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Abstract

An analytical approximation for the crushing resistance of flanged semi-circular plates
subjected to localized in-plane loadings has been derived. Small-scale experiments were
conducted to validate the theoretical results. The loading was applied quasi-statically by a
cylindrical indenter at the symmetry line of the plate.

This work provides a consistent computational model which leads to a theoretical predic-
tion of the load-deflection characteristics. It provides the link between the two phases of
the plate response: pre-failure (in the sense of maximum load) and post-failure phases.
During the pre-failure phase, the plate undergoes pre-buckling, buckling, and post-buck-
ling stages. Once the point of maximum strength is reached in the post-buckling stage, the
post-failure phase starts. This process is characterized by rapidly falling load due to plastic
folding with large strains (up to rupture strain of the material) and large rotations of plate
elements. Energy methods are used to analyze the elastic pre- and post-buckling response
of the plate. Ultimate strength is calculated, using the membrane yield criterion. Limit
analysis, applied incrementally up to large displacements and rotations, is employed in the
post-failure range.

The analytical predictions were compared to the experimental results and shown to over-
estimate the peak force by about 15%. A comparison of the crushing loads in the post-fail-
ure phase was also made between the analytical model and test results. The correlation is
within -5% to +17% depending on the indenter’s radius. Possible causes of discrepancies
are commented upon and a preliminary discussion on an alternative model is presented.
Finally, indentation tests of flanged rectangular plates are described. This experimental
study revealed good correlation with analytical results independently developed by Choi
et. al. Their model predicts loads only 5-15% higher than experimental results.

The findings of this study prove important in the understanding of the overall ability of
vehicle structures, such as ships, submarines, and aircraft, to withstand local damage dur-
ing accidental loads. For example, the flanged rectangular plate model characterizes the
behavior in the flat bottom region of both conventional and unidirectionally stiffened dou-
ble hull ships during grounding accidents. The flanged circular plate model describes the
behavior in the bilge area and provides estimates of the strength of submarine bulkheads
in collisions or aircraft fuselages subject to crash landings.

Thesis Supervisor: Tomasz Wierzbicki
Title: Professor of Applied Mechanics, Department of Ocean Engineering
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Chapter 1

Introduction

1.1 The Need for Study of Flanged Circular and Rectangular Plates

For years, the commercial shipbuilding industry has operated under a set of design
standards which are meant to ensure the safe operation of vessels under normal operating
conditions. To date, still, ship design practices do not take into account extreme loads such
as large impact forces and concentrated loads due to collision and grounding accidents.

With the increased carrying capacity of tank vessels (more than 500,000 DWT for the
Very Large Crude Carriers), the dangers of transporting large amounts of oil, chemicals,
and other hazardous bulk cargos cannot be ignored anymore. Large oil spills and environ-
mental and ecological adverse effects when grounding or collision accidents occur have
become a pressing problem.

Now, the maritime industry which came under severe public scrutiny in the aftermath
of the grounding of the tanker EXXON VALDEZ in Alaska’s Prince William Sound, is
forced to address the issue of vessel performance in grounding and collision. In the United
States, this spill lead to increased government regulation through the passage of the Oil

Pollution Act of 1990 (OPA 90) mandating that petroleum product cargo ships operating
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in U.S. waters will be of double hull construction, or designs of equivalent protection, by
January 1, 2015.

OPA 90, along with the ever increasing environment importance, triggered a tremen-
dous amount of research activity in the international community. One major research con-
tribution is the Joint MIT-Industry Project on Tanker Safety launched on July 1, 1992 in
the Department of Ocean Engineering at the Massachusetts Institute of Technology. The
overall objective of the program has been to develop extensive theoretical and experimen-
tally-validated engineering knowledge in the area of structural mechanics necessary to
assess the extent of grounding damage to oil tankers for a variety of hull types and ground-
ing scenarios. The interested reader is refered to Wierzbicki, Yahiaoui, and Sinmao (1994)

for the details of the research activities within the project.

The ability of a ship to withstand damage during grounding accidents (which trans-
lates directly into tons of oil outflowing in the ocean) depends greatly on the crushing
strength of the ship’s hull. The crushing strength of the hull comes from a resistance to the
longitudinal cutting/tearing of the bottom plating and supporting stiffeners as well as from
vertical indentation into longitudinal and transverse framing. The present work addresses

the initiation of local damage due to vertical indentation.

1.2 Previous Work

Consistent with the distinction between the two aspects of the damage process,
described above, the publications dealing with the mechanics of ship grounding can be
divided into two categories: Those studying cutting of plates by a wedge and those
devoted to vertical indentation of a punch into a plate or stiffened panel.

Quasi-static and drop-hammer tests in which a rigid rounded-nose wedge was pushed

into a plate along an axis parallel to the plate surface have been performed by Akita et al.
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(1972), Akita and Kitamura (1972), Vaughan (1979, 1980), Woisin (1982), Jones and
Jouri (1987), Goldfinch (1986), Prentice (1986), and Lu and Calladine (1990). This type
of research has been proven useful in identifying some important factors which control the
resistance force in grounding, including plate thickness, cut length, and ultimate stress of
the material. Vaughan (1978), applied the results of the plate cutting experiment to the
grounding resistance of ships, following an earlier idea by Minorsky (1959). He postu-
lated that the energy absorption during the grounding process can be approximated by the
total volume of damage and proportionality constants determined empirically from the
data of Akita and Kitamura (1972). Recently, at MIT several aspects related to this type of
research have been extensively studied from the theoretical and experimental point of
view. Numerous reports were published during the period from July 1992 to July 1995

under the Joint MIT-Industry Project on Tanker Safety.

The second category of experiments in which a rigid punch was pressed into a stiff-
ened plate along an axis normal to the plate surface are exemplified by the work of Ueda et
al. (1978), Arita and Aoki (1985), and Ito et al. (1984, 1985, 1986). Finite element analy-

ses were also performed and the two approaches were correlated with good results.

At MIT a theoretical/experimental study was initiated by Culberston-Driscoll (1992)
to analytically predict local crushing of flat rectangular flanged plates. A simple model
was developed in which the plastic behavior of deforming web girders was viewed as a
sequence of “frozen” deformation modes where the plastic zone size was treated as a
parameter. Goksoyr (1994) performed a very thorough numerical study of the elastic
buckling and the plastic crushing deformation modes using the finite element code
ABAQUS. Tests on local crushing of flat rectangular flanged plates were run by Yahiaoui
et al. (1994). Based on the results of the numerical and experimental work, Choi et al.

(1994) modified and improved the solution proposed by Culberston-Driscoll (1992). Their
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new model predicting the load-deflection of a flat rectangular flanged plate subjected to
local in-plane crushing loads showed values only 5-15% higher than experimental results.
These results showed that a relatively simple analytical solution provides an accuracy at

least equal to or surpassing the one of finite element solution.

1.3 Aim of Present Study

The objective of this work is to assess the crushing behavior of flanged semi-circular
plates under localized in-plane loadings. A consistent computational model which leads to
a theoretical prediction of the load-deflection characteristics is developed. The curved
geometry is of great importance in the study of crushing strength of ships in the surround-
ings of the bilge area (See Figs. 1.1 and 1.2). Such types of damage could occur while
under way, docking, maneuvering, turning, and drifting due to loss of steering, power, etc.

This work, will also find a direct application in submarines and aircraft structures. It
provides an estimate of the strength of submarine bulkheads in collisions and of aircraft
fuselages subject to crash landings.

Small-scale experiments are conducted to validate the theoretical results. Both semi-
circular and rectangular flanged plates are tested. The results from the rectangular flanged
plates tests are compared to the analytical findings independently developed by Choi et al

(1994).
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Figure 1.1: Photograph of Damaged Ship Bilge Area
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™  Areca of Web Frame Buckling

SN Extent of Shell Plate Indentation

Figure 1.2: Extent of Damage
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Chapter 2

Circular Flanged Plates - Pre-failure Analysis

In this chapter, the load-deformation characteristics for a flanged semi-circular plate
subject to localized in-plane loadings (Fig. 2.1) is derived. The load case considered is a
quasi-static indentation by a cylindrical indenter, approximated analytically by a knife-
edge loading. The diametral edge of the bulkhead is fully clamped. The circumferential

edge is assumed constrained by the flange to only in-plane motions.

The response of the plate consists of two phases; before and after maximum load (here
called pre-failure and post-failure phases). In the pre-failure phase, the load is increasing
up to the point of maximum strength; rotations are moderately large, but the strains remain
small. During this phase (refer to Fig. 2.2), the plate undergoes pre-buckling (OA), buck-
ling (point A), and post-buckling (AB) stages. Near the point of membrane yielding the
load is a maximum (point C), and the out-of-plane pattern of deformation becomes con-
stant. This marks the beginning of the post-failure (DE) phase. This process is character-
ized by rapidly falling loads due to plastic folding, with large strains (up to the rupture

strain of the material) and large rotations of plate elements.
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Energy methods are used to analyze the elastic pre- and post-buckling response of the
plate. Ultimate strength is calculated, using the membrane yield criterion. Limit analysis
(Prager, 1959), applied incrementally up to large displacements and rotations is employed
in the post-failure range. This leads to a theoretical prediction of the load-deformation

characteristics and provides the link between the two phases of the plate response.

In what follows, the pre-failure phase of the plate is analyzed. Each stage of the defor-
mation process is quantified. Critical parameters such as the buckling load “P,,” and the
membrane yielding load “P,” are derived. The membrane yielding load represents the
force level at which the membrane yield occurs and is assumed to be the point at which the
pre-failure phase ends and the post-failure phase begins. This applies to the materials and
geometries in proportions comparable to those of the ship bilge area. A complete analysis

of the post-failure phase is undertaken in Chapter 4.

2.1 Displacement Field
In applying energy methods (Timoshenko and Woinowsky-Krieger, 1959), one must

first assume suitable displacement fields. The expressions for these fields will contain
some arbitrary parameters, the magnitudes of which are found for minimum elastic strain

energy or limit load.
Experiments give invaluable information regarding the deformation patterns that take

place in the structure. The experimental observations are used in postulating the displace-

ment field and in developing computational models.

2.1.1 Experimental Observations
Fig. 2.3, shows photographs of crushed experimental specimen. As revealed by the

photographs, the deformation initially is primarily within a bounded region. As the inden-
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tation process progresses, the lateral extent of the bounded region or “deformed zone”
remains constant during all tests. Outside of the initial deformed zone, the plate undergoes
small but increasing bending along the ridge lines ‘OD’ and ‘OFE’ as depicted in Fig. 2.4.
The lateral extent of the deformed zone is indicated by {. It is considered to be an
unknown of the process. The curves ‘AB’, ‘BC’, ‘AC’, and ‘AOC’ represent the bending
ridge lines within the deformed zone. Details of the experimental investigation are pre-

sented in Chapter 5.

2.1.2 Simplified Two-degree-of-freedom Model
Based on the above experimental observations, a simple two-degree-of-freedom

model of the circular flanged plate was developed. Fig. 2.5, shows the assumed model
geometry. As indicated, the curved bending ridge lines are approximated by the straight
lines ‘AB’, ‘BC’, ‘AC’, ‘AO’, and ‘OC’. Also, piece-wise flat plane surfaces are used to
approximate the curved areas ‘ABC’ and ‘AOC’. Moreover, during the pre-failure range,
the small amount of bending outside of the deformed zone is neglected. That is, if I" is the

boundary of the deforming zone then:

Uu=v=w=0 at T

where u, v, and w are the displacements in the x, y, and z directions respectively.

The deformation itself, within the constrained zone, consists of in-plane compression
and out-of-plane bending. The maximum in-plane displacement is represented by u,, and
the maximum out-of-plane displacement by w,. Displacement u,, occurs at the point of
application of the compressive load P. When buckling occurs, it is assumed (as shown in
Fig. 2.6) that the upper and lower zones within the deformed zone of the model rotate with

respect to each other and deform in such a way that the out-of-plane displacement field
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w (x,y) takes the form of a ‘pyramid’ with four lines of slope discontinuities. Out-of-
plane displacement w,, occurs at the junction between the upper and lower zones. At this
junction, the in-plane displacement is #*. w,, and u* are arbitrary parameters. Their mag-
nitudes as function of u, are determined in the next Section.

Note, as shown in Fig. 2.5, the upper zone of the deformed region (where
N<x<1n+A) extends a distance 2 laterally and a distance A transversely while the
lower zone (where 0 <x<m) extends a same distance 2{ laterally and a distance m
transversely. The distances A and 1 are related geometrically to { through the radius R of

the circular plate as follows:

A =R- R2—§2 (2.1)
2 2
n) = Q_Iéi’:‘z;i 2.2)

Consult Appendix A.1 on page 135 for detailed derivation of Eqgs. (2.1) and (2.2).

Using all above assumptions, a particular form of the three components of the dis-
placement field u (x,y) , v(x,y), and w(x,y) are postulated. u, v, and w are the dis-
placement in x, y, and z directions respectively. As shown in Appendix A.2 on page 136,

the displacement field can be expressed by the following equations:

u*(—%+%) ;for 0<x<n
u(x,y) = X (2.3)
_x ‘J) *(’_‘ X_M)- <x<
“0( yty tu 7~+§ 7 ;for n<x<n+A
vix,y) =0 ;everywhere (2.4)
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) ;for 0<x<n
(2.5)

Y

g

Wo(‘ - +7L_-;n_‘) ;for nSx<n+A

2.2 Strain Field

From the theory of moderately large displacements of plates, the strain-displacement

relations are found to be:

1 1
Eap = > (ua’ gt g, ot W a8 (2.6)

Eq. (2.6) is written in indicial notation and reduces explicitly to the following three equa-

tions

(3 1(o0)

Y 7 9y 2\9y

1(9u, 0v), 1 ow ow
¥ 2\dy dx/ 29dx dy

The above equations used in conjunction with the postulated displacement field (Egs.

(2.3), (2.4), and (2.5)) yields a complete description of the strain field.

Appendix A.3 on page 138 shows the detail of the calculations. The three components

of the strain field €_, €, and E,, are given by:
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——-—u*+—2w0 ;for 0sx<n
€ = n
¥ 1 1 1 2 2.7
—xu0+xu*+7wo sfor n<xs<n+A :
1 2
£, = —W ; everywhere 2.8)
y 270
28
1 . 1 2
e . <x<
< 2{;“ 5 cwo ;for 0sx<n

g = (2.9)
<x<
+2k§w° sfor n<x<n+A

Note that the components of the strain tensor depend only on the known radius of the
plate, and unknown in-plane displacements «, and u*, out-of-plane displacement w,
and parameter of the process {. Keep in mind that A and 1 are geometrically related to {

through Egs. (2.1) and (2.2).

2.3 Primary and Secondary Equilibrium Paths
In what follows, we make use of Wierzbicki and Huang (1991) and Geiger (1989) for-

mulation. They determined the equilibrium path of a crushed box column by using the
principal of virtual work.

However, one needs to point out as stated by McClintock and Argon (1966) that for
small strains and displacements, there is an upper bond theorem for the elastic stiffness
when a complete displacement field is postulated. In the present analysis, as usually done,

we neglect through thickness stresses and displacements to end up with a simpler dis-
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placement field to use in finding the energies. Strictly speaking this is not an upper bond,

but experience has shown that such fields give good approximations.

Considering half of our model (because of symmetry) and defining IT to be the total
potential energy, P the total compressive force, and U,, and Uj, the membrane and bending

energies respectively, we get

P
I1 (ugwy) = U, (uy wy) + U, (g, wy) — (E)uo (2.10)

The calculation of U,, and U, are carried out in Appendix A.4 on page 140. The final

result is given by the following:

Et

4 2 2 2 >
Un = 5195 [Cywot + Cyugwy’ + Coutw, + Cyutug + Cou*” + Ceuy’ ] @11)

3
Et 2

U = ——C.w 2.12
b24(1-vy) 7O 1
where E and v denote, respectively, the Young’s modulus and the Poisson’s ratio and ¢ the
thickness of the plate. The coefficients C; (i = 1,...,7) all depend on geometric
parameters only, the radius R, and the unknown of the process, . For exact expression of

the coefficients, consult Appendix A.4 on page 140.

