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Abstract

In the first part of this work, we study a long standing open problem on the mixing
time of Kac’s random walk on SO(n,R) by random rotations. We obtain an upper
bound mix = O (n*?logn) for the weak convergence which is close to the trivial lower
bound € (n?). This improves the upper bound O (n*logn) by Diaconis and Saloff-
Coste [13]. The proof is a variation on the coupling technique we develop to bound
the mixing time for compact Markov chains, which is of independent interest.

In the second part, we consider a generalization of the coupon collector’s problem
in which coupons are allowed to be collected according to a partial order. Along
with the discrete process, we also study the Poisson version which admits a tractable
parametrization. This allows us to prove convexity of the expected completion time E 7
with respect to sample probabilities, which has been an open question for the stan-
dard coupon collector’s problem. Since the exact computation of E7 is formidable,
we use convexity to establish the upper and the lower bound (these bounds differ by a
log factor). We refine these bounds for special classes of posets. For instance, we show
the cut-off phenomenon for shallow posets that are closely connected to the classical
Dixie Cup problem. We also prove the linear growth of the expectation for posets
whose number of chains grows at most exponentially with respect to the maximal
length of a chain. Examples of these posets are d-dimensional grids, for which the
Poisson process is usually referred as the last passage percolation problem. In addi-
tion, the coupon collector’s process on a poset can be used to generate a random linear
extension. We show that for forests of rooted directed trees it is possible to assign
sample probabilities such that the induced distribution over all linear extensions will
be uniform. Finally, we show the connection of the process with some combinatorial
properties of posets.

Thesis Supervisor: Igor Pak
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Chapter 1

Introduction

1.1 Kac’s random walk

The MCMC (Monte Carlo Markov Chain) method has proved extremely powerful
and led to remarkable advances in both theory and practice. Despite a large body of
literature, finding sharp bounds on the mixing time of finite Markov chains remains
technical and exceedingly difficult (see e.g. [5, 26, 36, 43, 44]).

In this paper we study the classical Kac’s random walk on SO(n,R) by random
rotations in the basis 2-dimensional planes. Our main result is the O(n??® log n) mixing
time upper bound. This is sharper than previous results and within striking distance
from the trivial Q(n2) lower bound. This random walk arose in Kac’s effort to simplify
Boltzmann’s proof of the H-theorem [29] (see also [35]) and Hastings’s simulations of
random rotations [20]. Most recently, this walk has appeared in the work of Ailon
and Chazelle [3] in connection with generating random projections onto subspaces.

Kac’s random walk was first rigorously studied by Diaconis and Saloff-Coste [13]
who viewed it as a natural example of a Glauber dynamics on SO(n,R). They used
a modified comparison technique and proved O(n*logn) upper bound on the mixing
time, by reducing the problem to a problem of a random walk with all rotations,
which was solved earlier by using the character estimates in [42| (see also [40]).

In the wake of the pioneer work [13|, there has been a flurry of activity in the

subject, aimed especially at finding sharp bounds for the eigenvalues [10, 25, 49].
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In [34] Maslin was able to explicitly compute the eigenvalues, but due to the large
multiplicity of the highest eigenvalue this work does not improve the mixing time of
Kac’s random walk, in effect showing the limitations of this approach.

It is worth mentioning that there are several notions of the mixing time in this
case, and in contrast with the discrete case, the connections between them are yet
to be completely understood. We use here the mixing time in terms of the Lipschitz
metric for weak convergence, the same as used by Diaconis and Saloff-Coste in [13].

Our approach is based on the coupling technique, a probabilistic approach which
goes back to Doeblin [14] (see also [4, 30, 39]). In recent years, this technique has
been further adapted to finite Markov chains, largely on combinatorial objects (see
“path coupling” technique in [9, 16]). In this paper we adapt the coupling technique to
compact Markov chains. While coupling on compact groups has been studied earlier
(see e.g. [30] and references therein), our approach is more general, as we define the
stopping time to be the first time when two random walks are at a certain distance
from each other.

Let us emphasize that while natural in the context, the continuous coupling we
consider does not seem to have known analogues in the context of finite Markov chains
(cf. |5, 44]). In conclusion, let us mention that a related approach is used in |21},
which develops a “distance-decreasing” (with good probability) coupling technique.
While the particular coupling construction we employ can also be viewed as distance-
decreasing in a certain precise sense (for the Frobenius distance on matrices), our

setting is more general.

1.2 Coupon collector’s process on posets

The classical coupon collector’s problem (CCP) is defined as a discrete process of
sampling n distinct coupons. At each step we draw a coupon, and the probability
of drawing coupon ¢ is p; (usually p; = %) One of the most important quantities
of this process is the number 7 of coupons needed to be drawn in order to complete

the whole collection, i.e. to sample each coupon at least once. The CCP has a huge



literature. It is a natural framework for many combinatorial questions (e.g. [18, 28]),
randomized algorithms (|37]) and other numerous applications (|7]).

We consider a generalization of the coupon collector’s problem when we are allowed
to collect coupons, that is to add a coupon to the collection, according to some partial
order on them. In other words, the collection can be represented as a partially ordered
set P on n elements, and we are allowed to collect an element ¢ only if all elements
smaller than 7 in P have been already collected.

Recall that a partially ordered set P = {P, <} (or poset, for short) is a formal
pair of a set P and a binary relation < (or <p to avoid confusion) on elements of P

which satisfies the following three properties:
1. reflexivity: forallz € P,z <z,
2. antisymmetry: if x Xy and y Xz, then z =y,
3. transitivity: if x <y and y X 2, then z < 2.

We will also write z > y tomean y < z, £ < y to mean z < y and z # y, and
T > y to mean y < z. We will say that two elements z and y are comparable if
either z X y or y < z, and incomparable otherwise. As a slight abuse of notation, we
will not distinguish a poset P from its set of elements P, and we will use z € P to

mean r € P.

Example 1.2.1. Let n be a positive integer. Then the set 1,2,...,n with its usual
order forms a poset. We will denote this poset by S,. Note that any two elements
in S, are comparable. We will say that S, is totally ordered. An opposite poset to S,

is a poset on n incomparable elements. We will denote it by Z,..

Obviously, in the case P = Z,, we have the classical CCP, since any coupon can
be collected when it is drawn.

Along with this random process, we also study its continuous version in which each
coupon % arrives as a Poisson process with rate p;, and all these Poisson processes are
independent. We will refer to these two versions as discrete and continuous CCP on

posets. For the classical problem, connections between both processes were studied

8



in |22]. The following lemma shows that the two versions for the same poset are also
closely related (all statements on the CCP given in this section will be proved in

Chapter 3).

Lemma 1.2.2. Let 7¢ and Tp denote stopping times of collecting all elements in

poset P for the continuous and discrete versions respectively. Then

X um

t
eP(c>t)=) —P (7p >m). (1.1)
m=0
In particular,
E7c = E7p. (1.2)

For relations between the higher moments, see Corollary 3.4.1.
The usual assumption for the CCP is ) - ; p; = 1. However, it is more convenient

to assume that .
Zpi =p < ]-’
i=1

and if p < 1, at each step we do nothing with probability 1 — p.

We will consider a few simple general properties of the discrete and continuous
processes in Section 3.2. Namely, by comparing processes on different posets and for
different sample probabilities vectors, we will establish stochastic dominance results
(Propositions 3.2.1 and 3.2.3), which, for instance, yield that E 7 is a decreasing func-
tion of sample probabilities. We will also provide a recursion for E 7 (Theorem 3.2.6).
This gives a representation of E7 in terms of rational functions (Corollary 3.2.7).

Intuitively, the tail probability P (7 > t) of the coupon collector’s process should
decay exponentially. As the following theorem shows, the rate of the decay depends

only on the minimal sample probability.

Theorem 1.2.3. Let pyin denote the minimal sample probability, i.e.

in = min p;.
pmm 151Snp2



Then

1
lim p” log P (7p > m) =log (1 — pmin) , (1.3)
.1
tlir& n log P (7¢ > t) = —Pmin, (1.4)

for any poset P on n elements.

A similar result was proved in [33, 45| for the classical coupon collector problem.
The proof of Theorem 1.2.3 involves the reduction of the discrete coupon collector’s
process to a Markov chain (for more details, see Corollary 3.3.2). However, it seems
difficult to use this approach to prove other properties of CCP.

Since the expectation |E 7 is a function of a sample probability vector

p= D1 ,Pn)"

and the poset P, this function might be used for exploring the structure of the poset P
itself. Unfortunately, we cannot reconstruct the poset exactly by using the corre-

sponding E 7. Indeed, if P = S,, with sample probabilities py, ..., p,, then

1 1
Er=—+...+—
D Dn

for any permutation of the n elements. However, knowing E 7 we can determine for
any two elements whether they are comparable in the poset.
We need a few definitions to state the result. For a poset P we will call a set s of

elements %y, %9, ..., a chain, if
i1 << ... <.

If any two of these elements are incomparable, we will call s an antichain. Denote
by Ch (P) and ACh (P) be families of chains and antichains of P respectively. For

any subset s of elements of P, let

X(S) = (Xl:---axn)T
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be the indicator vector of s such that x; = 1 if element ¢ belongs to s and x; = 0
otherwise. For a poset P on n elements, consider the polytope C (P) in R™ given by

the following inequalities:

;>0 forall 1<i<nm, (1.5)
x(¢)-x <1 forall chains c¢e€ Ch(P), (1.6)
where x = (z,. .. ,mn)T, and “-” stands for the standard scalar product of two vectors.

Such a polytope was first considered in [48}, and it is usually called the chain polytope
of P.

Theorem 1.2.4. Let P and Q be two posets on the same set of n elements, and

let k be positive integer. Then
E7* (p,P) =E7* (p, Q) (1.7)

for any p if and only if
C(P)=C(Q).

Thus, the function E 7% (p) completely determines the random process for 7.

Stanley ([48]) proved that the vertices of the chain polytope are the indicator
vectors of the poset’s antichains. Hence, relation (1.7) implies that posets P and Q
have the same antichains.

Let us call a poset Q the reverse of P, if the poset Q is defined on the same set

of elements, and for any two elements 7,j € P we have
i1<jin Q ifandonlyif j<iin P.

Obviously, if ¢ is a chain in P, then it is a chain in Q. Hence, a poset and its reverse
have the same chains, and therefore, their chain polytopes coincide. Thus, we obtain

the following result.
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Corollary 1.2.5. If Q is the reverse of P, then
E7*(p,P) =E7* (p, Q)

for any positive integer k.

Along with the sample probabilities, it is convenient to consider inverse sample

probabilities r; = 1}1,, and with some abuse of notation we will write

)T —1.

r=(ry,...,Tn) =P

In [11], for the classical CCP it has been suggested that if Y, p; = 1 the expec-
tation E7 is minimized by the uniform case (all p; are equal). Holst (|23]) stated

without proof that for two sample probability vectors p and q we have

ET(p) > E7(q)

if p majorizes q, that is the vectors p and q satisfy the following conditions:

v

Y41 q,

v

1+ P2 q1 + qa,

v

P+ + P @t Gp-1,

it P = @t...+ 0

Such a property of E 7 is called Schur-convezity, and it is much weaker than convex-
ity of symmetric functions. The complete proof of Schur-convexity for the classical
problem is given, for example, in [45]. In [11] it was checked that E7 is a convex
function of sample probabilities when n < 6. It turns out that E 7 is convex for any

poset. More rigorously, we have the following result.

Theorem 1.2.6. For any poset P on n elements, the expected stopping time ET
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to complete the collection is a convex function of p. Also, ET is a conver function
of r. In addition, for the continuous version, all moments of 7, i.e. E75 for positive

integer k, are convex functions both of p and r.

Theorem 1.2.6 can be used to prove a useful upper bound for E 7. Denote by H,,

the m-th harmonic number, i.e.

1 1 1 1
Hm~I+§+§+...+E. (1.8)
Theorem 1.2.7. Let
L:=L(p,P)= max x(c)-r, (1.9)

ceCh(P)

and M be the mazimum size of antichains in P. Then
L<E7(p,P)<L-Hy. (1.10)

In Theorem 3.9.3 we will give a generalization of (1.10) for higher moments.
It is not difficult to show that the average number of steps in order to collect all

elements from a chain ¢ = (5; < ... <) is

1+ +1—r+ +ry=x(c)r
” P 1T ... k .

Thus, we can say that L is the expected number of steps to collect all elements from
the chain ¢ that maximizes x (c) - r. Since we have to complete every chain ¢ from
the poset in order to collect all coupons, this explains the lower bound in (1.10). The
upper bound is similar to the classical CCP with equal sample probabilities. In this
case L = %, where p is the sample probability, and E7 = % -H,.

Since the maximum size of an antichain in a poset does not exceed the number
of elements in the poset, the bounds in (1.10) differ by an O (logn) factor. However,
for some posets we can improve the upper bound.

