we have in our empirical data.
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given by 7 = argmin D (m,r). Figures 1-8, 1-9, 1-10 show the divergence against 7« and our optimal
estimate is given by minimizing the expected diveregence. We find that the optimal 7 = 0 is a corner
solution where any Bayesian agent would believe that almost no other agents are Bayesian and the
population share of Bayesian agents is approximately zero. The divergence under the incomplete
information Bayesian learning models with DeGroot alternatives with 7 & 0 are approximately close
to the divergence under.the DeGroot alternative. Thus, we omit these results to avoid redundancy.?

1.4.2 Learning at the Individual Level

Having looked at the network level divergence, we turn our attention to individual level divergence.
While this does not purely address the mechanics of the social learning process as a whole, it does
allow us to look at individual learning patterns. Understanding the mechanics of the individual
behavior may help us microfound the social learning process.!

1.4.2.1 DeGroot Models

We begin by calculating the individual level divergence for the DeGroot models.'* Panel A of
Table 5 contains the results of the exercise. First, uniform weighting systematically outperforms
eigenvector weighting (by a large margin) and degree weighting (by a smaller margin). It is worth
noting how well the DeGroot models perform in terms of predicted individual behavior. Across all
three networks, the uniform weighting model explains approximately 87% of all individual obser-
vations. Degree and eigenvector centrality weighting models predict 73% and 79% of all individual
observations, respectively.

1.4.2.2 Bayesian Learning with Incomplete Information

We now turn our attention to the Bayesian learning model. Unlike the myopic models, when
considering the empirical divergence and the subsequent predicted action af; , , we need to consider
the whole path of observed actions for all agents.

A potential problem arises: since our model of Bayesian learning implies that actions taken by
individuals are deterministic functions of the underlying environment, this implies that the support
of the set of potential paths that individuals could have observed is rather limited. Therefore, there
is a possibility that empirically, Bayesian agents may arrive to an information set that has zero
probability of occurrence. This is problematic for identification, since the Bayesian learning model
is mute when agents have to condition their inference on zero probability events; any observed action
from then on would be admissible for a Bayesian learning agent.

12Details are provided in a supplementary appendix, available upon request from the authors.
131t may be the case that agents themselves are do not each behave in according to a particular model while the

aggregate social group may best be described by such a model
14 When an agent faces a tie, they stay with their previous action. We considered a random tie-breaking alternative

as well, which does not change the results much.
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Table 6 shows that zero probability information sets are hit quite frequently. With any DeGroot
alternative, 100% of the treatments in networks 1 and 2 have at least one agent hitting a zero-
probability information set. Moreover, at least 62% of players in these networks have hit a zero-
probability information set at some point. Though one may be tempted to interpret the lack of
support itself as evidence against a Bayesian model, this is a delicate issue requiring a more careful
treatment.

To compute the divergence across all observations, we need to make the support of possible
paths extend over our entire data set. The usual way to deal with this problem is to introduce
disturbances. In the following subsection we explore the possibility of estimating a trembling hand
or quantal response equilibrium (QRE) style version of Bayesian learning in which we introduce the
possibility of making mistakes by all agents. In such a model, individuals can make mistakes with
some probabilities, and Bayesian agents, knowing the distribution of these disturbances, integrate
over this possibility when updating.

1.4.2.3 Bayesian Learning with Disturbances and Complexity Problems

To simplify exposition, we restrict attention to the case of a complete information Bayesian model
where each agent is Bayesian. In this environment, each agent makes a mistake with probability ¢
and chooses the opposite action that a Bayesian agent would chose. This guarantees full support;
any agent can take any action given any history with positive probability.!

Introducing disturbances comes at great computational cost in an environment where agents
learn on networks. The only sufficient statistic for the information set that each agent sees is
the information set itself, as there is no deterministic function between signal endowments and
information sets. This means that through time, the relevant state space (the histories each agents
could have seen) grows exponentially. We show that this makes the problem intractable for any
practical purpose.

First, we note that the algorithm that we use to simulate the Bayesian learning model without
trembles is computationally “tight” in the sense that, asymptotically, there is no faster algorithm.®
Because any algorithm would have to take order T steps to print output for each of the T periods,
an algorithm that is O(T') is asymptotically tight.

Proposition 3. The algorithm for computing Bayesian learning with no disturbances is O(T).
Moreover, it is asymptotically tight; i.e. any algorithm implementing Bayesian learning running
time must be at least O (T)

Specifically, the algorithm is ©(n4™T).17 Notice that if n was growing this algorithm would be

15(Haile, Hortagsu, and Kosenok 2008) show that QRE imposes no falsifiable restrictions and can rationalize any
distribution of behavior in normal form games. Relating this intuition to our context, one may be able to pick a

distribution of £ such that it rationalizes the incomplete information Bayesian model as describing the data well.
8 Our environment consists of finite graphs where n does not grow in 7.
7Recall that we say fi(n) € 6(f2(n)) if fi is asymptotically bounded above and below by f;, upto a constant
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exponential time. Second, we show that the extension of this algorithm to an environment with
disturbances is computationally intractable.

Proposition 4. Implementing the Bayesian learning algorithm with disturbances has computational
time complexity of ©(4"7).

To see how computationally intractable is this algorithm, take as an example our experimental
design. Assume that the original code takes one second to run. With n = 6 and T = 5 the
computational time is on the order of 6.9175 x 10'® seconds, which is 8.0064 x 10'2 days or 2.1935 x
10" years. To get some perspective, let us compare the number of calculations with this very
simplistic algorithm using the (Choi, Gale, and Kariv 2005; Choi, Gale, and Kariv 2009) enviroment
in which n = 3. In this setup, the expected time would be 1.2288 x 10° seconds or 1.42 days which
is entirely reasonable for structural econometrics.

In the above exercise, we used the most natural algorithm and one that was efficient for the case
without disturbances; an objection may be made that there could perhaps be a more efficient algo-
rithm. The decision problem we are interested in is determining whether an agent 4 in time period
t given a history always picks the same action under a proposed algorithm as under the Bayesian
model with trembles. We conjecture that the problem is NP-hard, which we are investigating in
ongoing work. This means that the computational problem is at least as hard as NP-complete
problems.'® Whether there may or may not be polynomial time solutions for NP-hard problems is
open; if P #£ NP, then none would exist. The computer science literature studying Bayesian learning
networks shows that obtaining the probabilities is NP-hard (Cooper, 1990) in any given network of
events. In this context the networks are networks of events. Translating our framework into this
setup involves constructing a network of belief states for each individual in the network and each
time period, so a node in the Bayesian learning network would be a pair (i, t), so the size of it would
be NT. Our ongoing work seeks to extend their argument to our decision problem which involves
checking that the action taking by each person in each time period is identical when comparing a
proposed algorithm with the true Bayesian learning model. The intuition is that the learning net-
work is growing linearly in the number of periods and individuals and therefore for any algorithm
there can be some action sequence such that to be able to decide whether individual ¢ at time ¢,
given the history, needs to decide whether to guess 0 or 1, one needs all the probabilities. Based on
Cooper (1990), which applies to a broader class of networks (and therefore will have weakly worse
complexity), we conjecture that the argument for our sub-class of networks will also be NP-hard.

1.4.2.4 Results

We have argued that estimating the Bayesian model with trembles has computational complexity
constraints. In turn, we now turn to studying which model best fits the data, taking these constraints

scale. Formally, if 3¢i,c2 > 0,1 such that Vn > n, ¢ - | fa(n)] < [fi(n)| < ez - |f2(n)].
18A problem is said to be NP-complete if (a) it is NP which is to say that a given solution can be verified in
polynomial time and (b) it is NP-hard so that any NP problem can be converted to this problem in polynomial time.
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into account. We look at the deviation of each agent’s action, given the history that the agent has
observed at that time, from the predicted action by the model for that agent given the history. The
formalities are developed in Appendix B.

Since guaranteeing full support in this model by reintroducing trembles induces computational
problems, we make the following arguments regarding the relative performance of the Bayesian
model. First, the fact that we repeatedly observe agents facing zero probability events, even when
there is positive probability that agents may be behaving in another manner, may be taken as prima
facie evidence supporting the idea that this model of Bayesian learning with incomplete information
on networks fails to explain the experimental data.

Second, one could make the objection that the considered incomplete information Bayesian
model is not sufficiently rich to capture the characteristics of the data and that, perhaps, one needs
a more nuanced model. This could indeed be the case, but as demonstrated in Proposition 4, it
would be computationally infeasible to estimate a model generating full support.

Third, it might be the case that we have the right model of incomplete information Bayesian
model but we lack a theory of what individuals do once they hit zero probability events. This implies
that we assume the existence of a correct set of beliefs when encountering zero probability events
that rationalizes individuals’ actions. If this is the case we may take two different approaches. First,
we could be agnostic about the correct off equilibrium beliefs. Second, we could consider the case
of a richer Bayesian model that rationalizes the actions taken after an agent hits a zero probability
event and precisely matches the supposed off equilibrium behavior. Such a model, of course, has
the degree-of-freedom problem.

We begin with the first approach, by being agnostic about the off-equilibrium behavior and
instead restrict attention to observations for which agents were in an information set that had
a positive probability of occurrence. This is the only feasible comparison we can do given our
assumption and agnosticism about the off-equilibrium beliefs. In this subset of observations, we can
calculate the individual level divergence, since Bayes’ rules applies and the Bayesian learning models
gives us a concrete prediction. Of course, we have not eliminated observations at random, but rather
we have eliminated those that were not in accordance to the Bayesian learning model equilibrium
(i.e. those that happened with zero probability). This is an admittedly ad hoc approach, requiring
the assumption that the DeGroot model does not perform sufficiently worse off-equilibrium (where
the Bayesian model in principle could rationalize anything), to which we will return below. Under
such an assumption, if it turns out that even in this subset of observations, Bayesian performs worse
than the alternative myopic models considered, then this would be further evidence that, at the
individual level, the Bayesian learning model would not seem to fit the experimental data well.

Based on this idea, we present the calculation of the individual level divergence measure for
observations that were in the support of the model. As for the case of the network level divergence,
to compute the individual level divergence for the incomplete information Bayesian learning model,
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we need an estimate of 7. Again the optimal 7 = 0.9 Table 7 shows the individual level divergence
for the incomplete information Bayesian learning model with DeGroot alternatives. It shows that
across all networks, as well as for each network, all DeGroot models have a lower divergence than
the Bayesian model.

To be able to perform inference on the null hypothesis of the Bayesian learning model against the
alternative DeGroot models, again we perform a nonparametric bootstrap. Our main hypothesis of
interest is a one-sided test of the Bayesian learning null against the DeGroot alternatives. Table 8
shows us that, while both the complete and incomplete information Bayesian models are strongly
rejected against the alternatives of uniform and eigenvector centrality weighting DeGroot models,
we cannot reject them against the alternative of degree weighting. Moreover, as in the case of the
network level analysis, we find that uniform weighting beats all alternative DeGroot models.

We now return to the second approach. If we assume that indeed we have the right model
of incomplete information Bayesian model but we are simply missing the correct off equilibrium
behavior, we could consider the case that a richer Bayesian model could be the one that rationalizes
the actions taken after an agent hits a zero probability event and precisely matches the supposed
off equilibrium behavior. Notice that even if, for short T, the Bayesian model might be under-
performing, with probability 1 this will be the opposite in the long run, inverting the present results.
This follows because, if we consider the Bayesian model as rationalizing anything off-equilibrium,
once we are off equilibrium, as £ — oo, Bayesian would never be penalized while DeGroot will be
penalized infinitely often (assuming the behavior does not identically match the DeGroot model for
all but finitely many periods).

To summarize this section’s results, first we have presented evidence that the considered model
of Bayesian learning result arrives at zero probability information sets extremely often. This can
be taken as evidence against these particular models. Second, we provide computational theory
that shows that models with trembles, which would smooth out the zero probability information
set problem, are of little practical use to structurally evaluate empirical data. In turn, methodolog-
ically, structural approaches must restrict themselves to models which allow for zero probability
information sets. Third, we take a pass at the data by ignoring the off-equilibrium information
sets. This evidence suggests that, when restricting the analysis to positive probability information
sets, the divergence minimizing models have in the limit no Bayesian agents. Finally, we point
out that this approach, while ad hoc, may be inappropriate for a model of incomplete information
behavior wherein the off-equilibrium behavior is well-matched. However, assuming the researcher
is interested in incomplete information models (because of the computational infeasibility of QRE
models), the argument in favor of the ad hoc approach is rejected only if the researcher believes in
an untestable model which performs well off equilibrium (since we know on equilibrium it performs
poorly). But such a model is unlikely to be the empirically relevant object.

¥Details are provided in a supplementary appendix, available upon request from the authors.
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1.5 Why a Lab Experiment with Structural Estimation

In this section, we discuss two reduced form approaches to study the data. Our motivation for
this exercise is twofold. First, given the computational limits of the structural approach, we are
interested in seeing whether reduced form patterns of Bayesian learning (as opposed to DeGroot
learning) may be obtained from the data. Second, since larger networks, such as those found in
empirical data sets, do not lend themselves to structural approaches for computational reasons, it
is worth looking into the effectiveness of reduced form approaches to address these questions.

The central intuition we focus on has to do with double counting information. Under any of the
aforementioned Bayesian models, Bayesian agents should not double-count information. However,
DeGroot agents do double-count information, and it is on this intuition that we build the exercise.

We provide two examples of regressions which researchers may run. The first set of regressions
explores whether individuals overweight the same information if they receive it through multiple
channels. The second set of regressions explore whether individuals treat old information that
cycles back to them as if it is new, additional information. The null in these regressions is Bayesian
model, since one would assume that the relevant parameters ought to be zero. Thus, a rejection
of a zero may provide evidence in the direction of the DeGroot rules of thumb. The empirical
data shows that both these reduced form analyses seem to provide support in favor of the DeGroot
alternatives. However, because we are able to simulate out the data under the null, we show that
these intuitions are wrong. Specifically, when we simulate social learning data under the Bayesian

null, the coefficients are not as one may have expected.

1.5.1 Multiplicity

We define a variable which is a dummy for whether individual i makes a guess of 1 in the final
period T, y; := 1 {a;7 = 1}. As before, d; is the degree of individual ¢ and Nj; is the set of (direct)
neighbors N; = {j € V :ij € E}. Note that d; = | NV;|. Moreover, Ny; is the set of second-neighbors
of person i; that is, j € N2; means that there is at least one path of length two between i and j,
but no path of length one. Finally, we define N}, to be the set of second neighbors to whom she
has exactly [ paths.

The first regression we run is of the form

Yi = o+ Bisi + BeEnls;li € Nif + ) BBy [s515 € N§] + . (L.1)
| [

This is a regression of whether or not individual ¢ ultimétely makes a guess of 1 on whether the
individual’s signal is 1 (s;) the share of ones (En;[s;|7 € N;]) in individual 7’s neighborhood, and the
share of ones given to each subset of second neighbors to whom ¢ has exactly [ paths (E N 1s;1d €
Ng))-

The interpretation is as follows. 2 measures the impact of her neighborhood receiving a greater
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share of ones on an individual’s guess. We expect B2 > 0. Moreover, B3 measures the impact of
the subset of her second-neighborhood with multiplicity I. The intuition is that as the signals of
individuals with greater multiplicity ought not be double-counted under a Bayesian frame, S341 >
B3 would be evidence of overweighting redundant information that has arrived via multiple channels,
while 83141 = Ba1 would provide evidence in favor of the Bayesian hypothesis.

Table 8 provides the simulation and empirical results. Looking at the ernpirical results, as
expected, an individual’s own signal being one and the share of individuals in one’s neighborhood
with signals of one increase the probability of the final guess being one. However, we can reject
that B3 41 > Bx. While this seems to be inconsistent with the intuition that agents engage in
double-counting, the simulation exercise shows that these patterns cannot be interpreted in that
manner.

Given the learning model, the network structure, and signal endowment, we simulated out the
learning path and then ran the relevant regressions. We present results when simulating the learning
process from the complete information Bayesian model (every agent is Bayesian) as well as each of
the three DeGroot alternatives. The table shows that the Bayesian null does not have coefficients
that are near identical across multiplicities 1 and 2. Furthermore, the increasing correlation with
indirect friends of higher multiplicities is also not uniformly found across the DeGroot models.
Ultimately, the regressions suggest that the linear projection of this learning process is complex and
may depend crucially on the network structure and set of initial signals.

1.5.2 Historical Information

Another reduced form that one may look at is whether individuals re-incorporate historical infor-
mation that they have previously observed. Consider an individual at period 3. They have observed
both their own signals and the signals of their direct neighbors (insofar as the first period guesses of
their neighbors will be identical to their signals). In period three, therefore, a Bayesian individual’s
guess should not re-incorporate this information. Instead, it should only update using information
about second-neighbors and the like, about whom they have yet to receive information.

To examine this formally, we perform the following regression. We regress the period three guess
of individual ¢ on her own signal (s;) and the average signal of her neigbhorhood (En;[s;j|j € N:])
which she would have seen in period three. We also include as regressors the average signal of
second neighbors (En,, [sk|k € Noi]) which should be new information in period three. Lastly, we
include the average signal of direct neighbors whose signals can cycle back via a path of length two
back to individual i. Of course, we also include the agent herself in this set. (Formally, we use
Ec,[s;li € Ci], where C; = {j € V — {1} : AZ,A;; > 0} U {i}.) The regression is as follows.

¥ = op+ s+ B [sj] + asEnysklk € Nagl + asBg,[s5f € Ci] + &. (1.2)

We test the hypothesis of whether a4 = 0, which is our Bayesian null. Notice that a4 > 0 provides
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evidence that individuals reincorporate information that they already knew as it cycles through the
network.

Table 9 presents the simulation and empirical results. Looking at the empirical results, as
expected, an individual’s own signal being one and the share of direct and new indirect neighbors
with signals of one increase the probability of the final guess being one. Also, the empirical results
show that the share of repeated indirect neighbors with signals of one increase the probability of
the final guess being one, that isaq > 0. While this seems to provide suggestive evidence for
the intuition that DeGroot weighting reincorporates old information, the simulation results provide
evidence that for our environmentay > 0 even for the Bayesian model.

1.5.3 Reflection on Reduced Forms

Taken together, Tables 9 and 10 have shown that natural reduced form approaches to test between
these models may be misguided without first checking whether the patterns by the learning processes
actually match the intuitions. We are able to study the reduced form projections of the Bayesian
model using our simulation algorithm and find evidence that, when projected onto a regression for
these networks with this environment, the Bayesian data suggests that the coefficients can deviate
greatly from our intuitions. This, we argue, provides a strong motivation for the structural approach
to studying the models.

1.6 DeGroot-Like Extensions

We have shown that when we pit the various Bayesian models (complete and incomplete information)
against DeGroot alternatives, DeGroot models better fit the data. Moreover, we have found that
uniform weighting majority rule does the best out of our three ex ante hypotheses. These findings
may be taken as prima facie evidence supporting the idea that social learning processes may be
sub-optimal, with information often getting stuck in pockets of the network.

We note an important caveat regarding this statement. We have designed and restricted our
analysis to test whether Bayesian or DeGroot models of social learning better fit the data. We
have consequently left out of our analysis potentially countless alternative models that might better
fit the social learning process. Such a restriction might be important for concluding that social
learning processes may be sub-optimal. DeGroot action models present two main shortcomings
that contribute to the sub-optimality of the social learning process. First, in DeGroot models
individuals do not “tag” information by describing where it comes from ((Mobius, Phan, and Szeidl
2011)). Second, DeGroot models are memory-less in the sense that individuals do a weighted
majority rule of t-1 neighbors’ actions without taking into account whether they represent a change
from t-2 neighbors’ actions, and therefore, whether they incorporate potentially new information.
In other words, individuals put equal weight in those neighbors that potentially have acquired new

information and those that do not.
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Since in our experiment communication among participants is shut down, the first caveat is less
of a problem. However, omitted regression analysis shows partial correlations between actions and
changes in neighbors’ actions between t-2 and t-1 after controlling for neighbors ’ actions in t-1,
and thereby, suggest that the selected model might not best represent the data.

As a first step to address this potential problem, we extend our chosen DeGroot model of learning
wherein individuals uniformly weight the actions of each of their network neighbors as follows,

. Gig—1+ D jeN, Bit-1 + 2jen, Git-1 - {01 # aje—2} >1/2
it T+t 2 yen, 1051 7 Gi2) '

We denote this model time variant uniform DeGroot model as opposed to the time invariant uniform
DeGroot model. In this model extension, individuals put double weight over the actions of the
neighbors that change theirs, who probably acquired more information than in the previous round.

Resulst indicate that the network and individual level divergences for the time variant uniform
DeGroot model (0.1207 and 0.0663, respectively) are indistinguishable from the corresponding ones
for the invariant uniform DeGroot model (0.1203 and 0.0648, respectively). Additionally, they are
not statistically different from each other.

While our experiment design has no power to separate between DeGroot models, the fact that
the time variant uniform DeGroot model fits the data as good as the and time invariant model
suggests an avenue for future research. In this regard, in future work we plan to conduct further
social learning experiments with network topologies that allow us to separate between time variant
and time invariant DeGroot models.

1.7 Conclusions

In this paper we have investigated whether social learning patterns on small networks resemble
those which would emerge if agents behaved in a Bayesian manner or if they are better modeled
with DeGroot alternatives which are myopic and more simplistic models. To do so, we developed
a simple experiment on networks that were designed to distinguish between these models, large
enough to give us power on this dimension, but small enough to ensure that simulating a Bayesian
learning on networks model was not computationally intractable. Given our experimental data,
we were able to study the social learning process as a whole by taking the network as the unit of
observation and study the behavior of an individual, which addresses whether an agent acts in a
Bayesian manner.

At the network level we find evidence that the uniform weighting DeGroot model best explains
the data. The Bayesian learning null is rejected in favor of this alternative model. However, we
maintain that Bayesian learning did an adequate job of describing the data process, explaining
(beyond pure random guessing) 62% of the actions taken as compared to 76% by the DeGroot
alternative.
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At the individual level we find that uniform weighting DeGroot performs the best outperforming
the Bayesian model. However, we show that the Bayesian model encounters the problem that many
individuals come across zero probability information set. First, this provides suggestive evidence
of the lack of fit of this incomplete information Bayesian model. Second, we demonstrate that
introducing disturbances to smooth out the distribution cannot be a solution in this environment.
The computational complexity of the problem is damaging to the very approach of applying QRE or
trembles to the Bayesian learning on networks environment. As such, we recommend that researchers
focus on computationally tractable models which will be easier to falsify.

We also show that reduced form approaches may be problematic. We provide two natural ex-
amples of regressions which build on intuitions separating DeGroot and Bayesian learning patterns.
Equipped with our Bayesian learning algorithm, we simulate learning data from the Bayesian model
as well as from DeGroot models and show that the reduced form regression outcomes do not conform
to the intuitions.

Ultimately, the findings suggest that agents and the learning process as a whole may better
be thought of as coming form DeGroot action models where individuals myopically weight their
neighbors’ actions when updating their own beliefs rather from a Bayesian model. This may imply
that social learning processes empirically may be sub-optimal, with information often getting stuck
in pockets of the network. Having constructed an example of a network which satisfies asymptotic
learning for DeGroot communication models, but where asymptotic learning fails for DeGroot action
models, we argue that in action-learning environments DeGroot processes may be more damaging
to the wisdom of society than previously anticipated.
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Table 1: Fraction of Observations that Differ with the Baxesian Model
Panel A: Networks from Choi et al. (2005, 2009)

Total Divergence Divergence in Final Period
Network Uniform Degree Eigenvector Uniform Degree Eigenvector
1 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
2 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
3 9.37% 21.87% 8.98% 12.67% 18.67% 7.67%

Panel B: Networks Selected in This Paper
Total Divergence Divergence in Final Period
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Table 3: Network Level Divergence

Network Total Obs Bayesian Uniform Degree Eigenvector
All Networks 9,205 0.1878 0.1198 0.1413 0.2703
1 3,045 0.1917 0.1236 0.1428 0.2229
2 3,031 0.2161 0.1548 0.1698 0.3020
3 3,129 0.1440 0.0673 0.1006 0.2909

Notes: Network level divergence for the complete information Bayesian model, uniform
DeGroot weighting, degree DeGroot weighting, and cigenvector DeGroot weighting.
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Table 4: Significance Tests for Network Level Divergence

H, H, All Networks  Network 1 Network 2 Network 3
Bayesian Degree 0.0001 0.0041 0.0019 0.0133
Bayesian Uniform 0.0001 0.0001 0.0001 0.0001
Bayesian Eigenvector 0.9999 0.9397 0.9999 0.9999

Degree Uniform 0.0006 0.0615 0.0696 0.0001
Degree Eigenvector 0.9999 0.9999 0.9999 0.9999
Uniform Eigenvector 0.9999 0.9999 0.9999 0.9999

Notes: The test statistic is the normalized difference in the divergence functions of the null and
the alternative model. We show the probability that the test statistic is less than 0, estimated
via bootstrap with replacement.
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Table 5a: Individual Divergence for DeGroot Models

Panel A: Divergence Across Networks

Network Observations Divergence
Uniform Degree Eigenvector
All 9,205 0.0648 0.135 0.1083
1 3,045 0.0699 0.1513 0.0961
2 3,031 0.0788 0.1544 0.1562
3 3,129 0.0386 0.0866 0.0598

Panel B: Share of Best-Fitting Sessions

Hg H; Informative =~ HO beats HI  Best model
Uniform Degree 0.65 0.8225 Uniform
Uniform Eigenvector 0.4538 0.7712 Uniform
Degree Eigenvector 0.3577 0.172 Eigenvector

Notes: Panel A shows the individual level divergence across the three
networks for each of the three DeGroot models.

In Panel B, the first column indicates the share of informative sessions over
all sesssions, and the second column indicates the share of informative
sessions where the HO model beats the H1 model.



Table 5b: Lack of Bagian Individual Behavior

Hy Observations Share Bayesian
Degree 46 17.39%
Uniform 98 17.35%

Eigenvector 98 17.35%

Note: "Observations" are the number of cases where there are
discrepancies between the parent node action (which from 3
Bayesian prescribes peripheral nodes should follow) and the action
that the H1 model prescribes peripheral nodes. "Share Bayesian” is
the share of observations where peripheral nodes indeed follow the
parent node action.
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Table 6: Zero Probabilig Information Sets Reached
Panel A: Complete Information Model

Network % Individuals % Treatments % Observations
1 98.95% 98.95% 32.35%
2 100.00% 100.00% 33.18%
3 100.00% 100.00% 36.96%

Panel B: Incomplete Information Model

Degree Weighting Alternative
Network % Individuals % Treatments % Observations
1 98.95% 98.95% 23.46%
2 100.00% 100.00% 19.78%
3 100.00% 100.00% 23.02%
Uniform Weighting Alternative
Network % Individuals % Treatments % Observations
1 98.95% 98.95% 22.40%
2 100.00% 100.00% 29.29%
3 100.00% 100.00% 26.30%

Eigenvector Weighting Alternative

Network % Individuals % Treatments % Observations
1 98.95% 98.95% 23.28%
2 100.00% 100.00% 25.91%
3 66.67% 100.00% 20.29%

Notes: Panel A presents results for the complete information Bayesian model.
Panel B presents results for the incomplete information Bayesian model against
DeGroot alternatives. % Individuals refers to the fraction of individuals who
reach a zero probability information set. % Treatments refers to the fraction of
treatments (network x village) that reaches a zero probability information set. %
Observations refers to the fraction of individual x time units that reach a zero
probability information set.
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Table 7: Individual Level Divergence For Bavesian Model

Alternative Network No. Obs. At optimal nt
Degree 1 1858 0.173
2 1898 0.210
3 1358 0.144
Uniform 1 1847 0.192
2 1675 0.198
3 1300 0.140
Eigenvector 1 1822 0.177
Centrality 2 1750 0.188
3 1383 0.109

Note: We present the individual level divergence for the
Bayesian model on information sets in the support. No. of
observations denotes the number of triples (individual, village,
treatment) that were taken at non-zero probability information
sets. Divergence is calculated conditional on all agents being
Bayesian, with other potential types being Alternative. Optimal
7 = 0 for all networks and alternatives.
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Table 8: Sig’ icance Tests for Individual Level Divergence

H, H, All Networks ~ Network 1 Network 2 Network 3
Bayesian Degree 0.6438 0.794 0.357 0.0768
Bayesian Uniform 0.0001 0.0001 0.0001 0.0001
Bayesian Eigenvector 0.0001 0.0001 0.4267 0.0001

Degree Uniform 0.0001 0.0001 0.0001 0.0001
Degree Eigenvector 0.0001 0.0001 0.9999 0.0001
Uniform Eigenvector | 0.9999 0.9992 0.9999 0.9999

Notes: The test statistic is the normalized difference in the divergence functions of the null and
the alternative. We show the probability that the test statistic is less than 0, estimated via
bootstrap with replacement.
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Table 8: Weight on indirect neighbors according to the number of multiple direct neighbors

Data Bayesian Degree Uniform
All Restricted All Restricted All Restricted All Restricted
¢)) 2) () @) M 2) ) @
Signal AQ74*¥* 53514+ 30GSERE A4009%kk STRSFRE GOO4¥kEk (] THA* OTTH**
[.0218] [0279] [.O17] [.0223] [.0169] [.0211] [.0159] [.0201]
Direct JT35*%* 7ABSHER TTSEEE QOARFEE Q] )5kkk  ROIIHKE  BOSqkFE QO7REH*
[.0311] [.0438] [.0323] {.0384] [.0335] [.0425] [.0381] [.0475]
One Way JISTHEER 2600%**  T056%F* 8189+ (.0461 -0.0614  .1306%%* 077*
[.0405] [[0542] [.0363] {.0486] [.035] [[0421] [.0368] [.0447]
Two Ways 2177%%% 1751%%x 3582kkk J09GkkE (79T 0.024 Jd9BS¥RE 184 kk
[.0355] [.0424] [.0337] [.0338] [.0421] [.0449] [.0459] [.0519]
TwoWays > OneWay
t-statistic -1.97 -1.557 -8.653 -8.136 0.7675 1.925 1.481 2215
Probability 0.9741 0.9386 1 1 0.2224 0.0287 0.071 0.0146
N 1750 1271 1750 1271 1750 1271 1750 1271
R -squared 0.4724 0.373 0.5322 0.4632 0.588 0.5453 0.5974 0.5571

Note: Robust standard errors, clustered at the village by game level, in brackets. Ouctome variable 1s action in round 3. "Direct”
is the average signal of direct neighbors, "One Way" is the average signal of indirect neighbors only thorugh one direct neighbor,
and "Two Ways is the average signal of indirect neighbors thorugh two direct neighbors. Column (1) is the regression with all

data. Column (2) is the regression restricting to treatments that are informative for the comparisons Bayesian - Degree and
Bayesian - Uniform. * p<1, ** p<.05, *** p<0l
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Table 9: Weight on indirect neighbors according to whether they provide new information

Data Bayesian Degree Uniform
All Restricted All Restricted All Restricted All Restricted
&) @ () 2 @ @ @ @
Signal 4284 %*x 4573%%* AT20%FE  5RGAFEE S ]HEE AQDEEE SEQ4kkk QAGRFAE
{0347} [.0425] [.0286] [.0356] [.032] [.0359] [.0307] [.0357]
Direct T508%*x* 701 1%%% B0O95***  BOOTHFE  RA3G¥FE  RIGTHEX  TSTOWKE TRTSkkk
[.0363] [0471] [.0285] [.0346] [.0402] [.0489] [.0391] [.0492]
Indirect New .2455%%* .1803*** J3768%*x  3489%**  [55@%¥*  (@R3IkEk  D54Qkk¥x DG HF*
[.0331} [.0377] [.0261] [.0317} [.0333] [.0384] [.0283] [.0338]
Indirect Repeated 1715%%* . 1669%%* .1029%%* J0801* 2463%¥* DG 9%k |724¥kEk | S54%F*
[.0416] [.048] [.0354] [.0427] [.0398] [.0447] [.0417] [.0492]
N 1587 1250 1587 1250 1587 1250 1587 1250
R -squared 0.4628 0.3958 0.4953 0.4135 0.5819 0.5475 0.5945 0.5687

Note: Robust standard errors, clustered at the village by game Tevel, in brackets. Ouctome variable 1s action i round 3. "Direct”
is the average signal of direct neighbors, "Indirect New" is the average signal of indirect neighbors that provide new
information, and "Indirect Repeated" is the average signal of indirect neighbors that do not provide new information. Column (1)
is the regression with all data. Column (2) is the regression restricting to treatments that are informative for the comparisons
Bayesian - Degree and Bayesian - Uniform. * p<.1, ¥* p<.05, *** p<01

1.8 Appendix A - Complete Information Bayesian Algorithm

In this appendix we describe the algorithm for computing the actions under the assumption of
complete information Bayesian agents.