It should be pointed out that the present model gives a good approximation of the
membrane energy, but a less accurate approximation of the bending energy. This is due to
the fact that we had to smooth-out the edges of the ‘pyramid’ in the bending energy calcu-
lation because slope discontinuities are not admissible in elastic structures. Details perti-

nent to the smoothening process are described in Appendix A.4 on page 140.
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Making use of Egs. (2.11) and (2.12), the total potential energy defined by Eq. (2.10)

reduces to the following expression

IT (ug, wy) = 2(1E [C wO4 + Cugw, +C' u*w, +C4u N
3
Et 2 1
+ C5u* + C6u0 ] + mc7w0 —§Pu0
oIl E)H « o oIl .
The equilibrium condition 8I1 = 8u0 =— Ouy + FPe — du +5;v—8w0 0 applied to the

0
above expression, gives rise to a system of three nonlinear algebraic equations relating P,

Uy u*, and W, as follows:

oIl _
du; 2 (1 v2)

C,w +Cu +2Cguy| - P—O
270 4 0.

which reduces to

Et 2
P = '(1———\-/-2—)- [Czwo + C4u* + 2C6u0] (213)

and

oIl _
au* 2(1 v2)

[Cyw,” + Cyup+2Cu*] = 0

which reduces to

—u, (2.14)

and
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3
oll Et 3 Et 3
awo = 20V l:4C1w0 +2C2u0w0+ 2C3u*w0] + m—)—c.,wo =0
which reduces to
2 C,t?
wol 4Ciwy +2C,u,+ 2C3u* + v =0 2.15)

Now, using the optimal value of the in-plane displacement u* given by Eq. (2.14) in

Egs. (2.13) and (2.15), the following system of two non-linear equations in u, and w,, is

found:
B c,’ Cc,C
- Lt 4 374 2
and
fol C.C C.2
3 2 3“4 7
WO [(4C1 - '—C—S—]Wo + [2C2 - —C-,S—Juo + T:I =0 .17

From Eq. (2.17), one can identify two distinct solutions for the out-of-plane displace-

ment w, as function of the in-plane displacement u.

The first solution,

wy =0

for all u, defines the in-plane elastic or primary equilibrium path.

The second one,
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or

(2.18)

defines the buckled elastic or secondary equilibrium path.

Now, one can write the final expression for the primary equilibrium path by inserting
the value of w, = 0 into Eq. (2.16) and letting P; stand for the primary equilibrium path
load. And the final expression for the secondary equilibrium path by inserting Eq. (2.18)
in (2.16) and letting P;; denote the secondary equilibrium path load. The final result is

given by the following two equations;

E c,’
! 4
P, = —2C, — — .
; 1_v2( Cs ZCJuO 2.19)
, _C3C4 2 c C;C,
Et C, 2C, 2 72 2C,
= 1_v2 2C6—2c5'2( CBzJ “~% ( C32) @20
4C, - — 4C, - —
I e ¢
where the coefficients C;; (i = 1,...,7) are as follows:
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J1L,im, 11 18 1 1
€ (&) = .8'1?+§E+4n§+8 k3+8§3+4x§
1§ 1v
C,(0) = "32,272¢
16 18
Q) =-25-2%
3 (8 22 252
(0 =5
1¢,In_1vn, 18, 1A 1VA
Cs(8) =53+t 2T tar*a0 471
o0 =32

Using energy methods, we have succeeded with a simple two-degree-of-freedom
model to identify, as the parameter { changes, a family of primary and secondary equilib-
rium curves given by Egs. (2.19) and (2.20).

Now, we will make use of dimensionless parameters to get a generalized description of
the process. Working from the dimensionless equations, pre-buckling, buckling, and post-
buckling stages of the pre-failure phase will be quantified by tracking how the parameter

{ changes.

An appropriate dimensionless parameter for the unknown of the process C is

@21

el
It
> 1

where R is the radius of the circular plate.

Two more dimensionless parameters shall be defined as
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= PR
P== 2.22)
and
n= YR (2.23)
2

where ¢ is the thickness of the plate and D is the flexural rigidity of the plate defined by the

following expression:
Er

D= —" _
12 (1-v2)

With the above definitions, a dimensionless form of Eq. (2.19) is given by:

— C
PI = 12 2C6——__— Uy (2.24)

. _ eyl (. cE
i ((:2-—3;1‘) 2c7(cz——3;i‘J
P, =12|2C-—2-2 — lu, - — (2.25)
2C, — G — G
4C, -2 4C, - =
L C5 C5

The step by step derivation is shown in Appendix A.5 on page 145 along with the

expressions for the parameters E’l sy (i=1,...,7).
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2.4 Pre-buckling Stage

Fig. 2.7, shows a family of load-deflection curves in the pre-buckling stage for several
values of z Clearly, there exists a value of C for which the stiffness of the plate is mini-
mum. It is this value of { that will govern the pre-buckling stage (plate remains in-plane)
of the deformation process. The structure, therefore, follows the primary equilibrium path
corresponding to the minimum stiffness. To determine which path it is and the correspond-
ing value of £, the dimensionless stiffness of the plate as function of the parameter C is
plotted in Fig. 2.8. The lowest stiffness occurs when E = 1. Hence, the deformed zone

extents to the entire plate during the in-plane elastic phase (pre-buckling).

A limit analysis as z approaches the value 1, gives the following:

lmd=1;  lmn=0; imC, = »;
-1 o1 [
limE.4="‘1; limC_'5=+oo;
-1 E—1
and
C_2
Stiffeness of Primary Path = lim 12| 2C, - — | = 12;
Eo1 2Cs

Finally the primary equilibrium path is described by:

P, = 12u, (2.26)

and

!
i
[a—

227
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2.5 Buckling Point
Fig. 2.9, shows the pre-buckling load-deformation curve given by Eq. (2.26) and a

family of post-buckling curves for several values of { given by Eq. (2.25). The locus of
the bifurcation loads as { varies from O to 1 is plotted in Fig. 2.10. The lowest bifurcation
load (called here }_’C_r) is obtained at E = 0.75, and is assumed to characterize the onset of
buckling. It represents the end of the in-plane phase (primary equilibrium path) and the

beginning of the buckled phase (secondary equilibrium path).

As seen in Fig. 2.10, the buckling load I_’-c_r is:

=24 (2.28)

cr

and the corresponding critical in-plane displacement (%Jcr is:

Lu—O)cr =2 (2.29)

The above results are found by first equating Eqgs. (2.25) and (2.26) and solving for
(“_o} o @s function of z Then, second by using this result in Eq. (2.26) and minimizing

with respect to .

As depicted in Fig. 2.11, the onset of buckling leads to an immediate drop in axial
stiffness to about 0.6 of the pre-buckling stiffness. In order to check the validity of our
approximate solution, we compared our result with the exact values of 0.5 and 0.408 for
rectangular plates loaded in compression by a distributed force with edges kept straight
and edges free to wave, respectively (Rhodes, 1989). As seen, our approximate value
compares favorably well with the exact ones given the different nature of the problem at

hand.
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2.6 Post-buckling Stage

Referring to Fig. 2.9, and focussing on the secondary equilibrium path given by:

] — C.C,\ _(_ c.C,
_, |G- 2C,| C,- 2
_ _ C, 2C; ) |- 2C,
Py = 12|2C~ % -2 2y |40 =
5 — —_
(401—:1) [401-—_3:J
L CS CS

we see, as the axial shortening increases, a further reduction in the plate stiffness. The
load-deflection curve follows the envelope of a family of straight lines with various values
of { = {/R. Fig. 2.12, shows the final result for both the primary equilibrium and sec-
ondary equilibrium paths.

The present model predicts that the assumed ‘pyramid’ shape for w (x, y) in the post-
buckling stage reduces gradually in size. As the loading progresses, Z_; decreases continu-
ously from (E_,) or = 0.75 (onset of buckling) to (C) » corresponding to the membrane
yield of the material. Soon after the membrane yield is reached, the plate would have
exhausted most of its load carrying capacity. We identify the force corresponding to the
membrane yield as the ultimate strength of the plate I_’; , and is assumed to characterize

the end of the secondary equilibrium path.

2.7 Membrane Yield

As stated above, with increasing axial indentation, the plate material will yield. In this
section, we identify the most stressed part of the material and calculate the corresponding

value of (z) u-
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Assuming that the plate yields due to membrane stresses alone, the plane stress yield

condition applies (Ugural, 1981):

2 2,36 2= 5.2
6, -0,6,+0,"+30, " = 0, (2.30)
where G, is the yield strength of the material.

At the commencement of yielding, Eq. (2.30) can be expressed in terms of the compo-

nents of the strain tensor by making use of Hook’s law for plane stress (Crandall and Dahl,

1959):
( E
c, = 2 (e, +Ve)
E
3 o, = V2 (sy+vex) (2.31)
_ FE
(O = Tavow

The corresponding equation by inserting (2.31) in (2.30) takes the following form:

2 2

—E—E(ex+vay)2———§—2(sx+vey) (ey+vsx)
(1-v?) (1-v?)
+—£2——-(8 +vs)2+3 E2 £ - o} 2
2 =Y
a-vy> 7 T aew??
That is:
2 2 2 (60)2
where
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_vZ-v+1

(1-v)*
2 = v2—4v+21

(1-v?)

(1+v)

Using the expressions of u* and w, as function of u, (Egs. (2.14) and (2.18)) in Egs.

(2.7), (2.8), and (2.9), one can conveniently express the axial and shear strains as follows:

X

e = { Dyu,+D, ;for 0<x<n

(D;*)uy+Dy* ;for n<x<n+A4
g, = Dyuy+D, = (Dy*)uy+D,* ; everywhere

Dgsuy+ Dy ;for 0<x<n
€y =

(Dg*)ug+Dg* ;for n<x<m+2A

(2.33)

(2.34)

(2.35)

where the parameters D;(§) ; (i = 1,...,6) and D*({) ; (i =1,...,6) are given

in Appendix A.6 on page 147.

Now, Egs. (2.33), (2.34), and (2.35) in Eq. (2.32) for the case where 0 < x <m leads

the following quadratic equation in u:
.. \2
Au02+Bu0+ [C_(EQ) ] =0
where
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2 2 2
A= al(Dl +D3 )—-612D1D3+a3D5
B = 2a1 (D1D2+D3D4) -a, (D1D4+D2D3) +2a3D5D6

2 2 2
C = al(D2 +D, )—-c12D2D4+a3D6

This result is also valid for the case where 1 £ x <1 + A. One need only to replace the
parameters D, (§) ; (i = 1,...,6) by their counterpart D.*({) ; (i = 1,...,6).

A dimensionless form of Eq. (2.36) is given in Appendix A.6 on page 147. The final
result is function of the slenderness ratio parameter 3 defined by B = 112 A/;—Ei and takes

0
the following form:

—_— -
Au, +Bu0+(C——1) =0 2.37)

The two roots LI;(-)) 41 and (“_()Ju, , of Eq. (2.37) define the yield locus. The corre-
sponding loads plotted as function of C , delimit a yield surface (Fig. 2.13). Inside this sur-
face, membrane yielding does not occur. Hence, the intersection of the secondary
equilibrium path (shown in dotted lines) with the boundary of the yield locus is the point
at which membrane yielding occurs. Fig. 2.14, shows the final result for the case where
n<x<n+A.

These two results are for a slenderness parameter § = 0.2315. This value corre-
sponds to the one of the specimens used in the experimental investigation. In this example,
clearly, the upper zone of the model where N < x <1 + A will yield first. The correspond-

ing non-dimensional ultimate force Fu and extent of the deformed zone i are:
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Knife-Edge Loading

Welded Flange

Semi-Circular
Bulkhead

lapsi _%/)

Boundary Conditions

Figure 2.1: Flanged Semi-Circular Plate Unit

Pre-failure Post-failure

Figure 2.2: Load-Deformation Characteristic

35



(a) Global View

(b) Close-up

Figure 2.3: Crushed Experimental Specimen
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Figure 2.4: Deformed Specimen
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Figure 2.5: Two-degree-of-freedom Model
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Figure 2.6: Displacement Field
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Dimensionless Bifurcation Load
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Figure 2.10: Determination of the Buckling Load
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Chapter 3

Circular Flanged Plates - Effect of Initial Imperfections

In the preceding chapter, the plate has been considered to be perfectly flat before load
application. Due to structural imperfections and welding distortions, the plate at hand is
initially imperfect. In the present chapter, we will investigate the influence of these initial

imperfections on the behavior of the structure.

The analysis is carried out following the same logic as in Chapter 2. First, the displace-
ment and strain fields are revisited to include the effect of the initial imperfections. Subse-
quently, membrane and bending energies are derived from the strain field. Finally, making
use of energy methods, the load-deflection curve is determined as function of imperfection

magnitudes.

3.1 Displacement and Strain Fields
In addition to the displacement fields u (x,y) , v(x,y) , and w (x, y) established in

Section 2.1 on page 17, we have an additional function w (x, y) representing the initial
deviation from the perfectly flat shape. For simplicity, w (x, y) is assumed to be of the

same form of the displacement mode w (x, y) with a maximum deflection w, (Fig. 3.1).

48



Also, imperfections are introduced only in the transverse direction. There are no imperfec-
tions in the in-plane direction.

The new term describing the initial imperfection is given by

wo(
cvo(—

The entire displacement field is therefore described by the following four functions:

Sk
Ui

w(x,y) =
) Asn
A

) ;for 0<x<n
Y
G

);for n<x<n+A

>I=

u*(-%+%j ;for 0<x<n
u(x,y) =
uo(—%+%)+u*(%+%—1l;;—7—t);for nN<x<n+A
v(x,y) =0 ;everywhere
wo(%—%) ;for 0<x<n
w(x,y) = \
wo(—-i—%+—'i—n) sfor n<x<n+A
~ X y
) wo(———) ;for 0<x<n
W (x,y) = n s N
WO(—%—%+——;—H) ;for nSx<n+A

From the theory of moderately large displacement of plates and the above postulated
displacement field, one can derive the strain field with initial imperfections effect as fol-

lows:
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1 1 -~
€up = > (”a,a + uﬁya) + 5 (W Wg—W, w,ﬁ)

That is

_.l.u*+—2(w02—m~702) ;for 0<x<m
e = n 2n
’ 1 1o, 1 2~ 3.1
—}—bu0+7—tu"+2—7“2(w0 —-wo) ;for n<x<n+A G-D
1 2 2
g, = 2—C2(w0 - W, ) ; everywhere (3.2)

1 1 ( 2 "2)
—u*———=lwy —w, |;for 0<x<n
2 0 0 ’
28 né (3.3)

N iu*+i(w2—w:2)'for <Sx<n+A
224 Toag\Mo W )l mExs

We also need to introduce a curvature field with initial imperfection effect given by,

9’ - .
Kop = _[W(W—W):] = (W=W) 4
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3.2 Load-displacement Curve

The load-displacement curve is derived using the principal of virtual work as intro-
duced in Chapter 2. The potential energy, 11, written as a function of the membrane and
bending energies is minimized to lead to a set of two nonlinear algebraic equations. The
solution of these equations describes the behavior of the structure in terms of a load-dis-
placement curve.

The membrane and bending energies are derived in the same manner as for the case of
no initial imperfections. Using the strain field result (Egs. (3.1), (3.2), and (3.3)) in the
expressions for the membrane and bending energies, and the following expressions for the

average curvatures

(K) g = 20 s for 0<x<T
(Kx)avg = Wn—v’.{l
(K)o = —9}7—9 cfor n<xsn+A
Wo—W
(Ky)avg = ng :

one gets, as detailed in Appendix B.2 on page 156, the following result for the membrane

and bending energies with initial imperfections:

Et ~212 ~2
U, = m{cl(woz—wo) +C2u0(w02—woj

2 "2 2 2

and

Ef

_ £ = 2
- 24(1 _Vz) C7 (w() WO)

U,
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where C;; (i = 1,...,7) are as defined in Appendix B.2 on page 156.

From the above expressions, the equilibrium path for an initially imperfect plate is

derived. The buckling of real (and therefore imperfect) structures is gradual. Therefore,

the equilibrium path for an initially imperfect plate is now described with one smooth

curve where there is no distinction between the primary and secondary equilibrium paths.

