2.57 Nano-to-Macro Transport Processes
Fall 2004
Lecture 3

8. Micro & Nanoscale Phenomena

8.1 Classical size effects

In section 7, the characteristic length of the box is much longer than the mean free path
A . Therefore, the collisions between molecules and the wall are neglected in our
derivation and thermal conductivity is regarded as the bulk property of the gas. However,
there are many applications in which A becomes comparable or larger than the size of the
system. The classical size effects occur in such situations.

Example 1: A > d for a disk drive Example 2: A~d or A>d for
thin films
A=100 nm
» Thin film &
d=10~20 nm i
Disk drive

In example 2, we can further reduce the film thickness to enhance the size effects. With
measured data for k£ and specific heat ¢, the mean free path in silicon can be estimated by
cvA
k=——0,
3
where v is sound velocity. The approximated mean free path A is around 40 nm, while
the actual value is around 300 nm. The size effects occur for silicon films with thickness

less than A.

Note: in some thermal insulation applications, we also use porous materials whose pore
sizes are comparable to or less than A . The thermal conductivity of the air trapped in the
pores will be significantly reduced.

8.2 Quantum size effects

According to quantum mechanics, electrons and phonons are also material waves; the
finite size of the system can influence the energy transport by altering the wave
characteristics, such as forming standing waves and creating new modes that do not exist
in bulk materials.

For example, electrons in a thin film can be approximated as standing waves sitting
inside a potential well of infinite height. The condition for the formation of such standing
waves is that the wavelength, A, satisfies the following relation

D=An/2 (n=1,2,...),

where D is the width of the potential well. According to the de Broglie relation, the
wavelength is

A=hlp,
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where 4 is Planck constant (A=6.6x10"* Js), p is momentum. The energy of the electron

is thus E=p*/2m or E = E —(—)*.

Dy
1) For a free electron, D=1 mm, we have
n’ 6.6x107*

50107 107
2) For D=1e-8 m, we calculate E > k,T . Further reducing D results in more observable E.

) ~107*n* <<k, T =4.14x107'J at room temperature.

8.3 Fast transport

For many materials, we have 7=10">—-10""s. Laser pulse can be as short as a few
femtosecond, we cannot use diffusion theory when the time scale is shorter than the
relaxation time.

Chapter 2 Material Waves & Energy Quantization

2.1 Basic wave characteristics

2.1.1 Traveling wave

First consider a harmonic wave (such as an electric or a magnetic field) represented by a
sine function traveling along the positive x-direction,

o= Asin(zﬂﬁ—%)y

= Asin(wt — kx) ,
where w =27z f denote angular frequency, k =27/ A denote wavevector magnitude, y

. . . . o . . 27X .
is a unit vector in the y-coordinate direction. Here 27 f¢ is the time term, while N is

the spatial term.

For constant phase, i.e., @t —kx = const , we have

dx o
—_— = /1: 5
i x A

where v is phase velocity. It indicates how fast the wave phase is propagating.

Note: for light we have a linear relationship o =ck .
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2.1.2 Complex representation
It is convenient to use the complex representation of the sine and cosine functions, e.g.

Ae ) — 4 [cos (ot-kx)—isin(ot— kx)] .

2.1.3 Standing wave

x=0 x=m/k

We can create a standing wave by superimposing two traveling waves along the positive
and negative x-directions (assuming that the problem is linear such that the superposition
principle applies),

D= A[sin(a)t — kx) —sin (r +kx)]j/ =—24cos(ot)sin(kx)p,

which has fixed nodes in space such that ®=0. These nodes are similar to the string ends
of a guitar.

The energy of a wave is typically U o |(I)|2 .

2.2 Wave-particle duality

2.2.1 Electromagnetic (EM) wave

Quantum mechanics started with the explanation for blackbody radiation and the
absorption spectra of gases. Isaac Newton (1642-1727) believed that radiation was
particle-like in nature rather than wave-like, as we are more familiar with today. It was
the discovery and explanation of interference and diffraction phenomena, from the work
of Christian Huygens (1629-1695), Thomas Young (1773-1829), Augustin Jean Fresnel
(1788-1827), and others, followed by Maxwell (1831-1879) and his celebrated equations
that solidified the foundation of the wave nature of the electromagnetic field.

The Maxwell equations, however, fail to explain the emission and absorption processes,
such as the experimentally observed fine spectra of absorption in various gases, and the

blackbody radiation.
656.5
Egnissiye Power Blackbody 364.7 nm 486.3 nm nm
Y Radiation 434.2 nm

\ «— Continuum Theory l l

Experiments

v

Wavelength

2.57 Fall 2004 — Lecture 3 3



To explain the blackbody radiation, Max Planck (1858-1948) introduced a radical
hypothesis that the allowable energy of the electromagnetic field at a frequency v is not
continuous, but is a multiple of the following basic energy unit

E=nhv,

in which 7 is called the Planck constant and has a value /=6.6x107* I's.

According to the relativity theory, we have
E=mc".

Thus the momentum is
p=mc=E/c=h/c=hlA.

After 1926, people used the term “photon” to name the quantum with E=hv, p=h/A.