1.8.1 Setup

Suppose that all agents learn about the state of the world using Bayes’ rule and assume that this
is common knowledge. Note that the signal endowment w is a sufficient statistic over the actions
that agents take, since @ is never observed. In turn, the inference that agents need to do from the
other agents’ play is only with respect to the signal endowment. To proceed we must establish some
notation,

We define uf (w) as the probability of signal endowment w when the true state of the world is
6. Then

po=t(w) = Pr(w|0=1) (1.3)
 plEe=1} () _ pyN=#lEwe=1) (B w) (1 pyn(1-Ei )

Pr(w|6=1) (1.4)
= p(ZEY ) (1 - (V- S

150 (w)

Following the same reasoning, define Nf,t (w,w) as the belief probability distribution that agent ¢
has at period t of the game over states w € W, given that the true signal endowment is w. Observe
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that for different signal endowments, the information sets that each agent will observe are clearly
going to be different. In turn, the belief over signal endowments that each agent has at each state
depends on what was the true signal endowment.

Define p; ¢ (w) as the probabilitythat agent i at stage ¢ puts on the event 8 = 1, if the information
set she observes comes from the true signal endowment being w. Moreover, put a;; (@) € {0,1} as
the action that agent ¢ takes at stage ¢ of the game if the information set reached comes from the
true signal endowment .

We will iteratively find p,f’t (w, @), a; (W) and pf’t (w). We begin by finding these objects at
t = 1. These are given by

0 Y4 if W; = 8; = 1 ’
ol (@) {l_pmzsi:m (1.5)
a; ("IU) = 84, (1.6)
_ _ OVweW: w; #s;
ﬂ?;fl (w, rw) — { W81 () | 3 (17)
Prso=1) M Wi = i,
and
_ . OVweW: w; #s;
p’f,TO (w’w) - { pezo(w) . ' (18)
W&—iwz—oj if Wi = 8.

Next, in order to model what exactly each agent observes, which will influence how beliefs are
updated, we introduce some network-based notation. In particular, N (i) := N; U {i}, the set of
neighbors of agent i, including ¢ herself. Next, define

al) (@) = | aj,0-1 (@), ajpe-1 @) , .., Ajy,t-1 (W), Ait—1 (W) (1.9)
N -~ L e’
actions taken by neighbors own past action

to be the action profile that agent i sees at the beginning of state £, when the true state of the world

is w. If we just write agi) we refer to a particular observed action profile.

1.8.2 Time ¢t} 1 iteration

At time t we have

w7 (w, @) = Pr(w|0=1,I;(®)),
1 (w,w) = Pr(w|0=0,I;(®),
PGV @) = Pr0=1|IL @),

PO @) = Pr(6=0|L; (@),
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where I, (W) is the information set agent i at stage ¢ of the game given that the true signal
endowment is w. Of course, agent i does not know w, but only the information set I;;. Suppose

now the agents receive new information, namely, w € Iy (@) C I; (W) . Then

0if w ¢ Ii,t—i—l (_'117)

oy (w, @) = Pr(w |0 =1, Isp41 (@) = WDy L (L10)
’ =y, — W € iy (W)
Zw’elt+1 Hit (w, %)
Likewise,
— 0if w ¢ I t+1 (W)
0— R, R 2
“E,t&) (w, ) :=Pr(w |0 =0, (W) = Pr(w]0=0,1,(w)) (1.11)

Ywlely Pr(w?10=0,1;,:()) if w e Ly (W) ’

Based on the new probability distribution over signal endowments, we can get the probability over

@ as

p'(i?;ll) (@) = Pr(@=1]|Li1 (@) =Pr(0 =1L @) N L1 (W)
0=1) ,— 9=1 —
- pg,t ) (w) Zwé[i,ﬁq(ﬁ) H’E,t ) (w)w) /1 12)
o 0=1) =1 — 6=1) ,_ 6=0 N
ps:,t ) (w) Zweli,g+1 Pu’g,t ) (w7 w) + (1 - pg,t ) (w)) Xn_ue[i't+1 luw(;,t ) (wa w)

Therefore, we need to compute the relevant information sets. Let a;; (w) be the action that agent
i takes at time ¢ if configuration of signals is w. Then we can consider the set of worlds that have
positive probability at time ¢, given by

W, (ag")) —{weW: aj,(w)=aj, for all j € N (£)} (1.13)
and hence,
Ligp1 (W) = Wt(_?l (aﬁz) (1'17)) . (1.14)

Note that in deriving the information set, we were able to eliminate the path of actions observed
by agent i so far by realizing that the actions taken by an agent are deterministic functions of what
they observe. Thus, once we have conditioned on the signal endowment w, the actions observed
a,(ti) (w) are completely determined. However, in environments in which we allow for random actions,
as opposed to deterministic actions, this fact is no longer true. Though this would define a perfectly
sensible and reasonable model, it astronomically complicates things in an astronomical manner.
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1.8.3 Actions

The algorithm described so far gives us how a Bayesian agent ¢ would update her beliefs if she knew
a;; (W) for all j and has prior beliefs on signal endowments and states of the world given by

{8 (w,m), 55 (w,m), 95" @} (1.15)

If agent ¢ is Bayesian, then the decision at ¢ 4 1 is given by (when there are no ties)
e (6=1)
1if pg’t“) (w) > %
aier (@) = 0if pi%5Y (@) < 3 (1.16)
. 9=1) ;-
ae {01} ifpl%) (@) = §.

Note that when pﬁill) (w) = —%, we need to use some tie breaking rule. We will use the “past
action” rule. That is, when faced with a tie, an individual will play the action she played in the
previous round, pg?;ll) (W) = 3 = a;441 (W) = ai¢ (W). Of course, one could think of many other
tie breaking rules, including random tie breaking rule, where the agent plays each action with the
same probability. However, as we will see, this such a model will be computationally intractable in
our framework.

Observe that the above framework extends to situations where some agents play ad hoc decision
rules via DeGroot learning. Suppose that each agent ¢ may be of some type n € H = {m,m2, ...,k }.

For example, take the type space to be

H = {Bayesian, Eigenvector, Uniform, Degree} (1.17)

so each agent may be either a Bayesian agent or a DeGroot agent who constructs simple linear
indexes from the past actions taken by neighbors. In particular, suppose that agent ¢ has type
7; = Degree. In world w and time ¢t + 1, she observes actions aii). Based on this, she defines the
following index:

Degree,s (@) := Y ae (W) T4 (1.18)

JEN(3)
Therefore, the corresponding action rule is
1 if Degree; s (W) > —5-

al, ., (@) = 0 if Degree;s (W) < + (1.19)
a € {0,1} if Degree;s (W) = 3.

Similarly, we can construct aly, | (W), aZ,,, (W) using TU™/o™ and T, respectively.
As long as agents’ types are common knowledge, the algorithm described so far can handle
heterogeneity in agents’ types without changing the nature of the Bayesian updating.
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1.8.4 Algorithm to find Action Rules

Step 1:

e Initiate the algorithm with pf7' (w,w) and u{= (w, @) given by (1.3) and (1.4), action
rule a;, (W) as in (1.6) and p; 1 (W) as in (1.5).

Step 2:

e At period t+1, start with {,u,ffl (w, @), pi3° (w, W) , it (B, asy (w)} . Derive pf3], (w)
and 472, (w) using using equations (1.11) and (1.10).

e Obtain p; ¢41 (W) from (1.12), and then derive the action that each agent takes, a; ¢y1 (W)
depending on the agent’s type.

Step 3:

e Repeat Step 2 until ¢t = T'.

1.9 Appendix B - Incomplete Information Bayesian Algorithm

We now describe a modification of the above environment, wherein individuals can be either DeGroot

or Bayesian. The main difference comes from the initiation of the algorithm with an expanded type

space:
T
W (w) = b= (s,m) = (PP (1 — ) 2% [ w1 = )™ (1.20)
i=1
H6=0 (w) = ™ (s,m) = (0 = gy =y ) [T (1= ) (121)
t=1

Note that the assumption of independent types is immaterial to the description of the algorithm:

we could substitute in principle the term []7_, 77 (1 — m;)' ™™ for some function F (n) = Pr (n).
The extended type space, or signal, is now a draw of the signal and a draw of the learning

process. After each agent sees her “signal” (s;,7;), we can calculate the derived measures over

worlds as

ou'?jl (’U),_’IE) = Pr ((85 77) ’ (—3—;’ ”_7;) | (si’n‘i) 0= 1)
Pr(w|60—=1)Pr((si,n) | w,0=1) 0if 8; # 5, or m #75

. s — - pd= L (w) )
> zew Pr(2) Pr((si, m) | 2,0 =1) Zzewug=1(°z) Brisimlz6=1) otherwise

and similarly for ufjo (w,w) . For the other needed objects for the algorithm, we use:
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lifs; =1
0 otherwise

a;) (W) = {

@) pif 5 =1
Pit | —pifs=0.

For the rest of the algorithm, the action rule will depend on the type. Let aft (w) denote the
probability with which agent i at stage ¢ plays a = 1 in world @ if she acts as a Bayesian and a% (w)

be the analogous if the agent acts as an M —weighter. The action profile at time ¢ is

al, (w) i =1
all(w) if 7 = 0.

ais (W) = {

1.10 Appendix C - Filtering

Here we describe a filter to estimate the probability that an agent is Bayesian. Let
Fo () = Pr(n| lo, %)

be the probability of a given agent being Bayesian, where I is the information set of the statistician
at t = 0. By design of the experiment we know that {s,8} = I. Call s* and 6* the chosen values
by the experimentalist. For example, if type endowments are independent of both # and s and the
location on the network, we have

Fy(n) = f[ k(1 —m) (1.22)

=1

Now suppose that we have calculated such a probability through time ¢ — 1,
Fio1(n) =Pr(n| Li-1, 7).
Next, define

1—cif A4y (n,s*) =1

(1.23)
eif Ajz—1(n,s*) =1.

A1 () i=Pr{aie =1 L-1,(s*, ), %) = {

This is the probability distribution that the statistician has over actions if she knew the true type

endowment. (The probability ¢ is to ensure that as statisticians, we put positive weight on every

history. We may later take ¢ — 0.) This will not be a problem empirically, since all histories have
positive probability empirically.

Observe that A}, (n) = 1(s; = s}) for all n € H for any (reasonable) model that for any agent,

if they see only their signal, they choose their own signal. Let aj be the n x 1 action vector observed
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by the experimenter at time ¢. This function allows us to get the conditional probabilities over
actions of all agents as:

Jaj=1 j:a;=0

Pr(a¢| Iy, (s*,m), %) = ( IT Priase =11 L1, (s%0) %) ( IT @-Prige=1] It~17(3*777))(ﬁ?})

= ( 11 A;‘,t_l(n)) ( I -4 (77)))'

Fia;=1 Ja;=0

We have used in (1.24) the fact that agents randomize over actions independently. Then, after
observing action vector a; € {0,1}", the statistician updates her beliefs over types as

_ Pr (/’7 l It—lﬁfr) Pr (af ‘ It~1777,ff)
S P | Ii-1) Pr(ag | Ii—1, 7, %)

e (n) (Hj:a,]*,:l A:,t—l (’I)) (Hj;a;:o (1 — A1 (77)))
e B (TLiag 1 Aect @) (Tjag—o (1 = Afmi @)

(1.25)

Fi(m) Pr(n| It—1,a")

I

Finally, to finish up the algorithm, we need to calculate A, (n). This comes directly from the
algorithm described above. The algorithm then to get the distribution of n conditional on the whole

set of information is:

Step 1: Initiate algorithm with Fy(n) as in (1.22)and an action function A* as described
above. Moreover, introduce information about s* (only thing that we actually need)

Step t < T : Taking .Af,_, () as given, run learning code as in the previous section and calculate
A () as in (1.23)

Step t = T : Once A;7_; (7) is calculated, calculate likelihood over type endowments as

Pros (1) (T, o1 Atz ) (o (1= A1 )

Fr(n) = - . (1.26)
Saen Pro (1) (T, 1 A1 @) (Tiagmo (1 = Atz D)
Last Step : Get the probability of being Bayesian of agent ¢ as
Mo (1) :=Pr(m=1)= Y Fr(@). (1.27)

fEH =1
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1.11 Appendix D - Stuck Nodes and Social Quilt Trees

This section describes some results on how nodes become stuck and develops an example of a social
quilt tree.

1.11.1 Stuck Nodes

Given an undirected graph G = (V,F) and a subset of nodes v C V we define G,=(v, E,)as
the induced subgraph for subset v, where E, = {(ij) € E: {i,j} Cv}. Given a subgraph G,
let d;{(G,) be the degree of node i in subgraph G,. Let a; € {0,1} be the action that node
i € V takes at round ¢ € N, which we will assurme follows the uniform DeGroot action model; i.e.

o 1 . 1 o ; 1 1
a;p =1 { e Zje N; @it—1 > 2}. We allow for any tie-breaking rule when T Zje N; Git—1 = 3-

Lemma 5. Take a subset of indwiduals v CV such that there exists h € N with
h<d(Gy,) <d;<2h+1 foralliev

If agents behave according to the uniform weighting DeGroot action model, and at some T € N we
have a;7 = a € {0,1} for alli € v, then aix = a for allt > T.

Proof. The proof is by induction: without loss of generality, suppose a;7 = 1 for all i € v. Of
course, for ¢ = T the result is trivially true. Suppose now that a;¢ = 1 for all i € v and t > T', and
we need to show that a;¢41 = 1 too. Let I; ;1 = EilTi Zje N; @it be the index of uniform weighting.
We then now that I;; > % for all nodes in v, and it suffices to show that this implies I; 41 > %

Observe,

EjEUnNi a’j)t + Z]’GN.,;—‘U a’j’t
2_jeN; Bt _ i > Rt 143 eN, 0 Gt
di +1 di+1 @ di +1
h+1 1
G112

Lty =

2

We have used in () that d; (G,) = h and a;¢ = 1 for all j.€ v. Inequality (it) comes from the fact

Therefore, we have that I; ;41 > % for any ¢ € v, implying then that a;s+1 = 0, as we wanted to
show. 0

This lemma says that whenever we find a subset of nodes v such that each node has more
connections to nodes in v than it has outside v, then whenever they reach consensus, they would
remain there forever. We present an useful corollary of Lemma 5, which we will use when studying
the family SQT..
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Lemma 6. Take a family of nodes v € V' such that there exists k € N such that
1. GGy is a k-regular graph

2.d; <2k+1forallieu.

Then, if agents behave according to the uniform weighting DeGroot action model, and at some
T € N we have a;7 = a € {0,1} for all i € v, then a;¢: = a for all £ > T'.

Proof. Simply take h = k and apply Lemma 5. O

See that any triangle in SQT, is a 2 — regularsubgraph, and that each node in it has d; = 4 <
22 +1 =5, so we apply Corollary 6 with £ = 2. So, whenever a triangle achieves concensus, it
remains there forever.

1.11.2 Social Quilt Trees: Preliminaries

We define S, = {i € V, : i gets stuck} and let N, = # (V,), the number of nodes in SQT,. Our
object of interest is the random variable

#5Sr

Fr (r) = Fraction of nodes in SQT, that gets stuck = N
”

which is a random variable. Our objective is to get an asymptotic bound on F,. Since we do not
yet know whether F, has a limit for almost every realization, we define F and Fas

Z = liminf 7, and F= liiriilgp}} (1.28)
which is well defined for all realizations of the sequence F () and so it is a well defined random
variable. Namely, we want to get the tightest asymptotic lower and upper bounds for the fraction
of stuck nodes. Our objective is to get a number F € [0,1] such that F > F and F < F almost
surely; i.e. P{F<F<F<F}=1

Any SQT, has an initial parent triangle P = (i, %1,42). For any node i € V, we define the
distance to parent d (i, P) = min {d(i,4),d(i,41) ,d (i, 42) } where d (%, j)is the minimum number of
links we have to go through to connect node ¢ with node j. Likewise, given a triangle T" = (i, ik, ¢;),

we define the distance between triangle 7 and the parent triangle P as
d(T,P) = max {d(i, P)}

Definition 7. Given a graph SQT, = (V;., E,) and s € {1,...,r} we define R, the level s ring
of SQT, as the subgraph R, = (V;*, Ef) of nodes that lie in triangles with distance to parent
d(T,P) =s-1.
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Figure 1-12: Outer Rings.

Intuitively, a ring is just the collections of triangles that lie in the s — th level of the social quilt
tree as seen in Figure 1-12. Note that for all s, R, is a graph that consists of disconnected triangles.

Define -~

OR, (k) = | ) R
s=0
as the subgraph formed by the outer rings from r — k to r. This subgraph is also disconnected, with
a lot of components, which now are no longer triangles, but rather “trees of triangles” as pictured
in Figure 1-12.

Let C C OR, (k) be a component (a subgraph as shown in Figure 1-12). The last level of
nodes in every component correspond to terminal nodes. The most important property of these
components is that the only connection between each component C' and the rest of the
graph is the parent node of the component ', denoted by i . This will be the key property

of these components, which we will try to explore.

pee #{OR, (k) NS,)
U, (k) = -
W= ok
to be the fraction of stuck nodes in OR, (k)
# {OR, (k)N S, }

L) = N ™ oR, B}

and

s a #{OR, (k)N S, }

W k) = I S O R, (R))
which is also a well defined random variable. These are the tightest asymptotic lower and upper
bounds on the fraction of nodes stuck in the last k rings. That is, a lower bound on the fraction of
nodes in OR, (k) that get stuck.
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Lemma 8. For allk € N, lim,—c0 #{Oﬁ:(k)} = 2';:1;1.

Proof. Let L, = number of terminal triangles in ring r. Of course, we have that L, = T,_;. Because
of how CSQ, grows, we have the following recursion for L, :

LT+1 = ZLT and L2 =3.
It can be easily shown that
L, =3%2""2 (1.29)

We also need to calculate N, = # (V,). Again, because of how CSQ, is generated, we have the
following recursion for N, :
Nr+1 — Ny = 2Lr+1

and it can be also easily shown that
N, =3(2" = 1) (1.30)

Finally, let ;. be the number of nodes in a component C C OR, (k). It is also easy to show that
ne = 2ktl

Now, we can state the result. Observe that

number of components

o —

nodes per component

# {Or (k)} _ N X Lr——k+1 _ (2k+1 _ 1) 3 x 27‘—k+1—2
Nr Nr 3 (21‘ — 1)
_ ok+1 _ 1 or ok+1 _ 1
T TR\ 1) T TgRrl
as we wanted to show. O

The following proposition is the key to understand how to get bounds on F and F by getting
bounds on ¥ (k) and ¥ (k)

Proposition 9. Suppose there exist functions E,Q : N [0, 1] such that for all k we have
k) <V (k) < W (k) <9 (k) almost surely.

Then, for all k € N almost surely,

k1
F > %Q(k) (1.31)
and . ok+1 _ _
F<i- (——-2k+1 ) [1 -9 ®)]. (1.32)

Proof. Lets focus only on inequality 1.31, since 1.32 follows the same reasoning. See that
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#{0, (K)} (#{0, ()N S} | #{S, — O, (k)}
+

F= —x #10, (M) N,
L #{om) (#{0, (k)nsr})
= N, 710, (5

so, for all realizations,

o RO (v oo (#10, () NS}
E = puinF )= (i HEOD) (g (P00
A 3 (2 () A VPN
= (i, ) w0 - Dt a .
This, together with the fact that ¥ (k) > ¢ (k) almost surely, finishes the proof. O

Note that this proposition is true for any learning model (Bayesian or DeGroot). The learning
model plays a role when calculating the bounds and 1. See that condition 1.31 and 1.32 are
bounds on F and F, which do not depend on k: therefore, these are bounds for all k: the higher k,
the tighter the bound we get.

1.11.3 Bounding stuck nodes in the Uniform Weighting model

To normalize, we will assume that the true state of nature is § = 1, which implies that as r — oo
the fraction of nodes with true signals is p > % The idea is pretty simple: take a component
C = (Vg,Ec) C OR(k,r). As we mentioned before, the only connection between C' and the rest
of the graph is through the parent node ic (as seen in Figure 1-12). Let W¢o = {0,1}" be the
set of signal endowments for nodes in C. We will try to find a lower bound %, (w) for each signal
endowment realization in C such that, when signal endowment is w, the fraction of stuck nodes in
C is larger that 9y (w)fraction of stuck nodes in C' if endowment is w > ¥, (w). If we can find such
¥, (w), then we can use a law of large numbers to argue that

Y (k) = ¢ (k) = Epew, {ﬁk (w)} almost surely

because the realizations of w in each component C is independent of each other. Likewise, if we
can find a function 1, (w) to bound from above the fraction of stuck nodes, and then

U (k) > ¢ (k) = Ewew, {¥r (w)} almost surely

Imagine first that the signal endowment of the upper triangle in C is (0,0,0). Then, using
Lemma 5we know that the upper triangle of C will get stuck from period ¢ = 1 on, and we can
get the expected value of stuck nodes in C from there on. See that the fraction of nodes that get
stuck in this component is only a function of the realization of w € Wy, which is independent of
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the realization of the signal endowment of other components on OR, (k)

When the signal endowment of the upper triangle in C is different from (0,0, 0), we make use
of the other property we knew from C : that the only connection to the rest of the graph is through
ic,the uppermost node in C. Therefore, a way of getting a lower bound on the number
of nodes that get it wrong, is assuming that from round ¢ = 2 on, node ic knows the
truth, and plays a;.; = 1 for all ¢ > 2. Intuitively, we are making the graph to have the biggest
effect possible in convincing nodes in C that actually, § = 1, which can only do by making a;.¢ = 1
for all rounds other than ¢ > 2. Once we have that, we can simulate the learning model on ¢, and
calculate ¢y (w) and 1, (w)in this way.

There are two ways of calculating Eew,, {Qk (w)} :

1. Doing it explicitly: This can be done for £k = 2 and k& = 3, because # {Wc} = 128. The
bound when k = 3 is the one we present in this paper.

2. Monte-Carlo: Of course, as k goes bigger, it is computationally unfeasible to calculate the
expected value of 9, (w) explicitly, since

#{We) =221 = O (exp (exp (K)))

which grows super-exponentially. However, we can simulate random draws of w € W and

get an estimate for Eyew, {_di . (w)} using law of large numbers.

The above method will also work for different learning models on the SQT, family.

1.12 Appendix E - Proofs

Proof of Proposition 2. The first part follows from Mossel et al. (2012). The second part follows
from (Golub and Jackson 2010), since every node has degree 2 or 4, Corollary 1 applies. Namely,
maxi<i<n ﬁf — 0 along our sequence and therefore the social learning process is wise. The third

part follows from Lemma 8. 0

Proof of Proposition 4. Let g(n,T) be the number of calculations for the original model (with no
trembles). It is given by
t=T
g(n,1) =Y (¥ 27+ = nT(4" + 2°F) = O(nT4").

t=1

Meanwhile, let f (n,T) be the number of calculations that needs to be done for a network of size n
and played for T rounds.
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f(n,T)

T T ya
> n2mt(1 4 2™) = 2n (Z ™ 4 24'“)
t=1

t=1 t=1

2n(T+1) —9n 4n(T+l) —4n T
= 2n[ ra i ey =0 (n4™).

Thus, the complexity ratio between the model with trembles and the model with no trembles is

n(T+1) _on n(T+1)_y4n
n,T) 20|+ St
! —_—

- —o 1 yner-y)
g(n,T) nT'(4n + 2nt1) T

which completes the proof.
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Chapter 2

A Note on Payments in Experiments of
Infinitely Repeated Games with

Discounting

2.1 Introduction

Many lab experiments study behavior in repeated and dynamic games. The goal is to study behavior
in a game specified by theory, which we call the target game. Typically, a participant plays a round
of a game which then continues to the subsequent round with a given probability. In order to
incentivize participant behavior, the experimenter pays the participant as a function of the history
of play. Initially, the experiments in the literature paid participants for every round that they
took part in. However, in order to compensate for self-insurance across rounds, some experiments
moved to paying individuals for one randomly chosen round. An example of the argument offered
was that “this payment structure prevents individuals from self-insuring income risk across rounds.
The utility maximization problem of the experiment matches that of the theoretical model” ((?)).
Examples of studies in the literature that either paid participants for all rounds or random rounds
include Murnighan and Roth (1983), (7), (7), (?), (?; 7; ), (7), (?), (?), Chandrasekhar et al.
(2011), among others.!

In this paper, we present a general framework to think about payment in experiments. We argue
that the payment scheme used may induce a game different from the target game; researchers must
be cognizant of the game they induce their participants to play. As such, researchers ought to check
whether their mode of payment implements the same subgame perfect equilibria (SPE) outcomes
as the target game, and if it does not, they ought to account for this in their analysis.

1(?) note that paying individuals for a randomly chosen game introduces a different form of discounting and
show that the discount factor converges to the right one mandated by the target game. However, they argue that
this alone suffices to show that payment for a randomly chosen round approximately implements the target game —

a claim which we show to be false.
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Our core results are as follows. First, we establish a test based on (?) to see if a payment scheme
implements a particular SPE: the set of implementable actions at any given history must be inde-
pendent of the history. Second, we argue that there is a simple payment scheme, paying individuals
for the last round in which they participated, that implements the target game. Third, we discuss
the payment scheme which pays individuals for all rounds, show that it does not implement the
target game, and even induces individuals to become asymptotically indifferent about their actions.
Fourth, we discuss the payment scheme which pays individuals for a round chosen at random and
argue that it does not alleviate the problems. We show that it has a set of implementable outcomes
that is generally different from the target game; people will typically behave differently along the
equilibrium path. Moreover, we characterize the mechanics of the behavior induced by this pay-
ment scheme. Paying individuals for a randomly chosen round induces them to discount the future
too much, from any period, relative to the target game. Individuals also become asymptotically
indifferent between decisions.

To make this more concrete, we provide examples where the equilibrium is changed drastically
simply when the researcher changes the payment scheme. Consider repeated Prisoner’s Dilemma
in which, for a certain level of discounting, under the target game cooperation is sustained in
equilibrium. Consequently, paying participants for the last round only generates exactly the same
SPE. However, paying for a randomly chosen round rules out cooperation in equilibrium for.a certain
range of the discounting parameter.

In general, our results demonstrate that distortions are sizeable. For any discount rate and
any dynamic game, the “virtual” net present value (NPV) of a constant stream of consumption at
the first round, under round at random payment, would be at the most half of the actual NPV.
In particular, if the discount rate is 0.95, the “virtual” NPV would be less than 30% the value
under the theoretical model. Moreover, paying in all rounds creates distortions when we allow for
curvature in the utility for wealth.? In an example, we show that for utility arbitrarily close to linear
(CES utility with almost zero elasticity of intertemporal substitution) the implementable outcomes
are indeed very different and have very different asymptotic properties. Finally, we note that the
implementation result can be easily generalized for any dynamic game with discounting.

A windfall of our results is that it allows a researcher to correct her theoretical predictions if
she was interested in estimating a structural model form the lab experiment data. By explicitly
characterizing the discounting induced by the payment mechanisms as well as its impact on the
induced game, we suggest that a researcher interested in structurally estimating parameters simply
use the corrected model when performing structural estimation.

The papers closest to ours are (?) and Sherstyuk et al. (2012). (?) study an infinite-horizon
risk-sharing game note that the discounting behavior under random payments can be different, but
argue as the incentive compatibility constraints in their game converges to those of the target game,

2Under risk-neutrality, all round payment would implement the same set of SPE outcomes, though we show in
Section 2.6.2 that this result is not robust.
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later rounds should be representative of equilibrium behavior in the target game. Sherstyuk et al.
(2012) concurently and independently of us study the three payments schemes — all round, random
round, and last round — but do so in an experimental study of repeated prisoner’s dilemma. Their
findings complement ours as they show that last round payment and all round payment generate
comparable behavior whereas random round payments generated less cooperation. Our general
treatment of the theory nests the discussion of both the risk-sharing games as well as risk-neutral
examples such as the prisoner’s dilemma as special cases.

The remainder of the paper is organized as follows. In Section 2.2 we present a simple example
to provide intuition about our results. In this example we show an example where the round at
random payment scheme induces a game which generates potentially different equilibrium paths
than what would have transpired under the target game. Specifically, if individuals were payed
correctly, cooperation would have been sustained in equilibrium but for a range of the parameter
space, employing the wrong payment scheme rules out cooperation. Section 2.3 establishes the
general framework and develops a test of whether a payment scheme implements the target game.
Section 2.4 demonstrates that the last period payment scheme implements the target game. In
Section 2.5 we study the payment schemes from the previous literature, payment for all rounds and
payment for a round chosen at random, and characterize the mechanics of the problem. Section 2.6
discusses our results in the context of a simple model of savings behavior. Section 2.7 concludes.

2.2 A Simple Example

We begin with a simple example of infinitely-repeated Prisoner’s Dilemma. Let the stage game be

described by the following per-period payoffs in utility space, where @ > 1, a — b < 2, as in (7).

C D
cCl| 1,1 | =ba
Dla,-b| 00

It is easy to see that under grim trigger punishment, cooperation is enforceable if and only if
p>1— é.3 To begin, let us suppose that a = 3, b = 3/2, and 8 = 0.7. Cooperation is sustainable
if and only if 8 > %

Assume that a participant is told that she must play the game in period 1, and that the game
will continue with probability 0.7 (in every period when the game is still not over); she will continue
to play until the game ends. She will be paid her payoff from a (uniformly) randomly selected round.

To show that the equilibria of the theoretical game, and the experimental game are not the same,
suppose that cooperating forever, and playing grim trigger in any history different from ht = (C, C’)t,
is an equilibrium. This will generate a contradiction.

S5This follows from (1 ~B)+8>(1—-Bla<=B>1-1
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In round 10, after having cooperated for 9 periods, if players have gotten there, the payoff of
playing to the proposed equilibrium is 1. This is because the history will have been (C,C)*, which
paid 1 for each player. However, the payoff of playing D is larger than 1.

Finish at ¢ 10 11 12
Probability 1-81(1-881~-pB)B%
Payment of defection | 1.2 1.09 1

One can check that

- 9 3\ o 9 30\
g(l—ﬁ)ﬁt (10+t+ 10+t) —2(0-7) (0.3) - (10+t+ 10+t) = 1.0116

S0 cooperation is not an equilibrium.

This implies is that paying participants for a randomly chosen round (RCR) induces a different
discounting process, which may generate different equilibrium outcomes. In Section 2.5.1, we provide
a complete characterization of the induced discounting.

