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I. INTRODUCTICN

In the harmonic analysis of a wave function
Wiene;qdeveloped the coherency matrix, This method has
applications in the field of optics and the quantum
theory. He has applied this theory to a single beam
of polarized light. Poincaréa%as analyzed this prob-
lem by a different method evolving the Poincaré sphere.
Tuckermagnhas made an analysis of this problem by a
third method. It is the purpose of this thesis to
correlate the work of these three men, and to develop

the theory for the case of two polarized beams of

light,

This problem affords a physical picture in the
field of optics. Since the method of coherency
matrices is applicable to the quantum theory,which
theory does not readily submit to a physical picture,
it is felt that this study is merited.



II. INVARIANTS UNDER A ROTATION OF AXES

The determination of the invariants of these

papers can be brought under the following theorem.

If the axes of A, F+B.n+( =0

Al % ‘1—%'5 +a| =0

are rotated through an angle ® , then A, &, + B, B, and

1‘ B, -4 §, are invariant under this rotation.
Proof:
Let f'; s Lo ® + N oty &
o= - ¥ an &+ Neead
?‘: § cezS—-*F] A B
h o= -% AvA D + 1 e ®
It ALY + B0 +C, 70
ngl 1'_51:]'1'5120 .
y = A, “w BB, o2
Then , . A, co & -Byum B, x o
' ~ _ . -E' - A’_M&f‘ﬁ,_cm&
E‘ = A':. m&’.‘BzM&
A7z ALA, ceat B (4,8, +4.B,) coabarnd+B B, acn* &

B A

L AA BB, T A A+ BB,
A
A

. ZL i 1-(/_—\13117;?_5,_)0&48 ot &+, —7‘3‘_ coat &

- - . —-— — - a
 : (ALA-B.B,) con® aca BT A B, ca® 8- 4, B, 2m &

~
of

l%:_) c»e:lg'/m. 8' ~A‘BL a“‘"‘l“ls +A’-§Lml&

i, B, - 4. B,



f we take for our parametric equatione
P - Ao (rtrd)

h-B Lc(ﬂff%)

fe can bring these equations into the form of the equa-
tions of the invariant theorem as follows:

< T ¢ 7+
TBJ; (e *%)—DA*«(F (P)=o

—3; Ba_L({ﬂ-H‘)"; A e dﬂhﬂ:o
. Ak _'_ Bl.
c is an invariant under a rotation

and AB . (9 _ 45 Y 20 4B aw (P

AP e (£-¢) is invariant.



ITII. SOME GENERAL CONSIDERATIONS
OF POLARIZED LIGHT

Given two simple harmonic motione acting at right
angles to each other.
| Let f-— Acen 2T
n = B cea (AT +5) where /3 = (¥-¢)
Eliminating the time factor between these two

equations gives

- Bx o N A
1T v'A‘ r*

or LR S . S
A* AB ° B* &
which represents an ellipse except when ... /5 =0

when s 8 =D . 1. e., when ﬁ’;MW—,Wﬁ =X

and the equation then may be written

(,14‘ + *‘)l =o the equation of

two straight lines.

If A = B, then the equation represents a circle, or two
gstraight lines making an angle of 45° with the axes,
Therefore, under certain conditions two simple harmonic
motions at right angles to each other may be represented
by an elliptic harmonic vibration. Similarly an elliptic
harmonic vibration may be represented by two simple

harmonic motions at right angles.



