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ABSTRACT

A study is made of both block and sequential
decoding methods for a class of channels called
Discrete Finite State Channels. These channels
have the property that the statistical relations
between input and output symbols are determined by
an underlying Markov chain whose statistics are
indenendent of the input symbols.

A class of (non-maximum likelihood) block
decoders is discussed and a particular decoder is
analyzed. This decoder has the property that it
attempts to probabilistically decode by testing
every possible combination of transmitted code word
and channel state sequence. An upper bound on
error probability for this decoder is found by
random coding arguments. The bound obtained decays
exnonentially with block length for rates smaller
than a capacity of the decoding method. The bound
is cast in a form so that easy comparison may be
made with the corresponding results for the Discrete
Memoryless Channel.

A related sequential decoder based on a modifi-
cation of Fano's decoder is presented and analyzed.
Tt is shown that Rgoomp is equal to the tlock ceding
error exponent at zero rate for an appropriate sub-
class of Discrete Finite State Channels. It is
also shown that for this class, the probability of
deccding failure for low rates is the probability
of error for the block decodirg technicue vresented
here. :
411 results may be specialized to the case of
Discrete Memoryless Channels. Some of the results
on behavicor of the sequential decoding algorithm
weres not rreviously available for this case.
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Chapter I

Introduction

Most of the results pertaining to the reliability
which may be achieved when data are transmitted over a
channel have been obtained for the special case of
the Discrete Memoryless Channel (DMC). Recent work

of Fanoh, Gallager8

, and Shannon, Gallager and
Berlekampl9 has led to an almost complete specifi-
cation of the smallest probability of error obtainable
with maximum likelihood decoding of block codes for
the DMC.

Collaterally, the investigation of practical
decoding techniques for the DMC has led to the design,

2,23

. .2 .
construction and testing of a sequential decoder

based on the sequential decoding technique of Wozen-

craft21. More recently, Fano5

has presented a new
sequential decoder which appears to have great genera-
lity of application.

Our purpose in this thesis is to examine decoding
techniques for channels that are not of the Discrete
Memoryless variety. The channels with which we are
concerned are such that at each discrete instant of
time one of a finite set of svmbols may be transmitted.

One of a finite set of output symbols will then be

received. The probability that a particular symbol
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is received when a particular symbel is transmitted
is a function whose value is determined by an under-
lving finite state stochastic process which is inde-
rendent of the transmitted symbols. The aspect of
memory is introduced by requiring that the proba-
bility that the underlying process is in a particular
state at a given time is devendent on the sequence of
states which the process has occuried in the past.

In narticular, we will restrict this dependence to

be Markovian, which (since we are concerned with
finite state processes) is equivalent to allowing the
denendence to be over any finite span of previous
states! A more careful description of the Channels
is presented in Chapter II where appropriate notation
is introduced.

A discussion of the broadness of the above model
and some of its implications is also presented in
Chapter II. We shall call this class of channels,
Discrete Finite State Channels (DFSC); sequences of
states of the underlving process will be called
channel state sequences.

In the following chapters we will examine both
block and sequential deéoding for the DFSC. The
derarture in philosophy taken here is that we attempt

to decode by probabilistically testing both the
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transmitted message and the channel states, rather
than the transmitted message alone. Our primary
interest is, of course, in the correctness of our
decisions on the transmitted messages. The method
of testing the compound hypotheses (both message

and channel state), however, appears to be natural
for sequential decoding. The reason for this state-
ment lies in the fact that the joint statistics

of the outout, and channel state, given a particular
input, are Markovian, while the statistics of the
outout, alone, are not. By testing both the trans-
mitted message and the channel state we are able to
design a sequential decoder which operates in a step-
byv-step fashion closely related to the operation of
such decoders for the DMC. Our ability to achieve
such a design is a consequence of the Markovian
statistics of the joint event (output and channel
state).

A thorough discussion of the particulars of
our decoding vhilosophy is presented in the next
chaocter., We also discuss, briefly, several alter-
native appnroaches to decoding which are suggested
by the faect that the DFSC might be described as a
time-varying channel. These alternative approaches

are those that have arisen when, in engineering



nractice, one considers what might be done to imnrove
communication capability of such channels.

To operate in accordance with the above philo-
sorhy we must assume that the transmitter and decoder
have an exvclicit probabilistic description of the
underlying process. This assumption may be questioned.
We observe that this assumption is no worse than the
assumption that the probability structure of a given
memoryless channel is known. Experience in simula-
tion of the DMC has shown that if the true probabil-
istic structure of the channel is at all like the
assumed structure, then the decoding will behave
essentially as predicted theoretically (c.f, Hor-
stein ll). We should expect the same to be true in
the case at hand. In addition, knowledge of the
behavior of decoding when the probabilistic desecrip-
tion of the channel is known makes available a bound
to what might be achieved in practice.

The DFSC fits within the class of channels for
which Blackwell, et. al.l have investigated capacity.
In addition, Kennedy13 has presented upper and lower
bounds to the probability of error achievable with
block coding for binary input, binary output DFSC's.
Aside from these results and the previously referenced
discussions of the DMC, no previous work of relevance

to the DFSC appears to be in the literature!
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In Chapter II we present a mathematical description
of the DFSC and discuss the problem of decoding for
this class of channels.

In Chapter III we present various mathematical
results which will be applied in the sequel.

In Chapter IV we find an upper bound to the
probability of error which can be achieved by block
coding for the DFSC when the method of simultaneously
testing transmitted information and channel states is
empvloyed. A bound which decays exponentially with
the block length is fouhd and compared to known results
for the DMC, |

In Chapter V we examine the behavior of the Fano
sequential decoder when used on a DFSC. The results
obtained here on maximum information rate for which
the first moment of computation is bounded and for
various probabilities of error and failure may be
snecialized to the DMC. Certain of these results for
the DMC were previously found by Fanoé. Certain
others have been obtained independently bv Stiglitz
(un»ublished). The results for the DFSC have not been
oreviously obtained.

In Chapter VI we summarize the thesis and suggest

and discuss various nrossible extensions.
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Most of the mathematical expressions, ecquations,
and inequalities are numbered in successionrn in each
chanter. For convenience, we will refer to all such

exoressions as equations. When referencing a previous

equation in the same chapter we give its number,

When referencing such an equation in a previous
chanter we give both the chapter number and the number
of the equation. Thus for example, if in Chapter III
we wish to refer to equation 2 of that chapter, we
call it Equation (2). If, on the other hand, we wish
to refer to equation 4 of Chapter II, we call it

Equation (é.h).



Chapter II

Introduction to Decoding for the DFSC

A, Description of Channels

We will be concerned with a class of channels
where at each discrete instant of time one of a set of
K inputs, x€X, (x=1,2,...,K) may be transmitted and
one of a set of L outputs y€Y, (y=1,2,...,L) will be
received. The probability that output y is received
when input x is transmitted is determined as follows:

Suppose we have a B state Markov chain with
states d€D, (d=1,2,...,B) and a stationary (i.e.,
time-invarient) probability matrix Q = (qij) where
ij(i,j = 1,2,...,B) is the probability that when
the chain is in state i, the next transition will be

q

to state j. In addition, let there be a set of B<

probability functions, p(y/x,d',d) defined for all

vyE€Y, xeX and d',d €D with the property that:
ply/x,d',d) 2 0 ; all y,x,d',d (1)

and :E: ply/x,d",d) = 1 ; all x,d',d (2)
Y

Suppose now that at some time the Markov chain is in
state 4' and a transition is made to state d, then

‘conditional on this event, the probability that y is
received when x is transmitted is p(y/x,d',d). Thus

for fixed d', d we may view p(y/x,d',d) as the trans-



ition probability function for a fixed channel.
The aggregate of the Markov chain and the set

of functions p(y/x,d',d) will be called a Discrete

Finite State Channel (DFSC). We will call the

functions p(y/x,d',d) transmission probability func-

tions, and sequences of states from the Markov chain
will be called channel state sequences. In this
thesis we will restrict ourselves to the case in
which the underlying process (i.e., the Markov
chain) is irreducible.

Let us pause for a moment and consider the
generality of this definition. Although we have
defined the transmission probability functions
o(y/x,d',d) on the state transitions, we have
clearly included the case in which it is desirable
to define these functions on the states. To demon-
strate this inclusion we need only observe that if
we allow p(y/x,d',d) to be independent of d' (or
d) our functions are then defined on the states.

Another model which might be considered is the
following: Let there be a set of A probability
functions p(y/x,c) ; (¢=1,2,...,A). These functions
determine the probability of receiving a given out-
put when a given input is transmitted, for the event
¢ occurring. Further, let there be a set of 82

probability functions Hd’,d(c) ; (d',d=1,2,...,B) with

(]
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where Hd’,d(C) is the probabilitv that, when a transi-
tion of the Markov chain from state d' to state d
takes vlace, the transmission probability function
which determines the input-output statistics is
p(v/x,c). The resulting situation may be modelled
as a DFSC in either of two ways.

First, each state, d, of the chain may be split
into A states, dl’dz”“’dA’ one for each value of c.
For the resultinz model we then have:

Pr (dc / dvc,)= Hd',d(c) 941 4 (4)
and p(y/x,d'c,,dc) = p(y/x,c) (5)

A second alternative is to retain the original
description of the chain and take:
A

ply/x,d",d) = ;z: p(y/x,c) H

s 4 4le) (6)
c:: ’

where we observe that the above equation defines a
valid transmission probability function.

We shall find that because of the decoders em-
rloyved for the DFSC as discusssed in later sections

of the chapter, and because of the techniques used to

14



bound the behavior of these decoders, it is generally
desirable to model the channel with as small a number
of states in the underlying Markov chain as is possi-
ble. For this reason, the second alternative discussed
above is adopted when we have such a choice available.

To illustrate further the multiplicity of models
which may be used to model a DFSC we consider the
special example of a memoryless Binary Symmetric
Channel. We may, of course, use the one-state model
of the channel as is the usual choice. (Note here
that a memoryless channel may always be taken as a
DFSC with a single state in the underlying Markov
chain). We may also choose a model in which we
associate the transmission probability functions with
states., We distinguish two types of states, @ 0
state and a 1 state with transmission probability
functions as shown in Figure 2.1. We may then take
any of the models shown in Figure 2.2. Each model
clearlv is equivalent to a BSC with cross-over proba-
bility p. This particular example is of great inter-
est since it allows us to discuss certain deficiencies
of our decoders. We will return tc this matter»in
Chapter IV.

To denote sequences of random variabies we will
use the éymbol for the random variable underlined

and with a symbol in parentheses indicating the number

15
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of elements in the sequence. Thus a sequence of n
channel inputs will be denoted by x(n). The set
of all such sequences, which is the n-fold cartesian
product of the set of all values of the basic one-
dimensional random variable will be denoted by a
superscript on the symbol for the one-dimensional
set. Thus we speak of x(n)€ X". The position of
a particular element of a sequence will be denoted
by a subscript. Then, making the obvious analogy
of sequences to vectors and elements to components
of the vector, we write:

x(n) = (xl’x2""’xn) | (7)
One exception to this rule is that for channel state
sequences we will speak of d(n)é€ D",

d(n) = (dj,dy,...,d,) - (8)
which is actually in D®"l. The reason for this
convention is the simplification of notation and
this convention should be remembered since it is
in continuous use in the sequel. The inclusion of
d_  specifies the initial state. As an additional

(o)

L3 > » A
notational convenience we introduce the symbol d;

1rdy) (9)

Pl
d, = (d,
i i-
The notation of equation (7) suggests that we
interpret x(n) as a row vector. We will use an

overbar to denote matrix transvosition. Thus g(n)

is a column vector.

18



The standard introductory reference on Markov
chains is Feller7. The algebraic treatment of
Markov chains in terms of Frobenius's theory of
matrices with non-negative elements is given in
detail in Gantmacherg. An excellent discussion
incorrorating aspects of both Feller's and

1
Gantmacher's treatments is given by Rosenblatt 7.

B. Block Decoding for the DFSC

We now begin our study of decoding for the DFSC.
The situation of block coding is dealt with initially
because it is inherently simpler to discuss than
sequential decoding.