For our Prisoner’s Dilemma example, note that in the theoretical model, cooperation is sustain-
able if and only if 8 > 8* =1~ %, whereas random round payment induces a different threshold for
cooperation, which we denote ™. It follows that if the researcher selects 8 € @*, ﬁ'“), though
cooperation would be enforeable under the theoretical model, the random round payment scheme
cannot sustain a fully cooperative equilibrium.

To illustrate this, we repeat the (infinitedly repeated) Prisoner’s Dilemma exercise for several
values of a and b. We present threshold values of 8 above which cooperation can be sustained.

Theoretical Model g* | Randomly Chosen Round g™
a=2 0.50 0.57
a=3 0.67 0.82
a=4 0.75 0.90
a=>5 0.80 0.92
= 0.83 0.94

The remainder of the paper extends this intuition into a far more general context. We characterize
the biases that emerge from random round payment as well as all round payment. Furthermore,
we develop a metric to measure the extent of the bias. However, moving to a general framework
requires more machinery, which we develop in the next section.
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2.3 Framework

2.3.1 Setup and Notation

The researcher is interested in conducting an experiment to test behavior in a repeated game I,
specified as

I':.= {{Ai, ’ll,iIRzo =R, Ti:HAi—‘)RZO} s '66(0? 1)}

i=1 i=1

where A; is the strategy space for agent i, and A = [[;_; 4; the set of action profiles. Utility of
agent i over sequences a = {at};o € A% is given by the time separable utility function,

U;(a) =(1 - B) Zﬁtui [ri(at)]
t—1

where £ is a common discount rate across agents, r;{(a;) is the monetary reward of the game and
u; (¢} is the utility of wealth in the theoretical model.

Let H = U2, A* be the set of all possible histories and define a pure strategy for agent i as a
function ¢; : H — A;, which specifies after each possible history of play h* = (a1, a2, ..., a;-1), an
action a;¢ = o; (h*). We will also denote o;|h* to be the conditional strategy on history h’. Given
a strategy profile o = (071, ..., 0n), the outcome of o is a sequence a (o) € A% of actions prescribed
by o.

We write SPE (') to denote the set of all subgame perfect equilibrium profiles®. A sequence
a = {at}io, is an implementable outcome if there is an SPE profile 0 € SPE (T") such that a = a (o).
The set of implementable outcomes is denoted by O (T') € A%. Given a history hf, let O (T'|h?) be
the set of implementable outcomes of the subgame starting from the node at ht.

2.3.2 Payment Schemes and a Test of Implementation

The researcher wants to test I', which has an infinite horizon and in which agents have exponential
discounting. As such, she has to design an alternative finite repeated game I' with the same
strategy space, to test the predictions of game I'. It is a well known fact that the infinite horizon
and exponential discounting nature of I can be replicated by a game that ends in 7" periods, where
T is a geometric random variable with prbability of termination 3, whose realization is not known
to the players; Pr (T =1) = (1 — ) ft. We write T ~ Geom(f3).

To test the predictions of game ', the researcher chooses a payment scheme R = {&(ht) }i that
specifies, for each history hf, the payment that agent ¢ should receive, in terms of a distribution
R;(ht) of monetary rewards at the end of the game.

4A profile o is a SPE if and only if, for all histories k* € H we have U; [a (o | k*)] 2 U; [a (61,0-: | h*)] for all ¢
and all 6; € 3;
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For example, she might choose the following payment scheme:

:(as) with prob. L for all s <t t=T
Ri(ht) = ri(as) with prob. ; fo s ”

0 otherwise.

We will call this the randomly chosen round payment scheme (where the choice is uniform at
random) and we will denote it R,.... The payment scheme induces a new repeated game, which we
will call f(R). At any history k%, the individual evaluates future sequences according to:

UR (a| ht) =E {u; [R; (W7 | )]} .

If the researcher wants to test the predictions of game I", the payment scheme used must not
change the predictions of subgame perfect equilibria of the original game I'. This is formalized in
the next definition.

Definition 10 (Implementation). We say a payment scheme R = {Ri(ht)}z. implements T if the
set of implementable outcomes from I’ and from T (R) coincide, i.e. O (f (R) |ht) = O (T|h?) for
every ht ¢ H.

We refer to such schemes as implementing schemes. Given a payment scheme R, we are in-
terested in studying whether it implements I'.It is easy to show, following (?), that under some
mild conditions, any implementing scheme must be “memoryless” in the sense that the set of im-
plementable outcomes under any history h® is independent of the history itself. If the the payment
scheme has history dependence, we might suspect that it is not an implementing scheme.

(i) SPE(T) # @, (ii) A = [[:= A* is a compact set, and (iii) u; (;(-)) are continuous functions
ofac Aforalli =1,2,..,n.

Proposition 11 (Corollary to (?)). Under Assumption 2.3.2, if R implements T, then O (f (R) |ht>
O(T) for all ht € H.

By making payments R;(h*) depend on ¢t and on past history ht~! we will typically violate
this property. We will show that both paying individuals for a randomly chosen round and paying
individuals for all rounds (with any amount of curvature of the utility function) will typically violate
this property. This is because when we pay for all rounds, the payment scheme explicitly depends
on the entire history and when we pay for a randomly chosen round, the incentives faced by the
agent will depend explicitly on the round number . However, in the next section we show the
existence of an implementing payment scheme that essentially works for any game.
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2.4 Last Round Payment

Define the scheme Ry,q by

ri(a ith prob. 1 t="T
Ri(hty = { 7o) With D if
0 otherwise,

where T ~ Geom(/3). Here we pay agents for only the last period of the game. Having arrived at a
history h*~!, the payment scheme prescribes that with probability 1 — 3 the game ends and agents
get as final reward r;(a¢). With probability 8 the game continues at least for one more period, and
whatever was played at time ¢ does not enter into the final payment. As this payment scheme does
not depend on the history h*~!, the implementability test implied by Proposition 11 is satisfied.

Proposition 12. For all h* € H and all a € A, we have
URest (a| bY) = U; (a] BY),
which implies that SPE (I') = SPE (f (Rla,st)) . Consequently, Ryae implements T.
Proof. The proof follows from the fact that, for any history h* and any sequence a | h* we have that
N oo
U fHas (a|h?) = Er {ui [ri(aes7))]} = Z (1 — B) Btui [ri(aess)) = Ui (a| hY)
. s=0

because T, being geometric, has no memory. Since in both games I' and f(Rlast) utilities are mea-
sured identically for all subgames starting at any history h?, it follows that SPE (T') = SPE (f (Rlast))

and V (T) = V (f(R,ast)). | n

This argument is easily generalizable for any multistage game with observable actions, time
separable utility and common discount factors.’

2.5 Payment Schemes in the Literature

We now turn to payment schemes used in the literature. A number of experiments have paid
participants for their total earnings across all rounds in the game. Noting that the curvature of
utility of wealth may cause the participant to deviate from the modeled behavior, experiments have
turned to paying participants for a single randomly chosen round. First, in section 2.5.1 we review
the payment for the randomly chosen round payment scheme all rounds scheme and analyze how it

5We note that the utility functions, strategy spaces, and common discount factors can all be history dependent.
For instance, this payment scheme is implementing for dynamic games with capital accumulation, savings, etc., which

are often of interest.

71



alters participant behavior. In section 2.5.2 we look at the all round payment scheme and explicitly
characterize the curvature effect.

2.5.1 Payment for a Randomly Chosen Round

In this subsection we argue that the round at random payment scheme introduced in Section 2.3.2
also fails the test of Proposition 11 and does not generally implement, I'. Moreover, we characterize
the behavior induced by this payment scheme. Individuals discount the future too much in any
period and become asymptotically indifferent between their choices. We develop a formal measure
of the distortion to be able to quantify these biases.

We begin by defining the functions

o gk
1(B,0) = Y o and m (5,1) = B0 (21)
k=0

We catalog their properties in Appendix 2.9. These are modified discount factors and, as we will
show in Lemma 22, allow us to write down exactly how randomly chosen round payment can be
represented as discounting with 7. Specifically, utility of outcome a from time ¢ = 0 onward can be

written as
UF (a) = (1= 8) Y. n(B,t) u; [r: (ar)) 2.2)
t=0
and at any history At
i
OF (alht) = (1=B)n(Bt)> wilr: ()] (2.3)
k=0

o0
+ B {(1 —B8)Y B (Bt +1+s)ur; (at+s+1)]} :
3=0
From (2.2) we see that the implied discount factor is A'n (8, t) instead of just At. This means that
individuals in game T (Rrer) discount future flows of utility too rapidly in the induced game relative
to I. Moreover, we can see this from the fact that lim; . 7(8,t) = 0 (see, Lemma 20) that
nBt) B _

tl—If& Gt =0

As a practical matter, we should expect agents to behave much more impatiently than in the target
model. This comes from the fact that, when choosing a1 at t = 1, the agent should internalize not
only the fact that she should receive (1 — ) u; [r; (a1)] utils at ¢ = 1, but that this also affects the
expected utility at time ¢ = 2 by (1 — 8) B3u; [r; (a1)], at time ¢ = 3 by (1 — B) f24u; [r; (a1)], and
so on. Ultimately, this increases the weight of time ¢ = 1’s decision on lifetime utility as it shows
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up in every subsequent utility computation. The next result illustrates the shape of the distortions
caused by round at random payment.

Proposition 13 (Implementable outcomes in /I‘\(R,r(,r)) Suppose Assumption 2.3.2 holds. Under
R,.r a sequence a = {at}oeq i an implementable outcome of f(R,w,) if and only if for all t € N
and all i € {1,2,...,n},

ait € azygi%‘(l — B)u [rs (@, a_s )] + BWi (@i, as¢) (2.4)
a; i .
with
~ .W_i (t) . a; # aqt
Wi (ai’ a_i’t) - oo | n(Bt+1+s) if ' ' ’
(1-8)22% [‘—,,(737)“‘] Bui [r: (arts)] otherwise

where W, (t) is the value of agent i’s optimal punishment in game I'; (as defined in Lemma 23),
W, (t) = min {vi vt e R with (’Ui,’l)_i) eV (f‘t)} .

Proposition 13 illustrates the nature of the distortion over the set of implementable outcomes
generated by Ryer. Condition (2.4) is nearly identical to the implementability condition of game
T; the crucial distinction is that future rewards are further discounted by the term n(g,t)~"
n(B,t+s+1). Asnisdecreasing in ¢, we have that n (5, ty"1-n(B,t+ s+ 1) < 1. This immediately

implies that for all s,
n{B,t+s+1)

n(B,1)

Consequently a participant is more impatient in f(R,m) than in I'. In addition, punishments

B* < B*.

after deviations, W, (t), are also at least as small as the optimal punishment in game I" because of
the greater discounting which also affects the set of implementable outcomes at time ¢. That is,
W, (t) < W;. Moreover, the fact that the implementability condition (2.4) depends on ¢ also may
violate the test devised in Proposition 11.

It turns out that in the long run (for ¢ large enough), the implementability condition of sequences
inT and T (Rgrcr) are arbitrarily close. (?) document this phenomenon in a model of rish sharing
with limmited commitment. We confirm this in Lemma 21, showing that

lim n(B,t+s+1)

8 __ 18 : - oo MBitts+l) ns
Jim 7 (B.0) B° = p% and limyyoo (1 — B) D eup Gy B =1

This means as players keep on playing the IC constraints of the actual game and the induced game
are not very different. (?) take this as evidence that R,., “almost” implements I'.

We caution that this argument does not follow, for several reasons. First, as shown in the
Prisoner’s Dilemma example of section 2.2, subgame perfect equilibria may exhibit path depen-
dence. Second, the speed of convergence of the incentive compatibility constraints is rather slow,
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as discussed below. Third, (?) assess convergence in terms of the implicit discount rate. We argue
that the correct measure of convergence ought to use the present value of fixed income streams,
which we show to converge at a much slower rate. Fourth, we prove that the participants will
exhibit asymptotic indifference: even though the IC constraints of the target and induced games
are asymptotically similar, agents simply will not care about what happens in any continuation
game if ¢ is high enough. The reason is simple: if a participant has been playing for a long enough
time, whatever she does today only negligibly affects the expected value the lottery that she faces.
Moreover, as she is discounting, the effect of future payoffs on the expected value of payments is
also negligible. We formalize this idea below.

2.5.1.1 Asymptotic Indifference

Definition 14 (Contribution). Let H : A% — R be some function that has the property that it
can be written as

o
H(a) =Y F(s,0,)
3=0
for some function F : N x A — R. We define the contribution of a, to H %
C(H|s)(a):=F(s,a,).
Likewise, let I C N index set. We define the contribution of {ax},c; as

C(H|T)(a):=)_F(k,ax).

kel

Example. Take Uf(a) = (1 — 8) 352, B* tu; [r; (as)] as the time ¢ utility for agent i in game I at
all subgames that start at date t. Then

C (Ui 1) (a) = (1 ~ B us [ri(ar)]

and

CUils>t)@=01-8) 3 B tuilrn(al).

s=t+1

For the particular case of a stationary path (i.e. u; [r; (as)] = 4, for all s) then we can simplify the
above as
C(Uf|s>t)(a) = Biu

Note that both are time independent and non-negligible.

Proposition 15 (Asymptotic Indifference). Let @* = max,e4 u; [r; (@)]. For all histories h™° and

SThe contribution of a; to H is simply the Radon-Nikodym derivative of H with respect to the unit measure.
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alla € A,

C(UF 1) (@) < & (1= B)n(B,1) = w' + 0 (%)

and for all histories h*™,

_ » . p? 1
J¢ ; <at(l— Y 7L — =
so both expressions converge to 0 as1 — o

2.5.1.2 Measuring Distortions in Implementability and Payoffs

Equation (2.4) allows us to compare the implementability constraints quite easily. In each of the
expressions, the present is evaluated in the same manner, (1 — ) u; [r; (a¢)], and the only differences
come from discounting future payoffs, which is time dependent.

We now develop a measure of the distortion. Suppose we consider a constant outcome as = a
for all s > t at time ¢, which generates a constant stream utility. The theoretical expected present

value from any history h' onwards, which we will denote by Wy, is
o0
W= —B)Zﬂsu = .
s=0

On the other hand, the when we do this computation in the game f(RRCR), we have from the
incentive compatibility (IC) constraint of Proposition (13),

= s nBit s+ )] b 18(88)
We=0 ’”;[ e L

Then, for any utility level u, we can define the ratio of present values p; as

_We_ (B0
b= = (L= B) T (25)

We show that p, = 1 and p; < 1 for all £, since agents behave as if they discounted the future
more than they actually do. With (2.5) we are equipped with an explicit measure of how bad the
problem is.” This is a measure of the distortion in the implementability condition.

In Figure 2-1 we explore the behavior of this ratio for different values of 3, as t grows.

"We can calculate the functions 7 and 7 accurately using the finite integral formulation in 3 and 4 in Lemma 20.
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Ratio IC, over time
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Figure 2-1: Presents the IC Ratio vs Time

We note that for § = 0.9, at round 1 the ratio is less than 0.3, which implies that agents valuate
relative future relative utility streams at 30% the value in the target game, which gives a sizable
measure of the distortion of incentives in the implementability condition (2.4). Even by round 10
this distortiuon is on the order of 60%. In addition the figure displays a uniform bound across all
discount factors. To demonstrate how the slow convergence relates to the asymptotic indifference,

we introduce the relative contribution at time ¢ as

C(Ui|s>t)
CUils<t)+C(Ui|s=>t)

Relative contribution at ¢ :=—

This captures the share of one’s utility which is comprised of today’s and subsequent periods’
decisions. In the target game notice that the relative contribution is identically 1 at all periods. By
studying the behavior of the ratio of present values p; and the relative contribution together against
time, we can see that as p; slowly converges to 1 (and the distortion becomes arbitrarily smaller),
meanwhile the relative contribution rapidly converges to zero. We show this in Figure (2-2).
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Relative contribution of present and future, and Ratio IC for p = 0.9
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Figure 2-2: Presents the IC Ratio vs Time as well as the Relative Contribution vs Time

Note that by period 10, the relative contribution has dropped to 0.44 and the IC ratio is merely
0.67. This figure suggests that by the time that the valuation of relative future utility streams are
close to the target game, agents are “almost indifferent” about the potential continuation histories

they could face.

2.5.2 Payment for All Rounds

Paying individuals for all rounds may not implement the model I'.* We establish that the payment
schemes may significantly weaken the incentives of the participants as the number of rounds played
increases.

The payment scheme Ry is given by

s=t .
—ori(as) with prob. 1 =T
Ri,t(ht) _ 2870 't( S) p 1f
0 otherwise
where T ~ Geom(3). Given an outcome a = {a;};-, we define R;, (a) as the accumulated rewards
up to time t for agent i; i.e. Ry (a) = Zi:o ri (as) and let Ry (a) = (Ri¢(a), Ras(a), ..., Ruy (a))
the vector of all accumulated rewards up to time ¢. The following proposition gives the obvious

characterization of the set of implementable outcomes of I (Razz)-

Proposition 16. Under Assumption 2.3.2, a sequence a is implementable if and only if for all i
and all t

¥This has been noted in (?) and (7), among others.
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aiy € argmaz(l — ) u; [Rig—1 (8) + 13 (@i, a—ie)] + BWi (@i, a—iz) (2.6)

a:€A;
where
W,(Ri (a)) if @ # iy
(1= 8) 2020 B°ui (Rirs (a)) otherwise

and the function W, (Riy) is the value of the optimal punishment for agent i as a function of i’s

Wi (@i, a-i) =

accumulated rewards.

Proposition 16 shows why there may be a distortion due to Ry. Since agents receive the payment
for the experiment only when the experiment ends, the amount earned up to time ¢ generates a stock
of earnings not yet consumed. If there is some curvature in the utility function u;, then the stock
of unconsumed earnings may affect incentives of agent 7 in all subsequent rounds. In particular, if
utility over monetary rewards were concave, we should expect to see a diminishing marginal utility
of wealth as ¢ increases, which would weaken incentives in the long run. We mention that if utility
was linear in earnings, this payment scheme would not cause problems as past earnings would drop
from condition (2.6).

We formalize these intuitions in Proposition 17. Let

7; = maxri (a) and z; = minr; (a)

be the best and worst possible stage rewards for agent ¢, and suppose that r; > 0.
Proposition 17. Suppose that u; () is an increasing, concave and differentiable function.

1. The range of values for contemporaneous and continuation utilities is decreasing over time.

Specifically, for any history h and any pair of continuation sequences a, a’ € A® we have that

OF<t (a ) b) = TPt (a' | B)| S whl(E+ 1)) (i — 1)
If, in addition, u; satisfies the Inada condition u}(c0) =0 and r; > 0, then as t — oo

sup
a,a’€A>®

URett (a| bt) — R (a' | ht)l - 0.

2. If u is linear (so agents are risk-neutral) then Ry implements T.

Proposition 17 illustrates the nature of the distortion caused by Rai. As time passes the amount
by which an agent’s utility changes must be decreasing. The payment scheme is only implementing
if the participants are modeled as risk-neutral.

This highlights a natural tension that arises in certain situations. If, for instance, one is interested
in studying high-stakes infinitely repeated interaction, e.g. risk-sharing in the vein of (?) or (?),
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there is a tension between having the game have high-stakes payoff to generate realistic behavior and
meanwhile not being able to pay for either all rounds or random rounds due to the aforementioned
biases induced.

2.6 A Model of Savings

An agent has an initial endowment of assets, ap = 0. At each ¢, the agent receives a deterministic
endowment of y; > 0 units and can save any amount at a constant interest rate R > 0. The budget
constraint and no-Ponzi conditions are

¢t + az41 =y + Ra, for allt € N and lim R™%a; = 0.
t—o00

The agent has preferences given by U = (1 — 8) Y 1o, B'u (¢t) where «' > 0 and u” < 0. Arrow’s
time-zero constraint is

oo o0
Z Rl”tct = Z Rl_tyt (27)
t=0

t=0
The usual BEuler equation is v’ (¢;) = SRv' (¢t4+1). In particular SR = 1 yields ¢; = ¢g41 = ¢*. The
consequence of this, of course, is Friedman’s permanent income hypothesis which follows by (2.7),

with
1)
§ )Bt_lc* —

t=1

K

ﬂt_lyt = o = (1 —/3) Z}Bt_l'yt-
t=1

o
i
-

Note that this is independent of the specific preferences we considered.

2.6.1 Round at Random Payment

Suppose that we pay the agent for a randomly chosen round in the above environment. It can be
shown, using the recursive method shown in Appendix 2.9.2, that the modified Euler equation is

n(B,t+1)

w(een) = 28t praerm) < pRv(ersy)
—

which clearly distorts the natural euler equation from the original model. . Instead of consuming
a constant amount, the agent would choose a forever decreasing consumption bundle. To further
our intuition, define R; = 1(8,8)™" - n(B,t + 1) R; as the effective gross interest rate, as the Euler
equation is ' (¢;) = BRsu(ces1). Observe R: < R for all periods; agents will save less under round
at random payment than under the theoretical model. The following proposition shows the extent
of this distortion.
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Proposition 18. Let u(-)be a strictly concave and differentiable utility function. Then

w(c) xn{B,t) >0 ast — o0 (2.8)
g <" | |
To illustrate the previous proposition, assume we have a CES utility function: u(c) = ‘311__;

Using the proposition we can show that

(‘; < ln (8,0 =0 (14).

This implies that consumption under the randomly chosen round payment scheme is infinitely
smaller than the theoretical predicted consumption decision when ¢ — oo. Suppose now that
BR = 1, so that theoretical consumption is constant (i.e. ¢f = c*for all t) and moreover suppose
o =1 (sou(c) =log(c)). Then,
_nB1
Ct =
n(B,1)

so ¢ — 0. Even if the Euler equation does converge to the one of the theoretical model (since

C1 O(n(ﬁat)

n(B,t)"" -n(B,t+1) = 1 ast — oc) the behavior of the solution does not approximate the one
in the theoretical model. In particular, the solution at very large ¢t does resemble a constant
consumption, but the wrong constant. Instead of ¢; = ¢*, it will become arbitrarily close to zero.
Normalizing ¢* = 1 we compare the consumption sequences under the two models in Figure 2.6.1,
under different values of 3. In early rounds agents consume more than prescribed by the theoretical
model. In particular, for § = 0.9 consumption at ¢ = 1 is 8.26 times bigger than consumption in
the first period and at t = 2 is 5.6 times bigger.

2.6.2 Payments for All Rounds

We now consider the case where agents are paid for all rounds. In Appendix 2.9.3 we show that the
modified Euler equation is now

W () = B (R — 1) /(%) < SRl (¢ (2.9)

Again this has the effect of reducing incentives for saving, since the effective gross interest rate for
the agent is R := R, — 1. The extent of the distortion is illustrated by the following proposition.

Proposition 19. Let u(-) be a strictly concave and differentiable utility function. Then

w(c)) AN
) (1 + ;) . (2.10)
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Comparing Optimal Consumption sequences under RAR, with log utility
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Figure 2-3: Consumption Sequences with log utility for RAR.

To illustrate this proposition, we return to the CES example. Notice

all — %
c”*oc(u) —0ast — o,
cf R

so no matter how small ¢ is the ratio between consumptions goes to zero. In particular, consider
the case where 1 < R < 1+ é. This implies that SR > 1 and (R — 1) < 1. The above equations
imply that for any ¢ > 0 we have that

¢l o [B(R—1)]F — 0since (R —1) < 1

but
istlle s (ﬁR)% — oo since SR > 1.

Therefore, we have shown not only that the ratio of consumption goes to zero but also that the
behavior of the optimal solution path is extremely different. Furthermore, notice that this is true no
matter how much curvature (i.e. ¢ > 0) we assume. We highlight this point because we know that
when utility is linear (i.e. ¢ = 0) payment in all rounds does implement the actual game. However,
this result is largely non-generic: allowing for arbitrarily small amounts of curvature (in the CES
family) implementable outcomes are starkly different. Moreover, if the researcher is interested in
larger-stakes games (see, e.g., Gneezy et al.), it may very well be that curvature enters decisions

thereby invalidating all round payment as an alternative to random round payment.
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Consumption in theoretical vs. All rounds, with p=097, 6 =1/2andR=1.2
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Figure 2-4: Consumption in theoretical model versus all round payment

To illustrate numerically this feature, we set g = 0.97, ¢ = % and R = 1.2.° Normalizing the
net present value of endowments so that ¢} = 1, we present the results in Figure 2.6.2.

For AR = 1 we have that ¢! > ¢, so consumption is decreasing even when ¢; should be
constant, similar to what we observed under the RCR payment scheme. Using log-utility, it is easy
to see that cfill ‘

— 7 =B(R-1)=1-Bif Rf=1.

ct
For /3 close to one, this is a rapidly decaying function. Figure 2.6.2 presents a numerical illustration.
Intuitively, an agent who is very patient (thereby facing a low interest rate) can essentially consume
as much as possible in the first period, by borrowing against the flow of future income. Since all
future streams of consumption until the end of the game is kept by the agent, the she wants to
maximize the amount of consumption early on.

Let ¢* = 1 and observe that

o0

il I
clzz:/i‘“]yt: ¢ = s o0asf— 1
t=1 1-8 1-8

Turning to Figure 2.6.2, when 5 = 0.9 the agent consumes ¢; = 9.1 while the upper bound of
consumption is 1_—103 = 10. This has to be followed by a steep reduction in consumption, as seen

“Smaller values of R or o make results much starker.
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Comparing Optimal Consumption sequences under "All rounds payment”, log utility
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Figure 2-5: Consumption Sequences with log utility for All Round Payment.

0.99 the participant gets even closer:

in the figure, in order to be able to repay it. When 3
consumption in the first period is ¢; = 99.01 while =45 = 100.

2.7 Conclusion

We have discussed payment schemes in infinitely repeated games with discounting. When the
researcher is interested in implementing a particular game, the payment schemes often used in
the literature fail. In particular, we have characterized how the implementability conditions are
changed by the payment schemes. We add that since our characterizations are analytically explicit,
one can in principle use the modified implementability conditions to then analyze the behavior in
data generated from these payment schemes. In addition, we have found a simple payment scheme
which implements a much broader class of games by simply paying participants for the last round

of play.

2.8 Appendix A - Proofs

Proof of Proposition 11. Under Assumption 2.3.2, it is a direct corollary of (?) (see also Corol-
lary 2.6.1 of (7)) which says that the set of implementable outcomes is history independent; i.e.
O (T'(h*)) = O(T) for all h as we can always think of the game as being reset. This, together with

implementation, delivers the result. O
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Proof of Proposition 17. Observe that

[T R (a|ht) - {7 R (@' |h") =(1-pB) Z B¢ [u,- (Ri,t + E m_k) — U (R/i,t + 2 7‘£+k)]
s=0 k=1 k=1

where r; ¢ = 75 (ae4) and likewise for rfi,t 1k~ By concavity and differentiability of u;(.), we
know that for all z,y € R we have that

u'(2)(z-y) <ul@)—u(y) <d@) (@-y).

Using ¢ = Rt + Y gy Teak a0d = Rip + D p 1 7 ps

1-58) Eﬂ”ué (Ri,e + Zﬁ',uk) (Z (T'i,t+k - T;,H-k)) < ﬁiRd“ (a | ht) - ﬁiR““ (a'| ht)
8=0 k=1

k=1
<(-58) Z Bou; (Ri,t + ng,t+k) (z (riesn — T‘/i,t+k)) :
=0 k=1 k=1

. 8
As u; is concave, w} (Ri¢ + 35 Tit+k) < v/ (R) and the same for 7}, ,, s0

o0

OF (a | h) = OF (@ | B)| < o (Ra) (1= B) D 8% [rsers = hora
$=0

If r; >0, then R;; > (¢ + 1) r;, implying that

IﬁiRau (alhf) - fjiR“u (a'| ht)l <y [t +1)r] {(1 - 3)258 Fi —ril| Swilt+1)r) (7 - 1)
s=0

as we wanted to show. To show the contemporary utility result, without loss of generality take
r,7 € r; (A), such that » > 7. Then,

W (Rig +7) (r=7) < w[(Rip+7r)(r—7F) < (1 =B us (Rig+7) — (1 — B ui (Rig +7)
< W (Rig +7) (r—7) < (Rig + i) (i — 1)

which implies that
i (Rie +7) —us (Rie + 7)| S wi(Roe + 1) (Fi — 1) <ug[(8+ 1)) (Fi — 1)

as we wanted to show. M

Proof of Proposition 13. (Sketch) The proposition is a direct consequence of Lemma 23: {a:} is an
implementable outcome iff is the outcome of some SPE strategy o, and such strategy has to be
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such that {as 5}, € O(Ty) (i.e. is a SPE outcome of the game starting at sub-tree h?, which is
identical to T';, up to difference in intercepts in the utility functions), which we showed in Lemma 23,
together with the fact that it is continuous at infinity, and has a compact V (It} . Then, following
the same reasoning as in (?) we conclude that we can implement any outcome by using optimal
simple punishments, which has payoff W*(t). Continuation values in I'; are calculated using the
discount function B (8,t + 1,s) for all s > 1, finishing the proof. O

Proof of Proposition 15. From Lemma 22, equation 2.14, we have that for any a; the contribution
of t period strategies is C (U} | t) (ar) = (1 — B)n (B, t) ui[ri (as)] and the result follows from there.
Also, Property 5 in Lemma 20 gives the approximation result (and convergence to zero). For any
history a¢;s, using again equation 2.14, we have

CUH (s 2t +1}) ({aess}y) = BU=F)D 0Bt + 1+ s)uilri(arsies)]

8=0
< Bu(1- mg;tﬂwvﬂuzu ﬂ)ggtﬂw
_ k18" _ L
= ,B’LL»L(I B)Zt—k(kFl) /Buz(l_/@) j:1t+j
= jBI

= pu(1-p) | D= —0) =Bu-Bns(51)
j=0

and the approximation result comes from property 6 in Lemma 20. O

Proof of 18. Using the Euler equation for both the theoretical and the RCR sequence of optimal
;[ % 1 ;%
v () = g ()

u'(cf) =

consumption, we get

and

/( rcr)n(ﬂ7 ]-)

FTRETY T (5
then

w(cy) _ () n(B,t)

@) - wigmn(g,1 -1
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Proof of 19. From before we knew that
!y ¥y __ 1 ! *
w(¢f) = FigTY (c1)

and likewise, we show that

U’(c‘t’“)~——ﬁt_1(R EiCY

() e

Therefore

(|

2.9 Appendix B - Auxiliary results
2.9.1 Technical Results _
Lemma 20. Let  and ¢be defined as in 2.1 and let ng (B,1) := Qn_é_g_t) Then

1. For all B € (0,1) and all £ > 1 we have n(B3,t +1) = % (n(B,t) - 1)

. _ 1 1
2. For t > 1 we can write n(5,t) as n(8,t) = zIn (T—B) 1‘1 (t__z)ﬁ,
5 ¢

3. For all 3,t we can write n(3,t) = %j}, (%) z(l—-z)dz

4. For all 3,1 we can write ng as g (8,t) = 3 oo Lk —fﬂ (ﬁ)t L dz

. ) Mg 88 Mg \Pst) = 2k=0 ek~ = Jo \B) 127

5. For giveng: n(8,t) = t_(lL—,B'f + 0 (%) and therefore lim; 0o 7(3,1) = 0

6. For all 8, s (B,t) = ;(-1—’_3157 +0 (1), and therefore lim¢—o0 75 (8,t) = 0

7. For all B,t, s we have that Y po . % = B°n(B,t+ s)
Proof. We first prove 2. This proof is by induction. For ¢ = 1 we have that

77(/65 1) = Z
1tk
it can be shown, using integration and Abel’s Theorem, that
n(8,1) = log ( . )
’ -8
To prove it, we need to prove the following recursion
D6+ = n6.0 - 1] (2.11)
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and is easy to see that 7 as defined in 2.1 satisfies this recursion. To show that this recursion is

true, we do some algebra:

> e W R B° 1
(gt 1) = Zt+(1+s) ZHJ'ELZ_:OHJ'_HO E{ (ﬁ’ﬂ‘_}
For 3, see that

k trk-1_ B — [Tk _/ﬁ PA
ZB 1—¢3=>Z/3 1—ﬂ:>,§)t+k L =%
dz

=3[ (5)

which is valid since 7 is a power series. For 4 we can also use this to differentiate n:

- o 0 in _OokBk——l
"ﬁ(ﬂ’t)“a_ﬁ(ztﬂc) =2 TR

k=0 k=0
also ( )
o0 d{ L oo ¢
gak-1 — NP 1 Eattk—1 _ B
24+ R e Dl T
kBt (P z |
QCORD == -/ (6) s

For 5, we must show that tn (5,t) — 1 ﬁ as t — co. We can write tn(53,8) = 3 po g t+kﬂ Defin-
ing the sequence of sequences fi(k) := ; o £ Bk is easy to see that f;  B* pointwise. Therefore, we can
use the Dominated convergence theorem to show that lime e t77 (5,8} = Y 5op (hmt 500 THE ﬂk) =
ﬁ. The convergence to 0 of 7 is straightforward and omitted.

