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MATH 152, FALL 2004: MIDTERM #1

Problem #1 (’5; Pfé')

Let ui(z,t) and uq(z, t) denote the solutions of the equation
Ut = Ugg,

with initial and boundary conditions respectively ui(z, 0) = g1(z), u1(0,t) = f1(t),
u1(L,t) = hi(t) and ua(z,0) = ga(z), ua2(0,t) = fa(t), ua(L,t) = ha(t). Assume
that g1 < g2, f1 < fz and hy < hy. Prove that u; < up in the set R = [0, L} x [0, 00).
Hint: Let w(z,t) = ui(x,t) — uz(z,t) and prove that w(z,t) < 0in R.

Problem #:2 <<30 f'tj )

This is an example of a heat problem with internal heat source for which the
maximum principle does not hold. Consider

Uy = Ugy +2(t+ 1) + (1 — 2)
(1) u(0,t) =0, u(1,t) =0

u(z,0) =z(1 - x)
for0<z<landt>0.
a) Verify that u(z,t) = (¢ + 1)z(1 — z) is a solution for (1). a
b) Find the maximum M and the minimum m of the initial and boundary data. -2
c) Show that for all ¢ > 0 the temperature distribution u(z,t) exceeds M at a g

certain point inside the bar [0, 1].

Problem #3 65’ ?‘75 )

Consider the inhomogeneous problem

u(z,0) = ¢(z)
where k > 0,0 <z < Land t>0. _
a) Are the boundary conditions of this problem of Dirichlet or Neumann type? 5

b) Prove the uniqueness of the solution for (2) using the energy method. I

{ up = kg, + f(z,t)

Problem #4 (ZC' pts)

Consider the initial value problem

3ug + Ugy — 4y =0
(3) u(z,0) =z
Ut(I,O) =0
for —~co <z < oo andt > 0. 3

a) Of what type (parabolic, hyperbolic, elliptic) is the equation in (3)?
b) Write the solution for (3). IC{
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Problem #5 (5prs )
Use the coordinate method to solve

Ug + Uy = u?
u(z,0) = h{z)
for —oo < z,y < oo.

Problem #6 Q"f y%)

Consider the function

[ 14 (2a)7! for|z{<a
falz) = { 1 for |z| > a.
a) Prove that f, is a distribution if we define (f,,¢) = [ fo(z)¢(x) dx for all test

functions ¢. ?
b) Show that in the sense of distributions C

].H'I}) fa =1+ 50) VZ
where 4y is the distribution such that (g, ¢) = ¢(0) for all test functions ¢.
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