Let

Pi={jeP|jRiori=<j}

13



be the set of all elements of P that are comparable with or equal to i, and let #P;

denote the size of P;. We will denote by 1 the vector whose entries are equal to 1.

Theorem 1.2.8. Let P be a poset on n elements, such that #P; < k for alli € P

and some k. If all sample probabilities are equal to p, and k < logn, then
1 1
;logn<]E7'(p-1,P)<]—)(logn+kloglogn+3k). (1.11)

Moreover, if we have a sequence of posets P, P2, ... for which
k=o logn ’
loglogn

VVart =o(ET), (1.12)

then

and we have a sharp cut-off for this sequence.

The formal definition of a sharp cut-off (or a cut-off) is the following. We will
say that a sequence &;,&;,. .. of non-negative random variables has a sharp cut-off if

for any € > 0 there is a sequence of intervals

CHARCAAINS

such that for any integer k¥ > 0 we have

b€ —_ aE
£ 1€ - : k kE __
P (& € (af,bF) > 1—¢, and  lim e, 0.

Roughly speaking, with high probability random variable {; assumes its values on an
interval whose length is small in comparison with the magnitude of E §;. Chebyshev’s
inequality (for instance, [15, 18]) implies that condition (1.12) is sufficient for a cut-off.

If P consists of m incomparable chains of length &, then the coupon collector’s
process behaves in the same way as the Dixie Cup problem (completing & identical

collections of m elements each) considered by Erdés and Rényi [17]. For p = &, they

14



proved the following fact.

Theorem 1.2.9 (Erdos, Rényi). Let 7, (m) be the stopping time when we complete k

identical collections of m elements each when the sample probabilities are all equal

to # Then:
E7 (m) =m(logm + (k — 1)loglogm + C — log (k — 1)! + o (1)), (1.13)
lim P (7, (m) > m (logm + (k — 1)loglogm + z)) = exp < ,  (1.14)
m—00 (k-1

where C denotes the Euler constant.

Obviously, in this specific case, expression (1.13) agrees with (1.11), and (1.14)
implies (1.12).

The continuous version of CCP has a connection to percolation problems. Let

R (n1,n2,...,nk)
be the poset whose elements are integer vectors x = (zy, s, . . . ,xk)T such that
1<z;<n;, forall 1<i<k,
and y = x if and only if
y; <x;, forall 1<i<k.

Let us consider the continuous process on the poset

R, =R (an,aan,...,an),

where a,,...,a, are kept constant and all the sample probabilities equal 1. The

quantity 7 in the case £ = 2 is commonly known as the last passage and has been
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thoroughly studied (see, for instance, |27]).
Inequality (1.10) implies that

(@ai+az+...+a)n <ET7(1,R,) < (a1 + a2+ ... +a,)nlogn.

In Section 3.7 (Corollary 3.7.3) we will prove the following bound on E 7 which gives

us the existence of
1
lim —E7(1,R,).
n—oo N,

We will call the chain ¢ of poset P mazimal if there is no chain ¢ of P which
contains ¢ as a subset. Let also MCh (P) denote the set of all maximal chains of the

poset P.
Theorem 1.2.10. Let ¢ stand for the mazimal length of a chain in P. Denote by &

the root of the equation

£ loge =14 BFMCE(P) . (1.15)

E b -

Then

1 1 . £
;-ESIET(p-l,’P)S;-(££+§*_1).

Recall that a linear extension of a poset P on n elements is an order preserving

bijection f: P — &, i.e.
i<jinP = f@H=<f3)-

In other words, a linear extension is a way to complete the partial order to a total
order. Note that the order in which we collect the elements of the poset P always
gives a linear extension of P. Moreover, a sample probability vector p induces some
distribution over the set of linear extensions. Therefore, the coupon collector’s process

can be used to generate a random linear extension of P.

Theorem 1.2.11. Let U (i) stand for the set of elements in poset P that succeed or

16



equal 1, i.e.

UG ={jeP|i=Zj}.

If P is a forest of rooted directed trees, then there is a sample probability vector p
such that the induced distribution over all linear extensions is uniform. A possible

choice of vector p is

pi = A-FU (%)
for all i € P, where

A= <Z#u(i))-l.

i€P
Throughout the proofs, we will see that the continuous CCP has a strong connec-

tion with the integral
I(t,a)=a1...an/ exp(a-x)dz;...dz,,
tC(P)
where P is a poset on elements si, Sa, - .., S,, and a is an n-dimensional real vector:
a= (al,az,...,an)T.
For instance, Lemma 3.4.4 states that

P (e (p,P) <) = (-1)" - I (t,-p).

It turns out that the coefficients of the power series expansion of I (t,a) have a

combinatorial interpretation. Let m be an n-dimensional vector
T
m = (my, my,...,my)

with non-negative integer entries, and let

|lm| =m; +...4+my,.

17



For any such a vector m, let us consider maps f: Sjm — P that satisfy the following
property
f(Z)%f(j) in P = 1<7 in Slml’

and map exactly m; elements of S to s; for all 1 < i < n. Denote the number of
these maps by V

e(m) =e(mi,ma,...,my,).
Theorem 1.2.12. For any finite poset P we have

tlml
al...an/ exp(a-x)d:cl...dxn=Z—-—le(m)a'f“a§"2...a2". (1.16)
tC(P) - |m|!

Here the summation is taken over all vectors m with positive integer entries.

See also Section 3.10 for combinatorial applications of e (m).
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Chapter 2

Convergence of Kac’s random walk

2.1 Weak convergence of Kac’s random walk on

group SO (n,R)

2.1.1 Main result

We will consider the following discrete time random walk on SO (n,R). At each step
we pick a pair of coordinates (i, 7) such that 1 < i < j < n, and an angle ¢ uniformly

distributed on [0,2). Define an elementary rotation matriz R;;(¢):
(1 ... 0 ... 0o ..o0)

0 ... cos¢p ... —sing ... 0
R;’J: . . . . .

0 ... sing ... cos¢p ... 0

19



which differs from the identity matrix only in four entries with coordinates (¢,1), (4,1),

(i,7) and (j, 7). Kac’s random walk {Ax} on SO (n,R) is then defined as follows:
Aps1 = Ri; (6) Ay, forall k>0,

where Ay = I is the identity matrix. More generally, we can assume that Ay is chosen
from any fixed initial distribution P° on SO (n,R) as the upper bound below remains
valid in this case.

We endow the group SO (n,R) with the Frobenius norm (also called the Hilbert-
Schmidt norm), denoted || - ||r and defined for any real n x n matrix M = (m;;) as

follows:

IMllp= ] > mi=Tx(MMT)= ./ Z lol?, (21)

1<i,j<n
where o; are the singular values of M. This defines the Frobenius distance ||A — B||z
between every two n X n matrices A and B.

Let Lip (K) be a set of all real-valued functions on SO (n,R) such that

HEEIO .

Il = s =y,

We define the distance p (P, Q) for two probability laws P and @ on SO (n,R) as

follows:

o(P,Q) = sup{lffd(P—@) Fetp}.

It is well known (see e.g. [15, §11]) that p metrizes the weak convergence of probability

laws.!

Theorem 2.1.1 (Main Theorem). Let P* be the distribution of the Kac’s random
walk after t steps, and let U be the uniform distribution on SO (n,R). Then, for

every € > 0 there exists

t=0 (n2'5 log g)

Instead of condition || f||, < 1, it is common ([13, 15}) to bound || f||, + || fll, in order to metrize
the weak convergence. However, in our case all Lipschitz functions are bounded because SO (n,R)
is compact in ||-|| 5
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such that
p(PU) <e.

Thus, there exists a positive constant c, for which we have

p (P, U) < nexp (—L) :

cn?2-5

The proof of this theorem uses an explicit construction of a “weak coupling” be-
tween P and U, which enables us to bound p (P?,U) < e. Our “coupling lemma” is
described in the next subsection. The proof of the theorem is presented in Section 2.1,
where it is split into a sequence of lemmas. The latter are mostly technical and are

proved in Section 2.3. We conclude with final remarks in Section 2.4.

2.1.2 Coupling lemma

The basic goal of the coupling we construct is to obtain a joint distribution on
SO (n,R) x SO (n,R) such that its marginals are P* and U, and the distribution
is concentrated near the main diagonal. Lemma 2.1.2 makes this precise in a more
general setting.

Let X C V, where V is a metric space with distance d (-,-). Let z; and y;, where
t > 0, be two Markov processes on X. A coupling is a joint process (z},y.) on X?
such that z; has the same distribution as z; and y; has the same distribution as y;.
By abuse of notation we will use (z;,y;) to denote the coupling.

The following lemma is an easy consequence of the Kantorovich-Rubinstein theo-

rem (see [15, §11.8]).

Lemma 2.1.2 (Coupling lemma). Let z; and y; (t > 0) be two discrete time Markov
processes on X as above, with distributions P* and Q' after t steps, respectively.

Suppose there ezist § > 0 and a coupling (zt,y:), such that for the stopping time

Ts =min {t | d(z, ;) < 6}
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the distance d(z¢,y:) is non-increasing for t > Ts. Then we have

p(PLQ") <6+P(Ts>t)- Sueg(d(w, y). (2:2)
z,y

It is of interest to compare Lemma 2.1.2 with the standard coupling lemma for
random processes on a finite set. Let us suppose that X is finite, and let the metric d

be discrete, i.e.

1, f z#y,
d(z,y) = _
0, if z=y.
For § = 0 inequality (2.2) becomes
p(PQY) <P (Ts > 1), (2.3)

which is a classical coupling result (|30, §1.2]).

2.1.3 Variations on the theme

Let us mention that the distribution P? of Kac’s random walk does not have a density

with respect to U. To see this, consider the following example.

Example 2.1.3. Let X be the unit square [0,1] x [0,1]. A random walk starts off
at a point (zg,y0) in X, and at step k we choose the coordinate z or y, each with
probability %, and set it to the random variable uz. All u; are independent and
have the uniform distribution U on [0,1]. Then it is not difficult to see that the
distribution P* after k steps (k > 0) is

. 1
szﬁ(é(xo)xU+U><6(yo))+(“F)UXU’

where 6 (-) stands for the one-dimensional d-distribution.
As we can see, since P* contains & (xo) and § (yo) with tiny strictly positive coef-

ficients, it is not absolutely continuous.
Analogously, observe that after ¢ steps with probability 1/ ('z‘)t we rotate in the first
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two coordinates only, so the distribution after ¢ steps is not absolutely continuous.
On the other hand, in [13] Diaconis and Saloff-Coste proved a convergence in the total
variation distance with super-exponential mixing time (see also Section 2.4). Namely,
they showed that for

t = (2n)""?log %

we have

1Pt = Ullpy <,

or, equivalently
t
”Pt — U“TV < exp (—W) .

In the positive direction, our main theorem is robust enough to establish con-
vergence for a number of other matrix distances, such as operator, spectral or trace

norms. For example, we easily obtain

Corollary 2.1.4. Let K > 1 be a fized constant. Then for every e > 0 and f €

Lip (K) there exists
t=0 (n“ log %)

such that

/fd(Pt—U). <e.

Proof. The corollary follows from Theorem 2.1.1 and the observation that f/K €

Lip (1). O
More generally, let us give a convergence result in another norm ||-|| on n x n
real matrices. Since the norms ||-|| and ||:||z are both defined on the same finite-

dimensional vector space, there exists a constant C,, > 0 (it might depend on n) such

that
lz—yl 2 Callz—ylp  foral z,y€ M(n,R).

Corollary 2.1.5. If ||f||, = K with respect to the norm || - ||, then for € > 0 there

t=0 (n2'5 log é{—;)
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such that
!/fd(Pt—U)' <e.

Therefore, for the norm || - || there exists a positive constant ¢, for which we have
p(Pt,U) < iexp . .
C. on25

Proof. For all z # y we obtain

If @) -l . 1 1f =)~ fG)
lz—3ll 7 Cu z—yllr

Hence, f € Lip (K/C,) with respect to the Frobenius norm. Now Corollary 2.1.4

implies the result. O
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2.2 The coupling process

In this section, we construct a coupling process which decreases the Frobenius distance
between two random processes with sufficiently high probability. Formally, we show
that there is a probability measure on SO (n,R) x SO (n,R) with marginals P* and
U which is concentrated near the main diagonal.

Consider now Kac’s random walks {Ax} and {By}, the former having the initial
distribution P°, and the latter being initially uniformly distributed. We will prove
that at each step we are able to choose rotations so that the quantity ||Ax — Bil|
is non-increasing whereas the marginal distributions of Ay and By remain the same
as we choose the rotations randomly. Define matrices Qx = AxBF, which will play a
crucial role in our construction. The random walk of @y is induced by random walks
of Ax and Bg. Indeed, if at the k-th step the matrices Ax and By are to be rotated

by R4 and Rp respectively, then

Qks1 = ArBL,
= (RaAx) (RBy)"
= Ra(AcBY) R}
R4Q«RE.