We wish to transmit one of M = enR equally
likely messages over a DFSC. To do so, we select
a set of M channel input sequences g_m(n); m=1,2,...,M,
and transmit sequence gm(n) to signify that message
m occurred at the transmitter.

Upon receipt of the output sequence y(n), we
attempt to guess which message was transmitted. The
best guess, in the sense that it would minimize our
orobability of error, would be that given by a maxi-
mum likelihood decoding scheme. 1In this case we

decide that message k was transmitted if

Pr(y(n) / gk(n) ) = max Pr(y(n) /x (n) ) (10)
m m



The probability of error for such a decoding
scheme is not readily analyzed for the DFSC, but in
principle we may always perform maximum likelihood
decoding. The result we expect to obtain when properly
chosen block codes are employed on the DFSC is that
for rates, R, less than some yet to be determined
canacity we are able, by increasing n, the block
length, to make the achievable error probability
arbitrarily small.

The difficulty that arises, when we attempt to
analyze block coding bounds on error probability for
maximum likelihood decoding, is that an early step
in our derivation of a bound reduces the sharpness
of the bound to the point that it is equivalent to
a bound on the behavior of the non-maximum likelihood
decoder which we ultimately study..

How does one decode for the DFSC? Experience
with time-varying channels in general has led
various investigators to suggest schemes based on
heuristic reasoning. One such scheme may be described
as follows: From the received data make an estimate
of the channel state sequence. Then, assuming that
this estimate is correct, do maximum likelihood
decoding as if this assumption were correct. This
scheme is embodied physicélly in such systems zs

1

Rake and in systems which utilize techniques of

phase estimation and coherent demodulation with the



estimated phase for channels with a time-varying

vhase shift. This latter scheme is analyvzed in some
2

detail by Van Trees 3. Although these examples

apply to continuous channels, the philosorhy of

avproach is clearly applicable to the case of the
DFSC. The aspect of these schemes which make them
attractive is that for the particular situation for
which they are intended, they are readily instrumented
in practice while maximum likelihood techniques are
not. Both schemes show the following deficiency:
The estimate of the channel state is made indevendent-
ly of any hypothesis on the transmitted information.
This factor may or may not be bad. Whether it is or
not depends on the complex of the rate of transmission,
the nature of the particular channel at hand, the
choice of modulation, and the interactions among
these.

Now consider how such schemes may be applied to
the DFSC. We have some rational for deciding that a
particular channel state sequence d*(n) has occurred.
Then, assuming this decision is correct, we compute:
Pr{(v(n) /gk(n),g*(n) ) for each k = 1,2,...,M. We

then decide that message M was transmitted if:

Pr(y(n) /gm(n),g*(n) ) = max Pr(y_(n)/gk(n),g*(n)) (11)

21



The behavior of such a decoder clearly devends on the
method of choosing d*(n). Such methods arise from
what amounts to good intuition applied to the parti-
cular case at hand. Since we are interested in a
broad class of situations, it is unlikely that such
intuition could be applied in general. A way out is
described below.

Suppose we broaden our approach to include
joint estimation of both the channel state sequence
which occurs and the transmitted message. We are
then not forcing ourselves to decide on the channel
state sequence first. Of course, as in the examples
discussed above, our primary interest lies in making
our decisions on the transmitted message correct. The
penalty we pay for being wrong on the channel state
sequence is zero if we are right on the transmitted
message. |

This concept of joint estimation arises in an
intervretation of the maximum likelihood recievers
for gaussian signals in gaussian noise (see Kailath12
and Turinzo). In this case the recéivers may be
realized in a form in which an estimate is made cof
the shape of thé gaussian signal conditional on the
transmitted message having been a particular one.
This estimated shape is then used as a reference for
a correlation receiver for that rarticular message.
Cne such estimate and correlation operation is per-
formed for each different transmitted message hypothesis.

22



A class of decoders may now be thought of
immediately. We may for example consider the
functicn Pr(x(n)/gk(n),d(n) ) for all values of
both d(n) and k. The decoding rule could then

be: choose message m as transmitted if

rgaﬁ)Pr(z(n)/X_m(n),si_(n)) = max g?i)l”r(x(n)/n_ck(n),g_(n))( |
12

An objection to this decoder which might be
raised is that for a particular message which is
not the transmitted message, there might be a
particular channel state sequence d*(n) such that
Pr(y{(n)/x(n),d*(n) ) is very large.

There are at least two ways of avoiding this
unhappy situation. First, by appropriate choice of
modulation (i.e., the choice of the gk(n)'s) we
might be able to avoid the possibility of this occur-
rence. Again, such a choice is to be found by
arplying goed intuition to the particular case at
hand.

A second alternative lies in weighting the
probabilities in Equation (12) by a factor which
takes into account how probable any sequence d(n)
is a priori. We may, for example,‘take a binary
weight and assign weight 1 to those channel state
sequences whose probability exceeds a given thresh-
old, (say DO) and weight O to the remainder.

23



Thus if we let Do be a set such that:

D =.{Q(n)
0

and let Dg be the complement of this set we might

Pr(d(n) 2 pé} (13)

formulate a decoding rule as follows: Pick message

m as transmitted if:

max Pr(y(n)/x (n),d(n) )
_@ll(n)eDo m

- max g?ﬁ)eno Pr(x(n)/&k(n),g(n) ) (14)

An upper bound on the probability of error for
such a decoder can be found, but it is not presented.
here because it is weaker than the bound for the
decoder we do analyze.

The idea of weighting the probabilities in
Equation (14) can be extended to the logical corclu-
sion of using as weights the actual a priori proba-
bilities of the state sequences. Thus we are led to
the deccder to be employed in this thesis. Our de-
coding rule is stated as follows:

Choose message m as transmitted if:

max Pr(y(n)/x (n),d(n) ) Pr(d(n) )
~m

d(n)
= max max Pr{y(n)/x (n),d(n) ) Pr(d(n) ) (15)
k d(n) k

2L



Now, we note that:
Pr(y(n)/x (n) ) =Zﬁ Pr(y(n)/x (n),d(n)) Pr(d(n) ) (16)
-m D m

It would seem reasonable that, if Equation (15) is
true, then with high probability Equation (10) is
true. We have not proved the above statement, we
have merely suggested its validity. The true rela-
tionship between a maximum_likelihood decoder and the
decoder to be used in this thesis is explored further
in Chapter 1IV.

It is clear that to evaluate the max's in
Equation (15) the decoder must test every channel
state sequence. This concept of testing both channel
state sequences and transmitted messages in order to
decode leads to the title of tﬁis thesis, "Channel
kState}Testing in Information Decoding". In our
decoder we are, in effect, deciding on both the
transmitted message and the sequence of channel
states. Although we make the latter decision, our
primary interest is in the transmitted message and
hence in Chapter IV we shall evaluate an upper bound
on the probability of decoding error without regard
to the probability that the decision on the channel
state sequence is correct.

This decoder has the advantages that we are able

to obtain an analytical bound on its errcr probability.

25



Furthermore, this bound has the desired property

(an exponential decay with n) that we would hope to
find. Still further, the decoder metric (i.e.,
Pr(z(n)/;k(n),g(n)) Pr(d(n)) may be, with slight
modification, used as a metric (see the next section)
for a sequential decoder.

That these advantages are obtained should not
be construed as meaning that the other decoders
discussed above or, in fact, any decoder based on
good heuristic reasoning should be precluded. We
shall find, for example, that there are many situa-
tions in which our decoder is a poor choice. This
may be due to the fact that the model chosen for a
particular channel is a poor model or that the decoder
itself is inherently poor for the case at hand. We
cen better discuss such matters in Chapter IV,

The point to be emphasized here is that for our
decoder we can obtain a bound on error probability
whose strengths and weakness in any particular case
orovide an opportunity to examine the issues at the
heart of decoding for the DFSC. In the almost total
absence of prior results for channels which are not
of the discrete memoryless variety, this opportunity

was not previously available.
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C. Seaquential Decoding for the DFSC

In block decoding we face a dilemma. As we
increase n to make the error probability arbitrarily
small, while holding the rate, R, constant, the number

nR grows exponentially, since for

of messages M = e
the various alternatives of block decoding discussed
above, we must test each possible transmitted sequence.
Thus we will, in general, face an exponential amount
of computation.

These remarks apply to the DMC as well as the
DFSC. In the latter case, for our decoder, the situa~
tion is even worse. We must also test every possible
channel state sequence. The number of these also
grows exponentially with the length, n, of the code.

The most successful technique for avOiding this
exponential amount of computation has, in the case of
the DMC, been the sequential decoding technique of
WozencraftZl. Recently, Fano5 has presented a new
sequential decoding algorithm which appears to be
somewhat more general. We will use the Fano algorithm
with a slight modification to do sequential decoding
for the DFSC.

We will restrict the underlying process to

have the property that each state may be reached

from each other state in a one step transition.

27



The reason for this restriction will be explained
in Chapter V where we discuss its implications.

We assume that the information to be transmitted
arrives at the encoder as a stream of equiprobable
binary digits which we will call information digits.
The encoder is considered to be a finite state device
to which are fed \)ologze information digits at a time
and whose state at any given time depends on the last
YV logze information digits which it has accepted. The
state may also depend on a particular function of
time selected by the designer of the encoder. The
encoder output at a given time is then determined
uniquely by its state at that time and hence depends
on the last V logze information digits fed to it.

Such dependence is most readily represented as a tree
code in which a particular set of information digits
trace a path in the tree along which are listed the
channel input symbols generated by the encoder

(see Figure 2.3).

The leftmost node of the tree corresponds to the
initial state of the encoder which can be assumed to be
a state corresnending to a stream of all O information
digits having been previously fed to the encoder.

Each branch corresponds to a particular state of the
encoder which is specified by the order number of the
branch (i.e., how far into the tree the branch lies)

and the last VY log_e information digits leading to it.

2
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In the figure the information digits are shown just
to the left of the branch they generate. The channel
symbols corresponding to each branch are shown just
above the branch in question.

We assume that the rate, R, is measured in
natural units per :channel symbol. Thus the number

of channel symbols per branch, NO is given by:

for each branch.

Now consider two different paths stemming from
the same node of the tree. Call this node the
reference node. Because the state of the encoder
depends on the lastVlog e information digits fed
to it, these two paths mist correspond to a sequence of
encoder states which are different for at least
\Ubo branches. Beyond this point corresponding
states along the two paths will coincide wherever
the sequences of the last'Vlogze information digits
along the paths are identical. Two paths stemming
from a reference node are called "totally distinct™"
if the sequences of encoder states along them differ
evervwhere beyond (i.e., to the right of) the refer-

ence node.
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The above description of tree codes has been
paraphrased from Fanoé. In Chapter V we will be
concerned with an ensemble of such codes. Let us
observe at this point that the ensemble (and certainly
every member of it) can be generated by an appfopriate
ensemble of linear feedback shiftregister generators
to which are added devices containing stored digits
to establish a rarticular encoder. We will not dwell
on the realization of these encoders here, since they

16

have been adequately discussed by Reiffen™ and

Fanos’ég but we do state the result that the encoder
need have a complexity, as measured in terms of num-
ber of elements, that grows only linearly with Y.
Note that]}logze in this case corresponds to n, the
block length, in the case of block coding.

Let us now discuss the method of decoding to be
emvloyed. We assume a familiarity with the Fano
decoder for the DMC. The decoder computes a metric
depending on received and hypothesized transmitted
svmbols for each branch along a path which is being
tested. The running sum of this metric along a path
under test is computed. The metric is so chosen that
for the actually transmitted path this sum has, with
high probability, a monotone increasing (with depth
into the tree) lower bound. The decoder is so de-

signed that it searches for and accepts any path having



this property. More precisely, if there are more
than one path which have this property, the decoder
follows one of them. The decoding procedure is a
step-by-step procedure in which each branch is
tested individually (rather than long sequences
being tested at once as in block decoding). The
devendence with depth into the tree arises from the
fact that the branches which may be tested at a
given time are restricted to those stemming from a
tree node which lies along the path accepted up to
that time. This reference node is continually up-
dated as the decoding proceeds further and further
into the tree. The meaning of this description will
become more clear when we examine the details of the
decoder for the DFSC.