For 6 we follow the same strategy, and note that tns(8,t) = > 40y tt’“kﬂk. We have that
&% 7 kB* pointwise, which implies that lime—e0 tng (8,1) = 372 o kB* = (—1—%5

Finally, for 7 see that ¢ (8,t,5) = S0, tﬁfk 50 tﬁ“jjj = B*n(B,t + ) O

Lemma 21. Define the function B(S,t,s), as

t+1+s)

s1 (B,
B(B,t,8) =p 5.0 (2.12)

Then, the following hold:
1. B(B,t,8) < B* for allt,s € N.

2. B(B,t,s) is increasing in t and decreasing in s.
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3 (1=B BB ts)=1-HLEI 41 ast— co.
4. limg00 B(B,t,8) =0 forallt € N.

5. limy_00 B(B,t,s) = B*, so

B(B,t,s) /' B° forall s, as t = oo. (2.13)

Proof. (1) is obvious, since 7 (3, t)is decreasing in t.We first show (5). See that we can write

o0 Bk oo- i i
B{(B,t,s) = Lk=s TITTE _ 2k=s (t+1+k> B

gk
TRodm Lo (i) st

S0
| S (e )y
T s I TIPS > .
) Yo (hmt*m wEh ) k=0

(%) .
()

Using in (¢) the Uniform Convergence theorem (the summand sequences are monotone decreasing

in k). Moreover, is easy to show (with some tedious algebra) that B is decreasing in ¢t and increasing
in s (proving (2)). Facts (2) with (5) implies (1). That B(8,t,8) — 0 as s — oo follows directly
from the fact that 302 . #z8* — 0 as s — oo. Finally,

iB(,Bt s)ﬁiD?f—_s (t+11+k) Bk 1 ii(_l___) gk

LT (B,t) B e \t+1+k) T
1 & 1 k1 Kk +DBE ns(B,1)
n(ﬁ,t)kg};(tﬂﬂw)ﬁ _n(ﬁ,t)kz:% t+i+k  n(B,t)

|
Lemma 22. After history h', time t, the utility of agent i of outcome a = {a;};>, in T (Rrar) can

be written as

t oo

Us(al k') = (1= B)n(B,1) Y uilri(ar)] + B {(1 —B)Y_ BBt +1+s)ur; (at+s+1)1}
k=0 s=0

(2.14)
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Proof. We can decompose the utility as
. 1< ‘
Ui = (=) 5 D) wslri(ag)] + AW (2.15)
k=0

, where Wis the discounted present value of future periods payoffs. We can calculate it as

=(1-5) Z[ Jt+ T (Zu, [r; (ar)] + Zu [r: (at+k+1)])

(1”/3)Zﬁjt+1+ Zuz [ri(a)] + (1 -8 Z t+1+jzuz [7i (@trkt1)] =

t 0o j
A=B)nBt+1) Y wilri(a)] + (1 - 6)2215 wi [ri (agrp41)] =
k=0 J=1k=0
(1-5) (ﬂ,t+1)< i [7i ( )])Jr(l-ﬁ) i[7i ( )] =
n kzou ri (at > uilri (@erks (Zt—|—1+3)

Wi=(1-8)nBt+1) (Z w; |7 (at)]) +(1=B)) B n(Bt+5+ Duilri (aerer1)]  (2.16)

k=0 =0

Therefore, putting together equations 2.15 and 2.16 we get
1 1 3
Ui =(1-5) {; + Bn (8,1 + 1)} (Zuz 4 (at)]> +B(1-p) Zﬁ n(B,t+ s+ 1) uiri (atyet1)]
=0

and using the fact that n(8,t+1) = % (B, t) — 1] 14+ 6n(B,t+1) =n(B,t), we then
get that

t o]
Ui =1 =B)n(B )Y uslri(a)] +B1—B) Y B*n(Bt+ s+ 1) uiri (arys1)]

k=0 3=0
as we wanted to show. O
~ .Y
Lemma 23. Define the repeated game I'y = {{A, Ut’}. o} which is identical to I' in every aspect,
=

only that sequences a = {as}.e are valuated as

i >~ [n(B,t+1+5)
i (a) = (1 — B us (ao) + (1 — ) S | T2 B3 [y (a)] (2.17)
) = 1= pputon) 10-0) Y |1 e

Then, under assumptions 2.3.2, 2.3.2 and 2.3.2, game [y is continuous at infinity (so the single
deviation principle applies), SPE (I'y) # 0, the value set V(I't) is compact, and the following rule
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holds
a={as}X, € 0(y) < Ja'"!: (a’'a) e O(I) (2.18)

Proof. Tychonoff’s theorem implies that the set A*is a compact set in the product topology. The

functions (1 — 3) %}Uﬁsui [r; (.)]is continuous, which implies that U is continuous on A%in

the product topology. Using these two facts, we replicate the proof of Proposition 2 in (?) t
show that V(I'y) is compact. Condition 2.18 follows from Proposition 13 and the fact that I‘t is
continuous at infinity. |

2.9.2 Recursive Method for RCR. payment
The typical dynamic programming program involves solving
V(ze)= sup (1-— ﬂ)Zﬁ F (2, 2t41)
{ze41}2,

such that

Zt+1 € G(xe) VEeN

o given.

The usual Bellman equation is

V(z)= sup (1-B)F (z,2) + BV (z).
+'€G(z)

If we allow for some random variable z and 2’ to be a function of z,

Vi(z,2) = x’esg(ls)v )(1—- B)F (z,2,z) + BE, {V («/,) | z} .

Observe that, in contrast, when paying for a round at random, the problem is
Vizo)= sup (1-B) Zﬁtn (Bt +1) F (¢, Ze41)
{ze41}20 t=0

such that

{«’EH—I eG(x) VteN

Ty given.

We will define H (x¢, Te41,m:) = mF (¢, 2e1). In addition, given 3, 5(8,t) is a strictly decreasing
function of ¢. Therefore, let T' (7, 3) be the inverse.!® Using (2.11) and augmenting the state space

107 (n, B) satisfies (B, T (n,B)) = .
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with 7, which has a known law of motion, yields

V (xo,m0) = sup (1 -5) > BH (w4, 241, m8)

Ty 7nt}t:0 £=0

such that

Te+1 € G (x4) vVt e N

1 1
N1 = B (T]t - T("]t,ﬁ_-)) Vte N

n = 5n (T%’B) and xp given.

The Bellman equation for this problem is simply
V(g = sup (L—p)nF (2,2') + BV (¢,7)
2'€G(x)
such that

/

1 1
B (TI - Tin,ﬁ))‘
2.9.3 Recursive Method for All Round Payment

We want to get the euler equation in 2.9. We can characterize the optimal allocation by means of
the following bellman equation:

V (a,S,y) :n}ze}x(l—ﬁ)u(s—i—y+Ra—a') +BV (d,S+y+Ra—d,y)

where S = Zizo ¢ is the sum of consumptions the agent would be paid if the game ended today.
Assuming that the optimum is in the interior, we have

1-pu (S+y+Ra—d)=B{Va(d/,S+y+Ra—d,y)—Vs(d,S+y+ Ra—d,y)}

(2.19)

and by the envelope conditions we have
Vo(a,S,y) =R(1—-B)uw (S+y+ Ra—d) (2.20)
Vs (a,S,y)=(1-8)v (S+y+ Ra—d). (2.21)

Using 2.19 and substituting for ¢; and ¢;+1, we then get that
u'(ce) = B(R—-1) o’ (ct+1)
as we wanted to show.

91



92



Chapter 3

Credible reforms: a robust mechanism

design approach

3.1 Introduction

In the mind of policy makers, a reputation for credibility is a delicate and hard-won situation.
Policy shifts are discussed with great care and concerns regarding how the public will react. By
contrast, formal models of reputation employing insights from repeated games typically assume a
perfect degree of certainty and coordination. The purpose of this paper is to build on this literature
to model reputation in a way that reflects the uncertainty faced by policy makers.

Following the seminal papers of (Kydland and Prescott 1977) and (Barro and Gordon 1983),
macroeconomic theory has extensively studied the so-called time inconsistency problem of govern-
ment policy. In essence, all time inconsistency problems consist of an authority who needs some
agents in the economy (e.g., consumers, financial sector) to trust her with a decision that will be
taken on their behalf. In the canonical example of monetary policy, a policy maker wants the public
to trust her announcements of inflation policy. The fundamental problemn resides in the fact that
even if the decision maker is allowed to announce what policy she plans to take, the agent’s decision
to trust decision ultimately depends on their perception or beliefs about the (ex-post) incentives
the policy maker will face after they trust her. This creates a wedge between the ideal policies the
authority would want to implement and the ones that she can credibly promise. In the context of
our inflation example, since agents know that the government will have ex-post incentives to boost
employment by increasing inflation and reducing real wages, this will result in an inefficiently high
equilibrium inflation.

The literature has dealt with this problem in two ways. First, some authors have argued that
the government should forfeit some flezribility through a formal arrangement {e.g., inflation tar-
geting/caps and tax restrictions). Second, others have argued that the government should modify
its incentives, either by having reputational concerns through repeated interactions ((Stokey 1989;
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Stokey 1991) and (Chari and Kehoe 1990; Chari and Kehoe 1993a; Chari and Kehoe 1993b)) or by
delegating the decision to an agency with different incentives that will limit its time inconsistency
bias. Examples of such delegation include appointing a conservative central banker ((Rogoff 1985))
or making the monetary authorities subject to a formal or informal incentive contract ((Lohmann
1992), (Persson and Tabellini 1993), (Walsh 1995)). If full commitment to contingent policies is
not available and flexibility is socially desirable, these “incentive reforms” may become a desirable
solution. The key difference between both approaches is that policies that are enforced by incentive
reforms are very sensitive to the assumption that the public knows exactly what the reformed in-
centives are. If the public believed that with a high enough probability, the government still has a
time inconsistency problem, then the situation would remain unsolved. I will model this uncertainty
as the public having incomplete information about the policy makers incentives, as in (Barro 1986;
Phelan 2006), but also allowing the public to have uncertainty about the governments expectations
for the continuation game. The main goal of our paper will be to investigate if, through repeated
interactions, the government can convince the public about its reformed incentives.

Using equilibrium analysis to answer this question typically relies on rather strong common
knowledge assumptions as to how agents play, their priors on the government’s type, as well as
how all parties revise their beliefs. In the particular case of repeated games, predictions of a
particular equilibrium may be extremely sensitive to assumptions as to how agents update their
expectations about the continuation game on all potential histories that might be observed. These
are complicated, high dimensional objects, of which the policy maker may have little information
about. This may be due to the difficulty in eliciting both the higher order beliefs from the public
as well as contingent beliefs on nodes that may never be reached.

The approach I use is conceptually related to the robust mechanism design literature ((Berge-
mann and Morris 2005; Bergemann and Morris 2009)).The policy is required to implement trust
along its path for all feasible agent beliefs within a large class. The class of beliefs that are deemed
feasible is crucial to our exercise, since a larger set makes the analysis more robust, a smaller set
makes it trivial; the feasible set I consider is discussed below. I study the case where the only
constraints on the sets of beliefs are that they are consistent with common certainty of rationality:
every agent knows that the other agents are rational, they know everyone knows this, and so on.
This is the rationale behind rationalizability, which consists on an iterative deletion of dominated
strategies. The present analysis requires beliefs to be such that agents not to question the gov-
ernment’s rationality, unless proven otherwise, which is given by the solution concept of strong or
extensive-form rationalizability of (Pearce 1984; Battigalli and Siniscalchi 2002).

I show that this policy exhibits endogenous transitory gains and losses of reputation. Moreover,
the policy achieves permanent separation (i.e. public is convinced about the success of the reform
from then on) almost surely and it does so with an exponential arrival rate. As the discount
factor of the policy maker increases, the expected payoff of this robust policy approximates the
full commitment first-best benchmark. This policy will also be the maz-min strategy for the policy
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maker regardless of their particular beliefs and hence provides a lower bound both for payoffs as well
as the speed of separation of any strategy that is consistent with extensive form rationalizability.

To understand the intuition behind the results, suppose the public hypothesizes that he faces a
time inconsistent policy maker and has observed her taking an action that did not maximized her
spot utility. To fix ideas, suppose she took an action such that, if she was the time inconsistent
type, gave her 10 utils. Meanwhile, she could have reacted in a manner that gave her 25 in spot
utility instead. The implied opportunity cost paid by her would only be consistent with her being
rational if she expected a net present value of at least 15 utils, and therefore the opportunity cost
paid would have been a profitable investment. This further implies that the government beliefs
and planned course of action from tomorrow onward must deliver (from the government’s point
of view) more than 15 utils, which is a constraint that rationality imposes on the goverment’s
expected future behavior. If however, the maximum feasible net present value attainable by a
time inconsistent government was 10 utils, the public should then infer that the only possible time
inconsistent type that they are facing is an irrational one. However, if such a history was actually
consistent with the policy maker being time consistent (e.g. she had an opportunity cost of 2) then
the public should be fully convinced from then on that they are facing the reformed government.
Therefore, the implied spot opportunity cost paid by the time inconsistent type will be a measure
of reputation that places restrictions on what the public believes the policy maker will do in the
future. 1 emphasize that this will be independent of their particular beliefs and relies only on an
assumption of rationality. I also show that this is in fact the only robust restriction that strong
common certainty of rationality imposes, making the implied opportunity cost paid the only relevant
reputation measure in the robust policy. Moreover, I show that the optimal robust policy can be
solved as a dynamic contracting problem with a single promise keeping constraint, analogous to
(Thomas and Worrall 1988), (Kocherlakota 1996) and (Alvarez and Jermann 2000) in the context
of optimal risk sharing with limited commitment, which makes the analysis of the optimal robust
policy quite tractable.

The rest of the paper is organized as follows. Section 3.2 describes two macroeconomic ap-
plications of time inconsistency, monetary policy and capital taxation, which are informed by our
theoretical results. Section 3.3 provides a brief literature review. Section 3.4 introduces the stage
binary action repeated game, and introduces the concepts of weak and strong rationalizability. Sec-
tion 3.5 defines the concept of robust implementation and studies robust implementation for all
weak and strong rationalizable outcomes. In section 3.6 I study the basic properties of the optimal
robust strategy and the reputation formation process as well as the limiting behavior as policy
makers become more patient. I also study how further restrictions on the set of feasible beliefs
can help accelerate the reputation formation process and in particular find a characterization of
restrictions that generate monotone robust policies (i.e. policies that exhibit only permanent gains
of reputation on its path). In Section 3.7 I study some extensions to our model and discuss avenues
for future research. Finally, Section 3.8 concludes.
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3.2 Examples

I start with some time-inconsistency examples from the literature and use them to motivate my
model and analysis. I focus on two of the most commonly studied questions in the macroeconomic
literature: capital taration and monetary policy. I will illustrate that even if the policy maker
undertakes a reform that solves for her time inconsistent bias, when agents have imperfect knowledge

about the government objectives, a time inconsistency problem of government policy arises.

3.2.1 Capital Taxation

I use a modified version of (Phelan 2006) and (Lu 2012), where the time inconsistent type is
a benevolent goverment, instead of just opportunistic. Consider an economy with two type of
households: workers (w) and capitalists (k). There is a continuum of measure one of identical
households, for each type. Capitalist households have an investment possibility and can invest
g € [0,g] units in a productive technology with a constant marginal benefit of 1 and a constant
marginal cost of I. Workers do not have access to this technology and can only consume their own,
fixed endowment of e > 0.

There is also a public good that can be produced by a government that has a marginal value of
k. to capitalist households and z,, to workers, where z = (2, z,,) is a joint random variable. The
government taxes a portion 7 (z) of capital income after the shock is realized, in order to finance
the production of 7 (2) units of public good. Given the expected policy {7 (z),7 (2)},cz, workers
and capitalists households utilities are given by

Uw =e+E,;[r(2) zu) (3.1)

U =1-71%)q—Iq+E;[r(2) 2] (3.2)

where 7° = E[7 (2)]. A leading example is the case where the “public good” is simply redistribution
from the capitalists to the workers. In this case z, > 0 and 2, = 0.

The optimal investment decision for a capitalist is to invest ¢; = §if 1 —7¢ < I, and 0 otherwise,
since they do not internalize their marginal effect on the production of public good. As a benchmark,
we will first solve for the policy {7k (2),7x (2)},c that maximizes only the capitalist households
expected utility, subject to the government’s budget constraint:

max (I1-Elmn()])qg—Ig+E[ry(2) 2] st 7e(2) <1 (2)q forall 2 (3.3)
qe[O’aLTk(')’rk(')

Given ¢, the optimal policy involves full expropriation (7 (2) = 1,7 (2) = ¢) when zx > 1 and zero
taxes otherwise, which induces an expected tax rate of 7¢ = Pr (2 > 1). If

I <Pr(z<1) (3.4)
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then households expecting policy {7x (z), 7% (2)} ¢z Will choose g = 7. However, this will not be the
policy chosen by a benevolent government that also values workers. After the households investment
decision, and the state of nature has been realized, the government chooses public good production

7 and tax rate T to solve:
max§ (2 + azy) + (1 —F)gst. ¥ < Tq (3.5)
7T

where o > 0 is the relative weight that the government puts on workers welfare.

Defining zy := 2zx + @z, the marginal value of the public good between capitalists and the
government will typically be different, unless o = 0. Solving 3.5 gives 75 = Pr(zx + azy > 1). 1
will assume that 7 > Pr (2 + a2y < 1), so capitalist households will optimally decide not to invest
(g = 0) and no public good production will be feasible. Finally, I assume that the parameters of
the model are such that a benevolent government would want to commit to the capitalist’s most
preferred policy {7x (2), 7k (2)},cz if she was given the possibility. !

To solve the “time inconsistency” problem, I first explore the possibility of introducing a cost to
raise taxes. This means that if taxes are increased, the government has to pay a cost of ¢ > 0. The
government would then optimally choose taxes 7 = 0 and increase them only when needed. She
solves

rr;afxf (2k + @zy) — 1{7 > 0}cs.t. ¥ < Tq.
In this case, the expected tax rate is now 7¢(¢) = Pr (zk + azy > g) By setting ¢ = T to solve
1 — 72 (¢) = I, the time inconsistent government can now induce households to invest, by credibly
distorting its tax policy.

Another way to deal with the problem is to make an institutional reform and delegate the public
good provision to a different policy maker, who has incentives aligned with the capitalist households.

The new policy maker type now solves
II}%Xf(Zk +Ofnewzw) + (1 - 7~') g s.t. ¥ < 7q.
7,7

By introducing a “pro-capitalist government” with cpe = 0, the capitalists most desirable policy
{71 (2) , 7k ()}, would be credibly implemented without the need of setting a cost to increase
capital taxes. Under some parametric assumptions, it will be socially desirable for the benevolent
government (without taken into account the commitment cost payed) to delegate policy making to
the “pro-capitalist” type that does not need to impose tax increase costs to convince households to
invest?.

However, if households were not convinced that they are indeed facing a reformed, pro-capitalist

LThis happens if Pr (zx > D)E (zx + 02w | 2 > 1) + Pr{z < 1) > 0.
2This happens if Pr (z > 1) E (2 + @2 | 2c > 1)4+Pr(zx <1) > Pr (zk + a2y > %) E (zk 4 Qzy | 25+ 0zy > %)—k
Pr(zc + aze <1)
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government, they will need some assurance (i.e. some restrictions to ex post increase taxes) in order
to trust that the government will not expropriate their investments too often. In (Phelan 2006),
the analog to a pro-capitalist type is a commitment type (as in (Fudenberg and Levine 1989)) that
always pick the same tax rate. In (Lu 2012), the government can make announcements, and can
be either a committed type (i.e. one that is bound by the announcement) or a purely opportunistic
type that may choose to deviate from the promised policy, which is analog to the benevolent type
in our setting.

Formally, Let m € (0, 1) be the probability that capitalist households assign to the new govern-
ment to actually be a pro-capitalist type. Then, if there is complete flexibility to increase taxes,
the expected tax rate would be

¢(m) =7Pr{zx > 1) + (1 — ) Pr(2k + aze > 1) (3.6)

Condition 3.6 implies that for sufficiently low 7, we would have 1 — 7¢ (w) < I and capitalists will
decide not to invest. Thus, as long as capitalists perceive that the new government might still be
time inconsistent (modeled by a low =), it will be necessary to set some cost to raise taxes in order
to induce capitalists to invest, even though the government is now a pro-capitalist type.

3.2.2 Monetary Policy

I use the framework in (Obstfeld and Rogoff 1996)3. I assume that total output (in logs) y; depends
negatively on the real wage and some supply side shock 2, according to

Yo = — [we — pe (2)] — 2 (3.7)

where ¥ is the flexible price equilibrium level, z; is a supply shock with E (2;) = 0 and p¢ (2) is ‘
the nominal price level at time ¢ set by the monetary authority. In equilibrium, nominal wages are
set according to w; = E;_ [p¢ (2¢)], to match expected output to its natural level 7. A benevolent
monetary authority observes the shock z; and decides the inflation level in order to minimize devi-
ations of output with respect to a social optimal output 3* and deviations of inflation from a zero

inflation target:
X
2

I assume that k := y; — 7 > 0. This measures the wedge between the output level targeted by

1 x
L=~y +5m. (3.8)

authorities and the natural level of output, which are different due to market inefficiencies, even
under flexible prices.* Defining inflation as 75 (2) := ps (2:) —pe—1, and using equation 3.7, together

3Section 9.5, pp 634-657.
“See (Rogoff 1985) and (Obstfeld and Rogoff 1996) for a discussion of such potential inefficiencies.
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with the wage setting rule, the loss function simplifies to

1 X
L(m, 7% 2) = 3 r—7¢—z—k*+ %wz, (3.9)

where 7¢ = E [ (2)] are the expectations formed by the private sector about inflation (which should
be correct under rational expectations). The full commitment benchmark, in which the monetary
authority can commit, ex-ante, to a state contingent inflation policy = (2), to solve

x(n)in L(n,7¢2) s.t: 7€ =E[r(2)]
w(-),me

with solution

e (2) = and 7¢ =E, [n.(2)] =0. (3.10)

z
1+
In contrast, when the monetary authority cannot commit to a state contingent policy, conditional

on 7€ and z, she chooses 1 to solve:

™+ z+k

3.11
I+x (3.11)

min L (7,7%,2) < 7n:(2) =
TER
By taking expectations on both sides of 3.11 we get 7° = f, which T will refer to the time
inconsistency bias. Equilibrium inflation is then

Tne (2) = % + 7 (2) (3.12)

Output y (2) is identical in both cases, for all shocks. However, E [r2, (z)] =E [r2 (2)] + %27 so the
outcome with no commitment is strictly worse than the full commitment benchmark.

How can the monetary authority solve this problem? A first approach is to formally limit the
flexibility of monetary policy by restricting the set of inflation levels the monetary authority can
choose from. (Athey, Atkeson, and Kehoe 2005) show that this can be optimally done by choosing
an inflation cap 7°, such that 7 (z) <7 for all z. Inflation policy is now

(@ +z+k 7}

ﬂ(zlf):min{ 1 Ty )

®In their paper, {Athey, Atkeson, and Kehoe 2005) solve for the optimal dynamic mechanism for a time inconsistent
policy maker, that has private information about the state of the economy, which is i.i.d across periods, and show that
any optimal mechanism exhibits a constant inflation cap in all periods. In a static setting, shocks can be thought as
private information for the monetary authority, so an inflation cap would also be a characteristic of the more general
mechanism design problem:
max E, [£ (7 (2),n%, 2)]

w(-}me

st Llr(z),n%2] > Ln(),n°% 2] forall 2,7 € Z
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where 7€ (%) solves the fixed point equation 7€ (%) = E, [min {"—e(—’%“;z—Jr,ﬁ ]

An alternative approach, first suggested by (Rogoff 1985), is to introduce institutional reforms
to the monetary authority, with the purpose of alleviating the time inconsistency bias by inducing
changes in their preferences. Imagine first that the government can delegate the monetary policy

to a policy maker type 8 = new, that wants to minimize a modified loss function

new

1
Loew (1,7%,2) = 5 |7 —7° — 2 — k"] 4 ’£-2-~7r2 (3.13)

(Rogoff 1985) suggests placing a “conservative central banker”, that has k™" = k but x™¥ > x, so
that it places a greater importance on inflation stabilization than society does. From 3.12 we see
that increasing the weight x makes the effective inflation bias smaller, and hence may alleviate the
time inconsistency problem at the expense of a milder reaction to supply shocks, as evidenced by
equation 3.11.

By setting k™ = 0 the optimal policy with no commitment for 8 = new would implement
the full commitment solution. This would correspond to having a monetary authority that believes
there are no market inefficiencies and wants to stabilize output around its flexible price equilibrium
level 7. The same outcome can be implemented if, instead of changing the preference parameters,
we add a linear term to the loss function:

Lrew = L+ a|nn]

(Walsh 1995) and (Persson and Tabellini 1993) argue that this can be done by offering a contract
to the central bank governor. This can be either a formal monetary contract® or an informal
relational contract under which realized levels of inflation affect the continuation values for the
monetary authority (e.g. the governor could be fired if inflation reaches sufficiently high levels, as
in (Lohmann 1992)). Here o > 0 represents the relative weight of his self-interest payoffs relative to
the social welfare. By picking n = §- the full commitment inflation policy would be implemented.
While the institutional reform route may seem desirable, these institutional reforms may not
be perfectly observed by the private sector. The public might not be convinced that the monetary
authority is now more conservative or have a smaller time inconsistency bias than the previous one.
Such a problem is likely to be particularly acute because these are changes in preferences, which
involve either delegation or perhaps informal relational contracts that are imperfectly observed. If
this was the case, restrictions such as inflation caps might still be necessary. For example, take the
institutional reform with k™% = 0, and no inflation caps are set. If the public assigns probability

6Suppose the monetary authority minimizes Loia = Lota — o [¢ (x)] where ¢ () is a monetary reward function
depending on realized inflation, and o > 0 of monetary incentives relative to the monetary authorities “benevolent”
incentives. See that by picking ¢ (7) = u™ ! (—n7), a decreasing function of inflation, the contract will induce the
linear component in 3.13, which coincides with the optimal contract in this setting.
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u € (0,1) to the incentive reform being successful, expected inflation would then be
k
=(1-pu)—>0
X

Thus, as long as the public perceives there might still be a time inconsistency bias, institutional
reforms might not be enough, and inflation caps might be necessary to implement smaller inflation
expectations. The literature has studied the case of

3.3 Literature Review

The literature on time inconsistency of government policy is extensive, beginning with the seminal
papers by (Kydland and Prescott 1977) and (Barro and Gordon 1983), where the idea of the
commitment solution (i.e. choosing policy first) was first introduced. The reputation channel was
first explored by (Backus and Driffil 1984) and (Barro 1986), who studied policy games in which a
rational (albeit time inconsistent) government living for finitely many periods may find it optimal
to imitate a “commitment type”. This commitment type is an irrational type that plays a constant
strategy at all histories. They show (following the arguments in (Kreps, Milgrom, Roberts, and
Wilson 1982; Kreps and Wilson 1982; Milgrom and Roberts 1982)) that for long enough horizon, the
unique sequential equilibrium of the game would involve the government imitating the commitment
type for the first periods, and then playing mixed strategies, which imply a gradual reputation gain
if she keeps imitating.

In an infinite horizon setting, (Fudenberg and Levine 1989) show that a long lived agent facing
a sequence short lived agents can create a reputation for playing as the commitment type. By
consistently playing the commitment strategy, the long lived agent can eventually convince the
short lived agents that she will play as a committed type for the rest of the game. (Celentani and
Pesendorfer 1996) generalized this idea to the case of a government playing against a continuum of
long-lived small players, whose preferences depend only on aggregate state variables. The atomistic
nature of the small players allows them to use (Fudenberg and Levine 1989) results to get bounds
on equilibrium payoffs. (Phelan 2006) studies the problem of optimal linear capital taxation, in a
model with impermanent types, which can accommodate occasional losses of reputation. Rather
than obtaining bounds, he characterizes the optimal Markovian equilibrium of the game, as a
function of the posterior the public has about the government’s type.

A second strand of the literature on reputation focuses on a complete information benchmark
with the goal of characterizing sustainable policies. These are policies that are the outcome of
a subgame perfect equilibrium of the policy game, starting with (Stokey 1989; Stokey 1991) and
(Chari and Kehoe 1990; Chari and Kehoe 1993a; Chari and Kehoe 1993b). In such environments,

governments may have incentives to behave well under the threat of punishment by switching to a
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bad equilibrium afterwards. See (Sargent and Ljungqvist 2004)” for a tractable unified framework
to study these issues.®

This paper studies reputation formation on both dimensions: in terms of payoff heterogeneity
and in terms of equilibrium punishments. The main point of departure is that instead of designing
the optimal policy for a time inconsistent policy maker (that wants to behave as if she was time
consistent), I focus on the opposite case. I consider the problem of a trustworthy policy maker
(with no time inconsistency bias) who nevertheless may be perceived as opportunistic by the agents.
Therefore, its goal is essentially to separate itself from the time inconsistent, untrustworthy type,
if possible. The most related papers in spirit to mine are (Debortoli and Nunes 2010),(King, Lu,
and Pasten 2012) and particularly (Lu 2012). (Debortoli and Nunes 2010) study the optimal policy
problem of a benevolent government that has access to a “loose commitment” technology, under
which not all announcements can be guaranteed to be fulfilled. (Lu 2012) explores the optimal
policy of a committed government that worries she might be perceived as a government that cannot
credibly commit to her announced policies. This paper also focuses on characterizing the optimal
policy for the time consistent type (the committed type in her setting) instead of just studying
the optimal policy of a time inconsistent type imitating a consistent one. (King, Lu, and Pasten
2012) apply these ideas in the context of the standard New Keynesian model, similar to our setup
in subsection 3.2.2. Ultimately these papers study equilibrium in an environment where all players
involved know that the government is ex-ante either a type that can commit or not (which holds
for all subsequent periods). They then study a particular equilibrium refinement that happens
to select the best equilibrium for the able-to-commit type. They also show that other equilibrium
refinements such as the intuitive criterion (e.g., (Cho and Kreps 1987)) select a different equilibrium.
In macroeconomics, the most related paper to mine that studies robustness to specific refinements
is (Pavan and Angeletos 2012). They study the robust predictions of any equilibria in a global game
setting with incomplete information.

