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Review of Monday Class
Latitude and Longitude

• Simple spherical definitions
• Geodetic definition: For an ellipsoid
• Astronomical definition: Based on direction of gravity
• Relationships between the types
• Coordinate systems to which systems are referred
• Temporal variations in systems
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Today’s class: Heights

• Definition of heights
– Ellipsoidal height (geometric)
– Orthometric height (potential field based)

• Shape of equipotential surface: Geoid for Earth
• Methods for determining heights
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Ellipsoidal heights

• Calculation of ellipsoid heights from Cartesian XYZ 
was covered in Lecture 2.

• The ellipsoid height is the distance along the normal 
to the reference ellipsoid from the surface of the 
ellipsoid to the point who height is being calculated.

• While the geometric quantities, geodetic latitude and 
longitude are used for map mapping and terrestrial 
coordinates in general; ellipsoidal height is almost 
never used (although this is changing with the advent 
of GPS)

• Why is ellipsoidal height not used?
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Orthometric heights

• The problem with ellipsoidal heights are:
– They are new: Ellipsoidal heights could only be 

easily determined when GPS developed (1980’s)
– Geometric latitude and longitude have been around 

since Snell (optical refraction) developed 
triangulation in the 1500’s.

– Primary reason is that fluids flow based on the 
shape of the equipotential surfaces.  If you want 
water to flow down hill, you need to use potential 
based heights.
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Orthometric heights

• Orthometric heights are heights above an 
equipotential surface 

• The equipotential surface is called the geoid and 
corresponds approximately to mean sea level (MSL).

• The correspondence is approximately because MSL is 
not an equipotential surface because of forces from 
dynamic ocean currents (e.g., there is about 1m drop 
over the Gulf stream which is permanently there but 
change magnitude depending on the strength of the 
current)
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Mean Sea Level (MSL)

• Ocean tides also need to be considered but this can be averaged 
over time (signal is periodic with semi-diurnal, diurnal and long 
period tides.  Longest period tide is 18.6 years)

• Another major advantage of MSL is that is has been monitored at 
harbors for many centuries in support of ocean going vessels

• Also poses a problem because dredging of harbors can change 
the tides.

• Land-locked countries had to rely on other countries to tell them 
the heights at the border.

• MSL is reasonably consistent around the world and so height 
datums differ by only a few meters (compared to hundreds of 
meters for geodetic latitude and longitude.
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Height determination

• For article on the development of the US height 
system see:
http://www.pobonline.com/CDA/ArticleInformation/features/BNP__Features__Item/0,2338,13022,00.html

• Height measurements historically are very labor 
intensive

• The figure on the next page shows how the technique 
called leveling is used to determine heights.

• In a country there is a primary leveling network, and 
other heights are determined relative to this network.

• The primary needs to have a monument spacing of 
about 50 km.  

http://www.pobonline.com/CDA/ArticleInformation/features/BNP__Features__Item/0,2338,13022,00.html
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Leveling

• The process of leveling is to measure height 
differences and to sum these to get the heights of 
other points.
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Height. Line at 
bottom is 
ellipsoid
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Leveling

• Using the instrument called a level, the heights on the 
staffs are read and the difference in the values is the 
height differences.

• The height differences are summed to get the height 
of the final point.

• For the primary control network: the separation of the 
staffs is between 25-50 meters.  

• This type of chain of measurements must be stepped 
across the whole country (i.e., move across the 
country in 50 meter steps: Takes decades and was 
done).
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Leveling problems

• Because heights are determined by summing differences, system 
very prone to systematic errors; small biases in the height 
differences due to atmospheric bending, shadows on the 
graduations and many other types of problem

• Instrument accuracy is very good for first-order leveling: Height 
differences can be measured to tens of microns.

• Accuracy is thought to about 1 mm-per-square-root-km for first 
order leveling.

• Changes in the shapes of the equipotential surface with height 
above MSL also cause problems.

• The difference between ellipsoidal height and Orthometric height
is the Geoid height 
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Trigonometric Leveling

• When trying to go the tops of mountains, standard 
leveling does not work well. (Image trying to do this to 
the summit of Mt. Everest).

• For high peaks: A triangulation method is used call 
trigonometric leveling.

• Schematic is shown on the next slide
• This is not as accurate as spirit leveling because of 

atmospheric bending.
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Trigonometric Leveling schematic

• Method for trigonometric leveling.  Method requires 
that distance D in known and the elevation angles are 
measured.  Trigonometry is used to compute ∆h
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Trigonometric Leveling

• In ideal cases, elevation angles at both ends are measured at the 
same time.  This helps cancel atmospheric refraction errors.

• The distance D can be many tens of kilometers.
In the case of Mt. Everest, D was over 100 km (the survey team 
was not even in the same country; they were in India and 
mountain is in Nepal). 

• D is determined either by triangulation or after 1950 by electronic 
distance measurement (EDM) discussed later

• The heights of the instruments, called theodolites,  above the 
ground point must be measured.  Note: this instrument height 
measurement was not needed for leveling.
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Geoid height

• Although the difference between ellipsoidal and 
orthometric height allows the geoid height to be 
determined, this method has only be been used since 
GPS became available.

• Determining the geoid has been historical done using 
surface gravity measurements and satellite orbits.

• Satellite orbit perturbations reveal the forces acting on 
the satellite which if gravity is the only effect is the first 
derivative of the potential (atmospheric drag and other 
forces can greatly effect this assumption)
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Geoid height

• The long wavelength part of geoid (greater than 1000km) is now 
determined from satellite orbit perturbations.

• The <1000km wavelength use surface gravity and solve a 
boundary value problem where the derivative of the function 
which satisfies Laplace’s equation is given on the boundary, and 
the value of the function is needed.

• Most of the great mathematicians worked on field theory trying to 
solve the Earth boundary value problem (Laplace, Legendre, 
Green, Stokes)

• The standard method of converting gravity measurements to 
geoid height estimates is called Stokes method.

• This field is called physical geodesy 
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US Geoid

• National geodetic survey maintains a web site that 
allows geiod heights to be computed (based on US 
grid)
http://www.ngs.noaa.gov/cgi-bin/GEOID_STUFF/geoid99_prompt1.prl

• Near  Boston geiod height is -27.688 m

• The lowest geoid height in the US is -51m and the 
highest is 3.2m

• Lowest value in the world is south of India and is 
about -100 m

http://www.ngs.noaa.gov/cgi-bin/GEOID_STUFF/geoid99_prompt1.prl
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US Geoid
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Summary

• In Today’s class we have discussed:
– Definition of heights

• Ellipsoidal height (geometric)
• Orthometric height (potential field based)

– Shape of equipotential surface: Geoid for Earth
– Methods for determining heights

• Check the links given in this lecture for more 
information

• Also try web searching on physical+geodesy, geoid, 
radar+altimetry.


	12.215 Modern Navigation
	Review of Monday ClassLatitude and Longitude
	Today’s class: Heights
	Ellipsoidal heights
	Orthometric heights
	Orthometric heights
	Mean Sea Level (MSL)
	Height determination
	Leveling
	Leveling
	Leveling problems
	Trigonometric Leveling
	Trigonometric Leveling schematic
	Trigonometric Leveling
	Geoid height
	Geoid height
	US Geoid
	US Geoid
	Summary


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


