2.57 Nano-to-Macro Transport Processes
Fall 2004
Lecture 4
Quick review of Lecture 3
Photon: E=hv, p=h/A.

Assuming Wi(r,t)=¥(r)Y(t), we use separation of variables to solve the Schrodinger
equation
2
—;—VZ‘P, vow, =in
m
The solutions are

Y=C exp {—i%t} =C exp[—ia)t] ,

and

2
Iy (U-E)w =0,
2m

where the eigen value E represents the total energy of the system.

Heisenberg uncertainty principle states

<Ap><Ax>2§;<At><AE>2§.

2.3 Example solutions:
Here we determine u(7) by the boundary conditions and will not consider the u(7,t)

casc.

2.3.1 Free particles in 1D
In this case, there are no constraints for the particles. The potential energy u=0 so that

nt d’¥y
C2m dx?
This gives
w = Ae™ + Be™
where k =+2mE /h=p/#h (note E = p*>/2m). The final solution is
W, (x,t) = Ae ") 4 Be () |

in which the first term corresponds to negative-direction propagation, the second term is
positive-direction wave. Please also recall problem 2.5 in assignment 2.

—-E¥Y=0.

2.3.2 Quantum well
Consider the general case of a particle in a one-dimensional potential well, which can be,
for example, an electron subject to an electric potential field as shown in the figure. This
is actually the model for thin films. The steady-state Schrodinger equation for the particle
in such a potential profile is

nt d’¥y

ﬂ dx?

—EY =0 (0<x<D); ¥ =0 (x<0 or x>D).
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Note: for u - o (x<0 or x>D), only ¥ =0 can satisfy the Schrodinger equation.
A Potential
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o0
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()

-

X

u=0 D
Same as the free particles, the solution for first equation is still
Y =de ™ + Be™,

where kz,fzsz = ZmE £.
/] fi /]

The general boundary conditions are the continuity of the wave functions and their first
derivatives at the boundaries. The latter derives from the continuity of particle flux at the
boundary. For the current problem, the continuity of the first derivatives is not required
because the wavefunction at the boundaries are already known to be zero. With the
continuity of the wave function at x=0 and x=D, we have

x=0 A+B=0
{ x=D Aexp[-ikD]+ Bexp[ikD]=0
Above equations yield
A(e—ikD _eikD) —0.
Noticing 4 # 0, we obtain sin(kD)=0. Thus
k D=nz (n=0,+1,£2---)
or

D

=107 energy eigen value E, =— D

2mE 1 ( nhn jz
2m

h? )
The material wave function inside the potential well is
¥, = —2iA sin(@j,
D

which is identical with the previous results of standing wave.
Note: for n, obviously it is not zero. Since solutions of negative n values are equivalent to
those of positive values, here we can just let n=1, 2---

Normalization is still used to calculate A, i.e.
j PW(0)¥, (x)dx =1.
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/1
Finally we get A=1i,|— .
y g D

2.3.2 Particle in a 2D box

Ay
I
U: U:(D
0
Xy
O

We establish a coordinate system as shown in the schematic above. Clearly, outside the
potential well, we have ¥ =0 because U =o. We thus focus on the solution inside the
potential well. The Schrodinger equation inside the well (U=0) is
2 2 2
_h_[a ‘Pﬁ_‘PJ_Ew:o
2m .

ox? 8y2
We still use the separation-of-variables technique. Assuming ‘P(x, y)z X(x)Y(y) and
substituting into the above equation leads to

1 d*X  1d°Y 2mE
— +— +

X ax? Y dy2 h?
In the above equation, the first term depends on x and the second term on y. The third
term is a constant. This leads to the requirement that both the first and the second term

must each be a constant. Since E is positive, we can prove neither of the first two terms
can be positive. Errors will occur if we let one of them be positive. Thus, we write

l&X: zlﬁY:%z
X dx? 7y dx? v
The solution for X is

X(x) = Asin(k,x)+Bcos(k.x).
To satisfy the boundary condition that ¥ =0 at x=0 and x=D, we must have X=0 at x=0
and x=D. Applying these boundary conditions, we see that

nrw
k=2 (n=1,23").
= )

=0.

Similarly, ky :%r (=12,3--").
Thus
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2,42 )nzhz
2mD?

Epy = { (£n=12,..)

and

. (nnx ) . ({my
Yy =C gnsm[?}m(?] .

We can further determine the constant C ¢ ,=2/D.

For quantum numbers: n, 1, ...
(1) 1121, 1:2, E12, \Plz
(2) n=2, 1:1,E21, \le
Note: Eip= Es;, but ¥,, and ¥, are flipped in the x and y directions from

¥Y,,=C gnsin[n%jsin[&%yj. These states that have different wavefunctions but the

same energy are said to be degenerate. The degeneracy of an energy state is the number
of wavefunctions having the same energy.

