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Abstract

Our main objective is to study the analogues of the stable Schubert polynomials
Gy, H,, for the classical Weyl groups B,, and D,, respectively.

Using the nilCoxeter algebra for B,, Fomin and Kirillov have shown that G,
is a symmetric function and can be written as an integer combination of Schur P-
functions. Using the Kraskiewicz insertion, we can show that they are actually non-
negative integer combinations of the Schur P-functions.

Next, looking into other properties of the Kragkiewicz insertion, we are able to
give nice descriptions for some G,,. Relations between the Kraskiewicz insertion and
Haiman’s promotion sequence and shifted mixed insertion are found.

A variation of the Kraskiewicz insertion is found which gives similar results for
the D, analogues of the stable Schubert polynomials.
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Chapter 1

Introduction

In [3], Edelman and Greene gave an insertion algorithm that presents a bijection
between the reduced words of the symmetric group, S, and the set {(P,Q) : P is a
tableau word and @ is a Young tableau}. An analogue for the hyperoctahedral group
B,, was developed by Kraskiewicz in [9]. In this thesis, we will explore some of its
properties and applications. One of the applications of this is in the enumeration of
the number of reduced word of a signed permutation. This question first appeared
in a paper by Stanley[14]. For each permutation of S,, he constructed a symmetric
function that provided an answer after expressing it in terms of Schur functions. The
Edelman-Greene insertion can be used to show that the coefficients are nonnegative.
It turns out that this function is also a stable Schubert polynomial.

In [9], the Kraskiewicz insertion is used to give a formula for the number of
reduced words of signed permutations. We intend to use the Kraskiewicz insertion to
show that the B, analogue of the stable Schubert polynomials can be expressed as a
nonnegative sum of Schur P-functions. This will be the main goal of Chapter 2. We
will also try to develop analogues for D, the subgroup of signed permutations with
even number of signs in Chapters 3 and 4. In particular, we will answer the question
on the number of reduced words of an element in D,, and also show that the D,, stable
Schubert polynomials can be expressed as nonnegative sums of Schur P-functions.

In this chapter, we will introduce the terminology and definitions that we will

need. Section 1.1 will be a short description of B, and reduced words. Section



1.2 will cover some basic terminology in the theory of symmetric functions. The
Kragkiewicz insertion is introduced in Section 1.3. We will expand on the paper by
Kraskiewicz. This will spill over into Section 1.4. The notation and terminology there

has been adapted to our purposes.

1.1 The Hyperoctahedral Group

We will spend some time on giving definitions and notations here. First, some basic
facts about B,. The main reference used is [8]. The hyperoctahedral group is the
finite Coxeter group corresponding to the root system, B,. Abusing notation, we
will denote the group by B,. Consider the n-dimensional vector space over the real
numbers with standard basis {€;, €, - -, €, }. The simple roots are vectors denoted by
a;’s satisfying certain properties. We will not state these properties but instead state

explicitly the simple roots. Here, we will depart from the usual notation. We set

Gy = €

a; = € —€

Qg9 = €3 — €9
Op—1 = €5 — €1

The corresponding simple reflections are denoted by s;’s. Each s; is the reflection of
the vector space in the hyperplane perpendicular to «;. They generate the hyper-
octahedral group, B,. So, every element w € B, can be expressed as a product of
s;’s. Any such expression of shortest length is called a reduced word. We will call
this unique shortest length the length of w and denote it by I(w). The collection of
reduced words of w is denoted by R(w). When we write a reduced word, we will
often only write the subscripts of the simple reflections. So, s3528;50535283 is written

simply as 3210323. The reduced words of R(w) for a fixed w € B,, are related by the



Coxeter relations for B,,. They are:

0101 ~ 1010
ab ~ ba b>a+1
aa+la ~ aa+1la a#0

An element w of B, is uniquely determined by its action on ¢;,1 < i < n. So, we
can write w as a signed permutation, wyws - - - wy,, where
j if ’U)(€i) =€

Ww; = _
j if w(ei) = —€j

Then, using the one-line notation, the simple reflections are

So = 12---n

8§ = 12--v1—1i4+121+2---n for1<i<n

When we multiply s;’s, we do it from the right. The reason is that it facilitates us in
computing an element of B, from a given word(not necessary reduced). Under this
convention, a simple reflection s; acts on 1-line notation by switching the numbers in
positions 7 and ¢ + 1 if 4 # 0 and changing the sign of the first number if i = 0.

Example: To find the element w with the reduced word 21032, we write up the table

as follows:

1234
1324
3124
3124
3142
3412

N W O =N

Then w = 3412.



1.2 Tableaux and Symmetric Functions

In this section, we will give a short description of all the necessary definitions and
results that we will need later. Almost all the results are stated without proof. The
proofs can be found in standard texts like [10], [13] and [16]. The reader who is
familiar with the subject can skip this section and refer to it later on to clarify the
notation.

Consider a Young diagram of shape A = (A1, Ag,- -, A), A > Mg for 1 <@ < L.
We represent it as rows of boxes, the first row of length A; on top, the second row of
length A, below it and so on, justified to the left. For example, if A = (5,3, 3), the

Young diagram is:

The number of boxes used is denoted by |A] = !_; \; and the number of rows is
denoted by I()). Each box is identified by its coordinates (7, ;) where i is the row
index and j is the column index.

Similarly, we can define a shifted Young diagram to be an arrangement of boxes
of shape A = (A1, Ag, -+, A1), Aj > Aigq for 1 <4 < [. All the rows must have different
lengths. When we represent it as rows of boxes, each subsequent row is indented 1

box to the right. For example, if A = (5, 3,2), the Young diagram is:

Each box is identified by its coordinates in the same manner as the unshifted Young
diagram. So, the shifted Young diagram always lies in the octant {(i,7) : 1 < i < j5}.

To distinguish the 2 types of Young diagrams, we would sometimes called the first

9



kind unshifted Young diagrams. A tableau T is a Young diagram with boxes filled
in with numbers. It is called a shifted tableau if we use a shifted Young diagram to

begin with. We collect a few definitions and notations.

Definition 1.1 Let T be a Young diagram, shifted or unshifted.

1. The set of numbers used, counting multiplicity, is called the content of the

tableau and we denote it by con(T).
2. The shape of T is denoted by sh(T).
3. The number of rows in T is denoted by I(T).
4. The ith row of T is denoted by T;.

5. The reading word of T is mp = T}T)_; - - - ToT1 where each row is treated as a

sequence of numbers.

Example:

is a shifted tableau of shape (4, 3), size 7, content (5,4,4,3,2,2,1) and reading word
4235412.

Definition 1.2

1. A tableau T is called a standard Young tableau if

(a) con(T) = {1,2,---,|sh(T)|}
(b) the numbers in each row is strictly increasing

(c) the numbers in each column is strictly increasing

2. A tableau T is called semistandard if

10



(a) the numbers in each row is weakly increasing
(b) the numbers in each column is strictly increasing
Note that there is no condition on con(T’) for a semistandard tableau.

There are some standard tableaux which we will come across often. For conve-

nience, we name them below.
Definition 1.3 Let T be a standard Young tableau of shape X.
1. The transpose of T denoted by T* is the standard Young tableau that is obtained

by reflecting T in the diagonali = j.

2. T is called row-wise if

T, = 12---\
Ty = M4+1XM+2-X

T3 = A+1A4+2---)

3. T is called column-wise if T* is row-wise.

Consider the ring of formal power series with indeterminates x, xs, - - - over the
field of rational numbers, Q[[z]]. Given a semistandard tableau T, we can associate

with it a monomial in Q[[z]] as follows. Let con(T) = {11,142, *im}. Define

T _
T =Ty Tiy - X5

m

Let us denote the subalgebra of Q[[z]] consisting of symmetric functions as A. This

is the ring that we are interested in.
Theorem 1.4 Let
ek(w) = Z L4y TipgLiz =+ Ty,
11 <2< <1

11



hi(z) = > T TiyTiy e Ty,

11 <ip <<y

pr(x) = ¥+ +ak+-
Then, {ex : k=1,2,---},{hx: k=1,2,---} and {pr : k =1,2,---} are algebra bases
of A.

Definition 1.5 Let \ be of unshifted shape. A Schur function of shape A 15

sa(@) =) z”
T
where the sum is over all semistandard Young tableau of shape A.

The Schur functions are symmetric functions. This is not clear from this definition.

More importantly,

Theorem 1.6 The Schur functions, s, where A range over all unshifted shapes form

a vector space basis of A.

There is a similar definition for shifted shapes. However, we have to deal with
filling the shape with 2 different types of numbers, barred and unbarred, and we

assign a linear order on them as follows:
1<1<2<2<3<-+-

Definition 1.7 A shifted tableau T filled with barred and unbarred numbers is called

P-semistandard if
1. all the numbers are increasing along each row and each column

2. the unbarred numbers are weakly increasing in each row but strictly increasing

in each column

3. the barred numbers are strictly increasing in each row but weakly increasing in

each column

12



4. the numbers in the first bozr of each row is unbarred

Definition 1.8 Let T be a shifted Young tableau be filled with barred and unbarred

numbers such that
1. all the numbers are increasing along each row and each column

2. the unbarred numbers are weakly increasing in each row but strictly increasing

n each column

3. the barred numbers are strictly increasing in each row but weakly increasing in

each column

Then T 1is called a (Q-semistandard Young tableau.

Note that, unlike the P-semistandard Young tableau, there is no restriction on the
number in the first box of each row.

Let the con(T) = {f1, f2, - -, fm}. We associate T with the monomial

T _
T = Z|f1|Z|f2] """ L fml

where |f;| is just the number without the bar.

Definition 1.9 Let A be of shifted shape.
1. Let

Py(z) = XT: x7

where the sum is over all P-semistandard Young tableau of shape \. Py is called a
Schur P-function.

2. Let
Qi(x) = ZmT
T

where the sum is over all Q-semistandard Young tableau of shape X\. Q) is called a

Schur Q-function.

13



It is obvious that

Q= 2Mp,

where [(\) denote the number of rows in A. Just like the Schur functions, they are

symmetric. However, they do not generate the whole algebra of symmetric functions.

Theorem 1.10 Let A be the subalgebra of A generated by {py, : k odd }. Then
A={f(z) € A: f(—2, 22, 3,74, *) = f(23,%4, )}

The Py’s where A range over all shifted shapes form a vector space basis for A. Sim-

ilarly, the Q) ’s form a vector space basis for A.

Definition 1.11 Take 2 Young diagrams, S and T of shape A and u respectively.
Suppose T C S. If we remove T from S, the resulting configuration of bozes is called
a skew Young diagram of shape \/u. If we filled in the skew Young diagram with
numbers such that each row and column is increasing, then the resulting tableau is

called a skew Young tableau.

