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The transfer of electromagnetic radiation through an atmosphere is linked to its
state (temperature, pressure, and composition) by the refractive index and by coef-
ficients for absorption and scattering, if any. The purpose of this chapter is to
introduce the physical basis of microwave absorption by atmospheric molecules.
A comprehensive exposition of microwave spectroscopy would be beyond the scope
of the chapter; instead, O3, H,0, CO, N,0O, ClO, O,, NH;, N, and CO, have been
chosen as examples, and emphasis is placed on the features of their spectra that
have been observed in the terrestrial and planetary atmospheres. (Line parameters
are listed in the Appendix to Chapter 2.) However, this group of molecules is
sufficiently diverse that some of the discussion here will apply to other molecules
of interest. More extensive discussions of molecular spectroscopy can be found in
References 1-6.

2.1 GENERAL EXPRESSION FOR ABSORPTION
COEFFICIENT

The absorption coefficient in a medium is a macroscopic parameter that represents -
the interaction of incident electromagnetic energy with the constituent molecules.
This interaction is governed by three general principles. First (Bohr’s frequency
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condition), the frequency » of a photon emitted or absorbed by the gas is equal to
the difference of two energy levels (E, — E,) of the gas, divided by Planck’s
constant k. Second (Einstein’s laws of emission and absorption), if £, is higher
than E,, the probability, given initial state a, of stimulated emission of a photon
by a transition from state a to state b is equal to the probability, given initial state
b, of absorption of a photon by a transition from b to a. These two probabilities
-are both proportional to the incident energy at frequency ». Hence, net absorption
(the difference between absorption and stimulated emission) is proportional to the
difference in thermodynamic probabilities ( p, — p,) of the two states. Third (Dir-
ac’s perturbation theory), for the electromagnetic field to induce transitions be-
tween states a and b, the operator with which the field interacts must have a non-
zero matrix element linking the two states. For wavelengths that are very long
compared to molecular dimensions, this operator is the dipole moment (either elec-
tric or magnetic). '

In a diffuse isotropic medium, the power absorption coefficient at frequency »
is [7, 8]*

8 3
a() = 5%23, 50w — PPy — P X |G| @.1)

where a and b denote quantum states; M’ is one of the three spatial components,
denoted by the index g, of the total dipole moment of the molecules within a
volume V; M, is the matrix element of M’ between a and b, p, is the thermo-
dynamic probability of state a; hv,, = E, — E, is the energy difference between
states a and b; 6 is the Dirac delta function;} and c is the speed of light. The small
difference between the propagation speed in a gas and its value in vacuum is not
important here.

Equation 2.1 is not in a form useful for actual computation because a and b are
states of the entire system of interacting molecules, rather than of isolated mole-
cules. The discussion in this chapter therefore begins in Section 2.2 with the line
spectra of isolated molecules. Matrix elements are described at greater length in
2.2.4. The subject of line broadening due to molecular motion and collisions is
introduced in Sections 2.3 and 2.4. Finally, Section 2.5 briefly describes absorp-
tion due to collision-induced dipole moments.

*Equations, such as Eq. 2.1, that involve a dipole moment assume use of the cgs system. In the SI
system, {91712 would be replaced by |9MZ,|* /4me, for an electric dipole or pq|9MG,|” for a magnetic
dipole.

+A molecule in free space has some nonzero probability per unit time of making a spontaneous tran-
sition to a lower energy state. This implies, because of Heisenberg’s uncertainty principle, that (v,
— p) should be replaced by a function having unit area but nonzero width. However, this natural line
width is negligible for microwave lines, in comparison with the broadening due to other mechanisms
to be discussed in this chapter [3, p. 44].
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2.2 ENERGY LEVELS AND LINE SPECTRA OF ISOLATED
MOLECULES

2.2.1 Born-Oppenheimer Approximation

The motion of the particles—nuclei and electrons—constituting a molecule can be
described by a wave function ¥ that depends on the coordinates of all the particles.
In the absence of external perturbations, ¥ is expressed as a function of time 7 by

V- = e /N (2.2)

where % is h /2=, and E is the energy of the state represented by a wave function
¥ that obeys the time-independent Schrédinger equation [9, p. 53],

HY = Ey 2.3)

where H is the Hamiltonian operator. Thus, the problem of determining the energy
levels of the molecule is one of finding the eigenvalues of the operator H.

Because the electrons in the molecule are very much lighter than the nuclei,
and move in fields of roughly the same strength, the electronic motion is more
rapid than the motion of the nuclei. In quantum-mechanical terms, the electronic
energy levels are generally much more widely spaced than the energies of vibration
and rotation of the nuclei. It is possible, therefore, to treat the electronic motion
with internuclear distances as parameters, and to treat the motion of the nuclei
with the electronic state prespecified. This, the Born-Oppenheimer approximation
[9, p. 259], is implemented by separating the wave function into an electronic part
and a part for vibration, rotation, and nuclear spin:* ¥ = Y. ¥viv-roinue. The €i-
genvalue problem for electronic motion relative to the nuclei can be solved with a
Hamiltonian that includes only electronic kinetic energy and the Coulomb energy
of attractions and repulsions among the electrons and nuclei, considering the latter
to be fixed. This Hamiltonian, therefore, acts only on Y ... The electronic energy,
thus calculated as a function of the internuclear distances for each electronic state,
then constitutes an effective potential energy for vibrational motion of the nuclei.

In simple molecules such as those that constitute the atmosphere, the vibrational
energy levels are generally more widely spaced than the rotational energies, and
separation of y.;, from y,, and ., is appropriate. Then the rotational energy
eigenvalue problem can be solved for a prespecified vibrational state, and vice
versa. Typically, transitions between electronic states occur in the ultraviolet, vi-
brational transitions occur in the infrared, and rotational transitions are responsible
for microwave, submillimeter, or long infrared lines. Energies associated with
interactions involving nuclear spins (hyperfine splitting) are usually equivalent to
a few MHz or less.

*For the present, we ignore the translational motion of the molecule, but it will be discussed in Section
2.3.
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Pure rotational transitions account for the microwave spectra of H,0, O3, CO,
and N,O. The microwave spectra of ClO, O, and NH; involve some additional
interactions, which are discussed in Sections 2.2.10-2.2.12.

2.2.2 Energy Levels and Wave Functions of a Rigid Rotor

Let us consider the rotational Hamiltonian [1, p. 48]:

a P P, p?
=2+ =+ = 2.4
o212, 2 @4)

in which I, I,, and I, are the moments of inertia along the directions of the prin-
cipal axes of the body (i.e., the principal axes of the ellipsoid of inertia), and P,,
P,, and P, are the corresponding components of the angular-momentum operator.
The operator representing the square of the total angular momentum has eigenval-
ues J(J + 1)#%, where J is a nonnegative integer. The component of the angular-
momentum operator along a direction fixed in space has eigenvalues Mh, with M
an integer such that —J < M =< J[10, p. 10].

As simple as Eq. 2.4 appears, the solution of Schrodinger’s equation with H =
H.,, is possible in closed form only for the special case where two of the principal
moments of inertia are equal. These solutions are the symmetric-top wave func-
tions. Their importance lies not in being exact wave functions for any particular
molecule, but rather because they provide a basis in terms of which the rotational
wave functions of any molecule can be expanded. The symmetric-top wave func-
tions are distinguished by the quantum numbers J, M, and a third quantum number
K, where Kh is the projection of the angular momentum on the axis of symmetry.
K must be an integer satisfying —J < K < J. The wave functions are of the form
[5, p. 120; 9, p. 275].

Vikn = Orxal6) e™M? ¢Fx ' 2.5)

where the functions © ,,, are related to the hypergeometric function; 6 and ¢ are
the polar and azimuthal angles, respectively, which specify the orientation of the
axis of symmetry with respect to a set of space-fixed axes; and x measures the
angle of rotation of the top about its axis of symmetry; 0, ¢; and x are known as
the Euler angles [10, p. 6]. ‘

If z is the symmetry axis, then I, = I, and H, can be written as (P? — P3) /2L,
+ P2 /2I,, where P? is the square of the total angular momentum. The eigenvalues
of H,, for the symmetric top are, therefore,

E, = h[BIJ + 1) + (4 — B)K"] (2.6)

where

A= (2.73)
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and
B=—— (2.7b)

are rotational constants with dimensions of frequency. In the absence of any in-
teraction (as with a magnetic field) that would establish a preferred direction in
space, the energy levels do not depend on M. Furthermore, E. is unaltered by
reversing the sign of K; thus, each energy level with K # 0 has a degeneracy
factor of 2(2J + 1), and the K = 0 levels are (2J + 1)-fold degenerate.

When [, is smaller than 1, and /,, the symmetric top is described as prolate;
when [, is larger, it is oblate. The extreme case of a prolate top is a linear molecule,
for which the third principal moment of inertia approaches zero. Then A4 ap-
proaches infinity, with the consequence that linear molecules must have K = 0,
Prolate and oblate symmetric tops share the same set of wave functions, but differ
in the coefficient of the K2 term in Eq. 2.6 and, therefore, in their energy-level
structure. For a given J, the general prolate top has energies increasing with |K 5
for oblate tops, the |K| dependence is reversed.

The planar molecules H,O and O; are asymmetric rotors in the sense of having
no two principal moments of inertia equal. The rotational constant C = A /8m°1,
is defined along with those in Egs. 2.7a and b, and the axes are conventionally
chosen so that A > B > C. The degree of asymmetry can be characterized by
Ray’s parameter,

_2B-A-C
T A-C

K

(2.8)

which ranges from —1 for prolate symmetry to + 1 for oblate symmetry. For water,
x = —0.49; ozone, only slightly asymmetric, has « = —0.97.