In essence, the introduction of initial imperfections, w,# 0, implies that w,#0 and

therefore the secondary equilibrium path describes the entire equilibrium path. The final

result is given in terms of the following two non-linear algebraic equations and is derived

in Appendix B.3 on page 158.

C,C,\? c,C
C _ 3 4) C (C 3 4) R
Et | C42 ( 220G, 27\ 2C, ( wo)
= I —Z 1- -2 4
T, e
and
2 2
(4C1-‘€}_) _Cli ~
Uy = G/ (2 w;z) 6 (I—V—Vi’) 3.5)
o (2C—C3C4) o 7o (ZC_C3C4) W, '
2 CS 2 CS

Expressions (3.4) and (3.5) furnish a system of two equations with two unknowns, P and

w, . Given u, and for some value of the imperfection w, one finds w, from Eq. (3.5),

then P from Eq. (3.4).
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3.3 Non-dimensionalization

In what follows, we find a non-dimensional form for Eqgs. (3.4) and (3.5). Making use

of the non-dimensional parameters 3—; = I_Ci’ P = %{, and u = u;? , introduced in Sec-

tion 2.3 on page 21, one can derive the following two dimensionless equations which

describe the equilibrium path for the initially imperfect plate.

_ CC.Y (- CC,
—_2 (CZ - C3__4] 207( C2 - C3£4J -

P = 12|2C,- 2 1—;) (3.6)
0

2C. Al cl
5 (40, ——-_3—) (4c1 —:3)
Cs oF

and
-2
(46—1-.6——‘_?_’} ? v ? C, n
2 B (] B ) e
— C.C. t t — C.C w, '
2, - & 6(2(:2_03_04} ’
Cs Cs
where
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—~ 1¢ . 1m 1vn 1T 1L 1vA
Ci=zc24- - =+=-2+4+-=-> —
5 27 47 47 2} 4¢ 4¢
c =18
C6—2X
c-t,.n,2 8 A 2
Cor=Z24=+—=+Z+—=+—

The details of the derivation are omitted because the procedure is similar to the one
used in Appendix A.5 on page 145.

Now, defining two new non-dimensional parameters w, and r as follows:

and

W
r= o
t

Egs. (3.6) and (3.7) can be rewritten in the following final form:

1- é) (3.8)
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Fig. 3.2, shows P vs. L-l—o for three different values of the initial imperfection magni-
tude parameter r (r = 1,2, and 3). When constructing the load-displacement curve, the
values P are found for each increment in 1, by minimizing P with respect to {. There-
fore, each point of the curve is characterized by an in-plane displacement 1, and its corre-
sponding minimum load P with respect to ﬁ As loading progresses, i decreases contin-

vously until the membrane yield of the material corresponding to C‘ is reached.

3.4 Membrane Yield

The most stressed part of the material and corresponding non-dimensional ultimate
load P, are found in the same manner as for the case with no initial imperfection. First,

the expressions for the axial and shear strains are conveniently expressed as follows:

D,u0+D2( —v—Vi’) ;for 0<x<m
g = Yo

(D,*)u0+(D2*)(1-¥9);for n<x<n+A
0
=D D o = (D.* * Wo .
€ = Dyttg+ Dy 1 - | = (D3*) uy + (D,*) - ; everywhere

0 0

D5u0+D6[ _v_vg) ;for 0<x<n
Wo
€y = ~
(DS*)uo+(D6*)(l—%°) sfor n<x<M+A
0
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where the parameters D, () ; (i = 1,...,6) and D*({); (i = 1,...,6) remain

identical to the ones derived in Appendix A.6 on page 147.

Using the above equations in the plane stress yield condition (Eq. (2.32) on page 31)

yields a quadratic equation in u,,
2y p{1-% ( _%)2_(&’9)2 -
Auy + B( 1 Wo)uo + [C " Z 0 (3.10)

from which the following dimensionless form, as detailed in Appendix B.4 on page 160, is
derived:

—— —_ — — 2
Au02+B(1——_r_—_)uo+ [c(l-é) —-1-] =0 3.11)
Wo

For a given slenderness parameter ratio, = }—té J&% , and for some value of the initial
imperfection r, the ultimate load Fu is found from Egs. (3.8), (3.9), and (3.11). The meth-
odology is to determine u, as function of { for every increment in w, using Eq. (3.9).
This result in Eq. (3.8) gives P as function of a . Minimization with respect to { leads to
a P and u, for each increment w,. The found value u, is used to construct the left hand
side of Eq. (3.11). Membrane yield commences at the first positive root, (M—/‘;) «» of Eq.

(3.11). Finally, from this solution ultimate load P, and corresponding i;‘u are found.

In Fig. 3.2, the membrane yield for the special case § = 0.2315 is represented by an
asterisk symbol ‘*’ for the three initial imperfection magnitude parameter r=1, 2, and 3.

As an illustration of the final results, we find for » = 3 the following:
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Figure 3.2: Load-deflection Curves for Several Values of Initial Imperfections
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Chapter 4

Circular Flanged Plates: Post-failure Analysis

In this chapter, we develop a computational model for analysis of the plate crushing
resistance in the post-failure phase. Using limit analysis, applied incrementally up to large
displacements and rotations, an approximate solution for the load-deformation relation-
ship is obtained. In this post-failure phase, the process is characterized by falling loads due
to plastic folding, with large strains (up to the rupture strain of the material) and large rota-

tions.

4.1 One-degree-of-freedom Model

Once the ultimate strength evaluated from the membrane yield condition in Section
2.7 on page 30 is reached, the plate load carrying capacity decreases. Our two-degree-of-
freedom model developed in Section 2.1.2 on page 18 can be extended into the post-fail-
ure range. This model is valid up to the point of the membrane yield. Beyond this point,
the plate is subjected to further unloading, and plastic deformations spread outside of the
bounded region. From experimental observations, referring to Fig. 2.4 on page 37, five

hinge lines ‘OD’, ‘OF’, ‘DE’, ‘AD’, and ‘CE’ are activated. From this point on, the in-
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plane and out-of-plane deformations are related through the geometry of the problem and
the number of degrees of freedom is reduced to one. Fig. 4.1, shows a one-degree-of-free-
dom model based on the above discussion. As indicated, the curved hinge lines are all

approximated by straight ones.

Further experimental observations reveal that after a slight increase in the amount of
axial deflection, the out-of-plane displacement w, grows in much faster proportion than
wq (W » wy). To simplify the calculation, we assume that w, =~ 0. Under this assump-
tion, a final simplified one-degree-of-freedom model is constructed and shown in Fig. 4.2.
Because of symmetry, only half of the model is considered. The notation is defined as fol-
lows:

€ - parameter that determines the location of all hinge lines

R - specimen radius

B, - rotation of the ith hinge line (i =1, ..., 5)

I; - length of the ith hinge line (i =1, ..., 5)

o - angle between first and second hinge lines

B - angle between second and fifth hinge lines

Y - angle between third and fourth hinge lines

0 - angle between third and fifth hinge lines

¢, - projection of (o + B)

¢, - projection of (y+ 9)

P - applied force

A - indentation depth
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As crushing progresses, the second and third hinge lines move out-of-plane while the
first, fourth, and fifth hinge lines remain in-plane. An overlap between the adjacent left
and right triangular elements is induced. This overlap is indicated by a shaded area and

represents the amount of compression each deformed triangular element is subjected to.

Note that the angles o, f, v, and § are determined from the geometry of the problem.

They are function of the parameter { and found in Appendix C.1 on page 163 to be:

[2
a(l) = atan(——————]l: +_ Cz}
T
B =3-20(8)

Y(0) = o (8)

_n
8—2

4.2 General Solution Approach and Idealization
McClintock and Argon (1966) state the upper bound theorem as follows:

In a rigid-plastic continuum, deformation must occur under any system of loads, F,, for

which a distribution of incremental displacements, u,, can be found such that
(a) the displacement boundary conditions, if any, are satisfied,

(b) the displacements can be differentiated to give a strain, €,j» with no change in vol-

ume anywhere, and

(c) the resulting plastic work done throughout the volume, V, of material, found from
the resulting strain, is less than (or equal to) the work done by the external loads acting

through the assumed displacements:
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! Fa,dS 2 i 6,&,dV

where G,; are the components of the stress tensor, and i,j=1,2,3 in indicial notation.

If it is assumed that in the plate there are no through thickness components of displace-

2 =0
*3
ume integral can be rewritten in terms of the bending moment times the rate of curvature,

ment or gradient (u3 =0 ), then i, j— o, B = 1, 2. It turns out that the vol-

M ancaﬁ , and the axial force times the strain rate, N aBéaﬁ’ over an area, S, as

[FiaidS 2 [ (Mygkop+Noypéop) dS @.1)
S S

Note that the bending moment and force tensors, M b and N p> aTe coupled through the
yield criterion of the functional form f(M op’ NaB) = 0. It is assumed that in regions
experiencing high bending stresses, there are small membrane stresses. Likewise, in
regions of high membrane stresses, there are small bending stresses. This decoupling of
M B and N B is accomplished by inscribing the yield locus inside a rectangle as in Fig.

4.3.

The right hand side of Eq. (4.1), that is the rate of internal plastic work, is now the sum

of internal bending work rate and membrane work rate and expressed as follows:

W, = Wg+ Wy, 4.2)
where
Wp = [M,pkopdS+ > M,[6,]1; 3)
S i
Wi = [NopopdS @4
S
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For a rigid-perfectly plastic material, the bending expression contains a continuous
0,12
deformation field as well as a discontinuous field, where M, = 9 is the fully plastic

4
bending moment, 6 ; 18 the rate of rotation at the i plastic hinge and [; is the length of the
hinge line.
In our model, as is done in most practical applications, the velocity fields were con-
structed so that the plastic bending deformations are contained only in plastic hinges and

plane deformations between them. Consequently, the plane rate tensor in the continuous

deformation region vanishes (KaB = 0) and Eq. (4.3) simplifies to
Wg = Y M,[6,] @4.5)
i
Also, the membrane work rate (Eq. (4.4)) is simplified by identifying direction of a

predominant axial deformation and neglecting all other components of the strain rate ten-

sor. The membrane work rate takes the following form

Wy = [Noeds 4.6)
S
where N, = o4t is the fully plastic membrane force.

In the case of a single applied load P, the external work rate is

.

14

ext

= PA @.7)

where A is the rate of indentation.
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4.3 Rate of Internal Plastic Work

In what follows, we derive the rate of internal plastic work for our simplified one-
degree-of-freedom model. As explained in the previous section, the internal bending work
rate and membrane work rate are calculated separately. Their sum, Eq. (4.2) is the internal

plastic work rate.

4.3.1 Bending Work Rate
As established earlier, the internal bending work rate is given by Eq. (4.5). For our

model with five hinge lines, we have

5
Wg = Y M,[6]1 (4.8)

i=1

where, recall
éi - is the rate of rotation at the i plastic hinge

I, - is the length of the i” hinge line
2

M, = —Z—— - is the fully plastic bending moment

Expansion of Eq. (4.8), considering the entire plate, gives

Ep = 2My| 10111+ 03]+ [851 s+ 18411, + [65]14

which from geometry
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becomes

EB = 2M0(9111 -+ éAl2 + 9312 + éDl3 — Gcl3 + 94l4 + GSZSJ

and reduces to

Ep = 2My[01],+ (B4 +0p) I, + (6p—0¢) Ly + 041, + 051, | (4.9)

Also from geometry we have:

0,+0,=m1-0, = 6,+6p=-6, (4.10)

and

GD-GC:TC‘-G:}) = GD"—GC=—G3 4.11)

Egs. (4.10) and (4.11) in (4.9) gives:

Wy = 2M 811, =05, = 631, + 0l + 051, “12)
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At this point, we need to determine the rate of rotations 8;, (i =1, ...,5) . We first
find from geometry the rotations 0, as detailed in Appendix C.2 on page 164. The final

result is as follows:

cosf3 — coso.cos O,

6, = n 13
cos¥ sinousing, @13
cosd, — cosa.cos
cosB, = —— (4.14)
sinocsin B
coso,
0, = — 4.1
cosB, per (4.15)
COSQLCOS O,
cosb, = - ——— (4.16)
sinasing,
coso — coscosd,
cosfy = " - 4.17)
sinfsin¢,
Alternatively, as explained in Appendix C.2 on page 164, 65 is also found to be
cosal
cosf; = (4.18)
5
sing,

Differentiation of Egs. (4.13) through (4.18) with respect to time leads to the following

rate of rotations

) : coso - cosfcosd,
0 = -9,

(4.19)

sinq)“/(sinot) 2_ (cosB) 24 2cosocosPcosd, — (cosd,) 2

sing,

6, = ¢ (4.20)

J(sinu) 2 (cosPB) 24 2cosocosPBcosd, — (cosd,) 2
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sin¢,

,J( sino) 2 (cosd,) 2

05 = ¢, 4.21)

cosa

sin¢2A/( sinot) 2 (cosd,) 2

04 = —0, 4.22)

. . cosf — cosocosd
05 = -4, L 4.23)

sin¢1,\/(sina)2— (cosf) 2 2cosacosBcosd, — (cosd,) 2

or alternatively

. . COSQLCOS
05 = 0, % 4.24)

sing, f (sinc) >~ (coso,) >

Using Egs. (4.19) through (4.23) in Eq. (4.12), gives the following expression for the

bending work rate.

. . cosPcosd; —cosa
Wp = 2Mo{q>1l1 - = = (4.25)
sin(l)l,\/(sinoc) — (cosP) " +2cosoicosBeosd, — (cosd,)
. sing,
~0il 2 2 2
A/(sinoc) — (cosP) "+ ZCost)ccosBcosq)l — (cos0,)
. sin¢ .
~ %2l 2 = 3 02l COS;X 2
A/ (sina)  — (coso,) sin¢2J (sina) " - (cosd,)
) cosf} — cosacos,
~ s 2 2 2 }
sinq;lﬁsinoc) ~ (cosP) " +2cosocosBeosd, — (cosd,)

In order to eliminate ¢, from the above equation, one can use Egs. (4.23) and (4.24) to

get &, in terms of ¢; .
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b b sin¢, (cosacosd, — cosf) J(sina) 2 (cos,) 2
2= ¢ (4.26)
cosoccosq)zsinq)l,\/(sinoc) 2 (cosPB) g 2cosacosBcosd, — (cosd,) 2

Finally, Eq. (4.26) in (4.25) give the following final result for the internal bending
work rate
2M b,

Wy = - = - 4.27)
sin(l)“/(sinoc) — (cosP)“ +2cosacosBcosdh, — (cosd,)

I5 (sing,) 2 (cosacosd, — cosf)

.2
[ll (cosBcosd, — cosa) —I, (sind;) " - oS 0,cos
2

cosa.cos, — cosf3

4 50, + L5 (cosa.cos, — cosf) :I

where ¢, is related to ¢, as follows:

cosousinBsing,

sing, = (4.28)

coso — cosPcosd,

This result is arrived to by combining Egs. (4.17) and (4.18)

In Eq. (4.27) the hinge line lengths, which are assumed to remain constant during the

deformation process, are found from geometry and given by

I, =R

L, = /Rz_pz
I, = ,§2—ﬂ2



s = NR-0)7+ (R-1)

Using the values of A, p, and 1} from Appendix A.1 on page 135, we get:

I, =R (4.29)
N Rz!Rz—cz!_R 2R
9 = + = R—-;—C- 4.30)
(R+0)
L = ‘/C2+C_2L£f;§_2) —{; _2R_ 4.31)
3 = 2 - R+C .
(R+0)
l4 = C 4.32)
I = J(R-§)2+LR2—§2) = JZR(R=0) 433)

Note that for convenience, in all subsequent derivations we will continue to denote the

hinge line lengths by ;.

4.3.2 Membrane Work Rate
As established earlier, the internal membrane work rate is given by Eq. (4.6). That is

Wy = jNOédS (4.34)
S
where N, = ot is the fully plastic membrane force, dS = drds, and € = E}‘ is the
r
velocity strain rate in the local coordinates (r, s) rotating with the plate element. There-

fore, with the consideration that material points are on either side of the centerline of the

shaded area in Fig. 4.2, Eq. (4.34) becomes
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Wy = ”Nogi:drds = ZNOJ‘;uds
rs

that is

Wy = 2N0j‘; uds 435)

There are two contributions to the membrane work rate. The first one from the com-

pression of the flange and the second one from that of the web or bulkhead.

