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Abstract

We define the overconvergent de Rham-Witt complex W1Qs for a smooth affine
variety over a perfect field in characteristic p. We show that, after tensoring with
Q, its cohomology agrees with Monsky-Washnitzer cohomology. If dimC < p, we
have an isomorphism integrally. One advantage of our construction is that it does
not involve a choice of lift to characteristic zero.

To prove that the cohomology groups are the same, we first define a comparison
map

tF : ch - WTQE.

(See Section 4.1 for the notation.) We cover our smooth affine C with affines B each of
which is finite, étale over a localization of a polynomial algebra. For these particular
affines, we decompose WiQl5 into an integral part and a fractional part and then
show that the integral part is isomorphic to the Monsky-Washnitzer complex and
that the fractional part is acyclic. We deduce our result from a homotopy argument
and the fact that our complex is a Zariski sheaf with sheaf cohomology equal to zero
in positive degrees. (For the latter, we lift the proof from [4] and include it as an
appendix.)

We end with two chapters featuring independent results. In the first, we reinter-
pret several rings from p-adic Hodge theory in such a way that they admit analogues
which use big Witt vectors instead of p-typical Witt vectors. In this generalization
we check that several familiar properties continue to be valid. In the second, we offer
a proof that the Frobenius map on W(&¢,) is not surjective for p > 2.
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Chapter 1
Introduction

We begin in the next chapter by recalling some concepts which we will use repeat-
edly. Our goal is to provide an alternative construction of the Monsky-Washnitzer
cohomology groups of a smooth affine variety, and in Section 2.1 we recall the cur-
rent construction. We point out the drawback of the current construction, namely,
its reliance on a non-functorial choice of lift to characteristic zero (despite which the
cohomology groups are functorial).

In Section 2.2 we recall the map ¢ which will be the basis for our comparison
map between Monsky-Washnitzer cohomology and overconvergent de Rham-Witt co-
homology. We also recall the notion of basic Witt differentials, which are a sort of
basis for the de Rham-Witt complex of a polynomial algebra in characteristic p. We
make the sense in which they are a basis precise in Proposition 2.2.8, both for the
full de Rham-Witt complex and for its finite level analogues.

In Chapter 3 we define the overconvergent Witt vectors of radius C for any smooth
affine ring (always of characteristic p). We define a Witt vector to be overconvergent
if it is C-overconvergent for some radius C. The notion of a fixed radius is important
because it enables us to work with finite-level Witt vectors. (The general notion
of overconvergence is meaningless for finite-level Witt vectors, because every finite-
level Witt vector is overconvergent of some radius.) There is a different definition of
overconvergence in [4], and we check that the two notions agree.

As the overconvergent Witt vectors form a subring of the Witt vectors, we define
the overconvergent de Rham-Witt complex as a subcomplex of the de Rham-Witt
complex. Because the de Rham-Witt complex contains elements which are infinite
sums of basic differentials, our definition must take into account specific radii. (An
earlier definition we considered involved defining the overconvergent de Rham-Witt

complex as the sub-differential graded algebra generated in degree zero by overcon-



vergent Witt vectors. This complex is a proper subcomplex of the overconvergent de
Rham-Witt complex as we define it.)

Our strategy for both the overconvergent Witt vectors and for the overconvergent
de Rham-Witt complex is to define the notion carefully for the case of a polynomial
algebra, and then use the functoriality of our constructions to extend the notion to
the case of general (smooth) affines. (See Definitions 3.0.5 and 3.0.6, respectively.)

In Section 4.1 we define our comparison map between the Monsky-Washnitzer
complex and the overconvergent de Rham-Witt complex. We check that it is has nice
properties with respect to radii both for the case of a polynomial algebra and for the
case of a finite étale extension of a polynomial algebra, though the latter result is
significantly more subtle.

This section also contains one of the more important results of the paper, Theorem
4.1.6. We adapt an argument from Monsky and Washnitzer’s original paper [18]
to establish both the functoriality of our construction and the independence of our
comparison map from the choice of Frobenius lift, at least after tensoring with Q. We
describe to what extent our results also hold integrally.

In Section 4.2 we use an analogue of the basic Witt differentials described in
Section 2.2 to check that our comparison map is a quasi-isomorphism. We sacrifice
the independence property that the basic Witt differentials possess, but in exchange
our description is valid for a much larger class of rings. Our description holds for
every ring B which is finite étale over a localization of a polynomial algebra. For such
a ring, we decompose W1Q)5 into an integral part and a fractional part and then show
that the integral part is isomorphic to the Monsky-Washnitzer complex and that the
fractional part is acyclic. This argument is inspired by the argument of Section 3.3
in [14], which compares de Rham-Witt cohomology with crystalline cohomology.

In Section 4.3 we check that the special affines we have been working with suffice
to cover any smooth affine variety. This allows us to extract from our work in the
previous sections statements concerning general smooth affine varieties. The section

concludes with the following, which represents our main theorem.

Theorem 4.3.3. Let C denote a smooth variety over a perfect field in characteristic
p. Let k = |log,(dim C)]. Let C' denote a lift as in Section 2.1. Fiz a Frobenius lift
F on Ct. Let tp denote the comparison map described in Section 4.1.

(a) Then after multiplying by p* the induced map on cohomology

pitr : H'(Qor) — H(W'Qg)
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is independent of F.
(b) It is functorial in the sense that for any map of smooth affines g : C — D,
Frobenius lift F' on D', and lift g : CT — D7, the two induced compositions

pitp o g H'(Qct) — H(Qpt) — H(W'Qp)

and
goptty : H'(Qet) —» H(W'Qz) — H(WiQp)

are equal.
(c) Rationally, the map p"tr is a quasi-isomorphism. If dimC < p, we have an

integral isomorphism.

The proof of this theorem relies on the fact that the overconvergent de Rham-Witt
complex is a Zariski sheaf with sheaf cohomology equal to zero in positive degrees;
for that we reference [4]. For the convenience of the reader, we lift the proof in op.
cit. and include it, essentially verbatim, in our Appendix B.

The following two chapters, the final two before the appendices, contain signifi-
cantly different material, although the hope is that the notion of overconvergent Witt
vectors (if not the full complex) will eventually play a role here as well. In Chapter
5, we begin by reformulating several rings from p-adic Hodge theory in a way that
makes essential use of the ring of p-typical Witt vectors. In particular, we show that
AT may be reinterpreted as an inverse limit of rings of Witt vectors, with transition
maps the Witt vector Frobenius. We verify several known properties of this ring. In
the next section, we replace the p-typical Witt vectors W in the earlier constructions
with the ring of big Witt vectors W. We mimic our proofs from the previous section
to deduce analogous properties of these new rings.

Chapter 6 is a note explaining a result that surprised us during our study of the
material in Chapter 5. Explicitly, we prove there that the Witt vector Frobenius

F . W(ﬁcp) — W(ﬁcp)

is not surjective for p > 2 (though it is surjective on finite levels).

Our paper contains two appendices. The first is a collection of computations
involving Witt vectors which are necessary for some of our arguments but are not
particularly enlightening. It is the author’s belief that the proofs of some of these
technical lemmas could be simplified through the use of Gauss norms as in [3] and

[4].
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Finally, as already stated, our Appendix B reproduces the proof in [4] that the

overconvergent de Rham-Witt complex is a Zariski sheaf.
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Chapter 2

Preliminary Material

2.1 Monsky-Washnitzer cohomology

This section serves the dual purposes of reviewing Monsky-Washnitzer cohomology
and of establishing some notation. Let k& denote a perfect field of characteristic p.
Let W(k) denote the ring of p-typical Witt vectors with coefficients in k. Consider
any a € W(k)(z), the ring of convergent power series in one variable over W (k). We

can write

where we force: each aj, € W(k)*UO0; ap,  # 0 unless ny, = 0; and for fixed 7, ajr # 0
for at most one value of k. Under these restrictions, this form is unique. Then we say
an element is overconvergent if there exists a C' such that ny < C(k+1) for k > 0.
If we wish to be specific, we call such an element C-overconvergent. The collection
of all overconvergent series is a ring which we denote W (k)(z)".

We can generalize this to the multivariable case. For this, the second series should
be over a (bounded) multi-index, and the criterion becomes |ny| < C(k+1), where the
norm is |(ai,...,as)| = >_a;. This agrees with the usual notion of overconvergence
(see for instance [11] for that notion). Our description enables us to write the ring
W (k){z1,...,T,)! as a union of C-overconvergent modules, and we have defined the
radius C' in such a way that when we make the analogous construction in the ring of
Witt vectors, the notions of radius will match.

Convention. Unless otherwise stated, A denotes the polynomial algebra in n
variables k[Z7,...,Z,]; A denotes the lift W(k)[z,,...,z,]; A, denotes the polyno-
mial algebra over the truncated Witt vectors W,,(k)[x1, ..., z,]; A' denotes the ring

13



of overconvergent elements just described, and A" denotes the submodule of C-
overconvergent elements.

We must also extend the notion of overconvergence to quotients of polynomial
algebras. For a smooth affine variety Spec B over k, there exists a smooth lift of the
form B = W(k)[zy,...,xa)/(f1,--., fm) (see [20], p. 35). We then set

BJr = W(k)(ml, . ,$n>t/(f1, e ,fm).

For this fixed presentation, we say an element z is C-overconvergent if there exists a
C-overconvergent element of W(k)(zy,...,z,)’ projecting onto z. The notion for a
particular C depends on the presentation, but the union over all C' will be indepen-
dent.

One important property of these overconvergent lifts is that we can also lift maps,
though not uniquely (see Theorem 2.4.4 (ii) of [20]). In particular, there exist lifts of
Frobenius.

The previous paragraphs explained how to associate a ring B to a smooth affine
ring B = k[z1,...,z,)/1. Let Qpt /wk) denote the module of continuous differentials
of B relative to W (k). The Monsky-Washnitzer cohomology groups of B are defined
to be the cohomology groups of the complex

Qptywr) Oz Q-

The key point is that it is not obvious if these groups are independent of the choice
of lift or if the construction is functorial. Both of these questions have affirmative
answers, see [20] p. 37. The alternative construction we propose will not depend on
any choices and will be obviously functorial.

These notions are also well-defined and functorial integrally. This is implied in
Monsky and Washnitzer’s paper [18], p. 205.

2.2 The de Rham-Witt complex

In this section we review the de Rham-Witt complex. Our focus will be on the
results required for what follows, and in particular our treatment will be by no means
complete. We will focus in this section on two main details: a homomorphism tg
which injects B! into W(B), and the notion of basic Witt differentials for the de

Rham-Witt complex over a polynomial algebra A.

14



For a smooth affine B and a choice of Frobenius lift F : B — B, we have a map
sp: BT — W(B") (2.2.1)

where, if we denote sp(z) = (So, s1,- - -), the s; are the unique solutions to the equa-
tions s& + ps’" + -+ + pts, = F"(z) for every n > 0 (see p. 508 of [10]). The

important map for us will be ¢z, the composite of sp with projection to W(B):
tr: B 55 W(B'") — W(B).

Proposition 2.2.2. The map tr satisfies the following properties: (i) It is injective.
(i3) It is p-adically continuous. (%) It is functorial in the pair B, F. (iv) If F(x) = 2P
for some x, then tp(z) = [Z], the Teichmiiller lift of the reduction of z.

Proof. 1t is clear from the definition that if p { x, then 55 # 0. Because tr is a
homomorphism and W(B) is p-torsion free, property (i) holds. For property (ii),
note that the length-n truncated Witt vector tz(z)|, depends only on z mod p™*!.
Properties (iii) and (iv) are stated explicitly in [10]. O

We now define the de Rham-Witt complex. Continue to let B denote an affine
ring in characteristic p, although the following few results come from [9], where they

consider in fact arbitrary Z)-algebras.
Definition 2.2.3. A Witt complex over B is the following:
1. A pro-differential graded ring E* and a strict map of pro-rings A : W.(B) — E°.

2. A strict map (Frobenius) of pro-rings F : E* — E* | such that FA = AF (where

the second F is the usual Witt vector Frobenius) and Fd[b] = [b]P~'d[b]. (Here
[b] denote the image of the usual Teichmiller lift of b under \.)

3. A strict map of graded E*-modules V : F,E* | — E* such that \V = V),
FdV =d and FV = p. (The notation F,E* | indicates that we think of E* ,
here as an E¥-module via the Frobenius map.)

A map of Witt complexes is a strict map of pro-differential graded rings commuting
with the three maps A\, F, and V.

The reason for this definition is the following.

Definition 2.2.4. The de Rham-Witt complex over B is the initial object in the
category of Witt complezes over B. It is denoted WQsg.

15



(Of course, it must be shown that this initial object exists. See for instance [9],
where this is proven more generally for Witt complexes over any Z)-algebra. In the
characteristic p case, it should be noted, we have not only F'V = p but also VF = p.)
From now on, when we are not speaking of the de Rham-Witt complex in finite levels,
wn

we omit the subscript. The following proposition (Theorem A of [9]) gives us a

way to represent elements of Wz, though not uniquely.

Proposition 2.2.5. The canonical map $y, 5 — W,Q5 induced by X in degree

zero, 18 surjective.

We now review some of the tools for studying the de Rham-Witt complex that
will be used in our analysis. They will give us a unique way to write each element of
the de Rham-Witt complex, though only over a polynomial algebra A. Most of these
definitions and results come from [14].

Definition 2.2.6. A weight k is a function with values in Z[;l)] defined on the integers

in a certain interval, k : [1,n] — Z[%]. The weight is called integral if each component
18 integral.

The support of k, denoted Supp k, are those integers ¢ for which k(i) # 0. We fix
a numbering of the elements in the support,

Supp k = {i1,...,%},

in such a way that
ord, kiy < -+ <ordy k;, .

We use I to denote an interval of Supp k with the prescribed order,
I= {ilail-l-l’ s ’il+m}'

We let k; denote the restriction of k to I.
We denote by P a partition of Supp k into disjoint intervals

SuppkzIOUIlLl...l_IIl,

where the order of the intervals I, agrees with the chosen order of Supp k. The
interval I, may be empty, but the intervals I, ..., I, may not be. Denote by r €
[0,1 — 1] the first index such that kj,,, is integral. If I, is not integral, set 7 = [.

16



Let ¢(k) denote the smallest integer so that p*™k is integral, and we let u(k) :=
max{0,t(k)}. We can think of u(k) as the denominator of k. Make similar definitions

for k;_, for intervals I,,,.