If one imagines a prolate top being slowly deformed into an oblate top so that
x varies continuously from —1 to 1, the energies of the quantum states also vary
in a continuous manner, as illustrated in Fig. 2.1 [11]. However, the projection of
angular momentum on the z-axis (or any molecule-fixed axis) is not a constant of
the motion for an asymmetric rotor and X, therefore, is no longer a good quantum
number. The energy levels nevertheless can be labeled by J and the two values of
|K| to which they connect in the limiting cases: these are designated K_, and K ¥

Figure 2.1 shows the energy levels of different values of J as separated, for the
sake of clarity. However, the level spacing depends on the rotational constants of
the molecule, and levels with different J’s will be interleaved as J increases. This
situation gives rise to the rich and complicated rotational spectra of asymmetric
molecules.

The rotational wave function for an asymmetric rotor can be expanded in terms

*Another method of labeling the levels is J,, where the subscript is an integer, —J < 7 < J, increasing
with energy. The two types of subscripts are related by 7 = K_, — K.
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Figure 2.1. The energy levels of a rigid rotor for J = 0 to 3, as a function of Ray’s asymmetry
parameter «. The vertical spacing of levels depends on the totational constants.

of symmetric-top wave functions:

Vet = % aJI_(‘l’JKM 2.9)

where the coefficients a;; depend on which axis of the molecule is defined to be
the z-axis [1, p. 95]. If the axis having the least moment of inertia is chosen, the
expansion is termed prolate; if the axis with the greatest moment of inertia is
chosen, it is oblate.- A rotation by 180° about the z-axis changes ¥z, Eq. 2.5,
by the factor exp (imK) = (—1)%; thus, it is symmetric or antisymmetric as X has
even or odd parity, respectively.

Even for an asymmetric rotor, the ellipsoid of inertia is invariant under a 180°
rotation about any of the three principal axes. The rotational Hamiltonian given
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by Eq. 2.4 is specified by the principal moments of inertia, so the effect of this
rotation on ¥, can be only to multiply it by a constant factor ¢. Two 180° rotations
about the same axis are equivalent to no rotation. Thus, ¢*> = 1 and ¢ = + 1; that
is, Y must be either a symmetric or antisymmetric wave function. Hence, the
expansion (Eq. 2.9) will contain terms of only even K or only odd K, and their
parity will be the same as K_, if the expansion is prolate, or the same as K if it
is oblate. Consequently, V,, is multiplied by (—1)X-' for a 180° rotation about
the axis of least moment of inertia, and by (—1)X' for a 180° rotation about the
axis of greatest moment of inertia. The symmetry of v, under a 180° rotation
about the intermediate axis must then be the same as for a combination of rotations
about the other two, because successive 180° rotations about three orthogonal axes
return an object to its original position. These symmetry properties are summarized
in Table 2.1; they will be used in the discussion of statistical weights and selection
rules.

The symmetry properties of linear rotor wave functions can be inferred from
Figure 2.1 and Table 2.1 if we recall that a linear molecule is a prolate rotor having
K_, = 0. Inspection of Figure 2.1 shows that in the J_ k, designation system,
the linear rotor wave functions are J; thus, they are symmetric in a 180° rotation
about either the b- or c-axis (i.e., an end-for-end interchange) if J is even, and
antisymmetric if J is odd.

This section has described rotating rigid bodies. Real molecules are not rigid,
and their moments of inertia depend on their rotational and vibrational states. Ac-
curate calculation of line frequencies generally requires the inclusion of terms in
the Hamiltonian to account for centrifugal stretching [12-15]. Vibrational and cen-
trifugal distortion of symmetric-top molecules lowers their symmetry and tends to
remove the twofold degeneracy associated with the quantum number |K | for a rigid
symmetric top. Section 2.2.12 discusses vibration in connection with the micro-
wave spectrum of NH;.

TABLE 2.1 Symmetry Properties and Nuclear Spin Degeneracies of
Rotational Levels

Symmetry of Rotational
Wave Function with

Respect to 180° Statistical Weight due
Parity of Rotation about Axis® to Nuclear Spin
K_, K, a b c H,'°0 '*0, or $'°0,
e e 1 1 1 1 1
o’ 0 -1 1 -1 1 1
€ o 1 -1 -1 3 0
0 e -1 -1 1 3 0

“Axis a has the least moment, axis b the intermediate, moment, and axis ¢ the greatest moment of
inertia.
ke, even: 0, odd.
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2.2.3 Degeneracies Due to Nuclear Spin

In molecules whose nuclei have nonzero spin, coupling of the spin with the rota-
tional or electronic angular momentum leads to hyperfine splitting of the rotational
energy levels. In the approximation that hyperfine splitting is negligible, the re-
sulting degeneracy becomes a factor in the statistical weight of each level, and
also in the associated line intensities. L

If there are two or more equivalent nuclei (i.e., nuclei of the same isotope and
situated in equivalent positions) in a molecule, the quantum statistics of these nu-
clei produce consequences for its line spectrum. Nuclei of even mass number, and
consequently having integer spin, obey Bose-Einstein statistics, which means that
the total wave function ¥ = Veec¥vibVrotWaue Must be symmetric with respect to an
operation that interchanges two equivalent nuclei. Nuclei of odd mass number
(thus having half-integer spin) obey Fermi-Dirac statistics, which require that ¥
be antisymmetric in the same type of operation [9, p. 402]. Rotational wave func-
tions of different symmetries, therefore, must be combined with nuclear-spin wave
functions of the appropriate symmetry to make the total wave function either sym-
metric or antisymmetric, as required. The details of how this occurs depend on the
molecule and are therefore deferred to the sections describing individual molecules
(e.g., 2.2.6, 2.2.7, 2.2.11, and 2.2.12). However, the result is that rotational
states of different symmetry will have unequal statistical weights in molecules with
equivalent nuclei.

294 Selection Rules for Rotational Transitions

If there is no interaction between molecules, the quantum states in Eq. 2.1 become
products of states of isolated molecules. The dipole moments of different mole-
cules are then uncorrelated, so

M2 = nV|ug) (2.10)

where n is the number density of molecules, and p is the dipole moment of a single
molecule, resulting from the nuclear and electronic charge distributions.

Let us consider the case where a and b denote different rotational states. The
orientation of a molecule with respect to a set of space-fixed axes can be specified
by the three Euler angles, 6, ¢, and x. The component of p along any space-fixed
axis, for example, uZ, is determined by the cosine of an appropriate angle, so it
is an operator on the rotational wave functions, and p is, therefore, a vector op-
erator. The matrix element of u? linking states a and b can be equated to an integral
of the form

Wy = po SSS V¥, ¢, x) cos B ¥,(0, &, x) d(cos ) dp dx  (2.11)

where 8 is the angle between the dipole moment and the space-fixed Z-axis (if the
dipole moment is used to define the molecule’s z-axis, then 8 = ), and p is the
magnitude of the dipole moment.
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The function cos § is antisymmetric under an operation that reverses the direc-
tion of the dipole moment. For example, if p is parallel to the b-axis of the mol-
ecule, as is the case for H,O and O;, then rotation by 180° about either the a- or
c-axes is such an operation. However, we have already seen that the rotational
wave functions are either symmetric or antisymmetric for a 180° rotation about a
principal axis of the molecule. If ¥, and ¥, both have the same symmetry, then
the integral in Eq. 2.11 will yield zero. The same statement evidently applies to
all three components pg;, because the definition of the Z-direction in space is ar-
bitrary. In order to have a nonzero matrix element, ¥, and y,, must have opposite
symmetry for rotation about either of the two axes perpendicular to the dipole
moment, if it is parallel to one of the principal axes. If this is the b-axis, then
Table 2.1 shows that the dipole-moment matrix element linking two states will be
nonzero only for transitions of the types ee <> 00 or eo < oe. Selection rules for
dipole moments parallel to the a- or c-axis can be obtained from the table in the
same way.

If a 180° rotation about one of the principal axes of a molecule has the sole
effect of interchanging two equivalent nuclei, then that axis must contain the elec-
tric dipole moment (if the molecule has one). Inspection of Table 2.1 shows that
the symmetry properties of any two wave functions are the same with respect to
rotation about the axis containing the dipole moment if they are simultaneously
opposite with respect to rotations about the other two axes. Hence, the statistical
weights due to nuclear spin of the two states in a radiating transition are equal.
This statement is true in general of molecules containing equivalent nuclei [5, p.
138; 6, p. 55].

The 6 variation of a symmetric-top wave function, where 8 is the angle between
the molecule’s z-axis and the space-fixed Z-axis, is given by a function O, (6).
The orthogonality properties of these functions, when combined in integrals such
as Eq. 2.11, are such that any dipole-moment matrix element can be nonzero only
if |J, = J,| =1 =<J,+J,[3, p. 29], where J, and J, are the quantum numbers
for total angular momentum of the two states. Because asymmetric rotor wave
functions can be expressed by Eq. 2.9, where the sum involves ¢, all with the
same J, this selection rule applies to rotational wave functions for all molecular
shapes.

2.2.5 Line Intensities

For computational purposes, it is generally useful to rewrite Eq. 2.1 in the form

o) =n fZ Sp(TYF (v, vg) (2.12)

where «(v) is the power-absorption coefficient due to a specified molecular spe-
cies, n is the number of molecules of this species per unit volume, f and / denote
energy levels of an isolated molecule, S;(T) is the intensity at temperature T of a
single line for a single molecule, and F(p, ;) is a line-shape function normalized -
in such a way that F(v, v;) = 8(r — v;) for isolated molecules. (Line shapes are
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discussed in Sections 2.3 and 2.4.) As written, the summation in Eq. 2.12 extends

over all combinations of fand i, thus including line frequencies »; = (E; — E;)/h

that are negative as well as positive; but more often, one would restrict the sum-

mation to positive line frequencies and include the negative-resonant term in F (v,

v;) (if necessary, in the pressure range of interest). The summation then need

include only those lines that contribute to the frequency range of interest.
Making use of the ideal gas law, one has

_aP

AT

2.13)

where P is the partial pressure of the absorbing gas, and a is the fractional abun-
dance of the specified isotopic variant of the molecule. Isotopic substitutions in a
molecule alter the transition frequencies because of the different masses of the
nuclei. When more than one absorbing species is present, the total absorption coef-
ficient is given by the sum of absorption coeflicients for each species.