The literature on robust mechanism design is fairly recent, starting with partial robust imple-
mentation in (Bergemann and Morris 2005), and robust implementation in (Bergemann and Morris
2009). The latter focuses on finding conditions on environments and social choice functions such
that they are implemented under implemented for all possible beliefs, if the only thing that the
mechanism designer knows about the agent’s beliefs is that they share common knowledge (or cer-
tainty) of rationality. When the environment is dynamic, different concepts of rationalizability may

"Chapter 16, pp 485-526
®This principle is also exploited in the relational contract literature ((Levin 2003),(Baker and Murphy 2002)

,(Bull 1987)) where a principal announces a payment scheme after income is realized (the state-contingent policy)
but has no commitment to it other than the one enforced by the threat of retaliation by the agent (not making effort,
strike, quit, etc). Similar themes are studied in the literature on risk sharing with limited commitment ((Thomas
and Worrall 1988), (Kocherlakota 1996), (Ligon 1998) and (Ligon, Thomas, and Worrall 2000)) where a transfer
scheme conditional on the realization of income (the contingent policy) is enforced by threating agents who deviate
of excluding them from the social contract.
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be used, like normal form Interim Correlated Rationalizability (as in (Weinstein and Yildiz 2012))
and Interim Sequential Rationalizability ((Penta 2011; Penta 2012)), among others. This paper
focuses on the stronger assumption of common strong certainty of rationality ((Battigalli and Sinis-
calchi 1999; Battigalli and Siniscalchi 2002; Battigalli and Siniscalchi 2003)) which is also equivalent
to (Pearce 1984) notion of “Extensive-form rationalizability”. In a similar vein, the paper most re-
lated in spirit to mine is (Wolitzky 2012). He studies reputational bargaining in a continuous time
setting in which agents announce bargaining postures that they may become committed to with a
given positive probability. He characterizes the minimum payoff consistent with mutual knowledge
of rationality between players (i.e., one round of knowledge of rationality), and the bargaining pos-
ture that she must announce in order to guarantee herself a payoff of at least this lower bound.
A crucial difference to my setting is the commitment technology, which ensures certain expected
payoffs to the other party, regardless whether they think they are facing a rational opponent or not.
I characterize optimal robust policy in a repeated setting in which one can guarantee themselves

the best payoff that is consistent with (strong) common knowledge of rationality.

3.4 The Model

I now introduce the framework and model. Section 3.4.1 describes the stage game and shows the
multiplicity of equilibria. I then setup the repeated game in Section 3.4.2 and develop the concept
of system of beliefs in Section 3.4.3. Section 3.4.4 introduces weak and strong rationalizability and
Section 3.4.5 argues why we must turn to robustness relative to equilibrium refinements.

3.4.1 Stage Game

There are two players: a policy maker d (she) and an agent p (he). The agent represents the public.
In the no-commitment benchmark, p is asked to trust a state-contingent decision to d, who after
a state of nature z € Z is realized, has to choose a policy that affects both parties payoffs. For
simplicity, I will assume that d has only two options: a “normal” policy that is optimal most of the
time and an “emergency” policy that needs to be taken in certain instances. As a mnemonic device,
we will write g for the normal policy (pushing a “green button”) and r for the emergency policy
(pushing a “red button”). The extensive form game is described in Figure 3-1.
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Figure 3-1: Stage game with time inconsistent type

The random shock z = (Up, Uyq) is the profile of relative utilities of the emergency action r
with respect to g, for both the public p and the decision maker d. I assume this random shock to
be an absolutely continuous random variable over Z = [U ,U]* € R?, with density function f(2).
The subscript “old” serves to remind the reader that these are the preferences of the policy maker
before a reform is undertaken, which will be described below.

To make this concrete, consider the capital taxation example described in Section 3.2.1. The
government decides whether to expropriate capital to finance public good provision (the emergency
policy with = g) or to keep taxes at zero (the normal policy with » = 0). The government gets to
make this decision only when capitalist households decide to invest g¢; = § which corresponds to the
public placing trust in the government as without any investment the government cannot finance
public good provision in the first place. As such, T corresponds to “invest §”. The shock z can be
written as

z = (Up,Uotd) =7 (2 — 1,25 — 1) (3.14)

Returning to the general model, | will additionally assume that

mmumqm>%>f Upf (2) dz (3.15)

Ugyig>0

This implies that if p was guaranteed his most desirable policy, he would place trust in d.? 1 will

°In the context of the capital taxation problem, by setting u, = — (1 — I)E (2x | zs > 1) (§ — 1), the left hand
side inequality of 3.15 corresponds to the solution to 3.3 in the capital taxation problem, together with assumption
3.4. Notice also that u, < 0
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further assume that
Upys Uoid <0 (316)

so that both parties would benefit from ensuring that the decision maker plays the normal action
g for all shocks (and hence losing all flexibility), if such a policy was enforceable. In the capital
taxation problem, this would correspond to a ban on positive taxes while in our inflation example
this would correspond to a commitment to zero inflation.!® Although this would induce the public
trust, this would come at the cost of losing all flexibility to optimally react to shocks.

As I discussed in the introduction, I will explore two (potentially complementary) ways to solve
this time inconsistency problem: by credibly loosing some flexibility to react to the economic shock,
or by reforming the incentives of the decision maker, in order to alleviate the time inconsistency
problem.

First, I introduce a commitment cost technology, under which the decision maker can choose,
before the game starts, a cost ¢ > 0 of taking the emergency action r. This can be interpreted as a
partial commitment to the normal policy g, that includes an escape clause to break the commitment,
forcing the decision maker to suffer a cost of ¢ > 0 utils (as in (Lohmann 1992)). Although d cannot
commit to a complete contingent rule, [ assume that the commitment cost chosen is binding. In
the capital taxation model, this corresponds to the cost of increasing taxes chosen by the time
inconsistent government, while in the inflation setting model this would intuitively translate to the
inflation cap T, in that it is a partial commitment chosen by the monetary authority. The modified
stage game is illustrated in Figure 3-2.

10 Although this seems to be to an extreme policy to be seen in practice, hyperinflation stabilization programs
usually involve drastic measures, that resemble losing all flexibility to stabilize output. For example, Zimbabwe
in 2009 decided to abandon its currency (and hence most of its monetary policy) within the context of a severe
hyperinflation (which reached a peak of 79,600,000% per month in November of 2008).
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Figure 3-2: Stage game with commitment cost choice

I will allow ¢ = oo, the case where d decides to shut down the emergency action r, as [ previously
discussed, so that the commitment cost set is C' = [0, max,ez max (|2p| , |201d|)] U{oc} . In this game,
the decision maker would then choose the commitment cost ¢ = ¢ that makes p indifferent between

trusting and not trusting:

B = min{cz(l:/ Upf(z)dz ng} < 00 (3.17)
Uga>c

While this technology is available, I will consider the case in which the policy maker makes a reform,
by effectively changing the ex-post incentives that the decision maker faces, by either delegating the
decision to a different agent (like the conservative central banker of (Rogoff 1985)) or by designing
a contract for the decision maker (as in (Walsh 1995) and (Persson and Tabellini 1993)). I model

this reform by creating a new policy maker type, & = new, with ex-post payoffs given by

i.e. the reformed decision maker has the same ex-post incentives as the public. Condition 3.15
implies that if p knew he was facing this type of decision maker, he would trust her even with
¢ = 0, so that no commitment cost would be necessary. This corresponds to the “pro-capitalist”
government in the capital taxation model, which removes the time inconsistency of government
policy.

The key problem I will study in this paper is the government’s lack of credibility. Even though
an incentive reform has been carried out, the public may remain unconvinced that the reform has
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been effective. For instance, investors might still believe that the government is not pro-capitalist
enough, and will expropriate them too often, or that the new appointed central banker may not
be a conservative type. I model this situation by introducing payoff uncertainty from the public
side: p believes he is facing a reformed, time consistent decision maker § = new with probability
7 € (0, 1) and otherwise faces the old, time inconsistent type # = old. This results on an incomplete

information game, described in Figure 3-3.

N
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Figure 3-3: Incomplete information game

This model follows an ezecutive approach to optimal policy, where it is the decision maker herself
who decides the commitment cost and the policy rule. This contrasts with the legislative approach
studied in (Canzoneri 1985) and (Athey, Atkeson, and Kehoe 2005) who instead solve for the optimal
mechanism design problem from the point of view of p. In Section (3.7) I briefly explore this route
and find that in our setting, it will be detrimental to welfare, conditional on the government being
of type 6 = new.

Because the commitment cost choice is taken after the type has been realized, this is effectively
a signaling game. The choice of commitment cost could in principle help p to infer d’s type. As a
prelude to what follows it is useful to characterize the set of Perfect Bayesian Equilibria (PBE) of

this game.
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Let ¢(n) be the minimum cost that induces p to trust d in any pooling equilibrium:

g(w)::min{c?_O:w/U Upf(z)dz+(1-—1r)/U
p>C

old>C

Upf(2)dz > yp} . (3.19)

It is easy to see that ¢ () is decreasing in w and that ¢(7) < ¢(0) = € according to 3.17. Proposition
24 characterizes the set of all PBE of the stage game.

Proposition 24. All PBE of the static game are pooling equilibria. For any é € [c(w),¢] there
ezists a PBE in which both types choose ¢ as the commitment cost.

Proof. Any equilibrium must induce p to trust since d can always choose ¢ > U (so it will never be
optimal to take the emergency action) and get a payoff of 0 > u,;. There cannot be any pooling
equilibrium with ¢ < ¢ (n), since the definition of ¢ (x) implies it would give p less than his reservation
utility u,,. It cannot happen either if ¢ > ¢, since either type would deviate and choose ¢ and induce
p to trust, regardless of his updated beliefs 7, (). This follows from

7 (7) /U U @)zt L=, @) /

Uga>t

U, d
o (2) dz (?)

7p (€) E [max (Up =T, 0)] + [1 — 7, (B)] 1, 5@+ 1 —m @y, =, (3.20)

where (1) follows from definition 3.17 and (2) from the fact that 0 > w,. I will now show that
for any ¢ € [c(7),¢| there exist a pooling equilibrium in which both 6 = new and 0 = old find it
optimal to choose ¢ = é. Conjecture the following belief updating rule:

. 0 ife<é ‘
T, (c) = (3.21)
7 ife>é.

Under a pooling equilibrium, since é > ¢(n), p will trust d. Neither type will deviate from ¢é since
the optimal deviation that would make p trust would be to choose ¢ = €. The non-existence of other
PBE is left to the appendix. [

Suppose now that, in light of the results of Proposition 24, the reformed decision maker § = new
is considering what commitment cost to choose. If we are thinking about a policy prescription that
is supported by some PBE of this game, the multiplicity of equilibria in Proposition 24 requires
some equilibrium refinement. If the policy prescription was the commitment cost supported by the
best equilibrium of the game, Proposition 24 shows that ¢ = ¢(r) is selected for either & = new or
0 = old. We will argue that this will not be a particularly “robust” policy in the sense that expecting
p to trust after observing ¢ = c¢() relies on strong and sensitive assumptions about p ’s beliefs,
which may be imperfectly known by the decision maker.

First, observe that the best PBE policy is very sensitive to the prior. If p’s true prior were
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# = 7 — ¢ for some € > 0, then p would not trust after observing ¢ = ¢(n). Second, even if m were
commonly known, after the commitment cost has been chosen, p updates beliefs to m, (c) € (0,1).
As illustrated by the proof of Propostion 24 (in particular the belief updating rule in 3.21), the
indeterminacy of beliefs following zero probability events generates a large set of potential beliefs
that can arise in equilibrium. As such, p's behavior will depend on the complete specification of
her updates beliefs for all off-equilibrium costs, not just the candidate equilibrium one. Therefore,
small changes in the updating rule (for example, by changing ¢ in 3.21) generates potentially very
different behavior for p.!!

Our main question becomes whether we can choose a policy that is robust to mis-specifications
of both the prior 7 and the updating rule m, (¢). It is clear that by choosing ¢ = oo and effectively
removing all flexibility, a rational p would trust d independently of his beliefs. However, we can do
better. Inequality 3.20 implies that if ¢ = € and p will find it optimal to trust irrespective of the
updating rule , (¢) if he still believes he is facing a rational decision maker. I will show that in fact
¢ = T is the only robust policy, when the only assumption we make about p's beliefs is that they
are consistent with strong common certainty of rationality; i.e. p believes he is facing a rational d
if her observed past behavior is consistent with common knowledge of rationality.

Since the difference between the reformed and the time inconsistent type is about their ex-post
incentives, Proposition 24 gives a negative result: types cannot separate in any equilibrium of the
stage game, by their choice of ¢. Only by having repeated interactions can the reformed decision
maker hope to convince p of the success of the reform, trying to signal her type through her reactions
to the realized shocks. Throughout the remainder of the paper I will investigate whether robust
policies, such as the one I found in the static game, can eventually convince p that 6 = new,
regardless of his particular belief updating rule.

3.4.2 Repeated game: Setup and basic notation

I extend the stage game to an infinite horizon setting: 7 € {0,1,....}. I assume that d is infinitely
lived and that types are permanent; i.e. at 7 = O nature chooses § = new with probability mrew. d
has discounted expected utility with discount factor B¢ € (0,1). For notational ease, I will assume
Bod = Bnew = B. 1 will specify when the results are sensitive to this assumption. Shocks are iid
across periods: zr := (Upr,Uotdr) ~iid f(2r). I assume that there is a sequence of myopic short
run players p, (or equivalently 8, = 0) which is a standard assumption in the reputation literature
((Fudenberg and Levine 1989), (Phelan 2006)). This will be without loss of generality for most

"More generally, we apply (Aumann and Brandenburger 1995) results to the interim normal form of this game,
finding tight sufficient conditions for any particular Bayesian equilibria (not necessarily perfect) to be the expected
solution outcome: (a) There is common knowledge of rationality, (b) the strategies of both # = new and 6 = old
prescribed by the Bayesian equilibrium are common knowledge, and (c) the inference rule mp (.) is also common
knowledge
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applications to macroeconomic models applications.!? At every period, d chooses ¢, > 0 which is
binding only for that period. The policy maker can change its choice freely in every period. I also
assume that all past history of actions and shocks (except for d's payoff type) is observed by all
players at every node in the game tree. I will further assume that the structure of the game described
so far is common knowledge for both players and that agents know their own payoff parameters.!3

A stage 7 outcome is a 4-tuple h, = (¢r, ar, 27, ;) Where ¢, is the commitment cost, a, € {0,1}
is the trust decision, and r; € {0, 1} is the contingent policy, where 7, = 1 if d chooses the emergency
action, and r, = 0 otherwise. A history up to time 7 is defined as

h' := (h’Oth ---)h’r—l) .

I will refer to a “partial history” as a history plus part of the stage game. For example, p moves
at histories (h”,c,), after the commitment cost is chosen. The set of all partial histories will be
denoted as H, and H; C H is the set of histories in which agent i € {p,d} has to take an action.
A strategy for the policy maker is a function a4 : Hg — C x {0, 1}Z that specifies, at the start
of every period T, a commitment cost ¢, and the contingent choice provided p trusts. Then, we can

always write a strategy as a pair:
04 (h7) = (¢4 (A7), ¢ (K7, ) : C x Z — {0,1}) (3.22)

where the choice is a commitment cost ¢4 (h™) € C and a policy rule function r°4(h7, ¢r, 2;) of the
shock, given commitment cost ¢, The superscript o4 serves to remind the reader these objects are
part of a single strategy 4. Likewise, a strategy o, for p is a function o, : #,, — {0, 1} that assigns
to every observed history, his trust decision

1 if p trusts
oy (W7, er) = a% (W, er) = ?
0 if p does not trust,.

Write the set of strategies of each agent as ¥; for i € {d,p} Also let £ = ¥4 x ¥, be the set of
strategy profiles o = (04, 0p). If player i € {d,p} plays strategy o, the set of histories that will be
consistent with o; is denoted # (0;) C H. For a history h € H we say a strategy o; is consistent
with h if h € H (03). Let £;(h) = {0; € £; : h € H(0;)} be the set of strategies consistent with A.
Given a strategy profile ¢ = (op, 04) let Wy (o | h) be the expected continuation utility for d's

2(Celentani and Pesendorfer 1996) show that this assumption is without loss of generality when p is modeled as
representative agent for a continuum of atomistic and anonymous patient agents. In particular, the capital taxation

model of section 3.2.1 satisfies these assumptions when capitalist households have a common discount rate &, € (0, 1).
13These are the basic assumptions in (Penta 2012).
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type @ € {old,new} given history h

We(o|h):=(1-BE {Z BT [asrs (Us,s — cs) + (1 — aq) 1) | h} (3.23)
where ¢, = ¢ (h*), as = a%? (h%,¢,) and rs = r7 (h®, ¢, z5). Likewise, denote V (o | h) for the

spot utility for agent p at history h
V(o | h):=aE;(r;Upr) + (1 —a;)u, (3.24)

3.4.3 Systems of Beliefs

Agents form beliefs both about the payoff types of the other player, as well as the strategies that
they may be planning to play. In static games, such beliefs are characterized by some distribution
m € A(O_; x S_;) where ©_; is the set of types of the other agent and S_; their strategy set. In our
particular game, ©4 = {new,old} and ©, = {p}. In dynamic settings however, agents may revise
their beliefs after observing the history of play. This revision is described by a conditional probability
system, that respects Bayes rule whenever possible. Formally, let &; the Borel o—algebra generated
by the product topology!* on ©_; x ¥_; and Z; = {E € X; : projy, ,E =%_;(h) for some h € ’H}
be the class of infomation sets for i. A system of beliefs m; on ©_; x ¥_; is a mapping m; : Z; —
A (O_; x ¥._;) such that:

1. Given an information set E € &, 7; (. | E) is a probability measure over ©_; x ¥._;.1°
9. If AC B C C with B,C € T, then (A | B)m (B | C) = 1 (A | O).

I write m; (E | h) = m; (E | ¥ (h)) for E C ©_; x ¥_; for the probability assessment of event
conditional on history k. Denote A" (©_; x ¥_;) to be the set of all systems of beliefs. Given mg €
AH (O, x T,) = AM(Z,) and strategy o4 € Y4, define Wy* (04 | h) as the expected continuation
payoff for type @ € {old,new} conditional on history h, under beliefs 74:

W (04| b) = / Wo (04,6, | h) dra (3, | B) (3.25)

Analogously, given a system of beliefs 7, the expected utility of strategy o, conditional on history
h is

V™ (g, | h) = / V (64,00 | h) dryp (64 | B) (3.26)

For a given system of beliefs 7; we write o; € SBRy, (;) as the set of sequential best responses of
type 6; to beliefs ;.16

14 A sequence {0}, },, oy converges to o; in the product topology in ¥; if and only if 0:,n (h) = oi(h) for all h € H:
5We endow ©_; x ¥ _; with the Borel o —algebra with respect to the product topology.
16 A strategy o, is a sequential best response to wp for all (R7,c;) € Hp and all other strategies 6, € Xp, we

have V™ (g, | A7, ¢r) > V™ (6, | K7, cr). Likewise, o4 is a sequential best response to belief system mqy for type
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3.4.4 Weak and Strong Rationalizability

In this subsection I introduce the notions of weak and strong rationalizability. Our goal is to find
strategies that are robust to changes in p’s beliefs so that p is induced to trust as long as there
is common certainty of rationality, which means that all agents are rational, all agents are certain
that all agents are rational and so on, ad infinitum. In static settings, beliefs that satisfy these
common knowledge assumptions have their support over the set of rationalizable strategies. This
set is characterized by an iterative deletion process described in (Pearce 1984). The set of strategies
is refined by eliminating those which are not a best response to some beliefs about the other agents
strategies, which are themselves best responses to some other beliefs, and so on.

However, the possibility of reaching zero probability events also creates different ways to extend
the concept of rationalizability, which hinge upon on our notion of “certainty or rationality”. An
agent is certain about some event F if she believes that this event happens with probability 1.17
We say that a history h € H is consistent with event E C ©_; x Y._; if there exist a strategy
o-i € projy,_,E such that h € H(o—;). Abusing the notation somewhat I will write h € H (E) for
such histories.

Definition 25 (Weak Certainty of event E). A system of beliefs m; € AM (0_; x X_;) is weakly
certain of event E C O_; x L_; if m; (B | h°) =1

Definition 26 (Strong Certainty in event E). A system of beliefs m; € A% (6_; x X_;) is strongly
certain of event E CO_; x X_; if m;(E | h) =1 for all h € H (E)

To illustrate the difference between both concepts, suppose p has a belief system 7,, that is
certain of some event FE, and is also certain about a smaller event F' = {(new, onew) , (0ld, 0014) }
C E. That is, he is certain about what strategy each type of player d chooses (which is the required
assumption in the construction of a Bayesian equilibrium in pure strategies). However, 7, may
be an incorrect prediction of d’s behavior. Take a history h in which p realizes that the observed
history is not consistent with the strategies in F but it is nevertheless consistent with event E: i.e.
{Onew, 0aa}NEq (k) = Obut h € H (E). If mp is weakly certain of event E, then after the unexpected
move by d, no restrictions are imposed on the updated beliefs from history h on. In particular, he
is not required to remain certain about event E, even if the observed history is consistent with it.
On the other hand, if 7, is strongly certain about event E, he would realize his beliefs about event
F were wrong, but his updated beliefs would remain certain about event E. In a way, the concept

0 € {new,bad} if for all histories h € Hq and all strategies 64 € Xa we have Wy¢ (04 | h) > W' (64 | h).

1"When the event E is also true we say that the type knows E. This admits the possibility that an agent believes
with probability one an event that is indeed false. In static games, because the game ends right after the payoffs
are realized, there is no substantive difference between certainty and knowledge. In dynamic games the situation is
more subtle, since an agent’s beliefs may be proven wrong (or refuted) by the observed path of play. Because of this
feature, the literature has focused on the concept of certainty ((Ben-Porath 1997), (Battigalli and Siniscalchi 1999),
(Penta 2011; Penta 2012)) instead of knowledge, for dynamic games.
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of strong certainty is similar to an agent that knows that event E is true, and her updated beliefs
should respect it as a “working hypothesis” ((Battigalli and Siniscalchi 2002))

These two different notions of certainty will give rise to two different notions of rationalizability.
Define the set of sequentially rational outcomes R; C ©; X ¥; as

R; = {(0;,0:) : 0; € SBRy, (m;) for some m; € AH(O_; x ©_;)}. (3.27)

The set R; gives all the strategies and payoff types such that ¢; is the sequential best response to
some system of beliefs.

I will now formally follow the iterative procedure of (Battigalli and Siniscalchi 2003). For a
given set E C ©_; x ¥_; write W;(E) C A*(©_; x ¥_;) to be the set of of beliefs m; that are
weakly certain of E. Analogously, define S; (E) C W, (E) for the set of beliefs that are strongly
certain of it. I will denote WCRE C ©; x £; and SCRF C WCRY as the sets of type-strategy pairs
for agent i that are consistent with k rounds of mutual weak (strong) certainty of rationality. For
k = 0, define

WCR) = SCR) = R;.

For k > 1, define iteratively:

(1): (6;,0;) € WCRF!

WCRE =< (6;,04) : 1
(2): Im e W (WCR_i ) . 0; € SBRy, (1)

(3.28)

(1): (6;,0:) € SCRF!

SCRY :={ (6,0:) :
(2): 3ImeS; (SCR’:;I) . 0 € SBRa, (73)

(3.29)
We start with beliefs that are weakly (strongly) certain of event £ = R_; and then we proceed with
an iterative deletion procedure, in which the set agent i is weakly (strongly) certain about is the set
E= WCRf”1 and similarly for strong certainty. Finally, the sets of weak and strong rationalizable

outcomes is defined as

WCRY = (| WCRE (3.30)
keN

SCR® = () SCR¥ (3.31)
k€EN

The sets WCR®,SCR® C X; are the sets of strategies for ¢ that are consistent with him having
weak (strong) common certainty of rationality. I will denote BYE and BPF as the sets of weak and
strong rationalizable beliefs for p, respectively

BYE .= A¥ (WCR) and BSE := A¥ (SCR%). (3.32)
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I will say that a strategy-belief pair (o;,7;) is 6;—strong rationalizable (or simply p—strong ratio-
nalizable for the case i = p) whenever m; € BY® and o; € SBRy, (m;). A history h is 6;—strong
rationalizable whenever h € H (o;) for some weak rationalizable pair (o5, 7;). I will refer to such pairs
as a 0;—strong rationalizations of h. I also define the analogous notions for weak rationalizability.

3.4.5 Discussion

In the above we have characterized the multiplicity of equilibria in the static game and have estab-
lished the setup of the repeated game including belief systems and notions of rationalizability. The
next section will turn to robust implementation. We briefly connect the concepts now, and argue
that equilibrium refinements are not robust to a variety of perturbations we might think of.

First, and most importantly for our applications is the one considered in this paper which
is robustness to strategic uncertainty. Recall that the static game had multiple equilibria. The
dynamic game only exacerbates this problem via classical folk theorem like arguments.’® This
suggests that in order for either to form predictions or to make policy recommendations, some
equilibrium refinement is needed, as selecting optimal or efficient equilibria. In some contexts this
may be reasonable: e.g. if agents could meet and agree upon a desired outcome before the game
started and are able to decide both the expected behavior by all agents, the punishments that should
be sanctioned to deviators, subject to the constraint that these should be self-enforceable. However,
in this environment the public has no reason to agree with the time inconsistent type and, as such,
selecting the optimal equilibrium seems suspect. A second limitation of equilibrium refinements
is that they are very sensitive to common knowledge assumptions about the payoff structure of
the game. If we allow the set of feasible payoff structures to satisfy a richness condition, ®and
we pick a Nash equilibrium of the game and the belief systems that support it, then arbitrarily
small perturbations on the beliefs may pick any other weak rationalizable outcome as the unique
equilibrium of the perturbed game (e.g., (Weinstein and Yildiz 2012; Weinstein and Yildiz 2007;
Penta 2012)). Under these assumptions, the only concept that is robust to small perturbations
of beliefs is weak rationalizability, and hence only predictions that hold for all weak rationalizable
strategy profiles are robust to these perturbations. *However, the richness assumption may be
too a stringent condition for our robustness exercise, since we are ultimately interested in modeling
robustness to strategic uncertainty. Strong rationalizability, being a stronger solution concept may
not be robust to all of these perturbations in payoff structures, but we briefly study some in Section
3.7 how to create policies that are robust to richer payoff type spaces.

One of the main implications of strong rationalizability is that agents can be convinced at

183ee (Mailath and Samuelson 2006) for an exhaustive review on these topics.

1 Formally, for every strategy o; there exist a type o; (o:) € ©; such that o; is conditionally dominant for type é; (o3)
at every history consistent with it: i.e. Wy, (05,0_; | h) > Wy, (63,0 | h) for all 6; € Zi,0_; € T_i,h € Hi (0i).

20 (Weinstein and Yildiz 2012) show that when we relax the restriction that all players know their own type at the
beginning of the game (and never abandon this belief), then the only robust solution concept is normal form interim
correlated rationalizability (ICR), extending their previous result on static games ((Weinstein and Yildiz 2007)).
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some histories that certain payoff types are not consistent with the history observed. Suppose that
p reaches a history that is not consistent with both strong common certainty of rationality and
0 = old, but it is consistent with § = new. Strong common certainty of rationality implies that at
these histories p must be certain that § = new for all strong rationalizable continuation histories;
it becomes common knowledge that & = new, and the game transforms in practice to a game of
complete information.2! When this happens, we will say that = new has achieved full or strong
separation from 6 = old. This is one of the key ingredients of robust reputation formation: the
reformed decision maker can gain reputation by taking actions that @ = old decision maker would
never take, or that at least would be very costly for her.

3.5 Robust Implementation

This section introduces the notion of robust implementation to a given set of restrictions on p’s
beliefs (subsection 3.5.1) and solves for the robust implementing policies for two important bench-
marks: weak and strong rationalizable beliefs. Focusing on strong rationalizable implementation, I
characterize the optimal strong rationalizable implementation by solving a recursive dynamic con-
tracting problem with a single promise-keeping constraint. Moreover, for histories where robust
separation has not occurred, the relevant reputation measure for d is the implied spot opportunity
cost or sacrifice for 8 = old of playing r-_j, so only the immediate previous period matters in
terms of building partial reputation. I show that on the outcome path of the optimal robust policy,
0 = new gets both partial gains and (endogenous) losses of reputation until robust separation is
achieved. After this, the game essentially becomes one with complete information.

3.5.1 Definition

The decision maker has some information about p’'s beliefs or may be willing to make some assump-
tions about them. She considers that p's possible beliefs lie in some subset B, C A% (04 x 4).

Write SBR, (Bp) = Ur, ¢
B,. We will say that a strategy oq is a robust implementation of trust in B, when it induces p to

B, SBRp (mp) C Xp as the set of all sequential best responses to beliefs in

trust d at all 7 = 0, 1,2, ..., provided d knows that (1) p’s beliefs are in B, and (2) p is sequentially

rational.

Definition 27 (Robust Implementation). A strategy o4 € X4 robustly implements trust in By if,

211f at some continuation history p observes behavior that is inconsistent with @ = new playing a strongly ratio-
nalizable strategy, p abandons the assumption of strong common certainty of rationality, which then allows him to
believe that @ = old after all. When this happens, we apply the “best-rationalization principle” as in (Battigalli and
Siniscalchi 2002). It states that whenever p arrives at such a history, she will believe that there are at least k—rounds
of strong common certainty of rationality, with k the highest integer for which the history is consistent with k rounds
of strong rationalizability.
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for all histories (A7, c;) € H,, (04) we have
a’” (h",¢;) =1 for all 0, € SBR,, (Bp)

Under the assumptions on the stage game, for a given belief system m, , its sequential best response
will be generically unique. Therefore, if d knows both that p is rational and that he has beliefs mp,
then she can predict the strategy that p will choose.

3.5.2 Weak Rationalizable Implementation

I begin with the most lax notion of rationalizability at our disposal — weak rationalizability; i.e. B, =
BIV,V R, Here 1 show that this notion of rationalizability delivers a rather stark and, in some sense,
negative result: only by eliminating the emergency action entirely can d robustly implement trust.
Since the public cares only about the decision maker’s strategy, the multiplicity of commitment costs
that are consistent with common certainty of rationality allows for the following weak rationalizable .
beliefs: believe d is rational only if she takes one of these specified decisions but is actually thought
to be irrational if she takes any other. Then it becomes impossible to implement trust in both belief
types, unless d gets rid of the emergency action altogether.??

Proposition 28. The unique robust implementing policy in B, = BI‘,’V B inwolves ¢, = oo (i.e.prohibiting

the emergency action) every period.

Thus, the result is that weak rationalizability is too weak a concept to be used for our purposes.
After an unexpected commitment cost choice, p could believe d to be #rrational and never trust
d again unless r is removed. This sort of reasoning does not take into account a restriction that,
say, if p could find some other beliefs under which d would be rational, then this now becomes p’s
working hypothesis. This is precisely the notion of strong rationalizability, which I explore below.

3.5.3 Strong Rationalizable Implementation

The next three subsections present the main results of the paper in which I characterize the optimal
strong rationalizable tmplementation. 1 will show that an optimal robust implementing strategy
corresponds to the sequential best response to some strong rationalizable system of beliefs. In that
sense, an optimal robust implementing strategy will be equivalent to finding the most pessimistic
beliefs that d could have about p’s behavior, that is consistent with common strong certainty of
rationality. Most importantly, I will also show that any optimal robust strategy will be in fact the
min-maz strategy for d, delivering the best possible utility that d can guarantee at any continuation
history, regardless of her system of beliefs.