WM = WMflange + WM (4.36)

web

Making use of Eq. (4.35) and according to the assumed deformation mode, as shown

in Appendix C.3 on page 166, each contribution is given by

WMﬂange = 2N0H¢ ]-f ( ¢ 1° ¢2) (437)

and

Wy = Nody [(A+1)g(0,,0,) +Af(0,,9,)] 4.38)

where H is the width of the flange, A ({) and m} ({) are given by Egs. (A.1) and (A.2) on

page 135 and page 136 respectively,
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f(0,0,) = —Igsind, +1,sin (¢, +9,) +Acos (¢, + 0,)

+ [I,sin (¢, +,) +Acos (¢, +9,)]

sind, (cosocosd, — cosP) ,\/(sina) 2_ (cosd,) 2

cosaLcos ¢, sind, A/(sinoc) 2 (cosfB) 2y 2cosaicosBcosd, — (cosd,) 2

g (9, 0,) = —Issing; +1,sin (¢, +6,) +

1,sin (0, + 9,) sin®, (cosoicosd, — cosB) | (sinar) >~ (cosd,) >

cosoccos&bzsinq)l,\[(sina) 2 (c:osﬁ)2 +2cosocosfcosd, — (cosd,) 2

and ¢,, ¢, are related by Eq. (4.28).

4.4 Rate of External Work
As established earlier, the rate of external work is given by Eq. (4.7). That is

.

%4

ext

= PA (4.39)
where, recall
P - is the applied force

A - is the rate of indentation depth

From geometry, as shown in Appendix C.4 on page 171, the rate of indentation depth

is found as function of ¢, ¢, , and ¢, as follows:
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A = h (0, 0,) (4.40)

where

h(6,,0,) = —I5cosd, +1,c0s (¢, +,) —Asin (0, +d,)

+ [14cos (¢, +¢,) —Asin (¢, +¢,) ]

sind, (cos0cosd, — cos B) AﬁsinOt) 2 (cos9,) 2

cosacos¢2sin¢1J(sina) 2_ (cosB)2+ 2cosocosBeosd, — (ccssq>1)2

And inserting Eq. (4.40) into Eq. (4.39) leads the following final result for the external

work rate.

Worr = PO; R (0, 0,) (4.41)

4.5 Crushing Force

We now are in position to derive the crushing force, P, by equating the previously cal-
culated internal work rates to the above rate of external work. That is

Wext = Win = WB+ WM

flange

+ Wy (4.42)

web

Eqgs. (4.27), (4.37), (4.38), and (4.41) in Eq. (4.42) gives, as shown in Appendix C.5 on

page 173, an expression for the crushing force as follows:
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k(01 9,) £(0,,0,) ¢ (0,.0,)
0 (9,0, T N0 GHA M e N () S

P =2M

(4.43)

where

1

k(9p,0,) =

sin(i)l,\/(sinoc)z— (cosB)2+2<:osoccosBcos¢1 - (COS¢1)2

[ll (cosPcosd, —cosar) — 1, (sin(i)l)2

. 2
(sing,) ~ (cosoicosd, — cosfP) B cos0cos @, — cos 3
4 cos 0,

3 cos0.cos ¢,

+ 15 (cosocos O, — cos B)}

h(,¢,) = —Iscosd, +1,c0s (¢, +0,) —Asin (¢, +¢,)

+ [[ycos (¢; +¢,) —Asin (¢, +0,) ]

sing, (cosocosd, — cosf) J(sinoc) 2 (cosd,) 2

cosoccoscbzsin(p“/(sinoc)z— (cosB)2+Zcosoccosﬁcoscl)1 - (COS¢1)2

g(0;,0,) = ~Issind, +;sin (¢, +¢,) +

Iysin (0, + ¢,) sind, (coswcosd, — cosfB) ,\/(sinoc)z— (cosq)z)2

cosacos¢zsin¢1J(sina)2— (cos[3)2+2(:osoccos[3005<bI - (cos<t)])2
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f(0,0,) = —Issind; +1,sin (¢, +9,) +Acos (¢, +0,)

+ [ysin (¢; +9,) +Acos (0, +¢,) ]

sin¢, (coso.cosd, — cosP) ,\[( sinot) 2_ (cosq;z)2

cosoccos¢2sin¢l,f(sinoc) 2 (cosPB) 2 2cosacosBcosd, — (cosd,) 2

In all above relations, ¢, , and ¢, are related by

coso — cosfcos o,
. cososinBsing, )2
| cosa— cosBcoso,

(note that the use of tan¢, instead of sin¢,, as done in Eq. (4.28), is for programing pur-

( cosasinPBsing, J

tang, =

(4.44)

poses.)

Also, ¢, and ¢, are geometrically related to A. The detail of the derivation is pre-

sented in Appendix C.4 on page 171. The final result is

A = R-Issind; +1 sin (¢, +9,) +2Acos (¢, +¢,) (4.45)

Eqgs. (4.43), (4.44), and (4.45) represent a set of three equations with three unknowns
¢, ¢,, and P. Given a A increment, ¢, and ¢, are calculated from Egs. (4.45) and
(4.44). The result is then used in Eq. (4.43) to lead the corresponding crushing load P. In
this manner, the load-deflection curve is constructed as function of { for the post-failure

stage.
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For completeness, the remaining parameters are as follows:

4.6 Non-dimensionalization

In what follows we derive a dimensionless form of Egs. (4.43) and (4.45).

Staring from the dimensionless parameters defined in Section 2.3 on page 21, that is:

s.t. s_PR_ 5 _AR,
C.)_R’ P—D, A"t’
where
3
p=_E
12 (1 -v2)

one can derive, as detailed in Appendix C.6 on page 174, the following dimensionless

final expression for the loads in the post-failure phase

!

_120(1-v?) [_1}_

57 27{+ (2H+N) F+ (X+ﬁ)§} (4.46)

and the following dimensionless final expression for the corresponding deflections
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- 2 — — _
A = R [1-Igsing, +1I,sin (¢, +0,) +Acos (¢; +¢,) ] @447

where

B = 113 /65 is the slenderness ratio parameter
Y

- (o]

o= (—;—0 is the ratio of the material flow stress to the material yield stress
Y
= 22
— — - -2 - _ — - —
R=I—§,H=%I,7L= 1-1-F7 = Cll CC L=C0IL=420-0)
+

and

h(0,0,),k(9,9,), f(9,9,),and g(¢,,9,) are as defined in Appendix C.6 on

page 174.

Also ¢,, and ¢, are related as follows:

( cosoisinPsing, J

cos0.— cosffcosd,
tan¢, = (4.48)

. cososinfBsing, )2
| coso— cosPcosd,

To implement this result and plot the load-deflection characteristics, it is convenient to

first increment ¢, from ¢,, . to ¢, . find corresponding values of ¢, from Eq. (4.48)

insert both values, in Eqgs. (4.47) and (4.46) and find respectively the values of A and P.
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The limits of the angle ¢, are found in Appendix C.7 on page 179 from geometric

limitations imposed on the model. The corresponding final results are:

cosoasin + cosBsino
L= 2atan( )
@ tmin coso + cos B

and

q)lmax = (X+B

Fig. 4.4, illustrates this final result. It is a plot of the dimensionless load-deflection
characteristics for several values of the parameter z . Note that all the curves correspond to
the special case where 3 = 0.2315 (slenderness ratio parameter of experimental speci-

men).
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Chapter 5

Circular Flanged Plates - Experimental Study

In this chapter, the experimental study undertaken in support of the project is
described. First, the geometry of scale model specimens is determined and their fabrica-
tion is discussed. Next, the consideration, design, and fabrication of the testing apparatus
are outlined, along with the choice of the indenters that simulate the accidental loadings.

Finally, the description of the tests conducted and results obtained are presented.

Also supporting experiments described in Appendix D, related to finding the stiffness
of the Instron machine (Section D.4 on page 190), investigating the specimen initial
imperfections magnitude (Section D.5 on page 191), and determining the material stress-

strain characteristic (Section D.6 on page 193) were undertaken.

5.1 Geometry and Fabrication of Experiment Specimens

Fig. 5.1 shows the geometry of the test specimen selected. It consists of a semi-circu-
lar plate (bulkhead) of radius R and thickness ¢, and the attached hull plating (flange) of
width H and thickness z. In this section the sizing (i.e determination of R, ¢, and H) of the

specimen and its fabrication are described.
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5.1.1 Scale Model Geometry
The goal is to determine a realistic radius-to-thickness ratio (R/f) typically observed at

the bulkhead-plating interface of ships bilge area, aircraft, and submarines. Depending on
the application considered the geometric proportions vary, thus making it difficult to pick
one typical design on which to base the scale test models. Furthermore, because of the
unavailability of detailed technical drawings for aircraft fuselage and submarines, the
scale models were based solely on ships bilge area. Three representative ship designs were
selected. An average prototype radius-to-thickness ratio of R/t = 136, on which to base
the scale models geometry, was found. Consult Appendix D.1 on page 185 for the details
of the calculation. Also for completeness, as shown in Appendix D.2 on page 187, an
order of magnitude of the radius-to-thickness ratio for aircraft and submarines was deter-

mined.

In determining the geometry of the models, for simplicity the bulkhead and flange
thicknesses were taken equal. Four available plate thicknesses of 0.406, 0.749, 1.130, and
1.829 mm were evaluated. The 0.406 mm plate failed to meet the minimum thickness
required for the selected welding technique. The 1.829 mm plate was not used because it

exceeds the maximum thickness capacity of the machine used to roll the flange.

The next task was to evaluate the radius R that would yield a reasonably sized speci-
men. Based on the Instron machine workspace constraint, a radius of 6 in. (152.4 mm) was
selected. Consequently, the plate thickness of 1.130 mm was preferred over the 0.749 mm
one to give a radius-to-thickness ratio of R/¢ = 134.83. This ratio is in line with the pro-
totype value established above and is considered satisfactory. A summary of specimen

dimensions and radius-to-thickness ratios is given in Table 5.1.
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Table 5.1: Test Specimen Dimensions

Radius-to-thickness Radius-to-thickness
Flange ratio ratio
(Specimen) (Prototype)

Plate
(Bulkhead)

t=1.130 mm t=1.130 mm

(0.0445in) | (00445 in)
R/t = 134.83 R/t =136

R=1524mm H=762mm
(6in.) (3in.)

As shown, the width of the flange was chosen to equal half the specimen radius
(H = R/2). This was driven by the overall goal of the testing. For these tests, the goal
was to understand the crushing strength of a typical bulkhead member where the contribu-
tion from the flange would be reasonably negligeable. The flange is considered to only
provide appropriate boundary conditions. Therefore, we limited our experimental study to

the case of narrow flanges (H < R).

5.1.2 Test Specimen Fabrication
Both the web and the flange were machined from the 1.130 mm sheet metal. The

flange was sheared to dimension and rolled to a radius slightly higher than that of the web.
The circular shape of the web was achieved using a lathe. Subsequently, it was cut into

two halves on a milling machine with a precision circular saw.

To assemble the two pieces, the Ocean Engineering Welding Laboratory at MIT has
suggested the use of electron beam or brazing. The electron beam technique is a fusion
joining process in which the workpiece is bombarded with a dense stream of high velocity
electrons in an evacuated chamber. Brazing coalescence is produced by using a nonferrous
filler metal having a melting point below that of the base metal. The filler metal is distrib-

uted between the closely fitted joint surfaces by capillary action.
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As opposed to the flanged rectangular plates where electron-beam welding was used
for reasons explained in Chapter 7, here we preferred the brazing method. It is a simpler
and cheaper process which does not require an evacuated chamber. It presents, neverthe-
less, the drawback of requiring very tight joint fit up tolerances. Otherwise, the filler metal
will not flow and gaps will ensue. This will result in a weakened bond. To relax the
required tight joint tolerances a nickel braze filler metal was used. However, this process
introduced considerable distortions. As described in Appendix D.5 on page 191, out-of-

plane initial imperfections of the order of three to four thicknesses were detected.

5.2 Testing Apparatus

Fig. 5.2 shows the experimental set-up which consists of the following equipment

* Instron (Model TTDL) Universal Test Machine (screw driven, 20 kip capacity)
* Test Fixture

* Indenter

* Indenter-to-Load Cell Adapter

* 433/L Optiplex Dell desk top personal computer (IBM compatible)

* National Instruments Data Acquisition Board and Software Program

5.2.1 Test Fixture
The specimen, shown in Fig. 5.3, is fixed in a test fixture on the crosshead of the

Instron machine. The fixture consists of a 16x12x1 in. aluminum base in which a 0.045 in.
wide slit was machined. The radial edge of the bulkhead is tight-fitted in the slit. Four side

bolts provide, via the flange, the needed clamping force.

5.2.2 Indenter Geometries
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The indenters are designed to simulate the case of localized crushing loadings. A sim-
ple cylindrical shape was selected for this purpose. Three different indenters with radii of
0.5, 1, and 1.5 in. were fabricated. They were all machined from solid blocks of cold

rolled mild steel. Fig. 5.4 shows the indenter of radius 1.5 in.

5.2.3 Indenter-to-Load Cell Adapter
Two indenter-to-load-cell adaptors were used depending on the indenter diameter. Fig.

5.5 shows the connector for the 1 and 2 in. diameter indenters and Fig. 5.6 shows the one

for the 3 in. diameter indenter. All components were made from mild steel.

In operation, the adapter is attached directly to the load cell located at the top of the
Instron machine. The indenter is attached to the bottom of the adapter. It was then driven

into the specimen in a downward motion and the in-plane force was measured.

5.2.4 Instrumentation
The Instron test machine 20,000 b capacity load cell transducer, provides a voltage

signal that is converted to a force measurement. The signal passes through a filter installed
in the test machine. The load cell is integrated with the Instron test machine. It has a self-
contained power source and the output is filtered to prevent signal contamination by ambi-
ent and power noises related to the machine operation. The output signal ranges from 0 to
4 Volts (twice the set rated capacity). Tests were performed on the Instron transducer to
ensure that it is calibrated properly and that the output signal was linear. Appendix D.3 on
page 188 contains the specific information on these tests. The Instron output signal com-
poses the force measurements. A lab-PC+ data acquisition board was chosen as the ana-
log to digital converter. The board is made by National Instruments under the brand name

of NI-Dagqg which was installed in a 433/L Optiplex Dell desk top computer. The associated
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Dagware software package was used for data recording and real-time viewing of the
recorded values. The principal goal of the data acquisition board was to obtain sound data
at sampling rate that was adequate to capture all of the information while avoiding suscep-
tibility to small voltage fluctuations that may erroneously influence the data. See Appen-
dix D.3 on page 188 for more details on the Instron machine operation, data acquisition

program, and subsequent data reduction.

5.3 Tests and Results

This section covers the description of the tests conducted and results obtained. Three
experiments were run each with a different indenter diameter. In all experiments, the

crosshead traveled at a displacement rate of 0.2 inch/minute.

5.3.1 Observations
In all three experiments, despite the fact that the indenter’s radii were different, the

exact pattern of deformation was observed. Very early in the process, the initial deforma-
tion was primarily within a bounded region. The force level raised abruptly and reached a
peak value of about 11,000 Newtons in less than 20 seconds. Soon after the peak load, out-
side of the initial deformed zone, the semi-circular plate underwent small but increasing
bending deformation. The load level was observed to drop monotonically while the lateral

extent of the bounded region remained constant throughout all three tests.

5.3.2 Results
Three tests were performed with indenter’s radii of 0.5, 1, and 1.5 in. respectively.

Test #1:
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The indenter of radius 0.5 in. was used for this test. Fig. 5.7 shows the load-displace-
ment graph. The recorded peak load was 10,877 Newtons. At the end of the test after a 14

mm travel, the load level was observed to be about 6,000 Newtons.

Test #2:

The indenter of radius 1 in. was used. Fig. 5.8 shows the load-displacement graph.
Peak load was 10,983 Newtons and dropped to about 6,800 Newtons at the end of the

travel.