To adapt the Fano decoder for use on the DFSC
we will construct a metric for that case. The view-
roint that we adopt is that we attempt to decode the
compound event of transmitted message and channel
state sequence which has occurred. Thus, having
accented a path in the tree up to a certain node,
the decoder tests all branches stemming from this
node, and simultaneocusly all channel state sequences
which are consistent with the state sequence accepted
to this node. This concept of jointly testing both
message and channel state sequence hypotheses, follows

from the discussion of the preceeding section of this
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chanter,

Let us now be more precise., Define an arbitrary
nrobability distribution f{y) on the channel output
symbols, such that:

f(y)>0 ; v=1,2,...,L

L
Z fly) =1
y=1

Now for the branch of order number n, with a particu-

(18)

lar hypothesis on the transmitted symbols and a
rarticular hypothesis on the channel state sequence,

consider the metric

nNo
p(yj/xj,dj)qd 'g

E j 7i-1
g = 1n - U

o §=(n-1)Ng +1
| fly)

where U is an arbitrary bias.

This metric is the extensiorn to the sequential
decoding case of the metric used in the previous
section. The significant difference lies in the
inclusion of f(y). This function plays the same
role here the p(y) plays for the Fano decoder for

the DMC, TIdeally we would like to include a state
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denendent term in the denominator of the argument
of the logarithm in Equation (19). We do not do so
because we have found such a term to be analytically
intractable. The price we pay is that our results
for sequential decoding for the DFSC will not, in all
cases, bear the same relationship to the results for
block coding that is borne in the case of the DMC.

Note that the metric requires knowledge of the
present output symbols; the present input symbol
hypothesis along the path being followed, the present
channel state sequence hypothesis and the most recent
channel state hypothesis. Thus, the metric can be
computed for each branch in a step-by-step manner
which requires only the presence of a tree ccde
generator and a minimal storage of the previous state
decision at the decoder.

Now for a particular path in the tree code and a
rarticular sequence of channel states assumed in the

decoding define:
n=-

|

L = Z.

n j= J (20)

=

The decoder to be presented below attemrts to
find a path in the tree and a corresponding sequence
of channel states such that along this path the
sequence of values L has 2 monotone increasing lower

bound.



The operation of the decoder is best explained

by examination of a flow chart for it. In Figure

2.L we present the flow chart.

Here we
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along them.
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Thus gl(n) is the largest value of the
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The operation of the decoder is essentially the
same as the operation of Fano's decoder in the case
of the DMC. The difference lies in the fact that
when the decoder is moving forward (i.e., following
a path for which Ln ié continually increasing) the
only state hypotheses utilized are those that maxi-
mize the metric for each particular message hypothesis.
When the decoder is moving backwards (i.e., following
loop B or loop C) for the first time however, we
allow the state assumptions to vary over all states
consistent with the state decision on the branch
preceeding (in order of depth into the tree) the
branch presently under investigation. We need never
allow this variation for more than one step backwards.
This follows from the fact that with Markovian
statistics the state sequence can always be forced
into any desired state in a one step transition
(under the present hypothesis that all states are
reachable from all other states in 2 one step transi-
tion). Thus, if a particular path in the tree with
a particular channel state sequence hypothesis is one
that the deccder can follow successfully, we can always
move from this same path with a different state
sequence hypothesis to the desired one in a one step
transition.

The flow chart presents an equipment whose com-
plexity is independent ofV. It is intuitively clear
that as the parameterVincreases the required sveed

of overation of this equipment must increase. We
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thus evaluate an upper bound on a guantity relating
to this required speed in Chapter V under the
assumﬁtion that V = 00 .

The quantity which is bounded is the average
number of times the decoder feollows loop A per node
decoded. What we mean by "per node decoded" is the
following: We shall find (see the next few para-
graphs) that the decoder follows a path which agrees
with the transmitted path almost everywhere with over-
whelming probability. To ultimately follow this path
the decoder may examine a given branch more than
once (by being forced back through loop B or C).

Once the decoder has examined a given branch on the
ultimately accepted path for the last time, we may
say that the node(i.e., the information symbols)
preceeding this branch has been decoded. It is
intuitively clear that most of the time the decoder
will follow loop % if it is to ultimately get anywhere.
Thus the bound on the average number of times loop
A is followed per node decoded gives a reasonable
measure of the speed with which the decoder must
operate. The result obtained in Chapter V is that
for rates of information transmission smaller than
a rate Rcomp’ this number of traversals of loop A
(i.e., the number of computations) is bounded while

for rates exceeding R it is not.
comp

4
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An investigation of the decoding algorithm leads
to the conclusion that the decoder never makes an
irrevocable decision. This follows from the fact
that the decoder may move backwards in the tree
(i.e., to the left) by following loops B or C.

There is no limit to how far back the decoder may
move. We may obtain an appreciation for the proba-
bility that the decoder ultimately follows the correct
path, by inhibiting the ability of the decoder to move
backwards indefinitely. If we constrain the backward
motion to a fixed number of nodes, which we call a
constraint length, we can then determine the proba-
bility that the decoder has made an incorrect decision
at any node once it moves a constraint length ahead

of this node. It is this event which precludes the
possibility of the decoder ever moving back to change
its incorrect hypothesis. This probability is

upper bounded (as in the probability that the decoder
is ever required by the algorithm to move back more
than a constraint length) under the assumption that

VYV =@ . The reason for this assumption will become
clear in the next varagraph. It is found that both of
these probabilities decay exponentially with the
constraint length for rates smaller than Rcomp’ Thus
if the rate of information transmission is smaller

than Rcomb we are assured that, excert for the errors
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to be discussed in the next paragraph, the decoder
will eventually follow the correct path if the con-
straint length is infinite.

There is a class of errors which the decoder
can make which we call undetectable errors. These
arise in the following fashion. Suppose the decoder
follows a path which is correct to a given node, but
then is incorrect for the next, say, k information
digits, and then is correct once more for the informa-
tion digits beyond this point. Because of the method
of encoding the correct path will differ from this
‘vath in _E_ + V-1)) 1og2e branches, but will

“ ologze
agree everywhere else. If the metric on the correct
path has a monotone increasing lower bound, then so
does this particular incorrect path since the two
agree in all but a finite number of branches. Thus
there exists circumstances under which the decoder
may follow this varticular incorrect path and vet
never detect that such an event has occurred. The
results quoted in the previous paragraph establish
that with probability one, the decoder will detect
an error that occurs from its following a path which
is totally distinct from the correct path bevond a
given node. Undetectable errors arise only on paths

which are not totally distinct from the correct path.



In Chapter V we will find an upper bound on the
average number of undetectable errors made per node
decoded. It will be found that this bound decays
exvonentially with %V and hence all errors may be
reduced in probability to arbitrarily small values
by increasing V .

The probability that the ultimately accepted
channel state sequence is correct is ignored. We
in effect consider all errors in the channel state
sequence to be undetectable. It is for this reason
that we allow the decoder to change state hypotheses
only one step into the past. We justify our viewpoint
by observing once more that if the decoder follows
the nath corresponding to the transmitted information
digits, then errors in the channel state sequence are

of zero cost.

o
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Chapter III

Mathematical Preliminaries

We interrupt the flow of the thesis at this
point to introduce some mathematical results which
are required for the following chapters.

A, Convexity and Some Standard Inequalities

We list here some standard inequalities which
will prove of use in the sequel. Proofs and discus-
sion of these inequalities may be found in Hardy,
et.al.lo. Throughout, we take A to be a real number
with

04 N<1 (1)

The Inequality of the Algebraic and Geometric

Means:

Let a,b 2 0. Then

x (1-X2)
a b =Aa + (1- N)b (2)
Holder's Inequality:
Suprose a,,b, 20 ;0 i=1,2,...,N
11
Then
> s x> 5 Ia
1- 1-
2: a.b, £ ( z: a, A ) ji b. )
i=1 * 1 4=1 1 i=1 *t



Two additional inequalities of interest are:

N N
(géi ai)A < 2; aix (4)
and if
N

(i.e., {b} is a probability distribution) then
i

N
2 Z\e(%ba)‘ (6)
=1 1=

Minkowski's Inequality:

Suppose a 2 0; i=1,2,...,8 ; 5=1,2,...,M. Then

c (< 1O a3

i=1 =1 =1 i

We next quote a few results on convexity. A good
discussion of these results is given in Blackwell and
. N
Girschick .
A set, C, of elements ¢ is said to be a convex
set if for every c,c'€C and every )\satisfying

equation (1) we have:

Ac+ (1-A)c'€¢C (8)

L3



The elements may be vectors.

A function, F(c) is said to be convex over the
set, C, if

FlAc + (1-A)ec') SAF(c) + (1-A) Fle') (9)
If the inequality is reversed the function is said
to be concave.

A sufficient condition for convexity of F(c)
where ¢ is a real number in some interval and F is
twice differentiable is that:

d° Fle) 2o (10)
de

This condition is also necessary if F is
differentiable, but a non-differentiable function
may be convex.

Clearly the set of n-dimensional probability

vectors

L= (pl,pz,---,pn)

M

p. 20 jZ;-p = 1 (11)

1 i=1 1

is a convex set. In this event we have the following

srecial case of the Theorem of Xuhn and Tuckerlb.
Theorem 3.1: A necessary and sufficient condi-

tion that p* minimize F(p) is that: there exists a

real number,A, such that:

L



3 F(p) o= A p;7 0 (12)
3 3 p = p*
and
3  F(p) N o
2P, p=p* =A;p =0 (13)

Equation (13) allows us to determine if in fact
the minimum occurs on the boundary of the set of
orobability vectors (i.e., for some components of the
vector being equal to zero).

B. Bounds on Functions over a Markov Chain

In this section we discuss bounds for functions
defined over a finite state Markov chain. The basic
results stem from Frobenius's theory of non-negative
square matrices (see Gantmacherg). The essentials
of this theofy are given below as Theorem 2.1, We
begin with a discussion of irreducible non-negative
matrices.

A B x B matrix Z = (Zij) is non-negative

(i.e., 2 2 0) if

Zij 20 fori,j=1,2,...,B (14)

The matrix Z is said to be irreducible if it is

impossible by a simultanéous permutation of rows and

columns of Z to put it in the form:



where Z1 and 22 are square matrices. Clearly the
probability matrix of an irreducible Markov chain
is an irreducible matrix.

A vector 11 = ( ) is said to be

vll’v12""’le

)

creater than a vector v

5 = (v2l’v22"'°’v28

(i.e., ¥

i . ; j3=1,2,...,B 1
1 12) if VlJ>'v2j j (15)

Frobenius's theorem then states:
Theorem 3.2:

An irreducible non-negative matrix, Z,
has a largest positive eigenvalue u which has the
following proverties:

1) u is a simple root (i.e., of multiplicity
one) of the characteristic equation
Z~-ul =0 (16)
2) If w is any eigenvalue of Z then
[w|€u (17)
3) There exist positive left and right eigen-
vectors y and x of Z with eigenvalue u

i.e., Zx=ux ; x>0

vZi=uy ;v >0 (1€)
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L) If w is a positive eigenvector of Z then
w has eigenvalue u.
5) Let X\> O and w> O satisfy the equation
ZWEAW (19)
then M\ 2u (20)
where the inequality is strict unless w is an eigen-
vector of Z.
6) u is a monotone function of the matrix elements.
That is, if any matrix element is increased, then u
is increased.
In the sequel we will be interested in exponen-
tial bounds for the powers of the matrix Z (t) where

z (t) = (z,.(t) ) (21)

and each zij(t) is positive, twice differentiable,
and logarithmically convex in some range of real

t, toet < £y We say a function, z(t) is logari-
thmically convex if 1ln z(t) is convex. This implies

that z(t) is convex since for 0 €A <1 ;

(Nt (1}‘)1;)‘-( P ey T
Z l',- L 5 "Ztl Zt2

< Nz(t_ ) + (1-A) z(t ) (22)
1 2
The first inequality above comes from the logarithmic
convexitv. The second inequality comes from the
inegquality between algebraic and geometric means

(Equation (2 ) ).