The line intensity consistent with Eqgs. 2.1, 2.10, and 2.12 is

3 2

ST =w)_§'£ —EifkT _ = Ef/kT

7= o\ ‘
167w (1)’ g

RN A AL —(Ey+ E) /2kT
e (T) sinh (hy /KT ye ™" (2.14)

in which a Maxwell-Boltzmann distribution of state occupation probabilities (im-
plying local thermodynamic equilibrium) has been used; g; is the statistical weight
due to nuclear spin for level i,

O(T) = X g,(; + De 5T (2.15)

is the internal partition function; and puj is the reduced (meaning that it does not
depend on the orientational quantum numbers M) matrix element, between levels
fand i, of the molecular dipole moment, measured in esu-cm for an electric dipole
or erg/gauss for a magnetic dipole. (uj )* is equal to the sum of the squared mag-
nitudes of matrix elements over the degenerate orientational states of levels f and
i and also over the three spatial components ¢ [10, p. 76]. We note that |p,;| =
|yl and g; = g/ (see Section 2.2.4).
When »; (GHz) < 10T (Kelvin), Eq. 2.14 is approximated within 1% by

87"31’% (Mﬁ )zgi

(T = S ro)

e—(Ef+E,‘)/2kT (216)

If one has a table (as in the Appendix to Chapter 2) of line intensities at a specified |
_temperature Ty along with the associated energy levels, then S;(7T') can be com-
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preted as

2.17)

SHT) = STy o [ . (1 - Eﬂ

o) P | 28, T

provided that one knows the temperature dependence of Q. Generally, Q(T) can
be separated as [6, p. 503]

Q(T) = Quiec(T) Quin(T) Qe (T) 2.13)

For asymmetric (H,0, O;) or symmetric-top molecules (NH;), a good approx-
imation to the temperature dependence of Q,,, is [6, p. 503]

Ceot(T) / Qe (Ty) = (T Tp)*/? (2.19)

Linear molecules (O,, N,0, CO, ClO) have fewer rotational states, and in this
case [6, p. 505], '

Qrot(T) / Qe (To) = T/ T, (2.20)

For most molecules, the excited electronic states lie so high in energy that Q..
is very nearly unity. The only exception among the molecules treated here is ClO,
for which

Qelec(T) =1+ exp ("Ee/kT) (2.21)

with E, /k = 458 K [16].
Using a harmonic oscillator model [6, p- 503],

Qun(T) = II [1 — exp (—hw,/kT)]™* (2.22)

where o, is the fundamental frequency of the vth mode of vibration (e.g., a di-
atomic molecule has one mode of vibration), and d,, is usually 1 but may be 2 if
a vibrational mode is degenerate, as is the bending mode of N,O. (Temperature
equivalents of the vibrational frequencies are listed in footnotes to the line tables
in the Appendix to this chapter.) In O,, CO, ClIO, H,0, and NH;, Q.;, can be well
approximated by unity at temperatures encountered in the terrestrial atmosphere.
In O; and N,O, only the lowest-energy mode of vibration, the bending mode, need
be included in Eq. 2.22 at temperatures up to ~ 300 K.

2.2.6 Rotational Spectrum of Ozone

The three nuclei in '°0; form an angle of 117°. The two outer nuclei are in equiv-
alent positions. These nuclei obey Bose-Einstein statistics, so the total wave func-
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tion must be symmetric with respect to an operation that interchanges the outer
nuclei. This operation can be represented as the product of two rotations. The first
is a rotation of the entirc molecule by 180° about the axis passing through the
central nucleus and equidistant from the two outer nuclei, in the plane of the mol-
ecule. (This axis is the one having an intermediate moment of inertia.) The second
rotation, of the electrons with respect to the nuclei, returns the electrons to their
original positions. ¥, is a function of the coordinates of the electrons relative to
the nuclei, so it is uninfluenced by the first rotation. The ground state . is
symmetric with respect to the second rotation. y.;, is a function of the relative
coordinates of the nuclei and, therefore, is unchanged by either rotation. The '°O
nuclei have zero spin, so there is only one possible ¥, and it is symmetric. Thus,
V.o Must also be symmetric with respect to rotation by 180° about the b-axis.
Table 2.1 shows that this condition is satisfied only in states where K_; and K
have the same parity; these are the only possible rotational states for the ground
electronic state of '°0,. Numerous microwave transitions occur between these
states.

We note in passing that the foregoing statements also apply to $'%0,, in which
sulfur is substituted for the central atom.

2.2.7 Rotational Spectrum of Water Vapor

In H,0, the oxygen nucleus lies at the vertex of a 105° angle formed with the
hydrogen nuclei, which thus are in equivalent positions. Protons obey Fermi-Dirac
statistics, so the total wave function ¢ must be antisymmetric with respect to the
interchange of the hydrogen nuclei. As in the previous section, this operation in-
volves a 180° rotation about the axis with intermediate moment of inertia. The
ground-state electronic wave function is symmetric, so the antisymmetry of ¢ de-
pends on ¥, and Y.

Let us consider the symmetry properties of ¥, for H,'%0. The '®0 nucleus has
zero spin. Each hydrogen nucleus has spin quantum number = 3, and the com-
ponent of the spin operator along an axis fixed in space has eigenvalue +37. The
wave functions associated with these two eigenvalues will be denoted by ¢' and
o', and the nucleus to which the wave function pertains will be indicated by a
subscript 1 or 2. The space of possible wave functions for v, thus has four di-
mensions. The subspace of symmetric spin wave functions is three-dimensional
and is spanned by the three wave functions

g% 0'% (2233)
Ve = { 0703 OF (2.23b)
2712(al a3 + o7a) (2.23c)

The subspace of antisymmetric spin wave functions is one-dimensional, with

Ve = 27/%(a}03 — 0i0)) “(2.24)
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To obtain a total wave function y that is antisymmetric with respect to the
interchange of the hydrogen nuclei, the symmetric Ynue (Eq. 2.23) must combine
with the Y, that are antisymmetric about the axis with an intermediate moment of
mertia (b-axis); as shown in Table 2.1, these are the rotational states for which
K_, and K, are of opposite parity. The antisymmetric Vnue (Eq. 2.24) combines
with the rotational states that are symmetric about the b-axis: K _1 and K, having
the same parity.

Because of the small moments of inertia of water vapor, most of its strong
rotational transitions lie at submillimeter and infrared wavelengths. The two im-
portant microwave transitions are at 22.235 and 183.310 GHz. The first of these
occurs between nuclear spin triplets of the type (Eq. 2.23) and its splitting is ap-
proximately 400 kHz [16a]; the second is between singlet spin states of the type
{Eg. 2.24).

Water vapor also has a continuum absorption, which will be described in Sec-
tion 2.4.3.

2.2.8 Rotational Spectrum of Carbon Monoxide

Carbon monoxide (CO) is a linear molecule, so its rotational energy levels are
specified by the first term on the right side of Eq. 2.6. The frequency of a transition
from Jto J + 1 is 2B(J + 1), which produces a spectrum of lines at integer
multiples of 115.3 GHz.

2.2.9 Rotational Spectrum of Nitrous Oxide

Nitrous oxide has the linear structure N-N-O. The two nitrogen nuclei are not in
equivalent positions, so rotation of the molecule does not interchange them. Hence,
all rotational levels have the same statistical weight due to nuclear spin.

Rotational transitions lie at integer multiples of 2B = 25.1 GHz, in the ground
vibrational state. In excited vibrational states, interaction between vibrational and
rotational motion produces a splitting of levels that is called [-type doubling [3, p.
128]; however, the weaker microwave lines associated with excited states have
not yet been observed in the atmosphere.

2.2.10 Rotational Spectrum of Chlorine Monoxide

The electronic state of lowest energy for most molecules is one in which the elec-
trons are paired (the two electrons of a pair have the same quantum numbers except
for opposite spins) and in which their orbital angular momenta sum to zero. How-
ever, the ClO radical possesses an odd number of electrons and thus has a net
electronic-spin angular momentum with quantum number of 3. Furthermore, the
ground electronic state is one with orbital angular momentum. In a diatomic mol-
ecule, the electrons move in an axially symmetric potential, so they encounter no
torque about the internuclear axis. The projection of the orbital angular momentum
on that axis is, therefore, a constant of their motion and is characterized by a
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quantum number A. In the ground state of CIO, A = 1. The electronic orbital
angular momentum perpendicular to the axis is not constant.

The electronic spin and orbital motion, and the rotation of the molecule as a
whole, generate magnetic fields. Interactions between these fields couple the var-
jous angular momenta and separate the energies of states that would otherwise be
degenerate. Hund classified the possible types of coupling into five cases, accord-
ing to the predominant interactions [1, p. 177]. The wave functions and associated
quantum numbers apply to a given molecule to the extent that it approximates one
of these pure cases.

In CIO, the strongest coupling is that of the electronic spin to the orbital angular
momentum along the internuclear axis. This is Hund’s case (a). The component
of electronic spin along the axis has the possible values +3h. The sum of orbital
and spin angular momenta along the axis is given the quantum number {. The
ground state has Q@ = 3; the @ = } state is slightly higher in energy and, therefore,
is included in the electronic partition function, Eq. 2.21.