The ellipticity o: an ellipse is given by the ratio of its

axes such as %"

If % equals the angle between the * axis and the major

axis of the ellipse

& = & Tam™ AR=RS -

A - B*
A plane which is parallel to the optic axis of a

crystal and perpendicular to the face through which the
light enters is defined as the principal plane of that
face. If a beam of light having vibrations equally in all
directions falls upon a doubly refracting crystal, this
crystal will resolve the light into two component beams,
the vibrations of which are in one,parallel, and in the
other, perpendicular, to the principal plane. Light
restricted to a single plane of vibration is said to be
polarized, or more speé¢ifically, plane polarigzed. In the
direction of the optic axis of the crystal both waves
travel with the same velocity, and doutle refraction fails,
If the two components pass through a cryst#l sliprcﬁt in
such a way that the optic axis is parallel to the surface,
the two components will travel with different velocities,
causing a difference in phase between them on emergence
from the slip. This difference in phase is a function
of the thickness of the crystal slip, When the difference

in phase is ‘J%— , it is called a gquarter wave plate.
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From the consideration of two simple harmonic motions
écting at right angles to each other, it is readily
seen that light may be elliptically polarized.,

. Two rays of light from the same source may be
caused to interfere, while from different sources this
phenomenon does not occur. In the first case, the

light is called coherent, and in the latter,inccherent.



'IV. INVARIANTS IN THE CASE OF A SINGLE
BEAM OF POLARIZED LIGHT

1. Tuckerman

Tuckerman considers a plane wave‘of monochromatic
elliptically polarized light falling normally on a series
of plane parallel doubly refracting plates. The axes of
reference chosen in each plate are the planes of polariza-

tion of the ordinary and extraordinary vibrations.
A, 2. (prTt¢)

Let ?t =
c(/ﬂf‘+}6,) (1)

r]l: B‘L

represent the beam of light referred to the first plate,
where A and B, represent the amplitudes of the ordinary
and extraordinary vibrations, respectively, and (¢ - £ )
the phase lag of the extraordinary over the ordinary,

If we submit §, and N to a rotation through an L« ,
where «“ represents the angle between the reference axes
of the first and second plates, we obtain the displacements
referred to the axes of the second plate. The passage of
this 1ight through a series of such plates rotates the

2
components of the beam through an angle, = = w, for n
plates. .

Under a rotation, from the invariant theorem

A+ B' = constant (2)

A B, awn (¢ -¢) = constant, that is, that the



sum of the energies of the‘two wave components as well as
the mutual energy between these two components are in-
variants‘under a rotation.
Following Tuckerman's notation, we will let
A+ B = 2® AD cea (¢-¢) =K
A* = B™ = 2 Q AB mwm (¢-9)=5 (3)

Therefore P and 8§ are the invariants, but the value

of Q and K vary under a rotation.

2. Poincare”

We have shown that by the elimination of the time
factor from the parametric wave equations the resulting
equation is that of an ellipse. Poincaré starts from this

point of view,

He defines
f‘l S J.A)“’LU = A
5_. = _A‘_,-(U “m
trore o= DL 2B s
J 3
= W - ng +9n ABm(%—v)QEm(p_?)
a aA™ Ar
A 2L AT A*



Poincaré defines

a. +6E
w2 et O0F e +dt
. R,
AW 0 = AN - 'P_'
W W P
AA — = = ‘P'
U o= w -

—_?3
e P,

v

where P, P, P, P are functions of a b ,c d,6 and
their conjugates and

Poincare's P, + P, = A + B 18 invariant

and corresponds to Tuckerman's =P

Poincaré's invariants are P + P, and P, = A Ba(¥-¢).

r ) (K-
U ’ELW(S‘—(’)#LML%-‘F)]’E-L( )
It can be clearly seen that
L N b e = ()
If s T 0o em(¢—<{’):o
f o= grmr) T o= E BT E
Thus when ... = © the light is elliptically polarized.
If %— = f¢ i, e,, when & =/ the points

U =1 ! represent right or left circular vibrations.

When UTo A (£-¢)=o0

This is the case of rectilinearly polarized light.
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If the ray traverses a crystal slip where the
principal sections are oriented as the coordinate axes;

T amd N are propagated with unequal velocities, their

phases differ.
B Bl L.w

— = —— 2

A A, when w is the phase

difference introduced by the crystal slip.

