2.57 Nano-to-Macro Transport Processes
Fall 2004
Lecture 10

Review on previous lectures

ky

In above figure, we can find the volume of one state is ¥, =(27/L)’. In the sphere, the
number of states within k and k+dk is

_Azk’Ak VK Ak

@
in which V=L’ is the crystal volume.

The density of states is defined as the number of quantum states per unit interval of
energy and per unit volume

2 2
D(Ey- LAY K Ak dk
VAE 27n° AE 27" dE
A factor that considers polarization of waves may be added (electron, spin up and down,
thus a factor of 2, photon, two polarizations, phonons, 3 polarizations)

For an energy level E;, the Boltzmann factor for its occupying probability is
P(E)=Aexp(—E, / k,T),
in which the constant A can be determined by normalization over all quantum states

> P(E)=1.

All 0S

For an open system exchanging energy with the outside, the probability becomes
P(E,,N,)=Aexp[—(E,— uN,)/ k,T],
where N; is the particle number, chemical potential u is the criteria for the equilibrium

state of mass exchanging process with the outside, just as pressure for mechanical
equilibrium and temperature for thermal equilibrium.
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For electrons at a quantum state with energy E, the Fermi-Dirac distribution gives the
average number of electrons as

1
()= S E) = 1=

For phonons, the Pauli exclusion principle is no longer applicable. And the occupancy of
the quantum state is changed into
1
n)= 1% =
< > Jv) kT
which is called Bose-Einstein distribution.

For molecules, similar results exist

1

(n)=f(E) =G

where p is again the chemical potential of the boson gas.

b

The Bose-Einstein distribution changes the “plus one” in the denominator of the Femi-
Dirac distribution into minus one. When E — x> k,T , we can ignore the £1 term in the

denominator. Both distributions reduce to the Boltzmann distribution function,

f(E,T,u):exp[—%J or f(E,T):exp(—%j.

B
For high temperatures, the energy separation is so small that we should still use the
“classic” Boltzmann distribution function.

In the following figure, the Fermi-Dirac distribution is drawn. At T=0 K, we have
E, = u. From the right figure, we can see that electrons close to the Fermi level can be

affected by the increased temperature. Only these electrons contribute to the electricity
conduction.
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For electrons in a box (with constraints in three dimensions), the quantized energy levels
are
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2
E:h—(kxz +k K )k ky k, =27n/ L.
2m
The Bose-Einstein distribution is presented in the following figure according to the
temperature. For constrained electrons, we can find that the ground state (quantum
numbers n=/=i=1) has much larger occupancy than any other energy level. This is
more apparent at lower temperatures. Therefore, most molecules will go to the ground
state when the temperature approaches 0 K. The phenomenon is called the Bose-Einstein

condensation. The experimental work in dilute gases of alkali atoms earned Professor
Ketterle a Nobel Prize in 2001.
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Consider particles in an isolated system. For statistics, we normally calculate the time
average value

_ 1 7T
X :?L x(t)dt .

However, this is impractical when the particle number is very big. To simplify, we focus
on the probability of a system to be at a specific accessible quantum state.
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Suppose we have QO quantum states. We can treat each accessible quantum state as a
system. The collection of these Q2 systems is called an ensemble. Three ensembles are

analyzed in the table.
7

Quantum
State 1

X1, Pi

|

7

Quantum
State 2

X2, P2

7

7

Quantum
State:Q

X3, P3

Microcanonical ensemble

Canonical ensemble

Grand canonical

U, V, N fixed
Isolated systems

Principle of
probability: P =1/Q
Boltzmann principle gives
S=k,nQ=SU,V,N)
The entropy S is additive.

equal

dU = TdS - pdV + pudN
oS

dS:(—j dUu

ou ), v

+(6—SJ dav
oV )y

+(8—SJ dN
oN )y,

If we know the function
S(U,V,N) [or U(S,V,N),
we can determine all other

thermodynamic state
variables. The function
S(U,V,N) is called a

thermodynamic potential.

V, N, T fixed
In contact with a thermal
reservoir; isothermal.

Since the reservoir also has
many quantum states, a
quantum state of one system
can correspond to different
number of real quantum
states. The principle of
equal probability is no
longer valid. The

probability becomes
—E, kyT

P(E,)=

VA
7 = Ze—Ei/kBT

The Helmholz free energy
F=U-TS

=F(T,V,N)
=-k,TInZ

becomes the thermal
potential in this case.

V, u, T fixed

Open, isothermal system.

Exchanging both energy

and particles with the

reservoir.

e_(Ei—#Ni)/kBT

P(E,N.)=
(E..N)) ~

The numerator is the Gibbs

factor and

7 — Zze—(Ei—,uN,)/kBT '
E N,

The grand canonical

potential is
G(T,V, )

=U-TS—-uN
=—k,TInZ

Note: G is
energy.

not Gibbs

Denote P as the probability of a quantum state. A fundamental assumption made in
statistical mechanics is that the ensemble average of an observed quantity is equal to the
time average of the same quantity, i.e.
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x= <x> = ZQ:Pixl. ,
i=1

which is called the ergodic hypothesis.

Internal energy and specific heat

For a constrained particle, its energy is expressed as
hZ

E=—

2m

where k, =427/ L.k, =+27j/ L, k. =+27zn/L (n,j, [=1,2...). The internal energy is
u, = (E,)

:ZZZE(kx,ky,kz)xexp(—E_‘u]
ko k, k. kBT
E
Zrzes ol )
E b
TETeo[ )

(k7 +k7+K7),

If the energy separation is very small (quasi-continuous), we can evaluate Z by
integration instead of discrete summation, i.e.

E
7 = -
SETev 1
= j: e E'%T D(EYdE

3/2
:J-ooe_E/kBT L(i_’?j JEdE

0 4z’
14
7
hZ
where the thermal de Broglie wavelengthis A = | ———.
2rmk,T

1 . .
Let y= _T . The energy expression can be rewritten as
B

(E,) _loz_ 4y, 34T,

Z oy dy 2
which is just the familiar energy expression. It is also a special case of the equipartition
theorem, which states that at high temperature every degree of freedom with a quadratic

energy term contributes kgT/2 to the average energy of the system.

The internal energy is
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u :%kBNAT :%RMT,

in which R, is the universal gas constant. The specific heat is
ou 3

V_GT 2 u®

In the following figure we draw the specific heat of hydrogen gas. At low temperatures,
only the translational energy levels are fully excited and the specific heat is 3R,/2. As the
temperature increases, the rotational energy levels start to be excited and contribute to the
specific heat to a maximum of R such that the total specific heat reaches SR,/2. At even
higher temperatures, the vibrational energy levels start contributing to the specific heat
that approaches a final value of 7R,/2.
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For photons, we have
1
n)=f(0)=——7———-.
< > f( ) eh(u/kET_l
The internal energy is

u=>3">hof(w)= j:ha) f(@)D(w)dw,

where the density of states (two transverse electromagnetic waves) is
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2 2
D(a)=2x—K Ak _ @k for light,

3 - 2.3
/e
2”) dw

2.57 Fall 2004 — Lecture 10




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