The electronic angular momentum then adds vectorially to the rotational angular
momentum of the molecule, forming a resultant with quantum number J. The
relation between this resultant angular momentum and its projection {4 on the
internuclear axis is the same as in a symmetric top, so an expression of the form
given by Eq. 2.6, with @ replacing K, is valid for the associated rotational energy.
However, (! is constant in a given electronic state, so it is more appropriate to
regard the second term of this expression as part of the electronic energy and to
write

E. = hBIJ + 1) (2.25)

as usual for a linear molecule. Because J cannot be smaller than its projection on
the internuclear axis, it has the possible values 3, 3, 7, . . . , in the ground state
of C10. Transitions between levels J and J + 1 then give rise to lines at frequencies

vrery = 2BU + 1) (2.26)

which are spaced at intervals of 2B = 37.2 GHz [13].

The preceding discussion gives an approximate description of the rotational
spectrum of C1O. A more precise description must include the interaction between
the magnetic moment associated with the spin of the chlorine nucleus and the
magnetic fields generated by the electrons [13]. The nuclear electric quadrupole
moment also interacts with the electric-field gradient at the nucleus [13]. These
weaker interactions cause the hyperfine splitting of energy levels, which in ClO is
<100 MHz. The levels are distinguished by different values of the total angular
momentum, which is the resultant of J and the chlorine nuclear spin. This total
angular momentum has quantum number F, with J — 3 < F < J + 3. (Both *Cl
and *’Cl have nuclear spin of 3.) Hence, for each value of J, there are four levels,
each with a different F value. Transitions between different levels have the usual
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Figure 2.2. Energy-level diagram and hyperfine structure of the J = 3 toJ = 3 rotational transition
in the ground state of *>C1'%0 [14].

dipole-moment selection rules: AF = 0, 4 1. Thus, each of the lines corresponding
to Eq. 2.26 is split into nine components, as shown in Figure 2.2 for the J = 3
and 3 levels.

Although the component of electronic orbital angular momentum perpendicular
to the internuclear axis is not constant, its magnetic interaction with the rotational
angular momentum causes a further splitting of the energy levels known as A-type
doubling [5, p. 226]. In the ground state of CIO, this splitting is <1 MHz [17].
The electronic angular momentum will interact with an external magnetic field,
producing Zeeman splitting [18]. In the Earth’s magnetic field, this effect is ~ 1
MHz for the J = 3 to 3 transitions, and it decreases with increasing J. These line
splittings do not appear to be significant in the context of observations of CIO in
the terrestrial atmosphere.
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2.2.11 Spin-Rotation Spectrum of Oxygen

The ground electronic state of O, is one in which the orbital angular momentum
averages to zero, but there are two unpaired electron spins [19]. The magnetic
fields associated with the electron spins interact with each other and with the mag-
netic ficld generated by rotation of the molecule. The total spin angular momen-
tum, with a quantum number of 1, adds vectorially to the rotational angular mo-
mentum, which is given the quantum number N, to form a resultant angular
momentum with quantum number J, where J = N — 1, N, or N + 1. This is
Hund’s coupling case (b) [1, p. 178].* The energies of the states with J = N are
given in the rigid rotor approximation by

with B = 43.1 GHz [15]. The states withJ = N — 1 and J = N + 1 are lower
in energy by amounts that, with one exception (at 118.75 GHz), are on the order
of & + 60 GHz. Because the coupling between spin and rotational angular momen-
tum is rather weak, both N and J are needed to specify an energy level. For ex-
ample, the state with J = 2, N = 1 differs in energy from the state with J = 2, N
= 3 by h - 425 GHz.

The ground-state electronic wave function of 160, is antisymmetric with respect
to the interchange of the nuclei. This antisymmetry is not affected by the electron-
spin orientation in a Hund’s case (b) molecule [5, p. 238]. The nuclear spin is
zero, and thus the Bose-Einstein requirement for symmetry of the total wave func-
tion is met only by antisymmetric rotational wave functions, which are those with
odd values of the rotational quantum number N (see Section 2.2.2).

The magnetic moment associated with each of the unpaired electrons has a
magnitude slightly greater than one Bohr magneton pp and is antiparallel to the
spin. The total magnetic moment p of O, (which is essentially due to the electron
spins) will interact with an external magnetic field JC and split the energies of
states with different values of the quantum number M, which would otherwise be
degenerate. This is the Zeeman effect. The term of the Hamiltonian corresponding
to this interaction is [1, p. 284; 21]

H,, = —p - 3 = 2.00232u,8 - & (2.28)
where S is the spin operator measured in units of 7. We shall consider the case in
which JC is less than a few hundred gauss, so that H,,,,, represents a small pertur-
bation of the Hamiltonian. Then a good approximation to the energy levels can be
obtained by adding the diagonal matrix elements of H,,,, to the energy levels of
the Hamiltonian without magnetic field. A diagonal element of H,,,, is equivalent
to the time average of the interaction energy (which is proportional to the electron
spin) in one of the states described by a Hund’s case (b) wave function. The cou-

*The eigenfunctions for oxygen differ slightly from the ideal case (b), with a resulting modification in
the microwave line strengths of <2% [20].
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pling between spin and rotational angular momentum in Hund’s case (b) forces the
spin vector to precess about the total angular-momentum vector, which then pre-
cesses much more slowly about the external magnetic field. The interaction energy
Eq. 2.28 is therefore obtained by first projecting the spin onto the total angular
momentum and then taking the component of this projection along the external
magnetic field [1, p. 286]. Figure 2.3 shows the energy levels for the states with
N =3 andJ = 3, 4. When J = N, the rotational angular momentum, the spin,
and their resultant form an isosceles triangle, so that the projection of the spin on
the total angular momentum is smaller than for the states with / = N + 1, though
not zero.

Oxygen has no permanent electric dipole moment, but it will interact with an
electromagnetic wave by means of its magnetic dipole. This interaction is much
weaker than that of a typical molecular electric dipole, but the great abundance of
oxygen in the atmosphere compensates for the intrinsic weakness of its absorption.
Selection rules for magnetic-dipole matrix elements differ in one respect from those
for electric dipoles, which were described in Section 2.2.4. Because of its asso-
ciation with angular momentum, a magnetic-dipole moment is an even operator,
in contrast to an electric-dipole moment, which is fixed in the molecule and is
therefore an odd operator [22]. The magnetic-dipole moment has a nonzero matrix
element only between two oxygen wave functions that are both symmetric or both
antisymmetric.

=
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Figure 2.3. Energy-level diagram for the N = 3, J = 3, 4 states of O, [23].
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The selection rules with respect to angular momentum quantum numbers are
ATl =1 =<J+ T (2.29a)
and
|AM| = 1 (2.29b)

(The latter rule is of observational consequence only in the Zeeman effect.) These
selection rules permit transitions between the levels J = Nand J = N + 1 (which,
conventionally, are designated as N+ lines), between J = Nand J = N — 1
(designated N—), or within a given (J, N) level (except the J = 0, N = 1 level).
Transitions between levels J = N — 1 and J = N + 1 are prohibited. Transitions
between levels with different N and |AJ| < 1 are possible, but these produce lines
at submillimeter wavelengths [20, 23].

Transitions with AJ = +1 for which AM = 0 are known as = components and
those for which AM = +1 are ¢* components. Table 2.2 gives the frequency
displacements, with respect to the unsplit resonant frequency, for the possible Zee-
man components as a function of N and M, the quantum numbers for the upper (J
= N) levels of the oxygen lines. The limits on possible values of M are set by the
smaller of the two values of J involved in a transition; hence, the different limits
for N— lines. Table 2.3 gives the intensities of each component, referenced to the
unsplit oxygen line intensities listed in Appendix 2A. Figure 2.4 shows the spec-
trum of Zeeman components for the 3+ line in a field of 0.5 gauss (typical for
midlatitudes). Lines with higher N have more components, but they are more
closely spaced, giving approximately the same maximum splitting.

If the observation frequency is displaced from a line center by more than ~6
MHz, or if the entire propagation path lies at pressures of more than a few milli-
bars, the Zeeman splitting of an oxygen line can safely be ignored in a radiative
transfer calculation for the terrestrial atmosphere. If the observation includes the
core of a line formed at low pressures, however, it is necessary to consider the
Zeeman effect. In this case, absorption and emission depend on the angle between

TABLE 2.2 Frequency Shifts of O; Zeeman Components from Line Center
[23]°

AM ' N+ lines N-— lines
0 L MOV - 1) o MOV +2)
NN + 1) NN + 1)’
for M| = N for [ M| = N -1
+1 SCM(N_I)iN aJCM(N+2):t(N+1)
Al /e T, >
NN + 1) NN+ D
for (M| = N for M+ 1 =N-1

“a = 2.8026 MHz/gauss. 3¢ = external magnetic ficld strength. M = orientational quantum number
for the J = N level.
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TABLE 2.3 Intensities of O, Zeeman Components, Relative to Unsplit Lines
[23]

AM N+ lines N— lines
0 (N + 1) — M7 3N? — MY
N+ DN + DN + 3) NQN — D@N + D)
+1 SN+t M+ DN+ M+2) 3SNFMYWNF M- 1)
AN + 12N + DN + 3) 4NQN — )N + 1)

the terrestrial magnetic field and the direction of propagation of the electromag-
netic wave, and on its polarization [24, 24a). Furthermore, different polarizations
in general will be partially coherent, so the coherency-matrix formulation of the
radiative transfer equation should be used to calculate brightness temperatures [24,
24a, 25].