In the case of orthogonal matrices, the Frobenius distance can be computed by

the following simple lemma.

Lemma 2.2.1. If A and B are orthogonal n X n matrices, then

|A = Bz =+/2n — 2Tt (ABT). (2.4)
Proof. From the definition of the Frobenius norm, we have

IA - BIl%

i

Tr ((A ~B)(A- B)T)
— Tr(AAT - BAT — ABT + BBT) .
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Since A and B are orthogonal, we get

ATA=BTB=1,

thus,
|A-B|% = Tx(2I) - Tr (BAT + ABT)
= 2n—2Tr (AB"),
as desired. 0

Lemma 2.2.1 implies that minimizing the Frobenius norm ||A; — Bg|| is equiva-
lent to maximizing the trace Tr (4xBY) = Tr Qx. Therefore, we have to show that
we can increase the trace of Qy by choosing appropriate rotations.

Let R4 = R;;(c) be the rotation by an angle a for the coordinate pair (i, ).
Choose

Rp = R’i,j (:6 (Ot)) ’

where the angle 8 = 3 (a) will be determined by an explicit construction in the proof

of Lemma 2.2.2. Let
My Mij
My jj

denote the 2 x 2 minor of the matrix M and let

by 12 /

a b a
(Qk)ij = ) (Qk-l-l)ij =

c d d d

Since R4 and Rp do not change other diagonal elements, the change in trace

Tk Qr+1 — Tr Qk = Tr (Qk41)y; — Tr (Qk);;

is determined solely by the traces of the minors (Q);; and (Qk+1);;- The following

lemma allows us to derive a coupling process.
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Lemma 2.2.2. For every a € [0,27) there exists 8 = () such that the following
inequality holds:
1
(@+d)—(a+d) > (b- )?. (2.5)

Moreover, if a is a random variable with the uniform distribution on [0,27), then

B(a) is also distributed uniformly on [0,27).

The construction of the angle 3 = B8(a) is the centerpiece of the whole coupling
process. We conjecture that in fact it gives a nearly optimal coupling (see Section 2.4).
Note that Lemma 2.2.2 shows that the efficiency of choosing the rotations depends
solely on |b— ¢, i.e. the entries of Qx — QF. However, the norm of Qx — Q¥ can be
small whereas the matrix Q) is far from the identity matrix. The following lemma
shows that if at the beginning we are already sufficiently close to the identity matrix I,

then the coupling reduces ||Qx — I||» exponentially.

Lemma 2.2.3. Let Qq,Q1,... be a sequence obtained from coupling I and Qo by
choosing rotations at each step as described above. If ||Qo — I||f < 2, then for §,e > 0

and

n? 4
t> —log —
<3 og 5%’

we have

P(|Q: ~ Il 2 8) <

The next lemma allows us to avoid the problem of small |b — c| entries by adding

intermediate “target matrices”.

Lemma 2.2.4. For every matriz Q € SO (n,R) there exists a sequence of orthogonal

n X n matrices My, My, ..., M; which satisfies the following conditions:
1. Q=M,and I =M,

3. L<m/n+2
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The coupling for (A, Bi) is constructed as follows. Set My = ATBy, M, = I.
By Lemma 2.2.4, we can construct a sequence of matrices My, My, ..., M, of length
O (y/n). First, couple matrices AgM; and B,. Namely, at each step, choose the same
coordinate pair (i7 j) for Rp as for R4, and use the construction from Lemma 2.2.2 to
determine 8 = B(a). By Lemma 2.2.2, the trace of Qx = AxM;BY is non-decreasing
as k grows. Make 7 steps, where the choice of 7 will be made later in such a way
that the distance between AxM; and By becomes smaller than some ¢ < 1 with high
probability (the value of § will also be specified later). For this stage of the coupling,
Lemma 2.2.3 is applicable since the initial distance between AgM; and By is at most 1.

After coupling AoM; and By, we get a pair (A,, B;). If the distance between
A;M; and B; is less than &, we couple A, M, and B,, etc. Each time we change the
matrix M,, to M1, the distance between AgM,, 1 and By does not exceed 146 < 2.
Therefore, we can use Lemma 2.2.3 to analyze every stage of the coupling process.
Since M, = I, once we have finished couplings for all matrices M,,, the distance
between A and B becomes less than 6. From this point on, we always choose the
same rotations for A; and B, which ensures that these random walks stay at the
same distance.

In total, this gives roughly O(n%®°) rotations to make two matrices close enough,
roughly O(n?) rotations per matrix M. In fact, it is a bit more to account for the
probability of failure at each of the £ sequence steps. A rigorous analysis will follow.

Here we state the main lemma on the coupling process.

Lemma 2.2.5. Let
13y/n
02%¢

t > 2n*%log

for0<d <1 ande>0. Then

P(T5>t) =P (|4 - By >0 <e

Lemma 2.2.5 easily implies the main theorem.
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Proof. (Theorem 2.1.1) Note that for any z,y € SO (n,R) we have

Iz = yllp < 2vn.

Now, using Lemmas 2.1.2 and 2.2.5 for 6 = §, € = ﬁ, we get

€ €
P U —+2yn-——= =
p( ’)<3+\/ﬁ3\/ﬁ €,
for
1
t = 2n2‘510g%
(5) "3/
8
< (3712'510g—ﬁ
€
— O( 2‘51 IL_)
n Oge ;
as desired.
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2.3 Proofs of results

Proof of Lemma 2.1.2.

Let M' be a joint distribution of P* and Q*, and L = sup, ,cx d(z,y). For any f €

- 1// () — £ () dP* () dQ' (5)
- ’// (@) - f (v)) dM* (x, y)‘

Lip (1) we have:

’/fd(Pt

< [flr@-rwlat ey

< // (z,y)dM" (x,y) + // (z,y) dM" (x,y)
d(z,y)<d d(x,y)>4d

< 0P (d(z,y) <0)+ LP(d(ze, ) = 9)

where the probabilities P are taken with respect to measure M*. From definition of
the stopping time 75 and assuming that the distances do not increase after T, we

obtain

P(d(xt,yt) > 5) = P(T‘; > t),

and the lemma follows. Od

Proof of Lemma 2.2.2.

a b cosa —sina a b cosf3 sinpg
d d sina  cosa c d —sinf cosf .

We have
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Therefore,

a+d = (acosacosf — csinacos — beosasin B + dsin asin §)
+ (asinasin B + ccosasinf + bsin a cos 8 + d cos a cos ()

= (a+d)cos(a—p)+ (b—c)sin(a - 0).

Let

rz\/(a+d)2+(b—c)2.
If r =0, then

d+d =a+d=b—c=0,

and the inequality (2.5) holds for all 4. In this case we can take any 8 uniformly
distributed on [0, 27) (for instance, we may choose 8 = a).

Suppose now that 7 > 0. Let us define an angle 6 so that

cosd = a_-::—_d and sinf = bﬁc.

(2.6)

Finally, let

Then we have

a'+d = (a+d)cosf+ (b—c)sinf
= rcosf-cosf +rsinf-sinf

=T

Observe that § = a — 3 depends only on Q. Therefore, if o has the uniform distri-

bution over [0, 27), then so does (3.
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Without loss of generality we can assume that a? > d2. Since

a b
c d

is a minor of an orthogonal matrix, we get that |b| and |c| are bounded from above
by v/1 — a2. Indeed, all rows and columns of @ are of length 1, hence a? + ¥? < 1
and a® +c® < 1.

Now we get

r? = (a®+ b)) + (¢ +d®) +2(ad — bc)
< 1+1+2(a2+\/1—a2\/1—a2)
= 4,

which implies that » < 2. Finally, we have

(@ +d)—(a+d) = r—rcosh

2 r (1 — COS 9) . 1-“*;;3_(:30.
1
= 5 (rsin§)?
1
2 Z (b - C)2 )
which completes the proof. O

Frobenius distance via the eigenvalues

Define Sy = Qi — QF, for all k > 1. In view of Lemma 2.2.2, we need to estimate the
entries of Sy in terms of Q. The following result expresses the Frobenius norm ||Sk||7
via the eigenvalues of Q.

Let Ai, ..., A, be the eigenvalues of an orthogonal n x n matrix ). The analysis
differs slightly when n is even or odd. Let m = L%J Recall that if A is an eigenvalue

of Q, then X (the complex conjugate of A) is also an eigenvalue of Q. Therefore, we
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can order Ay, ..., A, so that for all 1 < i < m we have Ay; = Ag;_1, and let A, =1
if n is odd. Denote by z;’s and y;’s the real and imaginary parts of the eigenvalues,

namely:
Aic1 =X + vV -1, Aoi = x; — 1V —1, where 1 < i. < m. (2.7

Lemma 2.3.1. For any orthogonal n X n matriz Q, the following holds:

Q- Q=8> (1-). (28)

k<m

In particular, if ||Q — I||p <2, then

2
[Q—QT|I% >8> (1—m). (2.9)
k<m
Proof. Let vy, v, ..., v, be the eigenvectors of @ corresponding to eigenvalues A;,

A2, ..., Ap. Since Q is orthogonal, then
QTQ=QQ" =1,

and all absolute values of \; are 1, in particular, they are not equal to 0. Then for
any 1 <7 <n we have
vi = QTQv; = \Q"v;.

Therefore, vectors vy, v, ..., v, are eigenvectors of Q7 with eigenvalues Ay, X, ...,

An. Now we obtain

(Q - QT) Vi = ()\i - )\,-) v;.

Hence, the matrix S = Q — QT has eigenvalues

23 v -1, £2yv -1, ..., £2y,vV—-1.
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Thus, the singular values of S are
2{wl, 2lyils 210wel, 2Mwel,s -5 2 [yml 2 [yml
if n = 2m, and
2|0l 2lyl, 21yel, 21y2l, -5 21Ym] 2yl , O,

if n = 2m+1. In both cases the square of the Frobenius norm of S can be represented

as follows:

AR

I
{
Ny
[N
~
&
T

and using (2.7), we conclude with (2.8).
If now ||Q — I||» < 2 then relation (2.4) implies

2(1-xk)=ﬁﬂ<1.

2
k<m

Therefore, for all 1 < k < m we get zx > 0. Hence
1—zi=(1—-2)(1+x4) > 1 -1y,

and (2.9) follows. O
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Proof of Lemma 2.2.3.

For any n x n orthogonal matrix @, define

n@ = Y (1-z)

i<m
n—TrQ
2

1
ZI7- QI

(2.10)

and let 7, = 1 (Qy).
Applying inequality (2.5) for the coordinate pair (%, j) chosen at step ¢, we obtain

(Tr Qo1 — Tr Q)

(Qt,ij - Qt,jz’)za

T —Th+1 —

2

00| = DNo| =

where () ;; is the ij-th entry of ;. Since

1Q: — Iz < |Qo — Il <2,

we can get the following upper bound on the expected value of 74 with respect to

the choice of (3, 7):

Egy < me— %E (Qeis — Qi)
< - % . % Z (Qri5 — Qugi)’
1<i,j<n
< n-plle-e:
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Induction on ¢ and the fact that 7 = 3 (n — Tr Qo) < 1 give

Now, the Markov inequality implies

P(|Q:—I|lp 2 9)

Il
lae]
A~
=
A4
N
~—

IA

Therefore, we have

n? 4

P(Q.—I|ly>68) <e for t> ~log =,

which concludes the proof. O

Proof of Lemma 2.2.4.

First, consider the case when all eigenvalues of M; are different. We will choose all
matrices M, ..., M, so that they have the same eigenvectors vy,...,v, as M, has.

Let
exp ($7V7T) ..., exp (¢7v/=T)

denote the eigenvalues of M,,. Without loss of generality, we can assume that all ¢
belong to (—n,w) for all m < £ and ¢ < n.

Let & be a positive number to be chosen later, and let the function fy (z) be defined
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as follows:
x—0 ifzx>40,

folx)=1< 0 if |z] <86,
z+60 ifzx<-0.
Now let

ot = fo (47) forall i <n, m < Z.

Note that fy is an odd function; therefore, we have ¢! = —¢**! if g™ = —¢™ for
some values of a and b. Hence, all corresponding M,, belong to SO (n,R).
Since all matrices M, have the same eigenvectors, we obtain that the eigenvalues

of My,11 MY are the following:

exp (( T+1 - ¢T) \/—_1) y -+ €XP (((r/)?—H - ¢:Ln) \/__1) :
Observe that
|fo(z) — 2| < 6.

Therefore, the real parts of the eigenvalues of Mm+1M;",; are at least cosd.