Test #3:

The indenter of radius of 1.5 in. was used. Fig. 5.9 shows the load-displacement graph.
As the two previous tests, about the same peak load, 11,130 Newtons, was observed. The
end of travel load however, remained higher than that of the earlier tests. It was estimated
at about 7,500 Newtons.

Note that the peak load was reached in all the three tests after the same crushing dis-

tance of about 1.5 mm.
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Figure 5.3: Test Fixture

Figure 5.4: Indenter of Radius 1.5 in.
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Chapter 6

Circular Flanged Plates - Comparison of Experimental
Results to Theory

In this chapter, the analytical predictions are compared to the experimental results.
Possible causes of discrepancies are commented on and a preliminary discussion of an

alternative model is presented.

6.1 Pre-failure Range

Fig. 6.1 shows both the experimental and theoretical pre-failure curves. The theoreti-
cal curve is for the case where initial imperfections are three thicknesses and, as derived in
Chapter 3, ends at the membrane yield of the material. As is the case in most buckling
problems yielding gives the point of maximum load. A slenderness ratio parameter of
0.2315 has been used to determine this point. The experimental curves are for three differ-
ent radii of indenters. The curves have been truncated at the point where the load is a max-

imum.

The experimental peak loads corresponding to the indenters with radii 0.5, 1, and 1.5

in. are 10887, 10983, and 11130 Newtons respectively. The predicted theoretical peak load
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is 12745 Newtons. It is only overestimating the experimental results by 17%, 16%, and

14.5% respectively. This reveals good correlation with analytical results.

In terms of displacements, the figure reveals what may seem a bad correlation. How-
ever, this is misleading because in reality one needs to subtract from the experimental
curves the Instron machine deflection. As explained in Appendix D.4 on page 190, the
machine does not monitor specimen displacement with time. Therefore, the experimen-
tally recorded indentation depths, which correspond to the Instron screw motion, are not
purely the deflections of the specimen. The data is corrupted with the displacements from

the flexibility of the Instron cross-head, frame, and indenter adapter.

Once the data are corrected to include the effect of the machine stiffness, the experi-
mental curve is pulled to the left. For example, as detailed in Fig. D.4 on page 190, the
corrected experimental displacement at the peak load for the indenter of 2 in radius is
0.075 mm. This value compares favorably with the theoretically predicted displacement of
0.151 mm. It should be pointed out that this comparison is only done to show that the dis-
placements are of comparable magnitude. The differences are smaller than any possible

experimental and numerical inaccuracies and could not be considered reliable.

6.2 Post-failure Range

Fig. 6.2 shows the theoretical and experimental curves in the post-failure range. A
straight line at the maximum load level is included. In the post-failure phase, we are inter-
ested in the portion of the curves to the right of the intersection of this line with the theo-

retical curve.

The comparison is based on the experimentally observed lateral extent of deformation

(Z_; = 0.4). Also, the theoretical curve is constructed using the experimental slenderness
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ratio parameter 0.2315. In the calculation the effect of the flange was neglected; that is the
width of the flange was set equal to zero. The correlation between the theoretical and

experimental results is within -5% to +17% depending on the indenter radius.

Figs. 6.3, 6.4, and 6.5 show the global theoretical and experimental load-deflections.
As opposed to Fig. 6.2, the elastic theoretical curve is added. Overall, the model with
{ = 0.4 provides a good prediction of the observed force levels but does not capture ade-
quately the extent of the deformed zone which was { = 0.8 at the end of the elastic
phase. The theory presented here postulates that the extent of the damaged zone is dictated
solely by the value it takes once membrane yielding occurs. The size of the deformed zone
was supposed to lock at this specific value. In light of this analysis, we can clearly identify
an uncertain transition zone (represented by the horizontal line from the moment when the
ultimate strength is reached to the moment it intercepts the theoretical post-failure curve).
Certainly, the maximum strength is a good estimate of the force and displacement level
but can only be indicative of the damaged zone extent. Indeed, the extent of the deformed
zone (, continues to decrease until when the point of intersection of the horizontal line
with the post-failure curve is reached. There is therefore a transition from the point of first
yield to the point of full plasticity. This process, which is happening at a constant load is
not captured by our model. The tendency of i to decrease is clear from Fig. 2.13 on

page 46. It is predicted that E decreases in the case of no initial imperfections from 0.71 to

0.6 at the onset of yielding of the lower part of the model.

As indicated earlier, the comparison is favorable for a zero flange width. The theoreti-
cal loads are overestimated when the full width of the flange is used in the theoretical cal-
culation. A possibility had appeared to be the reduced effective width proposed by von
Karman (1932) but no such deformations were observed in the experiments.This reveals a

deficiency in our model.
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The model at hand makes the flange to be compressed. In reality inextensibility of the
flange would not allow this deformation mechanism to take place. However, the derived
result is still appropriate to the case of narrow flanges (one order of magnitude less than

that the radius of specimen).

6.3 Preliminary Discussion of an Alternative Model

As discussed above, because the inextensibility of the flange is not captured in the
base model, an alternative model is developed. This new model is kinematically fully

compatible.

6.3.1 Model Geometry
Fig. 6.6 shows the assumed new model geometry. As indicated, the flange is kept inex-

tensible. This imposes the deformation to extend throughout the plate. The experimentally
observed curved ridge line ‘AOC’ (cf. Fig. 2.4 on page 37) is approximated now by three
ridge lines ‘CD’, ‘DG’, and ‘GH’. As indentation progresses, the points ‘D’ and ‘G’ move
out-of-plane. Relieving tension is shown by the shaded area. Also, the experimentally
observed ridge lines ‘OD’ and ‘OE’ are now approximated by the lines ‘DF’ and ‘GJ’.
The unknown geometric parameter { is shown in the figure and represents the horizontal
distance between the point of load application ‘E’ and point ‘C’ (or point ‘H’ by symme-
try).

In order to capture the experimentally observed deformation pattern better, a slightly
modified model can be used and is shown in Fig. 6.7. This model brings the ridge lines
‘DF’ and ‘GJ’ to intersect at a point closer to the symmetry line. This geometry is closer to
reality. The models are analytically similar in form. In the analysis one need only to adjust

the parameter A ({) accordingly for each model.
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6.3.2 Pre-buckling Path
In what follows, from a postulated displacement field the pre-buckling equilibrium

path is determined. The same approach as in Chapter 2 is used. Fig. 6.8 shows the postu-
lated in-plane displacement field. The maximum in-plane displacement is represented by
u, and the maximum out-of-plane displacement by w,. The displacement u, occurs at the
point of application of the compressive load P. All points on the line ‘AD’ are assumed to
displace the same amount, u, . One important feature of this alternative model is that now
the point ‘C’ is not stationary. Indeed, point ‘C’ has to move up a distance u, and left a
distance v, in order to keep the total length ‘FCE’ constant. In the analysis the displace-
ments u, and v, are not considered unknown parameters. They are determined geometri-
cally, from the inextensibility condition of the flange. Fig. 6.9 illustrates the form taken by
the out-of-plane displacement field w (x, y) . Maximum out-of-plane displacement w;,

occurs along the line ‘AD’.

A similar analysis as in Chapter 2 was conducted on this model in order to determine
the value of { for which the stiffness is a minimum in the in-plane deformation mode. As
shown in Fig. 6.10, the stiffness is minimum when i = 0. This means that all the in-plane
deformation is localized at a single point under the load. We are faced with a singularity
situation. The plate will yield in compression very quickly under low loads. This alterna-
tive model predicts plastic buckling mode of deformation rather than elastic buckling as
predicted previously. A limit analysis shows that this happens because the structure avoids
infinite shear by letting the in-plane displacement u, be zero in the minimization process.

In order to determine what governs the value of E , a new deformation mechanism for
the early stages of the crushing process needs to be developed. One approach is to esti-

mate the rate of membrane work and seek a minimum for . Another approach is to
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include the effect of finite size of the indenters. Indeed, looking at the experimental data,
an estimate of the extent of the in-plane plastic zone is estimated to 47 mm for a maximum
peak load of 11000 Newtons. This value is comparable to the extent of the damaged zone
observed in the specimen { = 61mm. This suggests that the analytical approximation of

the loading by a knife-edge is not appropriate for this new model.
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Chapter 7

Rectangular Flanged Plates - An Experimental Investi-
gation

Indentation tests of flanged rectangular plates are described in this chapter. The exper-
iment was designed to simulate the response of the simplified model of constant girder

depths developed by Choi et al. (1994).

The test equipment is identical to the one used for the flanged semi-circular plates and
described in Chapter 5. In what follows, we restrict the description to the geometries of the

specimen and indenters, and present the test results.

7.1 Specimen Geometry

Flanged rectangular plates (called here T-Stiffeners) were manufactured to verify the
analytical model for crushing of web girders due to localized lateral loading. The analyti-
cal model was developed by Choi et al. (1994). The results of these tests were also used in
the comparative study with numerical solutions performed by Goksoyr (1994).

The T-stiffeners are uniform thickness T-beams made of ASTM A366 steel with the

height of the web equal to the width of the flange. The web and the flange were welded
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using Electron Beam Welding (EBW). Fig. 7.1 shows the specimen along with its dimen-
sions. Note that the effective length of he specimens is only L = 4H, not the total available
L=6H length. The extra length H on each end of the structural unit is needed in achieving
the required boundary conditions as explained in Section 7.3. Justification of the choice of
EBW process for welding and selection of the value of B are explained in Yahiaoui et al.

(1994).

7.2 Indenters

A very simple flat indenter was designed and fabricated out of aluminum stock for the
T-stiffener crushing tests. The geometry is identical to that used in the numerical analysis
performed by Goksoyr (1994) and is shown in Fig. 7.2. To simulate a more localized load-

ing, a narrow indenter with a circular tip was also manufactured out of steel.

7.3 Tests and Results

In light of the observations made from the numerical analysis of the crushing of web
girders studied by Goksoyr (1994), it was decided to run experiments simulating the local
denting mode only. To analyze how this mode responds to increasing width of the wedge,
two different wedges were used: one flat wide wedge identical to that used in the numeri-
cal analysis, and one narrow wedge with a circular tip, to simulate a more localized load-
ing. Three experiments using the wide wedge and one experiment using the narrow wedge
were conducted. Fig. 7.3 shows the experimental set-up used to simulate the local denting
mode. The test specimens are taken to be the same in both the experimental and numerical
approaches as discussed in Goksoyr (1994). The boundary conditions are also essentially

the same as those used in the numerical analysis. The two ends of the structural unit and
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the lower edge of the web girder are clamped. the flange is free with respect to in-plane
movements along the longitudinal edges. Fig. 7.4 shows the apparatus used for conducting
the crushing tests. The T-stiffener is clamped by the pressure provided by the vise via two
fixture blocks. In all four crushing experiments, the cross-head speed was set to 0.2 inches

per minute.

Test #1:

The wide flat indenter, was used for this test. We stopped the experiment when the
indentation reached 28 mm to avoid contact between the deformed web and the flange
because the numerical solution is only valid up to the point of contact (Goksoyr, 1994).

Fig. 7.5 shows the force-displacement graph.

Test #2:

The narrow indenter, was used for this test. The same procedure as for test #1 was fol-

lowed. Fig. 7.6 shows the force-displacement graph.

Tests#3 & #4:

As described in Yahiaoui et al. (1994) and Goksoyr (1994), the first two experiments
showed that the lower edge of the web girder underwent global bending and a longitudinal
displacement of the flange was observed. This was a deviation from the intended bound-
ary conditions. In order to eliminate this problem, the testing fixture was modified. Fig.
7.7 shows the original and modified configurations. The steel step restrained the bottom of
the web from global bending. The three pins, acting as draw beads, and the cap added on

top prevented any lateral movement of the ends of the flange. This design modification
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was proven to be successful after examination of deformed specimens of test #3 and #4.
Note that these tests were a repeat of test #1, except that the tests were run longer, allow-
ing contact of the deformed web with the flange. Fig. 7.8 documents test #3 while Fig. 7.9
documents test #4. Figs. 7.10, 7.11, and 7.12 show photographs of crushed specimen for

tests # 1, 2 and 3 respectively.

These cleaner results provide a closer correlation to the numerical and analytical solu-
tions as described by Choi et al. (1994). A comparison of the results, showed that the ana-

lytical model overestimates experimental loads by only 5-15%.
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Figure 7.1: Flanged Rectangular Plate Specimen
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Figure 7.10: Crushed Specimen of Test #1

Figure 7.11: Crushed Specimen of Test #2
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Figure 7.12: Crushed Specimen of Test #3

127



Chapter 8

Discussion and Conclusions

Understanding the overall ability of shell structures, such as ships, submarines, and
aircraft, to withstand local damage during accidental loads is an important problem. Part
of this problem is to assess the crushing behavior of flanged semi-circular and rectangular
plates under localized in-plane loadings. The flanged rectangular plate model character-
izes the behavior of the bulkheads in the flat bottom region of both conventional and uni-
directionally stiffened double hull ships during grounding accidents. The flanged circular
plate model describes the behavior in the bilge area and provides estimates of the strength
of submarine bulkheads in collisions or aircraft fuselages subject to crash landings. The
derived solutions constitute an evolutionary step in understanding this problem.

Analytical solutions are presented for the response of the structure from the in-plane
elastic to the post-failure (plastic folding). Energy methods are used to analyze the elastic
pre- and post-buckling response of the flanged plates. Ultimate strength is calculated using
the membrane yield criterion. Limit analysis, applied incrementally up to large displace-

ments and rotations, is employed in the post-failure range (in the sense of post-peak load).
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Much understanding and insight can be gained from such analytical work. By identify-
ing different terms of work rates, the relative significance of the various terms can be
established. The two major modes of energy absorption have been found to be bending
and membrane resistance. Also, the sequence of the deformation process is better under-

stood than with numerical methods alone.

The analytical solutions were then compared to the experimental results conducted on
small-scale specimens of geometries in proportions comparable to those of the ship bilge
area. The theoretical results are shown to give good estimates of the ultimate strength or
peak-load (at the onset of membrane yield). That is, they are only about 15% above exper-

imental results.

A comparison of the crushing loads in the post-failure phase was also made. For the
case of narrow flanges when the extent of the deformed zone is measured from the wide
flange tests, the correlation is within -5% to +17% depending on the indenter radius. How-
ever, when the extent of the deformed zone is used from the peak load calculations the

correlation is not adequate. Loads are overestimated in this case by more than 50%.

It can be concluded that the present computational model captures some of the features
of the structural response. However, it fails to capture the tendency of the extent of the
damaged zone to decrease between the end of the pre-failure and beginning of post-failure
phases before locking (mode shape becoming constant). Indeed, the theory postulates that
the extent of the damaged zone in the post-failure phase is solely dictated by the mem-
brane yield analysis (end of pre-failure phase). In light of this work, this assumption needs
to be revisited in any subsequent work.

As stated above, our model is useful for the case of narrow flanges because the inex-
tensibility of the flange is not portrayed. For wider flanges, encountered in most service,

an alternative model was discussed. From preliminary calculations of the extent of the
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deformed zone in the in-plane elastic phase, one can infer that the structural unit fails first
by plastic folding rather than elastic buckling. Future work should investigate this new

type of failure and identify the mechanism(s) that govern the extent of lateral damage.

Beyond the above suggested theoretical extension, possible future work could include
an investigation of the effect of the indenter diameter. As shown in Chapter 6, the alterna-
tive model predicts a theoretical extent of the damaged zone in the limit of zero while an
estimate of the in-plane plastic zone from the experimental load and the yield strength
suggests a value of 0.3 the plate radius. This was nearly independent of the indenter

radius.

Better approximations of the displacement fields could also be used to improve the
accuracy of the analytical results. One can use smooth surfaces described by trigonometric
functions rather than the piece-wise flat plane approximations. However, in light of the
mathematical complexity and the lengthy expressions encountered, this is not recom-

mended.

From the experimental side, further tests should be conducted to investigate the effect
of punch rather than line loads on wide flanges. In doing so, several modifications to the
test apparatus should be implemented. The most pressing one is to monitor the displace-
ments. A dial gauge should be installed between the load point of the test specimen and
the machine cross-head. This allows direct measurement of the specimen deflections and
avoids major corrections of the test data in the elastic region. Also, the use of electron
beam welding rather than brazing in assembling the test specimens is recommended.
Because of the local nature of electron beam welding, very small initial imperfections are
induced. This will improve considerably the comparison with the theoretical model.