However, there are two special cases in which the scalar form of the radiative
transfer equation, described in Chapter 1, can be used for Zeeman-split lines. These
cases occur when the coherency matrix is diagonal in a fixed polarization basis. If
the direction of propagation is perpendicular to the constant magnetic field JC, the
characteristic polarizations (which diagonalize the coherency matrix) are linear and
either parailel or perpendicular to JC. For the electric field egp perpendicular, the
microwave magnetic field JCgy is parallel or antiparallel to JC and it therefore
interacts with the Z-component of the oxygen magnetic moment, where the
Z-direction is defined by JC. There is no dependence of this interaction on the
azimuthal angle ¢. The dependence of the rotational wave functions on azimuth
is given by a factor of the form exp (IM¢), so the matrix element between two
rotational states (as in Eq. 2.11) can be nonzero only if AM = 0. Thus, the ab-
sorption for each line is contributed solely by the = components (dependence on
N is omitted for clarity):

(3Cer//H) = 1 L Sy u(T)F @, vyy,10) (2.30)

.
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Figure 2.4. Zeeman components of the 3+ oxygen line.
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The line-shape function F is discussed in Sections 2.3 and 2.4. For the orthogonal
polarization, the interaction between p and JCyy has a cos ¢ dependence, and it
therefore excites only the ¢ components:

OZ(SRF//:K:) =n % [SM,M+1(T)F(V, VM,M+1) + SM,M—!(T)F(V’ VM,Mml)]-

(2.31)

The second special case occurs when the direction of propagation is along the
magnetic field JC. The characteristic polarizations are then right-circular and left-
circular. A right-circular wave is absorbed by the ¢ components:

e = 2 2 Syppg1 (TVF @, Vg pa11) (2.32)

and a left-circular wave by the ¢~ components:

ajc = 2n % Sum—1(TYF @, vayp—1) (2.33)

If the direction of propagation is antiparallel to JC, o™ and o~ are interchanged in
Egs. 2.32 and 2.33.

We note that the intensities of the Zeeman components are defined such that

2 Sum(T) = 2 L Sy i (T) =22 Sy i (T) = ST) (2.3
M M M

where S(T') is the intensity of the unsplit line. Thus, the absorption by oxygen
becomes unpolarized and isotropic when the observation frequency is displaced
from the line center by an amount large compared to the Zeeman splitting.

In the Earth’s magnetic field, the resonant frequencies of the AJ = 0 transitions
are <1 MHz (0 MHz for AM = 0). Considering that the line intensity, Eq. 2.16,
contains the factor qu, one might suppose these transitions to be entirely negligible.
This would be the case were it not for the effect of collisions between molecules.
Equation 2.1 shows that the relevant energy difference is really between two states
of the system of interacting molecules. At pressures near 1 atmosphere, the AJ =
0 matrix elements of oxygen produce a detectable, unpolarized absorption in the
GHz range of frequencies. This nonresonant absorption will be discussed further
in Section 2.4.

2.2.12 Inversion Spectrum of Ammonia

Ammonia (NH;) has a tetrahedral structure, with the potential function shown in
Figure 2.5 for motion of the nitrogen nucleus perpendicular to the plane of the
hydrogen nuclei. The first two wave functions for this mode of motion are also
shown. The height of the central barrier in the potential exceeds the kinetic energy
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the nitrogen nucleus relative to the plane of the
hydrogen nuclei in NH,.

associated with each of these two wave functions by more than a factor of 2.
Nevertheless, the wave functions have nonzero values inside the barrier; this is an
example of the quantum-mechanical tunneling effect. The shape of the potential
function depends somewhat on the rotational quantum numbers of the molecule,
and the difference in energy between o (zy) and y, (zy) varies inversely with the
height of the potential barrier [1, p. 302]. The strongest of the transitions between
Vo(zy) and ¥, (zy) lies in the 20-30-GHz range [26]. Strictly speaking, these are
vibrational transitions, although they often are not classified as such. They are
called inversion lines, because the passing of the nitrogen nucleus through the
plane of the hydrogens turns the molecule inside out. Transition frequencies for
other vibrational modes and for ¥, (zy) to ¥, (zy) lie in the infrared. Pure rotational
transitions of NH; produce submillimeter-wavelength lines [27].

The statistical weights of NH, rotational levels due to nuclear spin can be de-
duced from consideration of a rotation by 120° about the axis of symmetry. This
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rotation is equivalent to two interchanges of hydrogen nuclei. * Therefore, the total
wave function must be symmetric with respect to this operation. In the ground
state, Y is Symmetric (i.e., with respect to the inverse rotation of the electrons,
which returns them to their original position) and v, is unaffected. ¥, changes
by the factor exp (i2wK /3), which makes it symmetric if K is divisible by 3. If K
is not a multiple of 3, we can construct the nuclear spin wave functions

~1/2(g} ayay + €2/ 3glgla) + 4™ /361 6l ad) (2.35a)

K _
nuc or

-1/2

(o}050% + *27K/3 ojoh0s + e’4’rK/3a,aza3) (2.35b)

for which the product gy, ¥/ has the required threefold symmetry. When K is
divisible by 3, Egs. 2.35a and 2.35b reduce to

3_1/2(6{@0% + olayol + ololod) (2.36a)
Youe = § OF
1/2(0 o303 + oioiol + olosol) (2.36b)
Also,
o} o} al (2.36¢)
Vnye = § OF
010503 (2.36d)

have the correct symmetry for K divisible by 3. Thus, the statistical weight due to
nuclear spin is twice as large for states with K divisible by 3 as for the other states.}

Let us now consider the operation of a 180° rotation about an axis in the plane
of the hydrogen nuclei and passing through one of them, equidistant from the other
two. This rotation has the same result as the transformation zy — —z,, except that
the two off-axis hydrogen nuclei are interchanged. The total wave function must
be antisymmetric with respect to the product of these two operations, because the
hydrogen nuclei follow Fermi-Dirac statistics. With the nuclei in their equilibrium
positions, NHj is an oblate symmetric top. Figure 2.1 shows that the energy levels
of an asymmetric rotor merge into those of a symmetric top as k = 1 or —1. The
wave functions, however, do not go over into Y.y, or ¥, _ ), when K # 0, but
rather into linear combinations of the form 27'/2(Y,s + ¥y xar). These are

*If the hydrogen nuclei are numbered 1, 2, and 3, then the permutation 3, 1, and 2 is equivalent to
the interchange of 1 with 2 followed by the interchange of 2 with 3.

1To be precise, each of the wave functions in Eqs. 2.35 and 2.36 could be multiplied by one of three
possible wave functions for the spin of the "N nucleus. However, because there is no other nucleus
equivalent to the "*N, its spin degeneracy factor has no effect on the spectrum in the approximation
that interactions involving spins are neglected.
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equally good eigenfunctions for the rigid symmetric top, and are known as Wang
symmetric rotor functions. Wave functions antisymmetric to exchange of two hy-
drogen nuclei can be written as*

‘/’vib—mt—nuc =2 l /le/n (ZN) (\&J’KM ‘pfl(uc t IILJ — KM ‘lbn—ulc() - (2 - 37)

The choice of a plus or minus sign depends on n, J, and X [1, p. 71]; thus, the
antisymmetry requirement removes the twofold degeneracy associated with the
guantum numbers +X. However, if K = 0, it would be necessary to choose the
minus sign when n + J has even parity, and this choice reduces the expression
Eq. 2.37 to zero. Hence, alternating energy levels are prohibited; there are no
microwave inversion lines associated with K = 0.

Hyperfine splitting of the NHj; inversion lines is 2.5 MHz [28-30]. This split-
ting can be ignored at the high pressures encountered in the atmospheres of the
major planets.

2.3. THERMAL (DOPPLER) BROADENING

Up to this point, the discussion has ignored the translational motion of the mole-
cules. In the absence of collisions, the translational part of the molecular wave
function is simply a plane wave, which is separable from the rest of the wave
function. The motion of each molecule about its center of mass can then be de-
scribed as in Section 2.2, except that the line frequencies are Doppler-shifted by
a factor proportional to the projection of the molecular velocity along the direction
of propagation of the electromagnetic wave. A well-known result of the kinetic
theory of gases is that the distribution of velocity components along any fixed
direction is Gaussian. Thermally broadened lines, therefore, have the Doppler
shape factor,

_ v = g\
F(v, vg) = w‘l/zﬁnlexp li— ( 5 ) } (2.38)
D

where the parameter 3, is given by [64a]

2%T\ '/ L T\
Bp = (;1?> vs =430 - 10 7(;4—) Vs : (2.39)

m

in which m is the mass of the molecule, and M,, is its molecular weight in g /mole.
The width of the line at half-maximum is 2(In 2)!/28,. The thermal broadening
of typical atmospheric lines is ~ 107 times the line frequency, and for microwave

*The neglected modes of vibration are assumed to be in their ground states.
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lines, it is surpassed by pressure broadening in the stratosphere and troposphere.
Section 2.4.2 discusses the case in which both types of broadening are significant.

2.4 PRESSURE BROADENING

2.4.1 General Discussion

Pressure broadening is the perturbation of an absorbing molecule’s line spectrum
by collisions with other molecules. (The Doppler effect will be ignored until Sec-
tion 2.4.2.) In a gas of interacting molecules, a potential energy that depends on
the relative positions and orientations of the molecules is added to the Hamilton-
ians for the separate molecules. The result of this alteration to the Hamiltonian is
that the gas is able to absorb photons at frequencies well removed from the reso-
nances. In fact, it will be seen that at sufficiently high pressure, even the wings of
negative-frequency resonances (which nominally represent emission transitions be-
cause E, < E;) contribute to absorption.

To discuss the effect of collisions, it is helpful to rewrite Eq. 2.1 in a form that
emphasizes molecular dynamics. This can be done by introducing the Fourier ex-
pansion of the Dirac delta function,

d(v) = S 2™ dt (2.40)

which will enable us to write the absorption spectrum in terms of the Fourier
transform of a correlation function. After describing the form of the correlation
function in the “‘impact’ approximation, we will obtain the spectrum by taking
the transform. Further approximations may be valid in various pressure regimes;
Sections 2.4.2 to 2.4.4 consider them in increasing order of pressure.

