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OLPRQ 

f S PTQVUWPYX[ZW\W]�Q<^`_a\


 

x2 sin( 
x
1 
2 ), x √= 0 

.f(x) =


b M�c�U"_AdeQ<U b Q f 
^gf�]h_N\iQ<^g\jZW_NZWf�X[_Nk bml`l 0, x = 0


S M�c�U"_AdnQ<U b Q f 
^gf�oW^gp�Phk�Ph\iQ<^ b S l P�X[_Nk balgl 

x. 
b \Worq8\WorQ<UWPsoWPRkV^ut b Q<^gtaP f ≥(x).x,
]DM	vwf _NZW\Wo"Phox_a\rQVUWPs^`\iQ<PRk�t bal (0, 1) yxz kV_DtaP+{a_NZWk b \WfGd	PRk|] b kVP�X[Z l`l {N}
o/M(O�P�Qf

≥(x) P S b oW^upJPRkVPR\jQV^ b l P�X[ZW\W]RQV^`_N\~_N\ (0, 1) 
f�ZW]�U�Q<U b Q	^gQVf	oWPRkV^gt b QV^gtaP|^gf _NZW\WoWPRo�_N\

kV_DtNPsQ<U gQ S 
g(x) 

^gf�ZW\W^gX[_akV� S l {~]h_N\iQ<^g\jZW_NZWf�_N\ S (0, 1).bz (0, 1).���-���5�:���-���
b M��/_ak ^gf b�� kV_5oWZW]RQ b \Wo�]R_N� _Nf�^gQ<^g_N\�_aXsP l Ph��Ph\iQ b kG{�]h_N\iQ<^g\jZW_NZWf�X[Z"\W]RQV^`_N\WfR�� x = 0, f(x)Q<U"PhkVP�X[_NkVP+^gQ�^gf�]h_N\iQ<^g\jZW_NZWfR}���P+]�U"Ph]��rQ<UWP l ̂g�~^uQ b f bm�W� kV_5]�UWPRf 0

} c�^g\W]hP |x2 sin( 
x
1 
2 )

2 b f√
x x , 

S M���Pa� l`l f�UW_Dd�Q<U b Q 
c�_ 

f 
^`f�]h_a\jQV^`\jZW_NZ"f b Q b f�d�P lgl } | � | |

x � 0, limx�0 f(x) = 0 = f(0). 0 


 
1 

f ≥(x) = 
2(x sin 

x
1 
2 − cos 

x
1 
2 ), x = 0 

x √
.

0, x = 0 ��UWP�X[_NkV��Z l�b X[_Nk = 0 
^`f�] l P b k { ba�W�Wl {5^`\W��Q<U"P�k�Z l PRf�_mXWoW^upJPRkVPh\iQV^ b QV^`_N\�}���P(]�UWPh]��sQ<UWP(oWPRkV^gt b QV^gtaP

b Q C x √ S 
0 

1 1 
f ≥(0) = lim 

x2 sin 
x2 − 0 

= lim x sin = 0. 
x�0 x�0 x2��UWP l�b f�Q�Ph�jZ bml ̂gQw{~X[_ l`l _Dd�f b f�^`\ b M�X[k�_N��Q<U"PsX bx − 0 ]RQ�Q<U b Q |x sin 

x
1 
2 x .]DM ��UWP|oWPhk�^gt b Q<^utNP f ≥ ^gf�ZW\ S _NZ"\WoWPho�_a\~Q<U"P�^`\iQVPhk�t bal (0, 1). 
��_¡fVPRP|Q<U"^`fh�5]h_a\WfV^goWPhk(Q<UWP�fVPR�5Z"Ph\W]RP 

{xk} 
�N^utNPh\ S { xk = 

2k� , k � 0. 
��UW^gf¢f�Ph�jZWPR\W]hP£^gfr] l P b k l {¤^`\¥Q<U"P�^g\jQVPhkGt bml ��UWPR\1 

f ≥(xk) = 
∞

2k�, b 
b \Wo limk�� f

≥(xk) = →. 