Now let the nth power of Z (t) be

then we have the following theorem:

Theorem 3.3:

Let Z (t) be a B x B non-negative irreducible

matrix with elements zi (t). The elements,

th

J
z (n)(t), of the n”" power of Z (t) satisfy the

1
inequality:

B
AL () (ule) )" € 2 2, (Vi) € a,(0) (ult) )"
=1 ]

(22)

Here u(t) is the dominant eigenvalue of Z (t)
and Al(t) and A2(t) are positive and independent of

n. Furthermore, if the zi.(t) are all twice differ-
J
entiable and logarithmically convex, in a region

to <t f‘tl, then Al(t) and A2(t) are twice differ-

entiable and u(t) is twice differentiable and logari-

L

thmically convex in the region to”— t £t .

1

Proof':
Let b(t) be a positive right eigenvector of

Z (t). Then
B

ZE- z, (t) b (t) = ult) b (t) (25)
j=1 1] J i

=
[0}



and

B
2:- z"(n)(t) b (t) = (ult)
j=1 1ij J

n
)

b, (t) (26)
1

Now since b(t) is positive it has a smallest

component b*(t) and a largest component b'(t). Thus

bE(t)  (u(t) ) £ b, (t)

b'(t) b'(t)
B
- a1 2 . ™M) b o(e)
b'(t) J=1 1J J
B
¢ 1 2 5 M b (b
px(t) j=1 1J j
£ ope) (g )"
b*(t)
Here A_(t) = b*(t)
1 b! (t)

are positive and independent of n.

(ult) )"

(27)

(28)

Next observe that u({t) is a solution of the

equation:

’ Zij(t) ‘VSijl = ()

L9
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The left hand side of this equation is a poly~
nomial of degree B in v, each coefficient of which
is a polynomial in the elements Zij(t) of Z(t).

Since these elements are twice differentiable, it
follows that u(t) is also.

Now since u(t) is a simple root of Equation (29)
it follows that the matrix

Z(t) - Tu(t) = (z, (t) - § ult)) (30)

has rank B-l. Furthermore, since the matrix Z(t)
was irreducible, the vector a with components

a11= 1 (31)

must be linearly independent of the first row of
Z(t) - Iu(t). Thus the B x B matrix Y(t) formed by
deleting the first row of Z(t) - Iu(t) and replacing it
with a must be non-singular. Thus the equation

v(t) b (¢) = (1,0,0,...,0) (33)
serves to specify b(t) which is independent of n.
If all coefficients of the bi(t)’s in the above
equations are twice differentiable, it follows that

b (t)'s are also. Thus Al(t) and Az(t) must be
i

twice differentiable.
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Now let to £ s, r £ tl. Then define the vector
b with components:
A (1-X)
bi = (bi(S) ) (bi(r) ) s i=1,2,...,B (34)

for 04 X% 1. Then we have

B

Z z (As+ (1-A)r) b,
=1 1] j

B
5 A (1- A)
< l:z“(s) b (s)] [z“(r) b,(r)
i=1 { i] J ij J , (35)

by virtue of the logarithmic convexity of the zi.'s.

Now applying Holder's inequality (Equation(3) ) we have

B
Z z, (Ns+ (1-A)r) b,
j=1 ij J
B A B 1- X2
£ Z: z_ (s) b (s) zi z (r) b.(r)
j=1 1] J j=1 1J
A 1- A
= u(s) u(r) b
+ (36)
Thus by Equation (20) of Theorem 2.2 we have:
A 1-A
ulds + (1-A)r) € (u(s) ) (ulr) ) (37)



Thus u(t) is logarithmicallyv convex, if the zi.(t)’s
are. G.E.D. ’

The above theorem is essentially the same as
that given by Kennedle. Cur vroof differs somewhat

in detail and appears to be simpler. We now prove

Theorem 3.4:

Let V(t) be a non-negative, irreducible matrix

1
with elements Zij(t) t, where the z_ (t)'s are
1]
logarithmically convex in the region to < ¢ f'tl.

Let v(t) be the dominant eigenvalue of V(t). Then
(v(t) )t is logarithmically convex in the same region
of t.

Proof: Let b(t) be a positive right eigenvector

of V(t) and let ty £s,r £t Then define the

1°
vector b with components
As (1-Mr

As+(1-A)r A st{l-ANr
(bi(s) ) (b, (r) ) (38)

o’
i

for O £ )< 1. Then we have

B 1
s + (1-A)r
i=1 : J
B 1 1 Ns 1 (1-2)r
s AsH(I-X)T r As+H{I-Nr
= z, (s) b,(s) z_ (r) b (r)
(39)



by virtue of the logarithmic convexity of the z  (t)'s.
ij
Now applying Holder's inequality (Equation 3) we have:

B ' (l )

s + (1-\)r
lz: z_ (As +(1-A)r) A b
j=1 ij

Cse

B 1 As B 1 1-A)r

zz s Ns+(I-Nr Zi r AsH(1-A)r
£ | ¢ . Zij(S) b, (s) - 7 (r) b, (r)

J= = ‘

=1 i3 '
L
As (1-Mr
As+(I-AJT Ast({I-N\)r
= (v(s) ) (v(r) ) by
(40)
Thus by Equation (20) of Theorem 2.2 we have:
A (1-A)
‘ st As F(I-A)r rlAs +(1-A)r
vixs +(1Nr) €| (v(s) ) (v(r) )
(1)
It follows then that
(1-A)
_ Xs +(1=)\)r A r
v(As +(1-A)r) f"[(v(s) )s} [(v(r))]
(42)
R.E.D.

We now prcve the following corollary to Theorem 3.3.



Corollary (3.1):

n
Let V(d(n) ) = gla) 11 v(@) (13)
k=1 k

A
where v(dk) is a non-negative function defined on the

Lo

o}
non-negative function defined on the states. Then

n

2;; V(d(n) ) € A (44)

where gL is the dominant eigenvalue of the matrix
J\L - v(i,Jj)

and A is positive and independent of n.

Proof :

Let L7 = (v(n)(i,j) ) (45)

Now by Theorem 2.3 we have:

v ]

L L op) My gl (45)

B
i=1 j

B
where the constant, A, includes the factor EE g{i).
i=1

Next observe that by the definition of matrix multi-

nlication B
2 v(d ) v (3)

d =] k-1 k

k=1

5L



P

' 2 . 2
defines the element v( )(dk 2’dk) of the matrlx,Jq, .
Thus, upon itterating the sum on D in Equation (44)
and prerforming the innermost n-l1 sums, we recognize

the identity

1) v ML

The Theorem then follows from Equation (46).
In like manner we prove the slightly more
complicated

Corollary 3.2:

m n
Let V(d(n) ) = gd ) WV w(@&) TU &)
0 k=1 k' pom+l r

(48)

' A

where g(do) and v(dk) are as in Corollary 2.1 and
N

W(dr) is a positive function defined on the state

transitions. Then

Z Vid(n) ) ¢

n < Q/L w (L9)

where w is the dominant eigenvalue of the matrix (w(i,3)).
The proof is simply an elaboration of the pre-
ceeding proof!

We close this chapter with the observation that



the lower bound of Equation (24) guarantees that the
unper bounds of the preceeding corollaries are ex-

ronentially tight.



Chapter IV

Block Decoding for the DFSC

A. Introduction

In this chapter we obtain an upper bound on the
block error probability attainable with block codes
for the DFSC.

The method of determining a bound on attainable
error probability will be to upper bound the average
probability of error where the average is with respect
to an ensemble of codes in which the various codewords
are selected independently by pairs and the letters
within each codeword are selected independently from
a common distribution given by the probability function
P(x). This ensemble of codes is precisely the ensemble
used for the same purpose in work on the DMC by
Shannonl®, Fano*, and Gallager®. The utility of the
resulting bound resides in the theorem

Theorem 4.1: Let Pe be the average probability
for block decoding error over the ensemble of random
codes. Then there exists a code in the ensemble with
orebability of block decoding error less than or
equal to Pe. TFurthermore, a code selected at random,
in accordance with the statistics of the ensemble,
will, with probability greater than or equal to
i- %, have a probability of block decoding error

less than or equal to a Pe.

The proof is standard and is not repeated here.
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We use the symbol Pe,m to refer to the probability
of error when message m is transmitted. By the
nrobability of error Pe for a particular code we

mean:

2{: Pe,m (1)

Pe = 1
M m=l

In addition, we denote the average over the ensemble

of Pe,m by Pe,m,

B. Probability of Error Bounds

In this section we will develop an upper bound
to the probability of error averaged over the ensemble
of random codes. The bound was first developed using
generating function arguments. Subsequently, the
bound was obtained using arguments based on those
given by Gallagerswin his proof of the random coding
bound for the DMC. We present the latter proof here!
Details of the random coding argument are omitted
since thev are covered adequately in the literature!

We first need the

Lemma L.1

Pe,m € Pr1 Pr{y(n)/x

for any m' = m and any d%(n) (2)

L

where d(n) is the channel state sequence that actually

occurs.
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Proof:

Pr(y(n) /x (n),d(n) ) Pr(d(n) )
m

£ max  Pri{y(n) /x(n),d'(n) ) Pr(d'(n) ) (3)
d'(n)
The Lemma follows from Equation (3) and the decoding
rule (Equation(2.15).).

We now prove:

Lemma 4.2
1+ ¢
2{1 zg %49 ;E %+
Fe‘flwe ~ Pr(d(n)) Pr(x(n)) Pr(y(n)/x(n),d(n)) ¢
Y? 4D x®
0<e€1. (&)
Proof:
Define the variable,(ﬂ;(z(n) )
CBQ(x(n) ) =1 ; if event in square brackets in
Equation (2) is true, C%(x(n) ) = O ; otherwise.
r 1 1,]°¢
_ 1+@ 1+€
Then (¢ ¥ Z 2 Pr(y"/x_,(n); d*(n))  Pr(d*(n))
m TD*n m'=m o
1 1
Pr(z(n)/ggm(n); d(n))I+@ Pr(d(n))T+Q
—

Equation (5) follows from the fact that when
Crm = 1 at least one of the terms in the summand

exceeds 1, and when G.m = 0 the right hand side is
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positive. Now when message m is transmitted the

pair (y(n),d(n) ) occur with probability

Pr(y(n)/x (n),d(n) ) Pr(d(n)). Thus by virtue of
m

Lemma 4.1 and Equation (5) we have:

v D

Pe,m = - Pr(x(n)/ggm(n),g(n) ) Pr(d(n))@ (x(n) )

+@

I\
g
]
e
=
~
=]

Pr(y(n)/x (n),d(n) )
D m

it

1
Z 3 I+e +e
Pr(dx(n) ) Pr(x(n)/§m'(n),d*(n) )

=m D*n

(6)
Now by assumption on the independence of codeword

choices for the random code assignment we have:

Z Z' 1+e Z e

Pr(d(n Pr(x (n)) Pr(z/zm(n);g(n))
l 4
1
Zn- Pr(x Z Z-Pr (d*(n
m'=m Xm" m'=m Dx"
1 ¢
1+ (7)

Pr(y(n)/x (n),d*(n) )

m?

We recognize ll Pr{x(n),++) to be a probability
m'’'=m
function. Hence fore < ; we have from Equation (2.4)
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1 by
— ;E I#e }E | ))l+e
Pe.m % Pr(d n)) 7 Pr(gm(n)) Pr(y(n)/xm(n);g(n
m
¢
L
1+@

Z Z- Pr(d*(n))

__m DJ,- &

HHJ
v <
5N

We now recognize that the expression inside the
curl& brackets of Equation (10) is the same for each
m' and is also the same as the corresponding expres-
sion outside the curly brackets. Thus Pe,m is inde-

pendent of m and hence by Equation (4) we have:

l+
Pe = (M-1 e ;Ei§?Pr(d (n)) ¢ XnPr(z(n))Pr(x(n)/z(n),g(n))

(9)

Now bound (M-1) by M. Q.E.D.