With the use of Eq. 2.40, and assuming local thermodynamic equilibrium [which
implies that p, = p, exp (—h»/kT)], and also assuming that hv << k7, Eq. 2.1
becomes

81)°
3ckTV

o) = S e 2™P (1) dt (2.41)

where @ (7) is the correlation function of the total dipole moment M in the volume
V:

B(1) = 2 p,INg,e/m NGy e~ E

a,b,o

= E, Py L, (0) MZ, () (2.42)

Each matrix element 97, (¢) is equal to an integral similar in form to Eq. 2.11,
but with ¥ replaced by the time-dependent wave function ¥ = y exp (—iEt/h).
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Because U’ is a Hermitian operator and the statistics of the system are assumed
o be stationary, ® (¢) satisfies the relation

B(—1) = *(p) (2.43)

The product of matrix elements in Eq. 2.42 is weighted by the probability p,
of finding the system in state b, so the sum over all states represents the expected
walue of the product of matrix elements; hence, a correlation function evaluated
for the time delay 1. However, Eq. 2.42 is still expressed in terms of states (a, b)
of the entire gas within the volume ¥, whereas we desire a formulation that will
¥ield line shapes associated with transitions between the states of an isolated ab-
sorbing molecule. To obtain such a formulation, it is necessary to make some
simplifying assumptions concerning collisions.

One very powerful assumption is that of binary collisions: when the density of
motecules in the gas is sufficiently low, an absorbing molecule can be considered
o interact with one perturbing molecule at a time. Calculations employing the
Bamary-collision approximation have successfully reproduced measured absorption
coefficients at pressures as high as 6 atmospheres in NH; [31] and 51 atmospheres
O, [32]. The first implication of this assumption is that cross-correlations be-
tween different absorbing molecules are negligible, so that ® (#) can be related to
the correlation function ¢ (#) for a single absorbing molecule by

B() = nVd,(p) (2.44)

where n is the number density of the absorbing species. Second, the binary-colli-
sion approximation implies that @, (¢} can be evaluated by averaging over all pos-
sible collision trajectories, over the distribution of relative speeds between absorb-
mmg and perturbing molecules, and over the distribution of mmal states of the
perturbers.

A further approximation that is widely applied in microwave spectroscopy is
the impact approximation, in which &, (¢) is determined by considering only the
effects of completed collisions. Hence, it is valid for time intervals 1 >> ¢,
107" s, where ¢, is the typical length of time during which molecules interact
strongly.

In place of the eigenstates (a, b) of the entire gas, a complete basis in which to
represent the Hamiltonian for the two-molecule collision is the product space of
states of the isolated molecules. The Hamiltonian can be written as H, + H, +
*{r. where H; and H, are Hamiltonians for the isolated absorber and perturber,
respectively, and V(¢) is the potential energy of the interaction between the two
molecules. This potential is due to the dipole, quadrupole, and higher-order mo-
ments of the molecules, whether permanent or induced in the collision [33, Chap-
ter 13; 34].

(1) depends on time ¢ through the collision trajectory, which implicitly intro-
duces the ‘‘classical-path approximation’’: that the molecules follow predeter-
mined trajectories (often taken to be straight lines for ease of calculation) instead
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of being represented by traveling-wave solutions of the time-dependent Schrd-
dinger equation. From a wave-mechanical viewpoint, the classical path is a geo-
metric-optics approximation, and is therefore valid when the de Broglie wave-
length of the perturber is small compared to the size of the intermolecular potential
well. At translational energies typical of atmospheric temperatures, this is true for
all but the lightest molecules, hydrogen and helium [35]. Furthermore, if the trans-
lational motion of the molecules is treated quantum-mechanically [36], the func-
tional form of the line shape is the same as that obtained by use of the classical
path.

As a simple example of the effect of collisions on the correlation function, let
us consider the system whose energy-level diagram is shown in Figure 2.6. The
absorbing molecule has nonzero dipole-moment matrix elements between a lowest
state, which is taken as the zero of the energy scale, and several states of higher
energy E;. The dipole-moment matrix elements between states f and f' are zero,
but “V(f) has nonzero matrix elements linking these states; thus, the interactions
occurring in collisions permit transitions between these states. The transitions due
to collisions constitute a Markov random process with constant rates. (A transition
rate is the conditional probability per unit time of a transition from one state to
another, given that the absorbing molecule is in the former state.) Collisions do
not, however, cause interactions involving the lowest state in this example. This
is Baranger’s [37] ‘‘one-state’’ case. It does not correspond to any situation arising
in microwave spectroscopy, but it contains most of the features of the general
problem. We consider only positive resonance frequencies for the moment. The
dipole-moment correlation function has an exponential form forr >> t.[7, 31,
37, 38]: ‘

&, (5 = po iju TN G VT (2.45)

in which the complex matrix £ has elements

Q= 2wz E/h + iRp) (2.46)
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Figure 2.6. The one-state example of pressure broadening.
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where O is the Kronecker delta. The relaxation matrix R is calculable from the
ustermolecular potential [37, 38]. In the binary-collision approximation, R is pro-
portional to the number density of perturbing molecules. Tt also depends on tem-
perature through the average over perturber states and speeds. If more than one
species of perturber is present in the gas, R is the sum of contributions from each
Species.

For R = 0 (no collisions), Eq. 2.45 is a sum of complex exponential functions
of time (cosines, if negative resonant frequencies are included) with frequencies
E;/h corresponding to the free motion of the dipole and with amplitudes corre-
sponding to the line intensities. The effect of collisions, expressed by the R matrix,
is to damp out the correlation as f = oo. This loss of correlation is caused in three
ways: a collision can cause a transition to a different energy level, it can tempo-
rarily perturb the energy of a state and cause a random change in phase, which is
the integral of frequency over time, or it can reorient the rotational motion of the
dipole. Collisions of the first type are termed inelastic; the others are elastic col-
hisions. A diagonal clement R; (multiplied by 2x) defines the reciprocal of the
mean time interval between “‘strong’’ collisions, whether elastic or inelastic, for
the state f. An off-diagonal element 27Ry is equal to minus the rate of transitions
from f* to f due to inelastic collisions [7]. Both diagonal and off-diagonal elements
can be different for different states of the molecule, as can the intermolecular po-
tential. _

We now consider the general case in which both upper and lower energy levels
of each line are perturbed by collisions and the negative resonant frequencies are
included.* To reduce the notational burden, a single index j, which can be positive
or negative, will replace in order of frequency the line designation ( f; i). A vector
D containing the reduced dipole-moment matrix elements is defined as

D; = p; (2.47a)
D =y (2.47b)

In the same vector space, termed the ‘‘line space’’ [37], a diagonal matrix v, of
line frequencies is defined with

vy = v = Vg (2.48a)
s (2.48b)

Gl = vy = vy =
The diagonal matrix p of occupation probabilities for microwave lines in local
thermodynamic equilibrium has j,jth element :

P = g expil— (Ef + Ei)/ZkT]/Q(T) (2.49a)

*Regarding the negative-frequency resonances, we note that the absorption coefficient e (r) must be
an even function of » because a real electromagnetic wave varying as cos(2x##) can be represented by
ow0 complex exponentials, exp (i2wvf) and exp (—2xvf). If a(¥) were not even, a real wave would
furn into a complex wave as it propagated through the atmosphere.
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P =D | | (2.49b)
The correlation function fdr t >> r. can then be expressed as [7, 37, 38]
&,(f) = DT exp [2xt(iv, — R)]pD (2.50)

where R is the relaxation matrix in line space. The elements of R now contain the
influence of perturber interactions with both the upper and lower levels of the lines.
As in the one-state case, the correlation function for the free motion of the mole-
cule without collisions (R = 0) is a sum of cosine functions, and R embodies the
effect of the collisions, which damp out the correlation as ¢ — oo,

To evaluate the Fourier transform in Eq. 2.41 in the impact approximation, one
assumes the range of Eq. 2.50 to be ¢ = 0 and uses Eq. 2.43 and 2.44 to define
the correlation function for t < 0. The result is [37-39]

87v’n
3ckT

a@) = Im [DT(I — v, — iR) 'pD] (2.51)

where I is the identity matrix. The matrix v, + iR can be diagonalized by a trans-
formation of the form X~ '(v ; + iR)X = A [37, 38]; thus*

87%°n < Im A; Re G; + (v — Re A))Im G
3ckT ; (v — Re A;j) + (Im A))°

a(y) =

(2.52)

in which G = X~ 'pDD" X.

In the binary-collision approximation, the effect of collisions is a modulation
of the free dipole motion. Hence the line shape obtained in the impact approxi-
mation is valid for frequencies that are displaced from resonance by less than
(2wt)”' = 100 GHz. Thus, it can also be used for submillimeter and infrared
lines near resonance, but it is not applicable to the microwave tails of those lines.
This point will be discussed further in Section 2.4.3 with respect to the spectrum
of water vapor.

X, A, and G depend on the perturber number density (i.e., on pressure) through
R. A significant simplification results if we restrict consideration to pressures suf-

ficiently low that only terms up to first order in R need be retained in A and G
[40]:

D; R

JN

J'#Ej Vj‘“"‘Vj'

(2.54)

*At a given frequency, some of the terms in Eq. 2.52 may be negative because of the (v — Re A))
factors in their numerators. However, the negative terms will be balanced by corresponding positive
contributions in other terms. The overall absorption coefficient for a gas in thermodynamic equilibrium
must be positive.
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This first-order expansion is applicable for pressures at which the absolute values
of the parameters

Y, = Im G;/Re G, (2.55)

are smaller than unity. There is a partial cancellation of higher-order terms [41].
Now, using the line intensity S;(T) given by Eq. 2.16, we can write Eq. 2.52 as

2Ry + v ~ v)Y, R, - (v + »)Y,
— 11_ _V_ K Jj’tj i i) X
a@) = - 2 5,7 (Vj) [(V ! R}jl (2.56)

The sum in Eq. 2.56 is taken over j = 0 because negative-frequency resonances
are included in the shape factor. If nonresonant absorption (j = 0) is present, its
line intensity is not defined, but S,(T) /#? has a finite nonzero value as vy = 0.