A skew Young diagram is said to be connected if we can always get from 1 box to
another by moving left, right, up or down without leaving the diagram.

There are some special skew shapes that we will mentioned here.

Definition 1.12

1. A horizontal strip is a skew Young diagram where each column can have at most

1 boz.

2. A vertical strip is a skew Young diagram where each row can have at most 1

boz.

8. A rim hook is a skew Young diagram that does not contain a 2 x 2 configuration

of bozes. Equivalently, each top-left to bottom-right diagonal has at most 1 boz.

14



Let T be a semistandard Young tableau of unshifted shape A. If we look at all the
boxes in T that have the same entry, they form a horizontal strip since T is strictly
increasing in its columns.

If T is a @-semistandard Young tableau of shifted shape u, then all the boxes
in T that have the same barred entry form a vertical strip and those with the same
unbarred entry form a horizontal strip. This is because the barred numbers have to
be strictly increasing in each row and the unbarred numbers are strictly increasing in
each column. If we instead look at all the boxes filled with the entries [, for a fixed
[, they form a rim hook. This is because there is no way of filling a configuration of

2 x 2 boxes with [ or [ such that it is Q-semistandard.

1.3 Kraskiewicz Insertion

In this section, we will present Kraskiewicz insertion. All the results here can be
found in [9]. The presentation is different from that in [9]. Firstly, we have used s
as the special reflection instead of s,. So, the numbers that are used in a reduced
word for B, will range from 0 to n — 1. Secondly, our unimodal sequence will be a
sequence of numbers that is initially strictly decreasing, then strictly increasing; that
is

a = 061>0a> " >aq<ags1 < -<q

The decreasing part of a is defined to include the minimum, that is

al= a;>ay>-->a

The increasing part forms the remainder. We denote it by

atl = Opt1 < O <+ <

For example, 21056 is a unimodal sequence with decreasing part 210 and increasing

part 56. 2489 is unimodal with decreasing part 2 and increasing part 489. 7521 is

15



unimodal with decreasing part 7521 and no increasing part. We note that a unimodal
sequence always has a decreasing part.

Other than these differences, this section and the next are basically an expansion
of the paper [9]. The reader who is familiar with results in [9] can skip the rest of
this chapter but keeping in mind the differences mentioned above.

In what follows, P; denotes the ith row of the tableau P. Very often, we will abuse

notation and use P; to denote the sequence of numbers in that row.

Definition 1.13 Let P be a shifted tableau with | rows such that
1. 7np = BP_,--- PP, is a reduced word of w
2. P; is a unimodal subsequence of mazimum length in PP,_,--- P 1 F;

Then, P is called a standard decomposition tableau of w and we denote the set of

such tableauz by SDT(w).

This is essentially the same as the definition of a tableau word in [9]. An example of

a standard decomposition tableau is

Note that if P is a standard decomposition tableau, we can create new standard
decomposition tableau by removing the first row of P. Another method is by deleting
the first entry of the last row.

Let w € B, and @ = @03 - - - ap, € R(w). The insertion algorithm will give a map
102 - Qm 5 (P,Q)

We will drop the K from the arrow if the insertion is clear from context. P is called
the insertion tableau and () is called the recording tableau. It will be shown later that

the insertion tableau is always a standard decomposition tableau.

16



We will have to first construct a sequence of pairs of tableaux
(0,0) = (P, Q), (PM,QW),---,(P™, Q™) = (P,Q)

sh(P®) = sh(Q®) for i = 0,1,---,m. Each tableau P is obtained by inserting a;
into P¢~1. We denote this as

PO g, = PO

Insertion Algorithm:
Input: a; and (P41, Q¢-1). Output: (P®,QW).
Step 1: Let a = a; and R = 1st row of P(-1).

Step 2: Insert a into R as follows:

e Case 0: R = (. If the empty row is the kth row, we write a indented £ — 1
boxes away from the left margin. This new tableau is P®). To get Q®, we add
i to QU1 so that P® and Q¥ have the same shape. Stop.

e Case 1: Ra is unimodal. Append a to R and let P® be this new tableau. To
get Q¥ we add i to Q¢~Y so that P® and Q® have the same shape. Stop.

e Case 2: Ra is not unimodal. Some numbers in the increasing part of R is greater

than a. Let b be the smallest number in R bigger than or equal to a.
— Case 2.0: ¢ = 0 and R contains 101 as a subsequence. We leave R un-
changed and go to Step 2 with a = 0 and R equal to the next row.
— Case 2.1.1: b # a. We put a in b’s position and let ¢ = b.
— Case 2.1.2: b = a. We leave the increasing part, R 1 unchanged and let

c=a+1.

We insert c into the decreasing part, R]. Let d be the biggest number in R
which is smaller than or equal to ¢. This number always exists because the

minimum of a unimodal sequence is in its decreasing part.

17



— Case 2.1.3: d # c. We put c in d’s place and let a' = d.

— Case 2.1.4: d = c. We leave R unchanged and let a' = c— 1.

Step 3: Repeat Step 2 with a = @’ and R equal to the next row.

For convenience, we will use the notation,

A t
REG=dER

to mean that inserting a into row R turns R into R’ and gives o’ as the number to
be inserted into the next row. Right now, it is not clear to us that P is a standard
decomposition tableau and @ is a shifted standard Young tableau. But, let us try an
example.

Example: Let a = 3121034310 € R(24531).

PO = |3 QWY =|1
P® =31 QB =12
P® ={3]|1][2 QY ={1]2]3

In the above, we had only to use the Case 0 and Case 1 of the insertion algorithm. In
the next step, we will have to use the other cases. We use the symbol “|” to separate

the unimodal sequence into decreasing and increasing parts when necessary.

18



and

P —

P(3)<_1 = 1 2 — 1
2
(_
- 1]1
B 211
1
211 ”
- — P
1
o 11213
4
312 0 e 1
1
3121110 1
Q(G) —
1
) 1101314
3151617
0N =

19



and

P« 3
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and

P® 1 =
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PO 0 = 312

and

QU = 4|8 (10

1.4 B-Coxeter-Knuth Relations

In the Edelman-Greene insertion, there is a Coxeter-Knuth relation that relates any
reduced word of S, with the reading word of the insertion tableau, P. In the
Kragkiewicz insertion, there is an analogue of this relation on the reduced words
of R(w) which we call the B-Coxeter-Knuth relations. They play an important role
in the insertions. These relations are also given in [9]. We have translated them into

our notation. The reverse of a word, @ = aqa; - - - a,, is defined to be

a" = aplm_1 - 020

In what follows, a < b<c < d.

22



Definition 1.14 (Elementary B-Coxeter-Knuth Relations)

0101 ~ 1010 (1)
abb+1b ~ ab+1bb+1 (2)
bab+1b ~ bb+1labd (3)
aa+1lba ~ aa+labd a+1<b (4)

a+laba+1l ~ a+lbaa+l a+1<b (5)

abdc ~ adbc (6)

acdb ~ acbd (7)

adch ~ dacb (8)

badc ~ bdac (9)

and the reverse of these.

We mean to say that if @ ~ b is in the list above, then a* ~ b is also an elementary

B-Coxeter-Knuth relation.

Definition 1.15 Let a,b € R(w) for some w € B,. Ifa = cxd and b = cyd
where both © and y have length 4 and (x,y) appeared in the list above, we say a is
elementary B-Coxeter-Knuth related to b.

Let e, f € R(w). If there ezists a sequence of reduced words € = a1,as,- -, =
f € R(w) such that each pair (@;, a;+1) is elementary B-Cozeter-Knuth related, we

say e and f are B-Coxeter-Knuth related. We denote this ase ~ f.

These relations are refinements of the Coxeter relations for B,,. That is to say, if
a ~ b, then they are also related by the Coxeter relations for B,. So, if a is reduced,
then so is b. This set of relations also appeared in [6, Table 3]. There, they were

obtained by considering promotion sequences.

Lemma 1.16 ([9, Lemma 4.7]) Let R be a unimodal reduced word of B, and a,
0 < a < n such that Ra s also reduced. If

RLa=d R

23



then
Ra ~ d'R'.

Proof: We will imitate all the different cases of insertion by the B-Coxeter-Knuth
relations. We have indicated the elementary relation used in each step where possible.
This is tedious and the reader may skip it.

Case 1: Ra is unimodal. o’ = ) and a’R’' = R' = Ra.

Case 2: Ra is not unimodal. Let

R=ri>r> - >rn<rnu<:-<rm

Let 7, be the smallest number in R1 bigger than or equal to a. We will imitate all
the insertion with B-Coxeter-Knuth relations. In the following, we have underlined

the number that is moved. Suppose a < Tp—2 < Tm—1 < T'm. Then we use (8) to get

Ra = ™72 Tm—-3Tm—-2Tm-1Tma

~ T1 Tm-3Tm-2Tm-1"m

We keep applying (8") until we reach the index b where 7}, is the smallest number

bigger or equal to a.

Ra ~ 711 7y Ty3Tm—20Tm_1Tm

~ T1°TeTo+1To+20T6+3 " Tm
~ T1TeTe1ATp42T043 " " T
Next, we will have to consider the different cases.
Case 2.0: a = 0 and R contains 101 as a subsequence. So, our ry_; =1, 7, = 0

and 7, = 1.

Ra ~ 11 1rp_ol01rgyo0rpis- - Ty
~ r1+-Tk210107 2Tky3 - Ty Dby (4)
~ 7y Tk 901017k o s3 - T by (1)

~ 11+ 0rk 21017k yoTky3 - T by (47)

24



Case 2.1.1: 7, # a

Ra ~ 71 TpoTp1TeT641QTp42" " Tm
~ T Tp2Tp1TpATp11 " " T by (7)

~ Tyt Th—oTbTb—1ATe41 " * Tm by (6)
~ T1TETe1TeTk42 " " To—1ATo41 " " " T by (6)
Case 2.1.2: r, = a. Since the word is still reduced, 7,,.; must be a + 1.

Ra ~ ri---mpomp1aa+1arys---my

~ 7-1...rkrk+1a—|—1rk+2"'aa+17"b+1"'rm by (6)

Next we have to move the number towards the left through the minimum. the

number of cases is many but manageable. It can be verified indeed
Ra ~dR
We omit the details. 0
Theorem 1.17 ([9, Lemma 4.7]) Let a = a1a2---a,, € R(w) , w € B, and
a% (P,Q)
Then, a ~ 7p.