This Lemma is basic to all of the results tc be
obtained below. We now obtain a bound that depends
exnrlicitly on the block length, n, and hence establishes
a coding theorem! The bound is given for three dif-
ferent cases of DFSC's,

Case I: Channels in which the output specifies
the state: We sav that a DFSC is a channel in which
the output specifies that state, if uron knowing the
output symbol we know, without ambiguitv, the state

occupied by the underlying Markov process. In Figure 4.1

O
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we give an example of a channel in which the output
specifies the state. We choose, in this case, to
associate the transmission probability functions
with the states rather than with the state transi-
tions, because of conventions which will put our
bound in the same form as that previously obtained
by Gallager (unpublished) for this case. For con-
venience we write our transmission probability
functions as p(y/x,d). We now have:

Theorem L4.2:

The average probability of error for block
codes of length n for a DFSC in which the output

svecifies the state is bounded by
n[E (e,p) -er
Pe £ Ae [-0 e :]

-Eo((’:P_)

(10)

where e is the dominant eigenvalue of the

matrix Hl(e) where

_E o( y ) ‘
H (@) = (aq e °3eE ) (11)
1 ij
and
L ¢ 1 1+e
: T+
E (ep) =-1n 2. | 2 pGanly/a g €
°J v=1 | x=1
{12)
L= (pl,pz,---,pk) (13)



1-p ¥ & £
l-a g ‘

p (y/x,1)

.Y
1 2 3 L 5 6
1 l1-a a/2 a/2 0 O O
2 b/2 1-b b/2 0 0 0
3 c/2 ¢/2 1l-c¢ O 0 0
0 =a,b,c T1
p (y/x,2)
y
X 1 2 3 L 5 6
1 0 0 0 1-d d/2 d/2
2 0 0 0 e/2 1l-e e/2
3 0 o; 0 £/2 f£/2 1-f

Figure 4.1 A Channel in which the Output Determines

the State
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(recall that there are K input symbols for the
channel).
Finally, A is independent of both M and n.

Proof: Observe first that once we have assigned
the transmission probability functions to the states
we may drop consideration of d0 and take dl as the

d_)

initial state. Then interpreting d(n) as (dl’dZ"'°’ n

we observe that

) / x(n), d(n) ) =0
unless g(n) is the particular state sequence specified
by y(n). Thus the sum in curly brackets in Equation (L)
has only one non-zero térm and hence the sum may be
removed from the brackets. The resulting bound on
error probability is then:

1+e

[I—-‘

+€

e
0]

IN
=

"
CL
o]
’.—J

Pr (x(n)) Pr(y(n)/x(n),d(n))

D Y“x
(15)

n
Iterate the sums on Y and Xn and define

L K 1
IIQ
v(d ) = Pr(d /hwf ) ?E EE P(x_ )pl V /x d
if i-1 i

V.= x =1
1 i

| —

(16)
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Here we use the fact that for random coding

n
Pr(x(n) ) = 1T P(x) (17)
i=1 1
Then from Corollary (3.1) we obtain the desired
result.
Case II: Channels with input rotations
Let Z , be a matrix representing the transmission

b

orobability function p(y'/x,d',d). Thus

VA = (p (d4',d) ) (18)
d',d kg
where
p =rp(&/ k,d',d) (19)
kL

We say that a DFSC is a channel with input rotations

if for every d' and d the matrix Z may be obtained

d',d
from the corresponding matrix for every other d* and
d by a permutation of rows alone. An example of é
channel with input. rotations is given in Figure L4.2.
Now let P(x), the probability assignment for the
random codes, be restrictéed such that

P(x) = P(x") (20)
if there exists any two state transitions d',d and

¢',c such that

D (d',d) = p (et,e) ; 281l vy = 1,2,...,L
x',y x',y
(21)
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l-a-b a b
Q = c l-c-d d
f f 1-e-f

1(1/8 i/8  1/n,  1/2
2 1 1/3 1/3 1/6 1/6
3 | 1/16 5/16 7/16 3/16
& | 2/5 1/5  1/5 1/5
5 16/11 1/11 3/11 1/11

ply/x,2)
y
X NG 1 2 3 4
1 11/3 1/3 1/6 1/6
2 | 1/8 1/8 1/L  1/2
3 | 1/16 5/16 7/16 3/16

L 1 2/5  1/5  1/5 1/5
5 1 6/11 1/11 3/11 1/11
oly/x,3)

\QL\L

X 1 2
1 1/3 1/3 1/6 1/6
2 /8 1/8  Y/a 0 1/z2

ad
&

3 2/5 1/ 1/

NI
i..ul
~
AW

i /15 s5/16 7/16 3/16

51 6/11 1/11 3/11 1/11

Figure L.2 A Channel with Input Rotations
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In effect we pvartition the input symbels into disjoint
sets such that all the elements in a given set satisfy
Equation (21) for some other element in the set and
some pair of state transitions. Then to all the
elements in a particular set we assign the same pro-
bability in the random code.

In the example of Figure 4.2. these sets are

Xy = (1,2)
X2 = (3,4) (22)
Xy = (5)

and the probability assignment is constrained such that
P(1) = P{2) = p
P(3) = P(4) = q (23)
P(5) = r

where we have

2p + 2g + r =1 (24)
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We then have:

Theorem 4.3:

The average probability of error for block
codes of length n for a DFSC with input rotations,

and P(x) restricted as in Equation (20), is bounded by

Poa %) e ‘nﬁo(e,g) ~-(JR]

(25)
where
_ EO(Q;E) _ EOlJ(e’p)
e 1+ = e 1+Q X
['dominant eigenvalue of the
matrix H(?[]
(@) = ( Tre )
h H = . L1+
where H{g . qlJ e 1+
L (K 1
, 1+
and E . (e,p) = - 1In 2_- Z p(x)ply/x,1,]) J
01] v=1 } x=1
(26)

and is independent of i,j. Furthermore, & is inde-

nendent of M and n.

Proof: Observe that under the restrictions on P(x)
1

40 Pr(x(n) ) Pr(y(n)/ x(n}),d(n) )I:§ is indevendent



of d(n). This factor may therefore be taken out of

the curly brackets in Equation (4). The resulting
bound is:
1+
1 4
- 1+¢
Pe €M ¢ Z; X; Pr(x(n) ) Pr(y(n)/x(n),d(n) ) )
Y
1+¢
1
1+@
= Pr(d(n) )
D (27)

1+@
1
p -Nn E ( [} ) - ITFQ
Pe £ ¢ l‘ l.JeE eg,;l’r(d(n))
D
(28)
Then identifying
1
A 1+e
(d,) = Pr(d; / d; _4)
B rldy /di (29)

and applying Corollary 3.1 we obtain the result of
the theorem.
Case III: General DFSC: In this case we have the:

Theorem L.4:

The average probability of error for block
codes of length n for the DFSC is bounded by the

exnression

Pe € A e-n[Eo(e,E) ) eﬂ

6C



Eql e p)
where e 1+ ¢ is the maximal eigenvalue of the

matrix H(Q).

1 E ..(e.,p)
I+e - cla(elil
H{Q) = (q_, e 1+¢ )
1J (31)
and Eoii(e’E) is given by Equation (26) but is de-

nendent on i1 and j. Furthermore, A is independent
of M and n.
Proof :
We apply Minkowski's inequality (Equation (3.7) )

to Equation (4). Identifying:

1
Yn=i;Dn=j;-1-'—*'—Q = A (32)
1+
, 1 €
Z i+e
Pr(d(n) )| & Pr(x(n) )Pr(y(n)/x(n),d(n) ) = a,,
X ' 1]
We obtain the result:
1
5 e *e
Pe € M ﬁgjpr(g(n) ) 1 1+
1+@
1 ] e
A2 | Z I+p
= = Prixin! 'Pri(v(n)/x(n),d(n) )
v x
(33)



Next iterate the sums on Yn and X" and define:

L
1+ | I+e

————

"L K 1
‘ I+e
(&) - EE 2: P(xi)p(yi/xi,gg)

1 v;=1 [ x3=1
| (34)
Then applying Corollary 3.1 we obtain the desired
result.

C. Properties of the Bound

In this section we investigate various properties
of the bounds of Theorems 4.2, 4.3, and L.4. We begin
by observing that if a matrix is multiplied by a
constant, all eigenvalues of this matrix are multiplied
by this same constant. Thus the bound of Theorem 4.3
is identical to the tound of Theorem AL.L. In the
proof of Theorem 4.L. we used Minkowski's inequality
which was not used in Theorem 4L.3. The conclusion
we reach is that for channels with input rotations;.
Minkowski's inegquality holds true as an equality if
the random code probability assignment is restricted
as in Equation (20). We may then treat the results
of Theorem 4.3 and L.4L as the same.

We next observe that the functions Eoij(F”E}
are precisely the functicns which appear in Gallager's
bound

-n{E (@,c) - eR)
o Ol - (35)

for block coding for the DMC. That is, if we consider

Pe e

D(Y/X.i‘j) for fixed i,j as the transmission probability
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o

furction for a DMC, then the function E ((;g) which
appears in Equation (35) is just E _ . (p,p).
oij

o] Gallager
has shown that this function is z twice differentiable,
concave function of @ for a fixed p. We then have:

Theorem L.5:

The functions Eo(e,g) of both Theorems 4.2 and
L.l are twice differentiable, concave functions of
for fixed p.
Proof: From the observations above we have that

-E _..(,p)
q, e ©1J is a twice differentiable, logarith-

5
miially convex function of @ for fixed p. For
Eo((,g) of Theorem 4.2 the desired result then follows
from Theorem 3.3,For Eo(e,E) of Theorem 4.4, the
result then follows from Theorem 3.4.

We now observe that the matrix H(O) is stochastic
(in both cases of interest) and hence has a dominant
eigenvalue equal to 1. Thus, EO(O,E) = 0. The
prossitle behaviors of Eo(f,g) for fixed p, are then

as is shown in Figure 4.2.

Now define:

E (R,p) = \rl}_ax Eq(@ n) -eR (36)

We then have, trivially, for all cases of the DFSC:
— - E(R,E)
Pe £ e (37)

From the concavity of Eo(e) we may write:
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a)
0 1 e
Max E (@) = E4(1)
Eo(@.2)
b)
)
|
:
€o 1 €
Max  E,(@) = E,(€,)
e
Eo(@,p)
c)

i

ng E,{€) = E5(0) = O

Figure L.3 Possible Behaviors of Eqo(@,p)
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Theorem L.5:

Ir éEo(?’E)
Y3
Then E(Rp) = 0
If ) Eo(g,g)
3¢

.?zo

<40
¢ =0

Then E(R,p) = Eo(Q’E) o an(q,g)
d €

where Q is picked such that
R pY Eo(e’ p)
° @

If, furthermore,

3F (e.p) !
).
¢ e
E(R,p) = E4 (1, p) - R
for R « éEo(e,p_)
e |
¢ ¢
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Finally, for 2ll rates such that Equation (39)

may be satisfied we have:

2 R (42)
Proof: All results of the theorem are obvious

excent Equation (42). For this, set

Y E(R,p) z;‘eE,(R,E)] ) 3%{]30(?’2) -(’;’éE?o(e,g)]}

? R ;"%[R] ;QE?L E (@)

- -p (43)

The possible behaviors of E(R,p) are then as
is shown in Figure 4.3. The situation in Figure 4.3

is exactly that encountered in the analysis of the

DMC.
We may now deduce:
_ -n E(R)
Pe & o (LL)
where E(R) = max E(R,p) (45)

o]

o

This maximization cannot be achieved analvtically

in any cases of generality, Clearly

E(R) = m;x mix EO((’,P_) - R (46)

e
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Corresponding to Figure L.3a

E(R,n) slope = -€o
b) slope = -@
C R
Corresponding to Figure 4.3b
E(R,p)
c)
“

C R

Corresrponding to Figure L4L.3c

Figure 4.4  Possible Rehaviors of E(R,p)
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and the max's may be taken in any order. If the max
on p is evaluated first we may then construct E(R)
grarhically as shown by Gallagers. In general, to
verform the max on p first we may use the fact from
Theorem 3.2, that the dominant eigenvalue of a
positive matrix is a monotone function cf the matrix
elements. Thus if each element of the matrix is
decreased or kept fixed, the dominant eigenvalue

of the matrix decreases.,

For the special case of channels with input
rotations, we observe that the constraint on the
random code probability assignment defines a con-
vex set of probability vectors p. Furthermore, in
all cases, Eoij(e,g) is a concave function of p.
(This follows from Gallager's results on the DMC).
Thus, in this special case we may observe that to
maximize E,(e,r) we may maximize Eoij{@,p) and
conditions on p to achieve this maximum are given
bv the Kuhn-Tucker Theorem (Theorem 3.1).