Definition 2.2.7. A basic Witt differential e := e(&, k, P), for k and P as above and
e V“(I)W(k), s a special element of WQ’K defined as follows. Set & = VDy,

1. If Iy # 0, then

e = Vu(Io) (T]Xpu(IO)kI(’) (dvu(Il)Xpu(h)kll) . (dVU(IT)XPu(IT)kIT> .

(F—t(1r+1)prt(’r+1)kfr“) . (F—t(lz)dxp“’l)kz,) ;
2. if Iy =0 and k is not integral, then

P (dVU(Il) (UXP"(Il)kzl)) ... (dVU(Ir)Xp“”’)kzr) (F_t(lr+l)dXPt(IT+l)kIr+1) .

(F ‘t(’ﬂdxp“"”"t) ;
3. if Iy =0 and k 1is integral, then

Proposition 2.2.8. Each element of Wz can be written uniquely as a (possibly
infinite) sum of basic Witt differentials, where for any m all but finitely many of
the £ terms are in V(W (k)). Furthermore, each element of W,Qz can be written
uniquely as a finite sum of basic Witt differentials with weights k having denominators

at most p™ L.
Proof. These results are Theorem 2.8 and Proposition 2.17 of [14]. O

From the above proposition, it makes sense to consider the additive subset of WS
consisting of elements whose terms are sums of basic Witt differentials of fixed weight
m. Proposition 2.6 of [14] tells us that this is a differential graded W (k)-module.
The same is true if we only fix the weight modulo 1. Let us denote the differential
graded module corresponding to a fixed weight m mod 1 by W™, If our weight
is fractional and we wish to emphasize this, we may write WiraemQ)—.

The weight zero modulo 1 module is precisely what Langer and Zink call the

integral part. They call the complementary module the fractional part. They show
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that Wi™Q; = Q4 and that W/ is acyclic (p. 74). Our strategy is to show
that

C n C
and that W¢™Q is acyclic for fixed non-zero weight m modulo 1, for every n, and

for C sufficiently large.

Proposition 2.2.9. Let k denote a fized fractional weight mod 1, and let F' denote
a lift of Frobenius to AT which maps z; — x7. The group Wr©kQ— is an At-module,
where the multiplication is defined by aw := tr(a)w.

Proof. We will follow Langer and Zink’s convention and let X; denote [z;]. We need
to check that W*Q)— is preserved under multiplication by tr(a), and it suffices to
check this for a monic monomial a, in which case tr(a) = X™ for some integral weight
m (here we used our assumption that the Frobenius lift maps z; to 27). We consider
aw for w a basic Witt differential of fractional weight k£ mod 1. There are two cases,
corresponding to the first two cases on p. 40 of [14].

In the first case,

w = V¥ (nXP k) (dV i XP k) L (Fli g X,

where the important thing point is that ug > u; for all 7. (There is no such inequality

comparing ug to the ¢;’s.) We can write aw as
aw = Vuo(nXp“O(ko+m)Fuo—u1 (dXP ... ot (prtlkl)) =: V¥ ().

In the notation of [14] p. 43, each degree one term of w has the form

X PUok; X P0k;
) or df

puo —U; puo —t;

d( ).

Then Langer and Zink’s Proposition 2.11 shows that 1 is a sum of basic Witt differ-
entials of weight p“°(k + m). Hence the result follows from their Proposition 2.5.

In the second case ug = 0, so
aw = X™(dVUnXP R - (Frhd xR,

where now u; < w; for all 7. Using the Leibniz rule and ignoring signs, this can be

18



expressed as a sum of a term
Vg XPk (PP P (X
and a term
d(VulnXpul(k1+m)) .. (F—tdeptlkl) —d (V“lnXP"l(’fler) o (F—tdeptzk,) .

The first of these summands can be treated as in the previous paragraph, and the
second is d applied to a term as in the previous paragraph. Proposition 2.6 assures

that d does not change the weight, so we are done. O
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Chapter 3

The Overconvergent de
Rham-Witt Complex

Our goal is to define a subring W1(B) C W(B) with B a smooth affine ring over
a perfect field of characteristic p. Our strategy is to define it carefully for the case
of a polynomial algebra, and then allow functoriality to provide the definition in
general. For the purposes of the following proofs, we define first W1 (R[zy, ..., z,]) C
W(R|[z1,...,zy,)) for R a perfect field of characteristic p and also for R an arbitrary
ring of characteristic zero.

As a subset, we define W1(R[zy,...,z,]) C R[z,...,z,)" as those sequences of
polynomials (fo, f1,...) such that there exists some constant C for which deg(f;) <
C(i+ 1)p* for i > 0. Call such a sequence overconvergent, or, if we wish to be more
specific, “C-overconvergen”t or “overconvergent of radius C”. In the next lemma, we
will use the same definition of overconvergent whether we are talking about elements

in the ring W(R|[z1,...,zy]) or in the ring R[zy, ..., z,] .

Lemma 3.0.1. Assume R has characteristic zero. A sequence is C-overconvergent

in the sense above if and only if its image under the ghost map is.

Proof. = If we begin with the sequence (fy, f1,...), then its image under the ghost
map is (fo, f§+pf1, f5 g pff+p*fs,...). Clearly this new sequence is overconvergent,
with the same constant C. Of course, this did not use that our ring was characteristic
Zero.

<= Here we do use the hypothesis of characteristic zero. Trivially deg(f;) <
deg(fo), deg(f1) < max(deg(ff),deg(f5 + pf1)) since p # 0, and so on. Hence the
latter sequence being overconvergent implies that the former sequence is overconver-

gent. O
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We are now ready to prove the following:

Proposition 3.0.2. In the case in which R is a perfect field of characteristic p, and
in the case where R has characteristic zero, the subset of overconvergent Witt vectors
WH(R[z1, ... ,z,]) C W(R[z1,..., %)) i in fact a subring.

Proof. We note now that in R[zy,...,z,]" (with componentwise addition and multi-
plication), the sum and product of two overconvergent sequences is overconvergent.
For addition, we simply take the larger of the two constants. For multiplication, it
suffices to add the two constants.

This fact together with the lemma and the fact that the ghost map is a ring ho-
momorphism already implies that W(R[z1,...,z,]) € W(R|z1,...,Z,)) is a subring
when R has characteristic zero. For R = k a perfect field of characteristic p, we begin
with the obvious surjection W (k)[z1,...,z,] — k[z1,...,2,]. We've just remarked
that the overconvergent Witt vectors of the left hand side form a subring. The im-
age of an overconvergent series must be overconvergent (because the degree can only
go down after killing the terms divisible by p), and hence because the induced map
on Witt vectors is a ring homomorphism, we've proven the result in general. (It
should also be remarked that we can find a preimage of any overconvergent sequence
in k[zy,...,T,] that is an overconvergent sequence in W (k)[z1,...,z,]. But this is
easy, because we may simply replace each coefficient with its Teichmiiller lift without
affecting the degree.) O

The above proof yields the following corollary, which will be useful later:

Corollary 3.0.3. The C-overconvergent Witt vectors form a W (k)-submodule of the
ring Wi(klzy, ..., zn))-

It will be important to extend the notion to quotients of polynomial algebras.

Given a presentation k[zy,...,2,]/I, it is obvious what the analogue should be: If
w = (wo,wr,...) € W(k[z1,...,za)/I), we say w is overconvergent of radius C if
there exists v € W (k[z, ..., x,]) which is overconvergent of radius C' projecting onto

w. We cannot expect the number C to be independent of the presentation, but we

do have the following:

Lemma 3.0.4. The ring WH(k[zy, ..., z,]/1) = UcWHC(k[zy, ..., z,]/]) is indepen-

dent of presentation.

Proof. Assume we have an isomorphism

0 k[zy, .. xa)/T — klyr, .., yml/J.
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Let d; denote the minimal degree among representatives in k[yi, . . ., ym] of ¢(z;). Let
d denote the maximum of the d;’s. Then it’s clear that an element of radius C maps

to an element of radius dC. 0
The preceding lemma ensures us that the following definition makes sense.

Definition 3.0.5. For a smooth affine C = k[z,, . ..,x,]/I, the overconvergent Witt
vectors with coefficients in C are defined to be the image of W' (k[z1, ..., T,]) under
the map W (k[z1,...,2,]) — W(C).

We use the above definitions to define the degree zero part of an overconvergent
de Rham-Witt complex. Within the de Rham-Witt complex (not yet the overconver-
gent de Rham-Witt complex), we extend the notion of C-overconvergence to higher
degrees as follows. We declare that: dw is C-overconvergent if w is; the sum of C,-
overconvergent elements for varying C, is sup C,-overconvergent, if that supremum
is finite; and the product of a C}-overconvergent element and a Cs-overconvergent el-
representations, and we say an element is overconvergent of radius C' if at least one
of those representations is overconvergent of radius C' under the above formula. Note
that in degree zero, our declarations concerning products and sums have already been

verified.

Definition 3.0.6. The overconvergent de Rham-Witt Complex of a polynomial al-
consisting of those elements which are C-overconvergent for some C, as described in
the previous paragraph. It is denoted by W*Qk[xl,._,,xn]. For B an affine ring in char-
acteristic p, we define WiQg as the image of WiQy,, .1 under the map induced by

some presentation k[zy, ..., T,] - B.
Lemma 3.0.7. The complex W"Q—E does not depend on presentation.

Proof. We know that the degree zero part of the complex does not depend on pre-
sentation thanks to Lemma 3.0.4. Now consider a term wpdw; ... dwy,, with each
w; € W% = Wt (B) which has radius C as specified by one presentation. By the
lemma, each w; has some radius C depending on C as specified by another presenta-
tion. Because the number of terms m + 1 is bounded by dim B + 1, we see that our

notion of overconvergence does not depend on presentation. O

We now show that the definition of overconvergent Witt vectors defined here

matches the notion from [4]. We begin by recalling that notion.
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Definition 3.0.8. An element w € W (k|[xy,...,x,]) is called overconvergent if there
erist € > 0 and N > —oo such that for every basic Witt differential e(&xp, k, P)
appearing in the decomposition of w we have ordy(&p) — €|lk| > N. (Here |k| :=
ki + .-+ k, and ordy(w) is defined to be the largest number m such that w €
VW (k[zy, ..., z4]).)

We restate the above definition using the concept of Gauss norm from [4].

Definition 3.0.9. For w = Ek,P e(&,p, b, P) in W, 2. and € > 0, we define
the Gauss norm of w:

Ye(w) = }cng{ordv Eep — €|k}
With this terminology, w is overconvergent if v.(w) > —oo for some € > 0.

Remark 3.0.10. We should point out that in our definition, radius Cy is stronger
than radius Cy for Cy < Cy. In the definition of [4], radius €1 is stronger than radius
€o for g < €1. From a geometric viewpoint, their terminology is preferable.

Lemma 3.0.11. Our notion of overconvergence agrees with that from [4].

Proof. We show first that our notions agree in degree zero. Assume that we have an
element e(&.p, k, P) satisfying ordy (&p) — €lk| > N. The first u(k) + ordy(n) =
ordy (€ p) components of this element are zero, and the next component has degree
pdv&.P)|k|. The later components may be ignored. To say that such an element is

overconvergent under our definition, we must find a C such that
(ordy (&p) + 1)p™ v &P C > prdvEr)|g|.

We can indeed find such a C: if N > 0, we may take C' = %; if N <0, we may take
C= INL|€ It’s essential that these expressions for C' depend only on € and N.

The other direction is easier. Assume we have Witt components (fo, f1,...) of an
element satisfying deg f; < (¢ + 1)p'C for some C. We claim that such an element
is overconvergent under the notion of [4] with ¢ = £ and N = —1. Consider (a
monomial in) the term fo. The basic Witt differential to which it corresponds has
|k] < C and ordy (&.p) = 0. We subtract off monomials in f; until we reach fo = 0.

Inductively, assume we have reached (0,...,0, f;, fi+1,...). Consider now (a mono-
mial in) the term f;. Now ordy(&.p) = ¢ and |k| < (¢ + 1)C. This completes the
induction.

We show now that our notions agree in positive degrees. First we show that

an element which is overconvergent under our definition is overconvergent under the
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definition of [4]. Note that their definition of radius behaves identically to ours with
respect to sums (p. 5). Their definition also behaves the same as ours with respect to
products, at least if the radii are the same (p. 5 again), and we can arrange that the
radii are the same because we need products of at most dim A + 1 elements. Finally,
from [14] Proposition 2.6, their radius can only improve after differentiation.

It remains to show that an overconvergent element under their definition is over-
convergent under ours. Because our notions behave the same with respect to sums,
it suffices to show that a basic Witt differential with constants € and N corresponds
to an overconvergent Witt differential under our definition with radius C' depending
only on € and V.

We start with the first case within Definition 2.2.7. With our usual notation,

together with the notation of that definition, we are assuming that
ordy (n) +u(lo) — €lkr,| — - - - — €lkr,| > N.

The key is to use the formula V(z)dy = V(zF(dy)) = V(zy?~'dy) = V(zy?~1)dVy,
where y is a Teichmiiller, using the equations (V2) and (V3) on p. 543 of [10]. For
instance, if I = 1 = r, (where r = 1 is a concise way of saying that I, and I; are both

fractional), we can rewrite the basic Witt differential as

Vu(Io) (nXpu(Io)kIO) (dvu(ll)Xpu(Il)k11) —

yuldy) (Vu(Io)—u(Il) (77 Xpu(zo)k,o) pru(n)kIl)
pud) (Vu(zo)—u(h) (n X POkt +p 10k, —p Dk, ) dVutlo)—u(ly) xp Ik )

Vu(Io) (nXp"“O)kIO+P“(IO)k'11 —pUky, ) dvu(Io) (Xp“(ll)kh )

It is easy to see that this is C-overconvergent under our definition, for some C de-
pending only on € and N. The other cases may be treated similarly. O
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Chapter 4

Overconvergent de Rham-Witt
Cohomology

4.1 The comparison map

The construction in this section will make explicit the connection between the over-
convergent Witt vectors and the Monsky-Washnitzer algebra. Abbreviate as before
A = k[ry,...,7,) and AT = W(k){zy,...,z,)!. Fix a Frobenius lift F on A" which
sends z; — 7.

In Section 2.2 we described the map

tp . AJr — W(Z)

We claim that its image actually lands in W1(A4). Write

0 Ng
a = pk E ajkatj
k=0  j=0

subject to the conventions of Section 2.1. Assume a is a C-overconvergent series. We
will compute the Witt vector components of t(a) and check that they are polynomials
with degrees satisfying certain bounds, which will ensure that tz(a) is overconvergent,

and in fact C-overconvergent for the same C.