Finally, it is recommended that stiff bulkhead designs be avoided. They are commonly

used in both conventional single and double hulls but present hard points which can help
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initiate rupture. It is suggested to use less stiff bulkheads and supplement them with
tapered brackets. This would delay fracture initiation. It would also spread out deflections

and avoid hull rupture.
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Appendix A

Calculations Pertinent to Pre-Failure Analysis

A.1 Geometric Considerations

From geometry, using Fig. A.1, we can find A, 1, and p as function of { and R.

First, A (§) is found from triangle AFQ’ as follows:

A =BO' ~FO' = R—-JAO"-AF* = R-JR*-

Hence,

A=R-JR'-C

Next, 1 (§) and p ({) are found from triangles ODO’ and CDG as follows:

We have

00’=D0’:> P _ R
CG DG “p+m R+

Hence,

pR+C) = (p+mR
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Therefore, pR + p{ = pR + Rn which give, p =

R~

n
Also,A+n+p =R

From the above two equations, we get:

That is using Eq. (A.1)

g
which leads to:
I oo SRAR T
R+ CR+C
Finally,
M = g RR:;, ¢ (A2)
p= I}—;;E—‘Cz (A3)

A.2 Displacement Fields
As discussed in Section 2.1.2 on page page 17, the postulated displacement field is as

shown in Fig. 2.6 on page 39. Using the nodal displacements in the 3-nodes elements with

constant strain, expressions for u# (x,y) , v(x, y) , and w (x, y) can be found as follows:
DFor0<x<n:

Assume
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u(x,y)
vi(x,y)
w(x,y)

o x + O,y + 0l

0LyX + Olgy + Ol

O x + Olgy + Oy

and use the nine nodal displacements to find the nine unknown coefficients o;. The nodal

displacements are:

u(0,0) =0 v(0,0) = 0 w(0,0) = 0
um,§) =0 v(n,§) =0 w(n,§) =0
u(m,0) = —u* v(n,0) =0 w(mn,0) = w,

ii)Forn<x<n+A:

Use the same procedure as for the case where 0 < x <1 with the following nodal dis-

placements:

u(n,0) = —u* v(n,0) =0 w(n,0) = w,
u(m,§) =0 v(n,8) =0 w0 =0
u(N+X0) = —u, v(N+X0) =0 wm+2A,0) =0

The final result is given by:

u*(—%+%) ;for 0<x<n
) = uo(—%+%)+u*(%+%—n—§—}-‘);fm nN<x<n+A 9
vix,y) =0 ;everywhere (A.5)
wo(f—-z) ;for 0<x<n
w(xy) = nos (A6)

>

X Yy Atn.
Wo( 5 C+ T ),for n<x<n+A

137



A.3 Strain Field
The strain field is calculated from:

1 1
SaB - 5 (ua’B + uﬂ,a) + iw,aw,B

which, in the x-direction reduces to

_ Ou _1_(aw)2
&= 5t a\ax

That is making use of Egs. (A.4) and (A.6), we get:

——l-u*+—1—2w02 ;for 0<x<nm

£ = n 2n

x —-l-u +lu*+—1—w2 ;for n<x<n+A
AT A A

Also from Eq. (A.7) one gets:
_ov 1 (aw)z
g = —8y+ 3\ 3y

That is making use of Egs. (A.5) and (A.6), we get:
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1

g, = —=w
200

. ; everywhere

In the same manner from Eq. (A.7) one gets:

- 333

and making use of Egs. (A.4), (A.5), and (A.6) we get:

aw v
ox dy

ou ov
2\dy ox

1
o ﬁ 2—cu* ) C‘,WO ,fOI' 0<x<
xy 1 *
— <x<
\ Cu ZKCW" ;for n<x<

n

n+A

In conclusion, the entire strain field has been found to be as follows:

)For0<x<m:
1 1 2 1 1 2
—=u*+ —w —Su* - —
270 2 2ng°
ep=| " 2N & 2ng 49)
_1-u*____1—w2 _.l_ 2
207 g™ 20"
ii) Forn<x<n+A:
LSRN SRR T oy 12
o+ Ut + ?\.2W0 2Cu +27L§w°
Eup = (A.10)
Lu*+_l_.w2 ._1_. 2
207 2AL° 20"
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A.4 Calculation of the Membrane and Bending Energies

In what follows, because of symmetry, only half of the plate is considered in the deri-

vation of the membrane and bending energies.

A.4.1 Membrane Energy
Timoshenko and Woinowsky-Krieger (1959) showed that the membrane energy U, is

expressed by

_ Et 2 2 B ,
U, = 2——'—--(1_\,2)‘sf[~‘£,c +€, +2vee +2 (1 v)e,'1dS

That is, using the two surfaces Sy and S;; shown in Fig. A.2, we get

Et 2 2 B 2
U, = 0V {Js, (e, +e, +2ve.e +2(1-V)e,"|dS, A1)

2 2 2
+ j [e, +8, +2ve e +2(1-V)g, ]dS,,}
Sll

Now, set:

A= j [sxlz + syf +2ve e, +2(1-v) ex).f] ds, (A.12)
SI

and

B = j [Sx,,2 + sy”2 +2ve, e +2(1-V) exylf] ds, (A.13)
SII

Using Egs. (A.9) and (A.10) for the axial and shear strains along with the fact that

-1 1
deS, = icn and !dS” = ECX

I
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in Egs. (A.12) and (A.13), we get:

, (A.14)
1 1
+ 2(1-v) [2—C-u* - chwoz] )é(:n
and
1 1 1 2 1 2 1 1 1 1
B = ( [—Xuo + Xu* + RWQZ] + [z—gzwoz] +2v [—Xuo + Xu* + 2—?\'2W02] |:2—C§W(Ej .
1 1 a2 '
+ 2 (1 —V) [Zu* + mWf} )%C)\,

Finally Eqgs. (A.14) and (A.15) in (A.11) give after simplification the following final

expression for the membrane energy

Et

U, = 2(1-v?) [Cywy" + Chugwy + C3u*w02 + Cu*uy + Cs“>k2 +Coty']

where

g, tm 11 1C 1A 11
CI_8n3+8§3+4n§+8x3+8§3+4k§
__1& 1y
“=3pTat
1§ 1
C3="§T%’§;%
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A.4.2 Bending Energy
The bending energy U, is defined by (Geiger, 1989)

E?r 2
U, v _! (x,+x))"dS (A.16)

T 24(1-

where § is the surface area, and K, and k, are the bending curvatures, defined by

QJN
<
Q
gw

and K, = —

A
i
=
=
I
<
QU
S
~N

Because slope discontinuity are not admissible in elastic structures, we need to smooth-
out the edges of the two-degree-of-freedom model developed in Section 2.1.2 on page 18.
The smoothening process is achieved through the use average curvatures (x,) . and

avg

(x in the calculation.

J') avg

In general, the average curvature is found as follows:

From geometry,

142



‘A

-

- Wo
=
— \b=const.

- L > *

the average curvature is

_de _ ©
Kavg='ﬁ = (A.17)
cos9
where
sin@ = —0 (A.18)
cos0

For small angle 6, we have cos® =1 and sin0 = 6. And Egs. (A.17) and (A.18) reduce

respectively to

~|1 D

(A.19)

avg ~

and

0=-" (A.20)
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Finally, combining Eqgs. (A.19) and (A.20) gives the general expression for the average

curvature

W
Kavg - ?—
Using this result, one can write
w
(%) 0y = — sfor 0<x<n
(K) g = n (A21)
w

(K)o = —7»—(2) ;for nSx<m+A

w
(K,) gy = E;—’ (A22)

Now, Egs. (A.21) and (A.22) in Eq. (A.16) (the expression for the bending energy) give

AAT1 Ty 2
U, = 24(1 {j[( ) ave T () ] dS,+J'[(1<x, we T () 4] dS”}

ll

or

o, s [+l v i+ 80 0

The areas Sy and Sj; are shown in Fig. A.2 and were used earlier in the calculation of the

membrane energy.

Finally, the bending energy takes the following form:
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U = 221 -y O
where
E n,2 . ¢ A, 2
Ci= Z+—=+—+2+—=+:—
N CRR I Oy ¥

A.5 Non-dimensionalization

Starting from the dimensionless parameters defined in Section 2.3 on page 21, that is

7 _ &, 5 - PR - _ uR
C-R, P = Pk u = e
where
Ef
D= ——
12(1-v?)

one can derive all of the following dimensionless parameters

wre_w-W _wiE

7=1- - .
R~ RR+0 14 G 1+C
R
and
C, = C,\R*; C, = G,R; C, = C,R;
az=c4; C—'5=C5§ as:Cs’
C, = C,R*;
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That is

S R AT E N
G=beN 2,0,0,2
n & A T AL

Using all above dimensionless parameters, the primary equilibrium path load P; and the

secondary equilibrium path load Pj; defined by Eqgs. (2.19) and (2.20) on page 25 can be
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written in a non-dimensional form as follows:

5 . _Et G utf R
T (1-vy) 8 2C,) R Ef
12 (1-v?)

I
[y
[\ ™)
TN
[\]
Q
|
Bl
N’
=
o

——y R
o (62‘ 23€4J 25(_2‘2354]
= 12 26;—2%_ 2 _C_SZ o _C_25
Cs Cs

A.6 Calculation of Membrane Yield

First, one needs to write the components of the strain tensor in terms of u, only. This
is done by making use of the expressions of u* and w, as function of u, (Egs. (2.14) and

(2.18) of Section 2.7 on page 30).

The axial and shear strains reduce to the following:

{Dluo'*'Dz ; for Ostn

e =

(D*)ug+D,* ;for n<x<n+A

& = Dsug+ Dy = Dy¥ug+ Dj* ; everywhere
£, = { Dsuy + Dy ;for 0<x<n
Xy

(Ds*)ug+ Dg* s for n<x<n+ A
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where

il
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Therefore, the yield condition in Section 2.7 on page 30 given by Eq. (2.32) becomes

for the case where 0 < x <m as follows:

a, [ (Do +Dy)* + (Dyug+D,)*] — a, (D,uy + D,) (Dyuy + D))

2 O, )
+ a3 (Dsuy+ Dg)™ = E

and reduces further to:
2 60 2

where

A = a,(D,*+ D,y ~a,D,D; +a,Dy’
2a, (D,D,+ D,D,) —a,(D,D, + D,D;) +2a,DD,

o]
il

Eq. (A.23) is also valid for the case where 1 < x £m + A. One need only to replace the

parameters D, (§) ; (i = 1,...,6) by their counterpart D*(£) ; (i = 1,...,6).
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In what follows, we derive a dimensionless form of Eq. (A.23). Using all previously

defined nondimensional parameters and for the case where 0 < x <m, one gets:

g = VoVt
T -y’
P vi-4v+1
2 2 (1-—\/2)2
7 =a = —
’ (1+v)?
— — R* —
Dl = DIR . D2 = D2—2 s D3 = D3R;
t
_ Rz . _ Rz
D4 = D4_2 ; D5 — DsR , D6 = D6_2;

A = AR’ = a,(D," +D;) -a,D,D; + a;,D;

- R® _— e —— e —_—

C = C% = a,(D, +D,)) -a,D,D, +a,D,
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Finally Eq. (A.23) can be rewritten as:

(BT 3R (2 B -
A(t2)+B — |+C NE =0

(A.24)

or
p— J— —_ 1
Au, +Buy+ (C_E)

where f = R

0
Again, Eq. (A.24) is also valid for the case where 1 <x <1 + A. One need only to

f E . .
— is the slenderness ratio parameter.

replace the parameters 5, (&) ; (i = 1,...,6) by their following counterparts:
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Figure A.1: Geometric Considerations

Figure A.2: Definition of Areas used in Bending and Membrane Calculations
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Appendix B

Calculations Pertinent to Effect of Initial Imperfections

B.1 Displacement and Strain Fields
In Section 3.1 on page 48, the postulated displacement field was described by the follow-

ing expressions,

u*(-—%+%) ;for 0<x<n
u(x,y) = X
_x ﬂ) *(f X_H_*_z.“)- <x<
uo( Tty tu 7&+§ y sfor n<x<n+A
vix,y) =0 ;everywhere
wo(f-—z) ;for 0<x<n
w(x,y) = ) nos \
_x_Y ____"'n)- <
\Wo( ¥ C+ y sfor n<x<n+A
r . x y
wo(—-——) ;for 0<x<n
Wixy) = 3 n ¢ N
S _X_Y __"'n)- <x<
\wo( % C+ x sfor n<x<n+A
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From the theory of moderately large displacement of plates,

1 1 . -
Eaﬁ = i (ua,ﬁ + ua’a) + 5 (W,a W’B el W’a va) (Bl)

and using the above postulated displacement field, one finds the axial and shear strains €,

€,,and €,,.

B.1.1 Strain €,

Setting o0 = B = x in Eq. (B.1), one gets

_ou, 1 (aw)z (a_fv)z]
& = 3;-*-2[ ax/ \ox

that is

9 2
—u—*+l[(‘f9) -(V—vf)} ;for 0<x<n
e = n 2 n

n
uo+u*+l[( wy )2 (‘;0)2:] - fi < 5 < A
B ) A W AN W Bl

hence,

——-+—(w02—w:02) ;for 0<x<n

(B.2)
u, u* 1 2 2] .

__.;.__4.2_?L2 wy —w, | ifor n<x<n+A

B.1.2 Strain g,

Setting oo = B = y in Eq. (B.1), one gets
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that is
1[ wq |2 ( vgo)z}
g, = 3 (— ) —\ - ; everywhere
210 ¢ g
hence,
1 2 "2
€, = E—C—z(wo - W, ) ; everywhere (B.3)

B.1.3 Strain ¢,
Setting o = x and B = y in Eq. (B.1), one gets

_1(au Bv) l(aw ow ow afv)

AV N P NP N

that is

BB oo

Pl (A e msrenes

Xy

hence,

%cu* 1 (woz—w:oz) ;for 0<x<n
xy 1 - (B.4)

e —| Wl ) <x<
u+2x€(w0 w, | for n<x<n+A
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B.2 Calculation of Membrane and Bending Energies

Because of symmetry, only half of the plate is considered in the derivation of the mem-
brane and bending energies. The following procedure is identical to the one used in

Appendix A.4 on page 140 for the case of no initial imperfections.

B.2.1 Membrane Energy
Starting from the expressions for the strain field, Egs. (B.2), (B.3), and (B.4), and the

following definition for the membrane energy,

Et

- =t 2 2 _ )
Un = 2(1_V2)£[8x +& +2vee +2(1-v)e, 1dS

one finds:

Et ~ 2|2 ~ 2
U, = m[cl(“’oz”wo ) + Czuo(w02~w0 ) (B.5)
+ C3u*(w02— w:oz) + C,u*u, + C5u*2 + C6uo2 }

As stated earlier, in this derivation we have followed the exact same steps as in Appen-

dix A.4. Therefore here, for simplicity, the details of the derivation are omitted.

In Eq. (B.5), the parameters C,({) ; (i = 1,...,6) are as follows:

I RS . U U R WV O

C‘_8n3+8§3+4n§+87ﬁ+8§3+47\§
1 ¢ 1tv
CQ“?P“éE
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e T
con 4§
B.2.2 Bending Energy

From the definition of the bending energy,

_ Ef 2
U, = 24(1__V2)£(K5+4g) ds

where one replaces the bending curvatures x, and x, by the following average curvatures

Wy — W
(K,),, = ——— sfor 0<x<n

2
(K) e = .
_ WO_WO .
(Ke) o = ¥ sfor n<x<n+A
Wo—ﬁ’o
(K)/)avg =

€2

the bending energy is found to be
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Ef

~ 2
= mQ(WO—WO) (B.6)

U,

Here also, the details of the derivation are omitted as the procedure is similar to the

one with no imperfections as described in Appendix A.4.

