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2.57 Nano-to-Macro Transport Processes 
Fall 2004 

Lecture 22 
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One boundary condition is required to determine C.  
 
Assuming both top and bottom of the film diffusely scatter phonons, we have 
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At y = d, ,
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Note: 
cos
y

vτ θ
 is the ratio between the traveled distance and the mean free path of 

phonons. 
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where sin cosxv v θ ϕ=  according to our spherical coordinate system, f=g+f0. Thus 
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Note: At y=0, the x-direction heat flux is nonzero. In the above expression, the second 
integral is not zero though the first one is. 
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which yields (if Λ  is independent on ω ) 
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The tendency is drawn in the following figure. It is expected that k approaches the bulk 
value for d larger than the mean free path. Since in diffuse scattering part of the phonons 
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are scattered backward, the loss of x-direction momentum results in a lower thermal 
conductivity.  
 
 
 
 
 
 
 
 
 
 
 
 
    
 
 
 
 
 
For specular case (above figure), the x-direction momentum is conserved. Following all 
these procedures, we can finally prove k=kbulk. 
 

Note: To determine the mean free path, we should use 
3
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simplified 
3
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= , which gives an underestimation of Λ . This is because the Debye 

approximation overestimates the velocity approach the edge of the first Brillouin zone, 
where the group velocity should be zero. 
 
  
 
 
 
 
 
 
 
 
 
For partial specular (momentum conserved) and partial diffuse (momentum not 
conserved), we have  
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where p represents the ratio of specular scattering.  
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Now consider the y direction. Similarly, we have 
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Now the boundary condition is (elastic scattering on boundaries) 

( )

( )

0

0

0, , 0, 0 0 for 0,
2

, , 0, 0 for ,
2

y f f g C

y d f f g C d

πθ

πθ π

⎧ ⎛ ⎞= = = = ∈⎜ ⎟⎪⎪ ⎝ ⎠
⎨

⎛ ⎞⎪ = = = = ∈⎜ ⎟⎪ ⎝ ⎠⎩

. 

At steady state, we have 
( )max 2

0 0 0 4y y

D
Const q d d v f d

ω π π ω
ω ω ϕ θ

π
= = ∫ ∫ ∫  

And 0ydq
dy

=  yields 

( ) ( ) ( ) ( )2 10
2 ' ' 'E E d

ξ
θ η η θ η η η η= + −∫  

where we used dimensionless parameters ( ) ( )1 2

1 2

, ,
T y T y dy
T T

θ η ξ
−

= = =
− Λ Λ

. 

θ  
f - 

f + 



2.57 Fall 2004 – Lecture 22 5

The temperature profiles for two extreme cases are drawn in the following figure. For 
0ξ →  (note 1 2T T≠ ), it is in nonequilibrium state but we define the equilibrium 

conception, temperature, based on the average value.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

T 1 

T 2 

T eq 

T 1 

T 2 

T eq 

1 

1 
ξ →∞  

0ξ →  

y/d 

θ 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