Proposition 4.1.1. Write
(CO,Cl, Co, .. ) = tF((l) € W(Z),

with a as above. Then the polynomials ¢; satisfy deg ¢; < C(i + 1)p*. Hence ty maps
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ATC into WHC(A).

Proof. Our goal is to compute t¢(Y peyp* Z';ﬁ 0 @kx’). We already noted that our

map is a p-adically continuous homomorphism. So our goal is to compute

o0 ng
Y P> te(ap)te(zy.
k=0  j=0

We always have VF = p, and for the Witt vectors of an [F,-algebra, we also
have F'V = p (see [10], p. 507). In particular, in our case F' and V' commute and
p* = VEF* So our goal is to compute

o0 Nk
D VEFEN tp(ag)tr(z) .
k=0 j=0

Next, note that for a;x € W(k), tr(ajx) = ajx. This is true for Teichmiiller lifts
because, as k is perfect, every lift of Frobenius to W (k) sends [b] to [b°] = [b]P. Hence

it is true for any a;x, because we can write

ajp = Zpi[bi].
i=0

Because of our requirement that F(xz;) = z}, we have that tp(z) = [z].

So finally we have reduced to calculating the Witt vector components (cg, c1, . . .)

o0 Nk
YoVEY T Frag) ).
k=0  j=0

Write (hok, hak, Pak, - --) = D35 F*(a;)[27P"]. Write F*(aji,) = (agjk, a1k, - - -)- Then
by [10] p. 505,

of

Fk(ajk)[xjpk] = (aojkiﬁjpk, a1jk$jpk+l,a2jka:jpk+2, .. )

Then it will be an immediate corollary of Lemma A.0.1 in the appendix that deg h; <
p*|ny|. (Here it is important that we took our norm on multi-indices to be the sum
of the indices, not the maximum of the indices.) Then another immediate application

of the lemma, together with our bounds on |ng|, will yield our proposition. O

We have just shown that tp : AHC — WHC(A). We will now show moreover that

if an element of W< is in the image of A" under the map ¢, then it is in the image
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of AYC. This will require a more careful calculation than did the bound in the other

direction.

Proposition 4.1.2. Assume a € A' is not in AYC. Then its image tr(a) is not in
whte,

Proof. In terms of Witt vector components, write tr(a) = (cg,c1,¢o,...). We will
show that if ng > C, then deg ¢y > C. We will show that if |ng| < C and |n;| > 2C,
then deg ¢; > 2pC. We will show that if |ng| < C and |n;| < 2C and |ny| > 3C, then
deg ¢y > 3Cp?. And so on.

We have represented a in such a way that for each k, if |ng| > 0, then an,x # 0.
Recall that this implies ap,; is a unit, i.e., is not divisible by p. Thus, if n; >
(k + 1)C,we can assume g, 7 0 (recall the notation from the previous proof, that
F*(a;) = (aojk, a1jk, ---).) This will be important, because it enables us to get a

lower bound on the first term of at least one element
k ipk ink k1 . k42
F¥az)[z™] = (agja™ , arju®”™ ", agjux™ ,...).

Our base case is the case |ng| > C. Here it is clear that deg ¢y > C. In general,
we assume |n;| < (i+1)C for 0 < i < k-1, and |ng| > (k+ 1)C. From the previous
proposition, we know deg ¢; < C(i + 1)p* for 0 < C < k — 1. The first term of
F*(an,)[z™?"] has degree > (k + 1)Cp*.

If we write

Nk
Z F*(a;6)[27%"] = (box, b - - ),
—

then we know deg bo, > C(k + 1)p* (because addition is simple in the first Witt
vector component). Then considering the definition of addition in terms of ghost
components, we know

B ot pbe = bt

All of the unwritten terms on the right hand side have degree < C(k + 1)p*. Hence
deg ¢ > C(k + 1)p*, proving the proposition. : 0O -

We should also extend our results to quotients of polynomial algebras. Let B
denote a smooth affine, let B denote a lift to characteristic zero as in Section 2.1, and

let BYC denote the C-overconvergent submodule corresponding to this presentation.

29



For a given element b € B"“, choose a series

e e]
a =

ng
kaajk:rj € W(k){(xy,...,z,) = A
=0

k=0

which is C-overconvergent mapping to b. Let F denote a lift of Frobenius to Bf. We
can find some F’ on A" which induces F, but it may not send z; — z?. Nonetheless,
from Proposition A.0.3 in the appendix, ¢ (a) is (C + D)-overconvergent, where
D depends only on F’. Because ¢ty commutes with projection, we have that tg(b) is
(C + D)-overconvergent, and in general C-overconvergent elements map into (C'+ D)-
overconvergent elements (as long as we pick consistent presentations).

Proving a partial converse will take more work. We restrict to affines as in the

following definition. Our terminology is taken from [19].

Definition 4.1.3. A standard étale affine is a ring of the form B = (A4[2]/P(2)),
with A a polynomial algebra as before, h € A, Ay the localization, P(z) monic, g €
ALl2]/P(2), (Anl2]/P(2)), again the localization, and P'(2) invertible in B.

For instance, an obvious choice is to take h = P’(z), and thus force the invertibility.
As the terminology suggests, a standard étale affine is étale over affine space (because
of our constraints on P). In the context of these special affines, we can get a partial

converse to the previous results.

Proposition 4.1.4. Let B denote a standard étale affine, and fix a presentation

B =k[z1,...,Zn,y, z,w]/(yh — 1, P(2),wg — 1).
Let
w e Wh(B)
be in the image of tr. Then it is in the image of tr|gt.c+p, where D is a constant

depending only on B.

Proof. To prove the proposition, we must study the degree of lifts of pth roots.

Lemma 4.1.5. Let W € B denote a pth power which has a lift to A of degree C.
Then its pth root has a lift to A of degree at most L%J + D, where D is a constant
depending only on B.

Proof. First note that dz,,...,dz, are free generators for QIE: This is true of course

for a polynomial algebra, and hence also for its étale extension B. (An étale extension
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is formally étale (p. 30 of [17]), so by [7] Corollary 20.5.8 we have an isomorphism
QIZ/k aB= QlE/k‘) .

We claim that z7'---zé» with 0 < e; < p — 1 are free generators for B as a
B’-module. It is clear that the module generated by these monomials over B' is in
fact a ring which contains zy,...,z, and the (perfect) field k. To prove that they
generate all of B, we refer to Proposition 21.1.7 of [7]. It asserts that because QL i 18
generated by dzy, . . ., dz,,, and because B is a finite type k[B’] algebra, then the given
monomials are indeed generators. It remains to check that they are free generators.

Assuming they are not free generators, pick an expression for zero in the form
E crxy ...z, ¢y not all zero

which is minimal in the following sense: after ordering the monomials lexicographi-
cally, the largest monomial appearing in the expression with a non-zero coefficient is

smallest. Because dz,...,dx, are free generators for Q%, the formula

d(z crzll...xm) =0

yields n new expressions for zero, at least one of which has a non-zero coefficient, and
each of which is smaller under the ordering described above, which is a contradiction.

(For instance, the expression we deduce from the coefficient of dz; is

' - .
E (31 £ 2 i

since cy is a pth power and hence its partial derivatives vanish.)

From the above results, given any element in B, we can associate a unique p"-tuple
of pth powers in B, namely, the coefficients of the monomials z% ... z». We can find
a constant D such that each element in the p"-tuples corresponding to ¥, 2¢, and w*
for 1 < i < p—1 has pth root with a lift of degree at most D.

We now carry out the following steps to prove the lemma. Write a lift w of @
as a polynomial of degree at most C in A. It can be written as a sum of terms
which are pth powers (of elements of degree L%J) multiplied by sums of terms of the
form zi' - - ziryin+izint2win+3 ) with 0 < 4; < p — 1. The elements of the p*-tuple
corresponding to a term yin+!z™+2q'n+3 have pth roots of degree at most 3D. Thus
the elements of the p™-tuple corresponding to x%! - - - girgin+1 zint29p'n+3 have pth roots
of degree at most 3D +n. In particular the coefficient of 1 for W has pth root of degree

at most [%J + 3D + n and the other coefficients must be zero (from our assumption
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that w is a pth power). This proves the lemma. O

Choose D; such that tp(z) is D;-overconvergent for every degree one z € A. Let
D denote the max of 2D; and the D of the previous lemma.

Now we assume we are given an element w € W*’C(Z) mapping to our element
w. We can of course find an element v, € A of degree C projecting to wy € A. The
element wy := w—tp (1) has jth component with degree at most (j+1)p! C+(j+1)p’ D
by Lemma A.0.10. Its projection @y to W(B) is the difference of two elements in the
image of tr, and hence its projection is in the image of tz. This together with the fact
that its zeroth component wyy = 0 implies we can write Wy = pv;. From the previous
lemma, the jth component of 77 has a lift of degree at most (j +2)p?C + (5 + 3)p’ D.

Inductively, assume that at the kth stage of this process we have an element
v, whose jth component has degree at most (j + 1 + k)p’C + (5 + 2k)p’D. Using
the previously cited lemma, killing off the zeroth component yields w; whose jth
component has degree at most (j + 1+ k)p’C + (j +2k)p’ D. As before, its projection
to W(B) is in the image of tr and has zeroth component equal to zero, hence can
be written as pvy;1, where, by the previous lemma, the jth component has degree
(j4+1+k+1)p’C + (j + 2k + 2)p D. This completes the induction.

We have shown that w can be written as tg(v), where for v we have ny < (k +
1)C + (2k)D for k > 1. In particular, v is C + 2D-overconvergent. Replacing D with
2D, we are done. a

We now extend tr to a map of complexes. This yields our desired comparison
map:
tp: Qg — WOL

As indicated by the notation, it still depends on our choice of Frobenius lift F'. The
following theorem will show as a corollary that the induced map on cohomology does
not depend on F, at least after tensoring with Q. It will also establish the functoriality
of our comparison map over Q.

We will closely follow the argument on pages 205-206 of [18]. Let B and C denote
standard étale affines. ' :

Theorem 4.1.6. Let ¢y, v, : Bt — W1(C) denote two ring homomorphisms such
that for every b € BY, o (b) — 11 (b) = V(w) for some w. Then the induced maps on
differential graded algebras

PEP1, P 1 Qg — WTQE
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are chain homotopic, where k = Llogp(dimF)J.
The chain homotopy we produce will factor through the following algebra.

Definition 4.1.7. Denote by D'(C) the differential graded algebra with ith graded
plece:

D) = Wﬂ%[%][[T]] ® wng—-l[;nm] AdT.

Fix a presentation Bt = W (k)(z1,...,Zn, ¥, 2, w)/(yh—1, P(z),wg—1) and with
respect to this presentation define a homomorphism of differential graded W (k)-

algebras

¢ : Qpt — D,(C_)

i = i(zi) + GG ¢1($i)).
p

Denote by ko and h, reduction modulo (T") and (7" — p) respectively. The key point
of course is that hg o p = 11 and h, 0 p = 1s.
We prove that ¢ extends to all of Qpi. From the universal property of the de
Rham complex, it suffices to prove that ¢ extends to a map Bf — W(@)[%][[T]]
Considering first the polynomial algebra case, we have

o Nk o0 Nk
Epk Zaij = Zpk Z%‘Wl(fcl) + —(o(z1) — Y1(x1)))* - - .
k=0  j=0 k=0  j=0 p

We claim that the right hand side can be written as

Z(z)mwma

m=0 p

where w,, € W(C), for all m. But clearly, for fixed k,
n T .
Zaj(¢1(331) + ;)—(%02(551) —1(z1)))t - -
=0

can be written in this way, and so the claim follows from the fact that W(C) is
p-adically complete.

From this representation of ¢(f), we see that the image of A! does indeed land in
D'(C), i.e., that for a fixed power of T, we do not have arbitrarily large powers of p
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in the denominator. It shows moreover that in fact the power of p is bounded by the
power of T

From the previous argument, ¢(h) = > —E,iwi for some w;. Also, note that wy =
11 (h) must be invertible. Hence

1

p(y) = . (*( . %%))

the sum being over ¢ > 1. Repeat the exact same argument as above, this time for

o0 nE . xR TNk T '
ST ey o 3Py (@) + —(aen) — ta(@)) - (o))
k=0 j=0 k=0  j=0 p

Now we identify the image of z under ¢. Write

P)=2"+fH2"" "+ + friz+ fr

where each f, lies in W (k)(z1, ..., z,,y) (subject to certain conditions to ensure the

extension is étale). We guess
Ti
o(z) = Z CiF

and solve for the ¢;’s. The term ¢y must be a root of the polynomial

"+ (f1) 4+ (),

and so we set cg = 9¥1(2).
Considering the coefficient of T', we find that

P1(P) (co)er = p(fr)icg ™ + -+ + o(fo)1,

where ¢(f); denotes the coefficient of %,i in ¢(f). This is solvable because our ex-
tension is étale. (Specifically, from p. 25 of [17], our extension being étale implies
that the resultant res (P, P’) of the polynomial P is a unit. Immediately from the
definition of the resultant, see for instance p. 119 of [2], if « is a root of P(z) then
P'(a) divides the resultant and hence it too is a unit. Finally applying the homo-
morphism 1), yields that 1;(P)'(co) is invertible.) We are able to get an equation for
every ¢; in this way, and solving these yields our choice of ¢(z). Checking that such

an expression satisfies appropriate convergence conditions (described below) will take
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some care.

Finally, we extend to w in the exact same way that we extended to .

To prove the homotopy asserted in our theorem, we define “maps” from D’'(C)* —
W1QZ! which will serve as a homotopy between our maps p*ho and p*h,, where the
word “maps” is in quotes because the maps will actually only be defined on the image
of p*p. Let w; € WO [ ]. Then set

L(T9w;) =0

and 1

ri

L(TYdT Aw;) =

The right-hand term lies in WQ—E[ ], and for a general element § € D’(C)*, L(6) could
be an infinite sum of such terms. We must show that L actually maps the image of

p*p into W1Qp. The next lemma assures us everything but the overconvergence.
Lemma 4.1.8. The map L sends the image of p*¢ into WSlz.