Proof: Let P% 1 < i < m be the insertion tableau that is constructed using

aiaz---a;. We claim that 7mps-na; ~ mpw. Let R; be the jth row of PG-1) and

25



dy = a;. Then the insertion gives
Rld = &R,
Rl d = ¥R,
RE4., = ¥R

By Lemma 1.17, we have

Tpi-1a4; = Rz o RledU
~ Ry---Ryd R}

~ le; ce R’2R’1
= Tp@)
Therefore, we have
aiag - -Gy ~ Tpn)a03-° - 0ny

~ Tp@2a3- - am

~  Tpm-1)0np
~ T p(m)

The next two results are not mentioned in [9].
Theorem 1.18 Let a,b € R(w). a ~ b iff they have the same insertion tableau.

Proof: (<) Let @ and b have the same insertion tableau, P. From Theorem 1.17,

a~7rp~b.

(=)The proof for this direction is long and tedious case by case analysis. We leave

it till Appendix B. O
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Corollary 1.19 Let P be a standard decomposition tableau. Then
P 5 (P7 Q)

Proof: This follows from the previous theorem. O

In Edelman-Greene insertion, if @ € S, is mapped into (P, Q), the length of the
longest increasing subsequence in a is equal to the the length of the 1st row of P.
There is an analogous result in the Kraskiewicz insertion. A unimodal subsequence

of @ = ajas - - - a,, is a subsequence of the form,
iy > Qjp > -+ > 0y, <Clik_‘_1 < - < ay

where 1, < 1 < --- < 4.

Lemma 1.20 ([9, Lemma 4.8]) Let a,b € R(w) and a ~ b. If ¢ is a unimodal
subsequence of length k in a, then there is a unimodal subsequence d of length k in

b.

Proof: It suffices to show this when a is related to b by an elementary relation.
Clearly, if the elementary relation does not affect the order of the elements in ¢, then
we can take d = ¢ as a subsequence of b of length £ . We list below the cases where
the order of some of the elements in ¢ are changed. It is very long and the reader
can skip it. In the left column, we underline the elements of the elementary relation
that are in c. d is obtained by taking all the elements of ¢ that are not affected by
the elementary relation and combining it with the numbers that are underlined on

the right. The guidelines for choosing the elements on the righthand side is

1. if the subsequence on the lefthand side is decreasing, we try to change the first

element to one which is smaller

2. if it is increasing, we replace the last element by a smaller one.
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(2)lab+1bb+1 abb+1b
(3) bab+1b bb+1akb
bab+15b bb+1abd
bb+1ab bab+10b
bb+1labd bab+1b
4| aa+1lba aa+labd
aa+lab aa+lba

(5)|a+laba+1|la+1lbaa+]
at+laba+1l|la+1baa+1

a+lbaa+1l|la+laba-+1
a+lbaa+l|la+laba—+1

(6) abdc adbc
abdc adbc
adbc abdc
adbc abdc

(7) acdb acbd
acbd acdb
acbd acdhb
acbhbd acdb

(8) adcb dachb
dach adch
dach adcb
dach adchb

(9) badc bdac
badc bdac
bdac badc
bdac badc

|

O
Lemma 1.21 ([9, Section 4]) Let P € SDT(w) and a such that mpa is a reduced
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word of length greater than l(w). Let v = ws,. If
P«—a=P

then P’ € SDT(v).

Proof: We will prove this by induction on the number of rows of P. Note that the
induction step is only used in the second case. By Theorem 1.17, mp» € R(v). Let F;
and P/ be the rows of P and P’ respectively.
Case: P; a= Pia.
This gives
P/ = Pa
Pl = P, fori>1
Then, Pia is a unimodal sequence of longest length in 7p: and each subsequent row,
P! is a unimodal subsequence of longest length in P; - - - P/. Therefore, P' € SDT(v).
Case: P, AP Pl
Let R, R’ be the tableaux obtained from deleting the 1st row of P and P’ respec-

tively. Clearly, R is a standard decomposition tableau and
R+d =R

Since the number of rows in R is 1 less than that of P, we can apply the induction
hypothesis on R. So R’ is a standard decomposition tableau. Now, if we can show
that Pj is a unimodal sequence of greatest length in 7p/, then P’ is a standard decom-
position tableau. By Lemma 1.20, the length of the longest unimodal subsequence in
mp: is the same as the length of the longest unimodal subsequence in wpa. It suffices
to show that any unimodal subsequence ¢ = ¢;cy - - - ¢, of mpa has length less than
|Py|. If ¢t # a, then cis in 7p and |e| < |Py|. If ¢4 = a , note that the last number
d in P, is greater than a. Let d be the last element in P;,. Then, cico---crp_1d is a

unimodal subsequence in 7p. Hence, |c| < |P]. O
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Theorem 1.22 ([9, Section 4]) Let a € R(w). If
a% (PQ)

then P € SDT(w) and @ is a standard shifted Young tableau.

Proof: The insertion algorithm gives
0,0) = (PO, Q) (PV, QW),... (PM™ QM) = (P,Q)

A tableau of with only 1 box is clearly a standard decomposition tableau, that is

P € SDT(s,,). By Lemma 1.21,
P® € SDT (54,540, - - - 5a;)

Also, we have sh(P®) > sh(P¢ 1) and sh(P®) is a shifted partition. So, Q is a
standard shifted Young tableau. O

This result is implicit in the definition of the insertion tableau.

Corollary 1.23 Let a — (P, Q) and Ay be the length of the 1st row of P. Then the

length of the longest unimodal subsequence in a is \;.

Proof: This follows easily from Lemma 1.20 and that P is a standard decomposition
tableau. O
This property of A\; has analogues in the Edelman-Greene insertion and the Robinson-
Schensted insertion(see [3] and [13]). As for Ay, the length of the second row of the
insertion tableau, one might think that A; + Ay is the maximum of the sum of lengths
of two disjoint unimodal sequence in the reduced word a. However, this is not the
case.

Example: The reduced word 650871032343 of the signed permutation 247315968

gets inserted into
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However, the reduced word cannot be divided into two disjoint unimodal subse-

quences.

Lemma 1.24 ({9, Equation 3.2]) Let R be a unimodal reduced word and a be such
that Ra 1s reduced but not unimodal. If

REEG=d R

then
R =a?R

Proof: We examine the different cases that could possibly arise. Again, let b be the
smallest number in R4 which is bigger than or equal to a, ¢ be the number that is
to be inserted into R and d be the biggest number in R which is smaller than or
equal to ¢. Let R] end in e and R? begin with f. In notation,

[&
Rﬂa:---d---eTf---b--- LA
—_— D ————
Rl Rt

Case: a = 0 and R contain the subsequence 101.

.101---80=0%...101 ---
N—————— —————

R . R =R
= ...101---Z0=0%...101---
Rr R’

Case: a = b,c = d. The presence of a+ 1 ain R} and a a + 1 in R? are forced
by the word being reduced. Also, e < a.

ou

cra+la-- --aa+1--;@—a=a<—t;--a+1a---
R Rt R

a—(l_—l
.ell ...aa_i_]_,.:
R

~

€

Clearly,



Case: a = b,c # d. There are 2 subcases to consider.

Subcase: d = e.

ail '
cdl fraadl o La=d® atlfaatl
a—(l_—l _
= a+1af|a+1l£d=a(iita,+lafd
N - g < , N —~— P
R R"1 R
Subcase: d # e.
ai-l _
...d...e l f...ag.'.]_..;zla:do(it;..a_'_l...e‘f(...a,a..l_l..;
R\ Rt R
aj:l .
:>...a+1a...fe I ...a+1...&d:a2_u_t...a+1a...fe...d...
N —~— 2 e e N -~ ,
eri R’TT Rr

Case: a # b,c = d. Since Ra is reduced, R | must contain b b — 1. We have to
look into three subcases depending on the value of a.

Subcase: ¢ =b — 1. Then e < b — 1 in order for Ra be reduced.

b
;--bb:l---qT--~b---@—azb——l‘(’—“—t;--bb—-l;-e---a--;
R| R? R
b |
= -a--e | ;--b——lb--;fﬂb—l:a'(’it;--b---e---b—lb--;
R"| R4 R

Subcase: e < a < b— 1. Same as above.

Subcase: a < e < b— 1. Then, Rt must start with b.
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b
l

&« )
cobb—1--elb- -La=b-1%...bb—-1---€q---
N — v v ~ - ,
R RY R
12 _
:> ...ale...b_lb...ﬂb_lzao(it...be...b_lb...
N or? ~ — s ~ ~ v
Rll'i’ RIrT Rr
Case: a #b,c # d.
Subcase: e < a,d.
b
< in out
delbz_a:d(,_‘beal
St N’ ~~
R) Rt R
(ll 1) out
:} ...a...e'...b...z_.d:a(._;..b...e...d..;
e e | N et ~
erl R’rT Rr
Subcase: e =d < a.
b
< ') out
dlfb.. a:d(__-..bf...a...
M —— |y
R| R? R
: Bd=a®®...b---fd
= .a- flb =q=---b.-. f
RIrJ, R’rT R

(Il n out
...d...e(b...Lazd ...b---eq---
N, s N~ N e’

R| R? R
é in out
= --qle-b--Ld=a®..-be---d
N~
R’ri R’rT Rr

O

Lemma 1.25 Given (P,Q), let Q' be the standard shifted Young tableau obtained by

remouving the largest entry from Q. There exists a unique a,0 < a < n and a unique

P’ € SDT(ws,) such that
P «+—a=P
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and sh(P') = sh(Q’).

Proof: Let the largest entry be in the row j and b be the number in the corresponding
box in P. Denote row ¢ of P by P;. We want to reverse the insertion procedure that
has put b into row j. So, we insert b into P;_; getting P;*, and a;_,. We then insert
aj— into P;_, and so on. Note that a;P;_, is reduced. Suppose a; is empty for some

1. That is to say, the reverse procedure ends at row i.
)
Pf a1 =P/

Consider the tableau R formed by rows %,z + 1,---,7 of P. It is a standard decom-
position tableau. So, the length of the longest unimodal subsequence in R is |P;|.
But P! is a unimodal subsequence of length |P;| + 1. This contradicts Lemma 1.20.
Hence, a; always exists and the insertion goes through to the 1st row of P. If we let
a = ay and P’ to be the tableau with P/,1 < i < j as the first j — 1 rows and P;,¢ > j
as the succeeding rows, then P’ € SDT(ws,).

To show uniqueness, we observe from Lemma 1.24, that each a; is uniquely deter-

mined. Hence, the lemma holds. O

Theorem 1.26 ([9, Theorem 5.2]) The Kraskiewicz insertion is a bijection be-
tween R(w) and pairs of tableauz (P,Q) where P € SDT(w) and Q is a standard
shifted Young tableau.