2.3.3 Electron spin & Pauli exclusion principle
Each wavefunction obtained in the previous sections represents a possible quantum
mechanical state at which a particle can exist under the given potential. The solution of
the Schrédinger equation, however, does not tell the whole story on the quantum state of
a particle. For example it cannot distinguish the spin of particles. For electrons,
corresponding to each wavefunction obtained from the Schordinger equation, there are
two quantum states (or two relativistic wavefunctions), which are usually denoted by an
additional quantum number s that can have the following values:

1 1
s=— or ——,

2 2
where s=1/2 is called spin up and s=-1/2 is called spin down.

The Pauli exclusion principle says that each quantum state can be occupied by at most
one electron.

2.3.4 Other potentials
(1) Harmonic oscillator

From F :—Kx:—% , we have u:%sz (shown in the figure). The Schrodinger
X
equation becomes
2 2 2
_hd ?+(Kx ~E)W¥=0,
2m dx 2

which gives E =hv(n+1/2);v = L\/K .
2r \'m
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Note: the zero point (intrinsic) energy 7‘/ is required by the Heisenberg uncertainty

principle (< At >< AE >> 5 ). It shows that the oscillator has some energy even at the rest.

AU

AN

[ AVAVAVAV ) <

v

Note: to calculate the intrinsic frequency for diatomic molecules with two atoms of mass
m; and my, the reduced mass should be used,

__mm,
m, +m,
7T T < A U
,// NS r
/ o, .
/ ° \
| |
\ |
\ /
\ /
\ /
N /
Ny /
~o ///

Now consider the case that an electron moves around the nucleus, which is assumed to be
stationary. The interaction between the nucleus and the orbiting electron is governed by
the Coulomb force

2
Fe- Ll ¢ _ du
dre, r dr
where £,=1.124x107'%/4n [C*/(m*N)] is the electrical permittivity of the vacuum. It yields

u(ry=-— :

e

dreyr

Using separation of variables, we assume ‘V,/m = Ry ()Y, /" (0,0) . The allowable

energy levels of the electron-nucleus system are

Fe__ Mc! __13.6elV
! 2n*n’ n’

in which M is the electron mass. For quantum number n=1, we have

n=1, 1=0, m=0, ¥,,,s (two quantum states determined by spin), 1s orbital.

(n21,n>(+1and|m/<(, (=0,1,2,..)
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Basically there are four wave functions for n=2 and totally eight quantum states. The
energy levels of different orbitals are drawn in the following figure. The spherical s
orbital and dumb-bell p orbitals are also presented here. The degeneracy is determined by

m=0 2s orbital
m=-1,0,1

n=3

(- 13.6 V)

2p orbital

(-1.5 V)

g=2n".

3s 3p 3d

28 2P -5 (34eV)
1s n=1

s orbitals

v

p orbitals

Note: the energy gap between different n values is much larger than the thermal energy
(kgT~26 meV) and it is almost impossible to thermally excite electrons to a higher n level.
A stable element is obtained only if all the orbitals for the highest n are completely filled,
such as He.

Now one may wonder why the energy eigenvalue E has different relationships with n.
Here we will give a simple argument, without solving the Schrodinger equation, to show

that this is indeed the case.

My argument is based on the requirement of forming

standing waves in given potential. For harmonic oscillators, as shown in the following
figure, the standing waves inside the potential, assuming at the boundaries, wavefunction
is zero, give

X

Kinetic energy is KE = p2 /2m = L(ﬁ)z
2m A

_in
n 4 ‘

n=1

AU

n=2

X1

X2
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Equating the kinetic and potential energies (sort of equipartition of energy, but only a
hand waving argument), we obtain
K , 1 hn,

m
which is a linear functions of n, similar to what we obtain from solving Schrodinger

equation. Similarly, we can deal with electrons moving around the nucleus but changing
2

. . 1
the potential energy to u = . Finally we get E oc —-.
n

4re,x

n

Rigid rotation
In classic mechanics, the angular momentum is expressed as 7 x p. However, because of

the uncertainty principle, it is difficult to give such an expression in quantum mechanics.

In classical mechanics, a quantity often used to describe the rotation is the moment of
inertia. For a two-mass system rotating relative to its mass center, the moment of inertia

1S
[= 1’1’111’1’121‘3
my + m»y

where 1, is the effective separation between the two atoms.

my my
The energy eigenvalues are

hZ
By = ((f+1) =B/ +1) (for jm|</, £=0,12, ...).

Note: the discussion on harmonic oscillators and rigid rotors gives other useful
information. For example, we can calculate the spring constant of an oscillator by

measured vibrational frequency, from v = L \/K .
2 \'m
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