Proof. For an arbitrary z € Qpi, assume ¢(z) = -+ + T9dT Aw; + ---. From the
definition of ¢ we see that p'*'w; € WQL. Furthermore, w; is a product of j + 1
terms of the form V(w) or dV(w) with w € WQZ. The terms dV (w) correspond to
terms dz € Q, hence there are no more than dim B of them. But the term dT' also
corresponds to some dz € Q, hence there are no more than dim B — 1 of the terms
dV(w). Because of equation 1.3.12 on p. 508 of [10], a term of the form

is divisible by p*~!. In our specific case k > j + 1 — (dim B — 1). So for p"‘*”J—w, to
have no p in the denominator, it suffices that —x be a lower bound on the quantity

flogp(i‘i_—?;?i)] in the case j > dim B — 1 and on the quantity flogp(jﬁ)'l in the

case j < dim B — 1. In both cases, this is clear. J 0

We now prove that the image of L is in fact overconvergent. This will rely on the
following definition.

Definition 4.1.9. We say an element T ‘—;’31 s overconvergent of radius C if w; is

overconvergent of radius C. Radii for sums and differentials are defined as before.

This definition is useful because of the following.
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Proposition 4.1.10. (a) If x € Qp+ is overconvergent, then p*p(x) is overconvergent.

(b) If y = p"p(z) is overconvergent, then L(y) is overconvergent.

Proof. (a) We first set some notation. For each i, let w; be such that ¥o(z;) —
Y1(z;) = V(w;). Let D be such that each v;(x;) is D-overconvergent. Note that
V (w;) is also D-overconvergent. Next, note that if two elements of D’(C) are C; and
Cy-overconvergent, then their product is C} + Cy overconvergent, and their sum is
max(C}, Cy)-overconvergent.

Consider a € A" which is overconvergent of radius C. After fixing k, consider the
quantity

o T : T .
P e (@) + V)P W) + V()

=0

We can rewrite this as

Inkl vy
p* Z %Uz‘,
i=0
where each v; is a sum of degree at-most |ni| products of D-overconvergent Witt
vectors. From Lemma A.0.4 in the appendix, p*v; is then D(C + 1) overconvergent
for each 1.
To complete the degree zero case, we must account for terms containing y = %, 2,
and w = %.
From the previous argument, @(h) = > %wi for some w;, all overconvergent of
some radius D;. Also, note that wg = %;(h) must be invertible. After possibly

increasing D, we may assume that it too is overconvergent of radius D;. Write

1

p(y) = - (_&3 %%)) :

the sum being over i > 1. The key point is that Lt is 2D;-overconvergent and
has zeroth component of degree zero. Hence from lemma A.0.7, the element ¢(y)
is overconvergent of radius 5D;. We may now apply the same argument as in the
previous paragraphs.

We now consider the terms including powers of ¢(z). From the above results it is
clear that every ¢; (in the notation above) will be overconvergent. We must verify that
they are all overconvergent for a common radius. Choose D such that the following
are all overconvergent of radius D: (¥}(co))™ !, ¢(f;) for all 1 < ¢ < r, and ¢ for
0 < j <7 —1. From the formula already given, this immediately implies that ¢; is

overconvergent of radius (r + 1)D and is in the image of Verschiebung, and hence is
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extraconvergent of radius 2(r + 1)D (see the appendix).

We inductively assume that ¢; is in the image of V* and has jth component
with degree at most jp’2(r + 1)D + ip*(r + 1)D. This is in particular 4(r + 1)D-
extraconvergent (because of our assumption that the first ¢ components are zero), and
lemma A.0.8 in the appendix implies that c¢;,; also satisfies our inductive assumption,
and so we are done.

Again, we can use the same proof for w = é that we used for y = %, now that we
know ¢(g) can be written as ) %Tz'w,- for some w;, all overconvergent of some radius
D;.

The extension of this proof to higher degrees is automatic, because each element
in Qpt is a finite combination (under the operations of differentiation, multiplication,
and addition) of terms in degree zero. (Note that this proof makes no mention of p*.)

(b) Because our map is additive and because of our definition of radius, it suffices to
show that if w; is C-overconvergent, then L(77 p%q AdT) = f’_ﬁ is [C-overconvergent,
where [ is some number depending only on B.

We use equation 1.3.12 on p. 508 of [10] again. It implies that the element w;
is in V™, where m > j — dim B +  and the element w;/(j + 1) is in V™, where
m' >j—dimB +k— log,(j +1). There exists an N depending only on B such that
for j > N, m' > log,(j +1).

Set v = |log,(j+1)]. For any element w € V* such that (j+1)w is overconvergent
of radius C, we claim that w was overconvergent of radius 2C. Here is the argument:
Write w = (0,...,0, fu, fo+1,---), and write d;, = deg fr. We are interested in dy,
when k£ > v. Let d = v,(j + 1). Then p%w is C-overconvergent by assumption, which
translates to pidy < (d + k)p®**C for every k > v Hence dy < (d + k + 1)p*C <
2(k + 1)p*C, where the last inequality follows from the assumptions that k& > v > d.

For the constant [, we may take max(2, N'): we have covered all the cases except
for the finitely many in which j < N, and in those cases we are dividing by no more
than a factor of N, which can increase the radius by no more than N (and in fact,
no more than a factor of |log,(N)]). O

It is trivial to check that L is indeed a chain homotopy. For the convenience of -
the reader, we state explicitly the applicable sign convention:

dlwAn) =dwAn+ (—1)'wAdny,

where w is of degree . Our notation is taken directly from [13], p. 748.

We have two corollaries to the theorem of this section.
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Corollary 4.1.11. Let F, F’ denote two lifts of Frobenius to Bf. Then the induced
maps
Pt Pt Qpr — W0

are chain homotopic.

Corollary 4.1.12. Let §: B — C denote a morphism of localizations of polynomial
algebras. Let F\, Fy denote Frobenius lifts on BY,CT respectively. Fiz a lift g: Bt —
Ct. Let g also denote the induced map W'iQz — W"Qg. Then the two maps

pK’tF2 °g, pn—g-o tFl . QBt — WT96

are chain homotopic.

The best case occurs when x = 0, or, equivalently, when dim B < p. In this
case we bound the degrees of non-zero terms occurring in 2p+. The following result
is attained by applying the above argument to terms in degrees p — 1 and below.
Because we our argument now applies to only some of the terms in the complex, the

result can no longer be phrased in terms of a chain homotopy.

Corollary 4.1.13. Let F,F' denote two lifts of Frobenius to Bf. Then the induced
maps on cohomology
tp,tp - H'(Qpt) — H'(W'Qp)

are the same fori <p — 2.

Proof. For i < p— 1, we can emulate the above argument to find maps h : Q% —
Wﬂgl such that dh + hd = tp — tg. Hence, the induced maps on cohomology are
the same for i < p — 2. O

Remark 4.1.14. We thank Liang Xiao for pointing out that such a result might hold.

4.2 The induced map on cohomology_

In this section we prove that the comparison map of the previous section is in fact
a quasi-isomorphism. Our basic strategy follows that of [14], where they compare de
Rham-Witt cohomology with Crystalline cohomology. They decompose Wz into
an integral part and a fractional part and demonstrate an isomorphism between the
integral part in finite levels and €24, and show that the fractional part is acyclic. We

mimic this, although we work with our standard étale affines B.
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We know from [14] that

.....

This decomposition comes from the weights k in the basic Witt differentials. Using

these same weights we induce a direct sum decomposition
Wi %oy wn] E W o @ W o
In finite levels, from Section 3.3 of [14], we have an isomorphism
Qa, > WM Nter, ]

Because inverse limits are left exact, and because B/A is flat, we know at least that
Opx — W™Q= is injective, where B® denotes the p-adic completion of B.

We claim that the map

i i 25 — ly i W02
c n c n

is an isomorphism. Its injectivity follows from the injectivity of the maps Qgtc —
WirthC+D Q) (described in the previous paragraph) and the injectivity of the transi-
tion maps in the direct limit. The surjectivity follows from Proposition 4.1.4.

Our next objective is to show that for C sufficiently large, W/mtC O+ is acyclic.
We keep the notation from the preceding section. Using the basic Witt differentials
of [14] we showed in Section 2.2 a finite direct sum decomposition

WOz = @, Wiy,

where the sum is over nonzero weights mod 1. We also checked that W€}z is an
Af-module for any (possibly zero) weight mod 1. Using our corollary on p. 70 in the

appendix, we deduce
W] Qg = BY @ 4 W0z 2 B' @ g1 (D WI"Q7) = @1 (B @40 W) .

(Tensor products of modules commute with direct sums, see [13], p. 608.)
Using basic properties of differentials and the above isomorphism, we see that any
element of W/°Q% can be written as a finite (because we are in a finite level) sum

of elements of the form fwodw - - dw,, satisfying the following conditions:
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1. Each w; is a monic monomial with (possibly fractional) exponents < 2.
2. No z; appears in two of the w;’s.
3. Some z; appears to a fractional exponent.

4. The term f corresponds to an element of BT,

If we want to restrict further to a specific weight £ mod 1 (this is as specific as we

can get in this context), we also force:

5. The term fwydw; - - - dw,, has weight £ mod 1, as read off from the exponents
of the monomials.

To summarize, f corresponds to a degree zero integral element, the fractional part
is contained in the w;’s, and we have put strong restrictions on the exponents which
can occur in the w;’s so that if we wish to compute the radius, this part may essentially
be ignored. The monomials are required to be monic so that p-power coefficients will
affect the radius of f.

To show that W¥Qz is acyclic, without yet considering radius, we give a recipe
g which, given a cocycle, produces a preimage of it. (We suspect that g is in fact a
homotopy between the maps 0 and 1 on W*Q5, but checking that g is well-defined
with respect to the relations which hold in the de Rham-Witt complex seems difficult.)

Continue to have the weight k fixed and non-zero. Without loss of generality we
may assume that the z; exponent is fractional and appears in either the wg or wy
term (but not both by property 2 above). Let 1/a denote the exponent of z;. So in
particular, pla in Zg).

We define g on a given term fwodws - - - dw, and extend it additively; g should
be thought of as integration with respect to x;. For our purposes, checking that the
map ¢ is independent of such a presentation is unnecessary.

If z; appears in wy, then put g(fwedw, - -dw,) = 0. If z; appears in w,, then

put

0
9(fwodwy - - - dwp) = wowi(1 - 0(1815;—) +a*(x1=—)% — - ) fdw, . .. dw,.
1
Note that the image of ¢ has the same form as our original term: for instance, wow,
will play the role of wg, which is allowed because of our hypothesis that there are no
repeated variables, so no exponent becomes too large. This restriction on the form

will be important when we wish to read off the radius of an element.

40



Proposition 4.2.1. For a fized presentation of an element w, dg +gd = 1. In

particular, every cocycle is a coboundary.

Proof. Tt clearly suffices to prove this for a single term w = fwodw; ... dw,. The two
cases, as before, are wy possesses an z; term and w; possesses an z; term. In the
first, dg(w) = 0 and

gd(w) = wo(1 — -+ ) fdwy . .. dw, + g(wodfdw; . .. dw,,).

Expand df = Y 8f/0x;dx;. The terms other than dz; get sent to zero under g. (Note
that the weight is preserved throughout, since we are working with weights mod 1.)
So

gd(w) = wp(l — -+ ) fdw; ... dw, + g(wog—g-d:vldwl dwy).
1

We need to merge the wp term and the dz; term, because they both have z; terms
which is not allowed. This yields

gd=wo(l—---)fdw;...dw, + g(azlg%dwodwl odwy)
1

0
=wp(l—---)fdw;...dw, +we(l — a(mla—xl) + - )axlaa—xfldwl ... dwy)

= fwodwy ... dw,

where the rearrangement is allowed because, as p divides a, the series is absolutely
convergent.

The other case we must check is where w; possesses an z, term. Before proceeding
we will make a simplifying assumption. We can assume that each w; for i > 1
possesses only one term (using the product rule), and in particular w; has only z;.
This is admissible as long as we don’t try to recursively apply our assertion to a term

that is no longer in the proper form, which we will not. Then

d(w) = — fdwidwy - - - dw, + wodf dw, - - - dw,

gd(w) = wy (1 — -+ ) fdwpdws, . . . dw, + g(wedfdw, - - - dwy,)
of

= —wy (1 —---)fdwedw, . ..dw, — Zwowl(l - -»)%dx,-dwg - dwy,
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(note that by our assumptions dzidw; = 0 so the sum does not include ¢ = 1) and

dg(w) = w1 (1 —---) fdwodws . .. dw, + wo(l — -+ ) fdw; - - - dw,+
wowrd((1 — -+ ) f)dws - - - dw,.

So we have to show

wo(l — -+ ) fdw; - - - dwy, + wowr d((1 — - -+ ) f)dws - - - dwy,—

Zwowl(l — ---)af dz;dw; - - - dw,, = fwedw; - - - dwy,.

6$i
Write ¢ := (1 —---)f. Then ¢ has the property that ¢ + az; 22 = f. Additionally,
for any 7 # 1, g-;% =(1---- )g—i. Our assertion follows directly from these two facts.
(As for the previous case, we replace widz; with az,dw;.) O

We must now incorporate radii into the discussion. We will actually define a new
radius which takes advantage of our restrictions on the form fwydw, ---dw,. Fix a

presentation.

Definition 4.2.2. The radius of a term fwodw; - - - dw, is defined to be the radius of
the term f. The radius of a sum of such terms is defined to be the supremum of the
radii of the terms.

Because the w; terms can contribute at most 2n+ 2 to the old definition of radius,
and because n is bounded by the dimension of our variety, in the limit no new overcon-
vergent terms are introduced. In other words, an element which is C-overconvergent

in the new definition is (C + 2n + 2)-overconvergent in the old definition.

Lemma 4.2.3. An overconvergent element under the old definition is overconvergent

under the new definition.

Proof. First consider the polynomial algebra case in degree zero. We can write any

C-overconvergent Witt vector as
o0
2.2 Vias),
n=0 J

where each summand is C-overconvergent. Consider such an element V"(a z”). Say
|J] = d. In the old definition this corresponds to a term of radius d/(n + 1)p™.

Write 27 = ”CII)nl'F where each variable of zp appears to degree < p”. Then z =
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p”(:vlatlF/pn). In the notation from above, f = p"z; where d/p™ > degz; > d/p" — m,

where m is the number of variables. Then f has radius between d/(n + 1)p™ and
d/(n+ 1)p" — m/(n + 1). This shows that in the polynomial algebra case in degree
zero, a term of radius C in the old definition will also be overconvergent of radius C
in the new definition.

Next we consider the polynomial case in higher degrees. Write it as voduv; . .. dv,.
Each v; can be written as fwodw; ... dw,. Then the result follows from the following
two facts: (1) If w = fwodw; . .. dw, is C-overconvergent (in the new definition), then
dw is (C + 1)-overconvergent. (2) If w,w’ are C,C'-overconvergent respectively (in
the new definition), then ww' is (C'+ C' 4+ M)-overconvergent, where M depends only
on the ring B.