Proof: By Theorem 1.22, we know that P € SDT(w) and Q is a standard shifted
Young tableau. For the inverse map, given (P, @), we will apply Lemma 1.25 repeat-

edly. Let a; be the unique number obtained when the entry removed is i and P® be
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the unique tableau obtained there.

a = a109-°"Qmy
~ Tp10a2a3 - -0y

~ Tp0az-:--an

= a € R(w)

Then, it’s easy to see that the P(®)’s are exactly the tableaux that were obtained
when we apply the Kraskiewicz insertion on a. Hence, the insertion is a bijection as
required. O

A first application of the Kraskiewicz insertion gives us:

Corollary 1.27 ([9, Section 6]) Let w € B,.

Rw)|= > ¢

PeSDT(w)
where g* is the number of standard shifted Young tableau of shape .

In the next chapter, we will use this insertion to arrive at some properties of B,

stable Schubert polynomials.
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Chapter 2

By Stable Schubert Polynomials

In this chapter, we will introduce B,, stable Schubert polynomials. The definitions
are similar to those in [4] and [5]. Much work has been done on the stable Schubert
polynomials for the symmetric group S, and we will try to derive the various anal-
ogous results. In the Section 2.1, we will define the B, stable Schubert polynomials
using the nilCoxeter algebra for B,. In Section 2.2, we will express the B, stable

Schubert polynomials in terms of Schur P-functions using the Kraskiewicz insertion.

2.1 The NilCoxeter Algebra

The introduction of nilCoxeter algebra gave a new point of view in the study of
Schubert polynomials. In [5], Fomin and Stanley used it to provide some simple
proofs for alternate description of Schubert polynomials. It is also a starting point to
generalize the Schubert polynomials into the other classical groups. See [4]. This use
of the nilCoxeter algebra has also been independently studied by Stembridge[15].
Following the presentation in [4], we will define the nilCoxeter algebra for B,.

From there, we will give a generating function for the B, stable Schubert polynomials.

Definition 2.1 Let B, be the nilCozeter algebra for B,. It is a non-commutative
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algebra generated by ug, uy, - -+, Un—, with the relations:

u? = 0 1>0

UU; = UjU; |Z — _]' >1

UsUip1U; = Uiy Uilhiq) 1> 0
UpU1UUT = UIUYUIUg

The nilCoxeter algebra has a vector space basis of elements of B,,. This is clear since
the last three relations listed above are exactly the Coxeter relations for B,.

Next consider the polynomial ring B,[z]. We state the next result without proof.
Lemma 2.2 ([4, Proposition 4.2]) Let
B(z) = (14 2up—1)(1+zup_g) - (1 + zu1)(1 + zug)
(14 zuy) - (1 + 2up—2)(1 + zup_1)

Then,
B(z)B(y) = B(y)B(z)

Definition 2.3 Let B,[x] denote the polynomial ring with indeterminates 1, s, - - -

Consider the expansion of the formal power series

B(z)B(zs) = Y Gul@w

wEBy,

The Gy(x) are called the B, stable Schubert polynomials.

From Lemma 2.2, it is clear that they are symmetric functions. Moreover, if we

replace x; by —z4, we get

> Gu(—22, 22,23, 24, - )W

wWEB,

B(—3) B(x2) B(z3) B(x4) - - -

I

= Z Gu(x3,Z4, - )w

wEB,
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Therefore,

Gw(—$2,$2,$3,$4, e ') = Gw(ws,m, e )

Using Theorem 1.10, this gives the next result.
Theorem 2.4 G,(z) € A

We would like to express the G,,’s in terms of the basis { Py} where A is allowed to
range over all shifted shapes. Before we go into that we give an alternate description

following the presentation and notations in [2].

Definition 2.5 Let @ = aia---a, € R(w). We say that a sequence of positive

integers & = (i1,1%2," - -, im) 1S an a-compatible sequence if

L13<1 < <ipy

2. 15 =141 = -+ = i occurs only when aj, a1y, -+, ax 15 a unimodal sequence
Denote the set of a-compatible sequence as K(a).

As in Chapter 1, we use I(w) to denote the length of w.

Definition 2.6 Let lo(w) denote the number of bars in the 1-line notation of w. Let

[(2) be the number of distinct integers in 1.
Note that the number of 0’s in any reduced word of w is equal to lo(w).

Theorem 2.7 ([4, Equation 6.3], [1, Proposition 3.4])

Go@)= 3 % 2®-by, g g
acR(w) iEK(a)
Proof: First, we look at all the monomials corresponding to a reduced word a =

Q1Qs - * - Gy, in the expansion of

B(z1)B(z2)B(x3) - - -
= (14 21up-1) -+ - (1 + 21u1) (1 + 21u0) (1 + Zyu1) - -+ (1 + Z10n_y)
(14 Zaup_1) - - - (1 + Z2u1) (1 + 2Zouo) (1 + Tauy) - - - (1 + Toy_1)

(14 z3up_1) -+ - (1 4+ z3u1)(1 + z3up) (1 + zau;) - - - (1 + z3up_;)

------
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A typical monomial corresponding to u,, U, - - - U,,, is obtained as the product

m
Ty Ugy TipUqy ° " * T4y, Ug,,

Clearly, 4 = (41,192, - -im) is a weakly increasing sequence. Also, i; = 74, = -+ = i
means that aja;;;---a, has to be a unimodal sequence. So, i is an a-compatible
sequence. Conversely, any a-compatible sequence gives rise to such a monomial. We
note that for each constant subsequence i; = ;41 = -+ = 4 of © with 4;_; < g,
and 2x < 141, there are at most 2 ways of getting this constant subsequence. If
the corresponding unimodal subsequence a;a;; - - - a5 contains 0, then there’s only 1
way. If aja;1; - - - a; does not contain 0, then there are 2 ways corresponding to the 2

possible choices of u,, where q; is the smallest element in a;a;;: - - - ax. Hence, we get
Gy(z) = Z Z 2I(Z)_lo(nv)xilxiz © T,
acR(w) iEK(G)

O
In the next section, we will slowly work towards showing that the G,,’s are non-

negative integer combinations of Schur P-functions, P).

2.2 More Kraskiewicz Insertion

We will begin this section with a study of the behaviour of the Kraskiewicz insertion

with respect to inserting 2 consecutive terms.

Lemma 2.8 Let P € SDT(w) and let a,a’ with a < a' be 2 numbers such that Tpaa’
is a reduced word. Suppose the insertion of a into P ends in boz (i,7) and that of o'

ends in boz (7', j'). Theni>1 and j < j'.

Proof: Let’s consider the insertion of a,a’ into a unimodal word R where Raa’ is a

reduced word.
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Case 1: Ra is unimodal. Then, Raa’ is also unimodal and
R ¥ ad’ = Rad'
Case 2: Ra is not unimodal but R'a’ is. Then,
REgd =e®Rd

In the next 2 cases, both Ra, R'd’ is are not unimodal.

Case 3: R contains the subsequence 101 and a = 0. R'a’ is not unimodal. Then,

RE0 = 0¥REY
= 0/ &R
Since, 0e'R’ is reduced, we must have ¢’ > 0. We note that o’ # 0.
Case 4: We do not have both R containing 101 and a = 0 at the same time. Let b

be the smallest number in R bigger than a and S be the subsequence of R consisting

of all the numbers after b.

R&ad = Ry|:--bS&ad
N s

R7T
£ .
= Rl|--aS&d
= e o] aSLA

Clearly, S is also a subsequence of R'f since the insertion of a did not change this part
of R. We remark that after insertion, it is possible for a to end up in R'}. However,
this is not going to affect our result. If ¥’ is the smallest number in R’ bigger than
or equal to a', then it must be in S. Hence, ¢ > c. Next, we want to compare e

and €, the numbers that are bumped out after inserting ¢ and ¢’ into R1 and R' 1
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respectively.

¢
out in out < !
e ...c...l...SL_a, — e — C .'. -a -
| Ry
R| R?
e eelz_ut. C’...(...a’.

Let d' be the biggest number in R' | which is smaller or equal to ¢. If d' # ¢/, we
would have ¢/ = d > e. If d = ¢, we would then have e’ =¢ —1 > ¢ > e. So, in
both cases, we have e < €.

In conclusion, as we look at the insertion of a and o’ into P, each time the pair of
numbers bumped out from each row still have the same relative order until we either
reach Case 1 or Case 2. In Case 1, the insertion of a and @’ end in the same row.
So, we have (¢, 7') = (i,7 + 1). In Case 2, the insertion of a’ ends first. This gives
i>d,5<j. a

Now, suppose in the previous lemma, we have a > a’ instead and let us examine
the possible outcomes of inserting aa’ into R.

Case 1: Rad' is unimodal. This is only possible when Rad' is a decreasing sequence
and we get

R ad' = Rad'

Case 2: Ra is unimodal but Raa’' is not. This can only occur if Ra is unimodal
but not decreasing.
R¥ad = Rald
= ¥R
Case 3: Ra is not unimodal but R'a’ is. This case is possible only if R’ is a

decreasing sequence ending in a.

R = e Ry

out

= e+ R'a
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Case 4: Ra is not unimodal, ' = 0 and R’ contains 101.

R ad = e REY

= 0¥ R"

Since eOR” is reduced, e > 0.
In the following cases, we will assume that we do not have both R’ contains 101
and a’ = 0 at the same time. Also, both Ra and R'a’ are not unimodal.

Case 5: a lands in R’ 1 after insertion. Using the same notations as before(see

Case 4 of Lemma 2.8).

Rﬁaa,’ = e‘(’ﬂ..‘c...l...a...-ﬂa’

We have ¥ <a<c Ifd =0¥0,thend =d +1<a<ec Ifa #V, we then have
¢ =b <a<ec So, we always end up with ¢ > ¢/. Using the same arguments, it can
be shown that e > €.

Case 6: a lands in R'| after insertion. This means that a is the smallest number

in R’ and e, the number bumped out by a, is the smallest number in R.

Rlad = e¥...q|y - . &0
—— | N~
Rl Rt
¢
ut T
et

N~

R']

= e &...d |R"T
——

RII J’

al.-.
N——

Since all the numbers in R’ is bigger than or equal to a, we must have e < a < ¢'.

We compile the effect of all these different cases in the following lemma.

Lemma 2.9 Let P,a,d,(i,5), (7, ') be as in the previous lemma but with a > o'. If

the insertion at each row is of the cases 2, 4 or 5, we have i < i’ and j > j'. If the
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insertion wnvolves Case 1, 2 or 6 at some point, then i > i and j < j'.

For the next theorem, the definitions of rim hooks, vertical strips and horizontal

strips can be found in Section 1.2.