(0, 1). 

o/MTOLPRQ
X[_Nk balgl x ∩ (0, 1). Q 

oW^gp�Phk�Ph\iQ<^ b l P¦X[ZW\W]RQV^`_N\§_a\ b \Wo l P�Q M > 0 S P¨f�ZW]�U©Q<U b Q(0, 1),g S P �8_Nk�P�tNPhkG{ S 
x, y ∩ (0, 1), S {�Q<U"P¦��P b \rt bal Z"PsQVUWPh_akVPh�ª�8Q<UWPRkVP+P�«�^`fGQ<f

g≥(x) � M, 

fV_ b 
\Wo fVZW]�U�Q<U b g(x) − g(y) = g≥(c)(x − y). ¬ Z"Q�Q<UW^gf�^g� �"l ̀̂PRf Q<U b Q 

|
c S 

|P�Qwd	PRPh\ 
x y g(x) − g(y) ,^`f b O�^ � fV]�U"^gQ<®X[ZW\W]�Q<^g_N\���Q<UWPRkVPRX[_akVP�ZW\W^gX[_akV� l {¢]h_N\iQ<^g\jZW_NZWfR}¯E:OLPRQ |π > 0 S P~�a^gtNPR\�� 

x − y
g ��U"Ph\rX[_Nk bal`l x, y ∩ (0, 1)

�"f�ZW]�U¢QVU b Q d�PsU b tNP 
| �
M 
Mb | \Wo�f�PRQ|

� = � . x − y < �, g(x) − g(y) < π. 
M | | | | 

°
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b MLv³X q8\Wo b \ b \iQ<^`o"PhkV^ut b Q<^utNP�X[_Nk −nx cos(nx)

}�E3´|^`\iQhC�Z"fVP ^g\jQVPh�Nk b Q<^g_N\ S { �8b kGQ<fR}µM¡¶	U"Ph]��e{N_aZWk b \Wf�d�Phkn � 1, {roW^gp�Phk�Ph\iQ<^ b Q<^g_N\�}S

S M �·^g\Wo � �


e−nx cos(nx)dx.]DM�¶	_a\WfV^goWPhk�Q<U"P+f�Phk�^`Phf 
−nx e cos(nx). 

n�1kV_DtNPsQ<U b Q�Q<UWPsf�PhkV^gPhf�]h_a\jtaPhk��NPhf|ZW\W^gX[_akV� l {�_N\ªPRtNPRk�{r^g\jQVPhkGt bml [a, →) 
d�UWPhk�Pz a > 0.o/M	v³X 

f (x) 
o"Ph\W_aQVPhf�Q<UWPsf�ZW�¸_aX�Q<UWPsf�PhkV^gPhf�^`\�]¹M��8fVU"_AdnQ<U b Q f (x) 

^`f�]R_N\iQ<^g\5Z"_NZWf�_N\ 
(0, →). 

� d�UWPRkVP ^gf b f�oWPRqW\WPho¢^`\ �8b kGQ<f�]DM b \Woro/Mº}PDM z k�_AtaP+QVU b Q �

�

� � 
f (x)dx� � 2, f (x)

1 

lim

���-���5�:���-���
b M	»|\ b \iQV^`oWPRkV^gt b QV^gtaPT^`f e−nx(sin(nx) − cos(nx)). 

x�� e
−nx d	P¢U b tNP e−nx(sin(nx) − cos(nx)) � 2e−nx , b \Wo = 0,S M¨¼|_mQ<P�Q<U b Q¹�	f�^`\W]RP 2

1 
n 

��UWPh\J�8ZWfV^g\W�| b M��"d�PYq8\WorQ<U b Qlimx�� e
−nx(sin(nx) −

|
cos(nx)) = 0. 

1−nx e cos(nx)dx = (cos n − sin n). 
1]DMYc5^`\W]RP 

e−nx cos(nx)| � e −na , 
X[_ak bal`l

2nen 

[a, →), b \"o¯QVUWP®fVPhk�^`PRf � ]h_N\5½−nx −naetNPRkV�NPRf|E Ph^`\"�| b �NPh_a�~P�Q<kV^g]	f�PhkV^gPhf&d�^uQ<U¨k b Q<^`_ x ∩ Mº� {�QVUWP ��PR^`PRkVf�QVk b f�f(¾r½³QVPhfGQ¹�i^gQ1X[_ l`l _Dd�fS 
� e

0 < e−a < 1 S n�1 

Q<U b QYQ<UWP�fVPRkV^gPhf � 
−nx cos(nx) 