To extend to the general case, we call upon lemmas A.0.11 and A.0.12 from the
appendix, which together with the above give it to us immediately. O

Let m, denote the degree of 5‘% and similarly for m, and m,. Let m = my +
m, + my,. We will show that for C > m, g maps W/reetCkQ= into itself (with our

new definition of radius).

Lemma 4.2.4. For an element w of radius C > m (under our new definition of

radius), g(w) is also overconvergent of radius C.

Proof. Because of our definition of g and radius, (and because 0 is of course overcon-
vergent of every radius), it suffices to prove
9 \a

(1= aloiz) + @laig) = )f

is overconvergent of radius C.
Write f = Y c;zy"22%w™, a representation of f for which

vp(¢;) 1

lir] + i+ iz +ig — C°

Y

Because the series (1—-- - ) f converges, as already noted, it suffices to chieck that each
term o’ (3715%1-)7 f is overconvergent of radius C. By the same reasoning, it suffices
to consider the case f = c;z'1y*2zw. And finally, because the map a’ (:I:lg‘Z—,l—)j is a

composite of maps a(xlﬁ;), by induction it suffices to show the result for j = 1. Let

43



d; denote the exponent of ;. Then we calculate:

a(a:l——a )Cixhyzzzlswu:dlciaxnyzzzzswu+Z2ciawzl+lyzz 18 »13q,
T 7
: Gl is a1 92 o Bw
+ Z3cia$z1+lyzzzta 18_,wz4 + Z4cia$n+lyzzzz3wz4_1a
1 T,

To complete the claim, we need to show that all four of these terms are overcon-
vergent of radius C. Because p|a, it suffices to check that
vp(es) +1 1

> —.
|i1|+i2+i3+z’4+m - C

This is equivalent to checking
C'vp(ci) + C _>_ l7’1| -+ ’I:g + ’i3 + ’1:4 + m,

which we know by our assumptions. O

4.3 The comparison map for smooth varieties

This section establishes that the special affines considered in this paper suffice to cover

any smooth affine variety in characteristic p. It concludes with our main theorem.

Proposition 4.3.1. Any smooth scheme has an open cover by standard étale affines.
Moreover, we can choose this cover to consist of sets so that any finite intersection is

again standard étale affine.

Proof. Any smooth scheme is covered by opens which are étale over affine space. The
first statement then follows from [19], Chapter 2, Theorem 1.1. Within the proof, we
see that we may choose our cover to consist of distinguished opens of the form D(f).
It’s clear from the definition of standard étale affine that a distinguished subset of
one is again standard étale. Finally, the intersection of two distinguished opens is

again a distinguished open. From this, the second statement follows. o

We must use the following external result from [4]. Its proof is reproduced in

Appendix B.

Proposition 4.3.2. Let Spec C denote a smooth affine.
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(a) We denote by f € C an arbitrary element. Let d € Z be nonnegative. The
presheaf defined on the basis {Cs} by

WTQgpecg(Spec Cy) = WTQ%f

is a sheaf for the Zariski topology on SpecC.
(b) The Zariski cohomology of these sheaves vanishes in degrees j > 0, i.e.

H} (SpecC,W'Q¢ _y=0.

SpecC
We are ready to state the main result of our paper.

Theorem 4.3.3. Let C denote a smooth variety over a perfect field in characteristic
p. Let kK = [logp(dim—C—)J. Let C' denote a lift as in Section 2.1. Fiz a Frobenius lift
F on C'. Let tp denote the comparison map described in Section 4.1.

(a) Then after multiplying by p* the induced map on cohomology
pitr : H'(Qot) — H'(W‘LQU)

is independent of F'.
(b) It is functorial in the sense that for any map of smooth affines g : C — D,
Frobenius lift F' on DY, and lift g : CT — D7, the two induced compositions

pitp o g: H'(Qct) — H'(Qpt) — H(WiQgp)

and
gopite: H(Qut) — H(WiQs) — H(WQp)

are equal.
(c) Rationally, the map p*tp is a quasi-isomorphism. If dimC < p, we have an
integral isomorphism.

Proof. Because our complex is a sheaf, it suffices to check (a) and (b) locally. Propo-
sition 4.3.1 shows that we may then reduce to the special affines considered in the
previous sections. For such affines, these properties were asserted in the corollaries
on p. 38.

In Section 4.2, we checked that tp : Qg — W™z was an isomorphism, and

that W7eetCQx was acyclic for C sufficiently large. (For B of the specific form in
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question.) We wish to say

h_l')ﬂ M WT{'rac,T,CQ_E — Wfrac,TQE
C n

is also acylic. For fixed n and C, WSreetC ()= is finite length over W (k), so cohomology
commutes with inverse limits in our case. Cohomology always commutes with direct
limits, so we have succeeded in showing that ¢z is a quasi-isomorphism for our special
affines. Hence, by parts (a) and (b), for any smooth affine C, the induced map on
cohomology

ptp : H'(Qet) — H(W'Qg)

locally has the form p®¢, with ¢ an isomorphism.

Cover Spec C by our special affines as in Proposition 4.3.1. Call the special affines
Spec B;; we need only finitely many because SpecC is compact. For some tuple
of indices I, let Spec B; denote N;c; Spec B;. From the proposition we know that
these are also special affines. For the following spectral sequence, let H denote either
Monsky-Washnitzer cohomology or overconvergent de Rham-Witt cohomology. From
our Cech resolution we have a spectral sequence with E?Y = H%(Spec By) where I is
a p-tuple. Because the Zariski cohomology of our sheaf vanishes in positive degree,
by [6], Proposition 0.11.4.5, this spectral sequence degenerates to H”*9(Spec C). By

Theorem 3.5 of [15], our local isomorphism thus determines a global isomorphism. [J
Using Corollary 4.1.13, we can attain an integral quasi-isomorphism in low degrees.

Corollary 4.3.4. The induced map on cohomology
tp: H(Qct) — H(WTQg)

is an isomorphism fori < p — 2.

Proof. We may use the same proof as for Theorem 4.3.3. The point is that the map
tr induces isomorphisms between the two spectral sequences in the regions ¢ < p—2.
(Here p stands for the characteristic, not the horizontal coordinate of the spectral
sequence. We let p; denote this horizontal coordinate.) Because we are beginning
at the sheet E,, all differentials map from this region ¢ < p — 2 into itself. Our
ultimate goal is an isomorphism between the components E?}? for p; + ¢ < p — 2.
No non-zero term from outside the region ¢ < p — 2 is mapped into the region
p1 + g < p— 2 by a differential. So, our local isomorphism in low degrees provides a

global isomorphism. O
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We end this section by noting that the bound on ¢ in Corollary 4.3.4 is not al-
ways sharp. In particular, if dimC = p — 1, then by Theorem 4.3.3 we have an
integral isomorphism also for HP~1. More specifically still, we always have an integral

isomorphism in the case Spec C is a curve, even if p = 2.
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Chapter 5

An Approach to p-adic Hodge
Theory

This chapter and the next are not closely connected to the previous chapters. In
this chapter, we reinterpret some rings from p-adic Hodge theory in such a way that
they admit “big” analogues. Most significantly, we do this for the ring A*. In future
work, we hope that our previous material will play an important role, in particular
for the construction of p-adic Hodge theory’s dagger rings. Bear in mind that where
we write W, we mean p-typical Witt vectors, and where we write W, we mean big
Witt vectors.

5.1 The p-typical case

We start by recalling a result used in the proof of Lemma 1.1 in [8].

Lemma 5.1.1. Let A denote a ring, anda,b € A. Ifa =b mod p, then a?’™ = b~

mod p®. More generally, ifa =b mod p?, then a*'~ ="~ mod p*+7-1.

Proof. The first statement is proved directly in [8], and the proof is easily adapted

for the more general statement. O

We denote by ﬁ@ the ring of integers of the algebraic closure of Q, and by ¢,
the completion of ﬁ’@;.

Definition 5.1.2. We write E+ for 1£n Oc, with transition maps « — P, where the
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latter is equipped with a ring structure by declaring
(z+y)= jli_glo(a;Hj +¥iry)? and
(zy): = ziys.

Proposition 5.1.3. We have an isomorphism

lim W(6c,) = W(lim Oc,) = A*,

(—
where the maps in the first inverse system are the (p-typical) Witt vector Frobenius.

Proof. We will define three maps and show that each is an isomorphism. Their
composition will be the isomorphism promised in the proposition.

We now define the following maps:
lim W(6c,) 5 lm W(6c, /p) & W (lim Oc, /p) & W (lim O, ).

The map 7 is the obvious projection.

Next we explain the map .. Write z = (zy, Zp, . . .) for an element of lim W (&¢, /p),
so each =, € W(&0c,/p). Let zpi, denote the jth Witt vector component of .
Write an element of W(lim Oc,/p) as y = (y1,Yp, - - .), where each y,: € lim O¢,/p.
Then we define a(z) = y with Yy, = Ty (ie., the indices switch). This is
well-defined because over a ring of characteristic p, the Witt vector Frobenius is
induced by the map z — 2?. It is a ring homomorphism because (z® + z),:, =
f(:l?;f)?l, a:g)l, ... ,xl(j;j,xgﬂ), while (yV +y®);, = f(ygjz, ygi)i, e, ;ﬁ;i,yg;i), where
f is the polynomial defining Witt vector addition, and similarly for multiplication.

Finally, we define the map 3. It suffices to describe a map 1én_n Oc,/p — lin Oc,.
Let (a1,@,...) € im Oc,/p. Let ay denote any lift to Oc,. The map § sends this
element to (b1, bp,...), where by 1= lim;_. aZZH. The limit exists by Lemma 5.1.1.
The same lemma shows that the map does not depend on the choice of lifts. The
map is clearly multiplicative. It is additive because of the definition of addition in
this ring (Definition 5.1.2).

We now show that each of these ring homomorphisms is an isomorphism. The
map 7 is injective because vp(Zpipi) = PUp(Tpi+1pi), and so m(z) = 0 if and only if
Up(.Tpipj) = oo for every i,7. To see that it is surjective, we construct a preimage of

(Z1,Zp, - - ), where each T,7 € W(0¢,/p). Let x,: denote any lift. Then our preimage
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is defined to have p‘th component

lim F7(zy45).
j—oo

The map « is clearly injective and surjective. The only non-trivial part was
checking that it was well-defined and a ring homomorphism, which we have already
done.

Finally, the map @1 Oc,/p — g_n Oc, inducing § is an isomorphism because it has
an obvious inverse given by projection. That this is a left inverse is completely trivial.
To see that it is a right inverse, note that if we start with an element (b1, by, . ..), then
when we lift the projected elements (by,b, s ---), We may simply take the original

elements again. O

Recall, for instance from [1], the map 6 : A* — O¢, which sends

9] [e'9)
Z pk[l‘pk] - Z pkxpkla
k=0 k=0

where each z,x € l&n Oc,. The left hand term can be written in terms of Witt vector
components as (z1, D, .. .). Because Et = @ Oc, is perfect, given the Witt vector
components of W(llr_n Oc,), we have a unique corresponding set of zy, z,, ... as above.
The p"th root of some Y, = (Ypi1, Ypips - - -) € EV i (Ypipn, Ypipn+1, . ..). Hence

01 (Y1, Yp, - .- Zpypkp

Proposition 5.1.4. The map 6 sends x := (2,,7y,...) € iImW(O¢,) to z11.

Proof. Let y := a o m(z), so in particular y,i, = Ziy. Our definition of £ involves
choosing lifts of the terms i, but in this case we have a canonical such lift, namely

Tpipi- S0 from the definition,

(Boaom(z))pp = hm 'rz_ﬁ—kp]

Replacing & by k£ — 7, which does not affect the limit, we have
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Plugging this in to the definition of § from above yields

oo o :
_— k—j ) P ki . j, pid
(BoBoaon(a) =D p limaf, ;=D lim el = lim > plall,;.
; j=0 j=0

J=0

Now note that E;':o P’ a:ﬁ :;j is precisely the p'th ghost component of Zy. But by the
definition of the Frobenius map, this term is independent of 4. Taking ¢ = 0 completes
the proof. O

Note. The above proof is due to Ruochuan Liu. It is significantly more transparent

than the author’s original proof.

Note. From now on, unless otherwise noted, we will write A* to denote @1 W(bc,).
This will be the most useful of the various representations, because it translates most

easily to the “big” setting.

Lemma 5.1.5. We have a well-defined injective ring homomorphism, which we call
the “ghost map”,
w: At — H oc,,
iep?
defined by wyi () = wyr () for any k — j = i where wye denotes the p*th component
of the usual ghost map defined on W (0c,).

Proof. This is clearly well-defined from the definition of the Witt vector Frobenius
on ghost components. Because the usual ghost map is a ring homomorphism, so too
is this extended ghost map. It is injective because the usual ghost map is injective,

which is true because &c, is p-torsion free. a

Note. Under the above definition, the map 6 on A% corresponds to the first ghost

component wi.

Lemma 5.1.6. For every r € p%, we have a Frobenius homomorphism F, : AT — A*
defined as follows. Let x = (x1,%p,...) € At Ifr = pt withi > 0, F.(z) =
(F(z1), F(z,),...) where F without a subscript denotes the usual (p-typical) Witt

vector Frobenius. If r = p* with i <0, then F.(z) = (zyi, Tpiv1, . . .).

Proof. For the i > 0 case, it is clear that F,. is a ring homomorphism because the
usual Witt vector Frobenius is. We attain the result for all values of r by noting that
Fl;i is the inverse of Fj,-:. O

Within the previous proof we used the following result.
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Corollary 5.1.7. The Frobenii defined above are in fact automorphisms.
Proposition 5.1.8. Let z € A" and suppose p | wy-i(x) for everyi > 0. Thenp | z.
Note. The author thanks Abhinav Kumar for showing him this short proof.

Proof. We show that if p | w,-1(z), then p | z;. The same argument will show that
p | z,: for every i. This, together with the fact that F' is a homomorphism, implies
plz.

We simplify notation. Let a,b € W(&¢,) be (p-typical) Witt vectors with F(b) = a
and p | b;. Then we will show a is divisible by p.

Write b = p[Go]+V (5) . All we are using here is that multiplication by p behaves as
expected on the first Witt vector component, and that the difference of two elements

with the same first Witt vector component is in the image of verschiebung. Then
F(t) = pF([6]) + FV (B) = p((8] +).