For small R, Eq. 2.56 approaches the line spectrum of the isolated molecule.
The lines have half-widths equal to the diagonal elements of R. It has been as-
sumed here that the elements of R are purely real. In general, R can be complex,
although for microwave spectra, the imaginary parts of the elements of R, as de-
fined here, are usually much smaller than the real parts. If present, the imaginary
parts of the diagonal elements R;; shift the resonant frequencies, as one can see
from Eq. 2.53.

“The effect of the off-diagonal elements of R, which enter Eq. 2.56 through the
Y}, is called line interference, coupling, mixing, blending, or merging. The terms
containing ¥; will be significant in Eq. 2.56 only if all of the following conditions
are satisfied: (1) At least some of the off-diagonal elements of R are comparable
in order of magnitude to the diagonal elements. (2) The summation in the imagi-
nary part of Eq.\2.54, in which some of the terms can have opposite sign, does
not yield a null result. (3) More than one line contributes significantly to a(v).

2.4.2 Low Pressures (Mesosphere and Stratosphere)

If there is no overlap of other lines from the same molecule, including negative-
frequency resonances, then the shape factor in Eq. 2.56 can be approximated by
the Lorentz shape factor for an isolated line near resonance:

Ye

—_— 2.57)
v - Vﬁ)2 + ’Yi (

F(v, vp) = 7' (v /v;)?

where vy, = R;; is the collisional half-width for the line. If the line is very narrow
compared to its resonant frequency, so that » =~ Vs, then the factor (v /v )* can be
omitted. In the stratosphere and mesosphere, pressure broadening is due over-
whelmingly to collisions with molecules of the two major constituents, nitrogen
and oxygen, which are uniformly mixed. Therefore, the line widths are propor-
tional to the total pressure. From Eqgs. 2.12 and 2.57, the absorption coefficient at
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the line center is n,Sg/ 7y, which is proportional to the mixing ratio of the ab-
sorbing gas.

At some pressure level in the mesosphere, the collisional width of a given line
decreases to the point that thermal broadening is significant. An assumption that
the two broadening processes act independently leads to the Voigt shape factor
42, p. 218]:

F(p, v) = S Fy(v, v )Fp(', vg) dv' (2.58)

This is the convolution of the Lorentz shape factor F; given by Eq. 2.57 without
the (v /vy Y* factor, with the Doppler shape factor Fy, given by Eq. 2.38. Equation
2.58 neglects the dependence of collisional broadening on the relative speed of the
molecules and also neglects the fact that thermal broadening becomes less effective
with increasing density* [43, 44; 45, Chapter 7]. However, deviations from the
Voigt line shape exceed a few percent only when the perturbing molecule’s mass
is more than five times the absorber’s mass [44, 46].

The half-width at half-maximum of the Voigt function is approximately given
by [47]

vy = 0.5346 v, + (0.2166 42 + 0.6931 g%)'/? (2.59)

where ), is the thermal broadening parameter given by Eq. 2.39. Figure 2.7 plots
vy versus altitude for two microwave lines of H,O in the terrestrial atmosphere.

For some purposes, it may be adequate to approximate the combined effect of
pressure and thermal broadening by using the collisional line shape, Eq. 2.56 or
2.57, with «, replaced by v,. However, the collisional shape factors yield higher
absorption in the line wings than the Voigt shape factor when v, < 8p.

When the detailed shape of a mesospheric line is to be interpreted, the Voigt
function can be accurately evaluated by the polynomial expression [48]

6
' % ot/
F@, v) = 77 '/285 Re | =° 2.60)
2 bt
j=0
where
£ =./Bp +ilv — v3)/Bp (2.61)

and the a and b coefficients are listed in Table 2.4. (The imaginary part of this
polynomial expression is the dispersion shape factor.)

*The second of these effects is known as collisional narrowing, but actual narrowing of the line would
occur only in the absence of pressure broadening (e.g., in nuclear magnetic-resonance spectra).
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Figure 2.7. Half-widths v, of two H,O lines in the 1976 U.S. Standard Atmosphere. The transition
from predominant thermal broadening to predominant pressure broadening occurs at higher pressure

for the higher-frequency line.

Figure 2.8 is an example of a stratospheric oxygen line observed from the ground
[49]. Because Zeeman splitting of the line is significant here, the polarization-
coherency matrix equation of radiative transfer was used to compute the theoretical
curves [24a]. Overlapping oxygen lines in the troposphere attenuate the strato-
spheric emission (by ~6 db), so the full collisional band shape, Eq. 2.56, was
used in the calculations. Equation 2.59 was used for the line-width parameter.

TABLE 2.4 Coefficients in Eq. 2.60 for the Voigt

Function [48]

9

b,

AR W = O~

122.60793178

214.38238869

181.92853309
93.15558046
30.18014220
5.91262621
0.56418958

122.60793178
352.73062511
457.33447878
348.70391772
170.35400182
53.99290691
10.47985711
1
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Figure 2.8. Emission from the 27" line of stratospheric 0,, observed from the ground at Haystack
Observatory. The brightness temperature is the average of two orthogonal polarizations, and the scale
has an arbitrary zero. Error brackets on the measured points show the rms noise level; the calibration
accuracy was estimated to be + 10% [49].

Very little of the emitted energy from this line originates in parts of the atmosphere
where thermal broadening predominates; thus, the more precise Voigt function is
not required. The curves in Figure 2.8 are calculated for a magnetic field of 0.56
gauss at 18° to the direction of propagation, which was vertical. The two atmo-
spheric models differ by 5 to 10 K at the 30- to 60-km altitudes where the line is
formed. This line is very sensitive to stratospheric temperature because of the
exponential factor in the line intensity, Eq. 2.16.

2.4.3 Moderate Pressures (Troposphere)

Absorption by tropospheric gases has twn consequences for atmospheric remote
sensing: it makes possible the sensing of tropospheric temperature and composi-
tion, and it attenuates emission from the upper atmosphere when the observer is
on the ground. In both respects, tropospheric absorption is dominated by oxygen
and water vapor.

At tropospheric pressures, the oxygen lines between roughly 50 and 70 GHz
overlap to form an absorption band. Equation 2.56 describes the shape of this
band. The nonresonant terms (with »; = 0) reduce to the following expression,
which has the Debye shape factor:

Cryo?”

—-—-————T(yz e (2.62)

ag(v) =
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where C = 1.53 X 107 em®GHz 'K (theoretical value), and 7, is the nonre-
sonant broadening parameter (see Table 2A.1 in the Appendix to Chapter 2). This
component contributes a small amount of absorption throughout the microwave
spectrum. It accounts for almost all of the absorption by oxygen below 10 GHz,
which allows experimental determination of v, [S0].

Width parameters for the resonant oxygen lines can be determined from mea-
surements at low pressures, where the line shape near resonance is approximated
by Eq. 2.57 [51]. The interference effect, which becomes measurable as the lines
begin to overlap, is a linear combination of the ¥; in Eq. 2.56. Measurements at
different frequencies reflect different combinations of the ¥;. If the other line pa-
rameters are known, determination of the interference parameters is a linear in-
version problem [52]; it can be solved by methods similar to those used to infer
an atmospheric temperature profile from brightness temperature measurements,
given the weighting functions.

Figure 2.9 shows some measurements of absorption and dispersion in the ox-
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Figure 2.9. Dispersion and absorption in dry air. The difference between the solid and dashed curves
is the effect of line coupling in the oxygen band [52].
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ygen band [51]. The solid curves are calculated with interference parameters ad-
justed to fit dispersion, which was measured with greater precision than absorp-
tion. Interference parameters on the low side of the band are positive, whereas
those on the high side are negative; therefore, the interference effect lowers ab-
sorption on the wings and raises it in the middle of the band.

For water vapor, a calculation of the R matrix for nine microwave and submil-
limeter lines yielded off-diagonal elements approximately two orders of magnitude
smaller than the diagonal elements [53]. Hence, with ¥ = 0, the frequency de-
pendence of each term in Eq. 2.56 reduces to the shape factor of Van Vleck and
Weisskopf [54]:

Y. N Ye
-+ @)

F(, vy) = 77 (v /vp) [ } (2.63)

Experimental confirmation of Eq. 2.63 has been obtained for the 22-GHz line [55,
56].

However, measurements in both pure water vapor and moist air show more
absorption than is contributed by the microwave and submillimeter resonances [55,
57-62]. Along with absorption from the lines listed in the Appendix, it is necessary
to add a so-called ‘‘continuum’’ term [62, 63]:

OCC(V) = (Cspilzoglo.s + CfPH20Pdry03) VZ’ (2'64)

where C, = 1.50 x 1077 cm ™ 'bar2GHz 2, C; = 4.74 x 107 cm ™ 'bar ’GHz 2,
6 = 300K /T, Py,o is the partial pressure of water vapor, and Py, is the partial
pressure of the dry-air components. The coefficients C, and C; and the pressure
and temperature dependence in Eq. 2.64 were adjusted to fit measurements at 138
GHz, at which frequency the uncertainties in C; and C; were estimated as approx-
imately 3% and 1%, respectively [62]. The frequency dependence is based on
other measurements [55, 64, 64a].* Of course, the values of these cocfficients
depend to some extent on the number of lines that are treated as separate contri-
butions and on their assumed shape. The following three paragraphs discuss some
of the hypotheses that have been proposed regarding the origin of the absorption
represented by Eq. 2.64. (Also see the discussion in Deepak et al. [65a].)