]R_N\itNPhk��NPhf¦ZW\W^uX[_NkV� l {ª_N\©Q<UWP®^g\jQVPhkGt bml →)
}ªE:¿�Ph] bal`l QVU b Qe [a,n�1}ÀM

a > 0o/M�OLPRQ 
f (x) 

oWPR\W_aQ<P+Q<UWP+fVZ"�Á_mX&Q<UWP¦fVPRkV^`PRf|^g\x]¹M�}���UWPR\xX[_Nk�PRtNPRk�{ ]�UW_5_NfVP fVZW]�UxQVU b Qx > 0, a��UWP�fVPRkV^`PRf¦^g\©]DMY]h_N\itNPRkV�NPRf�ZW\"^gX[_Nk�� l {x_N\ [a, →) 
� b \Wo bal`l Q<UWP®Q<PRkV��f+_mX	Q<U"P�f�Phk�^`Phf0 < a < x. b k�PT]h_N\iQV^`\jZW_NZWfR} { b Q<UWPR_NkVPR��^g\�¿�Z"oW^`\��jQ<U"PTfVZW�%_aXLQ<U"PTfVPRkV^`PRf 

f 
^gf	]R_N\iQ<^`\"_NZWf _N\ 

[a, →), 
f�_¨^`\ 

xPDM ÂT\¨Q<U"P�^`\iQ<PRk�t bal 
�8b kGQ<^g]hZ l`b k b Q b ¬ f�d	P l`l } 

→) 
Q<UWP�f�PhkV^gPhf�^`\¨]¹M·]h_N\itaPhkV�aPhf(ZW\W^gX[_akV� l {N� b \Wo®PRtaPhkG{¡Q<PRkV�Ã^g\¨^`\iQ<PR�Nk b l Pa}[1,��P+] b \ª^`\iQ<PR�Nk b QVPTQ<PRkV� S {ÄQVPhkV�ª}(¾¢_Nk�Ph_DtNPRkh� {�Q<UWPYQVkV^ b \W� l P|^`\WPR�jZ bal ̂uQw{�C S 

S 
� �

�

� �

� 1 
� f (x)dx 

� � � e −nx cos(nx)dx 
� � � � 

nen 
1 n�1 1 n�1 

� 1 1 
=� 

en e − 1 
� 1. 

n�1 

Å
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b M È�P�q8\WPsQ<UWPsf�Ph�jZWPh\"]hP {an} S {


a2n = 22n , a2n+1 = 32n+1 , n � 0.
�·^g\WoÄQ<UWPsk b oW^`Z"f�_aX·]R_N\itNPRkV�NPR\W]hP¡_mX �� .
n 
n=0 anzMLÈ�P�Q<Phk��~^g\WP Q<UWP�k b oW^`Z"f�_mXW]h_a\jtaPhk��NPh\W]RP	_aX �� n b \Wosq8\Wo b X[_akV�¡Z l`b X[_NkLQ<UWP�f�ZW�¢}	E:´�^`\iQ¹C 

n=0 nz ,c5Q b S k�Q�d�^uQ<U b d�P lgl ½³�5\"_Ad�\�X[_Nk��¡Z l`b X[_Nk � M�ÉaZWfGQ<^uXÊ{ÄQ<UWPs]R_NkVk�Ph]RQV\WPhf�f|_mX1{a_NZWk�] bal ]hZ l`b Q<^g_N\WfR}z .n=0���-���5�:���-��� 
n n 

b M���P ba�W�Wl {ÄQ<UWPsk�_�_aQ	Q<PhfGQ|QV_®oWPRQVPhkV��^`\"PsQVUWPsk b o"^`ZWf�_aX1]h_a\jtaPhk��NPh\W]RPa� b \WoªfV_®d	Ps\WPRPho¢QV_¨q8\Wo
¼�_aQ<P&QVU b Q (a2n)1/2n = 2, b \Wo 2n 

2n+1limn��(a2n+1)
1/(2n+1) = limn�� 3 = 3.��UWPR\lim supn��(an)1/nx. b \WoªfV_¨Q<UWPsk b oW^`Z"f�_aX·]R_N\itNPRkV�NPR\W]hP¡^gflim supn��(an)1/n = 3, R = 1 .

3M&c5^`\W]RP 1 Q<UWP�k b oW^gZWf&_aX�]h_a\jtaPhk��NPh\W]RP|^gf c�_YQ<UWP�^g\jQVPhkGt bml _aX�]h_a\jtaPhk��NPh\W]RPX[_Nk S �� 
limn^`f �� n n = 1, R = 1.¼|_mQ<P¨Q<U b Q �� U b fYQ<U"Pn nnz (−1, 1). nz = z nz . zn=1 n=1 n=1 n=0f b �~P�^`\iQVPhk�t bal _mXW]h_a\jtaPhk��NPh\W]RP b \Wo+Q<UWP(fVZ"� 

n 
�� n−1 ��UWP�fVPhk�^`PRf ����UWP(fVPRkV^gPhf�d�^gQ<UsQ<U"P�oW^upJPRkVPR\jQV^ b QVPhosQ<PRkV��f1f (z) = 