Thus, by Lemma 2.2.1, we have

”Mm_Mm+1”F = \/271_2TrMm+1M£

< 1/2n—2ncosf
62
< \/Qn—Zn (1—5)

N

Let us choose 6 = 1/y/n. We obtain ||M,, — My,11]|p < 1. On the other hand, for

every i < n we get ¢f = 0 if
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Indeed, if ¢f > 0 for some i, then

> 440> ARz =

which contradicts the assumption ¢? < 7. Analogously, #¢ cannot be negative. There-
fore, all eigenvalues of M, are equal to 1, i.e. M, = I.

In the case when eigenvalues of My are not all different, choose any matrix M,
within distance 1 from M, with distinct eigenvalues. Applying the above construction
to M;, we get the desired sequence of length at most w+/n + 2. This completes the

construction. O

Proof of Lemma 2.2.5.

Note that for any auxiliary matrix M} there is a probability of failing to couple two
matrices. Recall that we stop the coupling procedure if we fail at a certain stage.

For each matrix My, 1 < k < ¢, we make 7 = ["—; log %ﬂ steps. Then, by
Lemma 2.2.3, we have

P (”ATMI - BT“F > 6) <

(3 o)}

and

bl

| ("Aker — Birllp =6 ' | Ak-1yr M1 — Bge—ryr || < 5) <

> m

for all 2 < k < £. Thus, after 7 steps we have:

I4
P (I Aer = Bimellp 2 8) < S P (lAwMi — Birllp > 0)
k=1

£
<33
k=1

= €.

Note that £ < wy/n + 2. Hence, we can couple Ay and B, with probability of
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success at least 1 — € in at most

13v/n
02%¢

t = 2n*°log steps,

which accomplishes the proof of the lemma.
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2.4 Remarks

Our result can be used to show convergence in O (n“’ log g) steps in the discrepancy

metric D defined as follows:

D(P,Q) =sup|P(B) - Q(B)[,

where the supremum is taken over all closed balls B with respect to the Frobenius
metric.

It is unclear whether our results can be used to improve the super-exponential
upper bound on the mixing time for the ¢;-distance in [13]. As far as we know, there
is no general result establishing a connection in this case.

The main result in [25] (see also [49]) is the O (n®) upper bound on the convergence
rate of the entropy. This is related to Kac’s original question [29]. We hope that our
results can be used to prove stronger bounds.

In our coupling construction for technical reasons (to avoid a small eigenvalue
problem) we have to choose a O (1/n) sequence of “target matrices” M;. While this
sequence cannot be easily shortened, we believe that our coupling process is in fact
more efficient than our results suggest.

Recall the basic coupling process we constructed with same pair of coordinates
and 8 = () as in Lemma 2.2.2. We conjecture that in fact this process mixes in
O (n®logn) time, a result supported by experimental evidence. This would further
improve the upper bound of the mixing time of Kac’s walk to nearly match with the
trivial lower bound.

As noted in [13], the study of Kac’s random walk is strongly related to study
of random walks on SU (n,C) by random elementary 2-dimensional rotations. In
fact, the technique in [13] and of this paper can be directly translated to this case.
These walks are closely related and motivated by quantum computing |2, 46|, more
specifically by quantum random walks [1].

One can easily modify our coupling construction to obtain an O(n?logn) upper

bound for the corresponding random walk on the unit sphere S"! C R™. The im-
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provement has to do with a O(1) sequence of required “target matrices” in this case.

A lower bound 2(n log n) was conjectured in |3, 34]. Moreover, Maslin conjectures
a sharp cutoff in this case [34]. It is also possible that our basic coupling mixes in
O (nlogn), but as of now such a result seems infeasible.

The analogue of Kac’s random walk on SL (n,F,) was studied in [38| and is shown
to mix in O (n®logn) steps. Unfortunately, the stopping time approach in that paper
does not seem to translate to the compact case. It is unclear whether the generalized
coupling approach can be used to improve Pak’s bounds.

It seems that the coupling for random walks on compact sets has rarely been used.
Let us mention [41], where an exact coupling was used to bound the mixing time. We

hope our version of the technique will lead to further examples.
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Chapter 3

Coupon Collector’s Process on Posets

3.1 Overview

In this chapter we will consider in detail the coupon collector’s process. The discussion
is organized as follows. In Section 3.2, we prove a few simple and auxiliary results.
In Section 3.3 we will study the tail probabilities. Section 3.4 is devoted to the
proofs of Theorems 1.2.4 and 1.2.6. Inequality (1.10) is proved in Section 3.6, and its
generalization for higher moments is given in Section 3.9. We consider shallow posets,
i.e. the posets in Theorem 1.2.8, and grids R,, in Section 3.7. Section 3.8 contains the
proof of Theorem 3.8. Finally, in Section 3.10, we will consider combinatorial aspects

of integrals over chain polytopes.

3.2 Auxiliary properties

3.2.1 Stochastic domination

Let X and Y be real random variables. We will say that X stochastically dominates Y
and write X > Y (not to be confused with the partial order in posets) if for all ¢t € R:

P(X>t)>P(Y >t). (3.1)
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Proposition 3.2.1. If, for sample probability vectors p = (p, ..., pn)T and q =
(qu,--- ,qn)T, we have

pi <q foralli,

then, for any poset P on n elements,
(P,P) =7(q,P).

Corollary 3.2.2. The function E7* (p,-) is decreasing with respect to each p; for any

positive integer k.

Proof. In order to prove Proposition 3.2.1, note that we can turn the process with
sample probabilities q into another with probabilities p as follows. Whenever we
sample coupon k under q, we accept it with probability % and reject otherwise.
Obviously, now coupon & will be sampled with probability px. Observe that under this
reduction, if within the process governed by p we insert coupon % into the collection,

we can insert this coupon within the process governed by q. Therefore, we have
P(r(q,P)<t) <P (r(p,P) <?).
To prove Corollary 3.2.2, note that

Ek(p,P) = / ktE1P (7 (p, P) > 1) dt

0

A\

/ k1P (1 (q, P) > £) dt
0
E7é(q, P)

for the continuous version, and

Eh(®P) = Y |m+1)*—m*|P(rp(p,P) >m)

=0
> 3 [(m F1)F - mk] P (b (q, P) > m)

m=0

= E7p (q7 P)
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for the discrete process. It is not hard to see that if p; < g; for some 4, then the

inequalities become strict. O

We will also say that poset Q = (B, <) is a subposet of poset P = (4, <p)

if B C A, and for any two elements i,j € B we have
1 =<qj if i=<pj
Proposition 3.2.3. If Q = (B, <q) is a subposet of P = (A, <p), then

T(P,P) = 7(q,Q),

provided the sample probabilities of elements in B given by the vector p coincide with

the sample probabilities given by q.

Corollary 3.2.4. Under the assumptions of Proposition 3.2.3, we have

ET* (p,P) >E7*(q, Q)

for any positive integer k.

Proof. In order to prove Proposition 3.2.3, it remains to note that if at any moment
we can insert coupon k into P, we can insert it into Q. The proof of Corollary 3.2.4

is similar to the proof of Corollary 3.2.2. a

Example 3.2.5. Since any poset P on n elements is a subposet of S, (appropriately

ordered), and Z, is a subposet of P,, we easily obtain that
T (p’In) j T (p7 P) j T (p: Sn) .

3.2.2 Recursion

In this section, we will consider the poset P = (S, <) on n elements, whose sample

probabilities are given by a vector p. Whenever we deal with posets on subsets of S
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with the same partial order <, we will assume that the sample probability of any
element is the same as its sample probability in P given by p. For the sake of brevity,
we will omit p in notation.

Denote by P\ {¢} the poset which is obtained from P by removing the element 3.
Let us also say that an element 7 is a minimal element of P if there is no element j

in P such that j < 4. Then we have the following recursion formula for the CCP on

posets.
Theorem 3.2.6. If elements 1,. ..,k are all minimal elements of the poset P, then
1 k i
ET(P)= + . ET(P\{i}). 3.2
) Pit...+ D ;p1+...+pk (PALD (32)

Proof. Let 7; denote the stopping time of picking element ¢ for the first time, and let
t = min 7;.

1<iLk

Then, for the discrete process we have
ET(P) = gf’r(n =) [E(n|n=28)+Er(P\{})
= gPr(n =OE(n|n=1) +gPr(n- =t)E7(P\{i})
= ]Et+iz:;Pr(7—,v =t)ET(P\{i})-

It is easy to see that

Pr(net)e— P
it ok

Also the random variable ¢ has the geometric distribution with parameter

P+t Dk
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Thus, its expectation is
1

Et=—————.
pP1+...+ Dk

The recursion for the continuous process can be established in a similar way. It

also follows from Lemma 1.2.2. O

Corollary 3.2.7. For a poset P, the ezpected value E7 (p,P) is a function of n

variables py,. .., pn such that

N(pla"'7pn)

]ET(pJP)= D(pl . p )7

(3.3)

where N and D are both homogeneous polynomials with positive coefficients and deg N =

deg D — 1. Moreover,

D(py,....p)= [] x(a)-p (3.4)
a€ACh(P)

Proof. Identity (3.2) implies that E (p,P) is a rational function. Thus, there are
polynomials N and D such that (3.3) holds. Also, from (3.2) we have that E 7 (p, P)

is homogeneous with degree of homogeneity equal to (—1). Thus,
deg N =degD — 1.

It remains to note that relation (3.2) implies that

1
E7(p,P)= Z H x@) P’

A acA

where the sum is taken over certain sequences A of antichains, and in each sequence A

every antichain appears only once. Therefore, we can choose D as in (3.4). O

Although we can give a short formula for D, we have no nice expression for V.

In particular, for the classical coupon collector’s process we obtain the following
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Corollary 3.2.8. Let elements of the poset I,, have equal sample probabilities p. Then

1 1/ 1 1 i
]ET(p,In)—E'Hn—E(1+§+...+;). (30)

Proof. Let E, = E(p,Z,). Since Z, \ {i} = Z,-1 for any element : € Z,, we get
from (3.2) that

1 < 1 1
En='_‘+2£‘En—l =—+--E,,.
np < np np ' p
Now, using the fact that By = 1, we easily obtain (3.5) by induction. a

For p = Z, this result was first proved in [18, IX.3].

47



3.3 Tail probability and the Markov chain approach

This section is devoted to the proof of Theorem 1.2.3. First, we will prove the theorem
for the posets S, and Z,, and then, by using Example 3.2.5, we will extend it to any

poset on n elements.
Lemma 3.3.1. Theorem 1.2.8 holds for posets S,, and I,, for any positive integer n.

Proof. Let us assume that all sample probabilities are different. Thus, without loss

of generality we can assume that
0<p;m<...<pa <1l

First, we consider the discrete process. Let 7; denote the stopping time when we

collect element i. Then for Z,, we have

P (7p (L) >m)=P (U I > m]) ,

and by the inclusion-exclusion principle

P(rp(Z)>m)= > (-)¥P (ﬂ [ > m]) ,

Je2n #J>0 i€J

where 2" stands for the family of all subposets of the set {1,...,n}. It is not hard to

see that
Finally, we obtain

P(p(L)>m)= >, (-)¥ (1 - ZPﬂ) : (3.6)

JE2n #T>0 ieJ
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Thus, we have

P
lim — logP (o (Z,) >m) = nigréo 7_11,_ log (’?17 (I"))i, m) +log (1 —p1)
= lim —log Z (-1)*’ ( — E"ejpz)
Mo M e
+ log (1 —p1).

Now for any J # {1} we get
1= s pi

<1
1-m ’

hence when m gets large, the sum in the last display tends to 1, and we proved (1.3)
for Z,,.
Let us proceed with the proof of (1.3) for S,. By Lemmas 1.2.2.and 3.4.4, it

suffices to consider the case when the elements are ordered as follows:
1<2<...<n.

In the proof we will consider a corresponding Markov chain.
Let state S; for 0 < 7 < n represent the event when we have collected i elements.

Then, the transition probabilities have to be the following:

p(Si—8) = 1—pi ifi<n,
p(Sn—S) = 1,

p(Si— Sip) = 1-pina.

The initial distribution 7° of the Markov process is given by the vector

and for any integer m > 0 we have



where the transition probability matrix M is defined as

(l—pl 0 0 0\
n l-p 0 0

M= :
0 0 l-pn 0

In addition,

P (7p(Sp) <m) = (7"), .1,

where (v),; denotes the i-th entry of vector v.

It is not hard to see that the eigenvalues of matrix M are
1—py, 1=po, ..., 1—pp, 1,

and each has the unique corresponding eigenvector v* so that

Mvi=(1-p)Vv* foralll<i<n,

and

Mv=wv.

Observe that the vector v represents the stationary distribution (0,0, .

Thus, decomposing 7° in the eigenbasis, we have
n
T =v —+ Zﬂiv’ (1 - pt)m
i=1

for some Gi,.. ., Gn.

.,0, D)7,



This implies

P (1p (S,) > m)

Il

1- (ﬂ-m)n-{-l

= 1-(V)pu1— Zﬁi (Vi)n+1 (1-p)"
i=1
= =2 B -
i=1
In order to prove (1.3) for S,, it remains to show that
B (V') s #0.