Poincare shows that since P P,P, P are not
independent functions we have

Ci(art0*)+ Cy e ¢ v +Cy~ 0o
an equation of a circle as the locus of the point
ellipses.
If the axes of the ellipse make an angle %- with the

coordinate axes

§ amd n are turned through an L 8 , From the

foregoing considerations Poincaré shows that
. - . S .

q' 3 ra...,.g-l-nc.a:' RS

T' fFcn & +nAmb

when 7=, + <Y,
e LU = Fau &

!+ e + (0 ) Tan &

If 9 is kept constant while 7 varies from — o t0 + =<
the point u, v describes a circle.
a (i =T B) "+ O™

(l‘f‘/un—[‘% 3’)" +~ o* Ta,..‘lsh

(™ +0™) lan & +,.~(/—7‘a«‘9)‘~7'a~ &

\ ((+alam 8)> + 0> Tan

U _ U‘(l-TaMzg')
u’*?‘m‘ﬁ'v‘(/#-wfaas)z'




il

if ., = o then

Tau*&
2 * L= -
(M + 0 )1‘4& (-7;—_—_;-) /

the equation for a circle

Then & = ;;_r- center of circle (©2.0) .
If O =1 , thenm -~ = ©
If = o e 7 Taw &0 T T

Similarly if 3 is held constant and ©- allowed to vary

fom b . LD g,

U~72¢)+ ( Pan

2
1*()'1 i L ~ (-

2L > -

(-7 4 prat

A.a.(/‘?(/) ~ 7““'("‘7‘)

(/‘7'(1‘)L + 7

O = T U-7e) —p et

= ©
2,

=

(1-70) + 7%
(O-r)G-7v) =

-7 -7 Ut e

"“'z"JL“’f(T’“Jr—) =~y

equation for a circle
If 7 = 1/ +then center of circle is ( ©,/) a point circle
when«= o | v= 2 or +

i. e. when &= o




13

The two ¢ircles
pr ror —o (74 7) ==

Pyl A ""—(;i—:aifmé):,

intersect orthogonally.
The ellipticity is given by the value of U and
the angle © by _« . The representation on a plane
is then stereographically projected on a unit sphere,
the origin O, béing the point of contact of the sphere
with the plane u, v. The .~ axis is projected into a
great circle called the equator,and the U axis into a great
circle orthogonal to the first called the first meridian.
Thus the two effects of double refraction and power
of rotation when superposed may be represented by the rota-
tion of the Poincare sphere about some axis. Poincare’
gives physical interpretations of groups of rotations on

his sphere. Tuckerman has shown that the sphere defined

]

by QL + Kz + St P~ is the Poincaré sphere
-~ Syt ¢ "_*'T;T_]lf—"h?‘ff; Y iha o+ \Jl
or tna - 77) T [MEIL [ #[ZI-T0 ] <] A *fy
The point 8§ = P , @=K =0 is chosen as the pole of

the sphere, the plane § = O the equatorial plane.

) . 3. = 2 & ..n":i.‘(_.:'t‘ 3 &~
Where A R = P 13 2~ +§ Q 2
s & =ty L2 - 2 B

where R and ~+ Trepresent the latitude and longitude,

respectively, of the point on the sphere.
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3. (Coherency Matrices of One
Polarized Beam of Light

Wiener,in his work on Coherency Matrices and
Quantum theory; in making a harmonic analysis of his

wave functions . forms a funection

Y - —

h=g
—R'QK o) - Ré,«(‘*)‘ 7T ‘:‘L A;n AKI.,

1, (f): = Aj, = h

where

by

I'he matrix ‘Rik('/\kH))' Rgn (-N,~o) = 27 Aak K4

is defined as a coherency matrix.
Therefore, if we take for the '%é (t) functions
the parametric wave equations for polarized light the

coherency matrix is

AP BB
vhere AA +8B E. and A are invariant.
A 1 + B E' as the energy of the two components
:quals Tuckerman's 2 P
i (- @)
'aking the real part of 2 we then have
AA AB coa(g-9)