22 This argument extends to any game of private values with multiple weak rationalizable outcomes. A Bayesian
game is of if utility for each agent depends only on their own payoff parameter, and not about the other agents
payoffs. Formally, is of private values if for all mathnorma# € © = x}_,9;
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To simplify notation, denote L% = projy, SCRE® for the set of extensive form rationalizable
strategies for agent i. Abusing the notation somewhat I will also write ¥5% = projy;, { (9, 6d) € SCRY : 6 = 6}
to represent the set of extensive form rationalizable strategies for type. The goal is to characterize
optimal robust strategies: i.e. robust strategies that maximize the expected (ex-ante) utility for d,
at 7 =0.
In the repeated game setting, in order to guarantee p's trust we need to make the utility of trust
to be greater than the outside option value u,, for all strong rationalizable beliefs. Since p is myopic
and does not care directly about the commitment cost payed, the only relevant object to determine
his expected payoff is the way he expects d to react to shocks at time 7. Define then the set of all
strong rationalizable policy functions

R (h7,¢;) = {r(-) =17 (K", cr, ") for some o4 € SR (A7, cr)} (3.33)

Define also Rg (h7,c,) C R(h",c,) as those policy functions that are #—rationalizable. Is easy to
show that a®» (A", ¢;) for all strong rationalizable strategies if and only if 2

/r(zT) Up (2r) f (2) dzr > u, for all v () e R (A7, ¢r)

which can be rewriten in a single condition as:

v(re)= | min / P (2r) Uy (20) f (20) d2r > 1 (3.34)
i.e. the worst rationalizable payoff for p must be higher than the reservation utility. In Appendix
44 we show that R (h",c;) and Ry (h7,c;) are compact sets and the objective function in the
minimization problem of 3.34 is continuous in the product topology, which makes V (h7,¢;) a well
defined object.

Then, the optimal robust strategy o, = {¢*(-),r* ()} for type § = new is the strategy that
solves the following programming problem:

Wiew = o2 B {(1 —B)Y_ B Up (2r) — c* (AT r* (W7, ¢ (RT), Zr)} (3.35)
’ =0

subject to
V(h",c*(h")) > u, for all A" € H (o) (3.36)

and analogously for W},. The goal for the rest of the paper is to characterize the solution to 3.35.
optimal robust strategy for the reformed payoff type § = new. Note that restriction 3.36 fully

23Because of Fubini’s theorem, we can write E™ [r7¢ (R",2)U, | h7,¢;] = E. {]E;: [r%4 (b7, 2:) | BT, ¢r] UP}
which corresponds to the expected value over a mixed strategy &s with expected policy E [,.6.1 (h7, c,)] =
Es, [7.5.1 (R",2:) | A7, c,—] . Then, the minimum rationalizable payoff of trusting is the one that assigns probability 1
to the worst rationalizable policy function r (-) from the viewpoint of p, on that history
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incorporates the robustness restriction into our programming problem. Theorem 53 shows that
%5 is a compact set, and so are the subsets £37 (h) C £5F of history consistent strategies, for all
6. This implies that existence of payoff functions Wy, W : Hg — R such that, for all h € M4 and
0 € {new, old}

Wy (h) <Wg4(og| h) < Wy (h) for all my € BiR, 04 € SBRy (14). (3.37)

I will refer to Wy (-) and Wo () as the best and worst strong rationalizable payoffs for type 0. 1
will also write W, := W, (h°) and Wy = Wy (h°) for the ex-ante worst (and best) rationalizable
payoff, from 7 = 0 perspective. The first result relates these bounds to robust implementation. Any
optimal robust policy is extensive form rationalizable (i.e. it corresponds to the best response of
some rationalizable beliefs) and delivers the worst rationalizable payoff W, (h) at all histories and
types 6 € {new, old}.

Lemma 29. Let g, be the optimal robust strategy for type 8. Then o} € ZQSR, with rationalizing
belief my € BER. Moreover, for all histories h € Hy

We (og | h) =W, (h),

i.€., the optimal robust policy delivers the worst strong rationalizable payoff at all histories.

Lemma 29 implies a very important corollary. The optimal robust strategy is the min-max
strategies for type 8 € {old, new} (as in (Mailath and Samuelson 2006)) across all beliefs that are
consistent with common strong certainty of rationality. The beliefs 7y corresponds to the min-max
beliefs for type 8, the most pessimistic beliefs that type 6 can have about the strategy that p may
be playing. Therefore, at history A", the optimal robust policy gives the best payoff that type 6 can
guarantee herself, regardless of her beliefs, as long as p plays some strong rationalizable strategy.
This further implies that the value of program 3.35 at any history satisfies

Wi =W, (3.38)

Note here that the worst rationalizable payoff does not coincide with the payoff of the worst Bayesian
equilibrium of the extensive form game. Common strong certainty of rationality, strictly speaking,
is neither a stronger nor weaker solution concept than Bayesian equilibrium.?4.

24 Applying (Aumann and Brandenburger 1995) to the interim normal form game, for a particular Bayesian equi-
libria to be the predicted outcome of the game, we need the common prior assumption (i.e. both players know
7 = Pr(0 = new)) together with weak common knowledge of rationality and beliefs (i.e. weak common certainty,
plus the requirement that the beliefs are correct). While the common certainty of rationality is weaker than strong cer-
tainty, this characterization implies a much stronger condition. Agents have common knowledge about the strategies
that each other will play and these beliefs must be correct.
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3.5.4 Observed Sacrifice and Strong Rationalizable Policies

The program 3.35 may seem complicated, because of the potentially complex history dependence of
the set of strong rationalizable policies Rg (h",¢;). Since R(h",¢;) = Rpew (h7, ¢7) URqa (A7, ¢7),
characterizing these sets will determine the shape of V (h7,¢;). I will derive the restrictions that
strong rationalizability, together with the observed history, impose on the set of policy functions r (-)
that p may expect, and show that we only need to know the previous period implied opportunity
cost payed by type 0, to be able to characterize the set Ro (b7, ¢7) . In this sense, the set of strong
rationalizable policies Rg (h7,c,) is Markovian, with a state variable that is observable by all agents
in the game.

Consider a history (h",c;) € H, observed by agent p. Suppose first that p hypothesizes that d
is of payoff type 6, and that history A7 is such that r,_; = 0 and Upr_1 —cr—1 > 0, so that d played
the normal action in the previous period, but she would have preferred to play the emergency action,
if she was of type 6. Let h™ (r = 1) be the continuation history had d chosen r,_; = 1 instead.
Then, a @—rationalizable pair (g4, 74) is consistent with the observed h” if and only if

BWat (aa| W) 2 (1= B) (Upr—1 — er—1) + BWg ¢ (0q | ™ (r = 1)) (3.39)

To interpret condition 3.43, define first Spr—1 := Ugr—1 — ¢r—1 > 0 as the sacrificed spot utility for
type 6 of playing r,_1 = 0 instead of r-—; = 1. Also, let

NPVg¢(og| hT) := T.ﬁf"ﬁ— (Wge (aq| BT) — Wyt (aa| B (r = 1))] (3.40)

denote the net present continuation value under pair (o4,74) of having played r-_; = 0. This
formulation gives a very intuitive characterization of condition 3.39:

Sor-1 SNPVi(og|h) (3.41)

i.e. it would have been optimal for type 6 to “invest” an opportunity cost of utils yesterday (by not
following the spot optimal strategy) only if she expected a net present value that would compensate

her for the investment. We can further refine condition 3.39 by first showing that
Wo*(og | BT (r=1)) 2 Wy (og | h7 (r =1)) 2 W, (3.42)

Combining 3.42 with 3.39 implies a simple necessary condition for #—rationalizability: if (04, Td)
60— rationalizes (h™,c;), then

1-p
B

Wg (oa | h7) > So.r—1 + Wy (3.43)

Condition 3.43 also holds for any other history (h7, ¢;), where we generalize the definition of sacri-
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ficed utility as

Seyr—1:= max (Ugr—1 —cr_1) 7 — (Ugr—1 — Cr—1) o1 (3.44)
7€{0,1}

3.43 puts restrictions on §—rationalizing pairs (o4, 74) (and bence over policy functions ) based only
on the previous period outcome, disregarding the information in the observed history up to 7 — 1.
A striking feature of strong rationalizability is that in fact, 3.43 is also sufficient: whether a policy
function r () pair is strong rationalizable or not depends only on the observed past sacrificed utility.
Proposition 30 states the core result of this paper.

Proposition 30. Let (h7,c,) € Hp be 6—rationalizable. Then r(-) € Ro (b7, ¢;) if and only if there
erxists a measurable function w : 7 — [_W,,,Wg] such that

(1 =B} Us () — 7] 7 (27) + Bw (2r) = (1 — B) [Up (27) — e 7 + BW, (3.45)

forall # € {0,1},2, € Z, and

1—
B Spes + W, (3.46)

/ (1= B) s () — ex 7 (22) + B (20} f () dzr >

Condition 3.45 is analogous to the (Abreu, Pearce, and Stacchetti 1990) notion of enforceability.
A policy 7 () will be “enforceable” at some history only if we can find a continuation payoff function
that enforces it on the set of strong rationalizable payoffs [M,Wo]. This argument employs the
same tools and insights as in (Abreu, Pearce, and Stacchetti 1990). Condition 3.46 is the translation
of condition 3.43 into this notation. It resembles a promise keeping constraint in a dynamic contract-
ing problem: the expected value of following a rationalizable strategy og at this history (given by
the right hand side of 3.46) must be greater than the value implied by the implied opportunity cost
paid in the previous period, which can be thought of as the utility “promised” by some rationalizable
pair (04, 74)- Its proof resembles closely the well known “optimal penal codes” argument in (Abreu
1988): any strong rationalizable outcome can be enforced by switching to the worst rationalizable
payoff upon observing a deviation from the prescribed path of play. This means that without loss
of generality, we can check whether a policy r (-) is 6—rationalizable if it is implementable whenever
type € thinks that if she deviated, she will have to play the optimal robust policy from then on.

Proposition 30 requires the history (A", ¢;) to be #—rationalizable. In order to be able to use this
characterization, we need to determine whether (h", ¢;) is also rationalizable. Because of Lemma 29,
we know that all histories reached by the optimal robust policy for § = new are new—rationalizable.
Along its path, the observed history may or may not be old—rationalizable as well. Determining
whether a history is old—rationalizable is equivalent to determining whether we have achieved robust
separation: i.e. if a history is new—rationalizable but is not old—rationalizable, then p should be
certain he is facing @ = new in the continuation path of the optimal robust policy. Let

Sgrax . % (Wo — W) (3.47)
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be the maximum sacrifice level for type ¢, that is consistent with common strong certainty of

rationality. Proposition 31 gives necessary and sufficient conditions for robust separation

Proposition 31. Take a new—rationalizable history (h™,c;) € Hy. Then, it is also old—rationalizable
if and only if Solar < Sy~ forallk <7 -1

This proposition characterizes completely the conditions for strong separation from type 8 = old,
along the path of any strong rationalizable strategy, in particular the optimal robust one. The
first result we infer from Proposition 31 is that robust separation can never be achieved by the
" commitment cost decision. (see Lemma 55 in Appendix 3.11), and hence @ = new can only separate
from @ = old based only on how she reacted to the observed shocks. The second result provides
a recursive characterization of robust separation: if separation has not yet occured up to period
7 —1, 8 = new will robustly separate from 6 = old at period 7 if and only if Sggqr—1 > Syg~-
This happens because condition 3.46 cannot be satisfied for any policy function r(-) and hence
R (h7,er) = 0. If Soiar—1 < SH5%, then at 7+ 1 the only relevant information to decide whether
h™t1 is old—rationalizable is Spq -, and hence this property is markovian. Proposition 30 shares
this markovian feature: the only relevant information to find the set of strong rationalizable policies
Ry (h",c.) is the observed sacrifice Sg_1.

3.5.5 Characterization of Robust Implementation

In this subsection I will use the characterization of Ry (h7,¢;) of Proposition 30 to characterize
the worst rationalizable payoff of trusting, V (h", ¢;). Furthermore, to solve for the optimal robust
strategy, I will derive a recursive representation of the optimal robust policy, which will allow us to
solve Program 3.35 with a standard Bellman equation, using the familiar fixed point techniques of
(Stokey, Lucas, and Prescott 1989). Suppose that at a given a f—rationalizable history (h", cr), P
hypothesizes he is facing type 6 € {new, old}. Using the characterization of Proposition 30, we can
calculate the minimmum utility he can expect from trusting as:

Vo (Survier) = min [ r(er) Up () f () der (3.48)

subject to the incentive compatibility constraint:
(1 = B)Up (2r) — ¢ 7 (2r) + Bw (2r) = (1 = B) [Us (2r) —cr] 7 + BW, (3.49)

for all # € {0,1},2z, € Z
the “promise keeping” constraint:

(1 =8) [ We(zr) —crlr(2r) f(2r) der + B | w(zr) f(2r)d2r 2 L- '830,1'—1 + W, (3.50)
B
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and a feasibility constraint for continuation payoffs:
w(zr) € [Wy, Wo| forall z, € Z (3.51)

At a history that is both new and old—rationalizable, the worst strong rationalizable payoff of
trusting is
K(h‘r, C’r) = min {Vold (Sold,r—-la Or) y Vnew (Snew,'r—la CT)}

Note that V (h", ;) depends on the observed history only through the sacrifices (Sotd,7—1; Snew,r—1),
which makes the robust implementation restriction 3.36 to be markovian. The next propostition
completely characterizes V (-) for all new—rationalizable histories. If incentives between 8 = old
and 6 = new satisfy an increasing conflict condition, then V () will be an increasing function of
the contemporaneous commitment cost.

Distribution f(-) satisfies the increasing conflict condition if f(Up,Uyg) is non-decreasing in
Uxg when U, < 0 and non-increasing when U, > 0

Proposition 32. Take a new—rationalizable history h™ € H.

1. If Soap < S55% for allk <17 —1, then

Z_(hT, C’r) 2 U, = Voia (Sold,T—l’ C’T) = Uy, (3‘52)

2. If Soigx > Sy Jor some k < 7—1, then there is a unique strong rationalizable continuation

strategy &, which corresponds to the repeated spot optimum; i.e.

ifUpr <0
if Upr >0

(A7) =0 and r® (h", 2;) = (3.53)

and hence, for such stories

E, [max(0,Up)] ifer =0
E, [min(0,Up)] ifer >0

Z(hT, CT) -

3. Under assumption 8.5.5 Vgq (+) is increasing in c.

Assumption 3.5.5 states that when p prefers » = 0, then states with higher utility of » = 1 for
¢ = old are more likely. Proposition 32 shows that the implementation restriction can be written
as a function of Syq-—1 only, which makes it the relevant reputation measure. When the implied
opportunity cost payed by & = old is higher than SJ3*, the maximum net present value that she
could get in the continuation game, the observed history is inconsistent with strong rationalizability
(i.e. it is not old—rationalizable). At these histories, any system of beliefs must be strongly certain
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that # = new (since there is only two types), and hence robust separation is achieved. This
proposition also shows that when this happens, there is an unique strong rationalizable strategy
profile, which is to play the repeated spot first best, since there are no confilct of interest between
the parties, and both get their most prefered outcomes (see Lemma 56).

When Spq.—1 < Sh3%, the “promise keeping” condition 3.50 is tighter for higher values of
Seld,r—1, since only continuation strategies with a higher net present value are consistent with the
observed history. Therefore, higher sacrifice makes Vg (Soia,r—1,¢r) weakly lower, which in turn
relaxes the robust implementation constraint 3.36 in the sequential program 3.35. This observation
reinforces the notion of sacrifice being the relevant reputation measure for robust implementation
program: higher values relax the implementation constraints, which increases the value of the robust
policy.

The basic assumptions made about the distribution of z; may allow for local non-monotonicities
of Vioia (Sotd,r—1,¢7) with respect to the commitment cost c,. Under the increasing conflict as-
sumption, higher commitment costs increase the minimum utility of facing ¢ — old. Defining
c(s) = min{c € C: Vya(s,¢) > u,}, under this assumption we have Void (Sotd,r—1,¢r) = %, <=
er = ¢ (Soud,r-1)

In Appendix 3.12 I study in detail the solution (r(-),w(-)) to 3.52. In Proposition 61 I show
that under assumption there exist a threshold Se (0, S57%) such that if Sggr—1 < S , the promise
keeping constraint does not bind, and hence it is identical to the solution of 3.52 when Sg4,—1 = 0,
and Vg (Sotdr—1,¢r) = Vaa(0,¢). When Sgqr—1 € (S, ;?g") the promise keeping constraint
starts binding, making Vig (Sedr-1,¢r) strictly increasing in this interval. Figure 3-4 illustrates
the results.
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Figure 3-4: Worst Rationalizable Payoff V,,, (s, ¢)
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Sacrifice (7)

Figure 3-5: Minimum commitment cost function

Intuitively, for small observed sacrifices, p cannot discard the possibility that if @ = old, she is
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expecting to behave the same as if no sacrifice was observed. Therefore, a robust choice for the
commitment cost should prescribe exactly the same solution as in 7 == 0: the game basically “resets”
and all reputation is lost at these histories. For intermediate sacrifices, p still cannot rule out
that 6 — old, but can nevertheless impose some restrictions on the set of rationalizable strategies,
which are stronger the bigger the sacrifice observed. When sacrifice is bigger than the maximum
possiblé rationalizable net present value gain of any continuation value for 8 = old, the decision
maker achieves strong separation, and hence she knows p is certain 8 = new for all rationalizable

continuation strategies, and therefore play the first best strategy with no commitment costs.

3.5.6 Recursive Representation of Optimal Robust Implementation

Based on the recursive characterization of the implementation restriction, in this section I finally
derive a recursive representation of the optimal robust strategy o;.,,. To encode the state of the
problem (which depends both on the past sacrifice observed and the rationalizability of the past
history) we recursively define the following process: sy = 0 and for 7 > 1:

mMaXze(o,1} Wad (zr) — 7] # = [Uata (2r) — el e if 871 < S55°
sr =T (ST—la Cry Zr, 7'1') =

Sr—1 if s, > S;lngx

The state variable s,_; gives the sacrifice for 8 = old as long as history h7 is old—rationalizable.
If at some T the observed history is no longer old—rationalizable, then s, ix = s+ > S5, so it
also indicates when robust separation occurs. Because of Proposition 32 the robust implémentation
restriction can be written as a function of s,y alone: V. (h",¢;) > u,, if and only if V (8r—1,Cr) = Uy,

where

Void (s, €) if s < S55* v
V(s,c) := { E,[max (0,U,)] if s> ST*and ¢ =0 (3.54)
E,[min(0,U,)] ifs> SH3*and ¢ >0

With these definitions, Proposition 32 allows us to rewrite the optimal robust strategy program 3.35
as:

Wpew =, max  (1-p)E {Z B7Up (27) —c(AT)] 7 (W7, zf)} (3.55)
{e)r(Dsr-1(9) ~

. Visr—1 (h7),e(h7)] = u, for all A7 € H (0}hers) (3.56)
s.t. : .
57 (B7HY) =T [s;-1 (h7) ,¢(BT), 2,7 (A7, 2;)] for all K™t! € H (o7e,,)
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To get a recursive formulation of W.,,.,, (h7), let B = {g: [U,U] — R with gbounded} and define
the operator T : B — B as

T(g)(s) = max/ { max (1-p)[Up(z)—cr(z)+Pg [s’ (z)] } f(z)dz (3.57)

ceC r(z)€{0,1}

subject to
V(s,c) 2y, (3.58)

and
§'(z) =T[s,c,z,r(z)] forall z € Z (3.59)

In Lemma 60 I show T is a contraction with modulus 8. Since B is a complete metric space (when
endowed with the sup-norm), we can use the contraction mapping theorem to show the existence
of a unique function Wye. (-) that solves the associated Bellman equation 7’ (Whpew) (*) = Whew (*);
which can expressed as

Whew (8) = cGC:g%?,)c()ZyP / {Tg}gﬁ} (1=8)[Up(2) = |7 + BWrew [¢' ()] } [(z)dz (3.60)
subject to 3.58.

The term inside the integral is the maximization problem that 6 = new faces after having
chosen ¢ and after shock z has been realized: she faces a trade-off between short run utility
(1 = B) [Up (2) — ] r and reputation gains SWnew [¢' (2)], which depend only on the sacrificed that
would be observed at the begining of the next period. This is possible since once the commit-
ment cost was chosen, there is no restriction linking ex-post utility in different states. The outer
maximization choosing the commitment cost function corresponds to the optimal choice of the com-
mitment cost at the begining of the period. Because of Proposition 30 all past history is completely
summarized by the sacrificed observed in the previous period . Notice that s only enters the right
hand side problem only through restriction 3.58, which only modifies the set of feasible commitment
costs.

Proposition 33. Let c(s) and r (s, 2) be the policy functions associated with the Bellman equation
3.60. Then, for all i" € H (0} e)

1. W (h7) = Whew (8r-1), ¢* (A7) = ¢(87-1) and r* (B", ¢r, 27) = 7 (S7—1, 2r)

2. If 871 > S55* then ¢* (h™) =0 and r* (s,—1, 2) = argmazlp (2) 7
#€{0,1}

3. If 871 < SOF* and Assumption 3.5.5 holds, ¢* (k™) = ¢ (8,_1)

In the remainder of this section, I solve for the optimal robust policy r* () and the law of motion
for the sacrifice process s’ (z), under the increasing conflict assumption 3.5.5. Figure 3-7 previews the
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shape of the optimal policy 7* (2) = 7* (Up, Uaia) over the set of states Z = [U ,m2 C R?. Regions
where r* (U, Uyq) =1 (i.e. d takes the emergency action) are depicted in red, and r* (Up, Ugq) = 0
in green. In the bottom we include the spot optimum strategy for = new and for agent p. % In
the right margin, we draw the analogous scale for § = old.

U. old
A 0 =old
max
€+ 14
&
__ ¢max
€= 201d
0
= ncw
P siisoaRE

Figure 3-6: Static Best policy r*?°t (z) for 6 = new

B The spot optimal policy for p is defined as rgP® (2) :== 1 <= U, > 0. For and for type # we have

rel (g)i= 1 =% U2
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Figure 3-7: Optimal robust policy r* (z) for 6 = new

By comparing the optimal robust policy of Figure 3-7 to the spot optimal strategy for ¢ = new
in Figure 3-6, we see how the optimal robust policy is distorted from the spot optimum towards
actions that are spot inefficient for # = old. For example, consider the region where Uyy > ¢
so that ™7 (z) = 1. Figure 3-7 shows then that the optimal policy over this region prescribes
r* (Up,Ungq) = 0 on a strictly larger set of states than rab% (2). The intuition for this phenomenon
is simple: if d plays rr = 0, then p will observe an opportunity cost payed by 6 = old of S; =
Uga — ¢ > 0 utils. This will result in a smaller commitment cost at 7 + 1 than the one implied
by playing » = 1 and reseting to the time 7 = 0 robust policy from tomorrow on. When the
relative reduction in future commitment costs is big enough (i.e. when observed implied sacrifice
for & = old) then the optimal strategy will be to choose » = 0. In the rest of this section I will
formally characterize both the robust policy 7* (z) and the next period sacrifice ¢’ (z), which governs
the reputation formation process.

First, take the region Ry = {z € Z : Uya > ¢+ S53*}, which corresponds to the upper-most
horizontal strip of Figure 3-7. For any z in this region, the unique rationalizable policy for § = old
is to play r (z) = 1. This is because if she played » = 0, the implied sacrifice S = Uyq — ¢ would be
strictly greater than any potential net present value gain from switching to the best rationalizable
payoff (given by S™a*). Therefore, if # = new chooses r* (z) = 0 she would strongly separate from
tomorrow on, achieving the first best payoff E, [max (0, Up,)]. However, if she chose r*(z) = 0 then
s’ (z) = 0 and next period the commitment cost gets reset to ¢j, getting a continuation value of
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W, .e,- Therefore, r* (2) = 0 over region R, if and only if
:B]EZ [max (0, Up)] Z (1 - )8) (UP - C) + ﬂwnew =

Up <c+Shcw (3.61)

If U, < ¢ then by playing r*(2) = 0 type 8 = new would maximize both her spot and her
continuation values, achieving strong separation from 7 + 1 on. Even when U, > ¢, § = new
could still find it optimal to sacrifice spot gains for the strong separation that would be achieved in
the next period. Therefore, when the time inconsistent type has a unique rationalizable strategy,
the good type would optimally invest in reputation, sacrificing present utility to achieve strong
separation in the next period.

Second, take region Rs = {z € Z:Uyq€ (c + 8 ,e+ Sﬁf}x) } In this region, # = old preferred
strategy is still » = 1, but now r = 0 is also old—rationalizable. By playing r = 0, ¢ = new
cannot achieve separation in the next period, but she still can decrease the comumitment cost in the
next period to ¢;+1 = ¢ (Ung — ¢). Therefore, the same analysis from region R; applies here, with
the only difference that now the continuation value will be W (Ugq — ¢) < E, [max(0,Up)|. Then,
r*(2) = 0 over region R; if and only if

Up = < 225 I WUata = ©) = W] = 6 (Vta =)
where ¢ is an increasing function of the implied sacrifice S = Ugyg — ¢ of playing r = 0 for the
time inconsistent type. As before, whenever U, < ¢ then r = 0 will be optimal. When U, > ¢ her
decision will depend on two variables: the spot disutility by not choosing r = 1 (U, — ¢) and the
reputation value gained by choosing r = 0, ¢ (Unq — ¢). States with very high disutility for r = 0
would only prescribe it as an optimal policy for states with high potential sacrifice.

Finally, study region Rz = {z €z :Uyg € (c, c+ 5‘) } See that regardless of the the action,
the sacrifice potential Uyqg — ¢ is too small to make the commitment cost in the next period to be
smaller than its maximum possible level, . Therefore, regardless of the policy chosen, in the next
period reputation will be lost. Therefore the optimal robust policy is just the spot optimal policy:
r*(z)=1<+= Up>c.

Is easy to see that when Uyg < ¢, then the optimal robust policy analysis will be identical, but
with the role of each policy reverted, since it will be now when r = 1 that sacrifice may be signaled.
In Figure 3-8 we illustrate the map s’ (z). The dark blue areas correspond to s’ () = 0 (i.e. all
reputation is lost in the next period), and white regions are those in which 6 = new achieves full
separation from tomorrow on. In the shaded areas, lighter color illustrate higher sacrifice levels,
and hence smaller commitment costs in the next period (but not zero, as in full separation).
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Figure 3-8: Optimal Robust Sacrifice

3.5.7 Discussion

The reason why the robust policy problem ends up being quite tractable is exactly because of the
robustness condition: when having to make sure that p trusts in all histories and for all rationalizable
beliefs, the worst types (in the sense of beliefs) that p might be facing when deciding whether to
trust or not, may correspond to very different beliefs about d’s behavior. Because of this disconnect
, we are able to separate the problems of commitment cost choice and of the optimal robust policy
rule r* (). When more restrictions are imposed (for example, a belief set B = {Tpew, Told}, as in
any Bayesian equilibrium), this separation will be broken.

In terms of the optimal robust policy, note that there exist regions where p and both types of
decision maker would unanimously prefer certain strategy to be played, but because of reputation
building motives @ = new would still want to do exactly the opposite of the unanimous optimal
decision. For example, when Uyq > ¢ + S35* and U, € (c,c + S5 all agents prefer r = 1, but
the optimal policy prescribes the normal action r = 0.

In the context of the capital taxation model, this would correspond with states where the
marginal utility of the public good is sufficiently high for both workers and capitalists, so that both
household types would agree that the ex-post optimal strategy would be to expropriate. Through the
lens of our model, we can summarize the policy maker’s decision by the following argument: “Even
as a pro-capitalist government, I am tempted to expropriate capitalists. However, the incentives
for a benevolent, time inconsistent government to expropriate would be much higher than mine.
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Therefore, by not expropriating, I can show that I am in fact, not the time inconsistent type”. Notice
also that regardless of the beliefs that d may have, any strong rationalizable strategy of d should
also achieve separation at 7 + 1, if she decides to play » = 0. This then gives a robust prediction
about d’'s behavior, as long it is consistent with common strong certainty of rationality.

A perhaps troubling feature of the robust policy is the impermanence of reputation gain: only
the sacrifice of the previous period matters, but past sacrifices do not provide relevant information
for reputation building. In the next section I find conditions on the set of beliefs B so that the
optimal robust implementation exhibits permanent reputation gains, and hence all past sacrifices
give some information about the continuation strategies that the decision maker may be planning
to follow.

3.6 Basic Properties of Strong Rationalizable Implementation

In this section I will study some features of the optimal robust policy. I will first show how present
potential sacrifices may affect the distribution of future sacrifices, creating “momentum” for rep-
utation formation. I will also show that the observed sacrifice process achieves almost surely the
bound S12%. Hence, by playing the robust policy d will eventually convince p that ¢ = new, with
probability one. Moreover, the speed of convergence to the absorbing complete information stage
(where p is certain that # = new ) is exponential, which is also the convergence rate of the best
equilibrium of the game.

I also study the asymptotic behavior of the robust policy as both the time consistent and the
time inconsistent type become more patient, and show that as the discount rate approaches unity,
the worst rationalizable payoff W, ., converges to the first best payoff, and hence the value of the
robust policy converges uniformly to the first best payoff (e.g. for all histories). This further implies
that the expected value of any strong rationalizable strategy that @ = new may follow converges to
the first best payoff as well, an analog result to (Fudenberg and Levine 1989)

3.6.1 Dynamics of the optimal robust policy

We saw in the previous section that only immediate past behavior builds reputation, and past histo-
ries are irrelevant. However, it seems intuitive that there should be some momentum in reputation
gaining. The basic idea is that gaining reputation at time 7 will lower the commitment cost in the
next period. The lowering of commitment cost will allow the reformed type to exploit the difference
in ex-post payoffs between both types, which is the source of the difference between her and the time
inconsistent decision maker, and therefore making that the commitment cost in 74-1 should also go
down even more, in a probabilistic way. However, the degree of generality I have been using so far
does not allow for an easy characterization of the stochastic process followed by the commitment
cost ¢ (S;_1). Therefore, in this section I will show a somewhat weak momentum result, using a

plausible assumption on the primitives of the model
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In the static version of the game, we have

Pr (argmax Ugpg —0) 7 = 0) >Pr (argmax (Upg—0) 7 = 1) (3.62)
7€{0,1} 7e{0,1}

i.e. the optimal static decision rule for = old induces the normal action more often than the
emergency action

This assumption further reinforces our interpretation of the green button strategy (r = 0) as
the status quo: it is the strategy that both the good guy, and a trustworthy bad type would play
most often. As we saw in the previous section, the main driver of reputation building is the sacrifice
potential {Uyqr — ¢;|, a exogenous variable for d given the commitment cost chosen. When the
sacrifice potential is high is when d may decide to invest in reputation building, and moreover,
conditional on observing a sacrifice, higher sacrifice potential imply lower commitment cost in the
next period. While I cannot provide a characterization of the commitment cost process, I can show
that the expected value of the sacrifice potential goes up when the commitment cost decreases.

Proposition 34. If Assumption 3.6.1 holds, then
s > s' implies B; {|Uoig — c(8)|} 2 E, {|Uaq — < ()|} (3.63)

so that after higher observed sacrifices, we expect higher potential sacrifices. If s > s’ > 5’, then the
inequality in 3.63 is strict.

To show our second result on the dynamics of the optimal robust policy, I will need this very
important lemma.