It is not difficult to see that we can choose v! as follows:

( 1 \

_Dh
pP2—p1
vi= P _pp
P2—P1 p3—p2
yul Pn-1 Pn /
p2—p1 """ Pn—DPn-11-pn

It is also transparent that the first entries of v* for i > 1 are equal to 0. Since (#°), =

1, for v! chosen as above we have

fr=1 and (vl)m_1 # 0.

This finishes the proof of (1.3) for S,,.
In order to prove (1.4), note that in both cases the tail probability can be expressed

as follows:

PpP)>m)= Y 1 (1—Zpi)

a€ACh(P),#a>0 ica

for some 7, indexed by antichains in the poset, and v, # 0 if a = {1}. From (1.2.2)
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we have

P(o(P)>0) = Yo 3 fya(l—zpz)

m=0 " a€ACh(P),#a>0

= > aexp (—thi) -

a€ ACh(P),#a>0 ic€a

Since the minimal value of )., p; is achieved only on a = {1}, we have:

PaeP>0_ s o (_t;__g_) »

—tp1
e
a€ACh(P),#a>0 n

as t — 0o, which yields (1.4) for both posets.

If more than one sample probabilities are equal t0 puyi,, then the lemma follows

from Proposition 3.2.1. g

In order to prove Theorem 1.2.3, it is enough to note that any n element poset P
is a subposet of Sy, and Z, is a subposet of P (see Example 3.2.5). Thus, by Propo-

sition 3.2.3 we have

P (mp (Z,) >m) <P (rp(P) >m) <P (rp(S,) >m),

and

P (1¢(Z.) > 1) <P (1¢ (P) > t) S P (7c (Sn) > 1),

and Theorem 1.2.3 follows from Lemma 3.3.1.

As an outcome of the proof of Lemma 3.3.1, we obtain the following fact.

Corollary 3.3.2. The discrete coupon collector’s process on poset P can be modeled
as a Markov chain whose states correspond to the antichains in P, and each state
represents the set of minimal elements that have not been collected yet. For any

antichain a, let S, (i) denote the state after adding element i € a to the collection.



Then the transition probabilities of the Markov chain are given as follows:

p(Sa—S)=1-) m,
i€a

p(Se — S (@) =pi foralli€a.

The transition matriz of the Markov chain has # ACh (P) eigenvalues which are

1- "p; forallac ACh(P),

i€a

and each has a full corresponding eigenspace.

There ezist coefficients 7,, which are polynomials in m such that

P(p(P)>m)= Y, % (1—sz-) ;

a€ACh(P),#a>0 ic€a

P(rc(P)>t)= ) Yeexp (—thi)

a€ACh(P),#a>0 i€a

for all t > 0 and integer m > 0 (here the sums are taken over all non-empty an-

tichains of P). Moreover, the coefficient y, corresponding to the second largest eigen-

value (1 — Pmin) 5 positive.

Remark. If

> oni# Y m

i€ay i€az

for any distinct antichains a; and as, then the coefficients «y, are independent of m and

are some functions of p. The polynomial dependence on m arises when the transition

matrix of the corresponding Markov chain has eigenvalues with multiplicity greater

than 1.
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3.4 Continuous version

In this section, we will consider in detail the continuous CCP on an n element poset P

with sample probabilities assigned by a vector p = (ps, - - -, pn)T‘

3.4.1 Comparison with the discrete version

First, we will prove Lemma 1.2.2, which establishes the connection between the dis-

crete and the continuous version.
Proof. (Lemma 1.2.2) Let
po=1-) p:
=1

First, assume that pop = 0. Denote by M (t) the number of coupons that have ar-
rived (but not necessarily have been collected) by time ¢ in the continuous process.

Obviously, the quantity M (¢) assumes non-negative integer values. Then we have

P(rg>t)=Y P(M@#)=m)P(rc >t| M(t)=m).

m=0

Note that if we condition on the coupons that came prior to time ¢, the event 7o >t

will be the same as in the discrete process with the same first coupons. Therefore,
P(re>t|M(@)=m)=P(rp>m).
Also, the arrivals of coupons occur as a Poisson process with rate . ; p; = 1, hence
P(M(t)=m)= et
=m)=—e™".

Combining these facts, we get

P(rc>t)= Ze”t:—n—'P (tp > m).
m=0 :

It order to deal with the case py > 0, let us add a coupon with sample probabil-



ity po, and ignore it each time it is drawn. Obviously, the relation (1.1) still holds;
however, the random process on the original coupons is the same.

To conclude the proof of the lemma, observe that
Ec = / P (¢ >t)dt
0

= S P(rp>m) (/Oooe‘t%dt).

m=0

Since for any non-negative integer m

/ e tt"™dt = m!, (3.7)
0
we have -
Etc = ZP(TD >m) =Ep,
m=0
as desired. ]

Corollary 3.4.1. For any positive integer k we have

Eré:i [Z]ET,’B, (3.8)

m=1

Erh = i (=1)F™ {;}ET(’;, (3.9)

m=1

where [k ] and { :1} stand for the Stirling numbers of the first and the second kind,

m

respectively.

Proof. We have

ETs = / kt*=1P (1¢ > t) dt
0

= Z P (1p > m) (/ ktk'le"t—t—|dt) :
0 m!

m=0
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Relation (3.7) yields

= +k-1)!
ETs = ZP(TD>m)'k————(m — )
m=0 '
fere} k-1
= > P(mp>m)-k[[(m+1i).
m=0 =1

It was shown in [19, Chapter 6] that

Using this, we get

ET¢

k

kﬁ(m+i) =Y [TIZ] ((m+ 1) —m’) .

i=1

"‘;P (tp > m)g [:@] ((m+ 1)+t — m")
[ orims )

i=1 m=0

zk: [:z] E7p.

i=1

Reverting (3.8), we obtain (3.9) (see [19]). O

3.4.2 Parametrization

One of the advantages of the continuous process is that it admits a simple parametriza-

tion. Denote by 7; the stopping time when we add element ¢ to the collection, and

let

Ty =Ty — ma;crj.
7=t

Note that the stopping times 7; are almost always finite, thus, so are the random

variables ;.

Proposition 3.4.2. For any 1 < i < n, the random variable z; has the ezponential



distribution with parameter p;, namely
P (Xz > t) = e“""t

forallt > 0.

Proof. In order to collect element i, we have to collect all the coupons preceding 1,
which takes time y; = max;<; 7;. Then we have to wait until the coupon ¢ comes for
the first time, which takes z; in addition. Note that y; is a stopping time, and the

Poisson process is a strong Markov process. Thus, the quantity
P(JL,, >1 Iy‘i '—‘tz)
depends on ¢ = ¢; — {3 only, and the random variable x; has the exponential distribu-

tion with parameter p;. O

Knowing the random variables z;, we can easily reconstruct 7;. Indeed, if ele-
ment ¢ is a minimal element in P, then 7; = z;. Therefore, for any element i we can
recursively compute max;; 7; and set

T; = T; + MaxT;.
Jj<e

Proposition 3.4.3. Let Ch; (P) denote the set of all chains in P with the mazimal

element i. Then

T = Celglia((mx -x (e, (3.10)
and

T=c€né3(11<3)x-x(c), (3.11)
where x = (21,...,2,)".

Proof. Let Ch; (P) stand for all chains in the poset P, whose elements strictly precede

element i. Then

Ck; (P) = | JCh; (P),

j=i
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and hence

a. . C = I; max X- C
ccOhiep) x(c) ’+ce0hg(1>) x(©)

xX; max max X- C).
it j=i ceChy(P) x (0)

i

Thus, by induction we obtain (3.10).

In order to get (3.11), it remains to note that
Ch(P) = ELTJ)Ch,- P, and T= max 7.
This completes the proof. a

Thus, we can use random variables z; in order to analyze the continuous coupon
collector’s process. Combining Propositions 3.4.2 and 3.4.3, we obtain the following

fact.

Lemma 3.4.4. For any poset P on n elements with a sample probability vector p,

we have

P(rc(p,P)<t)= / pre P pre Py L. dx,, (3.12)
C(P)

and

00 0 k
k — —Phz1 —PnZn .
E7& (p,P) /0 /0 pre ...Dne [cexgg();))x x(c)] dz,...dz, (3.13)

for any k > 0.

Proof. Since we are going to deal with the continuous version only, for brevity we will

omit the subscript C. From Proposition 3.4.2, we easily obtain for 7 = 7 (p, P)

P(r<t)= / pre PP ppePrndr, L dxy,
T7<t

and

o0 00
ET* = / .. / ™ . pre”P1T | peTPrndry .. d,.
0 0

o8



Now relation (3.11) leads directly to (3.13).

Also Proposition 3.4.3 implies that condition 7 < ¢ is equivalent to
x-x(c) <t  for all chains ¢ € Ch(P).
From the definition of the chain polytope (1.5, 1.6), we get
T<t<=x€eClC(P),

and thus, relation (3.12) is proved. O

Example 3.4.5. Let us consider the poset Z,,. Since all its elements are incomparable,
the poset has n chains, each consisting of a single element. Therefore, the chain

polytope of P is a hypercube given by the following inequalities
0<z;,<1 foral 1<i<n.

With this, the relation (3.12) becomes

P(rc(p,P)<t) = / /pl .ppe P ey L dxy,

= (1—emt). . (1—ePi)
Thus, the tail probability can be expressed as follows:

P(rc(p,P)>t) = e P4 . e Pt e~(ptp)t = (Pn-1tpa)t

b (1) ket

and we obtain the classical result for the expected value

E7c(p,P) = /OOOP(TC(p,’P) > t)dt

1 1 1 1 (—1)™!
= — 4 — - e T
P1 Pn Y4 +p2 Prn-1 +pn P+ .+
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A slightly different derivation of this result is given in the proof of Lemma 3.9.1.

3.4.3 Support functions

In order to simplify the calculations and clarify the intuition, we will use support
functions when dealing with

nax x - X (c).

Recall that for any convex set B C R" its support function pp (x) is defined as

B (Xx) =supx-y. (3.14)
yEB

Note that if B is a polytope, we can replace sup by max.

Thus, if we consider the polytope A (P) in R™ which is the convex hull of
x (¢) for all chains ¢ € Ch(P),

then relation (3.13) becomes

oo o
E Tg (p, P) = / .. / pe” P .pne_p"z"(pA('p) (X)k dz;...dxz,. (315)
0 0

The polytope A (P) is usually called the antichain polytope of poset P.
Despite the variety of facts about support functions, we will be mainly interested

in the following properties.

Proposition 3.4.6. Let B and C be bounded convex sets in R™. If B C C then

v (x) < pc (%)

for any vector x € R".

Proposition 3.4.7. Let B be a bounded convez set in R™. Then for any vectors x,y €
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R"™ and any non-negative o and B we have:

vp (ox) = app (x), (3.16)

v (ax + By) < app (x) + Pes (y) - (3.17)

Proof. Proposition 3.4.6 and relation (3.16) follow directly from the definition of
convex functions. Thus, it remains to prove (3.17).

Due to (3.4.6), we can assume that o = 8 = 1. We have

supz- (x+Yy)

z€B
SUpZ-X+Supz-y
zEB zEB

vB (x) + 95 (y),

B (x+Yy)

IN

as desired. O

For element i of poset P let P; be the induced poset on elements which are

comparable with i. Namely, the set of elements of P; is
{jePljzior izj}
and for any elements j; and 7,
J1<je nP; <& j1<jp inP.
Lemma 3.4.8. For any element i of an n element poset P, we have
Jim, [E7* (p,P) —ET* (p,P:)] =0, (3.18)

Jim E7* (p,P) =E7* (p, P\ {i}), (3.19)
where k is positive integer.
Remark. The limit in (3.19) does not make much probabilistic sense in the discrete
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version since the sum of all sample probabilities cannot exceed 1. However, consider-
ing E 75 as an abstract function of n variables, the limit exists and the relation (3.19)

holds.

Example 3.4.9. Let us consider a poset P on elements a, b, c and d with the following
partial order:

a<c¢, b=<ec b=<d

Let the sample probabilities of these elements be p,, py, p. and p, respectively. It is
not difficult to show (for instance, through (3.2)) that
1 1 1 1 (patpy+pa)(patpe+tpa)

ErTP)=—+—+—+—— .
( ) Pa Db Pec Dd (pa+pb) (pa +pd) (pc+pd)

Taking the limit as p, — oo, we get

1 1 1 1
lim ET(P)=—+—+—— ,
Pa—00 Po Pc Pd Pt pd

which is equal to E7 (P \ {a}).

Also since element ¢ is the only element comparable to a, we have

1 1
ET (Pa) = - + )
Pa Dec

and thus,

il

lim (r(P)~7(P) = lm (l 1 _ (et potpg) (Patpet pa))

+
pa—0\pp Pa  (Pa+ Db) (Pa + Pa) (P + Pa)
1,1 (tp)@etpd

Dy Pd PoPa (Pe + Pa)

bl

as given by (3.18).