AB com(g¢-¢) BB

A = A A B B am (-9
f A=A B=3B
- N : ~
A= [AD anly-9)] - 3

‘hat is, 4 equals the mutual energy.squared.
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- V. THEORY QF TWO POLARIZED BEAMS OF
LIGHT BY TUCKERMAKN'S METHOD

In this part we consider two monochromatic ellip-

tically polarized rays of light falling normally on a

series of plane parallel doubly refracting plates.

< + = "(ﬂfflp\)
Let" o= A= (eref) Tam Ave (et
) L(ﬁff-gé,/ h - B _Q"(l" #)
h = B * ) )
=, 0.
IR !

Considering the real parts conly

f
Y-

1}

A cw (@t )+ Avem (2t t 4

72 A e (PTre)
where Ace o = 4, con §, — A, & Pa
AMO(:A‘%'\Q,*‘A"W"PL
. x
A = AN+ 2 A A ce (Pu-F)+ AL
= AL FLAL o+ AL
Similarly '
n = D en (~T7/3)
where

Bewmpg = B, ey + By Com
BawﬂzB,Mﬂﬁ+Bsz&
X
BY =B, +2B.B. e ¥p) T B,
= ’B” +23 8, t B,

,ABm(ﬁ-d(): A.B, c/m(%’ -([0,)1—-/4,731(:/6’&(}‘1‘%/

+A1-‘B, W(pr‘%,) *‘ALB.‘_ W(}‘;‘ f“-)
Ky EK,, K, PR T K



ABaca(s-&)= 4,B.an(f-F) + A By o (fh-¢)
+ 4B, A (- 4) + A, B, (4 9)

K, = A, B, C/O:(‘/‘"Y’r)
Kiw = Ar Baem($a-)
Kai= Ax By e (fart)

Koz A, Bx e (-4

S, = AiB. avh (y-g)
S,= AuBy 2l (¥-g)
S = A,.B, M(lf’_-%)

S = A:.BL At (,{L' ‘{‘)

kN

= A,
= ‘AsA:. o tg{),__(‘ol)
= A,

> D

.

>

B

a
2 ZA&

>

=B,
= -Bch. a2 (%"-%)

od o

rl

o

= —Bla.

2y

=B,

ol

~
rl

= A,ALM (LP"_<F)

;

= B, B, #tm (fa=t)

DR
5
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Energy density of rays of light

Let V| = T‘ +(N,

N2 TR

'\\f:\rflz ?'iﬁ-q,ﬁ,at-L({"\,‘f,ﬁ.\
AT +RB + 2 AB, atm (¢ =)

2 (P, +S.,)

it

Similarly W, W = A:+-13:+- 2 A, aen (Fan fa) = A(PaT3,)

We therefore find that the energy density of the
rays of light is invariant under a }rotation. The function
W is defined as light energy function and is similar
in this theory to ¥ ¥ function of Schroedinger which is de-
fined in the quantum theory as electric density, and is
’shown %o be an invariant,

In the case of two rays of light, we

Let y = w, + yi

IRV T4

VF W W E AW e

WL = (g 4 n ) (S.-¢n,)

AL NN E R
\Tf»wx = (‘i o) ( S.ten)
=05t 00+ (T 0T,

\m\}zf'ﬂ;tu\l":—’ 2 A4,A w(c{)\-gj T‘QBImeU‘L‘%)
+=2AB, A (¢, -4) TR AL B, e (- £)

- :lAlL+QBll +15/1+252/
WW = A +B, 25, *24, +23 *35, F25
' A, By TS,
A’“*"Bl +~2 5

2 (P +3)
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At this point it is interesting to note that the
optical density is equal to the sum of the energies of the
two components increased by twice the mutuasl energies.