This completes the proof. O
Lemma 5.1.9. The ring At is separated for the p-adic topology.

Proof. From Lemma 5.1.5 we know the ghost map is injective, so the result follows
from the fact that O, is separated. O

Lemma 5.1.10. We have a one-to-one correspondence between elements in At and

the tails of their ghost components (..., wy-2, Wp-1, Wy, Wy, .. .).

Proof. We need only show that if (...,0,0, wy, wyi+1,...) is in the image of the ghost
map, then it must be (...,0,0,0,0,...). By applying a suitable Frobenius isomor-
phism, we may assume wy,-: = 0 for all —¢ < 0. From Proposition 5.1.8, such an
element would be infinitely divisible by p (because dividing by p corresponds to di-
viding each ghost component by p, and so this tail would remain unchanged). Because
A* is separated by the previous lemma, we are done. O

Lemma 5.1.11. Fiz z € A*. If some w,(z) # 0, then Wrp-i(Z) # 0 for all —i << 0.

Proof. Because A* is p-torsion free, we may use Proposition 5.1.8 to assume that,
after potentially changing r, p t w.(z). Because the Frobenius maps are isomorphisms,
we may assume 7 = 1.

From the definition of the Witt vector Frobenius, we have that le =1z;; mod p,
and more generally rz :1 = z11 mod p. Then because z1; = wi(z) and more generally

Tpi1 = Wy-i(x), we have that w,-: # 0 mod p for all —i < 0, and we are done. O
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Proposition 5.1.12. The ring At is a domain.
Proof. This follows from Lemma 5.1.11 and the fact that ¢, is a domain. O
Proposition 5.1.13. We have (A*)%e% =7,

Proof. Such an invariant  will have to be in
lim W(Z,) C A*.

We claim that all of the ghost components of z are equal. Assume two of them are
not equal. This implies two adjacent terms are not equal, and after using a Frobenius
map, we may assume w;(x) # w,(z).

We now apply Dwork’s Lemma 1.1 of [8] with ¢, = id. Because these elements
are in the image of z; under the ghost map, we have that w;(z) = wy(z) mod p. But
we also have that w; () equals the p'th ghost component of z,:, hence w1 (z) = wy(z)
mod p* for every i. This is a contradiction, and so the statement of the proposition
holds. O

Proposition 5.1.14. We have (A"‘[%}])GQP = Q, and moreover (Frac At)%% = Q,.

Proof. The first statement follows from the previous proposition and the fact that
A* is p-torsion free. The bulk of the work lies in proving the second assertion.

The inclusion Q, C (Frac A*)%» is obvious. Conversely, let 2 € (Frac At)Cer,
Because A is p-torsion free, if ;’—;% € (Frac A*)% then so too is £. Hence we will
assume p { z and pty, and prove that % € Z;. By the previous lemma, only the tails
of the ghost components are important, and so we may assume p { z1; and p { yn.
We know that x]p;l = ;3 mod p and similarly for y. In particular, v,(z,i) < z% and
similarly for y. Thus we may define the ghost components w,-: for non-negative i as
ratios of the corresponding ghost components of z and y; we will not be dividing by
Z€ero.

For our element to be invariant under Gq,, each ghost component w,: must lie
in Q,. From our assumptions on x and y, each ghost component must actually lie
in Z;. After multiplying by an element in Z;, we may assume w; = 1, which means
precisely that x;; = y11. (About z1; itself, we know its p-adic valuation is less than
1, but it need not lie in Z,,.)

We will prove by induction on 4 that w,~« = 1 mod p for all # > 0. We have

already asserted the base case. Inductively assume the result for a fixed value 7 — 1.
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P
i z i T +PT i .. .
We have by definition gu = w,-i and W = wy-i+1. Combining these yields
p*1 pi1 P'p

(wz—" - wp'”l)ygi = p(Wp-++1Ypip — Tpip)-

Considering p-adic valuations, and using the fact that p { y;’,-l as assumed in the first
paragraph above, we see that ’Up(wz i — Wp-i+1) > 0. Since it is in Z,, the valuation is
at least one. Now, using our inductive assumption, we know w,-s =1 mod p, which
completes the induction.

We next claim that z,i, = ypipi mod p for all 0 < j < 4. For fixed ¢ we will prove
this by induction on j, the case j = 0 having been proved above. Now assume the
result for a fixed j — 1. We know

a?,

j—1 . j i—1 .
il +prgzp Fo P T = wp‘(i*f)(ygzl +py§"7p + o P Ypipi)-

(Note that this formula only makes sense if j < 4.) Using Lemma 5.1.1 and reduc-
ing both sides modulo p/*! shows that z,i,; = yui,s mod p, which completes the
induction.

We will now show that w,-¢-» =1 mod p’*! for each 0 < j < 4. Then we will

be done. We again use the formula

ol

pil

=1 j i j—1 .
+ngzp L +p7$17ipi = wp“("*i)(ygl +pyﬁp +-- +p’yp¢pj).

It is immediately clear from what we have proven that

j 1—1 . i—1 . .
CCZZI +pz§zp _|_...+p]a:p,«p,- Eygjl-l-pygzp +"'+p7ypipj modp’“.

Hence Wy-(i-i) € Z; can be written as 1 + p“'l% with a,b € ﬁcp and p 1 b. This
completes the proof. O

5.2 The big case

Let Z denote the integral closure of Z in C, and define A* := lim W(Z) where W
denotes the big Witt vectors and with transition maps the big Witt vector Frobenii.
Our goal in this section is to prove results for A* analogous to those proved for A+
in the previous section. For instance, the following corresponds to Lemma 5.1.5 in

both content and proof.

Lemma 5.2.1. We have a well-defined injective ring homomorphism, which we call
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the “ghost map”,

i H A
reQt

defined by w,(z) = wy(x,) for any § = r where wy denotes the bth component of the

usual ghost map defined on W(Z).

Proof. This is clearly well-defined from the definition of the Witt vector Frobenius
on ghost components. Because the usual ghost map is a ring homomorphism, so too
is this extended ghost map. It is injective because the usual ghost map is injective,

which is true because Z is torsion free. O

As in the p-typical case, we will be able to simplify certain arguments by using
Frobenius isomorphisms defined on A*.

Lemma 5.2.2. For every r € Q, we have a Frobenius homomorphism F, : At -
At defined as follows. Let x = (x1,z5,...) € AT, Ifr € Z%, we set F.(z) =
(Fr(z1), Fr(z2),...), where on the right hand side F, denotes the usual rth Frobenius
on big Witt vectors. Still assuming r € Z*, we set F1(z) = (x,, Ty, ...). For general

= 2 € Q%, we define F,. as the composition F, o F; = F% o F,. As in the p-typical
case, these Frobenii are isomorphisms.

Proof. 1t is clear for r € Z* that F, is a homomorphism, and in fact an isomorphism
with inverse F1 This shows that F1 is also a homomorphism. Thus so too are the
composites. The morphisms for general rational r are well-defined by properties of

the usual Frobenius morphisms. O
Proposition 5.2.3. The ring A* is a domain.

Proof. Let z,y denote two non-zero elements of A*t. Tt will suffice to show that
wy(x) # 0 and w,(y) # 0 for some rational 7. We know that there are some rational
u,v such that w,(z) # 0 and w,(y) # 0. Let p denote a prime occurring in the
factorization of u or v. From the p-typical case (we can use Frobenii to apply it)
we know that there exists an N such that w;uﬁ(a:) # 0 for all n > N, and similarly
for y. In this way we can assume that v and v have the same p-adic valuation, and
then, after applying Frobenius, that this valuation is zero. Because u and v have only

finitely many prime factors, this process terminates. O
Proposition 5.2.4. We have (AT)% = 7.

Proof. The proof is the same as for Proposition 5.1.13. O
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Proposition 5.2.5. We have (Frac A*)%% = Q.

Proof. Write % with z,y € At for a fixed element. Without loss of generality we
may assume wi(y) # 0. Fix any prime p. We have a Galois equivariant projection

At — Aa), where the subscript is to remind us of the fixed p. Then from Proposition

5.1.14 we know that () wl—gg for every i € Z. The right hand side is independent

wi(y) w1
wyi () wi(2)
wi(y)  wi(y)
The key point in the above was showing that ghost components with prime power

of p, hence for any primes p, ¢ and integers %, j.

index were equal to ghost components with index 1. But after applying Frobenius,
we can show that ghost components with index a product of two prime powers equal
ghost components with prime power index. Continuing in this manner we get that

the ghost components are independent of index, which proves the proposition. O
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Chapter 6
Properties of the Frobenius map

We denote by - the ring of integers of the algebraic closure of Q, and by ¢, the
completion of ﬁ@. For arguments which are equally valid for both these rings, we

denote the unspecified ring by R.

Lemma 6.0.1. Fiz an element x; € R and an integer n > 1. There exists an
element = (21,2p,...,Tpm) € Wpy1(R) with F(z) = 0 € W,o(R) if and only if
vp(@1) 2 S+ + o

Proof. <= We will find z,, ...,z as in the theorem which moreover satisfy vp,(z,i) >
zl,+ R ;);}_—i for all ¢ < n. In order that z = (z1,2p,...,2pn) be in the kernel of

Frobenius, it is necessary and sufficient that

J

i=0
for all 1 < j < n. We will show that the equation with 7 = 1 is solvable by an
element z, satisfying our condition on valuation. Then inductively we will show
that for z;,...,z;-; fixed and satisfying our valuation conditions, the jth equation
is solvable by an element z,; satisfying our condition on valuation.

Base case: The equation 2§ + pz, = 0 is solvable by an element of valuation

pup(z1) =1 =2+ + =
Inductive step: We now consider the jth equation with j < n, having chosen
elements z,,...,z,-1 satisfying our first j — 1 equations as well as our valuation

conditions. We are done if we show that for each ¢ < j — 1, the element ping_i

1
pn—I

has valuation at least j + % 4o+
w(piah ) >i+pP L+ o).

for 7 < m. This is just a calculation:
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Some new notation will help: Set m = 7 —4i > 1 and k = n — i > 2. Note that
k > m+ 1. Then we are trying to show

1 1
pPr=+--—=)>m+ -4+ :
p pk p pk—m

We can rewrite the left-hand side as (p™ ' +---+ 1)+ +-- -+ pk—lm-, from which the
proposed inequality is obvious.

It remains to show that the very last equation, i.e., the one for j = n, is solvable
given fixed z1,...,2y;-1 of the promised valuations. (For z,» we do not have a
valuation requirement.) So we must show vp(pixg:_i) > n for ¢ < n. So we wish
to show i + p"*vy(z,) > n. Using the notation m = n — i, we are done because
PG+t ) 2 m

= We continue to refer to the equations above. The equation for j = 1 shows
vp(z1) > 1—1). And inductively, the equation for fixed j < n shows that v,(zpi-1) > %.

Inductively, assume that for fixed & < n — 1 we have v,(z,:) > % + 1—},; for
0 < i < n—k. The equation with j = 1 yields v,(z1) > 1% +---+ 5,;1;1. Inductively,
to extract the result from fixed j < n — k, we verify vp(pi:r’;_l) > 7+ % +eeet # for
1 # j — 1. For i = 7, this follows from the previous stage. For ¢ < j — 2, we compute
vp(pixg:_i) > 4 +p7‘i(% + -+ 17}5) > j+ % + -+ #, where the last equality
follows from the same considerations as above. So we deduce that vp(pj‘lmg i) >

7+ % +---+ I—)l,;. From this the result follows at once. O

Lemma 6.0.2. Fiz an element x; € R. There exists an element © = (z1,Zp,...) €

W (R) with F(z) = 0 if and only if up(z1) > 45

Proof. = This direction follows immediately from the previous lemma.
< From the previous lemma, the following elements are in the image of the ghost
map: (z1,0,%,...),(21,0,0,%,...), etc. Because the ghost map is injective (and be-

cause of the injectivity of its restriction to finite levels) the result follows. O
It turns out that the Frobenius map is not surjective on W(&c,) or W(&g;).

Proposition 6.0.3. Assume p > 2.
(i) The maps F : W,11(R) — W,(R) are surjective.
(11) The map F : W(R) — W(R) is not surjective.

Proof. (i) Every element in W(R) may be written in the form Y .o, V([z:]). We
know that F([z]) = [z*]. So from the formula V*(F*([z;])) = V*([1])[x:] we see that
it suffices to show V*([1]) is in the image of F.
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Our strategy is to consider the image of V*([1]) under the ghost map, which is
(0,...,0,p%p%...), and to show that there is some element (a;,0,...,0,p",p%,...) in
the image of the ghost map. Because &, is p-torsion free, the ghost map is injective.
Hence showing the existence of such an element in the image of the ghost map is
sufficient to show that V*([1]) has a preimage.

We prove this by induction on ¢, starting with the case ¢ = 1. We have an element
(p,p,p,-..) in the image of the ghost map: it is the image of p[1]. We also have an
element (p%, p,pP,...) in the image of the ghost map: it is the image of [p%] Finally,
as p > 2, the Dwork Lemma applied to W(Z) shows that (0,0,p",...) is in the image
of the ghost map. Combining these, we see that (p — p%,O, »,D,...) is in the image
of the ghost map. From our lemma on the kernel of F', we get that (—pzl’, 0,p,p,...)
is in the image of the ghost map, and moreover, an element (a;,0,p,p,...) is in the
image of the ghost map if and only if a; = —pz‘l’ mod p'vi_l.

Now inductively assume that for a fixed value ¢, an element (a;, 0, ...,0,p", 7, ...)
is in the image of the ghost map if and only if a; = (—-l)ip%+m+z_>1" mod pp+1. Applying

Verschiebung to this element we find an element
Cpplygd . .
0, (=1)'p ">t 0, 0,p 0 Pt (6.0.4)

in the image of the ghost map. We also have elements

1
(pp7p70707' ")
and
_17.{.....;._% EANTRRIIS N JTS DRI |
(pr" 7 AL pPT TR p TR
and

(=)™ (=1,

Multiplying these previous three elements together, and adding them to the element
(6.0.4) above, completes the induction.

(ii) We consider whether or not an arbitrary element > ;o) V*([1])[y,] is in the
image of F. For its supposed preimage, write (z1,p,...). Considering the its first
two ghost components, we get immediately that z; = y% mod p%. Considering the
first three ghost components, we have

[r

1

1 1, 1
: 1+
T1 =y —pryf mod p? .
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From the first four:

s

; 4

T =yl —pryp +p

4L 2 1
Py y}fz mod p?