In Eq. (B.6), the parameter C5 is as follows:

2,8, 2.2
AG

+
n

C7=—C—3+
n

SIE
IES

B.3 Load-deflection Curve
Making use of Egs. (B.5) and (B.6), the total potential energy defined by

I (g, wo) = U, (g, wo) + U, (g, wy) “(%)”0

reduces to the following expression

o~ 2 ~ ~
IT (up, wy) = —2—(1—E—}—{/—2——)— [Cl(woz - woz) + C2u0( w02 - woz) + Qu*(woz - woz)
Ef

.2 2
'i'C'41/t>klzto'i"C'5L£>‘< +C6u0 jl‘i'm

~ 2 1
C,(wy—wy) — iPuo

The stationary potential energy criteria 8I1 = E6L¢0+§—I—I—8u*‘< +—Eﬂ6w0 =0
ou, Jdu* ow,

applied to the above expression, gives rise to the following system of three nonlinear alge-

braic equations relating P, u,, u*, and wy:

oll _ Et
du, T 1-v2

[Cz( WO2 - M;Oz) + C,u* + ZCGMO] (B.7)
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ot _
ou*
and
A _ o, 4C1w0(w02~ Wo
ow,

2

2 ) tC
+2Cuawy+ 2Cu*wy + —

6

Eq. (B.8) in (B.9), and since wy,#0 and w,# 0 gives

C, 04)

1*C,

uo— C2
=3 6(4C ——3)
C ) b

Wo

Wo

)

which finally leads to
C 2
4C, - -3—)
— ( 1 CS (W 2 > 2) r C7 [
o = (20 cgc4) o "M 6(2C c3c4]

Also, Egs. (B.8) and (B.10) in expression (B.7) gives

- C

_ _Et . c’ Z(CQ 2C, PR 2C,

IV T 20 -
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From the above two expressions, the load-deflection curve with initial imperfections

effect is constructed.

B.4 Non-dimensionalization of Membrane Yield Condition

In what follows, we derive a dimensionless form of the following expression (Eq.

(3.10) on page 56):
2 Wy w2 (G
AMO +B 1—-; u0+[C 1—;— — E j} =0 (B.13)
0 0

where

{ a,(D,*+ Dy —a,D,D, +a,Dy’ for 0<x<m

2 .2 . . L2
a, (D;* + Dy*") —a,D*D;* + a,D* ;for n<x<n+A

2611 (D1D2 +D3D4) - a2 (D1D4 + D2D3) + 2a3D5D6 ; fOI' O S xS n
B = 2a, (D*D,* + Ds*D,*) - a, (D *Dj* + D,*D;*)

+ DDA sfor n<x<n+A
3~'s 6

C =

a, (D2*2 + D4*2) —a,D,*D* + a,D " s for n<x<M+A

and

viev+1

a, = ————
(1-v?)

g =v2—4v+l
o(1-vy?
o= 3
T+’
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The parameters D,({) ; (i = 1,...,6) and D*({) ; (i = 1,...,6) are given in
Appendix A.6 on page 147.

Using nondimensional parameters defined in Appendix A.5 on page 145, one gets:

R A e
‘ (1-v2)’
T = = vi-4v+1
2 2 (l-—vz)z
Z=a = —
T (1ew)?
- — R2 —

D] - D]R Py D2 - th_z s D'g = D3R s
. R2 . . R2
_ _ 3 _ 4
i=4R; B=8%; T=ck;

t t

Finally Eq. (B.13) can be rewritten as:

A 2 t2 _( ‘:{}0) t4 —‘( ‘:{/0)2 (00)2
Zult+v LBl 1=y e L 1= S 20) 20
R’ ° R’ Wo o R Wo E
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4
multiplying both sides of the above equation by [I;) leads to

_ 2 _ _ ~ N2 4
A(Ffz_) o5 _@)(fig@)w( _%) _(Eﬁ) 0
¢ Wy t W, tNE
or
—-—2 = r\— = ry o1
Am +B(1-——_:)u0+ [C(l—:) -—4} = 0 B.14)
Wo Wq B

t |E . . w —_ w
where B = 7 /5— is the slenderness ratio parameter, r = —t_o’ and w, = 70 .
0

162



Appendix C

Calculations Pertinent to Post-Failure Analysis

C.1 Geometric Considerations
From geometry, using Fig. C.1, we find

= T
d = 3 (C.1)
Y=o (C.2)
B = g—Za

=P
o R (C3)

and using the expression for p from Appendix A.1 on page 135 into Eq. (C.3), we get:

(0 (C) = atan(—-l-a—:_—J
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C.2 Determination of Angles of Rotation

Referring to Fig. C.2, any section A-A, reveals a tetrahedron ABCD with characteris-

tic angles o, B, ¢,, and 6, . This tetrahedron is shown in Fig. C.3. If we make a cut in

order to reveal the surface DEF in which the lines DE and EF make an angle 6, between

each other, we end up with the tetrahedron shown in Fig. C.4. It is from this tetrahedron

that the angles of rotation are determined.

From the geometry, we have:

2 2 2
a a a
x? = ( ) +( ) —2————cos,
coso. cosfP cosocos BB

and

x?> = (a tano) %+ (a tanP)?-2a? tanotanBcosO,

Combining Egs. (C.4) and (C.5) to eliminate x? gives:

1 I 2cosd
2tanotanPcos, = (tano)? — —— + (t 2_ + 1
P 2= ) (cosa) 2 (tan) (cosP)?  cosacosP
that is
cosd,
2tanotanfcos6, = -2 +2———
coso.cos
or
sinosincosB, = — cosacosP + coso,
and finally

cos®, — cosacosf

cosf, = . -
: sinosin B
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Rotating the tetrahedron ABCD, such that the area ACD lies on the plane of the paper

and performing a similar analysis, we get:

058, = cosf — cosd,cosa ©
! sin, sino '

Similarly, rotating the tetrahedron ABCD such that the surface ABC lies on the plane
of the paper, we get:

cos o, — cosPcoso,

cosO; = —
> sinBsino,

(C.8)

Performing a similar analysis to the tetrahedron revealed by section B-B as shown in

Fig. C.5 gives:

cos 0, — cosdcosy

0, = .
cOS¥s sindsiny ©
cosd — cosycos 0,
0, = - .
OSP4 sin’ysin, (C.10)
and
cos6, = cosYy — cos,cosd 1

sin®,sind

Finally using Egs. (C.1) and (C.2) in Egs. (C.9) to (C.11) we get the following final

result for the angles of rotation:

cosf — cosaicosd,
sinosing,

il

cos 0, (C.12)

cosd, — cosocosP

cost, = —
: sinousin 3

(C.13)
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cos0; = — C.14

7 sinal €19
cosacos,

cosf, = - ———2 (C.15)
sinasind,

coso — cosPcosd,

cosOy = Snpsing, (C.16)
and
cos oL
cosOy = sino, (C17
C.3 Membrane Work Rate

C.3.1 Flange Contribution
As seen in Fig. C.6, the flange of width H compresses a distance u,, therefore Eq.

(4.35) on page 71 becomes

W, = 2N0_[: u,ds (C.18)

Let us now determine u; from geometry.

xg = lscosd, +1,cosy (C.19)
yg = lssind, — I siny (C.20)
xc = lscos,; +l4cosw+kcos(§—\y) (C21)
Ye = lssin¢1—l4sin\|l+?usin(g—w) (C22)

Also from geometry,
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Y =n- (0, +0,) (C.23)

Eq. (C.23) in Egs. (C.19) through (C.22) give:

xp = lscos,—,cos (¢, + ¢,) (C29)
Y = lssing, —I,sin (¢, + ¢,) (C.25)
Xc = lscosd,—1,cos (¢, + ¢,) + Asin (¢, + ¢,) (C.26)
Yo = lssing,—1sin (¢, + ¢,) —Acos (0, + ¢,) (C.27)
But
U = xc—R

Using Eq. (C.26), we get

u; = lscosd,—l,cos (0, + ¢,) + Asin (¢, +¢,) —R

and differentiation with respect to time gives

Uy = ~Ls¢1sing, + l (@1 + ¢2) sin (¢; + ) + A (41 + §2) cos (0 + )

That is,

Uy = &1 [ Issing, + I,sin (¢, + ¢,) + Acos (0, + ¢y 1]
+ 2 [I;sin (¢, + ¢,) +Acos (¢, +6,) ]

Now, to eliminate ¢,, one makes use of Eq. (4.26) on page 69 in the above expression.

After reduction, we get
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U, = ‘i)l [ Issind; + I,sin (¢, + ¢,) + Acos (¢, +¢,) ] +

d’l [,sin (¢; + ¢,) +Acos (¢, +¢,) ]

l: sin¢, (cosa.cosd, — cosP) ﬁ sina) > — (cosd,)” }

cosoccosq)zsinq)l,f( sina) * — (cosP) 24 2cosca.cosPcosd, — (cosd,) 2

That is,

U = 01 £ (915 0,) (C.28)
where
f(0y,9,) = —Issing, + I,sin (¢, + d,) +Acos (¢, +¢,) (C.29)

+ [Lsin (¢; + 0,) +Acos (¢, +¢,) ]

{ sind, (coso.cos, — cosf) J(sina)Z— (cosd,)’

cosac0s¢zsin¢1J(sina) 2 (cosP)*+2cosacosBcosd, — (cosd,)’

Finally Eq. (C.28) in (C.18) gives after integration, the following final result for the

flange contribution to the membrane work rate:

WMﬂnnge = 2N0H¢1f(¢la ¢2) (C.30)

where f(9,, ¢,) is given by Eq. (C.29).
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C.3.2 Web Contribution

We assume that the velocity strain is distributed uniformly in the region illustrated by

the shaded area in Fig. C.6, were compression occurs.

Based on this assumption, Eq. (4.35) on page 71 becomes:

web avg

W =2N0j;u ds

From geometry,
avg 2 X ? n f

that is:

u ——l—(u +—Lu)
SO AN W )

Also, from geometry we have;

u, = xz— R = l;cos¢, —[,cos (¢, +¢,) —R

hence

u, = —lsd)l sing; + 1, (q)l + ¢2) sin (¢, + ¢,)

that is:

i, = ¢1 [Issin®, + I,sin (¢, + 02) 1 + b2 [Lysin (¢ +0,) ]

Eliminating ¢, in the same manner as done for the flange, one gets:
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i, = §1 [—Issing, + [,sin (¢, +9,) ] +

l,sin (¢, + ¢,) sind, (cosocosd, — cosP) A/(sinoc) 2 (cost,) 2

cosoccos¢2sin¢M/(sinoc)2— (cosP)* + 2cosacosPcosd, — (cosd,) >

b1

That is,
i, = o1 g(9),0,) (C34)
where
g (01, 0;) = —Issind, +1,sin (¢, + ¢,) + (C.35)

l,sin (9, + ¢,) sind, (cosocos, — cosP) J( sina) > - (coso,) 2

cosoccos(l)zsinq)l,\/(sinoc) g (cosP) 24 2coso.cosPcosd, — (cosd,) 2

Eq. (C.28) and (C.34) in Eq. (C.32) give:

e = 361 8000 + 381 £ (01,69 ]
That is,
g = 50800 0) + 73 (01,09 36

Finally, Eq. (C.36) in (C.31) give:
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. A+ .
Wir, = 2N, 51801 00) + Ly (61000) ] ds

0

and after integration leads to the following final result for the web contribution to the

membrane work rate

Wi, = Nobi [ (A +M) g (01, 0,) +Af(01,0,)] C.37)

where f(9,, ¢,) is given by Eq. (C.29), and g (¢,, 0,) by Eq. (C.35).

C.4 Rate of External Work

The rate of external work is given by

W... = PA (C.38)

From geometry, see Fig. C.6, we get

A=R-yc

Making use of Eq. (C.27), we get:

A = R-Isind, +I,sin (¢, + ¢,) + Acos (0, + d,) (C.39)

which after differentiation with respect to time gives,
A = ~lshicosd; + I, (§1 +¢2) cos (¢, +0,) —A (1 + §s) sin (0, + ¢,)
or,
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A = 1 [-Iscosd, +1,c08 (O; + ) —Asin (0, +¢,) ] + 2 [Lcos (¢, +¢,)
—Asin (¢, +6,)]

Again, eliminating ¢, in the same manner as done in the previous section, one gets:

A = o[- lscos®; +1,cos (§; + O,) — Asin (¢; +¢,) ]

+ 1 [1,co8 (Oy + 0,) — Asin (¢, + 0,) ]

[ sing, (cosacosd, — cos ) ,f(sinoc)z—— (cos<1)2)2 :l

cosacos¢zsin¢1J( sinat)” — (cosP)’ + 2cosacosPcosd, — (cosd,)’

That is,

A =1 h(0,0,) (C.40)

where

h (0, 0,) = —Iscosd, +1,c08 (¢, +¢,) —Asin (0, +¢,)

+ [l,cos (0, + ;) — Asin (¢, + ¢,) ]

{ sind, (cosocosd, —~ cosP) ,/(sinoc) 2 (cosd,)’ :|

cosacos¢2sin¢1J(sina) 2~ (cosB)’ +2cosacosPecosd, — (cosd,)’
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C.5 Crushing Force

The crushing force P is derived by equating the internal work rate to the rate of exter-

nal work.

Wex’ = . in = WB + WMﬂmxye + WMW(‘h (C‘41)

To get using Egs. (4.27) on page 69, (C.30), and (C.37), in Eq. (C.41) the following

expression
: 2M 6
Poih (61, 0,) = , i :
sinq)l,\/(sinoc) — (cosP)“+2cosacosBcosd, — (cosd,)
[ll (cosBcosd, — cosat) — 1, (sind,) ?
(sing,) 2 (cosocosd, — cosP) cos0Lcos®, — cosf
— 1, -1,
cosocosd, cos o,

+ 15 (cosocosd, — cosB)J +2NHOf (0, 9,) +
Nodi [(A+m)g (01, 05) +Af (41, 0,) ]

Denoting
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k(9 0,) = ! (C.42)

sin(]),A/(sinOL) 2_ (cosP)*+2cosocosPcosd, — (cosd,)’

[l1 (cosPcosd, — cosa) — I, (sind,) 2

cosoL.cos ¢, — cos P
cosd,

(sind,) > (cosoicosd, — cosP)
coso.cos, B

1, l,

+ 5 (cosocosd, — cosB)]

the above expression reduces to:

Ph (1, 0,) = 2Mok (01, 9,) +2NHf (¢, 0,) + Ny (A+M) g (9, 0,) + NoAf (95, §,)

That is

k (01, ¢,)

f(4,0,) g (01, 0,)
7 (0., 6,) +Ny(QH+A) 57—+ Ny (A+ M) ————— (C.43)

P =2, 7 (0n, 0) 7 (01, 02)

C.6 Non-dimensionalization

In what follows we derive a dimensionless form of Eq. (C.43).