This relation is analogous to the relation of inductance
in coupled circuits where

Inductance = L] + Lg + 2 M
When Ll and Lz represent the separate inductances
and M, the mutual inductance,is a function of L and L3 .
Since VW is energy density, its relation is more

nearly analogous to the

energy relations in a directly

coupled electrical circuit.
Diagram 1.

aQ PR
C 2 o+l =W
Energy = ¢ Lot * 3 lat e

an >

Let L., = L *L.
in "L1+Ll1

W= Log,t +4

. . n Cv
2 L,\(("‘L) *'l;_L.,.(l

—

. .
(Lv +Ln.) ':,L * L “‘ "'- * -’; <£‘ "4'\-) ‘e

wie n »F

S
Coa - L, ¢
Lu ‘l -/-le ‘, t\- + i

2

NS

If the currents are transformed linearly the quadratic form

is invariant, Given an infinite system of net works, with

same instantaneous current, the total instantaneous energy
is the same,

Let C '

|: &,, Ll

!
L

- !
a T G‘ll "/ * Q‘-?l"l
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. ., - S
t L-u (&q\(:)zf Lp'l. (Q" ‘.:’) (.a“lt L"‘f’(\;‘ (" )+_t L"" (aﬁx L' +o~l"‘;):

2
J;.k‘l-:)‘ (L': Q-ul 2 L" a'"alt +L”~ Q"- >+

’ C g *
k. L‘I. Q’ll (Lli Q—l, +sz a’l:.) +é ((ﬁ) Lil Q‘ll

Thus the quadratic form is preserved,

new inductance Q_‘
L = °-: L., + & Looc, & +L,. TS

L_,".= Qg'_ (Lllqu + Lz.:. a“'t\
2
LJ’.lz Q;; L'.'L

We find in the case of two rays of light that instead of

four invariants we have six invariants.
An +B-, A,\ 1_B,g S.,

Axa. +B v 34\ +Sa, 5"1 :
for A" +B = 3P +3P +2(a, +B )
which is invariant, and

§=8, +8, + 8_ +8,

and consequently (AFL+ B, ) and (8, + 8, ) are invariant.

In the case of two rays of light we have the energy
of each cemponent of each beam and the mutual energies
between the different components as invariants.  The mutual
energy between the components of a single beam, and the
sum of the mutual energies between non-corresponding com-
ponents of the two rays are invariant, i. e.,

g + 8 and A
2 1

(BN

+ B
x A
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VI. INTERFERENCE OF LIGHT RAYS

In the problem of two rays of light a new element
is introduced - the conditions for interference.

If $. = ¢, i, e., the rays are in phase,

then A~ = (A, +4A1)L In this case the rays
are in resonance,

Suppose that f. = 4. * T then the rays are

in interference

AT= (A, -4l
It A = A , AL = o and complete interference
results.
If 4 =9 F T
O

In this case these rays are in gquadrature,

If the two rays have the same ellipticity

= A

B

A
B, .

Interference may occur in the case of two simple
harmonic motions that are in the same straight line. There-

fore it is the phase relation between ¢, and {. and ¢,

and ‘Y. that must be investigated. For interference
fx‘;‘f'tﬂ” %"-:%' T
S T 2 N
A =1(A -4)) B =(B, -B,)



VII, COHERENCY MATRICES FOR TWO SIMULTANEOUS
POLARIZED RAYS OF LIGHT

1. Coherent Light

| In this case
AR, il T

f‘:ﬁ.Lt):A,-Q, , c .t
"y, o= fale) ’B'i( NI 4%'-'- :(f
. . fate s Q,;(,n"ﬂp..):Ax_eL‘fxz R
Tnz ISR LGS S
'1.: ¥

z /\k:/\zzﬂt

' = ~ N7 (1t
L7)=£““'L"I EA;AAM’&*-‘- U e
Lf)é“ Twe 7 2, sy
- = ~ (A7 _
B ;,i, Ajn A, 2 h =<
The general coherency matrix for this case is then Ly
A AR, 2 W) AA L Pf) A4 = fof)
] 1

e < (P-%) B, B, =

B 4. B
, _ (ot A, 1,82
- '((‘-P).‘(f,) A)_ ‘Q, ke %) A'I.‘.
A, A3
B

as the determinant of the matrix 4 = 0 .