+tomtes
We show that, for certain choices of y,:, no r; € ¢, can simultaneously satisfy each
of these conditions. In particular, no z; € R can either.

Consider the sequence (3, > + =, ...). This may be written in the form

1 11
p—1 p p?

).

W will describe how to pick a sequence of y,: as above with y; = 0 such that no such
Ty can exist.

Each of our choices of R contains the ring W (F,). We restrict to the case where
our coefficients y; € R are Teichmiiller lifts of elements in F,. We use the results of
the paper [12]. In its notation, the set S, contains 1—1) only if 1 < a < p. Which
values are possible if we require it to contain the entire sequence? From our second
formulation of the sequence, clearly a = p — 1 is possible. We claim it is the only

possibility. This follows immediately if we write
+...+§7—i)(p-——c)= (1—-‘————-_-...._._.._._._—)‘

In order that the function f : Ty — F, given by f(i) =z i be twist-recurrent, it is
=
necessary that the sequence y; be eventually periodic. Choosing a sequence for which

this fails, we have that z; could not be in the ring &¢,, and hence not in our ring
R. O
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Appendix A

Witt Vector Calculations

This appendix contains several necessary but perhaps unenlightening calculations

involving Witt vectors. Its organization is not as linear as that of the previous sections.

Lemma A.0.1. Let f,g € W(Zperf) and write f = (fo, f1,-..) and similarly for g.
Write d; = max(deg f;,deg ¢;). If f + 9 = h, then

deg h; < max(p'dy,p*1dy,. .., d;).

If the components of f and g have only integer exponents, then so too do the compo-

nents of h.

Proof. From the definition of addition in terms of ghost components, we see immedi-
ately that
degh; < m.%x(pjdi—j,pkhi—k)
]7

for 0 < j <iand 1 < k < i. The first claim follows by induction on 7. The
claim concerning integral exponents follows from the fact that W(A) C W(Zperf) is
a subring. O

Lemma A.0.2. Let F denote a lift of Frobenius to At. Let D be such that F(x;) is

overconvergent of radius D/2 for every i. Then
F: AVC 5 AtPC+D,

Proof. Write



for an element of A™C. This means in particular that |ng| < (k + 1)C. (Recall that

j is a multi-index.) The map F' is a p-adically continuous homomorphism, so

F(g) =) p*> Flay)F(z?)
k=0 =0

For each 7z = 1,... n, write

Because F' is a lift of Frobenius, |n;0| = p. We have assumed that each F(x;) is D/2-
overconvergent; below we will need the slightly weaker bounds D > p and |n;| < kD
for k> 1.

For [ > 1, let r; : AY — W(k)[z1, ..., 7,] denote the natural restriction map. For
a € Al let d(l,a) := degr;(F(a)). We also define

d(l,ny) := max d(l,z7).

0<|j]<ng|

Then we have

IA

d(1,m) < ngp
(2 ’I’lk) (nk - l)p + D
d(3,n%) < (nx —2)p+ 2D

d(nk,nk) S lp + (nk - 1)D
d(nk + 1, nk) S nkD,

and so on. If we write F'(g) = .2, p* Y7, ci;a, with the usual conventions, then

we find immediately

|mil < max d(l,n) <ngp+ (I—1)D

1=1+k=3
<(k+1)Cp+(1-1)D
< (+1)(Cp+ D).
Thus F'(g) is overconvergent of radius pC + D, as claimed. O
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Proposition A.0.3. For any lift F' of the Frobenius map to B, the induced map
trr: QBt — WQ-E

has image in W1Qz.

Proof. First, note that we can restrict to the case of degree zero. This is because the
left-hand side consists of finite combinations, under the operations of differentiation,
addition, and multiplication, of elements in degree zero. Restricting then to degree
zero, we start with the polynomial algebra case. Let g € A" have radius C. By
Lemma A.0.2, (F)"(g) has radius at most p"(C + D). We will show tr(g) has radius
at most C' + D.

To fix notation, we write sp(g) = (so(9), 51(9), - -.) € W(A'), where sp is the map
2.2.1. Using the notation of the previous lemma, tr(g) = (r1(s0(g)), r1(s1(9)), .. .), so
we would like to prove d(1, s,(g9)) < (n+ 1)p™(C + D) for each n.

Our inductive proof requires bounds on d(%, s,(g)) also for ¢ # 1. In particular we
prove d(z,8,(9)) < (n+¢)p"(C + D) for alln > 0, i > 1.

Base case: Because sg(g) = g is C-overconvergent, we know d(z, 59(g)) < iC <
i(C + D), as required.

Now assume the result for so(g), ..., Sn—1(g). By the definition of s,(g), we have

so(g) +...+0's; (9" + ... +p"su(g) = F(g).

From the definition it is clear that d(i,a) = d(n + i,p"a) for any a € Af. We
thus complete the assumption if we show (n + ¢)p"(C + D) is an upper bound for
d(n + 14, F"(g)) and d(n + ¢ — j, sj(g)p""j). For the first, we apply Lemma A.0.2.
For the second, we use the inductive assumption to note that d(n +i — 7, s;(g)) <
(n+i)p?(C+ D). The result then follows from the observation that d(i,a*) < kd(i, a).
This completes the proof in the case of a polynomial algebra for any lift of Frobe-
nius. In general, for a smooth algebra B, we start with a surjective map A — B. We
find a Frobenius on Af lifting F’, and use the functoriality of the map tr asserted in
Proposition 2.2.2. | ' O

Lemma A.0.4. Let ¢ : At — WH(A) denote a homomorphism and D denote a
number such that ¥(z;) is D-overconvergent for each i. If x denotes a monomial of
degree C, then (z) = (fo, f1, fa, - ..) withdeg f; < (i+1)p'D+p*DC. Moreover, if g €
A', not necessarily a monomial, has radius C, then 1(g) is D(C + 1)-overconvergent.

65



Proof. We prove this by induction on C. The base case C' = 1 follows immediately

from the definition of D. Assume the result for a fixed value of C. We must compute

(f07 f17 f?: .. ')(90791792a . ) = (hO’hl)h27 .- )

where (go, g1, 92, - - -) = ¥(z;) for some j and where deg f; < (i + 1)p'D + p*DC. We
use the definition of Witt vector multiplication in terms of ghost components. From
this we find

(fo, f8 +pf1,-- )90, 97 + pau,...) = (ho, A} + phy,...). (A.0.5)

We wish to bound the degree of h;. The formula for the ith ghost component
involves terms p’ f7 i—jp’“gfc’i—’c for j,k < i. But as we are interested in the part p'h;,
we may further restrict to j +k < 4. (Recall that, though these formulas are found in
characteristic zero, we will eventually be projecting to characteristic p, so any p-power
coefficients in our formula for h; will vanish.)

So it suffices to study the degree of f7 i gfc’i—k for j + k <i. The degree of such a
term is at most

PG+ 1) D+pDC) + p*((k+ 1)p*D < (j + k + 1)p'D +p' D(C + 1).

Because j + k < 4, such a term satisfies the required bounds and completes the
induction.

For the last assertion, let y denote a monic monomial of degree C(m + 1). Then
»v(p™y) = (fo, fr,...) where f; =0 for i <m and

deg fi < p™((i —m + 1)p" ™D+ p™DC(m + 1)) = (i — m + 1)p'D + p'DC(m + 1)
< (i+1)p'D(C+1)
for i > m. O

The following lemma is analogous in content to the previous one, but its proof
is greatly simplified by a stronger definition of overconvergent, which requires in

particular that the zeroth term have degree zero.

Definition A.0.6. A Witt vector w = (wo,ws,...) s called C-extraconvergent if
degw; < ip*C for all i.

Note that a C-extraconvergent Witt vector is C-overconvergent, and conversely,
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a C-overconvergent Witt vector with degwy = 0 is 2C-extraconvergent.

Lemma A.0.7. Let (fo, f1,...) and (9o, 91,--.) be extraconvergent Witt vectors of
radii C and D. Then their product (ho, hy,...) is max(C, D)-extraconvergent.

Proof. As in the proof of lemma A.0.4, to bound the degree of h; it suffices to check
the degree of f} 7 g}c’z_k for 7 + k < i. This latter degree is

P (jp’C) + p**(kp* D) < ip' max(C, D),

as required. O

Lemma A.0.8. Let (0, f1,...) be C-extraconvergent and (go, g1, - . .) D-overconvergent,
with C > 2D. Then their product (ho, hy, . ..) satisfies degh; < ip'C + p'D.

Proof. Similarly to the previous lemmas, we consider p=7(jp’C) + p*~*((k + 1)p*D)
and note that for ¢ > 1,

max jp'C + (k + 1)p'D = ip'C + p'D.
j+k<i

Lemma A.0.9. We have a sequence of expressions

z = z(za”)pfu
= Z(Zazl)p2f21

Furthermore, there exists a constant C' for which we can find such expressions with
a;r bounded for alli,I, and with deg fi; < Cp* for all i.

Proof. We have already seen that B is generated as a Fp-algebra by monomials
2 .-zt with 0 < e; < p— 1. We can recursively apply the result to find that
B is generated as a Epn—algebra by monomials z$'---z¢ with 0 < e; < p" — 1.
(For example, we can replace an expression of the form z = 2%Pz3 + 2Pz, with z =
(2223 + 2Pz2) P23 + (2% 2} + 2Px2)Pxy. Use the fact that (a + b)P" = " + b7"))
Because these expressions possess finitely many terms, the result is trivial for
the first equation. Let r denote the degree of the monic polynomial P(z) which z
satisfies. Let C; denote a constant so that we can find an expression z = > (2%1)P fi;

with a1; < r and deg fi; < pCh.
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Let I denote the maximal degree among the coeflicients of P(z). Pick C > C
such that (p — 1)C > r2lp + Cyrp.

We have an expression for z with a;; < r —1 and with deg f1; < pC. Inductively,
assume we have written the nth expression for z in this way, with a,; < r —1 and
deg for < p"C.

To simplify notation, it is harmless to drop the sums and consider a single expres-
sion

Y23

z= (2" fp.

Substituting in our 1st expression for z, with the sums still suppressed, we find
2= (M) fo = 20T fP
Using P(z), we can write
r—1
i=0
and from our bound ! on the degrees of the coefficients of P(z), we get

deg g; < ara,p™'l < rPip™t.

We are finished by induction because
pn+1c Z 7_2lpn+1 + Cﬂ“p"“ + Cpn.

O

Lemma A.0.10. Let w denote a D-overconvergent Witt vector with zeroth component
of degree one. Write w = (fno, fn1,-..). Then these terms satisfy the following
bounds:

deg fni < 2ip'D + (N —i)p'.

Proof. The proof is by induction on N. For N = 1, the case ¢ = 0 is trivial, and the
cases ¢ > 1 follow from the assumi)tion that w is D-overconvergent. We inductively
assume the result for some fixed value of N and consider the case N + 1. As in the

previous proofs, our goal is to compute

(fro, fir, - )(fnvo, fvn, - ) = (Fveros vty -+ o)
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Also as in the previous proofs, we find
deg fr414 < p deg fi; + p'* deg fak-
We are done if we show that
20+ k)p'D+(N+1—j—k)p' <2ip'D+ (N +1—1i)p'.
This follows from the inequality
(i—j—k)p' <2(i—j—k)p'D,

which in turn follows from j + k£ < ¢ and 1 < D (the latter of which was implied by

our assumptions on w). O

Lemma A.0.11. Let w = V*(z$' ... 28y%) be C-overconvergent. Then we can write

n

w as as a sum of terms of the form
te(fi)VEF (g ..z,

where each €; < p*tt—1 and where pFtif; is C’—overconvergent, where C depends only

on C and B, and in particular does not depend on k.

Proof. 1t is immediate that

w=[of -z )y VD e k),

where a;,a < C(k + 1) and ¢; < p* — 1. We checked in section 4.2 that [z} -- - z%"]

n

could be written in the stated form. Likewise the bounds on € mean that
VAafi - ahhd)

will pose no trouble. The difficulty is in accounting for the term [y**!].

From our lemma A.0.10, we know

[y = tr(y™) + Z VI ([90)),
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where deg go; < 2jp’ D + (a + 1)p. Inductively, assume we have written
k f's}
) =) telg) VI + > Vi ([gw)),
=0 j=k

where g; has degree 2jD+a+1 for all  and g;i has degree (2§D +a+1)p® for all j, k,
and where the notation V7 has suppressed terms of degree at most n(p’ —1)+d(p? —1).
We have just checked the base case k = 0.

To check the case k + 1, we note that as in our first paragraph,

V2 ([gee]) = 9]V,

where deg gy < 2kD + a + 1. We can rewrite [gi] as tr(gx) + Y VZ([hx;]) where
deghy; < (2§D + 2kD + a + 1)p?, and this completes the induction.
Substituting in (k 4 1)C for a, we see that we may let C = C 4 2D + 2. O

Lemma A.0.12. Let w = V¥(z% ... 1%y°2w") be C-overconvergent. Then we can

write w as as a sum of terms of the form
te(f)VE (2 . o),

where each €; < pFtt—1 and where p**if; is C -overconvergent, where C depends only

on C and B, and in particular does not depend on k.

Proof. We begin with the equation
w= [ g VA -0 ),

where a;,a,a’,a” < C(k+1) and €;,¢,¢,¢" < p* — 1. Again, we may consider terms
individually. For all but the last term, the proof goes through as before. (We don’t
even need to reduce high powers of z using its minimal polynomial )

From the argument in lemma A.0.9, we see that we can write 2¢ as a sum of terms
(2°)P" fi,, where ¢ < r and deg f, < Np* + ¢'d < Np*(k + 1)C. Thus

VE(LS - 28R g¢) = [ V]«

As before, the term [2¢] (here ¢ is even bounded) poses no problem, and for the term

Vk[%], we may apply lemma A.0.11. O
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Corollary A.0.13. Let B/A denote a finite étale extension of a distinguished open

in affine space. Then we have an isomorphism
B! @ 41 W, Q3 & W, Q5.

Proof. We use the following isomorphisms:

Wo(B) @w,xy Wallz = WoQgp from [14], Proposition 1.7;
Wo(A) @,y Bor1 = W,(B) from [14], p. 69;

1%

Bny1  since At/(p"*!) & A,., and similarly for B.
(|

Aps1 ®at Bt

71






Appendix B

The Overconvergent de
Rham-Witt Complex is a Sheaf

In this appendix we reproduce Proposition 1.2 of [4], together with its proof, to show
that our overconvergent de Rham-Witt complex is a Zariski sheaf. (It is, in fact
an étale sheaf, see loc. cit. Theorem 1.8, but we will not need this fact.) The only
difference between this appendix and what appears in [4] is that we have removed
a few parts which are unnecessary for our purposes. In particular, the notation
below is somewhat different from the rest of this paper. In it, A denotes a smooth
affine over k, not necessarily a polynomial algebra. The map A is a surjective map
k[Ty,...,T,] - A as in our Definition 3.0.6.

