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Problem 1: Space-time translations of ak

(a) Show that for any operators A and B,

eABe−A = B + [A , B] +
1
2

[A , [A , B]] +
1
3!

[A , [A , [A , B]]] + . . . .

(b) Now apply this relation to the space-time translation operator on the Fock space of
free scalar particles. These translations are generated by the 4-momentum operator,

P̂µ =
∫

d3k

(2π)3
kµa

†
kak ,

where k0 ≡ Ek =
√

�k2 + m2, and a
†
k and ak are the single particle creation and

annihilation operators, normalized as in Peskin and Schroeder. Show that

eiP̂ ·xake−iP̂ ·x = ake−ik·x .

Problem 2: “Smeared” fields and their variance

For a free scalar field φ(�x) of mass m, consider the “smeared” field

φ̃a(�x, t) ≡ 1
π3/2a3

∫
d3yφ(�y, t)e−|	y−	x|2/a2

.

Note that φa(�x, t) corresponds to averaging the fundamental field φ(�x, t) over a region
of size a with a Gaussian weight function. The vacuum expectation value of φ(�x, t) and
φ̃a(�x, t) are both zero, which means that a measurement of either quantity in the vacuum
would yield zero on average. One would not always get zero, however, as the vacuum is
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not an eigenstate of these operators. To see the spread of values that one would get, one
must calculate the variance

σ2 ≡
〈

0
∣∣∣∣
(
φ̃a(�x, t) − 〈φ̃a(�x, t)〉

)2
∣∣∣∣ 0

〉
.

(a) Write an expression for σ2 as an integral over a single variable.

(b) Without evaluating the integral in general, show that in the limits of small a and
large a, the leading term in σ2 may be written as

σ2 ≈ αaβ ,

and calculate α and β. You should discover that at large scales the average field
approaches a classical variable whereas at small distances it is dominated by fluctu-
ations.

Problem 3: Evaluation of 〈0|φ(x)φ(y)|0〉 for spacelike separations

Problem 2.3 of Peskin and Schroeder. Alternatively — and this alternative might
be more useful to your education — you can evaluate the expectation value by numerical
integration, and draw a graph of the result. If you scale your axes with the appropriate
powers of the mass m, the same graph can be valid for all values of m.