Finally, we observe that for situations in

which there exists 2 p such that
A
P) E_(¢,p) 2 o
> g =0 (47)

it is avpropriate to define the capacity, €, of

our decoding scheme as:
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B3 g =0 (L8)

D. Further Properties of the Bounds

In this section we investigate the "goodness"
of our bounds in the sense of their exponential
tightness and relation to bounds on maximum likeli-
hood decoders for the DFSC. The discussion is
qualitative rather than quantitative for reasons to
become obvious below.

Our first observation is that for the special
case of a DMC (in which there is only one state in
the Markov chain) our bound is equal to that found
by Gallager8,for maximum likelihood decoding. This
follows from the fact that in this special case our
decoder is, in fact, maximum likelihood.

In more general cases, we may make the following
observation: Our Lemma L.2 may be replaced by the
following Lemma for maximum likelihood decoding.
Lemma 4.3:

The average probability of error for maximum

likelihood decoding of block codes for the DFSC is

bounded by:
1+¢
— 1 .
T
Pe £ M? Z %Pr(z(n) ) Pr(y(n)/x(n) ) ¢
° X
0f e ¢ (49)



This result appears an an intermediate step in
Gallager's derivation of his bound for the DMC. The
argument is equally valid for the DFSC. Now observe

that:

PTJ

\ 1
% [} T
Pr(y(n)/x(n)) = o Pr(y(n)/x(n),d(n)) Pr(d(n))
(50)
Then by avpplying the inequality of Equation (3.4)

we have:

pqw

+¢ X %T‘ ' %‘”‘
: ¥
Priv(n)/x(n)) © % d ¢ ¢

By substituting the above bound in Equation (49) we
obtain our Equation (4). It then follows that the
weakness of our decoder relative to maximum likelihood
decoding may be measured in terms of the weakness of
the bound in Equation (51).

Next observe that for channels in which the state
determines the output, there is only one non-zerc
term, for fixed y(n), in the sum on the right hand
side of Equation (50). Thus in this case the equality
holds in Equation (51) and our resultant bound (as
well as our decoding method) is maximum likelihood.

For svecial cases in which x(n) and d(n) uniquely
svecify y(n), the inequality of Equation (51) may be

investigated in terms of the number of sequences d(n)



which jeintly with x(n) specify a given y(n). If
the number is at most algebraic in n, then the
bound of Equation (51) can not be exponentially

wrong. This means that:

1
1 7%
lim 1n 1n Pr(y(n)/x(n) )
n+> oo 1
1
1 T+o I+@
= 1lim n 1n ZPr(_d__(n)) ¢ ¢

oh Pr(y(n)/x(n),d(n) )
N

(52)

Kennedy13 has called such channels (in the
binary input-binary output case) Type I Channels.

For such channels, our decoder is asymtotically as
good as a maximum likelihood decoder.

The important question of whether any given
physical channel can always be modelled as a DFSC
with the property of Equation (52) remains unanswered.
Such structural questions appear to be far too diffi-
cult for ready solution.

At this point we are able to justify our state-
ments regarding choice of models which were made in
Section A of Chapter II. The cost of poor modelling,
when using our decoder, is easily shown by the
example of the memoryless Binary Symmetric Channel.
Consider the alternate models shown in Figure 2.2.

It may be readily checked that for the two state

model our bound (as given bv Theorem 4.3) agrees with
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the bound which may be obtained by considering the
channel as memoryless. However, for the 2m state model
the function Eo(?) (the inputs are taken equally
likely) which is obtained for the two state model is
decreased by the quantity ¢ln m. Hence for large
enough m, the form of Eo(e) can change from that

shown in Figure (4.la) to that shown in Figure (4.1lc).

As a consequence, we go from the correct bound
tec no bound at all.

Finally, let us consider the degredation in our
bound of Theorem L.4 introduced bty the use of
Minkowski's inequality. We have already observed
that for channels with input rotations we suffer no
loss at all from this inequality. On the other hand,
by comparing Theorems 4.2 and 4.4, we see that for
channels in which the output spvecifies the states,
we may, indeed, suffer great loss. The extent of the
weakness introduced by this inequality is a subject
for future investigation.

E. Final Comments

We have presented a decoding technique for which
unper bounds on error probability may be obtained and
evaluated. The major virtue of these bounds lies in
the fact that we may now replace vague questions,
such as "What can be said about decoding for time-
varying channels?" by the more specific questions

nosed in the preceeding section of this charpter.
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Although we are unable to answer these questions,

at least certain fundamental issues have been
brought to light. What we offer is a set of results
against which later analyses and results may be com-
pared. |

There is one final matter we wish to discuss
before closing this chapter. There has long existed
the question as to whether or not, by using knowledge
of the memory in the channel, it is possible to obtain
better error vrobabilities than by ignoring such
memory. To answer this question we must assume that
there is a data processing scheme which converts the
given channel tc a memoryless channel against which
coding comparisons can be made.

It is important to emphasiée that this comparison
must be fair. For example, we may consider the case
of a continuous channel with additive gaussian noise
and a stochastically varying phase shift. Suppose
we signal over this channel with orthogonal signals.
We first observe that to fit the channel to our model
we may quantize the phase to some desired level.
Assuming that, for the resultant model of the channel,
Equation (52) is satisfied we may state the following
from physical considerations:

1) Our bound is always poorer than what is

achievable with coherent detection and known
rhase.

2) Our bound is alwavs as good as or better than
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what is achievable with incoherent detection.

It is clear that it is not fair to compare our
results to those for a coherent receiver. On the other
hand, it is not clear that incoherent detection repre-
sents a good conversion of the channel to a memory-
less channel,

This example presents another interesting
question. If we quantize the phase to a very fine
level, then the resultant Eoij(e,g) functions will
be relatively large, but the number of states in the
model will be large. In some cases, this large
number of states may cause a deterioration off-setting
the effect of the large Eoij(?’g)'s on our bound.

It may then be true that an optimum level of quanti-
zation exists. The investigation of this optimum
guantization deserves to be pursued. It is clear
that resultant error probability for a system employ-
ing such optimum quantization will not be better than
true maximum likelihood detection which will perform
avprooriate integration of the (continuous) distri-
bution on the phase.

To return to the question of utilizing memory
in decoding, consider the following example (due to

Kennedle)

We have a binary input-binary output channel
with two states having the Markov transition proba-

bilitv matrix
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State 1 is a 0O state and state 2 a 1 state as in
Figure (2.1).

There is a temptation in such cases to define
for comparison purposes a memoryless binary symmetric
channel whose cross-over probability is equal to
the stationary oreobability of state 2. In this
example, the resultant channel would have capacity
eaqual to zero. On the other hand an evaluation of
the avplicable probability of error bound (Theorem
L.3) shows that the EO(Q) for this example is equal
to that of a memoryless Binary Symmetric Channel with
cross-over orobability p.

We can in one special case make a reasonably
fair estimate of the cost of time variations.

Suppose, that for some ¢, (@,p) is independent

Eoij
of 1 and j. When such a situation occurs, we say
the channel is state indevendent for this p. Thus
channels with inout rotation are state inderendent
for 211 p's meeting the constraint of Eauation (20).
Other cases can occur. For example, if the matrices
of Equation (18) are such that the matrix for each
state transition may be obtained from that for every

other state transition by 2 permutation of columns

alone, then a choice of p with all components egual
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will vield a state-independent channel.
For state independent channels, the bound of
Theorem L.4 may be written as in Theorem L4L.3. We

then have:

Hr*

+e
E (@) = Eoij(() - (1+¢) 1n [?ominant eigenvalue of (qij ):l
(53)

It is fair to consider the DMC with transmission
orobability function equal to that of any particular
state transition. For this DMC and the particular
D, Gallager’58 upper bound on block error probability
may be written as:

T Porsl@) - @ (54)

Pe = e

Bv comparison with Equations (25) and (53) we see

that we may define a loss in reliability due to time
variations, and this loss is wholly attributable

to the rightmost term of Equation (53). In particular,
from Equation (48), the maximum rate at which arbitrary
nrobability of error is guaranteed is reduced due to

time varistions bv an amount

ln[éominant eigenvalue of (a; )

R €=90

If the p's for which the channel is state independent

include the p which yields caracity for the above
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defined DMC, then it is fair to call the above term

the loss in capacity due to time variations.
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Chapter V

Sequential Decoding for the DFSC

. The Ensemble of Tree Codes

In this chapter we study the decoder described
in Section C of Chapter II. We will obtain upper
bounds on the three quantities discussed there by
random coding methods similar to those used in the
vreceeding chapter. We begin with a description of
the ensemble of codes.

Consider an ensemble of tree codes with the
following property. At each time, for each possi-
ble state of the encoder, the code symbols generated
are selected independently from the common distri-
bution P(x). Furthermore, the symbols generated
for any state of the encoder at any given time are
selected independently of the symbols generated
for any state of the encoder at any other time. Thus
the symbols along any path of the tree are selected
independently of each other from the common distri-
bution P(x). In addition, the symbols along any
totally distinct paths are selected independently
of each other from the common distribution P(x)
bevond the voint in the tree at which they first
become distinct. This prorerty does not hold true

for paths which are not totally distinct. Wherever
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the encoder states along any paths are the same at
the same time, the svmbols generated at that time
must be the same for each of these paths.

Now consider two paths diverging from a reference
node in the tree code. Let x(n) denote the sequence
of n symbols bteyond the reference node along the path
that the encoder happens to follow. Let x*{n) denote
the correspronding secuence of symbols along the
other vath. Furthermore, let y(n) and d(n) denote
the corresponding sequences of received symbols and
channel-state sequence that occurs, respectively.
Then, over the ensemble of. codes, the L4-tuple of
vectors (x(n), x*(n), v(n), d(n) ) occurs with
rrobability:

Pr(d(n) ) Pr(x(n) ) Pr(x*(n) ) Pr(y(n)/x(n),d(n) )

n
= Pr(dgy) II P(x,)P(x*,) q d
j=1 T 107y 0%

ply,;/%;,d;)
(1)

if the paths remain distinct up to length n. If the

paths merge at length k € n, (i.e., have the same

seauence of encoder states bevond k) then the L-tuple

occurs with probability:

Pr(d(n)) Pr(x(n)) Pr{x*(k)) Pr(y(n)/x(n),d(n) )

k
= Pr(d ) 1 i P(x,) P(x* ) q
°© i=1 1

it 430
1%T P(x.) q,

j=k+1 3 aj_l,dj

oly./x.,d.)
J J J

(2)
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and x. = x¥, ; i=k+l,k+2,...,n. (3)
The properties of this ensemble will be utilized

in the chapter in much the same way that the properties

of the ensemble of random block codes were used in

the preceeding chapter.

B, Bounds on the Performance of the Decoder-Formulation

We will upper bound the quantities: average
number cf computations per node decoded, probability
of failure, and average number of undetectable errors
per node decoded in that order.

We assume, as will be established later, that the
decoder will ultimately follow the correct path with
some choice of channel state sequence (not necessarily
correct).. Now suppose that at some time the decoder
first arrives at a particular node on the correct path.
We will take this node to be the reference node and
take the metric along the correct path at this node .
to be I for the particular state sequence accepted
in first reaching this ncde. By virtue of the manner
in which the decoder chcoses its threshold, T, we
must have that upon first arriving at this reference

node

Now consider the set of all incorrect paths
stemming from the reference node. We will upper

bound the average number of times the decoder passes

8¢
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(See Figure 2. 4)
through loop A with a hypothesized branch which lies

in this set. In addition, we will bound the average
number of times that the decoder passes through loorp
A with the hvoothesized branch being the first branch
along the correct path stemming from this reference
node. If we find these bounds for each node along
the correct path taken as a reference node, then
we will have considered every possible branch in the
tree. Furthermore, if the bounds for a particular
reference node are indevendent of the reference node
in question, then a bound on the average number of
computations per node decoded will be given by the
sum of the bounds computed for any particular
reference ncde.

Now consider the flow chart in Figure 2.4.
Any varticular branch in the tree code corresponding
to a marticular message hypothesis can be tested at

N+ 1
most R ©

times in loop A with a given threshold

in effect. This follows from the fact that the

node from which the branch stems and the node to
which it leads can each be the furthest node into

the tree ever accevted along a particular path exactly
once. Thus it can be tested with st most BNO channel
s;ate assumptions for the branch in question and P
channel state assumptions for the preceeding svmbol.