Proposition B.0.1 (Proposition 1.2, [4]). (a) We denote by f € A an arbitrary
element. Let d € Z be nonnegative. The presheaf

WTQgpec A/k(SPeC Ag) = Wmif/k

is a sheaf for the Zariski topology on Spec A (compare [5], 0, 8.2.2).
(b) The Zariski cohomology of these sheaves vanishes in degrees j > 0, i.e.

Hy,,(Spec A4, WTQgpecA/k) =0.

We fix generators ti,...,t, of A and denote by [t1],...,[t;] the Teichmiiller rep-
resentatives in W (A). An elementary Witt differential in the variables [t;], ..., [t,] is
the image of a basic Witt differential in variables [T1],...,[T,] under the map .

Before we prove the proposition, we need a special description of an overconvergent
element z in WTQ‘if k- Let [f] € W(A) be the Teichmiiller representative. Hence
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1 1 1
m = [—f] is the Teichmiiller of 7 in W(Ay). For the element z we have the following

description.

Proposition B.0.2. The element z € WTQdAf /i Can be written as a convergent series

where each 7, is a finite sum of elementary Witt differentials ﬁl(t) in the variables
[t1], ..., [tr], images of basic Witt differentials nl(t) in variables [T1),...,[T;] which
have weights k} satisfying the following growth condition:

3C; > 0,C5 € R such that for each summand nl(t) we have

i+ |k < ¢ ordpnl(t) + Cs.
Furthermore we require that for a given K > 0,
mtin ordpnl(t) > K for almost all l.
Proof. Using the composite map of de Rham-Witt complexes

Whn,..1z1.200 — Wn  myy-1ye — WQa e

T, — T, T, — 1
Z1 — Y Y — f
Zy — Y1 Y1 — f!

we see that z; is the image of an overconvergent sum of basic Witt differentials in
Wk, v,y -1k

We use here an extended version of basic Witt differentials to the localized poly-
nomial algebra k[T1,...,T,,Y,Y '] (compare [10]): A basic Witt differential o in
WQn,...1,,v,y-1)/x has the following shape:

I) «a is a classical basic Witt differential in variables [T}, ..., [T;], [Y].
1) Let e(& p, k, P) be a basic Witt differential in variables [T1], ..., [T;]. Then

1) a=-e(p k P)d loglY]
II12) a=[Y]"elp k P) for somer >0,7r €N
I13) a= Fd[Y]e(&p, k,P) for some ! >0,pfl, s>0.
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V”(Il)

) a="" (Y TP ke)d  [TP"kn . P00 d[TP "k (see [3], (2.15)).

In particular, k is a weight function on variables [T1], ..., [T;] with partition [oU...U

1
IdZ'P,’U,>O,ky€Z[5:! ,

<0
u(ky) < u = max{u(lp), u(ky)} (notations as in [3]).
If Iy = 0, we require u = max{u(l1), u(ky)}
IV) a = do’ when ¢ is as in III).

An overconvergent sum of basic Witt differentials o in W}, MT1,. T, Y,y -1k 1 @l
infinite convergent sum w such that there exists C'1 > 0, 02 € R with the following

properties:

e If a of type I) or of type II 1) occurs as a summand in w, we require

k| < C, ord, &k.p + C.

e If « is of type II 2) or II 3) occurs as a summand in w then

r+ |kl < C ord, & p + Cs (with r = [ - p® in case II 3).

e If o is of type III) or IV), then
d I~ —~—
by |+ |kr,] < C1 ord, (V*€) + Co

=0

(here, lkyl = *ky,‘k1j| = Z kl)

iel;
It is a straightforward exercise to show that the image of

WTQk[Tl,,..,TT,Zl,Zz]/k — WQk{Tl,.,.,TT,Y,Y-l]/k

consists exactly of sums w described above.
In the situation of condition IIT) we consider the first factor V* (£[YP*kv [T]P*41) .

For simplicity we assume Iy = (; this does not affect the following calculations.
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Let —ky = Lu and [ < # < [+ 1 for an integer . We have
p

- o ) - ()
1

- T yu (I+1)p¥—r
[y]z+1v (€] )

Now consider the image of « in WQdAf /i Where

Y=[f, =" [T -l

1 " Y
The above factor [—Y—FV“ (f [y]E+Dp “T) is mapped to i f]ll =V (g[ Fle+op —r).

Represent f as a polynomial of degree g in ¢;,...,%.. Then it is easy to see that

the image of o in WQ%, s is of the form 7_]14-—177 where 7 is a (possibly infinite)

sum of images of basic Witt differentials 7} in variables [T1], ..., [T;] with weights k

satisfying
, d
Kl < g (l+1—;1;> LA
=0

d
< g+ kg
7=0

The case da (type IV) is deduced from the case III by applying d to « and the Leibniz

1 ~
rule to the image of da in WQflax, /i~ 00 if the image of a as above is 77 —7 then the
image of da is
1 =
RS
where % is a sum of images of basic Witt differentials 7t in variables 73], ..,[T,] with

weights k! satisfying

d
K <29+ > |kl

J=0
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We can also compute the images of o in WSl, jx where  is of type I or II and obtain
again a representation

1 ~
—7 for r > 0.

[T

These cases are easier and omitted.

Now we return to the original element z € W*Q‘if Ik We may write z as a

00
g = _—>_ a}mv

m=0

convergent sum

where w,, is an elementary Witt differential being the image of a basic Witt differential
am in WQr, 1.v,y-1)/% of type I, 11, IIT or IV.

In all cases we have a representation

@ L5
= 77 m
"= e
where 7, is the sum of images of basic Witt differentials 7, in variables [T}], ..., [T}]

with weights k%, such that
P+ ko] < Crordy, (i) +Ca +2(g +1).

Now consider - for a given integer N - the element z modulo Fil", so the image
zZM) of z in

1
WnQ%, i = W Q) Wa(4) [m]
Wn(A)

b(N)
One then finds a lifting 2™ of Z™) in WQ, ;/k such that 2 = S, is a finite
=y
sum, i.e. ™
1

Wm = Nm

[f]rm

where now 7, is a finite sum of images of basic Witt differentials n!, in variables
[T1], ..., [T;] satisfying the growth condition

Tm + |kiy| < Cyord,(nt)) + Cy
with C; = C1,Cy = Cy + 2(g + 1).

The elements z() can be chosen to be compatible for varying N and we have

z = lim 2. Tt is clear that the second condition of the lemma is also satisfied, this
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finishes the proof of Proposition B.0.2. O

Now we are ready to prove Proposition B.0.1.

As W is a complex of Zariski sheaves we need to show—in order to prove part
(a) of the proposition—the following claim:

Let z € WQY4 si, for some fixed d, let {f:}i be a collection of finitely many elements
in A that generate A as an ideal. Assume that for each ¢ the image z; of z in WjSﬁ Jk
is already in WTiji /- Then z € WiQ9 .

Let [f;] be the Teichmiiller of f; with inverse 7 = [1].

Lemma B.0.3. There are elements r; € W1(A) such that 3. r;[fi] = 1.
i=1

Proof. Consider a relation Y a;f; = 1in A. Then Y [a][f]] = 1+ Yn € Wi(A). By
i=1 i=1
Lemma 2.25 in [3],
(1+ V)™t e Wi(A).

Define r; = (14 Vn)™! - [ai]. O
Lemma B.0.4. For eacht there are polynomials Q;4[T1, . .., Ton] in 2n variables such
that

(1) degree Q;y < 3-nt

(2) ;Qi,t([fl], oy, [fiP =10

For the proof of this Lemma, compare [16].
We know that Spec A = U D(f;). For a tuple 1 < i3 < -+ < 4y, < m, let
iy i = MLy D(fi;). Fix d € N and let

C™ = C™(Spec A, WJ‘Q‘ZX/,C)
= @15i1<---<imgnWTQAfil...fim Jk

= ®1Sil<...<im§nr‘(§~1’i1...im7 WTQ?A/IC)
Then consider the Cech complex
0—-C'>C'—=C?— ..

We have C° = W*Q‘f‘/k and C° — C! is the restriction map W”Qj/,C — WSy, i for
all i. It is then clear that Proposition B.0.1 follows from the following.
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Proposition B.0.5. The complex C* is ezact.

Proof. The proof is very similar to the proof of Lemma 7 in [16]. We fix as before
k-algebra generators ty,...,t, of A. Suppose ¢ € C™,m > 2, is a cocycle. Then ¢

has components
d d
Tir.oim € D8y W QEee api) = WfQAfil...hm /K-

Applying Proposition B.0.2 we see that o;, _;,, has a representation as an overcon-

vergent sum of Witt differentials as follows: oy, ; = Z;ﬁo Ml"l“‘im with

o 1 ;
[fn“.zm]

j

where [f;, i.J) = [ful - [fin s '771({1)_“% is a sum of images of basic Witt differentials
nc(iﬁ)zm in variables [T1],...,[T;], (T; — t;) and weights kl(.jlt.)._im satisfying

1

D) 4k, | < Clordyn®), +1)

if) I > ord, nl(f:)zm >1-1.

Notation: We say that M;*"*" has degree < C(l +1).

We shall construct a cochain 7 so that 07 = 0. The reduced complex
C*/FiII"C* = C*({ D(fi) }i, Wally i)

is exact. We will inductively construct a sequence of cochains

Tk = E Tk’il...im_l

1<i1 < <im_1<n

such that the sum

converges in C™ ! to a coboundary of o. The 7, are chosen to satisfy the following

properties:
(1) (42 7%) = o modulo Fil2~1C™

(2) TOil...im_l S WTQAfil"'fim/k7 for k Z 1 Tkiy..im—1 € Fil?k*lWTQAfil...fi /k
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(3) Thiy. i, € WQQ% [[fl],...,[fn],rl, .. ,rn,m] to be understood as a
polynomial in the “variables” [fi],...,[fn], 71, -, 7n, [fz‘yjm_l] with the coef-
ficients being finite sums of elementary Witt differentials in [t,],...,[t,] such
that the total degree (with [¢1], ..., [t;] contributing to the degree via possibly
fractional weights) is bounded by 24nC2*. We write degree 73, ;._, < 24nC2*,

(4) [fia102k+17ki1..jm_l € Wﬂﬁi/"k {[fl], U 51 I TR A [_f____’\l_]] with degree
i1ty
{fia]CQkHTkil...im_l < C28+1 4 24nC2%.

Then (2) implies that all the coefficients 1 of the polynomial representation (3) satisfy
ord,n > 2¥—1. Also (1) implies that (> o, 7%) = 0. Using (2) and (3) we will show
that Y oo 7 € C™ 1, ie. is overconvergent.

Define elements o;,, i, € WQifiy for n > 0 by

2s+1_1
Usil,...,im = Mal .
a=0
.198+1
Then oy, ;. = 04,4, mod Fil*" and degree oy, _;, < C2*

Define the cochain 79 € C™~! by

mn

20
T4 .. igp1 — E Oéz‘,zc[fi] 0041, imi-
=1

Suppose we have constructed, for some integer s > 0, cochains 7, € C™! for
0 < k < s satisfying (1) — (4). Then we construct 7, as follows: Let v, ., =
Osigor iy, — O Z;}) To)iy..in- We see that vy, ;. € Fil*7'C™ is a cocycle modulo
Fil>+1C™ and degree vs;,. 5, < 24nC2571.

Define .
s+1
Tsty.dmo1 — Z Qi,Czs+1[fi]02 Vsi1..im_1t-
i=1

Then Y ;_, 7k satisfies (1) by ([6], 1.2.4.). We have

(A1 Yot € W, N FPITTWIQ

i

— f72°-lypst
- FZZ %% QAfil"'fim-—l

and therefore 7, ;. _, satisfies (2) (we have used (4) for 74,k < s). Moreover,
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Tsiy..inm_, Das total degree bounded by
24nC2°7 ! 4+ 3nC25t! + €25t < 24n(C28

and 7, satisfies (3). It is straightforward to show property (4) for 75. Therefore it
remains to show that Y - 7y is overconvergent. This will be derived from properties
(2) and (3) as follows.

It follows from (3) that 7, ;. _, can be written as a finite sum 75, ;. , =
>~y M, 1, where I runs through a finite set of multi-indices in Ng, r/ = il e
for I = (\,...,\n) and M is a finite sum of images of basic Witt differentials w?

in variables [T1),...,[T;], [Yi],. .-, [¥a], [Z] with

-1

1
(T3] = ), 15 = [£3), 2] = H 7
with weights k! satisfying
|| + |kt| < 24nC2° = C'2°
(C" :=24nC) and
ord, wf > 2° — —C—,(C'Zs)
(%) 1 I it
> L+ ) -

For fixed I and varying s we get a sum
ZTIMS,I - ’I'I Z Ms,I-
S S

Because of the condition (*), w; = > M, is overconvergent with radius of conver-
8

gence € = = and

Cl
R 1
7-017(011) > am - L

Here 4, is the quotient norm of the canonical Gauss norm . on Wz, 10 Y1, Yo, 21 -
We now look again at the definition of r;. There exist liftings 7, 7; of 5, r; in WT(S)

and a; of a; in S where 7 is a finite sum of homogeneous elements such that
= (1+ V7))
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1
For § := 2, there exists £ > 0, e such that

’75 (Vﬁ) > _67
because we have a finite sum of homogeneous elements. By [3] Lemma 2.25,
Y. (75) > —0 as well.

Let w; be a lifting of w; in VV"Q;C[T1 ,,,,, ToY1,..Ya,z)/k Such that 4.(wr) = v.(@r). Then
we obtain by Corollary 0.16 in [4],

\Y
=

Vv

=

~ N~
~
~—

'AYE (TIWI )

I

(AVARNAVS
2>
Czjb—‘
T
al
+
ac
=

8|I) = 1+ |I|(=6) = —1.

oo

As this holds for all I, we see that ) 7, i _, is overconvergent with radius of
s=0

convergence £, and hence Proposition B.0.5 follows, and so does Proposition B.0.1. [

Corollary B.0.6. The complex W“Qspec Ask, defined for each affine scheme as above,
extends to a complex of Zariski sheaves W1Q% sron any variety X /k.
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