Lemma 35. For all old— rationalizable histories h™ € H (03) , we have that:

Pr(Up > c* (R") — Spew s Uota < ¢* (A7) — 855%) > 0 (3.64)
and
Pr(S; > Sp3*) > ¢ >0 for all ™1 € H (0}) (3.65)
where
q:=Pr(Up > cy — Spenss Uoid <T— Spey) + Pr{Up, < T+ Spa, Uoa > €5 + Soig™ (3.66)
Proof. See Appendix 3.11 | (W

Lemma 35 is important on it’s own, and states first that all the regions considered in the optimal
robust policy have positive probability, and hence separation will surely occur. Moreover, 1 get a
uniform non-zero lower bound on the probability of separating at any history, that can be easily
calculated. With it, I can show its speed of convergence to strong separation
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Proposition 36. For all7 €N
Pr (Separating before T periods) > 1 — (1 — Q)T (3.67)

Proof. In every trial history (new and old- rationalizable) there is at least probability q of separating.
Since shocks are i.i.d this implies that

Pr(Sour < Sog*forallk <7) < (1 — g)T

and hence Pr (Separating before 7 periods) = 1 —Pr (Sogr < Sigg* forallk < 7) = 1— (1 - Q)T 1

This proposition states one of the most important results: the probability of reaching separation
from the time inconsistent type is exponentially decreasing in 7. A perhaps even more important
corollary is that in fact, for any belief restriction B, that is consistent with strong common certainty
of rationality, (i.e. B, C B;) we will also achieve separation in exponential time, the probability of
separation can only be higher for any smaller belief sets. In the next section we will explore some
“reasonable” restrictions we could impose, and see how the solution would be improved.

The second important corollary is that eventually Spq- > Shg~ almost surely (and states there
after separation), so that d will surely separate eventually from the time inconsistent type.

3.6.2 First Best Approximation by patient players

In this subsection the assumption Bug = Brew = B will be significant, since we will be increasing
both discount rates. I will show that as both types become more patient, the payoft of the robust
policy for @ = new converges to the payoff of the stage game after separation. Now, the probability
of separation for history h™ will be denoted as ¢ (h", 8). I first show that these probabilities are
uniformly bound away from zero for all § € (0, 1) and all rationalizable histories

Lemma 37. Let q(h7,3) be the ex-ante probability of separation under the optimal robust strategy
a4 . Then, there exist § > 0 such that ¢ (h"™,8) > q for all A" € H(0y),B € (0,1)

Proof. See Appendix 3.11 _ 0

The previous lemma shows the existence of a number ¢ > 0 such that no matter the discount rate
B , the probability of reaching separation in any new and old— rationalizable histories is greater
than ¢ . Since shocks are i.i.d, even if history may exhibit time dependence, we can bound the
expected time of separation by a geometric random variable with success probability ¢ . Since once
we reach separation, the unique rationalizable outcome is the First Best (i.e. no commitment, spot
optimum policy for & = new ) and the speed of convergence is exponential for this random variable,
then for a sufficiently patient decision maker d, the expected payoff of the robust policy will be very
close to the first best (i.e. the expected time for separation is very small in utility terms). This is

what I show in the following proposition
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Proposition 38. Let B, {max (0,Up,)} be the first best payoff, corresponding to the case where p is
certain that 0 = new , and let W, (8) be the ez-ante expected payoff for the optimal robust policy.
Then

W, (B) > E. {max (0,Up)} as B — 1 (3.68)

Proof. For the robust policy, we always can bound it as

Woew (8) 2 Er {fE, [max (0, Up)] }

where 7 ~ Geom (§) . This is true since E, {r (h", z) (U, (2) — ¢(h™))} > 0 by Lemma 56. Since we
always have that the contemporaneous utility greater than zero and separation is achieved with a
probability greater than § in any period, we have that this is a lower bound for the robust policy
payoff. See also that

e :gﬁf(l U et e e e
Therefore
E [max (0, Up)] — Wpey, (8) < E, [max(0,Up,)] (1 - E, (7)) =
— E, [max (0, U,)] (1 - %_—(ﬁ) _ E, [max (0, U,)] (ﬁ) 50
as f - L. 0

If d is patient enough, because of discounting and the exponential speed of convergence to
separation, the payoff of the robust policy will be very close to the first best payoff. Therefore, if
events of distrust are sufficiently bad (as in our infinite cost interpretation of p’s distrust), the risk
of using a weaker solution concept may be substantial, if we are not quite sure about the restrictions
implied by it, while the potential increase in payoffs would be almost irrelevant if d is patient enough.

3.6.3 Restrictions on Beliefs

In certain situations, the policy maker may have more information about the public p’s beliefs. I
describe how this may be incorporated into the problem. Gains of reputation are not permanent, so
a natural question to ask is: what restrictions on beliefs make reputation gains permanent? That
is, when is ¢ > ¢y for every k?

Formally, say a strategy o4 € X4 exhibits permanent reputation gains if and only if ¢4 (hT“) <
¢%¢ (h™) for all histories h”, A™*! € H (04). We already know that the optimal robust strategy does
not satisfy this property. The goal then is to find what type of restrictions on beliefs should we
impose to get a robust implementing strategy that exhibits permanent reputation gains. Say a
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belief system ng is 64 - nondecreasing if and only if, for all histories h™, A" € H (64),
NPV, (64 | A7) > NPVLE (64| RT) .

This means that under belief 7, § = old cannot get less than what she expected in the previ-
ous period, by playing strategy 4. Denote also ND(64) C %4 be the set of best responses to
64—nondecreasing beliefs.

Proposition 39. Take a belief restriction set B, C B, and o the optimal robust policy in Bp. Then
o exhibits permanent reputation gains <= B, C Sp [{0 = old} x N'D (a})].

That is, p is strongly certain that 8 = old has o — nondecreasing beliefs.

Proof. 1 show necessity. Take a old—rationalizable pair (o4, 7q) and a history A™ € H (o) such
that ¢ = ¢} for all k < 7 —1 and ¢; < ¢f. This is a history where there has been only one
gain in reputation so far, and which has been realized only in the last period. The fact that the
commitment cost decreased has, as a necessary condition, that the observed sacrifice should be
higher than certain threshold level S ie.

NPV™, (04| B7) > S, (3.69)

Also, because h™ € H (o) condition (3.69) also holds for ¢7;.Then, the only way the commitment
cost could go up in some other history h™+* € H (a}), is that NPV 2 (04 | A7"*) < Sr. But since
74 is o ;—nondecreasing, we have

NPV™ (g4 | h™") > NPV (o) | BT) > S > NPV, (04 | A7)

implying that o4 is dominated by o at A”** . Then, the fact that the net present value is always
increasing will imply that the resulting commitment cost will be always non-increasing. O

Intuitively, to get a strategy with permanent reputation gains, the assumption we need to make
on p's beliefs about the time inconsistent type are the following: if 6 = old and we have observed
that S,_1 = S, then the fact that she was willing to sacrifice S utils will “stick”, and p will always
think that 6 = old will not settle for any smaller net present value. This feature of beliefs are
actually pretty common in dynamic adverse selection and signaling problems.

Note that the important restriction is about p’s higher order beliefs: they are not about what p
thinks d will do, but rather what p believes d believes about the continuation game. While working
directly over system of beliefs can always be implemented, assumptions about higher order beliefs
are not very transparent in this framework. In Appendix (3.9) I explore a different approach, by
modeling restrictions on beliefs as type spaces, which allow the modeling of assumptions on higher
order beliefs more tractable.
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3.7 Extensions And Further Research

I now address several extensions of the model and strategies for future research. First, a natural
alternative is to take a legislative approach, as in (Athey, Atkeson, and Kehoe 2005) and (Persson
and Tabellini 1993). The policy maker may have delegated the commitment choice to the public.
The idea here is that if one delegates the commitment cost to the public then certainly one will
have robust implementation. The relevant source of uncertainty in the problem is that the public
mistrusts the government. The intuition comes from contract theory: we should give control rights
precisely to the party who has the first-order inability to trust. However, this will come at a
cost in terms of efficiency. Specifically, the public would always put a higher commitment cost,
to make the optimal policy for @ = old not drive him to indiference between trusting or not. As
such, the public would increase commitment costs relative to the levels chosen by the new regime
government. Therefore, it is easy to show that, if the government has the same robustness concerns,
then the executive approach is superior for her in terms of welfare, given their information.

Second, we may consider robustness to not just a single time inconsistent “old type” but a
multitude of time inconsistent types. Is straightforward to see that Proposition (30) would still be
true for any type space ©4 and hence the characterization of V (h7, ¢;) would now be:

V(h,¢e) = ggerz Vo (So,r—1,¢r) ‘ (3.70)

where the function Vj (¢, s) is the minimum problem in (3.52) for a given payoff type #. Therefore,
this will be equivalent to our dynamic contracting characterization of the problem above but with
multiple types. In the case of a finite type set @4 = {61,602, ...,0r} where we now have the vector
of observed sacrifices Sr—1 = (Sp, r—1,58,7—1, -, S9,,7—1) as the state variables for the implied
promise keeping constraints. The solution would exhibit separation from certain types across time,
and if the other types satisfy the same assumptions made about 6 = old, then it will also eventually
convince p about her being the time consistent type.

A third extension is to an environment in which d has an imperfect signal about p's perceived
incentives of the time inconsistent type. If signals are bounded and its support may be affected by
some signal that d observes, then robust policy would be qualitatively identical.

Finally, looking forward, I would like to extend our analysis to situations in which there are
a continuum of strategies and policies available. This will allow researchers to apply this robust
modeling approach to various macroeconomic applications of interest, as the inflation setting model
of subsection (3.2.2). Is easy to see how Proposition (30) would remain valid on more general models,
so that the Markovian nature of reputation formation would be a very general characteristic of this
type of robustness.
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3.8 Conclusions

I have studied the problem of a government with low credibility. A government faces ex-post time
inconsistent incentives due to lack of commitment, such as an incentive to tax capital or an incentive
to allow for undesirably high levels of inflation. The government undergoes a reform in order to
remove these incentives; however, the reform is successful only if the public actually believes that the
government has truly reformed its ways. As such, the crux of the problem relies on the government
building reputation in the eyes of the public.

After arguing that the typical approach to this problem relies on equilibrium concepts, which
are highly sensitive to small perturbations about the public’s beliefs, I turned to studying the
problem through the lens of optimal robust policy that will implement the public’s trust over
any rationalizable belief that any party can hold. Focusing on robustness to all extensive-form
rationalizable beliefs, I characterize the solution as well as the speed of reputation acquisition.

This is a particularly desirable property from the point of view of macroeconomic mechanism
design. Equilibrium type solution concepts rely on every party knowing every higher order belief
of every other party involved in the interaction. This is an extremely high dimensional object and
in all likelihood it may be very difficult to believe that such an assumption really holds in settings
in which one agent is trying to convince the other agent that he is not adversarial. Furthermore,
equilibrium concepts rely on high dimensional belief functions off the path of play — that is, nodes or
histories that may never be reached. This sort of sensitivity is problematic when advising a policy
maker as small deviations in how a party truly conjectures some off the path of play belief may
severely affect the policy maker’s ability to obtain trust. This sort of analysis, studying optimal

robust policy, can be a very powerful tool within macroeconomic policy making.

3.9 Appendix A - Type Spaces

As mentioned before, the decision maker d acting as a “policy maker”, may have some information
about people’s beliefs about what strategy may be played by d , as well as as beliefs d may hold,
which may involve assumptions about higher order beliefs (what agent i believes about j, what
i believes about j’s beliefs about her beliefs, and so on. As reviewed in (Bergemann and Morris
2005) the literature on epistemic game theory distinguishes between two approaches: an explicit
and an implicit approach. In the explicit approach, beliefs are modeled as subjective probability
measures over (1) the other players strategy, and (2) probability measures over the beliefs of the
other agents (which are themselves probability measures over the player’s own strategy), etc. In
the implicit approach, beliefs are formed over other player strategies and “types”, where a type is
directly mapped to a belief over strategies and types played by the other agent. We will argue that
for most applications, the implicit approach will be a more tractable modeling assumption.
Formally, the explicit approach consists on modeling people’s beliefs as a hierarchy of beliefs over
the types and strategies that d could play, the beliefs that d may have about p’s beliefs, and so on,
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ad infinitum. This means that a belief hierarchy is a sequence of measures (mg, 71, 72, ...) where mg is
a CPS over {old,new} x ¥4 (the payoff types of d and with the strategies that she can choose from),
71 is a measure over the space of such probability systems (i.e. m; € A* (A% ({old, new} x X4))
), m2 € A (AH (A ({old, new} x ¢))) and so on. The set of all possible coherent hierarchies of
beliefs?® is denoted by H, , and can be shown to have desirable topological properties®” Therefore,
information about people’s beliefs can be then represented as restrictions over the set of all coherent
hierarchies; i.e. we can represent our information on beliefs as a subset I ¢ Hy

While this approach has the advantage of being explicit about higher order beliefs, it is cumber-
some to work with. Note that we have to consider beliefs over exponentially larger spaces. As an
alternative, Harsanyi proposed an implicit approach ((Harsanyi 1967/68)). He suggested that one
could bundle all relevant information about beliefs and payoff parameters into different “(epistemic)
types” of agents, in the same way that we think about payoff types. As such, we can model the
system as a Bayesian game, with a larger type space. We formalize this idea for our context:

Definition 40 (Type Space). A type space 7T is a 5-tuple (Tp,Td,é(‘) yTp (4}, (-)) where T;
are sets of types for each agent, 6 : Ty — {old, new} is a function that assigns to each type tg € Ty
to a payoff type 0 (tg) , and #; : T} :— A% (T—; x X_;) assigns a CPS #; (t;) over strategy and type
pairs (t—;, 0;)

lintersect the approaches of (Bergemann and Morris 2005) and (Battigalli and Siniscalchi 1999),
a type encodes it’s payoff type (since d knows its type) together with his beliefs about the other
agent. The set of “states of the world” ©_; that agent ¢ form beliefs over is then the set of pairs
w—i = (t—i,0-;) of strategies and types of the other agent. Unlike (Bergemann and Morris 2005)
however, agents hold beliefs over other player’s types and strategies as well, since in a dynamic
environment these are not perfectly observed.?This method of representing restrictions on beliefs
has the advantage of being more compact (since only first order beliefs have to be specified) and
also being a natural generalization of Bayesian games. For example, suppose the information we
have about p is that p thinks that § = old could have two possible beliefs about the future play
of the game: optimistic (expecting her best equilibrium to be played) or pessimistic (expecting her
worst equilibrium). If this was the case, we could model this situation by simply augmenting the
type space by creating two copies of the old type: an “optimistic old type” to and a “pessimistic
old type” tw with the same payoff parameter (0 (to) = 6 (tw) = old ) but with different beliefs
7tq (to) # 74 (tw). The type sets assigned to d would then be Ty = {new, to,tp}.

In compact static games, (Mertens and Zamir 1985) and (Heifetz 1993) showed that these two
approaches are equivalent: for any subset of possible hierarchies of beliefs I C H* there exist a type

?$See Definition 48 in Appendix 3.10
?"See Appendix 3.10 for a formal treatment of the topological properties of the set of all coherent hierarchies.
*»This is the interactive epistemic characterization of (Ben-Porath 1997) and (Battigalli and Siniscalchi 1999).

This definition also corresponds to (Penta 2012) notion of “conjectures”
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space T that generates the exact same belief hierarchies®® and vice versa.

In particular, if no restrictions are imposed on hierarchies (i.e. [ = H*) there exist a universal
type space T* which is capable of generating all possible hierarchies of beliefs. In another paper,
((Xandri 2012)) I extend (Battigalli and Siniscalchi 1999) to (non-metrizable)*’topological spaces,
to show that this is also true in a relevant class of extensive form games. In Appendix 3.10 I provide
an application to our particular setting, and also a formal description of how we can make the
mapping between these two approaches.

Because of this equivalence result, I will use the implicit approach throughout this paper, when
modeling d’s information and assumptions about p’s beliefs. I will further consider only compact
type spaces, where the sets T; are compact and Hausdorff topological spaces (with some topology)
and the belief functions 7; (£;) are continuous in the weak convergence sense: if a sequence t;n — t;
then m; (t:n) (. | h) converges in distribution to m; (¢;) (. | h) for all h € H. For most applications
this will not be restrictive, since any type space that is “closed” is homeomorph to a subset of the
universal type space 7*3' which is itself compact (see Theorem 50 in Appendix 3.10), making 7
itself compact.

For an epistemic type ty € Ty and a strategy o4 € Y4 define the expected continuation value for
type t4 as

W' (04 | h) = W] (04| h) with 8 = 6 () , & = 7q (ta) (3.71)

Likewise, given a type t, € T, and a strategy o, € 3, define p’s expected value as
Vi (g, | h) = V™ (0, | h) where 7 = # (tp)

Also, we write SBR (t;) = SBRy., [# (t;)]. An agent is then sequentially rational if the strategy
she chooses is a sequential best response to her beliefs: i.e. o; € SBR (t;) The interactive epistemic
representation of types allows us to easily write this assumption; as the subset of sequentially rational
states R; C T; x ¥; defined as:

R = {(t;,0;) € T; x i : 05 € SBR; (t3)} (3.72)
for i € {d,p}. We write X} (T) C ¥; as the set of all sequentially rational strategies.

Definition 41 (Robust Implementation). Given a type space T = (Td, Ty, 0, Tps frd) we say that
a strategy o4 is a robust implementation of trust if and only if for all histories (h", ) € Hyp (04),

P Formally, there is always a belief morphism between both types of spaces, as studied in Appendix 3.10
30This is a relevant extension, since a very large class of relevant games in economics cannot be modeled with

metrizable type spaces. For example, any infinitely repeated dynamic game with a continuous strategy space (such

as Cournot duopoly, or most macro applications) are not metrizable.
31This is the main lesson from the Universal Type Space Theorem of (Mertens and Zamir 1985}),(Heifetz 1993)

and (Brandenburger and Dekel 1993). See Theorem 50 in Appendix 3.10
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all t, € T, and all 6, € SBR(t,) we have a7 (h7,¢;) =1

Besides the information we have about beliefs (modeled by a type space 7 ) we might also
know (or be willing to assume) some common certainty restrictions on agents beliefs. Following the
construction of subsection 3.4.4 we can extend the definitions of weak and strong rationalizable sets
to type spaces, where the sets WCRY (T) and SCRF (T) C T; x %; correspond to all the weak and
strong rationalizable pairs. In Proposition 53 we adapt the result of (Battigalli 2003) to show that
for compact type spaces, these sets are compact, which also implies that the set of weak and strong
rationalizable sets WCR® (T) and SCR{° (T) are non-empty, cor.npact subsets of T;. Together
with the upper hemicontinuity of the sequential best response correspondence, this implies that the
sets of weakly and strongly rationalizable strategies

3¢ = SBRAW [WCR (T)]}, 5 := SBR. {S[SCR (T)]} (3.73)

are compact with respect to the product topology. With this formulation, we can work with common
certainty assumptions (of rationality or other assumptions about beliefs) and still retain the type
space representation we have been considering. When besides the restrictions on beliefs modeled by
the type space T, d is also willing to make assumptions about common certainty of rationality, this
can be thought of as refining the type space by getting a subspace 7 C T, formed only by types
that have survived the iterative deletion procedure just described. That is t; € T} = WCR®(T) if
we use common weak certainty, and analogously with SCR® (T') for strong certainty.

With some abuse of notation, we will denote the type space resulting of this refinement as
T = WCR™(T) and 7 = SCR® (T) for the case of strong certainty. When a type space 7 can
be written as it’s own weak rationalizable refinement (i.e. 7 = WCR™ (7)) we will say that 7 is
consistent with weak common certainty of rationality, and analogously for strong certainty

Armed with this concepts, we can give a definition of robust implementation that relates to
(Bergemann and Morris 2009).

Definition 42 (Weak Robust Implementation). A strategy o4 is a weak robust implementation
of trust if if it implements it for all type spaces T such that 7 = WCR™ (T)

In Appendix 3.10 I show how this is actually equivalent to doing robustness with the belief space
By, and likewise for B,

3.10 Appendix B - Universal Type Space and Strong Rationalizable
Strategies

In this section I adapt the results in (Xandri 2012) on the characterization of the Universal Type

Space theorem and the study of the topological properties of the sets of weak and strong rationaliz-

able strategies to my setup, for any compact type space we might consider. It generalizes (Battigalli
and Siniscalchi.1999; Battigalli and Siniscalchi 2003; Battigalli 2003) to general topological spaces,
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which is necessary because their results do not apply to my paper. Their results require either finite
strategies or finite periods, because their are obtained by extending (Brandenburger and Dekel 1993)
to dynamic settings, which works with complete metrizable strategy spaces. However, infinitely re-
peated games typically involve using the weak convergence topology on the set of strategies, which
is non-metrizable if, for éxample, agents have a continuum of actions in each period. This section
is organized as follows: in subsection 3.10.1 I introduce and give some results on the topology of
strategy spaces. In subsection 3.10.2 I introduce the notion of hierarchies of beliefs, and study their
topological properties. In subsection 3.10.3 I provide a version of the Universal Type Space Theorem
(as in (Mertens and Zamir 1985; Battigalli and Siniscalchi 1999)) and finally, in subsection 3.10.4
we apply the results we found in the previous sections to characterize the compactness of the set of
weak and strong rationalizable strategies, a crucial result for the model studied in this paper.

3.10.1 Topological Properties of Strategy Spaces

We have that the set from which p chooses is clearly Hausdorff, regular and compact Sp, := {0, 1}.
We will now show that the set from which d chooses is also Hausdorff, compact and regular since
it is the product of two compact, regular and Hausdorff spaces:

Sd =Cx G (3.74)

where G = M (Z,{0,1}), the set of measurable functions g : Z — {0,1}. C C R is compact by
assumption, (and Hausdorff and regular because R is). We will show that ¢ is also a Hausdorff,
compact and regular space with the product topology:i.e. point-wise convergence

gn ()= g() = gn(z) 5 g(z) forallze Z (3.75)

The compactness follows from 3 reasons:

1. G c{0,1}% = [l.cz {0,1} = G which is a compact space with the product topology described
3.75, because of Tychonoff’s Theorem. It is also Hausdorff and regular (Theorem 31.2 in
(Munkres 2000)).

2. G is a closed subset of G, because of the Dominated convergence theorem (Theorem 2.24 in
(Folland 1999))

3. G is therefore compact (since it is a closed subset of a Hausdorff compact space, Theorem
26.2 in (Munkres 2000))

The fact that G is regular and Hausdorff is simply because it is a subspace of C;*, which is a regular
and Hausdorff space itself (Theorem 31.2 in (Munkres 2000)). Because C' and G and both Hausdorff,
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compact and regular, Sy is also Hausdorff, compact and regular. Strategies for d are functions
04 Hi—>CxG

which can be written as
Y4 = (C x G)He = g

which by Tychonoff’s Theorem and Theorem 31.2 in (Munkres 2000), is also Hausdorff, compact
and regular, with the product topology; i.e.

h) = e(h” for all histories h” € H
aén) — a4 if and only if n (R7) () ¢ (3.76)

gn(h7,2) > g(h",2;) forall (W, cr,1,2:) € Hg

and
of,”) — 0y if and only if a, (A", cr) = a(R7, ¢r) (3.77)

Note that, because of the boundedness of both ¢ and g (-) we can apply the Dominated convergence
theorem (Theorem 2.24 in (Folland 1999)) to show that the function V (- | h) defined in 3.24 is a
continuous function of ¢ € ¥, and using Theorem Theorem 2.25 in (Folland 1999), we can also show
that the continuation value function Wy (- | h) defined in 3.23 is also continuous function of ¢ € &
with the product topology. We summarize the results of this subsection in the following Lemma.

Lemma 43 (Topology of X;). The strategy spaces ¥; for i € {p,d} are Hausdorff, compact
and regular topological spaces, with the topology of point-wise convergence (as in 3.76 and 3.77).
Moreover, for all histories h € H;, the conditional expected utility functions V (o | h) and Wy (o | h)
as defined in 3.24 and 3.23 are continuous

3.10.2 Hierarchies of Beliefs

Given a topological space (X, 1), define A (X) as the set of all Borel probability measures on X.
If X is a compact, Hausdorff space, then A (X) is also a Hausdorff and compact topological space
(Theorem 3 in (Heifetz 1993)) with the weak-* topolagy. This is the topology of the convergence in
distribution: a sequence {M},, ¢y converges in distribution to A (written as A, ~+ X) if and only if

/ £ (@) dMe (2) — / f (@) dA(z) for all f € M(X,R) (3.78)

where M (X, R) is the set of all measurable functions with respect to the Borel o —algebra. Moreover,
all Borel probability measures on X are also regular (Theorem 5, (Heifetz 1993)). Therefore, using
Tychonoff’s theorem, the set [A (X )]H is also a compact, Hausdorff space with the product topology
(having point-wise the weak topology). The set of conditional probability systems on X, which we
write A% (X) is a closed subset of [A (X)]* (Lemma 1 in (Battigalli and Siniscalchi 1999)), and
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therefore inherits compactness and Hausdorff property. We will say a conditional probability system
7 is regular if and only if 7 (- | h) is a regular measure over X for all h € H. These results are
summarized in the following Lemma

Lemma 44 (Topology of AM (X)), Given a Hausdorff and compact topological space X and a
family H of histories, the space AM (X) of conditional probability systems on X is also a Hausdorff,

compact space with the product topology of convergence in distribution: i.e. given a sequence {m,} €
AR (X) and 7 € A" (X)), we say

7in = in AH(X) & 10 (- |h) ~7n( | h) forallh e H (3.79)

Moreover, every m € AM(X) is reqular.

A useful corollary of Lemma 44 will be needed for characterizing the best reply correspondence.
Given a type space T = (Tp,Td,éC),frp (), 7 (~)), define now the functions V(- | h) : Ly x
AH(Td xXg) > Rand We (- |p) : X4 XAH(Tp X Ep) as

Vp (0p,mp | B) := VT (0 | ) (3.80)
and

Wy (04,74 | h) == W;Td (oq| h) (3.81)

Corollary 45 (Continuity of Expected Utility over types). If T; are compact topological
spaces for i = 1,2, then the functions V (-| h) and Wy (- | h) are continuous functions (in the weak
topology).

Proof. Since both functions are linear functionals in the space A (T_; x ¥_;), for continuity I only
need to show boundedness of both functions. This follows from directly from Lemma 44 and
the Dominated convergence theorem (which makes the convergence the weak convergence). The
continuity of V (. | h) with respect to g4 has already been established in Lemma 43 a

I will now replicate here the inductive construction of the set of hierarchies of beliefs, as in
(Battigalli and Siniscalchi 1999): Define first

X0 :=0gx Xgand X3 =5, (3.82)

X} = XD x AMi (X9) for i € {d,p}

and in general
Xk o= xF o AN (X5 (3.83)

Proposition 46. X* is a Hausdorff and compact topological space for all k = 0,1,2,.... and i €
{d,p}. Moreover, x € XF <= 1z = (Tp_1, 71,72, ..., k1) where Tx_1 € Xf‘l and s is a reqular
CPS on X3 foralls=1,2,..,k— 1.
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Proof. By induction, I will show that Xf is compact, Hausdorff, and it consists of regular measures

on its previous “level”. Clearly is true for & = 0, since from 3.82 and Lemma 43, we know that XVisa

Hausdorff and compact topological space. Now, assuming {Xik‘l} (o} is Hausdorff and compact,
i€{p,

I need to show that {X{c }ie (o} is also Hausdorff and compact. Using Lemma 44 we then know

that A% (X;““l) is compact and Hausdorff, and consists of regular measures. This together with
definition 3.83 gives the desired result. The second result follows from (Battigalli and Siniscalchi
1999) which show that we can write X} simply as

k—1
xf=x; x [[a%* (x3) (3.84)
=0

O

Define the set of hierarchies of beliefs for agent i € {p,d} to be the set H; = limz_,00 Xik, which
can be written (according to 3.84) as

H; = kfjl A% (xF) (3.85)

So, an element h = (mo, 71, ...) € H; consists on a CPS 7 on ¥; (the strategies of the other agent), a
CPS 1, on AMi (%;) (the CPS’s of j about #'s strategies), a CPS m on A% (AMi (A™5 (34))), and
so on. Clearly the space H; is compact and Hausdorff,' because of Proposition 46 and Tychonoff’s
theorem. We summarize these results below

Proposition 47 (Topology of H;). The set of hierarchies of beliefs H; for i € {p,d} as defined

in 3.85 are Hausdorff and compact topological spaces, with the point-wise convergence in each level:

h, = (""k‘)kew Sh= (“k)keN e 75| h) ~ 78 (| h) for dlkeNheH, (3.86)

Moreover, for all hierarchies h = (x*) ven and all k € N, we have that 7% € AM: (X Jk) is a
regular CPS
3.10.3 Construction of the Universal Type Space

Not all hierarchies of beliefs will be “rational”, in the sense that upper level beliefs (say, k—order
beliefs) may not be consistent with lower level beliefs. We say that a hierarchy h € H; is coherent
when different levels of beliefs are consistent with each other. The formal definition is given by
(Battigalli and Siniscalchi 1999) (Definition 1) :

Definition 48 (Coherency). A hierarchy of beliefs h € H; is coherent if and only if
k+1 .k .
IIg k17 Gthy=m= (-1h) forall he Hik €N (3.87)
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where mrgys—175*! is the marginal of measure 7**! on the projection X*~1.

Definition 48 is also identical to the definition of projective sequence of regular Borel probability
measures, as in (Heifetz 1993) (Definition 7), since by 47 we know that all measures (and their
projections) involved in the hierarchies are regular probability measures. We write H to mean the
set of coherent hierarchies of beliefs for agent i. Is easy to see that coherency is a closed restriction
of the space H;, which readily implies that H} is itself a Hausdorff and compact subspace of H;.

Define

Ty =H,,T; = ©4 x H (3.88)

So, the universal type sets are simply the sets of all coherent hierarchies of beliefs for each agent. See
also that the identity mappings make sense, in that an element in H} is precisely a coherent CPS
on the elements of H}. In order to understand the maximality property of the type space we want
to construct, in the sense that all other type spaces are in some way embedded into it, I need to
define the concept of type-morphisms. Given two type spaces T = (T,,,Td, 6() Jp (), Tid ()) and

T = (Tz,n "o () iy (1), Ty (~)) and a function ¢; : $j x T; — X; x T} with i € {p,d} and j #1,
define @; : AMi (T x Tj) — A% (2,- x T]’) as the function associating to each CPS 7; on X; x Tj
the induced CPS @i (u:) over X; x T}, as defined in (Battigalli and Siniscalchi 1999) (Subsection
3.1). Formally, given m; € A% (3; x Tj) we have

@i (i) (A h) =m; (cpi_l (A) | h) for all measurable A C X; x T}, h € H; (3.89)

i.e. it gives events in ¥; X T; the probability according to u; in the pre-image of that event in
¥ x 1y,

Definition 49 (Type-morphisms ((Battigalli and Siniscalchi 1999))). Given two type spaces
T = (T,,, T, 0 (), 7 (), Fa (-)) and 77 = (T,ﬁ, T}, 0" () V1 (), g (~)) we say that a pair of functions
@ = (@p, @a) Where ; : T; — T} is a type morphism from 7 to 7’ if and only if the functions ¢;
are continuous, and satisfy

7t i (£:)] = @s [7: (t3)] for all £; € Tiyi € {p,d} (3.90)

and
¢ [pq (t)] = 0 (tg) for all tg € Ty (3.91)

When ¢ is a homeomorphism we say that 7 and 7" are type-isomorphic.