1. Wings of Infrared Lines [55]. Because of the microwave region’s large dis-
“placement in frequency from these resonances, the impact approximation is not
valid. However, without using the impact approximation, it is possible to derive
an expression having the form of Eq. 2.51 but with R depending on » [66]. Over
the microwave spectrum, the frequency dependence of absorption from distant
resonances is mostly due to the »* factor in Eq. 2.51. As long as the binary col-
lision approximation is applicable, the pressure dependence of absorption in the

*QOne set of atmospheric measurements [65] was interpreted as indicating absorption proportional to
PHzoPﬁ,y; however, these measurements can be accounted for by Eq. 2.64 [61].
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wings of lines comes from the abundance n of absorbing molecules multiplied by
the appropriate elements of R, which are proportional to the number density of
perturbing molecules. Hence, self-broadening of H,O produces a P%ho term and
foreign-gas broadening produces a Py,oP,, term. Calculations of pressure
broadening for the distant wings of water-vapor lines have been done only with a
simplified intermolecular potential, but they yield good agreement with both the
magnitude and temperature dependence of Eq. 2.64 [66a].

2. Collision-induced Absorption [67, 68]. During close collisions, the inter-
molecular potential is a large perturbation to the molecular Hamiltonians, and the
wave functions are highly distorted in comparison to the isolated molecular wave
functions. Hence, the normal selection rules do not hold precisely, and transitions
not considered in the previous paragraph may contribute to absorption. This effect
has not been calculated rigorously for any molecule of the asymmetric-rotor type.

3. Water Dimers [69]. Microwave lines of (H,0), have been detected by mo-
lecular-beam techniques [70-71a]. On the basis of these experiments and theoret-
ical calculations, the dimer is believed to have the structure H,O-HOH, with a
hydrogen bond joining the two water molecules. It is a nearly prolate rotor with
the energy levels split by several different tunneling motions, giving a complicated
microwave spectrum [72]. At atmospheric temperatures several vibrational levels
would be excited, and the dimer’s molecular parameters are not yet sufficiently
well known to calculate its absorption spectrum in the atmosphere. However, nu-
merous overlapping resonances would yield absorption proportional to the dimer
abundance, which in thermodynamic equilibrium varies in proportion to the square
of the number density of monomers [73]. Hence, it could contribute to the first
term in Eq. 2.64. In contradiction to earlier reports of an atmospheric dimer line
mear 225 GHz [e.g., 73], high-resolution measurements at atmospheric tempera-
rares show no resonant features that can be attributed to dimers [74, 75]. If dimers
at atmospheric pressures and temperatures have an unstructured absorption spec-
trum varying as »°, the frequency dependence is accidental.

The common element among these explanations of the water vapor continuum
is that the first term in Eq. 2.64 results from the interaction between two water
molecules, and the second term is due to the interaction of a water molecule with
a nitrogen or oxygen molecule. The explanations differ with regard to the states
{bound or free) that are involved in the transitions, and in their wave functions.
Thus, the issue is: which states are the most important to consider in a calculation?
This is still fertile ground for theorists [76], but for the purpose of calculating
atmospheric absorption, one would probably find a parametric approximation such
as Eqg. 2.64 to be the most convenient model.

Figure 2.10 shows the calculated zenith opacity of the troposphere as a function
of frequency for three values of precipitable water content. The water vapor was
distributed vertically with constant relative humidity (0%, 17%, 87% for the U.S.
Standard Atmosphere). Some measurements corresponding to the highest humidity
are plotted by open circles. For the values of H,O partial pressure in this figure,
most of the absorption between lines is due to the second term in Eq. 2.64. Hence,
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Figure 2.10. Tropospheric (0-11 km) zenith attenuation in the U.S. Standard Atmosphere for three
values of precipitable water vapor. Measurements are from References 65 and 75a-75d. The calculated
curves include absorption by water vapor, oxygen, and nitrogen. The narrow lines of stratospheric
attenuation are not represented here.

the variation of opacity with water vapor is roughly linear; by means of this rela-
tion, the opacity for zero water vapor was estimated (filled circles).

At relative humidity = 98%, some of the moisture in air is converted to hy-
drosols (haze, fog or cloud). This source of absorption is outside the subject of
this chapter, but is discussed in References 62, 63, 65a, and in Chapter 3.

2.4.4 High Pressures (Deep Planetary Atmospheres)

When pressure broadening causes the lines of a band to overlap so much that
structure due to individual resonances is lost, the band can be replaced by one
resonance with an average frequency ». If (as for NH,) there are no other nearby
bands and no zero-frequency transitions, line-space vectors then have two ele-
ments, corresponding to —v and +7. Moreover, Ben-Reuven [39] argues that for
ammonia, the elements of the relaxation matrix R coupling different inversion
transitions are much smaller than the diagonal elements.* In this case, R reduces
to the direct sum of 2 X 2 matrices (with index values corresponding to —»; and

+v;) of the form
{’YC _g‘j'
_g- Ye

*The camulative efféct of the former elements at high pressures in pure NH; is equivalent to a reduction
of y. by 6% [77].
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for each inversion transition. The off-diagonal elements — { are due to transitions
between levels f and i caused by collisions (rather than radiation). By evaluating
the matrix inverse in Eq. 2.51, Ben-Reuven obtained the line-shape factor [39, 77]

e = OV + (v + DGR + 72 = Y
0" = vp = 72+ O+ d]

Fv, v) = @/m) (v /v;)? (2.65)

This line shape has been used to calculate absorption by NH; in the atmosphere
of Jupiter [78]. The relationship between Egs. 2.65 and 2.56 can be seen if { is
taken to be negligible compared with ; + 2. Then ¥ = —¢/ vz, which is con-
sistent with Eqs. 2.54 and 2.55 in a system having two energy levels.

In the two special cases when ¢ = 0 or ¢ = Ye» Eq. 2.65 reduces to the shape
factors obtained by Van Vleck and Weisskopf [54] and Gross [79], respectively,
using classical reasoning. However, the relative sizes of off-diagonal elements of
R vary with the absorbing and perturbing molecules and are not susceptible to
blanket generalizations. ' :

If transitions occur at both zero and nonzero frequencies (as for O,), R can be
treated as a 3 X 3 matrix with indices corresponding to (—», 0, +7) at high
pressures or when the observed frequency is far from the resonant band [80, 81].

When a band of merged lines is considered as a single resonance, the ratio vy, /P
is typically smaller than for the individual lines when they are resolved at lower
pressures [80, 81]. For example, if in Figure 2.6 the energies £y, + - -, E, were
equal, to within the width of the lines, then collisions would reduce the correlation
function by virtue of their effect on the phase or spatial orientation of the radiation,
but not by transfers from one state to another. This effect can be seen in Figure
2.9, where line interference acts to make the resonance narrower than would be
predicted by consideration only of the diagonal elements of R.

At gas densities so high that v, approaches (271,)~' = 100 GHz, both the
impact approximation and the binary-collision approximation are no longer valid,
and the relaxation matrix is not simply proportional to density. Theoretical inves-
tigations are more difficult in this pressure regime, but at least in principle, the -
problem can be approached through use of techniques such as cumulant expansions
[82].. -

2.5 COLLISION-INDUCED ABSORPTION BY NITROGEN
AND CARBON DIOXIDE

N, and CO, have no permanent dipole moments, and, therefore, isolated mole-
cules of these gases do not exhibit pure rotational spectra. (CO, does have an
infrared vibration-rotation spectrum.) However, these molecules possess electric
quadrupole moments, and during collisions, the quadrupole moment of one mol-
ecule interacts with the polarizability of its partner to induce a dipole moment in
the partner molecule. The matrix elements of an induced dipole do not follow the
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selection rules applicable to a dipole moment fixed in the molecule. The selection
rules for an induced dipole are those of the inducing multipole moment [83]; in
the case of a quadrupole, |AJ| = 0 or 2. 7

The correlation function for the induced dipole consists of a short pulse, whose
length is determined by the collision duration, modulating the transition frequency.
The width of a collision-induced resonance (which is the Fourier transform of the
correlation function) is, therefore, on the order of 300 to 1000 GHz or more, and
it is independent of the gas density. In the microwave part of the spectrum, the
frequency dependence of absorption comes from the v factor in Eq. 2.41.

The number of binary collisions per unit time in a given volume is one-half the
number of molecules divided by the mean time between collisions for each mol-
ecule. This mean time varies inversely with number density n, so collision-induced
absorption varies as n* for identical molecules or nyn, for unlike molecules.

In a mixture of N, and CO,, collision-induced absorption can be calculated by
the empirical expression [84, 85]

a(®) = (Cy, PRt + Cny—coPaaPoos8”” + Ceo,Pro, °°%)»  (2.66)
where |

Cn, = 1.05 X 107" cm™'bar °GHz™>  [85]
Cny—co, = 2.71 X 107" cm™'bar GHz™>  [84]
Ceo, = 743 x 107" cm™'bar GHz > [85]

= 300 /T, and Py, and P, are the partial pressures of the two gases. The ideal-
gas law has been used here to substitute pressure for density.

In the terrestrial atmosphere, the second and third terms in Eq. 2.66 are negli-
gible. The first term contributes a small amount of absorption that may be notice-
able in a dry atmosphere for » = 150 GHz. It is responsible for the high-frequency
upturn of the 0-mm H,O curve in Figure 2.10. One could add a contribution from
induced absorption in N,-O, collisions, but this would be a minor correction.

In the atmosphere of Venus, CO, is a major contributor to microwave opacity.
Equation 2.66 is probably accurate to ~20% for conditions on Venus. It can be
improved by corrections for departures from the ideal-gas law and from the v
dependence at high frequencies, and by corrections for three-body collisions [85,
861].
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