Theorem 2.10 Let a = a1a; - - ap, € R(w) and
a® (P,Q)

If ajajqy - - - ax, a subsequence of a is unimodal, then in Q, the bozes with the entries
J,3+1,--- k form a rim hook. Moreover, the way the entries appear in the rim hook

1s as follows:

1. the entries j,j+1,---,1 form a vertical strip where l is the entry in the leftmost

and lowest box of the rim hook
2. these entries are increasing down the vertical strip
3. the entriesl +1,---,k — 1,k form a horizontal strip
4. these entries are increasing from left to right

5. the bozes in the vertical strip is always left of any box in the horizontal strip

which 15 in the same row

Proof: Let us consider the insertion of a unimodal sequence b = b;by - - - b,,, into a
unimodal word R and that Rbb;---b,, is reduced. Let k be the subscript of the
smallest number in b and for all 4, let R®) be what becomes of R after inserting
biby - - b;.

Let us deal with bgbgyq--- by, first. Let [,k < I < m be the smallest subscript

such that R(-1b; is unimodal. By Case 1 of Lemma 2.8, we get
RED & pbyry - by = bibyr O ZE RV - by,

where by < by, <--- < bj_; follows from Case 3 and Case 4 of Lemma 2.8.
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Now, we deal with byby - - -bg. Let j,1 < j < k be the smallest subscript such that
the insertion of b;b;, is Case 1, 3 or 6 of Lemma 2.9. We note from Lemma 2.9, that
each b;,j < i < [ is smaller than all the numbers in R¢~1. Also, from Lemma 2.9, if
the insertion of b,by41 for some h,j < h < k is Case 3, then by, 1bs,2 has to be Case
1 since R("*1) is a decreasing sequence. For the same reason, all subsequent insertion
of pairs of numbers must be Case 1. Hence, the insertion for the pairs of consecutive
terms in b;b;4 - - - by can be divided into these 3 sections with b;b;; - - - b, made up
of Case 6 only, bnby1 as Case 3 and by1bp42 - - - bx) involving Case 1 only.

RU-1) bibjsr -+ b = bl - b, 2 R®by 1bpya - - by

where b; < b;,; < --- < bj,. Note that it is possible that some of these cases do not
appear in the insertion of b;b;;; - - - b; into R.

In the insertion of bib, - --b;, we only have Case 2, Case 4 or Case 5 of Lemma
2.9 occuring. For Case 2 of Lemma 2.9, we observe that it can only occur during the
insertion of byb;. The reason is that if the insertion of b;by into R is Case 1, 3 or
6, then from above, neither Case 2, Case 4 nor Case 5 of Lemma 2.9 can occur. If
the insertion of b;b, is of Case 4 or Case 5, then the next time that the Ry, is
unimodal for some 7,4 > 1 is when b; is smaller than all the numbers in Rt~V But
this would lead to Case 1 instead of Case 2.

Hence, in conclusion, for the insertion of byby - - - bg, we either have
RE byby-- by = byb,... b, 2 R™byybyn- - by
with by > by > --- > b < b, <--- <bj;or
RE byby-- by = bibhb, ... b, & RMWby by - by

with by > by > - >0 < b, <--- < b
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Back to the original problem, let
K oy
aiaz---a; = (P, Q")

and

K
a1az - - agy1 — (P, Q")

We then look at the insertion of aja;41 - - - ax into P'. Clearly, the boxes containing
the entries form a skew Young of shape sh(Q")/sh(Q").

From the above analysis, the insertion of aja;1; - - - ax into P' can be divided into
2 sections. Let [ be such that the insertion of a;ja;;1 - - - a; into P’ only involves Cases
2, 4 and 5 of Lemma 2.9. Then, the entries j,5 + 1,-- -, lform a vertical strip in Q.
The entries [+ 1,1+ 2, -+, k form a horizontal strip in ). If some row contains boxes
from both the vertical strip and the horizontal strip, then the box from the vertical
strip appears to the left of all the boxes from the horizontal strip in that row. Because
of this, the boxes containing these entries have to form a rim hook. O
Example: In the example in Chapter 1, the insertion of a = 3121034310 gives the

recording tableau

a contains the unimodal subsequence 21034 and the entries 3,4,5,6,7 appear in a
rim hook in @.

Now, if when we insert a reduced word a and find a rim hook in the recordiong
tableau (@ filled with consecutive numbers, then we would hope to see whether the
corresponding subsequence in @ is unimodal. As before, we would have to work out

the details of the insertion.

Lemma 2.11 Let P € SDT(w) and let a,a’,a" be three numbers such that the word

mpaa'a” is reduced. Suppose a < d' and d' > a". Let (i,5),(#,5') and (i",5") be

45



the bozes that the respective insertions of a,a’ and o” end. Then i > i',5 < j' and

Z‘l < i”,j’ __>_ jll.

Proof: As in the proof of Lemma 2.8, we consider the insertion of a,d’,a” into a
unimodal word R.

Case 1: Ra is unimodal. Then, Raa’ is unimodal but Raa'a” is not.
; t
RE€ add" =" & Rad

Case 2: Ra is not unimodal but R'a’ is. Note that R'a’ cannot be a decreasing
sequence as R’ contains a which is smaller than o’. Then R'a’a” is not unimodal.
This gives

j out
R & add" = ee" & Rad

In the next 2 cases, both Ra and R'a’ are not unimodal.
Case 3: a is in R'1. This means that when we insert a’ into R', a will remain in

R". a may end up in either R"1 or R"] but o’ will always be in R"1.

REadd = e®R)|:--a--- L dd"
N —
R't
- Iout ’I LN "ll .n I,
= e & R'}|::d---&a
R”T

1 _n aut

= e & R"”

The insertion of a’a” will correspond to Case 4 or Case 5 of Lemma 2.9. This gives
e<é€e and e > €.

Case 4: a appears in R'].

REWd =e . .c---q| R 1L da"
Rl

where c is the number that is bumped into R| by a. When we next insert a’ into R/,

we note that a will not be affected since ¢ > ¢. Hence, a will be the smallest number

46



in R"” and o' will end up in R"1.

mt l 'n I’I = Iat--l .« o . ’lll -n ,,
e . c-alRMEdd = e E.--q|:--d- L
R/i R"i, R"T
— ee'e"oﬂR"'

Then, as in the case above, the insertion of a’a” will correspond to Case 4 or Case 5
of Lemma 2.9 and thus, e < ¢’ and € > €".

From here, it is not difficult to see that the insertion of a will end in a lower than
or same row as that of @’ and the insertion of o’ will end in a strictly higher row than

that of a”. This translates to ¢ > 4,5 < j' and 7' < i",5 > j". O

Theorem 2.12 Let a — (P, Q). Let the bozes with entries i,i+1,---,k form a rim
hook in Q). Suppose the entries increase down the vertical strip and then along the
horizontal strip from left to right. Then, the corresponding subsequence a;a;y1 - - - ay

is unimodal.

Proof: Suppose a;a;41 - - - a; is not unimodal. Then there exists j,7 < j < k such that
aj—1 < a; and a; > aj41. From the previous lemma, the entries j — 1,7, + 1 cannot
satisfy the hypothesis of theoerm. This is a contradiction and hence a;a;.; - - - ax is
unimodal. a

Now, we are ready to prove the major theorem of this whole investigation.

Theorem 2.13 For all w € B,

Gw(m): Z zl(R)-lo(W)psh(R)(w)
ReSDT(w)

Proof: We will, instead, show that

2 G, (z) = > Qur()

ReSDT(w)

since Q) = 2NV P,. Fix w € B, and let m = I(w). To achieve this, we generalize

the idea of a-compatible sequence to include sequences with barred and unbarred
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numbers. Let f = (f1, fo, -, fm) be a sequence where f; € {1,1,2,2,---}. This is
called a generalized sequence. We give the barred and unbarred numbers the linear
order,

I<l1<2<2<---
We say that f is a-compatible if
L AL <fn
2. fj = fi+1="--= fi = [ occurs only when a; > a1 > > 0k
3. fj = fjx1="---= fy =1 occurs only when a; < aj4; <--- < a

Let K'(a) be the set of all a-compatible generalized sequences. In what follows, ¢ will
always be a sequence of unbarred numbers and f will denote a generalized sequence.

We define

and

lf' = (|f1l’ lf2|)' R Ifm')

We will associate each generalized sequence f, the monomial x|z, |zf, - - - Z,,)-
Suppose ¢ is a a-compatible sequence, that is 2 € K(a). We want to find all the
a-compatible generalized sequence f such that |f| = <. First, suppose i; = i;4; =
- = 1y = | is a constant subsequence in ¢ and 4;_; < ¢; and 44 < 4g41. Then
a;a;j41 - - - ar must be a unimodal sequence with, say aj, as the smallest number in it.

Any a-compatible generalized sequence f such that |f| = ¢, has to have

fj:fj+1="'=fh=[ and fpp1 = fapo=--=fr =1

or

fi=fin==faa=10and fa=fopu=-=fi=1

48



Hence, from Theorem 2.7, we get

WG, x) = Y Y "By, -y
acR(w) 'I:EK(G)

= Z Z T\ 11T\ fa] ** " T frm

ack(w) fex'(@)

Now, we will exhibit a bijection ® from {(a,f) : @ € R(w),f € K'(a)} to
{(P,T): P € SDT(w), T a Q-semistandard Young tableau such that sh(T") = sh(P)}.
Step 1: Apply Kraskiewicz insertion to a. Let

a (P,Q)

This P is the standard decomposition tableau we want.
Step 2: Take a Young diagram of the same shape as Q. We fill each box by |f]
when the corresponding box in () has the entry j. Then, the new tableau is weakly

increasing along the columns and rows because

i<k = |fi| <|fel

Step 3: For each subsequence f;f;;1--- fx such that |f;| = |fiz1| = = |fi| =1
with | f;—1| < |f;| and | fi| < |fi+1|, we know that aja;41 - - - ax is unimodal. Let a;, be
the smallest number in it. Furthermore, from Theorem 2.10, the entries j,5 +1,---k
form a rim hook in @). Let g be the entry of the box in the lowest and leftmost box

in the rim hook. So, j < g < k.
1. if fn is unbarred, we add a bar to all the new entries from f; to f,—;
2. if fn is barred, we add a bar to all the new entries from f; to f,

This will give us a Young tableau with barred and unbarred numbers. This will be our
T. Clearly, sh(T") = sh(Q) = sh(P). We will have to show that T is a Q-semistandard

Young tableau.
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From the analysis in Theorem 2.10, we know that the boxes with entries j,j +
1,---,g in @ form a vertical strip and the boxes with entries g,g + 1,---k form a
horizontal strip in . So, if we replace them by f;, fj+1, -, fr and add bars to
them according to the rule, we see that the vertical strip is filled with ! while the
horizontal strip is filled with /. The box with the entry g in @Q can take either [ or
[. As remarked earlier, every box in the vertical strip is to the left of any box in
the horizontal strip which is also in the same row. So, this shows that T is weakly
increasing along columns and rows with respect to the linear order on the barred
and unbarred numbers. Also, the unbarred numbers are strictly increasing along the
columns and the barred numbers are strictly increasing in each row. Therefore, T is

a @-semistandard Young tableau as desired and we set

®(a, f) = (P, T)

We have illustrated this procedure with an example at the end of the proof.
For the inverse map, given (P,T'), we will first construct Q.
Step 1: Take a Young diagram of the same shape as T. We fill all the boxes with

distinct numbers 1,2, - - - m as follows:
1. the entries in the Young diagram preserve the order of the entries in T’

2. for all the boxes in 7" with the same barred number, these form a vertical strip

and we fill the corresponding boxes in an increasing order from top to bottom

3. for all the boxes in T with the same unbarred number, these form a horizontal

strip and we fill the corresponding boxes in an increasing order from left to right

This will be our Q. It is clearly a standard shifted Young tableau with the same
shape as P.