Conditions 3.90 and 3.91 state that the beliefs and utility parameters (respectively) of all types
in 7 can be mapped (in a continuous way) into beliefs and parameters of 77 . The intuitive idea of
this definition is that 7 is “smaller” than 77, since every type in 7; can be mapped to a subset of
types in T} (i.e. the image of ) that have essentially the same epistemic properties: same beliefs
and same utility parameters.
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The following Theorem is a simple consequence of Theorem 8 in (Heifetz 1993) and Proposition 3
in (Battigalli and Siniscalchi 1999), adapted to the modified topological assumptions of this model.

Theorem 50 (Universal Type Space Theorem). The sets T and T; defined in 3.88 satisfy:
Ty is homeomorphic to AM4 (T x %) (3.92)

and
T; is homeomorphic to ©4 x AMd (TI’,* X Tp) (3.93)

with homeomarphisms Qp : Ty — A"P (T} x ¥4) and Qq : Tj — ©g x AMe (T x ¥,). The type
space T* = (T3, T3, 0% (), 753 (), 73 ()) with (8°(),75()) = Qa() and 23 () = Qp (") is called
the Universal Type Space, and has the following property: for any other type space T there exists
a (unique) type morphism @ between T and T*

Proof. Proposition 47 tells us that all measures in a hierarchy are regular measures. This, together
with Theorems 8 and 9 in (Heifetz 1993) proves conditions 3.92 and 3.93, by applying the General-
ized consistency theorem to each individual history h € H and constructing the homeomorphism by
defining it history by history. The universality condition is an almost direct application of Proposi-
tion 3 in (Battigalli and Siniscalchi 1999) since we can easily replicate the proof step by step with
our topological assumptions. O

3.10.4 Topology of Rationalizable sets

In this section I show that the set of rationalizable strategies for any compact type space is in fact,
a compact subset of the set of strategies, which I characterized in subsection 3.10.1. Moreover, the
set of strongly rationalizable strategies will be in fact, a subset of the weak rationalizable strategy
set, implying that strong rationalizability is a closed, stronger solution concept. This will be useful
when using the structure theorems in (Weinstein and Yildiz 2012). The main tool I will be using
to prove stated in (Ausubel and Deneckere 1993)

Theorem 51 (Berge’s Theorem of the Maximum ((Berge 1963))). Let X and Y be topological
spaces, with Y regular, a continuous function f: X x Y — R and a continuous, non-empty and
compact valued correspondence ' : X =% Y. Then the function

M (x) := max f(z,
(z) yep(x)f( y)
is well defined and continuous, and moreover, the correspondence

g (x) := argmaxf (z,y)
yel(z)

s non-empty, compact valued and upper hemi-continuous.
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The most important consequence of the theorem of the maximum is the continuity and upper

hemicontinuity of the value and best response functions, respectively

Proposition 52 (Continuity of Sequential Best Responses). For any type space T = (Tp, Ty,0(), p (), Ta (-
and any t; € T; define the sequential best response correspondence SBR; : T; — ¥; that gives the
sequential best responses for type i. Then, if #;(-) for i € {p,d} are continuous functions, SBR; (t;)

s a non-emply, compact valued and upper-hemi continuous correspondence.

Proof. 1 will only show the continuity of SB Ry, since SBR,, follows a similar (and easier) argument.
Corollary 45 tells us that W (04,74 | h) is a continuous function of the CPS 7y, and Proposition
43 tells us that it is also a continuous function of o4 (taking 74 as given), which makes Ws (- | h)
a continuous function over L4 x AMd (T}, x %) (with the product topology). Proposition 43 also
implies that the set X4 is regular, Hausdorff and compact. The domain of the program is Y,
which is a constant correspondence, hence continuous, non-empty and compact valued (since ¥4 is

compact). Therefore, we can apply the theorem of the maximum 51 to show that the correspondence
¢ (0,7q | h) := argmax Wy (04,74 | h)
[ ZIF]

is a continuous, non-empty and compact valued u.h.c correspondence of (6, 74) for all h € H, (con-
tinuity on @ comes for free with it’s finiteness) which therefore implies that the correspondence

¢ (0,7) = (¢(0,7a | h))pey is also a continuous, non-empty and compact valued u.h.c correspon-
dence. The desired result then follows from the continuity of 74, since

SBR(ts) = [0 (ta)  fra ()]

a composition of an u.h.c correspondence with a continuous function, which is also a u.h.c corre-
spondence, as we wanted to show. Compactness also follows from continuity (Weierstrass). (]

Now I present the main result of this section

Theorem 53 (Topological Properties of Weak and Strong rationalizability). Take a com-
pact type space T = (T,,,Td,é(-) Tp (+) ) g ()) and recall the definitions of WCRE(T) C T; and
.S’C’R,’iC (T) C % as the set of weak and strong rationalizable strategies for type space T. Then:

1. The sets WCRE (T) and SCR¥(T) are non-empty, compact, Hausdorff and regular spaces,
and satisfy WCRF (T) C SCRE(T) for all k e N,i € {p,d}

2. The rationalizable sets WC R (T) C SCR® (T) are also non-empty, compact, Hausdorff and
reqular spaces for i € {p,d}

3. The set of all weak rationalizable strategies WCR® C ¥; and strong rationalizable strategies
SCR® C ¥ are non-empty, compact, Hausdorff and regular spaces, and satisfy WCR® C
SCR® forie {p,d}.
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Proof. (1) follows directly from Propositions 3.5 and 3.6 in (Battigalli 2003), since the strategy
space Y; is compact (Proposition 3.10.1) and the best response correspondences are u.h.c, non-
empty compact valued (Proposition 52). The restrictions on the rationalizable sets can also be
mapped as restrictions on the type space, as shown by (Battigalli and Siniscalchi 2003). The fact that
WCRZ (T) and SCR{° (T) are non-empty follows from the compactness and non-emptiness proved
in follows from (2) and the generalization of Cantor’s Theorem, which states that the intersection of
a decreasing sequence of non-empty compact sets is non-empty (Theorem 26.9 in (Munkres 2000)).
Since WCRF (T) and SCR¥ (T") are compact, they are also closed sets, which make WC R (T) and
SR° (T) closed. Because ¥; is a Hausdorff space, this also implies that WC Rg® (T) and SC RS (T)
are also compact spaces (Theorem 26.2 (Munkres 2000)). Regularity follows from regularity of X;,
and therefore we have shown (2). For (3) we use the universal type space theorem 50 to be able to

write
WCR} = U WCRP(T) = WCR® (T*) (3.94)
T:T is a type space
and
scri= | SCR (T) = SCRX® (T*) (3.95)
T:T is a type space ’
and we use again this theorem to recall that the type space T* consists of compact type spaces T
with continuous belief functions #}. Therefore we can apply the result in (3) for the particular case
of T=T"* a

3.11 Appendix C - Proofs and Supplementary Results

[ will need some extra notation for the proofs in this section. Given an appended history h* =
(h,", h’“), I write h® ~ h7 = h* for the tail of the history. Also, whenever we can decompose h® in
this manner, I will say that h™ precedes h® and write h™ < h®.

Proof of Lemma 29. The first part is a consequence of Lemma (56) in Appendix 3.11. For the
second result, take a robust and strong rationalizable strategy o4 and suppose there exist a history
h and a strong rationalizable pair (64, #4) that deliver an expected payoff that is less than the payoff
of the robust policy:

Wg4 (64| h) < Wo (oa | h).

However, if 74 has common strong certainty of rationality, then she is also certain that p plays
strong rationalizable strategies (Proposition 3.10 in (Battigalli and Bonanno 1999)), and hence she
should be also certain that by following the robust strategy o4 from history k on she will get a higher
expected payoff. Since this is true for any rationalizable belief, 64 cannot be the sequential best
response for beliefs 4 (since it is conditionally dominated by o4 at h), reaching a contradiction [
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Lemma 54. Take a history h” and O—rationalization (04,74) . Also, let v = (04,7q) be another

0—rationalizable pair that satisfies:

1-8
B

Then, there exists a pair (o4, 74} that also 0—rationalizes h™ and is such that

Wy (64 B°) > So,r—1+ Wy (3.96)
oy (h*)y =a4(h° ~h7), 75 (- | h®) =7q (- | h° ~ h") (3.97)
for all histories h® = h™

Proof. Define the pair (¢}, 7)) for any history h? as

Ud(its> ifs<rtorh®=hn"
oy (fzs) ={ 0} (/}s ~ ilr) if s >7and A7 AR (3.98)
Ad<’~ls~h7) if s>7and h™ < h*

and for any measurable set A C £,

’Ird(AIiLs) ifs<Tr
«,-r{;(AmS) = @,(Alﬁswff) it s >7and h™ A B (3.99)
frd(A]BSNhT) if s >7 and h™ < R°

so the pair (%, ) coincides with (o4,7g) for any histories of length less than 7 — 1, and strategies
also do it up to time 7. If at history (A", ¢r—1,a7-1,2r—1) d deviates from r = r°4 (h7~1, 2,_;)
going to A’7, then type @ believes that she will switch to the optimal strong rationalizable strategy
from then on, to which the best response is o and the expected payoff is

Wyd (o | B7) = Wi (o} | B°) = W,

which is a rationalizable continuation pair. Same is true for the continuations at all histories after
h7, and so the pair (o}, 7)) is rationalizable. Then, to finish our proof, we need to show that it is
consistent with A” only at r,_;. Consider first the case where r-_; = 0 and Sp -1 =Ugr1—Cr-1 >
0. Then, the optimal choice under (o%, %) is

BWeE (0% | h7) = (1= B) (Usro1 — cr) + AW, <>

Wi (6a | 10) 2 12F

So,r-1 + Wy

which is the assumption made in 3.96. The other cases are shown in a similar fashion. O
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Proof of Proposition 30. Given the functions (r(-),w(-)) that satisfy conditions 3.45 and 3.46, 1
need to construct a @—rationalizable pair (04,74) such that r%¢ (h7, 2,) = r(z;) for all z € Z.
Because the set or rationalizable payoffs is convex, we know that for any w € [m,Wo] there exist
some rationalizable pair (g., 7y,) such that

Wy (0w | BY) = w
then, for all z € Z we can find a rationalizable pair (6., %) such that
Wi (6. | h°) = w(2) (3.100)

which are rationalizable continuations from time 0 perspective. Moreover, see that that r (2) solves
the IC constraint 3.45 for this continuations, which means that it would be the best response at
7 = 0 if 6 expected the continuation values w (z) starting from 7 = 1. Formally, let Al (2) =
(co,a0,20 = 2,70 = r(z)) and define the strategy oo as

(er,r(4) if h =AY
go(h") = { o, (h* ~h1(2)) ifhl(z) <h*
oy (h* ~ h') otherwise

i.e. upon deviations in the first period, goes to the optimal robust strategy, and by following the
proposed policy r (z) it continues prescribing strategy o, after that history, which gives an expected
payoff of w(z). This then implies that the policy function is f—rationalizable at h°, and that it’s
expected payoff is

1-p
B

But then we can use Lemma 54 for the pair (64, #4) = (00, o), finishing the proof. |

W (00 | h%) =E, [(1 - B)r(2) (Us — cr) + fw (2)] >

Sor—1+ W,

To show Proposition 31 we will need the following Lemma

Lemma 55 (No strong separation by commitment costs). Take a history h” that is strong
rationalizable for both types, and a commitment cost ¢ such that (h™, &) is new—rationalizable. Then,
(h™,¢) is old—rationalizable as well.

Proof. Suppose not. Then, at history (h7,¢) type 8 = new would achieve robust separation. I will
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now construct a system of beliefs 7 € Bj, for any continuation history h :

1 ifh>(h",¢) and agB €A
T(A|h) =41 ifhy (h",é8)and g, € A (3.101)

0 otherwise

where o' is the first best strategy for p if he faces 6 = new, and g,, (k) = 0 for all histories (i.e.
not trust for all continuation histories). See that because of robust separation, for any continuation
history h that is new—rationalizable, this will be a rationalizable strategy if p puts measure 1 on
# = new. If a continuation history h is not new—rationalizable, then because we assumed it is
not old—rationalizable either, then strong rationalizability puts no restrictions on beliefs after such
histories, and hence g,, is a strong rationalizable continuation strategy at these histories. Define 64

as
(é, ot (| é)) it h = h
6a(h) = (0135 (1 e=0)) ifh>(h7,9) (3.102)
(00,79 (-)) if b (h7,0)
where 7"2”“ (z| ¢) = argmax(Up —c)r and rq(z) = 0 for all z € Z. Is easy to see that & €

r&(0,1)
SBRyq{(m) since if ¢ # ¢ then utility will be 1,4, and

Uy <0< (1= B)E{max (0, Ugg — &)} + BE {max (0, Una)} = Wis (64| h7)

and clearly it is the best response for the continuation histories. But then choosing ¢ = ¢ is a strong
rationalizable strategy for 8 = old, a contradiction. O

Proof of Proposition 81. We will do it by induction: suppose k = 0. Since h® = @ is ratio-
nalizable for both types, Lemma 55 implies that if ¢o is new—rationalizable, history (ho,co) i8
old—rationalizable as well. For k > 1, suppose that history (hk‘l,ck_l) has been both new and
old—rationalizable, and we know that (h’“, ck) is also new—rationalizable. Because of Lemma 55 his-
tory (h¥, cx) can be old—rationalizable as well if and only if h¥ = (%=1, ck_1, @g—1, 2k—1, Tk—1) i8 also
old—rationalizable. Since by the induction step we assumed (hk'l, ck_l) is old—rationalizable, we
need to rationalize only the choice of rr_; after shock zx—1. But here we can apply directly Proposi-
tion 30, getting that h* is old—rationalizable if and only if Spig k-1 = maxze(0,1} (Uotd k—1 — Ck—1) F—
Usid f—1 — Ck—1) Te—1 < SHG*. This concludes the proof. O

To prove Proposition 32, we will need two lemmas first:
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Lemma 56. For any strong rationalizable strategy o4 € L52 | and any new—rationalizable history,

we have
E., {r°(h", %) [Up(2r) — "¢ (R7)]} > 0 (3.103)

Proof. The proof will follow from 2 steps:
Step 1: Let W,.., > S22X, This is equivalent to showing

W 2 T (B, [m0x (0, U (2))] ~ W) <=

Wnew > ﬂ]EzT [ma*x (Oa UP (2'7—))]

Suppose W,,.,, < BE;, [max (0,U, (2-))]. Then the following strategy would be strongly rational-
izable: prohibit 7 = 1 at h™ and in 7 + 1 d separates completely. See that since type 6 = old
never prohibits r in any rationalizable strategy, then strong certainty of rationality would imply
that 6 = new from then on. Therefore, this strategy would then be a robust one, and there-
fore W,,.,, > BE,, [max(0,U, (27))] from the fact that W,,,,, is the maximum utility over robust
strategies, and thus reaching a contradiction.

Step 2: E,, [r7¢ (W7, 2,) (Up (27) — ¢”¢ (R7))] > 0 for all 64 € Y52 and all rationalizable histories
hT.

For any rationalizable strategy o4 we have
(L =B E,, [r7¢ (A7, 2r) (Up (2r) — ¢ (BT))] + BE:, [max (0, Up (27))] 2 Wi, (A7) > W,
This also implies then that
(1 = B)E,, [r7 (h7, 2) (Up (2r) — ¢ (A7))] Z BWyper, — BE [max (0, Up (2))] + (1 — ) W,,e,, <=

Eo, [r74 (07, 20) (Up (27) = ¢4 (h"))] 2 Wi, — Spies = 0
using Step 1 in the last inequality. O

Lemma 57. There exist a non-zero measure set S C [0, maX] such that % (s)>0forallseS
and hence V (s, c* (8)) = u, for all s € s

Proof. Notice first that for all s we have E[r(z|s)] = Prlr(z|s) =1} > 0. This is because if it
wasn’t, then utility of this policy at s would give utility 0, whereas we could have chosen ¢ = ¢ (s)'
and get positive utility, together with positive probability of playing r = 1 . Suppose not, so that
%”% = 0 for all s for which the derivative exists (which are almost everywhere). Pick a s such
that the constraint is not binding: i.e. V(s,c*(s)) > w, (which must necesarily exist given the
characterization of the minimum cost function c¢(s). Take the optimal policy at that state, which
is r(2) = r*(2), s(2) = s*(z) and ¢ = ¢*. We will construct a local feasible deviation: keep the

same policy function r(z) and only reduce the commitment cost to & = ¢ — ¢, which implies that
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the next period sacrifice would now be
s(z,€) = max (Uatd (2) —c+ &) F — (Upa (2) — ¢ + €} 7 (2}
’r »

The utility of the right hand side maximized problem was O

(1= B)E[(Uaa(z) —c)r(2)] + BEW [s(2)]

and with the deviation is
(1= B)E[(Uad — ¢+ €) 7 (2)] + BEW [s (2, €)]
we will show that it is a stricly increasing deviation:
(1= B)E [(Uota (2) — &) 7 ()] HBEW 5 (2)] < (1 — BYE[(Uoia (2) — ¢+ €) 7 ()| +LEW s (2,¢)] =

(1=B)Pr[r(z) =1e+ BE{W]s(z,€)] —W][s(2)]} >0 (3.104)

Because W is differentiable almost everywhere, then for almost all z € Z we can make the differential
approximation around € = O:

Wis(z 0l - Wis @)~ 22 [s (2) [as (2,6) | 0]

and using the envelope theorem

63(‘(;;76) _ ;lp;t (Z I c_()«—')"(Z)

so that evaluating it at ¢ = 0 we simplify this condition as
Wis (2,0~ Wis ()] & 1 (2)] 15 (2) = 7 ()] e
then for small enough ¢ condition 3.104 is satisfied if and only if
(1-p) /r(z) f(2)dz + ,8/ PPt (2) — (z)] [s(2)] f(z)dz>0 (3.105)
The assumption Pr (r (z) = 1) > 0 implies that condition 3.105 will necesarily hold if we can show
[l @ -] B ls @1 ) de > 0

Because the only potential mass-point for the implied distribution for ' (z) is at s = 0 (when

there is no sacrifice, sacrifice is zero, and this can happen if rg 7é r has positive probability) and
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we already know that W is locally constant in the interval [0, 5] we also have that %—? (0) = 0.
Therefore, 5
%[s(z)] —0acinzeZ

which given the absolute continuity of Z delivers the desired result.
Lemma 58. If Y (s,c* (s)) > u, for some s, then it also holds for all §' € (s, S™*X)

Proof. Tt follows by inspection of the first order conditions of the lagrangian problem, since s only
enters the conditions through this constraint, which implies that if it is non-binding at s it is also
non-binding at s’ > s, since increasing the sacrifice only relaxes this constraint, which was not
binding in the optimum. ‘ O

Corollary. There exist s > § such that for all s < s we have ¢* (s) = c(s) and for s > § we have
c*(s) = c(8)

Lemma 59. Under the increasing misalignment assumption 3.5.5, given €,8 > 0, the functions:

a b
G (a,b] ¢ d) ::/_ [/Jupf(up,uo)dup} du,

and
a+€

H(a,b]| ¢ 8) = / [/::6 Upf (Up, Uo) dup] du,

a—€

satisfies %.% <0 If upg'—u% > 0 for all z, then we also have %%- >0

Proof. Using Leibnitz rule:

oG b b b i
e = | wl @i [ wf a-0du= [yl (,0) = 1 (g0~ )y
da b5 b8 b5

which is negative given our assumption. Moreover,

OH b+-&
%—sz_d tp [ (thp, 6+ €) — f (1, @ — €)] dusp < 0

If upa% >0 for all z, then

b a a a
?B—f:%{/b_J U upf(up,uo)duo]dup}: bf(b,uo)duo—/_ (b—06) F (b= 6, u0) dug =

—-€

b o) = £ (0w o +5 [ 10 8,u0) iy > 0

a
as we wanted to show. 0
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Proof of Proposition 32. For Syqx—1 > SH5* for some k < 7 — 1, Proposition 31 implies that p
should have strong certainty that § = new. Lemma 56 also implies that,

E., {r7 (07, 2:) Up (2)} 2 B, {r°* (A7, 27) [Up (27) — 7 (RT)]} 2 0 > w,

Therefore, in any strong rationalizable history where p is strongly certain that 8 = new, p strictly
prefers to trust. Since the repeated first best is a strong rationalizable continuation strategy (since
it maximizes both d and p’s utilities), and p will trust regardless of what rationalizable commitment
cost is chosen, 6 = new will optimally choose ¢, = 0 and play her first best afterwards, regardless
of her beliefs, as long as they are also consistent with common strong certainty of rationality.

When Sgig -1 < S5a* for all k < 7—1, Lemma 56 also implies that Ve, (Snew,r—1,¢r) 2 0 > uy,.
Therefore, the implementation restriction

K (hT’ CT) = min {Xold (Sold,'r—l, cr) Jy_.nefw (Snew,'r—h CT)} Z y.p
is satisfied if and only if V4 (Sotdr—1,¢+) = Uy, proving the desired result.
To prove the monotonicity of ¥, (Seid.r—1, ¢r) with respect to ¢, we use the characterization of
the solution to program 3.48 in Proposition 61. When Syqg,--1 < 8

Yoid (Sotd,r—1, ¢r) :/ Up(zr) f (2r)dz+ =

Uo>er+Sp1d,7—1

Uu+U U-U
7| 8

+/ min [0, U, (z;)] f(2)dz = G (c+U,U|U —s,U)+H (c,
UOE(C"'_Sold,f—lycr+sold,r—l)

2
using the definitions in Lemma 59, and hence it is decreasing in ¢, as we wanted to show. O
Lemma 60. T as defined in 8.57 is a contraction mapping with modulus 3

Proof. 1 use Blackwell’s conditions to show the result (see Theorem 3.3 in (Stokey, Lucas, and
Prescott 1989)). We only need to check monotonicity and discount. See that if g < hthenT (g) (s) <
T (k) (s) for all s, since the integrand is an increasing operator. Moreover, T (g +a) (s) = T (g) (s)+
Ba for all s, and hence T is a contraction mapping of module 3, as we wanted to show. 0

Proof of Proposition 84 . Define P(c) = E, [|[Unq — ¢|]. It can be expressed as

¢ U
P(c)=/€Z|Uold—c|f(z>dﬁ=/U(c—u)fo<u)du+[ (u ) fo () du
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where f, (u) := fg f (Up,u) dU, denotes the partial of Uyy. Using Leibniz rule

or ((')

Pe) := / fo (u) du — / Jo(u)du =Pr(Upyg < ¢) = Pr(Ugq > ¢)

so %52 >0 < Pr(Uaua <c) 2 Pr(Uaqq > c) or equivalently Pr(Uqq < ¢) < 1 . Then, is
easy to see that if condition 3.6.1 holds, then for all ¢ > ¢ we get P’ (¢) > 0 and hence P is increasing
in ¢. Because ¢ (-) € [¢, ¢j] for all s € [0, S3*] and is weakly decreasing in s, the result holds.  [J

Proof of Lemma 35 . I present the proof for the case with s = 0, which corresponds to the greatest
commitment cost ¢ > c(s) for all s. For smaller commitment costs the proof will be analogous. It
follows from various steps:

Step 1: max |Ugyg — cf| > SH5*.

If this was not the case, then for all z, c5 — S53* < Ugg < ¢ + S*. If thls was the case, using
Proposition 61 we have that

Vg = [ an@U) @< [ UdFE) <

z€Z 2:Up1g>0

which violates the definition of ¢f
Step 2: min (Upg) =U <c§f— ST <y <U = max@
The right hand side inequality follows from the fact that if U < ¢§ — S™2% then

_V_(h,T,Ca) =0> U,

which will never hold for ¢j (since 6 = old can drive them to indifference by decreasing the com-
mitment cost enough). From step 1, we either must have that ¢ — SH3* > U or U > ey + S (or
both). Suppose that the result is not true, so thatU > ¢ — STax, Suppose first that ¢ — Sma"
Then

v, - [ min (0, Uy) f (2) dz (3.106)
Uola>cy~ 555"
= / min (0, Up) f (2) dz +/ min (0, Up) f(2)dz <
oldE(CQ_SolgxaC) Up>t

/ min (0,U,) f (2) dz < / Upf(z)dz = uy,
Up>T Up>c

violating the definition of ¢§. If € < ¢ — Sh3* then

O

v = |

Up>cy—S57*

min (0, Up) f (2} dz < / Upf(2)dz <

,
Up>ch—Smax
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<[ @z —up
Up>c

from the definition of Z (since it’s the minimum cost that achieves up in the spot game). Therefore,
we have shown that if U < ¢f — S55* then we have V (h7,¢§) < u,, violating the definition of cg.
Finally, to show c§ > U, suppose that U < ¢j. Then any strategy consistent with this choice would
give the @ = old an utility of 0, while we know we will make the reservation utility to be binding
(i.e. choose the commitment cost a little smaller so that the contrarian behavior is enough to reach
the reservation utility).

Step 3 : Pr(Up > ¢ — Spax, Uga < ¢§— Spig’) >0

Follows from the fact that U > ¢} > ¢f — S™@X Step 2 and the full support assumption.

Step 4: U > ¢ + S~

Suppose that this is not the case: then

v, = | min (0, Uy) f (2) dz
Uota€(c3— S c5 +5535")
but see that this is identical to expression 3.106. Therefore, replicating the same proof as in Step
2, we conclude the result.
Step 5: Pr(Up < ¢f + ShaX, Ugtg > ¢§ + SH3<) > 0

Since U < 0 we clearly have that U < ¢} + S/, This, together with the Step 5 and the full
support assumption proves the result. O

Proof of Lemma 37 . 1first show that for any old—rationalizable history h” we have infge(o,1) ¢ (A7, B8) >
0. I present the proof for when ¢* (k™) = ¢f. Suppose not: then there exists an increasing sequence

Bn € (0,1) such that q (A7, 3,) > 0Vn € N and ¢ (h", B,) "\, 0. For all § define the expected utility
for the people v (8,) := V.(h7,¢}) = u,. For all n we have:

min (0, Up) f (z)dz + ¢ (R7, Bn) {U max_] (0, Up)]

pP€ Q’

Q(ﬁn) < /
Uotd€(c5(Bn) =SB (Bn),ct(Bn)+S57(Bn))

old

where the first term is the utility in the middle region, and the second term is the natural bound

on all regions (particularly in separation regions). Taking limits as n — co:
Uy = n}ggoﬁ(ﬁn) < E[min (0,Up)] < up

reaching a contradiction. O
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3.12 Characterization of V (s,¢)

In this section I solve and analyze the solution to the programming problem in subsection (3.52)

Proposition 61 (Rationalizable Contrarian Strategy). Consider the programming problem
3.52. Then

1. We can rewrite it as

V(s,c) = (rx)m(c)]Ez [Upr (2)] (3.107)
’IEZ [(Ung —e)r(z) +n(z)] > %s + W4 (PK for sacrifice)
" 4 r(2) [Uga —c+n(2)] >0 forallze Z (IC forr =1) (3.108)
[1—7(2)][n(z)—Uig+c >0 forallze Z (IC forr=0)
(n(2) €[0,S57] forallze Z (Feasibility)

2. There ezist S € (0, Smax)such that if for s < S then the solution policy r (2) s

(
1 fUyg—c> ggx

J 1 if Ug — ¢ € (—ST% SMax) ond 71y < 0

r(z) = (3.109)
0 tfUng—ce (—S5g, Sar)and Uyg > 0
\0 ’l,f Uga—c < _S;lngx
3 Ifse [S’, S&“g"] , there exist a positive constant a(s) € (0,1) such that
( fUxgg — > nggx
if Uold — ¢ € (—STax, gmax dU, < Uslag —
F2) = f Uota — ¢ € (=Sgig" Soig”) and Up <v(8) (Uata — ¢) (3.110)

1
1
0 ifUng—c € (=SHT, SuaYand Up > v(8) (Upg — )
0

if Unid — ¢ < Smax

4. For all s € (0, 5™*) we have c(s) € (T, S™*)

Proof. Define n(z) = -1%-3- [(w(z) — W4l If (2) =1 then we can rewrite the enforceability con-
straint in 3.45 as (1 — B) (Uota — ¢) + Bw(2) > W,y <= Uyy —c +n(2) > 0. Likewise, if
r(2) = 0 the IC constraint is fw (2) > (1 — 8) (Ugg — ¢} +BWoq <= n(2) —Uyuq+c > 0. Finally,
rewrite (PK) as

1-5
g

E.[(1—8) (Uad — ) r(2) + B (w (2) — W) > ( >3+(1'—6)wold =
E. [(Uod — ¢)7(2) +1(2)] > %s + W
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See that for any z :|Uyq — ¢| < Sh3*then any r € {0,1} is implementable. However, if Uyq >
c+S™X then only 7 = 1 is implementable, and if c—Uyg < —S55* then only » = 0 is implementable.

Then, without the promise keeping constraint (PK) the solution to 3.107 is simple:

1 fUga>c+ gl‘f;x
r(z): =41 if |Uota — ¢ < ST, Up < 0

0 otherwise

i.e. whenever both policies » € {0, 1} are rationalizable, 8 = old picks the worst policy for p. We will
refer to this policy as the rationalizable contrarian policy. It will be also the solution when s = 0
when the policy r satisfies (PK) with strict inequality. Define n (z) as the implementing continuation
for r (2) that maximizes E {({(Unq — ¢) 7 (2) + n(2))}. Then, it will be also the solution of 3.107 if
and only if

§ < PE [(Uog — o) r(2) +n(2)] — Wy = 8

showing (2). For (3), ignoring for now the IC constraints, use the Lagrangian method ((Luenberger
1997))

1
t= [0y 1@z = { [ (Waa -7 () 42 - 5 - W
where v > 0 is the Lagrange multipliers of the problem.

oL
W—Up“’Y(Udd—C)

then, if r(z) = 1 is implementable, the optimum will be r(z) = 1 <= Up < v(Una —¢). If we
want to implement r = 1 we then set n(z) = min{0,c — U,}. Then, given v we solve for r(z | 7)

and n(z | ), and we solve for v using the promise keeping constraint

[ 1G9 Uaa=e) 4G DS C) = 5+ W

which determines «y as a function of s, showing (3). O

Results are better explained using Figures (3-9) , (3-10) and (3-1) below.
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= ncw
r T

Figure 3-9: Rationalizable Evil Agent strategy, with s < §

See that for Uyqg above ¢ + S55* and below ¢ — Si5* the unique rationalizable actions for b
are 7 (2) = 1 (red) and 7(z) = 0 (green) respectively, as we have seen before. When Uyq €
(¢ — S™ax ¢+ SMaX) both r = 0 and r = 1 are rationalizable for any z in this region, by appropri-
ately choosing the expected continuation payoffs. Therefore, the worst strategy that p could expect
would be one of a contrarian: whenever p wants the green button to be played (U, < 0), then the
old type would play the opposite action. We can draw an obvious parallelism to the “evil agent” in
the robustness literature of (Hansen and Sargent 2011), with the restriction that instead of a pure
evil agent, the rationalizable evil agent, that is only contrarian at states in which the utility of doing
her most desirable action is not too high.

See that being a rationalizable contrarian is costly for @ = old, since there are regions in which
both p's and € = old most desired action coincide, as we see in the next figure (regions stressed in

darker colors)
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Figure 3-10: Self-contrarian regions for rationalizable evil agent

Then, when sacrifice is high enough, the disutility generated by the dark regions would not be
consistent with the observed behavior. Therefore, to satisfy the “promise keeping” constraint, we
must allow the “rationalizable evil agent” not to be fully contrarian, and play her desired action in

some states, as we see in the figure below.
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max
€+ S04

= new

P

Table 3-1: Rationalizable evil agent strategy, with s > §

Finally, is easy to see that as the promise keeping constraint becomes more and more binding,
the worst type’s policy 7(.) resembles more and more the spot optimum policy rgﬁ’t (.). Then,
c(s) > ¢ and it approximates it as the promise keeping constraint becomes more binding.
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