Staring from the dimensionless parameters defined in Section 2.3 on page 21, that is:

= _ &, 3 _ PR X _ AR
C_R’ P'—Ds A_tza
where
E?
D= —
12 (1-v?
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To get

2 2 72
tano, = R-§ _ A=
R+C 1+¢
B_g—mx
— ) R -
ll=;;=I_e=15 ZI=1
2R
;z?_zzRR+C=J2 P [T
R R 1+7 TN+
¢ [2R
[oho WR+C sl 2 . p_7| 2
‘TR R 1+¢ 1+C
-1 _ -
l4=i-g %:C, 14:C
L=b o 2RRZD - haD s h=420-D

A = (&) 11 -Tosing, +ysin (0, + 02) + Reos (6,4 0,)]

Define:

~ =

hence
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A = R'[1-Isin¢, +I,sin (¢, +0,) +Acos (¢, +,) ] (C.54)

( cosasinPsing, )

coso — cosBcoso,

t = C.
ano. A/1 ( cososinBsin g, )2 (€5
~\coso - cosPcoso,
o 0n =110:0)
Therefore,
F(@1,0,) = ~Issing, + Lsin (¢, +0,) +Acos (0, +6,) (€56)
+ [Lsin (9, +0,) +Acos (¢, +9,)]
sin®, (cosocosd, — cosfB) A/(sinoc) - (cosq)z)2
cosacos¢zsin¢1J(sina)2— (cosB)’ + 2cosocosBcosd, — (cosd,)’
g8(d,0,) = g(q}}é 92)
Therefore,
g(01,0,) = —Lsing, +Isin (¢, +0,) + (€57)

l,sin (0, + ¢,) sind, (cosocos, — cosP) A/(sinoc) . (cosd,)’

cosacos¢zsin¢lJ(sina) 2 (cosP)’+ 2cosocosBcosd, — (cosd,)”

[ h b O,
h(0,,0,) = (¢R¢~)
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Therefore,

h (1, 9,) = — 150080, +1,c08 (¢, +¢,) — Asin (0, + ) (C.58)

+ [1,c08 (¢, + ;) — Asin (¢, +6,) ]

sind, (cosocosd, — cosP) A/( sinot) *— (cosd,) 2

cosacos¢2sin¢lJ(sina) 2 (cosB)’ + 2cosocosBcosd, — (coso,)’

— k(0
R ay = Ko
Therefore,
k(91 0,) = = = 1 - (C.59)
sinq)m/(sinoc) — (cosP) "+ 2cosocosPeosd, — (cosd,)
[Z (cosBcosd, — cosar) — I, (sing,)”
7 (sind,)” (cosolcosd; — cosP) l—cosoccoscl)I —cosP
s cos0cosd, o cosd,
+ 15 (cos0LCos B, — cOS B):}
S PR _ 12(1-v)R
P=7%= EP P
And making use of Eq. (C.43), we get
P = 12 (1 —3V2)R[2Mok(¢1a $,) LN, (2H + X)f((bi’ $,) +N,R (7_\,+ﬁ)g (05, q’z)]
Et h (91, 0) h (91, 6,) h (91, 6,)
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Define,

o _H
== C.60
H R (C.60)

and use:

where G, is the material flow stress, to get

5120 —VZ)R[Zo'otzk((bu 8 | o1k (2 + Ty L8 8D
Ef 4 10,0, h (9, 0,)
+0,tR(A+1M) i—____ﬁi" izﬂ
12 V¥2
that is
- 16,R k(9,0  OR = = f(o,0,)
P =12(1-v? [- — 2 2H + ) —=2% (C.61)

2 Etz h(0,0,) EF h (6, 0,)

OR = = g(0,0,)

?\4 e —

t g M h(¢,,¢2)]

Multiply and divide the right hand side of the above equation by o, (material yield

strength) and use Eq. (C.53) along with the following new dimensionless parameter

(C.62)

al
Il
ala
~ lo

to finally get:
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5 - 120(1—\;2)[1

by LR @0 T GHD) f@ue) + Arme@udy |
ey Lop O+ CHAD) 0,8 + Aemz (@ %)} 63

t . . . . .
where B = ? IGE is the slenderness ratio parameter as introduced in Section 2.7 on
Y

page 30.

C.7 Geometric Limitations

A geometric limitation should be imposed on the crushing process. The degree of free-
dom for the process is exhausted when hinge line four is about to move out-of-plane. Our
model is valid up to that point. This limit occurs when the fourth hinge line rotation angle

T
0, reaches 5

From Eq. (C.15), one gets

T
¢2min - 5

which in turn using Eq. (4.28) on page 69 gives

(cosasinP) sind,,,;, + (cosP) cosd,,,;, — cosa = 0 (C.64)
Set:

A = cosasinf

B = cosf
C = —cosol
and define:
_ T 1-7 . 2t
t = tan( > ; which implies that cos¢,,,;, = 177 and sin®,,;, = T 7
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to reduce Eq. (C.64) to the following quadratic equation
(C-B)r?+2At+ (C+B) =0

1 T T .
§,a<§,and[3<-j 1S

The root of the above expression that ensures, ¢,,,;, <
cosasinf} + cosPsina

=
coso + cos

from which ¢,,,,, is found as follows:

cososinfd + cosPsino
B B ) (C.65)

in = 2atan(
Oimi coso. + cosf

The other geometrical limit ¢,,,, is found at the instant when the second and third

hinge lines are just about to move out-of-plane. That is

Otmax = 0L+ P (C.66)
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Figure C.1: Geometric Considerations

Figure C.2: Tetrahedron Used in the Bending Calculation
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B

Figure C.3: Close-up of the Tetrahedron

a/coso F

Figure C.4: Left Side of the Tetrahedron
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Figure C.5: Another Tetrahedron Used in the Bending Calculation
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Figure C.6: Geometry of the Problem
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Appendix D

Calculations Pertinent to Experimental Study

D.1 Determination of Radius-to-thickness Ratio
The purpose is to find a practical range of radius to thickness ratio R/¢. For this we

use the average ratio of three typical ships.
1) San Clemente (class of ships):
89,700 DWT, Longitudinally framed double bottom only (Not double sided).

From Fig. D.1, we have bilge area radius R=8’-3”, plating thickness #,=0.875”, and trans-

verse frame thickness t75=0.52".

Average frame/plating thickness:

b : trr _ 0.875 + 052 _  co7sn

And,

~Ix
o
O

= 141.93 = § ~ 142

=]
(@)}
\©
~3
W
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2) Chevron Oregon (Actual ship name):

At typical transverse oil tight bulkhead (see Figs. D.2 and D.3), we have the average thick-
ness of the plate (this is done because the plate thickness is missing from the drawing) to
be

_ 0.82+0.88

5 = 0.85

tp

And the average bulkhead/plating thickness is:

t = tp+t3HD - 0.85 +0.46
2 2

= 0.655"

Hence,

84
0.655

~ |y

= 1282 = {-f ~128

3) Paul Buck (Class of ships, T5 tankers):
41,584 DWT. Conventional Double Hull
From Fig. D.4, we have:

Average frame/plating thickness:

t = tp + tTp _ 0.58 +0.47

= ) = 0.525
And,

R _ 725 _ R_

7 = 0535 - 138.09 = ;= 138
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Table D.1 summarizes the radii-to-thickness ratios for the bilge areas of the three ships.

Table D.1: Radius-to-thickness Ratios

Vessel R/t Average R/t
San Clemente 142
Chevron Oregon 128 136
Paul Buck 138

In designing the specimen the target radius-to-thickness ratio is the calculated average:

= 136

~ | =

D.2 Aircraft Fuselage and Submarines R/t Ratios

A typical aircraft or submarine bulkhead is very complex and contains numerous
details. Although many items, such as brackets, are primarily for local effects they still
contribute to the overall crushing strength. However, for the target scale ratio of the speci-
men, many of theses details were not practical. The issue was resolved by smearing (area-
wise) all the details and including their effect via an equivalent thickness. This leads an
order of magnitude of the radius-to-thickness ratio, I—:, in submarines and aircraft as fol-

lows:

I.; =~ 198, for submarines.

I—: =~ 210, for aircraft.
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These results are based on rough estimates made from data found in Lusted et al.

(1994) for submarines, and in Torenbeek (1982) for aircraft.

D.3 Operation of the Test Equipment

D.3.1 Instron Test Machine Preparation
All experiments were performed on a 20,000 1b capacity (model TTDL), screw-driven,

universal test machine. The test machine lacks documentation and calibration procedures
was required prior to conducting any experiments. A major concern was the validity of the
different test ranges offered by the Instron machine. Test ranges available were: 500,
1000, 2000, 4000, 10000, and 20000 lbs. Connecting a voltmeter to the output jack, the
various calibration and offset values at each of the different load scales were observed and

the system was tested to assure linearity of output data.

Another issue of concern was the calibration procedures used to set the zero and full
load voltages at each load scale. In the past, the Instron has been calibrated using a chart
recorder and eye judgment. the chart recorder, however, has been previously damaged and
repaired. since the machine is no longer supported by the manufacturer, the chart recorders
accuracy is suspect. to avoid using the chart recorder as the calibration method, the Instron
output required validation against a known load cell. This would allow validation of a cal-
ibration using output voltages and the ZERO and CALIBRATION features of the
machine.

The accuracy of the crosshead speed was also important. The Instron machine does not
monitor displacement with time. Maxwell (1993) performed a check on the crosshead dis-
placement with a dial indicator and found the accuracy within +4%. A repeat test was

performed that correlated well and considered adequate for this set of experiments.
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To test the linearity of the load cell output and the accuracy of the test machine and
calibration technique, a 1,000 Ib load cell was secured to the crosshead and Instron load
cell for a tension test. The calibration of the 1,000 Ib load cell was known from previous
calibration tests. The load scale selected was 500 lbs. Using the ZERO button, the no load
output voltage of the Instron was set at 0.0V. By depressing the CALIBRATION button
and adjusting the adjoinnig knob, the full load (500 1b) voltage was set at 2.0V. The load
cells were connected to separate voltmeters and data was taken manually. Testing con-
sisted of applying a small crosshead displacement and recording the Instron and attached
load cell output voltages. No gain or signal conditioning was conducted on either output
with the exception of the 1 Hz filter on the Instron output. The test range was 0 to 1,000
Ibs (or O to 4V) on the Instron to allow verification of linear output at twice the set load
scale. Values were recorded in both the ascending (increasing tension) and descending
operations. An analysis of the obtained data, showed linearity was well established with

errors in both the ascending and descending operations of less than 0.5%.

Also, the error between the expected value of 2.0 V at 500 1bs on the Instron and that
actually measured is less than 1%. This is acceptable for the experiment and the Instron
was calibrated based on this test in all subsequent experiments. Specific calibration proce-

dures are detailed in the next section.

D.3.2 Instron Test Machine Operation
The Instron machine requires at least 30 minute warm-up period. Both the AMPLI-

DYNE and MAIN POWER switches must be energized to begin this period. The machine
settings were arranged as outlined in Yahiaoui et al. (1994). It is recommended that the

test machine be set up in the proper configuration before energizing the machine.
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To initially calibrate the universal testing machine, connect the 1 Hz output line to a
voltmeter set to receive at least 2V DC. Set the load scale to 500 Ibs and adjust the ZERO
control knob until the output is OV. Depress the CALIBRATION button to see what the
output voltage value is for 500 Ibs. Holding the CALIBRATION button depressed, adjust
the CALIBRATION control knob until the voltmeter reads 2.0V. Recheck the zero setting
and repeat the above steps until there is no change in the two settings. Increase the load
scale to 1,000 Ibs and re-zero the machine as above. Depressing the CALIBRATION but-
ton should now read 1.0V. Therefore, 1V is equal to a 500 Ib force. Repeat this procedure
until the appropriate load scale is reached. For example, at the 10,000 1b scale, the calibra-
tion with a zero offset should read 0.1V indicating 0.1V equals 500 Ibs and 2V equals a

10,000 Ib load. This terminates the calibration procedure.

D.4 Determination of the Stiffness of the Instron Machine

In order to determine the influence of the Instron machine stiffness on the recorded
data, a test has been conducted. The test was configured in the same manner as the three
crush tests. However, instead of the specimen, we lied on the machine cross-head a steel
cylindrical rod of 3 in. diameter. The rod was oriented such that its axis and the axis of the
indenter were at right angles (see Fig. D.5). As shown in the figure, we denote the diame-
ter of the indenter by D2 and the displacement of its center by y,,. The rod’s diameter is
denoted by D1 and the displacement of its center by y,, . Finally, the displacement of the
point of contact is referred to as y,,,...,- Fig. D.6 is the experimental data from the

indenter’s radius of 2 in.
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In what follows, we show how we use this information to correct the experimental
results of the bulkhead tests. We do this for the case where the indenter’s radius is 2 in.

and only for the point of peak load in the second bulkhead test.

At the Peak load, P=10,983 Newtons, the recorded screw motion for the bulkhead test
was 1.735 mm. From this value, to get the real specimen displacement, one needs to sub-
tract the deflection of the Instron machine. This deflection, at the load P=10,983 Newtons,

is found from the stiffness test.

From Fig. D.6, one gets the recorded screw motion during the stiffness test at the oper-
ating load P=10,983 Newtons. The value is 1.695 mm. From this value we subtract the
theoretical deflection (Y,,uer— Y1) = 0.035mm, found as described in Raymond and
Young (1975). In the formula given in the reference, the young modulus of the indenter is
assumed to be infinite in order to have a theoretical magnitude of the real displacement of

the rod.
In summary, the displacement of the Instron machine is 1.66 mm which when sub-

tracted from the screw motion for the bulkhead test leads the following value for the real

displacement of the specimen:

Specimen Displacement = 0.075mm

D.5 Determination of Initial Imperfections magnitude

A non-contact laser displacement sensor was used to measure the magnitude of the
specimen initial imperfections caused by welding distortions. The main features of the

laser displacement sensor used in this experiment are shown in Table D.2.

191



Table D.2: Main Features of the Laser Displacement Sensor

Maker KEYENCE Corporation

Sensor Head Model LB-081

Controller Model LB-1101

Light Source Semi-conductor Laser
Wave Length: 780 nm

Reference Distance 80 mm

Measuring Range t15mm

Linearity 0.25% of E.S.

Resolution 8 um

Response Frequency 36 Hz

The KEYENCE laser displacement sensor, model LB-081, is a high accuracy mea-

surement device which operates under fuzzy logic control.

A 486 PC compatible microcomputer was used to collect the data from the laser dis-
placement sensor via an analog to digital converter. Measurements of out-of-plane initial
imperfections were made at several locations. As shown in Fig. D.7, initial imperfections
of the order of 4 mm (about 3.5 the thickness of the specimen) were detected. For the

interested reader, Goktug (1994) gives a good description of the principles of the non-con-

tact laser displacement used in this investigation.

This experiment was conducted in order to establish a reasonable estimate of the initial

imperfections magnitude of the tests specimen. This estimate is used when comparing the

theoretical findings with the experimental results.
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D.6 Tensile Test Results

Tensile tests results are reported here for the two material thickness used in fabrication
of the flanged semi-circular and rectangular specimens (Yahiaoui et. al., 1994).

A total of eight specimens were tested: four for each thickness with two each in the
transverse and longitudinal direction to the roll axis. The tests were conducted in accor-
dance with ASTM specifications A370. The test specimen dimensions are shown in Fig.
D.8. The reported results include yield strength (YS), tensile strength (TS), percent elon-
gation, and the accompanying engineering stress-strain curves, as shown in Table D.3 and

Figs. D.9 to D.16.

Table D.3: Tensile Test Specimen Properties

Specimen | Thickness ?gg’r‘;art(‘)‘l’ln 0.2% YS TS %
No. (mm) axis) (N/mm?) (N/mm?) | Elongation
1 0.749 0° 244.8 328.9 413
2 0.749 0° 180.0 320.6 41.0
3 0.749 90° 175.8 319.9 413
4 0.749 90° 176.5 319.2 39.4
5 1.130 90° 2117 3323 38.5
6 1.130 90° 213.1 334.4 373
7 1.130 0° 220.6 338.5 38.0
8 1.130 0° 207.5 3337 38.5

Conversion Factor: 0.006895 (N/mm?) = 1psi

The results of Table D.3 can be averaged for each thickness as shown in Table D 4.
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Table D.4: Tensile Test Specimen Averaged Properties

Thickness Average Average Average %
(mm) 0.2% Y3 TS Elongation
(N/mm?) | (N/mm?) gatio
0.749 194.3 324.4 40.8
1.130 215.5 334.8 38.1
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Figure D.5: Experimental Set-up

199




3.5

Force [Newton]
A
N o

—
(6)}

0.5

x 10

T

T

indenter Diameter = 2 [in}

| | 1 | 1 { | 1 1

0.5 1 1.5 2 2.5 3 3.5 4 45
Displacement [mm]

Figure D.6: Instron Machine Stiffness Experiment
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Figure D.9: Engineering Stress-Strain Curve for Specimen 1
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Figure D.10: Engineering Stress-Strain Curve for Specimen 2

203



T T T T T T T T
300
% 250
é 200 .
@150 Specimen 3:  t=0.749 mm
o 90° from roll axis
= 100+ :
»
50+
0 1 1 i § I I} i i
0 0.05 0.1 0.15 0.2 . 0.25 0.3 0.35 0.4
Strain

Figure D.11: Engineering Stress-Strain Curve for Specimen 3
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Figure D.12: Engineering Stress-Strain Curve for Specimen 4
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Figure D.13: Engineering Stress-Strain Curve for Specimen 5
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Figure D.14: Engineering Stress-Strain Curve for Specimen 6
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Figure D.15: Engineering Stress-Strain Curve for Specimen 7
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Figure D.16: Engineering Stress-Strain Curve for Specimen 8
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