Step 2: a is obtained from (P, Q) by the inverse Kragkiewicz insertion. This is
the reduced word that we want.

Step 3: To get f, remove all the bars in T and let ¢ = 4,45 - - - %, be the content of

this new tableau laid out in weakly increasing order. Fix a number /, we know that
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in T, all the boxes with the entry I or [ form a rim hook in T. The corresponding
boxes in @ are filled with consecutive numbers, j,j + 1,---, k. Also, they satisfy the
hypothesis in Theorem 2.12. Hence, aja;;; - - - a is a unimodal sequence with smallest
number, say a,. Now, let (I, J) be the coordinates of the lowest and leftmost boxes

in the rim hook which has entry [ or .
1. If (I, J) has the entry [, then we add bars to %;,%,41, - - is.
2. If (I, J) has the entry [, we add bars to i;,%;41,- -, th-1.

This generalized sequence will be our f.

By construction, it is a-compatible. So, ®~!(P,T) = (a, f) and indeed this is the
inverse.

Hence, if we look at the associated monomials for generalized sequence and the

@-semistandard Young tableau, we see that they have to be equal. This gives

WG () = Y Y mpTi By
acR(w) fek'(a)

> > &

PeSDT(w) sh(T)=sh(P)

= Y Qup(®

PeSDT(w)

Il

Therefore,

Gu(@)= 3, 2Py g ()
RESDT(w)

O
Note that I(R) > lo(w) since every row of R can have at most one 0. This gives

the following corollary.

Corollary 2.14 For all w € By, Gy () is a nonnegative integer linear combination

of Schur P-functions.

Example: Let w = 3412. Let (a, f) = (10231023,12233336). f is a-compatible.
We will now construct (P,T) = ®(a, f) as described in the proof. Applying the

Kragkiewicz on a, we get
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0 3
(P,Q)= 1]of2 516

We replace each entries 7 in @ by |f;| and adding bars following the procedures as

described, we get

The reader can verify that the ®~!(P,T) gives back (a, f). With some more work,
it can be shown that SDT(3412) contains only

Therefore,

Gu(x) = 2P521)() + Ps,3)()

In [1, Section 3], an alternate definition of the B, stable Schubert polynomial is given.
It is denoted as F,,(X). It turns out that their F,,(X) = 2™G,(X).
Next, we would like to give a simple description of G, where wg, = 12---7 in

1-line notation. It is the element of longest length in B,.

Theorem 2.15 ([9, Corollary 5.3]) Let wg, be the longest element in B,. Then
SDT(wg,) contains only one standard decomposition tableau of shape (2n — 1,2n —

3,--+,3,1). Hence,

Gan = 1)(2n—1,2n—3,-~-,3,1)

Proof: We will prove by induction on n that SDT(wp,) contains only
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n—1ln—2 eeeeeeee n—2in—1

n—2 eeeeeeee n—2

110711

0

Case: n = 1. This is trivial since wg, = 1.

Case: m > 1. It is not difficult to show that in any reduced word of wg, there
exists a unimodal subsequence of length 2n — 1. Using the method described in the
example in Section 1 of Chapter 1, we just pick out the simple reflections that affect
the number n when converting the identity permutation to wg. So, the first row of

P has to have length 2n — 1. This means that it can only be
P=n-1n-2.---101.--n—-1

If P’ is the tableau with the first row removed, 7ps has to be a reduced word of wg,_,.

By induction, we get

n—2in—3 eeeeeeee n—3n—2

n—3 eeeeeceee n—3

P =

1101

0

Hence, P is as desired and the formula for G,,, follows easily. O
We would like to note that given any w € B,, a reduced word a of w can al-
ways be extended into a reduced word of wg. This would mean that any standard

decomposition tableau, P of w with shape A must have A C (2n—1,2n—3,---,3,1).
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The above theorem can be generalized.

Theorem 2.16 Let w € B,, with w, =7 and v € B, with v; = w;,1 <1 < n and

vn, = n. Then there is a bijection ® between SDT(v) and SDT(w). Moreover,

Gu(z)= Y QI(R)—lo(v)P(Zn-—l,sh(R))(m)
ReSDT(v)

where (2n — 1,A) = (2n — 1, A1, A, - - ).

Proof: As above, we note that given any reduced word in R(w), there exists a uni-
modal subsequence of length 2n — 1. So, for all P € SDT(w), the first row has to
have length 2n — 1 and thisgives P =n—1n—2 --- 101 :-- n—1. Let ¥(P) be
the tableau P with its first row deleted. Clearly, ¥(P) is a standard decomposition
tableau of ws,_18,_2 - 818081 - - - Sp—1 = v. Therefore, ¥(P) € SDT(v).

For the inverse, take R € SDT(v) andaddn—1n—2 --- 101 --- n—1 on top
of R. Denote this new tableau by ®(R). Clearly,

Ter) = 7R2n—12n—-2---101 ---2n-1

€ R(vSp_1Sn_2° 815081 Sp—1) = R(w)

Furthermore, since any unimodal subsequence of any reduced word in B, cannot
exceed 2n — 1, the first row is clearly a unimodal sequence of maximal length in

To(r). S0 ®(R) € SDT(w). It is obvious that ¥ = ®~'. Also, we note that
(®(R)) = I(R)+1
bw) = bv)+1

The formula follows easily from here. a

Making use of the bijection, we were able to prove a conjecture of Stembridge([15]).

Corollary 2.17 Let w € B,, be such that

i fOTiZil,ig,"'ik
w; =

1 otherwise
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where 11 < iy < -+ < ix Then,

Guw = Paiy—1,--2i3-1,2i1-1)

Proof: Since w; = ¢ for all ¢ > i, we can treat w as an element in B;,. We then
apply the previous theorem to get a bijection between SDT(w) and SDT(v). Next,

we observe that v has the description

1 fori=i1,i2,---ik_1
v; =
1 otherwise

So, we can repeat the procedure and finally get down to a bijection between SDT(w)
and SDT(1) where 1 is the identity element. This shows that SDT(w) contains only

1 tableau with k£ rows and each row is of the form

ijij—1 101 -4, —14;

Hence,

Gy(z) = P(2ik—1,---,2i2—1,2i1—1) (-’D)
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Chapter 3

Further Properties of the

Kraskiewicz Insertion

In the previous section, we have used the Kragkiewicz insertion to express the B,
stable Schubert polynomials, G, in terms of P,. We would like to make use of
further properties of the Kragkiewicz insertion to provide more information on G,,.
A number of these results were conjectured by Stembridge. Some were obtained
independently by Stembridge, Billey and Haiman, Fomin and Kirillov. See [1], [4].
Section 3.1 covers some properties of the insertion tableau. In Section 3.2, we look
at the Kraskiewicz insertion applied on permutations of S,. Section 3.3 associates
the Edelman-Greene insertion with the Kraskiewicz insertion in a surprising manner.
Section 3.4 looks into properties of the recording tableau. Relations with the short
promotion sequence of [6] are established in Section 3.5. Finally, in Section 3.6, we
relate the Kraskiewicz insertion with another insertion algorithm called the shifted

mixed insertion. The shifted mixed insertion first appeared in [7].

3.1 Decreasing Parts

Let @ — (P, Q) and let sh(P) = (A1, A2, -+, A;). From Chapter 1, we have seen that
A1 is the length of the longest unimodal subsequence. In general, it is difficult to give

similar properties for A;,7 # 1. However, we are able to say something about the
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decreasing parts of each row of P.

Theorem 3.1 Let P be a standard decomposition tableau and let Pl be the tableau
that 1s obtained when we delete the increasing parts of each row of P. Then, P
is a shifted tableau which is strictly decreasing in each row and in each top-left to

bottom-right diagonal.

Remarks: If we left justify P |}, it becomes an unshifted tableau of shape u such

that gy > pe > -+ - and it is strictly decreasing in rows and columns.

Proof: Obviously, the numbers in each row of P} is strictly decreasing. For the other
properties, it suffices to show for 2 consecutive rows in P that the decreasing parts

have the properties mentioned above. So, let

R = a6y, |0p1--an
R{ R

S = biby--bg|bps b
sS4 St

be 2 consecutive rows in P with R on top of S.

We examine the Kraskiewicz insertion of the reduced word SR. It is clear that
g > k since the length of the decreasing part of the first row can never decrease during
the insertion. We will now show by induction on |S| =1 that g > k and a; > b; for
all j <k.

Case: |S| = 1. This means that S = b; and k = 1. We note that b;a;a, is not a
unimodal sequence. Hence, a; > b; and a; > ay. This shows that g > k = 1.

Case: |S| > 1. Let j < k. Let P’ be the standard decomposition tableau that

is obtained when we apply the Kraskiewicz insertion on biby - - - brbgy1 -+ - bay - - - a;.

j
Then

Ci|C| @@ [Cji1] bj e e [Cit1

PI

by |by| ®e i1

P'is a standard decomposition tableau and by induction hypothesis, cj—1 > bj_y > b;.

When we next insert a;;; into P’, b; gets bumped into the second row and it has
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to be Case 2.1.3 of the insertion algorithm since c¢;_; > b; + 1. This means that the
new entry in the jth box in the first row is strictly bigger than b;. This would imply
a; > b;.

