2.57 Nano-to-Macro Transport Processes
Fall 2004
Lecture 12

5.1 Plane waves & their interface reflection (continue)
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For the above problem, we have obtained

¥, = Ae” (incoming wave),
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¥, =Ce " (transmitted wave), k, = J% :

The boundary conditions are applied
Y+, _, =Y | ., ¥'+¥.") _ =Y ]
which yields
A+B=C;k(A-B)=k,C
orézkl—kz;gz 2k, .
A k+k, A k+k,

¥, = Be " (reflected wave), k, =

0 ?

The incoming flux term is (note A and k; can be complex)
J,=Re (ﬂ ¥ VY, j
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where we use the fact that k; is a real number in the last step. Similarly, we have
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J = ——|B|2 k, (negative sign indicating the direction of reflection),
m

r
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The reﬂectivity is

3

b —k| |NVE-

B2 =1 e+, | |VE+VE-

A

and transmittivity is

:

2 Re(k;)

T=J/J =
kl

For E>u, the equation gives reflectivity R #0 in both cases shown below, which is
inconsistent with classical mechanics.
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When E<u, the equations yield R=1, T=0, which is reasonable from classical viewpoint.

iwr— 2m(u—E)

However, the wavefunction is ¥, = Ce " #0 in this case. The wave will decay

rapidly from the barrier and is thus called “evanescent wave.”

Electromagnetic (EM) waves

In this chapter, we will see that the wave reflection, interference, and tunneling
phenomena can occur for all the three types of carriers (phonons, electrons, photons) and
the descriptions of these phenomena are also similar.

An electromagnetic wave in vacuum is characterized by an electric field vector, £, and

a magnetic field vector, H . Consider a pair of charged particles placed in an electrical
field. The field will attract the positively charged particle in one direction and repel the
other particle in the same direction. Consequently, the particles are distorted and form an
electrical dipole, whose moment is p =e-d (d is the separation distance).
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A measure of the capability of the material responding to incoming electric field is the
electric polarization per unit volume, or the dipole moment per unit volume, P [C m™],
which is related to the electric field through the electric susceptibility, v,

PZSOXEa

where gg is the vacuum electric permittivity, 8028.85X10-12 [C2 N'm™], and the electric
susceptibility is nondimensional. The electric susceptibility y describes the extent to

which positive and negative charges are displaced in a dielectric material under an
applied electric field.

The total field inside the medium is measured by the electric displacement, D [Cm™],
which is a superposition of the contributions from the external electric field and the
electric polarization,

D=¢oE+P=¢q(1+y)E=¢E

where ¢ is called the electrical permittivity of the medium.

The electron and ion motion in a medium also induces a magnetic field, which is
superimposed onto the external magnetic field. A measure of the total magnetic field
inside the medium is called magnetic induction, B (N.s m™.C™),

B=pH

where p is the magnetic permeability.

The propagation of an electromagnetic wave is governed by the following Maxwell
equations:

oB
1) VxE=——
(1) VxE=-

This is the Farady law, which states that a changing magnetic field induces an electric
field.

oD
) VxH=—+1J
@ e
Without the %’ term, the above equation is the Ampere law, which says an electric

. : D .
current induces a magnetic field. The term N is the current due to the electron
t

oscillation around the ion even though they are not free to move. It is also called displace
current. This term is Maxwell’s contribution. The current density term on the RHS is
determined by J, =cE, in which o is electrical conductivity.

(3) VeD=pg

Here #e is the net charge per unit volume (C m™).
(4) VeB=0
It states that there is no magnetic analog of an electric charge as in (3).
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V’E=ue 0

E
pYe +,uai—t where the term

Rearranging the Maxwell equations yields

’E : : OE . OE
HE ¥ denotes displacement, while 'UUE denotes the current. Without yuo—, the

2
is just a regular wave function. The additional term /JO'a—

equation V’E=ue 22

corresponds to damping and is also called dissipation term.

By solving equations (1)-(5), we obtain the following results for EM waves

E(r,t) = Eqexp[-i(ot- ke r)],

ke k = po’[eo(1+y)+io/0] = pew?,

where the first equation has the same form as the foregoing transmitted wave. In vacuum
o~y =0, the second equation yields

|k|2 = Eo @’

or

W= |k| =c |k
0 )

\éoHy

in which ¢y is the light speed in vacuum. This is familiar energy dispersion relationship
for photons. Compared with photons, Maxwell concluded that EM waves were the same
kind of wave as light. Here we also define the complex reflective index N as

c Néety, \é&

where €, = ¢/g, is called the dielectric constant or dielectric function, the real part of N, n,
is the usual refractive index of materials. The imaginary part of N, k, is called the
extinction coefficient, measures the damping of the electromagnetic field, which not
only arises from the free electrons absorption, but also from the dipole oscillation of
bounded electrons and other mechanisms.