Before we proceed with the proof of Lemma 3.4.8, let us mention the probabilistic
intuition behind it. If p; is large, then in the continuous version the coupon ¢ arrives
much more often than the others. Hence, when it is possible to add the coupon i, i.e.

when all preceding coupons are already in the collection, it takes a small amount of
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time in comparison with completing of the rest. Therefore, the process behaves as it
would behave on the poset without element 7. If instead p; — 0, then all moments
of 7 will go to infinity, and the bottleneck is the set of elements that are comparable
with 3.

Proof. Corollary 3.4.1 yields that it suffices to prove (3.18) and (3.19) for continuous
version. Thus, to simplify notation we will omit the subscript C.

Without loss of generality we can assume that i = n. Let Ag and A; be the convex

hulls of vertices of .A (P) whose first coordinate is 0 and 1 respectively. It is not hard

to see that
Ao =A(P\{n}),
‘Al =A (Pn) )
thus,
pap) (x) = max (9.4, (X), 9.4, (%)) (3.20)

Denote by the prime (') the projection on the first (n — 1) coordinates.

Let
.’L‘j .
Yy =pjz;=—, 1<j<n,
Tj

and denote for brevity

Y1 Yn—1 Y Yn—1
L (171—"“’29:—1) and 1 =@y (17_1”1:——1-)

Now we obtain

PAP) = max (¢0, 01 + Thn) ,

hence (3.13) becomes

o0 o0
ET* (p,P) = / / eV ™V max (9o, 1 + TnYn)*dys - . . dyn.
0 0
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Let now p, — o0, or, equivalently, r, — 0. In this case,

plim E7* (p,P) :// e~V max (9o, 1) dys - . . dyn.
-0 0 0

Since all vertices of Ay are indicators of chains in P \ {n} and all vertices in Aj; are

chains in P that contain n, it is obvious that
Ay D A,
Therefore, Proposition 3.4.6 gives

Yo 2 1,

which implies

Pn—00

o0 o0
lim ET*(p,P) = / . / ek gy, . dy, =ETF (p, P\ {n}).
0 0
Let now p, — 0, or r, — oo. Since all chains in P, contain element n, we have

(o] o0
ET (p,P,) = / . / eV () + 7",,,yn)'c dy, . ..dy,,
o Jo

and therefore,

E T (pi P) - ETk (pa Pn) = / C_yl—"'—y"QOg dy1 e dy‘n
©wo>P1+rnyn

o o] o0
— /‘ . ./ e‘yl_--'_yn—lsog
o Jo
X (1 — exp (-ﬂ;—(ﬁl—)) dy, . ..dyn_1.

Using inequality 1 — e~¢ < £ which holds for all real £, we obtain

1 — exp (—%r—w) < %r—% = pn (o — 1) .
n n

64



This leads to

ET (p,P) —E7* (0,Pn) < P / / e Y10k (0 — 1) dys - - Ayt
0 ]

The integral in the last display is finite: it is bounded from above by

o o0
// e et ph gy dy,
o Jo

which is equal to E7**! (p,P \ {n}). Thus,
pljl_r’lo [ET* (p,P) —ET* (p,Pn)] 0.
On the other hand, poset P, is a subposet of P, therefore by Corollary 3.2.4
E7* (p,P) —E7* (p,P,) > 0.

This concludes the proof. a
Now we have all ingredients to prove Theorem 1.2.4.

Proof. (Theorem 1.2.4) Due to Corollary 3.4.1, it suffices to prove the theorem for
the continuous version only.
Note that Lemma 3.4.4 shows that if two posets P and Q have the same chain
polytopes, then
E7é(p,P) =E7§(p, Q).

Hence we have to show the converse.

In [48], it was proved that the chain polytope of a poset R is the convex hull
of indicators of all antichains of R. Therefore, it suffices to show that if elements i
and j are incomparable in P then they are also incomparable in Q. Let P’ and ¢’

be induced posets on the elements ¢ and j. Taking the limit of E7& as pyy — 00
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for m # ¢ and m # j, by (3.19) we get
E7é(P) =B (Q) (3.21)

for all sample probabilities p; and p;.

If elements ¢ and j in Q' were comparable, we would have

0 o
ETg (Q,) = / / pie—plr’ipje_pjzj (IITZ‘ -+ .'L'J)k d.I’ld.fE]
0 0

o o}
o= PiTi o~ PiTj o NF e do
> /) /0 pie P ipie P max (x;, ;)" drydx;

= E7c(P),

which contradicts (3.21). Thus, elements ¢ and j are incomparable in @', and the

theorem follows. O
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3.5 Convexity

Theorem 1.2.6 immediately follows from (3.15), because the expression for E 7% in-
volves integration of the support function which is convex (Proposition 3.4.7). A

more detailed proof is the following.

Proof. (Theorem 1.2.6). We will prove the convexity of E 7 for the continuous process,
which will entail the convexity for the discrete version. First, let us show that E7F is
a convex function of r for any k£ > 1.

Let a and b be n-dimensional vectors. With slight abuse of notation, we denote

by {a-b} and {a/b} the vectors

(a1b1,...,asb,) and (a1 an)'

b_l,...,gr:

Then for variables y; = Z we obtain from (3.13)

00 00 .
ETk = A .../(; e_yl.__e_yn [cmax X(C)-{y/p}] dyl--.dyn

cCh(P)

= /Ow.../oooe‘m...e‘”" [ max x(c)-{y-l‘}]kdw---dyn-

ceCh(P)

Now note that for vectors r, r’ and 0 < A < 1 we have

Jax x(c) - {y (r+(1-Nr)} < A mmax x (c) - {y -}

(A -A) max x(c)-{y-r}.

Thus, the function

f(r)=cgé%,)x(c)-{y-r} |

is convex in r for any vector y. So is function f (r)¥, since k > 1, which implies the

convexity of E7*.
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In order to show the convexity with respect to p, it remains to prove that function

gp) = max X (c)-{y/p}

is convex for any y. In the similar way, we obtain

N y
gAp+(1-A)p) = cerggg;,)x(C)'{m}

25,0 ({3} -0 {3})

IA

y Yy
< A - A
< /\Céggg;))x(C) {p}+(1 A)cggg(};,)x(d {p,}
= M)+ 1-XNg(P).
This accomplishes the proof of Theorem 1.2.6. a

Remark 3.5.1. We believe that higher moments for the discrete CCP are also convex.
However, since we do not have any convenient tool to analyze it, this question remains

open.

In [45] it was proved that
P (1p (p,Zn) > m)

is minimized on the sheet p; + po + ...+ p, =1 by p = 2 - 1. Although in [7] it
was proved that P (7p (p,Z,) > m) is a Schur-convex function of p, it is not convex.
Moreover, we can easily show that for any poset P containing more than one element

neither of the following quantities
P(rp(p,P) >m), P(c(p,P)>1)

is a convex function of p. The main idea is to take the limit when all but two sample
probabilities tend to infinity. Doing this, we can reduce the problem to posets Sy

or Iy, and for them we can verify the statement directly.
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3.6 Estimates for posets

In this section we will prove Theorem 1.2.7. The lower bound follows easily from
Corollary 3.2.4, and the upper bound is an outcome of convexity and estimates of E 7

on the boundary of an appropriate convex set.

Proof. (Theorem 1.2.7) Due to Lemma 1.2.2, we will consider the continuous process
only. V

In order to obtain the lower bound, let us consider the chain ¢ for which
L=x(d) r.
Obviously, the chain ¢’ is a subposet of P, and therefore,
ET(P)>E7(d)=L.
In order to prove the upper bound, note that condition
cergg%c))x(c) ‘r=L.
is equivalent to the following conditions on r = (ry,...,7,):

r; >0 forall 1<i<n,

x(c)-r <L for any chain ce€ Ch(P).

By the definition of the chain polytope, we get
reL-C(P).

In [48] it was shown that the vertices of the polytope C (P) are indicators of

antichains of P. Therefore, for any r there exist non-negative numbers o, indexed by
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antichains that

r=1L Z . x (a) and Z a, = 1.

a€ACh(P) a€ACh(P)

Now with slight abuse of notation, by convexity of E7 (Theorem 1.2.6) we have:

Er(r) = E7| Y oau-L-x(a)
a€ACh(P)

S eEr(Lox(a).

a€ACh(P)

IA

However, the quantity E7 (L - x (a)) is easy to compute: this is the expected time of
completing the collection of incomparable elements with equal sample probabilities %
The number of these elements is the size of antichain a which is at most M, therefore

from Corollary 3.2.8 we obtain
E7(L-x(a)) <L-Hy,

and finally

ET(r) < Y «E7(L-x(a)
a€ACh(P)

< > ol Hy
a€ACh(P)
= L-Hy.

This completes the proof of the theorem. O
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3.7 Chain bound

In this section, we will consider posets on elements with equal sample probabilities p,

i.e. the probability vector is p - 1.

Lemma 3.7.1. Let S, denote the completely ordered poset (the chain) on n elements.
Then
mp
P(rp(p-1,8,) > m) < exp (—mp+n+n10g—n—>, (3.22)

t
P (1 (p- 1,5 > 1) < exp (—tp rnst nlog%)) (3.23)
for any integer m > 0 and any real t > 0.

Proof. Let us first consider the discrete process. As usual, denote by 7; be the stopping

time when we collect element i, and let 75 = 0. If now z; = 7; — 7;—1, then
Tp=Z1+ ...+ Ty,

and z1,...,Z, are independent random variables that have geometric distribution
with parameter p.

For fixed m, consider m i.i.d. random variables 1, ...,y such that
P(yi=1)=p and P(y=0)=1-p.
Observe that for the discrete process we have
Pri>k)=Pyp+...+y <i),

where ¥ < m and ¢ < n. In other words, each random variable y; indicates whether

we add a new coupon (if any) to the collection at step i. Therefore,

P(rp(p-1,8,)>m)=P(y1 + ...+ ym <n).
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Applying the Chernoff bound, we get for any § > 0

e® "
Pyi+...4+yn <(1-98)mp) < ("(1—_‘5)—1_—5) ,

and choosing 0 such that
(1-0)mp=mn,

we obtain

P(rp(p-1,8) >m) < exp(—mpd—mp(1l—06)log(l—9))

n
= exp (—mp+n—- nlogm—p> .

For the continuous version, note that if p’ is fixed positive number and p — 0, the
random variable ;}7 - pxy converges in distribution to an exponential random variable

with parameter p’. Therefore, if p — 0 then in distribution

1 ,
27 'pTD(P' lasn) — TC (p : 17Sn)-

This implies
t /
P(rc(p' -1,8,) >t) <exp (—tp’ +n+log %) .

This concludes the proof of the lemma. a

Remark 3.7.2. In the proof, we use the reduction of the random variable 7 to a
sequence of binary i.i.d. random variables, and then apply the Markov inequality to
the moment-generating function of the sequence (this is how the Chernoff inequality
is established). We could also omit the reduction and apply the same procedure to 7
directly. However, in that case it was difficult to choose the value of parameter A in

E e to get a useful upper bound.

With Lemma 3.7.1 in hands, we can proceed with the proof of Theorem 1.2.8.

Proof. (Theorem 1.2.8) First, we will prove (1.11). Since expectations of 7¢ and 7p

coincide, we can consider the continuous process only.
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If £ = 1 then all elements in the poset are incomparable, thus E7 (p- 1, P) = %Hn,
and both inequalities hold. Hence, we can assume that k& > 1.

Consider a maximal element ¢ in P and the corresponding subposet P;. Let £ be
a linear extension of P;. Obviously, the poset P; is a subposet of £. Therefore, from

Proposition 3.2.3 we have
P(r(p-L,P)>t)<P(r(p-1,8) > 1)

for any ¢t > 0. However, the poset £ is a chain of length at most k, hence Lemma 3.7.1
yields
P(r(p-1,P;) >t) <exp (—tp+k+k10g%) )

If M (P) is a set of all maximal elements of P, then

-1 = P = .1’ i),
T(p-1,P) igdaéc:)r igda()é)v'(p P

and since M (P) contains at most n elements, the union bound gives
P(T(p- l,P) > t) < nexp (—tp+k+klog£k2) .

Let now

f{t) =nexp (—tp+k+klog%p) ,

and let £y > 0 be the smallest real such that for all £ > ¢3 we have

£(8) < 1.