We assume here that in choosing channel state sequences

for test after first entering a backward mode we

S0



need consider only one sequence for each state assump-
tion for the final symbols on the branch under test.
This is so because all state sequences with the same
firal state will lead to the same behavior of the
metric Lp at future nodes. This property is not
accounted for in the flow chart of Figure 2.4 because
it only complicates the chart. It may be readily
incorporated into a physical realization of the de-
coder so we assume it here. For the flow chart

shown in the figure we may replace pNotl by BZNO.

Let us clarify the above statements. The first
time a given branch is tested in loop A the threshold,
T, is increased by incriments of T, until its value
just ~ fails to exceed the value of L, at the
node to which the branch leads. At this time F=0.

By the threshold in effect we mean the final value
of T reached in this process. Each subsequent time
this branch is tested in loop A, we must have F=1
because we are testing this branch as a consequence -
of having previously followed loop B and reduced the
threshold, or else having previously followed lcop C.
In testing the branch in question these subsequent
times, the threshold is not raised in travelling
through loor A and hence by the threshold in effect
we mean the value of T which is held constant. Each
time we test this given branch with a particular

assumvtion on the channel state sequence along this



branch and a particular assumption on the channel state
just prior to this branch, the threshold in effect

must be different. This follows from the fact that
having once tested a branch with a given threshold

in effect we will only test this branch again if we

are forced, by future events, to reduce the threshold
in effect (i.e., we follow loop B). If we are not
forced to lower the threshold then there exists a

vath along which the decoder can move without ever
returning to the node from which the branch in question
stems.

Now consider a particular node along the correct
(actually transmitted) path in the tree. Take this
node as a reference node and compute the metrics for
all paths stemming from this node as if the metric
for the correct path at this node were zero. Also
for convenience, of future arguments assign this node
order number 1. Let Ln (n=1,2,... ) be the sequence
of values assumed by the metric along the ultimately
accepted path (the correct path) with the ultimately

accepted channel state sequence hypothesis. Let

Lpin = min L, (5)
Now consider a branch of order number k in the
set of incorrect branches stemming from the reference

node and let N(k) be the number of traversals of loop



A made by the decoder using this branch as a hypothe-
sis. Let L*  ,(d*(kNo))be the value of the metric

at the node in which this branch terminates for the
channel state sequence hypothesis d*(kNgy). Finally

let A: be a random variable with

J

Ay =1 ; if Lay . (d* (kN L5 +(j&)T, for any d*(kNy)

J min
(6)
= 0 ; otherwise
then we have:
Theorem 5.1:
oo
N(k) % pNo*l Z AL (7)
. = 3

Proof: The smallest threshold in effect for which

the branch in question is tested satisfies the inequality

in
mi (8)
On the other hand, the largest threshold in
effect for which the branch in question is tested,

satisfies the inequality

0 € max L (d*(kNg))- T
d*(kN,) (9)
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Thus, the fact that the branch in question is
tested with j different thresholds in effect implies
that Aj=l. The theorem then follows from the dis-
cussion above.

Now let N(O) be the number of times the first
branch on the correct path stemming from the reference
node is tested in loop A. Let Aoj be defined as in
Equation (6) with L* 1 = O. Then without further

comment we have:

Corollary 5.1:

3

o0
n(0) &glot? 2 ..
=1 °J (10)

Now let us switch to a discussion of the proba-
bility of failure. Suppose that we impose a finite
decoding constraint length, rNo (recall that we assume

V =e), DefinelL . (r)
_ min

L . (r)= min L .
n=1,2,...,p+1 ™N (11)

where we assume that we know the ultimately accepted
channel state sequence. We can then observe that the
decoder can follow an incorrect path from the refer-
ence node from which it stems to 2 constvaint length
beyond, when the metric on this path lies above the

threshold just below L mi"(r) at, every node. Such an

i
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event constitutes an error, and we denote its proba-
bilitv by Pe(r). It is the fact that we will be able
to upper bound Pe({r) by a quantitv that becomes
arbitrarily small for large r that we can assume that
the decoder ultimately accepts the correct path. Of
course Pe(r) must be computed conditionally on the
assumption that when the decoder first reaches the
reference node in question it has not yvet made an
error. The situation here is analogous to that which
arises in the calculation of the probability of error

21

for the Wozencraft sequential decoder.

th

Now define Lm,r+1(g*(rNo))for the m“" of the

$eTNoR jncorrect paths of length rN_ stemming from
a given reference node. Then define the variable
Aj(m) as in Equation (6) with L i, replaced by
Lmin(r). We then have:

Theorem 5.2:

Pe(r) - 1 - ] ] (1-Ay(m) )
m=1 (12)

Proof: The probability of the joint event that
an incorrect path has a metric greater than a given
value at each of a finite number of points is upper
bounded by the probability that the metric exceeds
this value at any one of these points. he product in
Equation (12) will be zero when any one of the Al(m)'s

are equal to 1. ©&.E.D.
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A failure in the ability of the decoder to
overate in accordance with its algorithm will occur

if either the events leading to an error occur or if

- £

L nin L min(rNo) 0 (13)
Thus defining Pp(rNo) as the probability of

failure with the decoding constraint length rlN,

we have, upon bounding the probability of Equation

(13) by Agp(rNe)

Corollary 5.2:

éerNOR
Pf(rNo) < 1 - ; ; (l-Al(m) ) + AOl(""‘Q
=t (14)

Finally let us consider the situation of unde-
tectable errors. Let us assume that we know the
ultimately accepted channel state sequence that is
associated with the ultimately accepted correct path
if V =@, Now forV finite we can follow an incor-
rect path that diverges from the correct path at a
rarticular reference node and remerges with the
correct path (ceases to be distinct) at a node of

order number h + v if the metric along this path

Vo
lies above the threshold just below Lyin(h +l¥o - 1)
at every node up to the point at which the correct
vath and this path remerge. If we follow such a

vath we make a sequence of hl’o undetectable errors

Q6



along this path stemming from this particular refer-
ence node on the correct path.
hN R

There are e paths which remerge with the
correct path at length (in nodes) h+ V/y . Now,
define Aj(m) as in Equation(6). Tren if Py(h) is
the probability that the decoder follows a path stem-
ming from a particular reference node along the
correct path and makes h undetectable errors along

this path; we have:

Theorem 5.3:

yePNoR

Pu(h) 1 - T (1-A; (m))

m=1

(15)
The proof is essentially that of Theorem 5.2.

C. Bounds on the Properties of the Decoder -

Analytical Results

In this section we obtain analytical bounds for
the three quantities of interest. For the purposes
of computing these bounds we assume that the path
ultimately accepted is the correct path and that

the accepted channel state sequence is the one that

actually occurs. The significance of this assumption

lies in the fact that we can then find bounds using
methods similar to those used to find the bounds on

Pe in the preceeding chanter.

97



It will be clear from the orerations to be car-
ried out in the remainder of this chapter that the
tounds to be computed under this assumption are
strictly valid- if, beyond the reference node in
question, the minimum value of the metric on the
correct path with an assumed state sequence that
actually occurs is less than or equal to the minimum
value of the metric on the path that is ultimately
accepted. If this situation does not occur, we note
that the separation between these minimum values
must always be finite. This statement follows from
the fact that any arbitrary channel state sequence
may be forced to merge, in a one step transition,
with the state sequence that actually occurs., It
will be clear in the operatiocns below that such a
finite difference introduces no significant altera-
tion in our bounds.

Now consider the variable Aj for an incorrect
vath of kN, symbols stemming from a reference node
on the correct path. Let L,,; be the value of the
metric on the correct path {with the state sequence

that actually occurs) and define the variable

A3.n BY
Aym=1 3 1f Lyr (d%(kNg) ) 2 Loy +(3-2)To
for some (d*(kNg,)) (156)
= 0 ; otherwise
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Then we have:

Lemma 5.1:

oL
A-'f'ZA.

Proof: TFor some n we must have

Lpnty = Lmin (18)

[
3
il
fr}
[
3
(]
A.\)

Thus, if = 0 for all n we must have A, = O,
o

A,
J,n
If Aj n = 1 for any n the right hand side of Equation
(17) is greater than or equal to 1 and hence overbounds
Aj.

Now consider the variable Aj(m) for the mth
of M incorrect paths of kN, symbols stemming from a

reference node on the correct path. Define the vari-

able Aj,n(m) by

Byoalm) = 15 AF Ly gy (d%(kNG) = Loy + (5-2)T,
for some d*(kN,) (19)
A {m) = 0 : otherwise
j.n
Then we have
Lemma 5.2:
M M
1- H (1-4:(m)) < Z EL - (1-4 (m)_]
m=1 - n=1 m=1 SERL
{20)

Q9



The proof is simply an elaboration of the preceeding
proof and is omitted.
At this point we introduce some additional

Xn-k

notation: Define the sequences x(n-k) € having

components

ceeeX,) (21)

x(n-k) = (xk+1,xk+2, n

In like manner define the sequences y(n-k) and
d(n-k). Now let the sequence of transmitted

th of the incorrect

symbols corresponding to the m
paths be x (n) and let x(n) be the sequence of

transmitted symbols corresponding to the correct
vpath. In addition, recalling the metric defined

in Chapter II, Section C, we let

Then we have:

Theorem 5.4:

Ifn=k

M -(j-2)RT,
l"'( -KE (ef )
1- H (1-A.n(m))‘5‘JMee e 0 E
m=1 Jo

[Eo(?,g)-?U]
-(N-K)
e 1+e ;O ‘-‘?5'-1
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If k 2 n

M (j-2)eT,

AR . - NE_(§,p)
1- TV (a-n m)) < m® e l+e 0

-x-wfEy 5,00+ g (5,(0.2) +0)

Here K = kN, N = nNj | (25)

Eo(€,p) is given by Equation (4.26) and

-El (ch)
e = dominant eigenvalue of the matrix G(g)
(26)
Gle) = (aq.. F..(@) ) (27)

o[
where F, (@) = fly) P(x) Ply/x,i,3)
13 Y X

(¥

(28)
The constant J is independent of M,N, and K.

The vroof of the above Theorem is given in the

Aprendix.
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This Theorem plays the role here played by
Lemma 4.2 and Theorem L.L in the previous chapter.
We may use it to derive the following important
theorems:

Theorem 5.5:

The maximum rate at which the average number of
comrutations per node decoded converges, for V = oo,
is bounded below by R.omp(U). Here RcomD(U) is given

bv the smaller of the following:
a) Eg(@*,p) where®* is the largest value of
€% €  for which

U< E,(e,p)
< (29)

{Recall from Figure 4.3 that E (@ ,p) = max E_(®,p)
o' Yo oces 1 ° —)

b) max i E + & (E +
) 0<E€ 1 mln{ 1(ep) l+o-( ol%p) U)’EO(W’E)}
Proof: Let N(k) be the average over the ensemble of
codes, channel outputs and channel state sequences of
N(k). We may obtain an upper bound on N(k) from

Theorem 5.1 and Lemma 5.1 by using the bounds of
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Theorem 5.4 with M = 1., This upper bcund is inde-
rendent of which particular incorrect branch of order

kNoR o\ ich branches

number k we discuss. There are % &
and hence, the total average computation will be

bounded by:

We introduce the bounds of Theorem 5.4 and sum on j

first. Observing that

is finite for all® > 0 we may eliminate this sum
from further consideration.

Next we split the sums on k and n as follows:

Z Z kNoR

P’]S

>

k=0 n=1 & k=0 n-k=0 A
©g
kNOR
3 Z R L 0o
n=1 k-n=0 SERS

Using the bound of Equation {(23) in the first sum on
the right hand side of Eguation (30) we see that this

sum will converge if both
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E (@,p) - Ra0

O(
and

Eo(@,r) - QU0 (31)

Thus condition a) of the theorem is established upon

recalling the properties of E,(e,p) from Chapter IV.
In like manner, we introduce Equation (24) into

the second sum on the right hand side of Equation (30)

and derive the following conditions for convergenceg
E,(,p) - R>0

E.(g,p) + &£_ (E,(«,p)+U ) - RDO
1(s,p) ire (Eq (e, p > (32)

Q.E.D.
We now prove:

Theorem 5.6:

The ensemble average Pe(r) of Pe(r) is bounded by

-rN [E (@, p) —WR]
Fa(r) £J. e O LOTE (33)

.
.
where Jl is a2 constant, and

'5. U"‘Eo(w» E)
1+

— 20 (31)

El(n',g) +

If Equation (34) is not true, then
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where J2 is a constant.
Proof: Substitute the bound of Lemma 5.2 into
Theorem 5.2.