1−z .^`f �� n−1 fV_¡^uQ	]R_N\itNPhk��NPhf QV_ f ≥(z) 
E S { b Q<UWPR_NkVPR�%^g\Ä¿�ZWoW^g\ _NZ"Q b \ bal {5QV^`]�X[ZW\W]�Q<^g_N\Wf�Mº} v³Q 

n=1 nz , b SX[_ lgl _Dd�f	Q<U b Q 
z d�UWPR\ n nz = zf ≥(z) =

(z − 1)2 
, |z| < 1. 

n=0 

Ë
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OLPRQ

Q<U"P+o"^`f�QEb S 
P b \W_N\WPR� � Qw{Í] l _afVPho¯fVZ fVP�Q¦_mX b ��PRQ<k�^`]¡f �8b ]RP X 

d�^uQ<U©�~P�Q<k�^`]�X[ZW\"]RQ<^g_N\ }¨È�P�q8\WP
d\W]RPsX[k�_N� 

x ∩ X 
Q<_ 

E S { 
S 

�E (x) = inf d(x, z). 
z→Eb M kV_DtaP+QVU b Q �E (x) = 0 

^gX b \Woª_N\ l {Ä^gX x ∩ E. kV_DtaP+QVU b Q�X[_Nk balgl x ∩ X, y ∩ X, S M 
z
z 

�E (x) − �E (y) � d(x, y} ),| |
b \WorQ<U"PhkVP�X[_NkVP �E : X � R 

^gf�ZW\W^uX[_NkV� l {~]h_N\iQV^`\jZW_NZWf�_N\
]DM OLP�Q 

K S P b ]h_a� �8b ]RQ�fVZ fVP�Q|_mX
Q<U b Q X[_Nk S balgl 

XoW^gf[Î�_N^g\jQ	X[kV_N� k�_DtNPYQ<U b Q Q<UWPRkVPsP�«�^gf�Q<f x0 ∩ K 
f�ZW]�U

X, E. z 
o/M	v³X 

E ∅ R 
^`f QVUWP¦¶ b \iQ<_Nk�fVPRkh� 

x 
b \"o
∩ K. 0 < �E (x0) � �E (x), d�U b Q�^`f QVUWPsoW^`fGQ b \"]hP PR�5Z bal Q<_ y5 x = 

6 , �E (x)���-���5�:���-�"Ïh�
b Msvw\�_a\WPÄoW^gkVPh]�Q<^g_N\�� ^gQ�^`f¦] l P b khC~^gX x ∩ E 

� 
�E (x) = 0. 

¶	_N\itNPRkVf�P l {a� b f�fVZW��P 0 = �E (x) = ��UW^gf¡��P b \Wf¡QVU b Q¡QVUWPhk�P�P�«�^`fGQ<f b f�Ph�jZWPh\"]hP ^`\ 
E 
f�ZW]�U�QVU b Q .infz→E d(x, z). b \"o¢f�_ ^`f b¨l ̂g�~^uQ _N^`\iQ X[_ak d(x, zk ) < 1��UW^gf�^g� �"l ̀̂PRf�QVU b Q {zk }

E
}�c�^`\"]hP 

E 
^`f�] l _Nf�Pho�� x ∩ E. 

k 
limk�� zk = x, x 

S M®�8kV_N�ÐQVUWPxo"PRq8\W^uQ<^g_N\��	^uQ�^`f�] l P b k¨Q<U b Q~X[_Nk®P�tNPhkG{ 
� 
x ∩ Xd�^uQ<U

\Wob z ∩ E, d(x, z) � �E (x). 

�
¶	_N\Wf�^`oWPRk�Q<U"P�Q<k�^ b \W� l Ps^`\WPR�jZ bal ̂uQw{ x, y ∩ X, z ∩ E. � b \Wok�Ph]hPRPhoW^g\W�Ík�Ph� b kV�/� d(x, y) + d(y, z) � �E (x). 

��UWPR\£d	P�Q 
�8k�_N�ÑQ<UWP

d(x, y) + d(y, z) � d(x, z)b ,�mP�QVUWP�^g\"q8�¡ZW�Ò_AtaPhk 
¼|_Dd�d�Pr] b \z ∩ Eq8\WoÓQVU b Q d(x, y) + �E (y) � �E (x), 

_Nk¡PR�jZW^gt bal Ph\iQ l {N� �E (x) − �E (y) � d(x, y).^`\iQVPhkV]�U b \W�NP b \Wo � b \Wo�q8\"ox y �E ( d(x, y).]h_a\jQV^`\jZW^uQw{ÄX[_ l`l _Dd�f b f�^`\ kV_ l PR�ÕFso/MsE
� b \"o S 