Note that

f(%(lognka)) = neXp(—(logn+k)+k+klog -

exp (k log (1 + 19%))

2k

logn+k)

v
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Thus, we have

to > % (logn + k). (3.24)

On the other hand, we can show that

to < % (logn + kloglogn + 2k) . (3.25)
Indeed, if #' = > (logn + kloglogn + 2k), then
logl 2k
f({)=exp <—klog10gn——k+klog10gn+k Olf ogn+ ),

and inequality f (t') < 1 is equivalent to
logn
elogn > & + loglogn + 2.
However, for n > 3 we have
1
(e - 5) logn > loglogn + 2,

and the previous inequality follows since £ > 2. It remains to note that the func-

tion f (¢) is decreasing for ¢ > ¢/, thus for all £ > ¢’ we get

fO<fE)<L
Now we obtain

]ET(p].,P)

{l

/ooP('r(p-l,’P) > t)dt

- P(T(p-l,P)>t)dt+/wP(T(p-1,’P)>t)dt

0 to

INA

to+/0°of(to+f)d§-
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Observe that

M)

f{to+€&) = nexp (-—top”—ép—l-k-!—klog k

= f(to)exp (—fp + klog tot-: €> .

Inequalities f (¢) < 1 and

logiot——*_é:log(l-l—f—) S—f—

0 0

give

Er(p-1,P) < t0+/0 exp <*£p+ %5) dg.

Using (3.24) and (3.25), we get

to + /0 exp (—ép + %f) d¢

A

1 o0 k
_ - S
P +/0 exp( §p+logn+kp£)d£

1, [ 1
< ]_)t +‘/0 exp (—§p£) d§

1
= =(t+2).
p( )

Finally,
1
Er(p-1,P) < 5(logn+ kloglogn + 2k + 2),

which implies the upper bound in (1.11). The lower bound follows from Corollary 3.2.4
and the fact that the poset on n incomparable elements is a subposet of P.

In the similar way we can estimate the second moment of the continuous process:

ER(-1P) = [ 2P(o(-1P)>0d
0
to 00
= / 2tP(TC(p-1,'P)>t)dt+/ 2tP (¢ (p-1,P) > t)dt
0 t

< t3+fo 2(to+ &) f(to+ &) d
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We already established that

fto+§) <exp (—%M) ,

and using this, we get

e 1

B 1,P) < B+ [ 200+ 9o (-5 s
0

8+4pt0

= 24 .
0 p?

Therefore, recalling that k = o (m%;%ﬁ)’ we have for n — oo

Var7¢ (p-1,P) p*t2 — log? n + 8 + 4pt,

(E7c (p-1,P)) log®n
(kloglogn + 2k) (2logn + kloglogn + 2k)

log’n
logn + kloglogn + 2k + 2
log®n
1
& oglogn (2 " kloglogn
logn logn

= o(l).

+4

+ 0(1)> +0(1)

It remains to note that for the discrete process Corollary 3.4.1 implies the following:

Varp(p-1,P) = E75(-1,P)—EmH(p-1,P)
= (E72(p-1,P)~E7c(p-1,P)) ~E7c(p-1,P)
< E7¢(p-1,P)-E7c(p-1,P)
= Varre (p-1,P),

hence

VVar7p (p-1,P) = o(E7p (p-1,P)),
as desired. O
Applying Lemma 3.7.1 for all chains in the poset, we can prove Theorem 1.2.10.
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Proof. (Theorem 1.2.10) Again due to (1.2) we can consider the continuous process

only. Using the notation of Section 3.4, denote

() =x(c) x
for any chain ¢ in P. Then we have

T7(p-1,P)= X T (c),

and hence by the union bound we obtain

P('r(p-l,’P)>t)=P( max T(c)>t>§ Z P(r(c)>1)

ceMCh(P) ccMOh(P)

for any ¢t > 0. Since any chain c has length at most £, we have from Lemma 3.7.1

P(7(c) >t) <exp (—pt+£+£log%t),

which leads to
t
P(r(p-1,P) >t) < #MCh(P) - exp (—pt+€+€logp7) .

For the function

f(t) =#MCh(P) - exp (—pt +¢+Llog Pét-) ,
the equation f (t) = 1 is equivalent to

pt_, gﬁ=1+10g#MCh(P).

7 %7 7
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Thus, for all ¢ > %f* we have f (t) < 1. Finally, we obtain

ET(p-1,P) = /OmP(T(p-l,P)>t)dt
£€* [p o0
= [[TPeo- 1P s0ds [ PRS0

% /p
e [T (ev)
< =&+ £+t )dt
P€ 0 / P6

= %5*4—/ #MCh(P)exp(—E{*—pt+€+€log€€ z—pt)dt
0

_ ot [T _ ot

= p§ -I—/O. f(pﬁ)exp( pt+£10g<1+£§*))dt
L [ o (i 2

< pf +/0 exp( pt+£*)dt
1(,.,6 & )

= Z|¢ .
p(§+€*—1

The lower bound easily follows from the observation that the longest maximal

chain is a subposet of P. O

Corollary 3.7.3. For any integer k > 0 and any positive a1, ..., ax the limit
.1
lim —E7c(p-1,R(an,...,axn)) (3.26)
n—oo 1,

exists for every p > 0.

Proof. Denote for convenience
Rn.=TR(ain,...,axn).
First, we will show that the sequence E7 (p-1,R,) is super-additive, namely that
E7(P:1,Ratm) ZE7(p-1,Rn) +ET(p-1,Rm) (3.27)

for any n and m.

Indeed, let us consider the poset R, . The quantity in the right-hand side can
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be bounded from above by
E (maxx - x (@),

where the maximum is taken over all maximal chains which contain the element

(lain], ..., lan]).

However, in the left-hand side the maximum is taken over all maximal chains in
poset R, +m. Therefore, inequality (3.27) holds, and the sequence %IE’T (p-1,R,) is
increasing,.

Note that all chains in R,, have the same length which is
Lo=n(a;+...+a—1).

Also the number of maximal chains in R, is

kn(al +...4+ag-1) )

Denote by & the maximal root of

log # MCh (R,,)

& ~logy =1+ T

Then the sequence &, converges to the solution of
§—log{=1+k,

Hence by for sufficiently large n there exists a constant A > 0 independent of n such
that

§*
L., + —2— < AL,.
§n+§;_1 <

Theorem 1.2.10 implies
E7(p-1,Ry) < 3 AL,
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Thus, the sequence 2 E7 (p - 1, R,) is bounded from above and the limit in (3.26)

exists. d

The value of the limit can be computed exactly when k = 2, see [27] for detailed
analysis. In higher dimensions existence of the limit was discovered in many sources

(i.e. [12, 32]), however, its value remains unknown.
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3.8 Linear extensions of trees

Let #P denote the number of elements in the poset P and let Lin (P) be the number
of linear extensions of P. Let U (%) stand for the set of elements of P that precede or

equal i. Then the hook-length formula (see, for instance, [47]) for forests gives

o (#P)
Lin(P) = {7~y (3.28)

This is the key ingredient for the proof of Theorem 1.2.11.

Proof. (Theorem 1.2.11) Let us consider the sample probability vector p for which
p,=A#U(Z), ieP

where .
A= (Z#“(i)> .
i€P
Suppose that poset P has k£ minimal elements indexed by 1,2,...,k. Then any

linear extension has to begin with one of these elements, and the number of linear

extensions which start with 1 <i <k is

Lin (P \ {i}).

From (3.28) we have

Lin(P\ i}) = g7 -(iz—#ll)j Bl
which gives
Lin(P\{i}) _ #U@) _ p

Lin(P\{5})  #U() »p;
forall1 <i<kand1<j <k Thus, we obtain the correct distribution of the first

element in the linear extension.
However, after getting the first element we have to produce the first element of a

linear extension in the remaining forest. By the same argument as above, the vector p
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will induce the correct distribution. Finally, the distribution on linear extensions will

be uniform. 0

Theorem 1.2.11 might not hold for posets that are not forests. The hook-length
formula for the Young diagrams implies that we will need to change sample probabil-
ities after collecting a few first elements in order to produce the uniform distribution

on the linear extensions.
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3.9 Higher moments of the continuous process and
complete homogeneous symmetric polynomials

In some cases, we can compute the moments of the continuous process explicitly.
Recall that the complete homogeneous symmetric polynomial hy (21, ..., 2,) is defined

as a sum of all different monomials

a a3 an
21 29" . 2,

whose degree a; + ...+ a, is equal to &, i.e.

he(21,...,2,) = Z 2.z, (3.29)

ay+...+an=k

Lemma 3.9.1. For posets S, and Z,, we have

1 1

]ETg (p,Sn) =k!- hk (p—l, cray p—-) =k!- hk (7‘1, . ,Tn) . (330)

—_1)#IHt
Ets (L) =k ). U——k (3.31)

Je2n #J>0 (Zieﬂ’i)

In particular,
k! Kl (n+k-1
k . e o e

Erc(p-1,5,) pe he (1,1,...,1) e ( k ), (3.32)

k! 1 1

Since the moments of the continuous CCP are convex (Theorem 1.2.6), we obtain

the following fact.

Corollary 3.9.2. For any non-negative integers n and k the function hy (z1,...,,)

18 convez on the domain

{(z1,22,...,20) | 21 20,22 > 0,...,z, > 0}.
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Proof. For a chain S,, we obtain:

ETg (p,Sn) = / .. / pre P ppe P (2 4L+ xn)k dry...dz,
0 0

o0 o0
= / / pie ¥ p,ePnin
0 0

Koo,
Qan
X E —T——,wll...xn d.'I,'ld.'L'n
ay:...0n!

a1 +...+an=k

Z k' all an!
- al gl p¥ T pan
it Tam=k ai1l...a,! Py e

K- T (ll)
D Pn

Here all a; are assumed to be non-negative integers, and the summation is taken over

0

distinct combinations (ay, ..., ay)-

In order to get (3.31), note that

00 0o k
ETe(p,Z,) = / / pre T pueTPnin (max x,-) dxy ...dz,
0 0

1<i<n

n o) T Ti
E / pie—pil'im”; (/ . / ple—mn . .pi_le_pi-—lzi—l

X pi+1€_pi+lzi+1 . .pne_”"z"dxl e d:ri_ldx,-ﬂ ‘e dil,'n) d:r:,

n 00
.= Z/ ;z),-e_”"“”’m'i-c H (1 - e_p"’:") dz;.
=170

J#i

Il

Expanding the product and integrating with respect to z;, we have

ETg(p,In) = Z/ Pz‘fﬂf Z (—1)#J+lexp (—xizpj) dx;
i=1 70

Je2nied ged
n #741 k!
= >y, () —
i=1  Jeanied (Ejerj)
(™

pj’

=k >

k1
Jean #J>0 (ZjEJ pj) jeJ
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and (3.31) follows.
Plugging in p; = p, we get

. (_1)#J+1
Ere(p-1,Z,) = k! —
Je2n #J>0 (p-#J)

— Kl zn: (?) ("gﬂ

=1

Therefore, it remains to show that

Hk(n):hk (17—;-171>

n

For £ = 1 we have

Finally, substitution { = 1 — £ leads to

11 _ rn
Hn) = [ T

1
- / (I+¢+C+...+ N dC
0
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Let £ > 1. In the similar way we obtain

n—1

i = (1) v () ([ o)
- [ e () e e

1=

e T-(1=¢&...)"
_ /0/0 e

Hy(1)=1=hi(1).

If n =1, then

If n > 1, we have

Hy(n) = /01.../155(1—51.,.§k)id§1...d§k

0 =0

1 1
Hk(n—l)+/0 /0 (1—&...&) 1 dey ... deg.

Integration with respect to & gives

1 11 (1 n
Hk(n—1)+/0.../01 U-& &) déy ... dEy

Hy () né .. &

I

1
= Hk (TL - 1) + ;Hk~1 (n) .
However, from the definition of complete symmetric functions we obtain
hi (Zl, R ,Zn) = hy (Zl, R Zn—l) + zphp_1 (Zl, e ,Zn) . (334)

Therefore, quantities Hy, (n) and hy (1, ey %) coincide when either £k =1 or n = 1,
and satisfy the same recurrence. Thus, they are equal, as desired.

The relation (3.32) follows directly from (3.30) and (3.34). O

Theorem 3.9.3. For finite poset P and integer k > 1 we have

he (s - Pi ) < k < LF-KH. (M .35
. gi?eXCh(’P) k(pn 7pm)—-ETC(p7P)— k( )7 (3 3“))
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where M 1is the mazimal size of an antichain in the poset, and

Hy (M) = i (jtf) (‘ilzm — Iy (1, % o —Al-j) . (3.36)

i=1

Proof. The theorem can be proved in the same way as we established Theorem 1.2.7.
Indeed, let

Cc = (il,iz,...,’im)

be a chain in the poset P. Corollary 3.2.4 gives
Eé(c) SETE(P).

Now using Lemma 3.9.1 and taking the maximum over all chains, we obtain the lower
bound.
With notations in the proof of Theorem 1.2.7, we get by Lemma 3.9.1 that

ETE(L-x (a)) < LF-kH, (M),

and convexity gives the upper bound. )

87



3.10 Integration over the chain polytope

3.10.1 Motivation

Let us consider the continuous CCP on the poset P that consists of three elements a;,

as and az so that

a; < az < as.