< (g-#)
RO’y

, +B B + A A _+ B, E’_ is invariant as well

20



2l

¢ (/47" s (7/)

Taking the real part of the matrix

then takes the following form

[v¢)

We have previously shown that

8,,8,,and 8 + 8 are invariant

S,.and 8,, are invariant
It has been shown that

A +B +A +B + 24, +2B_  1is invariant.
In this case then the value of the determinant as well as
the sum of the terms in the main diagonal of the matrix,
and of the two minors that contain no terms of the main

diagonal, are invariant.

3. Incoherent Light

In this case, h+{ in the L5 (?) . This
means that there is no persistent definite frequency rela-
tion between the corresponding components of the two
polarized rays of light, i. e., this is the case of two
incoherent beame of polarized light.



?I= ?.(f)
.= §ac
7. - A (e
'71' L o (TR
i ) - - CALT
¢, 7= T A Ay, 2 ho=4
= o hx R

The following eight terms become equal to zero:

Ay Ay =0 Ak, =0
Ay &, =0 Azt\isﬁ 0
A, Ku = 0 Ay, ;..“,= 0
Ay K, =0 A, Zﬂ;—- 0

The coherency matrix takes the following form:
ﬁk*l"(.)

A&, i, B e 0 0
A, Bty B, 0 0
0 0 AR, a_B < ot
0 0 a3 o B B,
where 4= O.
Taking the real part, we have
A, X 0 0
e 5 o o
0 0 A K_
0 0 K. .B.
where A = 8, 8, ,which is an invariant since 8,

have pre_viously been shown invariant.

- 23

and 8

22
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Thus it is seen that the value of the determinant of the
matrix for two incoherent beams of polarized light equals
the product of the value of the determinants of the |
matrices of each beam of polarized light considered

separately. The other invariants for this case are:

g
i

<(a, +B,)

P + (Au+ B,.)

Thus the determinant 6f the matrix and the sum of its

diagonal terms are invariants for this case.
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VIII., SIXTEEN FUNDAMENTAL COHERENCY MATRICES

Sixteen matrices representing different types of
coherent and incoherent polarized or unpolarized light
are made the basis for the following study, the energy
of the components taken equal to unity. The matrices
I; represent incoherent light and those called (3 coherent
light. At this point it is interesting to note that if
one unit is subtracted from each term in the main diagonal,
the resulting matrices give the sixteen Dirac matrices,

The rulesof comtination for these matrices are

I;I4= 3 14

C = 2 04

P———

I

1 O

I, I =
17 J

4
(ad

|

Q

cicj= jc

[

|

Ii Cj = CJ Ii

The resulting matrix represents the combination of four
beamg of light. It is therefore to be expected physical-
ly that Ii Ii =23 Ii -
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Table 1. FUNDAMENTAL MATRICES

[
o
©O O = W

Two rays plane polar-

ized at 45°

110 O
110 0
0 0 1-1
0 0-1 1

I

One ray plane polar-
ized at 45°, the
other at 135°

1 0 0
1 1 0 0
0 0 1-1

0 0 1 1

Two rays circularly
polarized with same
gsense of rotation

1-i 0 0
i 1 0 0
0 0 1 1
0 0 -1 1|

Two rays circularly
polarized with oppo-
site sense of rota-
tion

Ig

O O O w

0
0
2
0

b o o ©°

0
3
0
0

Two rays unpolarized

0
0
2

o O O o
o O o

0 0

Two rays polarized

2
o
Ig E 0
o
at ©
'3
0]
17 0
' 0
One ray
2
0
Ig 0
' 0

1
i
i

0
0,
0

o O O O

0
2
0 :
0 0

unpolarized

o O O o
O O O
v O O O

i
|
2
!
i
{

0

Two rays plane polarized
in opprosite directions
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(Table 1. Cont.)