PRX[_Nk�Pa� 
��U"P~] l�b ̂g�ÔX[_ lgl _Dd�fh}���UWP�Z"\W^gX[_Nk�� 

]DMGOLPRQ 
K S P b ]h_N� �8b ]�Q�f�Z 

S f�PRQs_aX 
x) −b �f E (y) � − ^`f b OL^ � f�]�UW^gQVTX[ZW\W]RQV^`_N\8M�}z �E

S X . 
c�^`\"]hP¦QVUWP 

�E : X � R 
^`f�]R_N\iQ<^g\W_NZWfR�

d�UWPR\~k�Phf�QVkV^g]RQ<PRo�QV_ 
K
�i^gQ ^gf _NZ"\WoWPho b \Wo®^uQ b QVQKb ≥ E = ≤^`\"f&^gQVf �~^g\W^`�¡Z"��E b \Wo®� b «�^`�¡ZW��M�}�OLPRQ x0fV_∩ K{S PsQVUWP _N^g\iQ�d�UWPhk�P b QVQ b S ̀̂\Wf QVUWP¦��^`\"^`�¡ZW�Ö_N\ 

K
} c5^`\W]RP 

x0 ∩ K, 
\"Ph]hPRfVf b kV^ l { x0 ∩ E, S� �E /b Mº� �E (x0) > 0.
o/M 

�E (x) = 1 .

18 

× 
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]h_N\iQ<^g\jZW_NZWf�X[ZW\W]�Q<^`_a\�}
OLPRQ 

f : [0, 1]
� � R S P b c�UW_Dd�QVU b Q�QVUWPhk�P+Pº«�^`f�QVf , 1)

f�ZW]�U¢QVU b Q
b M	»|fVfVZ"�~P 1 
c ∩ (0 f (c) = 1.

0 

S M ¼�_AdnfVZ �"� _Nf�P
f (x)dx = 1. 

� 1 1 
f (x)x ndx = , . 

n + 1kV_DtNP+Q<U b Q f (x) = 1
X[_ak bml`l x 

0 

∩ [0, 1]. 
E:´�^`\iQ¹C(fVP�Q 

X[_Nk bml`l n
x)

�

− 

0

1
}(Ø(_NZª� b {�d b \iQ|QV_~Z"fVP¦QVUWPz g(x) = f (��Ph^`PRkVfGQ<k b fVf�Q<UWPR_NkVPR�¢}ÀM

]DM kV_DtaP�QVU b Q+^gX h : [0, 1] � R 
^gf b ]R_N\iQ<^`\jZW_aZWfs\W_N\W\WPR� b QV^gtNP¨X[ZW\"]RQ<^g_N\ b \Wo � 1z 

0 h(x)dx = 0,Q<U"Ph\ 
h(x) = 0, 

X[_Nk bal`l x ∩ [0, 1].���-���5�:���-�"Ïh�
b M1��U"^`f·X[_ lgl _Dd�f·^g�~��Pho"^ b QVP l { S {�Q<UWP ��P b \¡t bml ZWP	QVUWPh_akVPh�ÙX[_Nk&^g\jQVPh�Nk bal f E b \"o¡Q<UWP X[ZW\"o b ��Ph\iQ balQ<U"Ph_Nk�Ph�¸_aX1] bml ]hZ l ZWf<M�} 

��UWPR\ � 1 v³XS M&c5PRQ g(x) = f (x)− 1. g(x)xndx = 0, 
X[_Nk bml`l n � 0. P (x) = a0 +a1x +� 0^`f b \j{ _ l {5\W_N��^ bal �jQVUW^`f�^goWPh\iQV^gQw{�^g�~��PhoW^ b Q<P l {®^g� �Wl ̀̂PRf�Q<U b Q � 1 

· · ·+anxn 

g(x)P (x) = 0.
0OLPRQ 

π > 0 S P��N^gtaPh\�} c�^`\W]RP ^gf&]h_a\jQV^`\jZW_NZ"f(_a\ 
[0, 1], S {¡Q<UWP���Ph^gPhkVfGQ<k b fVf Q<U"Ph_Nk�Ph�ª�aQ<UWPRkVP�P�«�^gf�Q<fgb¨� _ l {5\W_N��^ bal x)

f�ZW]�U¢QVU b Q g(x) − P (x) � π. 
��UWPh\ 

P (
� 1 �

� 1 

| |
�

� 1 � 1 
2g (x)dx = � g(x)(g(x) − P (x))dx g(x)||g(x)− P (x) dx � π g(x) dx. 

0 0 
� � 

0 
| |

0 
| |

¼|_mQ<P®Q<U b Q � 
0

1 |g(x) dx 
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