Assuming the corresponding rates to be p;, po and ps respectively, let us com-
pute P (7¢ < t). Since the only maximal chain of P is (ai, a2, a3), then the chain

polytope of P is given by the following inequalities:

120,22 20, 23 20,

T+ a2 +x3 <1,

where variable z; corresponds to element a; (1 < ¢ < 3). Therefore, formula (3.12)

gives

t t~11 t—Il—xg
P(r<t)= / d:nl/ dxzf dzxs p1paps €xp (—p121 — paTa — PaT3) .
0 0 0

Evaluating the integral, we get

P(r<t)=1- epapy e ppy ey (3.37)
(p1—p2) (pr—ps) (P2 —p1) (P2—ps) (ps —p1) (s — p2)
The Markov chain approach used in Section 3.3 also gives the same answer. So does
the Brion’s formula (|8]) which is a standard tool to integrate exponents of a linear
function over a polytope.
Although relation (3.37) is not complicated, it not trivial why there is no singu-
larity if p; — p2. A possible way to cope with these problems is to compute a power

series of P (7 < t) with respect to t. We leave this technical procedure to the reader
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and give the final answer

3 t4 5

t ¢
P (1 < t) = p1paps (5 0 b1 (p1,p2,p3) + R ha (p1,p2,p3) — ) ,  (3.38)

where h; are the complete homogenous symmetric functions introduced in Section 3.9.
Now the problem with singularity is resolved, since each coefficient is symmetric in
variables p;, p2,ps, and it is not difficult to prove that the series converges to a C*

function. See formula (3.44) for the generalization of (3.38).

3.10.2 Proofs

As we mentioned in the introduction, representation (3.38) is a consequence of The-

orem 1.2.12. In order to prove it, we need an auxiliary fact.

Lemma 3.10.1. For any n element poset P and n-dimensional vector
m = (my, my,...,My)

with positive integer entries we have

—1)! —1)!
/ gl gl g, = M Db "(m" D! e (m). (3.39)
c(P) Im|!

We postpone the proof of the lemma for a moment, and show how Theorem 1.2.12

follows.

Proof. (Theorem 1.2.12) Relation (3.39) implies

¢ml

/ g7 g ey = o (= 1)) (g — 1)le (m),
te(P) fmal!
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or

a...a, (lm| —n)! mi—1 ma—1
/C(P) (lIm| = n)! (my — 1)!... (m, — 1)! (a121)™ 7 .. (n@n)™ ™ day . day
timl o .
= I—]r;me(m)a1 Loooalt. (3.40)
Note that

m| — n)! . o N
Z o _q I (Tr)L gy (a1z))™ ™ (@ Zn)™ T = (@1 Zy o+ anzn)F
|m|=k n :

where the sum is taken over all n-dimensional vectors m with positive integer entries

that add up to k. Taking this sum of both sides in (3.40), we obtain

k—-n
al...an/ (a1$1+-k--+a'nxn) d(lfl...dxn: Z-———'

It is not difficult to see that k is integer and k£ > n. Thus, taking the summation of

the integrand over all values of k, we have

Z (@11 + - .. + Gpz,)* "

(k ] =exp(a1z1 + ...+ anTy),

k=n
and the theorem follows. O

Before we proceed with the proof of Lemma 3.10.1, let us consider the case

() 1 2 n '6(7 ? ) ) 'e( )' (3' )

From the definition of e (-), we obtain that e (1) is the number of linear extensions

of the poset P. Indeed, any map f corresponding to vector 1 is a bijection between
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elements of S, and P. Thus, map f~! is an order-preserving bijection from P to S,,
therefore, f~! is a linear extension. Thus, in this case we obtain the result given

in [48] concerning the volume of the chain polytope.

Proof. (Lemma 3.10.1) For the poset P on elements
51,52y, Sn

and a vector m let us consider a poset P™ constructed as follows. The elements
of P™ are
2

1 my 1 2 mo
81,81y ++381 582;89, .-, 82 3,8, S-S

and

si<s)in P < s <s;inP

forany 1 <i,j <mand1l <a<m;, 1 <b< my. Inother words, instead of
a single element s; we use m; incomparable copies of it with induced partial order.
Note that P™ has |m| elements.

Now consider a linear extension of P™, i.e. a bijection £: P™ — Sm. Let a

map 7: P™ — P be defined as follows:
n(sf)=3s; forall 1<i<n,1<a<m,.

Then f = m£7! is a map from Sjm| to P which maps exactly m; elements of Sjm| to
element s;. Also, if 2,y € Sj; and x < y, then £7! (z) ¥ £7' (y), otherwise £ is not a

linear extension. Thus,

f@)# Fly),

which means that f does not break the partial order. This shows that any linear
extension £ gives a map f: S, — P corresponding to vector m.
Note that 7 does not distinguish different copies of the same element in P. Hence

for any map f there are exactly my!msy!...m,! linear extensions of P™ that result
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to f. Therefore, the number of linear extensions of P™ is
mylma! .. my!-e(my,my,...,my) =mylmy!...m,!-e(m).

Then relation (3.41) yields for the volume of the chain polytope

| | |
/c - drt. .. dz™ .. .dz}...dg™ = ml'—"ﬁn';l!“—m’ie(m). (3.42)

Here upper indices indicate the number of corresponding copies of elements in P.

Let for brevity

m __ 1 mi 1 ma\T
X —(ml,...,ml ,...mn,...,xn") ,
and let
T .
x = (Z1,...,Zn) , where x; = n;a.)f%x;‘ forall 1<i<n.
=Ty

Note that any chain in P™ cannot contain more than one copy of element s;. This

shows that

/ / /
8 X8 <X... <8

is a chain in P™ if and only if
m(sy) <m(sg) < ... <7 (s})
is a chain in P. Hence,
x*eC(P™) < x€eC(P). (3.43)
Now consider i.i.d. random variables

1 my ) 1 m
XL XM Xy, X2 XL X
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that have the uniform distribution on [0, 1], and let

X; = max X forall 1<:<n.
1<a<

m;

Then it is easy to see that
/ dot ... dr .. .dzl ... dx" =P (X™ e C(P™)),
c(pm)
where X™ = (X},..., XT",... X}, ... , X™)"  Equivalence (3.43) implies
PX™eC(P™)=P(XeC(P)),

where X = (X3,...,X,)" . It remains to note that the density of X; is

mx T dy,
therefore
PXecC(P)) = mz™ L mpr™ .
C(P)
Plugging this into (3.42), we get
| | !
me . mpa™ N, = Tame T, (m),

C(P) |m|!

and the lemma follows.

3.10.3 Examples
Totally ordered posets

Let

P=8S,={s1<s2<...<5,}.
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Then for any vector m we obtain
e(m) =1

Indeed, the smallest m; elements of Sjm should be mapped into s;, otherwise we
would break the partial order. Also the next my elements should be mapped into s,
and so on.

Therefore, Theorem 1.2.12 implies
P (TC p7 < t) = Z <P

Recalling the definition of complete homogeneous symmetric functions, we get

P (1o (.5 <t) = pr-eon (5 = o (0) + b () =), (34

where hy (p) stands for hi (p1,...,pn). Obviously, formula (3.38) is a special case
of (3.44).
Sum of i.i.d. exponential variables

Let now p = p- 1. In the proof of Lemma 3.9.1, we have shown that

b (1) = (n+llz—1)’

which leads to

P(r(1,8,)<t) = }:(”t) —1)F " he_n (1)

k-n

Z (pt) (ﬁ: 1) '

k=n
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Expanding the binomial coefficients, we obtain

i @) (k-1
P(7(1,5,) <t) = Z(—l)k (pk!) (k —(n)!(n)— !

_ f: lk—" pt)
h n—l' (k-
kn

Finally, using the fact that

we get

P(r(1,S,) <t)

n—1 ( 1) -nd.
<n—1)'/ ¢ Z RO

= (n—l)! /0 ¢rlentde.

However, the random variable 7 (1,S,) can be represented as X; + X3 + ... + X,
where X; are i.i.d. exponential random variables with parameter p. Thus, we obtain

the following classical fact known in the probability theory.
Proposition 3.10.2. For i.i.d. ezponential random variables X;,Xs,..., X, with

parameter p we have

1 pt
P+ Ko+ 4 X <t) = gy /0 ¢nletd. (3.45)

Sum of i.i.d. geometric random variables

For the discrete coupon collector’s process on S, with sample probabilities given by
vector p- 1 the stopping time 7p can be represented as a sum of n i.i.d. random vari-
ables Gy, . .., G, that have the geometric distribution with parameter p. Lemma 1.2.2

and Proposition 3.10.2 lead to the following result.

Proposition 3.10.3. For i.i.d. geometric random variables Gy, Gs,...,G, with pa-
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rameter p we have

nl mnd >
P(Ci+...+Cy<m) ( >/€ SomEn )
if m < n.

Proof. Lemma 1.2.2 gives that P (7p (p-1,S,) < m) is a coefficient against ¢ in

the power series of

ePre(p-1,8,) < t).

Formula (3.44) shows that the smallest power of ¢ in the power series is n, therefore,

Let us assume m > n. Expanding €' P (7¢ (p-1,S,) < t), we obtain that

—1)" " ph

1 1
mi £ o (p-1,8n) sm) = (n—1)1k§k(k(— ) (m — k)|

By changing the index of summation, we get

( k k+n
P(rp<m) = (n_l)lz k+n)k'm k—mn)

=~ PPt m—n
a (n—l '; k+n( k )

Substituting [ £&Ft"1d¢ for E— k+n, we have

Poosm = cpr [t S (et

k= 0
_ m n—1 _ m-—n
- n(n)/os (1— &)™ de.

This accomplishes the proof for m > n. O
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Sequences of elements

Let us consider the discrete coupon collector’s process on a poset P on n elements
whose sample probabilities are equal to p = % Since all sample probabilities add up

to 1, at each step we draw a coupon. Let
C1,C2..-, (¢

be the sequence of coupons drawn at first £ trials. It is not hard to see that we complete

the collection if among these £ elements we can find a subsequence of distinct elements
CiyyCigy -+ -5 Cip

such that

1<t <... <1y,

and for any 1 < a < b < neither ¢;, < ¢;, or elements c;, and c;, are incomparable. In
other words, we complete the collection if the sequence of the coupon drawn at first £
trials contains at least one linear extension of the poset P as a subsequence. Denote
the number of such sequences by W;(P). The choice of the sample probabilities

implies
_ Wa(P)

nt

P(mp(p-1,P) <9
Having this, we can use Theorem 1.2.12 and Lemma 1.2.2 to evaluate W,.

Proposition 3.10.4. For an n element poset we have

I4
_1\k—n 14 -k -
wp =] 2 ()5t 7 e2m

k=n

(3.47)
0, if £<n.

Here

Br= ) e(m),

|m|=k
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where m are n-dimensional vectors with positive integer entries.

Example 3.10.5. Let us consider a poset P on three elements a, b and c ordered as

follows:

a<¢ b<c

The poset P has two linear extensions: abc and bac, therefore, e(1,1,1) = 2. It is

also easy to see that

€(2,1,1)=3 : aabc, abac, baac,
e(1,2,1)=3 : abbc, babc, bbac,
e(1,1,2) =2 : abec, bacc.

Here aabc indicates that the corresponding map from S; maps the first two elements
to element a, the third element — to b, and the fourth one is mapped to c.

Thus, we have

Es=e(1,1,1) =2,
Ei=e(2,1,1)+e(1,2,1) +e(1,1,2) = 8.

Formula (3.47) gives

W4 (P) = (§>E3 . 3 - (:>E4 == 12E3 - E4 = 16,

and the corresponding sequences are (linear extensions are underlined)

abea, abch, abec, abac,
abbe, aabe, acbe, babe,
cabe, baca, bach, bacc,

baac, bbac, becac, cbac.

Proof. 1t is obvious that Wy (P) = 0 if £ < n, since any linear extension consists of n

elements. Thus, we can assume £ > n.
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Plugging a; = —1 into (1.16), we obtain from (3.12) that

glml lml—
P(rc<t)= Z [mI'( :zlmi e(m).

Combining the terms with the same value of |m|, we have

o0 tk (_l)k—n
1r>(rcgzs)=§:H ——Ex.

k=n

Taking the coefficient against #* in the power series of €‘P (¢ < t), by Lemma 1.2.2

we get that
¢

1 E,
P(TD<E Z( Y k'(e-l-c-k)!'

k=n

This leads to

kenpt

We(P)=n'P(mp <€)= Z( l)nk k‘(e_WEk
i ! !

and the proposition follows. O

Remark 3.10.6. Formula (3.47) looks like a typical Inclusion-Exclusion summation.
However, we do not know how to apply the Inclusion-Exclusion principle in order to

compute W, (P) directly.
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