1 0 1 0 1 0 0 1
010 1 011 0
C1 | c '
101 0 > 011 0
01 0 1 10 0 1
Two rays unpolarized Two rays unpolarized
in resonance plane coupling at 45°
1 0 1 0] 1 0 0-1
0 1 0-1 0 1 1 o
C C é !
g 1 0 1 O 6 §O 1 1 0O
0-1 0 1 10 0 1
Two rays unpolarized Two rays unpolarized
one pair of compo- plane coupling at
nents in resonance, 1359
others interfering '
1 0-1 0 1 0 0 -
‘ f |
0 1 0 -1 0 1-1 O
Ca | Cp | |
i 0 1 0 "0 1 1 0l
\ |
01 0 1 i 0 0 1
Two rays unpolarized Two rays unpolarized
both pairs of compo- circularly coupled
nents in same quadra-
ture
1 0-1 0 10 0-1
01 0 il ‘01 i 0
Cq ; Cg :
i 01 0O 0O-i 1 0
0-i 0 1 1 0 0 1
Two rays unpolarized Two rays unpolarized
both pairs of compo- circularly coupled with
nents in quadrature, oprosite senses

the quadrature differ-
ing by
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IX. THE GROUPS OF TRANSFCRMATION MATRICES

The next step is to determine the transforma-
tions which will fransform the matrix representing one
¥ind of light into a different kind, that is, to deter-

mine M 1in the following relations

I, = M. I M
IL' = - ) [
¢. = ¥ ¢, ¥

- c 7 c

These transformation matrices divided into two main
types which will be called the (3 type and the ¢ <type.
To the @ type belong the &S and y matrices. To the
{ type belong the ¢ o and ~ . The 7 matrices are
more nearly like the & matrices tut do not belong to

the group.

l, The 25 Class

In determining the matrices of this group it was
Tfound that a choice from ‘twenty-four possitle types of
matrices must be made, that is, in satisfying the condi-
tions imposed by the transformations, twenty-four

pcesible types were involved. These twenty-four formed
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Table 3

TRANSFORMATION MATRICES
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a non Abelian closed group. This group was resolved into
a group of four, three and two. The four group is the
vierer gruppe. The types in this group are the four forms
of the Dirac matrices. The three group is irreducible
except by using imaginaries. The types in this group were
selected for the transformation matrices and are called
ALY and §. TNo other set of these matrices satisfying
the imposed conditions formed a closed group. Each type
of the twenty-four represents thirty-two elements. The 3
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group is a closed Abelian group. This group can be resolved

into three two group,and one four group.
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Table 4.
TYPES OF TRANSFCRMATICN MATRICES

(1,2,3,4) (1, 13, 21) (1,5)
Transformation Matrices 1,13,31

Reducible to Three Groups:

Dirac Matrices 1,3,3,4.
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Table 7.

Type of Matrices

Number
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THE Y MATRICES

Number 21 of the Type of Matrices
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2. The ‘f Class

The determination of the matrices ¢f transformation
in this group differed frcm that of the ,3 groups. The
f,/o and « types do not form a closed group, The matrices
¢f this class are divided into three main types, each type
having two different forms. A matrix of the following

Type
0 1 0 0
0 1 0 0 -
; is called ¢  where
001 0
o 0o 1 0

r stands for real, v for vertical and a matrix of the

type
0O 0 0 O
1100
o 0 1 1
00 0 0 is called ifs where

i stands for imaginary and h for horizontal. This
terminoclogy is used for the ¥ ,» and -« types.

