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Review of Wednesday Class
• Definition of heights

– Ellipsoidal height (geometric)
– Orthometric height (potential field based)

• Shape of equipotential surface: Geoid for Earth
• Methods for determining heights
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Today’s Class
• Spherical Trigonometry

– Review plane trigonometry
– Concepts in Spherical Trigonometry

• Distance measures
• Azimuths and bearings

– Basic formulas:
• Cosine rule
• Sine rule

• http://mathworld.wolfram.com/SphericalTrigonometry.html is a good 
explanatory site

http://mathworld.wolfram.com/SphericalTrigonometry.html
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Spherical Trigonometry
• As the name implies, this is the style of trigonometry 

used to calculate angles and distances on a sphere
• The form of the equations is similar to plane 

trigonometry but there are some complications.  
Specifically, in spherical triangles, the angles do not 
add to 180o

• “Distances” are also angles but can be converted to 
distance units by multiplying the angles (in radians) by 
the radius of the sphere.

• For small sized triangles, the spherical trigonometry 
formulas reduce to the plane form.
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Review of plane trigonometry
• Although there are many plane trigonometry formulas, 

almost all quantities can be computed from two 
formulas: The cosine rule and sine rules.

A

B C

a

bc

Angles A, B and C; Sides a, b and c

Sum of angles A+B+C=180

Cosine Rule:

Sine Rule:
c2 = a 2 +b2 − 2abcosC

a
sin A

= b
sinB

= c
sinC
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Basic Rules 
(discussed in following slides)

A

B
Ca

c b

A B C are angles
a b c are sides
(all quanties are angles)

Sine Rule
sin a
sin A

= sin b
sin B

= sin c
sinC

Cosine Rule sides

Cosine Rule angles

cosa = cosbcosc+ sinbsinccos A
cosb = cosccosa + sincsinacos B
cosc = cosbcosa + sinasinbcosC

cosA = −cos BcosC + sin BsinC cosa
cosB = −cos AcosC + sin AsinC cosb
cosC = −cosAcos B + sin Asin Bcosc

O
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Spherical Trigonometry Interpretation
• Interpretation of sides:

– The spherical triangle is formed on a sphere of unit radius.
– The vertices of the triangles are formed by 3 unit vectors (OA, 

OB, OC).
– Each pair of vectors forms a plane.  The intersection of a 

plane with a sphere is a circle.
• If the plane contain the center of the sphere (O), it is called a 

great circle
• If center not contained called a small circle (e.g., a line of latitude 

except the equator which is a great circle)
– The side of the spherical triangle are great circles between the

vertices.  The spherical trigonometry formulas are only valid 
for triangles formed with great circles.
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Interpretation
• Interpretation of sides (continued):

– Arc distances along the great circle sides are the 
side angle (in radians) by the radius of the sphere.  
The side angles are the angles between the 
vectors.

• Interpretation of angles
– The angles of the spherical triangles are the 

dihedral angles between the planes formed by the 
vectors to the vertices.

– One example of angles is the longitude difference 
between points B and C if A is the North Pole.
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Interpretation
• In navigation applications the angles and sides of 

spherical triangles have specific meanings.
• Sides: When multiplied by the radius of the Earth, are 

the great circle distances between the points.  On a 
sphere, this is the short distance between two points 
and is called a geodesic.  When one point is the North 
pole, the two sides originating from that point are the 
co-latitudes of the other two points

• Angles: When one of the points is the North pole, the 
angles at the other two points are the azimuth or 
bearing to the other point. 
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Derivation of Cosine rule
• The spherical trigonometry cosine rule can be derived 

form the dot product rule of vectors fairly easily.  The 
sine rule can be also derived this way but it is more 
difficult.

• On the next page we show the derivation by carefully 
selecting the coordinate axes for expressing the 
vector.

• (Although we show A in the figures as at the North 
pole this does not need to be case.  However, in many 
navigation application one point of a spherical triangle 
is the North pole.)
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Derivation of cosine rule

A

B
Ca

c b

O Vector OB has components:
[sin c, 0, cos c]
Vector OC has components:
[sin b cos A, sin b sin A, cos b]X

Z

Y

From dot product rule:
cosa =O B •O C 
= sinc,0,cosc[ ]• sin  b cos  A,  sin  b sin  A, cos  b[ ]
= sincsinbcosA +cosccosb

Taking OA as the Z-axis, and
OB projected into the plane 
perpendicular to OA as the X axis
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Area of spherical triangles
• The area of a spherical triangle is related to the sum of the 

angles in the triangles (always >180o)
• The amount the angles in a spherical triangle exceed 180o or π

radians is called the spherical excess and for a unit radius sphere 
is the area of the spherical triangle
– e.g. A spherical triangle can have all angles equal 90o and so 

the spherical excess is π/2.  Such a triangle covers 1/8 the 
area of sphere.  Since the area of a unit sphere is 4π ster-
radians, the excess equals the area (consider the triangle 
formed by two points on the equator, separated by 90o of 
longitude).
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Typical uses of Spherical 
Trigonometry

• Spherical trigonometry is used for most calculations in navigation 
and astronomy.  For the most accurate navigation and map 
projection calculation, ellipsoidal forms of the equations are used 
but this equations are much more complex and often not closed 
formed.

• In navigation, one of the vertices is usually the pole and the sides 
b and c are colatitudes.

• The distance between points B and C can be computed knowing 
the latitude and longitude of each point (Angle A is difference in 
longitude) using the cosine rule.  Quadrant ambiguity in the cos-1

is not a problem because the shortest distance between the 
points is less than 180o

• The bearing between the points is computed from the sine rule 
once the distance is known.
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Azimuth or Bearing calculation
• In the azimuth or bearing calculation, quadrant ambiguity is a 

problem since the sin-1 will return two possible angles (that yield 
the same value for sine).

• To resolve the quadrant ambiguity: rewrite the cosine rule for 
sides (since all sides are now known) in the form:
cos B = (cos b - cos c cos a)/(sin c sin a)

• Then use the two-argument tan-1 to compute the angle and 
correct quadrant.

• Note: That the aziumuth to travel back to point is not simply 
180o+forward azimuth.  To stay on a great circle path, the 
azimuth or bearing of travel has to change along the parth.
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Homework
• Homework 1 is available on the 12.215 web page

12.215_HW01.html
• Due Wednesday September, 25
• Solutions to the homework can be submitted on paper 

or emailed to as a PDF or Word document.
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Summary
• In this class, we

– Reviewed plane trigonometry
– Introduced concepts in Spherical Trigonometry

• Distance measures
• Azimuths and bearings

– Developed the basic formulas:
• Cosine rule
• Sine rule

– Discuss some ways these formulas are used


	12.215 Modern Navigation
	Review of Wednesday Class
	Today’s Class
	Spherical Trigonometry
	Review of plane trigonometry
	Basic Rules (discussed in following slides)
	Spherical Trigonometry Interpretation
	Interpretation
	Interpretation
	Derivation of Cosine rule
	Derivation of cosine rule
	Area of spherical triangles
	Typical uses of Spherical Trigonometry
	Azimuth or Bearing calculation
	Homework
	Summary


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