Einstein used the corpuscular characteristics of electromagnetic radiation to explain some
puzzling results from the basic photoelectricity experiment in the following figure. Based
on the photon particle concept, Einstein reasoned that one photon can excite an electron
out of the metal surface only when the photon energy is higher than the work function A
(=Ey-Ey), which is the energy difference between electrons at the vacuum level, E,, and
inside the metal, Ey, i.e.,
h\/p > EV-Ef.
Light E Energy Level of
Electrons in Vacuum

I Work Function
E: Fermi Level

Metal of Electrons in
FElectrode Metal
s //\
\J
Current

2.2.2 Material wave

The wave-particle duality of light triggered de Broglie to postulate that a material particle
also has wave properties. Based on an analogy to the Planck-Einstein relations, he
proposed that the wavelength of any particle is

A=h/p,

where p is the magnitude of the particle momentum.

Incident electrons

\4 ONONONGO
O OO O kel foil
ONONONG®.
ONONONG®.
Diffraction pattern
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An electron with a velocity 1 m/s and a mass of 9.1x10>" kg yields 0.7 x10™ m, a quite
long wavelength. The first proof of the wave properties of particles came from the
electron diffraction experiment, in which peak signals are observed in specified incident
angles.

Transmission Electron Microscope (TEM)

A TEM uses thermal excitation or applying a high voltage to draw electrons from the tip
end. The electrons are then accelerated by the strong electrical field to gain a large
momentum p (small A~1 A). Since the resolution is normally comparable to wavelength A,
high resolution is obtained with electron energy as high as MeV magnitude. The electrons
penetrate through the sample (less than 200 nm thick) and the diffraction/transmission is
observed from the detector.

Tip

s

Electron lens

e Sample
|

| Detector

Scanning Electron Microscope (SEM)
Different from a TEM, a SEM only observes the surface and electrons do not penetrate
the sample. Electrons have lower energy in a SEM.

2.2.3 Mathematical Description of Waves
Two basic methods have been developed to describe the materials waves. The first was
the matrix method developed by Heisenberg (1925). Shortly after, Schrodinger developed
the famous equation that bears his name. These two descriptions are equivalent among
themselves, so we will focus on the Schrodinger equation (Schrodinger, 1926). The
equation states that the wavefunction of any matter obeys the equation,
2

—h—Vz\I’, +UY, q‘hﬂ,

2m a
where m is the mass, ¢ is the time, U is the potential energy (related to b.c), and ¥ is
called the wave function of the matter, #=h/2z . If U=0, the Schrédinger equation
becomes

/- ,
-—VY, =in

2m

o,

b

which is similar to heat conduction equation kV°T = pcﬁa—T but the magic imaginary unit
t

73T
1

really gives rise to wave behavior.
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Schrodinger himself did not come up with a correct explanation for the meaning of
wavefunction. The right explanation was given by Born, who suggested that Wy itself is
not an observable quantity, but W{¥(" is the probability density function to find the
particle at location X, where “*” means complex conjugate. The normalization
requirement for the probability function is then

[w'ear=1.

The expectation value of any quantity (such as energy, momentum, location, etc.) can be
calculated from

<Q>=[¥,/Q¥dr

In quantum mechanics, quantities such as location, energy, and momentum of matter
should be understood in terms of probability values. These quantities are expressed by
operators, such as position operator:

Q=r

time operator:

Q=t¢

momentum operator:

Q=p=-ihV

——ihi§+i“+ii— X+p,y+p,2Z
ox 8yy Py PxX+Pyy Py

and the energy operator

2
o=H=P*P y_P .y

2m 2m
2 2
=—h—V2+ :—h— g + 0 + 0 +U
2m 2m| px? oy’ oz?

Note: in equation . ) _ .[ ¥ 'QY 4y » you cannot switch ¥, and ¥, if Q contains the
gradient operator V and the Laplace operator V2.

Standard deviation:
Similar to

1 n
Ax= [—> (x—<x>)*,
n—143
in quantum mechanics we have

<Ag>= \/I‘P’:(q— <g>)\¥dv.

Heisenberg uncertainty principle states

<Ap><Ax>2§;<At><AE>2§.
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From the Schrédinger equation, we can derive
0 | \Pt |2 7
——+V.J=0,

ot

where the first term means the changing rate of density, the second flux term is

J=t v —wvw .
2m '

Note: please compare this to continuity equation (?3_/; +V-(pv)=0.

Separation of variables:
Assuming Yi(r,t)=¥(r)Y(t) and substituting into the Schrodinger equation, we get

2
L PR I O
Y| 2m Y dt ’
where E is a constant (eigenvalue) since ¥ depends on r only and Y depends on t only.

Its meaning will be explained later (<H > =FE). Solving for Y leads to
Y =C, exp {—i%t} =C, exp[—iwt].

And the governing equation for W(r) is called the steady-state Schrodinger equation
2
vy w-E)¥=0.
2m
This is an eigen equation with the eigenvalue E and eigenfunction ¥ determined by the

potential profile U and the boundary conditions.

2.57 Fall 2004 — Lecture 3 7




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