Note: The &, value depends on the wave frequency and is not a constant.

Based on N, k|2 = guw’ can be rewritten as

@ @ o,
|k|: =3 - N,
el S N

or
No
k[ =—.

Co

One can prove that the electromagnetic wave is a transverse wave, and that the electrical
and magnetic fields are perpendicular to each other, i.e.,
ElHlk
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In the special case that a plane wave is traveling along the x-direction with the electric
and magnetic fields pointing to the y- and z-direction, respectively.

We also define the Poynting vector S (W/m?) as
S=E X H,

which represents the instantaneous energy flux. It oscillates at twice frequency of the
electromagnetic field. No electronic devices can measure such a fast signal. What can be
measured is the time-averaged Poynting vector that is further expressed as

(s)= %Re(EC xH:;)

Note: Normally we have p, €0, and thus n>0 and the vector S is parallel to the
wavevector k, which indicates the energy flows in the propagation direction of the wave.
When , €<0, the refractive index n should take a negative value. Such media do not
exist in nature but has recently been demonstrated in laboratories, are called negative
index materials or left handed materials. In these materials, the energy propagation direct
is opposite to the phase propagation direction.

Here we will consider the more general case of oblique incidence of an electromagnetic
wave onto an interface. As shown in the following figure, a plane electromagnetic wave
propagates along direction k; (wave vector direction) and meets an interface with norm n.
The reflected wave and refracted wave propagates along the k, and k¢ directions,
respectively. We call the plane formed by k; and n as the plane of incidence, and the
angle formed between n and K; as the angle of incidence.

n;

np

When an electric field is parallel to the plane of incidence, its conjugated magnetic field
component, in this case pointing out of the paper, is perpendicular to the plane of
incidence and is thus always parallel to the interface (refer to the figure).
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In the plane wave expression obtained earlier in this lecture, we have
k-r=(ksing,0,kcos0,)-(x,y,z)=k(xsind,+zcosb)),
N 2m
S A
Thus the incident, reflected, and transmitted electric fields can be expressed as,

E, exp{—i[a)t—nlz;; xsiné, +zcos o, j:l

xsin@ —zcos6, ﬂ

E, exp|—i| wt—n2x
I p{ [ 1 1

[

A

o

in 6, 0
E, exp{—i(mf—nﬂﬂxsm ) +zcos tﬂ’

where in the second equation the negative sign before zcos@ indicates different

propagation direction (upward in the z direction) from the incoming and refraction
waves. The subscript ““//”” means that the electric field is polarized parallel to the plane of
incidence for the sketched TM transverse wave.

Note: For EM waves, two transverse vibrating directions exist. In general, the resultant
electric field vector will moves around in an ellipse instead of pointing in the same
direction all the time. The path of the E vector is like a spiral in this situation.

Assuming there is no net surface charge or current on the interface (z=0), we can apply
the continuity boundary condition to the vertical and tangential electric fields,
respectively. In the x-direction, the tangential fields give

in 6, ino
cos 91'E//i eXp|:_ia)(t _mj:l + COS G,E//r exp{—ia{t ——nlxsnl L jjl

C C

o o

=cosO.E,, exp {—ia)(t - MH

c

o

where the above equation is valid only when the exponents are equal because x can take
any value. Thus we have
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n sing; = nysinf, = nysin6,

which leads to the Snell law for reflection and refraction
0;=0, and n;sinBi=n,sin6;

which yield

cos@Ey; +cosO,.E), =cosO.E),

The magnitude of the magnetic field, which is pointing out of the paper, is related to the
electric field by

n
Hy=—E.

Heg
We can write the continuity of the tangential component of the magnetic field as
mEy i —mEy, =nky;

Based on the equations for electric and magnetic fields, we obtain the reflection
coefficient, r;, and transmission coefficient, t;,, for a TM wave as
Eyr —njcos6; +njcosB; sin26; —sin26;

I, = = =
! E;; mnpcosO; +njcosO;  sin20; +sin20;

E//t _ 21’11 COSGi

- E/i - n, cos0; +njcosO

ty

Note: (1) For an incident light shown as below (e.g. from air to water), in this case the
refraction light will be bended and the object in the second media will looks higher if the
observer is in the first media. (2) If n,<0, n;>0, the refraction light will be bended as the
right figure. However, in nature no negative-n materials exist.

n;<n n
\\ \\
AN AN
J2 d2
AN AN

2.57 Fall 2004 — Lecture 12 7




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