Suppose g = k, when we insert ax., bx gets bumped into the second row. Again,
by the same argument as above with j replaced by k, this bumping process involves
Case 2.1.3 of the insertion algorithm. But b is the smallest element in the first row.
This causes the length of the decreasing part of the first row to increase. Hence,
g > k and the entries in P { have to be strictly decreasing in top-left to bottom-right
diagonals. O
Remarks: Using the above method, it can be shown that a; > a; for all j <1+ 1.
This means that the entry in box (¢, 1) is strictly bigger than entries in boxes (j, k)

where 7 > ¢ or when j =14,k < Ajp1 + 1.

Theorem 3.2 Let a — (P,Q) and let sh(P{) = (u1, 2, - - -, ). Then, the longest

strictly decreasing subsequence in a has length p;.

Proof: First, we will verify that any longest strictly decreasing subsequence in 7p has
length p,. Clearly, the decreasing part of the first row achieves this length. Next, we
will show that this length is preserved by the B-Coxeter-Knuth relations.

For the first part, we look at how a strictly decreasing subsequence d is distributed
across the rows of P. It can only pick up at most 1 element in the increasing part
of each row. By Theorem 3.1, P || is strictly decreasing in rows and top-left to
bottom-right diagonals. This means that any decreasing subsequence consisting only
of entries in P | cannot have length more than pu,.

Suppose d contains an entry in the increasing part of some row. We examine this
situation for two consecutive rows SR as in the proof of Theorem 3.1. So, let b; be
in d where j > k. Let b; be the smallest number with ¢ < &k such that b; > b;. We
claim that a;4; > b;. If b; does not exist, we note that a; > b;.

Let P’ be the insertion tableau of b; - - - bja; - - - a;.
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Ci|C2| @@ |CifCit1| @@ |b;| @@ [Clt1

Il

Pl

by [by|@e b |eeee b ;

In P', b; is in the decreasing part of the first row and must lie to the right of c; since
¢; > b; > b;. So, it has to be in some box (1, f) where i < f < g. After inserting
aji1 - ay into P, we eventually have af in box (1, f). This shows that a; > b;. Thus,
aiy1 > bj. This shows that if d picks up a number in the increasing part of P;, it can
then take 1 less number from PJ}. Hence, |d| is less than y;.

For the second part, we can verify that the length of the longest strictly decreasing
subsequence is preserved by the B-Coxeter-Knuth relations explicitly. This is just
like the proof of Theorem 1.20 in Chapter 1. However, this is tedious. Another
method is to note that the elementary B-Coxeter-Knuth relations are refinements of
the Coxeter-Knuth relations except for the special relation 0101 ~ 1010. In [3], we
know that the Coxeter-Knuth relations preserve the length of the greatest decreasing
subsequence. Our special relation 0101 ~ 1010 also preserves this length. Hence, the
B-Coxeter-Knuth relations preserve this length too. We are done. O

Using what we have achieved so far, we will give an example of G,, that has an

easy description in terms of the Schur P-functions.

Theorem 3.3
Gs..31(%) = Pip-1,-2,1)(T)

Proof: Let w = @---21. If P € SDT(w), then n rows of P each contains a 0.
Therefore, [Py | > n(n — 1)/2. But, l(w) = n(n — 1)/2. This forces P = P |} and

I[(P) = n. There is only one such P. Thus, SDT(w) contains only
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n—1ln—2 eeee | (

n—2 eeee 0

This gives
Gw(m) = P(n,n—l,---,2,1)(m)

O

Theorem 3.4 Let w = Awswz---wy, and v = wows - - w,n be 2 elements of B,,.
Also, let SDT,(w) = {P € SDT(w) : |P1| = n}. Then, there exists an injection ®
from SDT,(w) into SDT(v). Furthermore, if Va € R(v), the length of the longest

unimodal subsequence in a is strictly less than n, then ® is a bijection.

Proof: Let @ € R(w). The longest strictly decreasing subsequence in a has to be
n—1n-—2---10. This corresponds to a sequence of simple reflections that affect

the number n. So, if P € SDT, (w), by Theorem 3.2,
PP=n—-1n-2---10

Define ®(P) to be the tableau obtained by removing the first row of P. It is obvious

that ®(P) is a standard decomposition tableau and

(D(P) S SDT(’LUSOSI v Sn—l)
= SDT(v)

Clearly, all P € SDT,(w) are determined by ®(P). So, & is the desired injection.
Suppose Ya € R(v) that the length of the longest unimodal subsequence is strictly
less than n. Let P’ € SDT(v). Define ¥(P') by addingn —1n —2---1 0 to P'.
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Since the longest unimodal subsequence in P’ has length strictly less than n, the
longest unimodal sequence in 7y (pr) has to be the top row of ¥(P’). Hence, U(P’) is

a standard decomposition tableau and

\I’(Pl) € SDTn(’USn_l T 8180)
= SDT,(w)

Clearly, ® and ¥ are inverses of each other and therefore @ is a bijection between the
2 sets. O
The following case is interesting. It appears in [1] and it shows that any Schur

P-function can be written as a B,, stable Schubert polynomial.

Corollary 3.5 ([1, Proposition 3.14])
Letw=Xhg--N123- - N Ngveee A - where A = (A, Ag, - -+, A is a shifted
shape. Then,

Gu(x) = Px(x)

Here, k means omitting k.

Proof: We will prove by induction on .

Case: I = 1. Then, w = A;123-- g Clearly, SDT(w) contains only

AM—1A\ -2 eee | 1 0

Hence, G, (z) = Py(z).
Case: [ > 1. It can be shown that SDT, (w) = SDT(w). Then using the previous
theorem, @ is a bijection between SDT(w) and SDT(v) where

U=Dg  N123 - N Ng e Xy -

By the induction hypothesis, SDT(v) contains only
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A—1\—2 eeeeeeee| O

A—1] oo 0

Hence, SDT(w) contains only

AM—1lA|—2| o000 e0ee0eececcccce 0

X—1)s—2 eeeeeeee | (

A—1llee | (

and

G’w(:z:) = P)\(CB)

0
Using the property of the decreasing parts, we arrive at a generalization of Corol-

lary 1.23 on the length of a unimodal subsequence.

Theorem 3.6 Let a = a0y - a,, € R(w). Suppose
a® (PQ)

If ap, is in boz (1,k) in P then the longest unimodal subsequence ending in a,, has

length k.

Proof: Assuming that a,, is in box (1,%) in P, we will use induction on k.
Case: k = 1. This forces a = a; and the result is trivial.
Case: k > 1. Let the longest unimodal subsequence of a ending in a,, have

length g. Suppose a;,a;, - - *@;,_,am is one such subsequence. Then a;,a;, - - “Qiy_, 18
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a unimodal subsequence ending in a;,_, of longest length. By induction hypothesis,
when we apply the Kraskiewicz insertion on aias---a;,_,, a;,_, is the entry in box
(1,g —1).

If a;,_, < am, when we continue the insertion with a;,_,41---an, the entry in
(1,g — 1) will be replaced by smaller numbers unless (1, g — 1) joins the decreasing
part of the first row. In either case, k£ > g¢.

If a;,_, > an, this means that a; a;, - - - a;,_, is a decreasing sequence. Let P' be
the insertion tableau of aas - - - ay,—1. By Theorem 3.2, this means that [P{] | > g—1.
This in turn would mean that & > g.

Now, let the entry in box (1,k — 1) of P be b. We examine the insertion of
aias - --b. By induction hypothesis, the longest unimodal subsequence of a ending
in b has length k¥ — 1. Pick such a subsequence a; aj,---a;_,b. If b < a,,, we can
append a,, and get a unimodal subsequence ending in a,,. This shows that g > k. If

b > a,,, this means that
|Pid|>2k = |[PL|>2k~-1

By Theorem 3.2, ajas - - a,,—1 contains a strictly decreasing subsequence of length
k —1. Clearly, by appending a,, to it, we would get a unimodal subsequence of length
k. This implies g > k.

Combining the above two inequalities on g and k, we get g = k as desired. a

3.2 The Symmetric Group

The symmetric group S, can be considered as a subgroup of B, generated by s;,7 > 0.
In 1-line notation, S, is just the subgroup of signed permutations with no signs.
Hence, we can both apply the Edelman-Greene insertion and the Kraskiewicz inser-
tion on any reduced words of elements in S,,. We wish to explore the connections
between these two insertions. Through them, we hope to relate the stable Schubert

polynomials for S, and B,. We will assume that the reader is familiar with the
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Edelman-Greene insertion. A description can be found in [3]. We will also assume all
the results about the Edelman-Greene insertion that are used here. To distinguish the
tableaux obtained by Edelman-Greene insertion and that by Kraskiewicz insertion,
we will denote the insertion tableau of the Edelman-Greene insertion by P and the
recording tableau by Q So,

a ™% (P,Q)

represents the Edelman-Greene insertion of @ and
a % (P,Q)

represents the Kragkiewicz insertion. The set of tableaux P that is obtained from the
Edelman-Greene insertion of all reduced words of w € S, is denoted by SDTg(w).
We will use F,,(x) to denote the S,, stable Schubert polynomial for w € S,,. This

is denoted as G, (x) in [5]. We will follow the definition in that paper.

Theorem 3.7
Fy(x) = Z Ssh(ﬁ)(w)

PeSDTs(w)
For all w € S,, since ly(w) = 0, we can describe the G, directly in terms of

generalized sequences; that is

Gu(@)= D > ZpTip T

acR(w) fGK'(a)

Now we need to introduce the superfication operation. The superfication of a

Schur function is defined as follows:

sx(z/x) = wysi(z, y)|ly=

Here, s)(x, y) is the Schur function in two set of variables. wy acts on the y variables

only and it is an involution on A defined by

wyer(y) = h(y)
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The superfication is then extended to any symmetric function by linearity. The

following alternate description of s)(x/x) is very useful.

Theorem 3.8
sa(z/z) =Yz
T

where the sum s over all Q-semistandard Young tableau.
The reader can refer to [16, Section 2.7] for more details. Also, it is not difficult to
show using this description that

sxt(z/z) = sy(z/x)

where At is the transpose of \.

We will also need some results about the Edelman-Greene insertion.

Theorem 3.9 ([3, Lemma 6.28]) Let a € R(w) for some w € S,. Let aj,a;41 be

2 consecutive elements in a. We apply the Edelman-Greene insertion on a.

1. Ifaj > a1, then the insertion of a;41 will end in a strictly lower row than that

Of G,j

2. If a; < ajt1, the insertion of a;y, will end in a higher row or the same row as

that of a;.

The reader is asked to refer to [3] for a proof. The next result is known to Stembridge.
It also appears in [4, Corollary 8.1] and [1, Proposition 3.17]. We give a direct

combinatorial proof.