Bach one of %he {, @< «wointable 3is an element of a
vierergrupve, each vierergruppe being an independent group.
A number of types for the /,,° and « matrices satisfied the
transformation conditions, All simple types satisfiad

the following conditions;

fhf'= a a 0 O f?ov: a 0 a 0 «~u= a 0 0 a:
‘> b 0 0 0 b 0 b 0 v b 0O
o 0 c e 0 ¢ O 0 ¢ ¢ O
0 0 4 d 0 4 0 4 4 0 0 4



38

\/ .
Y  GROUPS

A

Table 10

(a, b, c, d, form separate groups)
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Table 15. s+ MATRICES
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X. CHARACTERIZATION OF OPTICAL
INSTRUMENTS BY MATRICES

It has been shown that any one of the sixteen funda-
mental coherency matrices can be transformed into any other,
by the transformation matrices. Since each of the coherency
matrices represents a particular type of light, then the
transformation matrices characterize the optical instruments
that change one type of light into another. The instru-
ments represented by the 3 transformation matrices are
conservative optical instruments, in that the power of the
input is identical with the power of the output. These
optical instruments form a closed group. This method thus
affords a means of studying the behaviour of the action of
different types of light under different optical instru-
ments., From Table 3 it is readily seen that the same
instrument can be used to transform several different types
of light. These instruments are in general not reversible.

Michelson's Interferometer utilizes two beams of
light.

The ray R is split up into
two rays of light by Gj3
which is thinly silvered.

The reflected ray Ry

traverses a distance Dy T
passing through a glass Gg L““-Px~-;-§
and is reflected by Y

mirfor Ml . The transmitted

Piagram 3
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ray Ry is reflected by mirror M, which is reflected by
glass G, and unites with reflected R, which is transmitted
by G,. If the paths of these two rays differ by even
multiples of ™ , reinforcement takes place; if by odd
multiples of ™ , interference. The coherency matrix for

these two types of emitted rays are

1 0 1 O 1 0 -1 01

§0101 5010-1ii

101 0 -1 0 1 0

50 1 0 1 0-1 O li
Reinforcement Interference

The matrix |0 O 0 O/ of the form P

o101

‘101oj

0 0 0 0

characterizes the action of the interferometer for rein-

forcement, the matrix §O 0O 0 O for interference.
EO 1 0 -1
1 0-1 0
0 0 0 0

Interference of two beams of light may be caused by the

divided lens method.

Diagram 3.
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The theory of this instrument is similar to
Michelson's Interferometer and is characterized by the
same transformation matrices. This instrument can be
used in the study of interference of polarized light by
placing a tourmaline crystal at T, or one each at T  and T .
Tourmaline transmits light in one direction only, absorbing
the light in the other. fherefore, tourmaline is not a
conservative instrument. When the tourmaline is placed at
T interference takes place as before; if placed at T K6 and T,
interference does or does not take place according to the
position of the -axes of the two tourmaline crystals., If
these axes are parallel, interference occurs; 1if at right
angles nd interference fringes appear. The matrices of the

emitted ray of light are

O -1 O
0 O 0 O
Interference :
-1 O 1 O
0O 0 0 0
1 0 1 0
0O 0 0O 0
Reinforcement
1 0 1 0
0O 0 O 0
;11 0 0 ~«
Axes of é 0 0 ©O 0
Tourmaline i .
Crystals at t0 0 0 O0 where ¥ = + ¢ or + |
Right Angles -
X0 0 1



43

CONCLUSION

Polarized 1ight can be analyzed by several methods,
but the method of coherency matrices is more comprehensive
and can be more readily used, in the case of two or more
teams of light, Given a coherency matrix representing a
ray of light, the type of light and the relation of its
components can be immediately stated. The transformations
changing one type of light into another are easily deter-
mined. The coherency method gives a very simple way of
analyzing the many possible combinations of rays of light

and optical instruments.
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