Then apprly the bound of Equation (24) with
MﬁerNOR and k=r. Next sum over k-n from O to r-1.
If the condition of Equation (3L) is met then the
sum is not exoonential in r and just contributes
to the constant Jy. If Equation (34) is not true
then the sum contributes an exponential factor to
vield Equation (35). This factor is determined by

the identity

n-1
ix o™ _ 1 , oIX
ZE: e = X1 = <
i=0 & = X -1 (36)

Note that a similar bounding of A, ;(rNg) does
not contribute an exponentially poorer term and thus
Pf(rNO) has the same bound (excenrt for 2 different
constant) as Pe(rNy).

Finally we prove

Theorem 5.7: _
Tet Nu be the average number of undetectatble

errors made per node decoded. Then Nu is bounded by

Nu £ J e - u/vo NoRcomp(U)

(27}

where J is a constant.
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Proof: Upon setting

- VYNGR (b Vi, )N R

M=% e e in Equations (22)
and (25) we use them to bound the right hand side of
Equation {(15) via Lemma 5.2. Thus, ignoring constants,
we have

V/Y N.RT ~{h+V/V )No | B, (& )-s'Rj
?ﬁ(h—&-'})/va)fe /oo e o O[o B

(h+ Yy -1)N |
Z ° ° -1 [El( (’,2)*0"1-30(&2)
i=0 ) e

RTYRRL —(h+\’/vO)NOEEO(P,p_)-€R}
e

+ e

Q0
Z e-le(?, —QU]

The last sum will converge only if

Z E.(@,p

and have the bound

/V\NOF o) e-m\xo[go( o) - eR]

We may treat the first term on the right hand side
exactly in accordance with the proof of the previous
theorem. Thus if Equation (34) is true, the term in
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- V/y,NoEo(®, )
question is bounded by e x [Fight hand

side of Equation (32) with r=hi}.

If Eaquation (34) is not true, it is bounded by

- V/y, v | B (ep) + G(En(a',g)+U]
€ 1+ 6 X

[Fight hand side of Equation (35) with r:hi].

Now form

!
= 2 (e YA),) (38)
h=0
Observe that the conditions for convergence of this
sum are less stringent than the reQuirement
<&
R Rcomp(U) (39)
The conditions on the exponent which dominates
the resultant expression are precisely those that
determine Reomo(U). ©Q.E.D.

D. Discussion

The bounds developed here are unfortunately
left in terms of the function El(?,g) which devends
on f(v). Note, however, that if f(v) can be chosen
such that

E,(f,p) 20 (40)

we may draw the conclusion {in the non-trivial
case C = 0):
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Thecrem 5.8:

Furthermore, for

Ey(Q
®o

where U=

Procf:

o2 £ yey

‘(U) = EQ(?cap_) ( l)

(44}

For ¢* chosen as in Equation (44) we have:

oo

Now &

e 2

This follows from the provertiss of the block

coding exvonents of Chapter IV,

The numerator of

the above exnression is just the negative of our

block coding exvonents,

jot
()



Thus € * in Equation (44) must be the largest

value of ¢ for which

g & Sl
- r (47)
The conditions on Rcomn are then satisfied by the

choice of the theorem statement.
Next let us consider the bound on Pe(r). We have

Theorem 5.9:

Suppose Eq (&, p) 2 0. Let® * be such that

Eo(c*,g) - ¢ *R = max Eo((i',g) - &R = E(R,p)

(.3
(L8)
Then for all U such that
¢ *U-E_{s*,p)
B, (6*,0) + AR
1+e* (49)
We have
. -rN,E(R, D)
Pe(r) # K e (50)

For all U such that Equation (4L9) is not correct,

we have

1

-rN,(R (U) - SR)
o'‘comp go

Pa(r) €K e (51)

wber%rﬁ} is such that the minimum in condition b)

for R is achieved!
comp

10¢



Proof: The theorem follows directly from inspection

of Theorem 5.5 and the conditions for R U). The

comp(

only question that arises is whether for any (R,U)

pair Equation (49) can ever be satisfied. Observe that

for@* =@, Equation (49) will be satisfied for all
- Eqley)
€o (52)

This result is non-trivial for the case Qo = 1.

It is now appropriate to show that there exists
channels for which f(y) may be adjusted such that
El(e,g)‘é Ok For channels with input rotations we

have that 7 P(x) P(y/x,i,j) is independent of i
x=1

and j. Thus for these channels we may pick
K

f(}’) = z P(X) P(Y/X,i,,])
x=1 (53)

This choice insures the desired proprerty of El(?’3)=’°
as mayv be checked from the definition in Theorem 5.4,
We note here that a DMC is 2 channel with input
rotations, so that the results obtained in this
chanter may be svecialized to that case. An analysis
of the deccder's performance on the DMC has been
carried out independently by Stiglitz (unpublished).
The results iﬁ this case mav be made somewhat stronger

than those contained here because it is not necessary
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to make some of the approximations carried out in
the oroof of Theorem 5.4. The resultant value of
R , however, is unchanged,.

comp i
In Figure 5.1 we show the results in a graphical
form,

E. Final Comments

In this chanter we have analyzed a sequential
decoder for the general DFSC. The assumption that
every state was reachable from every other state
was used only in Theorem 5.1. It is clear that al-
though this assumption was not unphysical in the first
rlace, it may be removed in certain special cases
(for example the unphysical channels in which the
outnrut determines the state). The primary reason
for not discarding this assumption is that the
resultant decoder (Figure 2.4) gains efficiency in
not having to examine large numbers of unnecessary

state sequences. On this note we close the chavoter.

ot
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Chavter VI

Concluding Remarks

We have presented an analysis of a class of
channels which might be alternately described as
channels with memory or time-varying channels.

This analysis has been tied to a particular approach
to decoding for these channels. /s has been pointed
out earlier in the thesis, our results can be viewed
a2s a starting voint for further analyses aimed at
removing deficiencies left and answering questions
nosed here.

Beyond the varticular suggestions for further
research made in the thesis, we might add:

1) An attempt to find lower bounds to the

probability of error attainable with block

codes for the DFSC.

2) A study of higher order moments of compu-

tation for sequential decoding for the DFSC.

3) A study of channels in which the statistics

f the underlying Markov chain are dependent on
the invnut symbol.

L) An extension of the results here to continuous

channels.

Finally, let us note that theory in the absence

of exnerimentation is just theory.
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Appendix

Proof of Theorem 5.4

Let x(nN,) be the sequence of nN, transmitted
symbols along the correct path stemming from the
reference node. Let gm(kNo) be the corresponding

h incorrect

sequence of kN, symbols along the m?
path., Finally let d(n) be the state sequence that

actually occurs. Then, we have by definition:

M’ .
Lm 41 (@%(K)) =L s (n)-(35-2)To
(# =TT (1-4 (m) =1 ; ire ™K min =i
m=1 J,n
for any m € M and any d*(K)
= 0 ; otherwise
(1)
Here N = nNg and K = kNo
Then we have: 0
M M 1
T I+e [ (d*(K))-L ., - ,'-2)?]
1- (1-A. (m))'e ZE ZZ& e m,k+1"= min n (] Q
m=1 J.n m=1 D%
n4e

This follows from the fact that when 1- T?-(I-A. q(m))=1
m=1 MER

at, least one term in the sum on the right hand side

of Faquation (2) must be greater than or equal to 1.
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On the other hand, the right hand side is always
nositive. Then recalling the definitions of the

L's from Equation {(2.19) and (2.20) we have:

-KU
L, k+1(d%(K))  Pr{y(K)/xm(XK),d(X))Pr(d(K)) e
e =
F(y(X))
(3)
and a similar expression for Lminhﬂ. Thus
M
1-TT(1-2, (m)
m=1 0
(N-K) £~ U - (5-2) £ T 1f+‘€
4. I+e ST e o -[me))
F(yN)
" 1 1
M 1+e 1+e
Z Pr(y(K)/x,(K),d* (X)) Pr(d=(K))
T4, Tk Priy(M)/x(N),d(n)) Pria(n)) /1*e
= (L)

We now average the right hand side of Equation (4).

We must consider the separate cases N®K and K2N,



Case I: N2 x

In this case the ensemble statistics are:
M
Pr(y(N)/x(N),d(N)) Pr(d(N)) [{ Prix (X))
m=1

Introduce the symbols x(N-X), etc. as in Chapter V

and observe:
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Pr{y(N-K)/x(N-K),d(N-KX))
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Here we have used the factorization properties
N)/x(N),d(N)) = Prly(K)/x(K),d(X) )
Pr(y(N-K)/x(N-K),d(N-K),dg) (6)
etc., and averaged as in the case of the proof of
Lemma 4.2.

Next recognize that F(y(N-K) ) is a probability
1

distribution and use Equation (3.6) with A= 1+ ¢ to

establish

l_

1
ZE. Pr(d(N-X)) zi F(y(N-K)) zi Pr(x(N-K))
pN-K ¥N- xN-K

=
d
.
joud
+
n

Pr(y(N-K)/x(N-K) ,d(N-K),dy)

F(y(N-X))

1 v
I+e
< 2{ Pr(d(N-K)) :E; EE» Pr(x(N-K))
DN—K YN-K XN"K
- 1
1+e) T+e
1
1+e
Pr{y(N-X)/x(N-K),d (N-K) ,dy)
4 (7
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By comparison with Equation (4.33) and with the
aid of Corollary 2.1, we may bound the right hand side

E
of Equation (6) by - (N-K) o(@,p)

. e - The remainder

of the right hand side of Equation (5) may be compared
with Equation (4.4). With the help of Theorem L..L
we may bound this term to yield the desired result
(Equation (5.23)).
Case II: K 2N

Here the ensemble statistics are:

| M

Pr{y(K)}/x(K),d(X)) Pr(d(K)) Pr(z(K))—T1. Pr(x, (X))

m=1
We may handle this case by interchanging the
roles of N and K in Equation (5) and replacing the
factor that appears on the left hand side of Equation (6)

bv the factor:

g;;N Pr(Q_(K-N))YN_K o Pr(z(K'N))Pr(X(K'N)/K(K-N);g(K-N),dK)

4
Z_ Pr(a*(k-1)) D pr(xx(k-N) )
X*K—N

psk-N
;Y ¢
1+e
PT(X(K-N)/zﬁ(K-N),Q*(K-N),d*K) r
F(y(K=N))
J
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We now anply Holder's inequality (Equation (2.3)) with

1
A= 1+@ to upper bound this factor by:

DK-N Y -
L’?
1+
riz; 1+€
~—  Pr(x(K-N)) Pr(y(K-N)/x(K-N),d(K-N),dg)
gK-N
1
! ZE; ZE; Pr(d=*(K N))T:? EE: Pr(x(K-N))
r(d=(K- rixis-
vK-N k- = X*K-N
N
W ¢
1+¢|1+e
1
I+e b
Pr(x(K—N)/;%(K-N),g*(K-N),d*K)
J

Comparing the rightmost factor of the above with
Equation (4.4) and then applying the results of
Theorem L.L, we may bound this factor by

-(K-N)Eo(€,p) oo .
e . The remaining factor of the above
mav be handled by Corollary (2.1) to vield the bound

-(K-N)E (@,p)
e . The rest of the proof vroceeds as

in Case I to obtain the desired result (Equation (5.25)).

G.ELD.



The bounding methods presented here and in
Lemma 4.2 are closely related to the technique of
generating function bounds which have been widely
used in the past. Discussion of this latter tech-
nique is given by Fanoh. The sharpness of such
techniques may be proven by means of the "Central
Limit Theorem with Large Deviations" due to Shannon
(unpublished). A good presentation of an independent
derivation of this theorem is given by Blackwell

and HodgesB.
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