Theorem 3.10 Let w € S,,, then
Gu(z) = Fy(z /)

Proof: We will use the tableau description of the superfication of a Schur function.

We will also need the Edelman-Greene insertion to give a bijection, ® between the
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{(a,f) : a € R(w), f € K'(a)} and {(P,T) : P € SDTg(w), T is a Q-semistandard
Young tableau, sh(T) = sh(P)}.
Let w € S, and a € R(w). Given (a, f) where f is an a-compatible generalized

sequence, we apply the Edelman-Greene insertion on a to get
a = (P,Q)

Construct a Young diagram with the same shape as Q and fill each box with f; when
the corresponding box in Q has entry j. This will be our 7' and we let ®(a, f) =
(P,T).

We claim that 7' is @-semistandard. Clearly, T is weakly increasing in both
columns and rows since

I<k = fi<fk

Suppose f; = fj+1 = --- = fr = I. Then ajaj;---a; is a decreasing sequence. By

Theorem 3.9, their insertion will end in different rows and in Q, the boxes with entries

j,7+1,---,k will form a vertical strip. This shows that T is row strict with respect
to barred numbers. Similarly, let f; = fj41 = --- = fy = [. Then, ajaj4,---ax is an
increasing sequence. By Theorem 3.9, the boxes with the entries 7,7 + 1, -,k form

a horizontal strip in Q. So, T is Q-semistandard.
Now given (P, T), we first construct Q by taking a Young diagram with shape
same as 7" and filling each box with consecutive numbers starting from 1 in the

following manner:

1. the entries preserve the order of the numbers in T

2. when more than 1 box in 7" has the same barred number, we fill these boxes

consecutively from top to bottom

3. when more than 1 box in T has the same unbarred number, we fill the boxes

consecutively from left to right

The description is unambiguous as the boxes with the same barred number must

form a vertical strip and those that contain the same unbarred number must form a
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horizontal strip. This new tableau is a standard Young tableau and we denote it as

Q. Now, applying the inverse Edelman-Greene insertion, we have
(P.Q)"™5 a

where @ € R(w). Let f be the content of T laid out in weakly increasing order.
Then, define ¥(P,T) = (a, f).

We have to show that f is a-compatible. Let f; = fjy1 = -+ = fy = 1. In T,
these entries are in a vertical strip and in Q the corresponding entries 7,5 +1,---k
are also in a vertical strip with j in the top box and j 4+ 1 in the second box and so
on. So, by Theorem 3.9 the corresponding subsequence a;a;41 - - - ax has to be strictly
decreasing.

Similarly, if f; = fj+1 = -+ = fi = . The same argument would show that
a;a;4+1- - -0k is a strictly increasing sequence. Hence, f is indeed a-compatible.

Clearly, ® and ¥ are inverses of each other and con(7T") = f. So,

Gu(®) = D D A DY

acR(w) feKl(a)

= > Y &

PeSDTgs(w) sh(T)=sh(P)
= Fy(z/x)

O

Next, we are going to present an application of results in the S,, stable Schubert
polynomials into B, stable Schubert polynomials. In [10], some focus is given to an-
swering the question when S,, stable Schubert polynomials F, is also a Schur function.
We state the following result without proof. Given a permutation, w € S,,, we can
define its inversion table, I(w) to be the set {(7,7) : ¢ < j,w; > w;}. Next, let r(w)
to be sequence of numbers, (1,79, +,7,-1) Where 7y is the number of (3, 5) € I(w)
such that ¢ = k. If we rearrange r(w) into a decreasing sequence, we call it the shape

of w and denote it by 7(w).
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Theorem 3.11 ([14, Theorem 4.1]) Let w € S,,.
Fy(z) = sx(x)
for some normal shape X iff w is 2143-avoiding. Furthermore,
T(w) = A

Conversely, given any Schur function, sy, there is a 2143-avoiding permutation w

such that
Fw(m) = S,\(ﬂ:)

Please see [11, 1.27] and [14, Theorem 4.1] for a proof of this result. Combining this

result and Theorem 3.10, we get

Fw(m) = 8)‘(17)
= Gu(x) = sy(z/z)
= 8,\(23/23) = Z Qsh(R)(m)

ReSDT(w)
This gives us an alternate proof of the result:

Corollary 3.12 ([16, Section 7.3]) sx(xz/x) can always be ezpressed as a nonneg-

ative integer combination of Q.

3.3 More Edelman-Greene Insertion

In the previous section, we have shown a connection between the Edelman-Greene
insertion and the Krasdkiewicz insertion. In this section, we will show another. Let
wg denote the longest element of S,, which is n n — 1---2 1 in 1-line notation. We
need the standard decomposition tableau, U of the signed permutation 7 ---321. As

have been shown earlier in Theorem 3.3, SDT(7 - - - 321) contains only
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n—1ln—2 eeee | (

n—2 e e e e 0

U= ecee

Let
v 5 (U, V)

It is easy to verify that V is column-wise.

Definition 3.13 Let @@ be a shifted Young tableau and S be a shifted Young tableau
that is contained in Q). By this we mean that all the entries in S also appear in the
same bozes in Q. Then, we define Q) — S to be the skew shifted Young tableau that is
obtained by deleting all the bozes in Q) that are also in S.

Theorem 3.14 Let a = a,a, - - - a,, be a reduced word of w in S, and let
a % (P,Q)
Suppose the Kraskiewicz insertion of a into (U, V) gives (P, Q). Then,

1. Pl =U

2. The increasing parts of each row of P form an unshifted tableau, denoted by
P1. If we add i — 1 to each bog in the ith row of P{, we get P.

3. If we and subtract n(n — 1)/2 from every boz in Q — V, we get Q.

Proof: First, we note that

mwa € R(f---21 w)

= Rn—wi+1n—w+1--n—w,+1)
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So, the Kragkiewicz insertion makes sense. We will use induction on m, length of the
word a, to prove the theorem.

Case: m = 1. In the Kraskiewicz insertion, a, is appended to the first row of U
and the result is trivial.

Case: m > 1. Let (P, Q') be the shifted tableaux that are obtained from the
Kragkiewicz insertion of a;as - - - a,,—; and let (13' Q' ) be the unshifted tableaux that
are obtained from the Edelman-Greene insertion of aias - - - a,,—1. By the induction
hypothesis, (P’,Q') and (]3’, Q') are related as described above. Now compare the
Edelman-Greene insertion of a,, into P’ and the Kraskiewicz insertion of a,, into P’.
Let us denote the entries in P’ by b;; and sh(P’) = ). Beginning with the first row,
let us look at the possible cases.

Subcase: a,, gets appended to 151’ . In this case, a,, also gets appended to the first
row of P’ under Kraskiewicz insertion.

Subcase: Pl’ does not contain any number equal to a,,. Then, for the Edelman-

Greene insertion, we get

in
biabio---bij-c by & am

out

= by & biabig-cam by

where b; ; is the smallest element bigger than a,,. Now, in the Kraskiewicz insertion,
we find
n—1n—2---10by1bra---bj b1y & am
by s
1
= n—1n—-2---10 I b1,1b1’2~--am-~-b1,;\1

out

= b;—-1n—-1n—-2---100b11bio - am- b1

Subcase: P| contains a number same as a,,. For the Edelman-Greene insertion,

in
biabra- b by, & am

out

= Gm+ 1 byibig---byj---biy,
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where b; ; = an,. The Kraskiewicz insertion will give

n—1n—2---10/by byg-by; -bx & am
an, +1
(_
= 'I’L—-l’l’l—2"'10,bl’lbl,g"'bl,j"'bl,,\l

= amﬁtn——ln—Z---l 0|bl,1b1,2"'am"'b1,A1

So the number to be inserted into Pj is always 1 less than the number to be
inserted into 152’. Pt = P and P, | is unchanged. By repeating the process, we see
that P{ = U remains unchanged and the two different insertions of a,, will end up
in the same row such that P and P have the same shape. This means that @ — V
is just Q with all its entries increased by n(n — 1)/2. But as the insertion gets to a
lower row, the difference between the numbers to be inserted into the next row under
the Edelman-Greene insertion and under Kraskiewicz insertion gets bigger. This will
result in that the entries in P, are i — 1 more than the corresponding entries in (P 1)
as stated in the theorem. O

This theorem allows us to apply results about the Edelman-Greene insertion
into the Kraskiewicz insertion. For starters, we are able to prove a conjecture by
Stembridge([15]). This has also been proved by Billey and Haiman in [1, Equation
(3.15)].

Theorem 3.15 Let w € S,. Denote W as the element of B, obtained from w by
putting a bar over all w;. There exists a bijection ® from SDTs(wsw) to SDT(w).

Furthermore,

Ga(x) = Y. Piap(@)

PeSDTg(wsw)

where 6, = (n,n—1,---,2,1).

Proof: We will now describe a map ¥ from SDT(w) to SDTs(wsw). Let P € SDT(w).
Then any reduced word of @ must contain n 0’s. By Theorem 3.1, P has to be the
tableau, U. This means that P € SDT(w) is uniquely determined by the increasing
parts of every row and they form an unshifted tableau P1{. Let ¥(P) be the unshifted
tableau that is obtained by adding i — 1 to each box in the ith row of P {. From
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the description, it is not obvious that ¥(P) € SDTg(wsw). Let @ be the standard

Young tableau such that
1. sh(Q) = sh(P)
2. () contains V and the other boxes have their entries row-wise

Then, by using the inverse Kraskiewicz insertion,
K—l
(Pa Q) Tya
a is reduced and does not contain any 0.

a € R(n---21 w)
= Rn—-wi+1n—we+1---n—w,+1)

= R(wsw)

By Theorem 3.14, the Edelman-Greene insertion tableau of @ is ¥(P). So, ¥(P) €
SDTg(wsw).

Conversely, let P € SDTs(wsw). We define a map ® : SDTg(wsw) — SDT(w).
We first subtract i — 1 from each box in the ith row of P. Then, we append this to
U to get the shifted tableau ®(P). Again from Theorem 3.14, ®(P) is the standard
decomposition tableau that is obtained by the Kraskiewicz insertion of myms. So,
®(P) € SDT(w).

Clearly, ® and ¥ are inverses of each other. Furthermore, sh(®(P)) = 6, +sh(P)

and lo(w) = I[(®(P)) = n. Hence, we get
Ga(x) = > P +snp) ()
PeSDTs(wpw)

O

SDTs(45213) contains only
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413(2{1(0]1(2)4
312)11({011]2
21110([1}2
110
0

The reader can verify that
Ga(x) = Pggs21)(T)

3.4 The Recording Tableau

In this section, we will explore the properties about the recording tableau of the
Kraskiewicz insertion. There is an operation called the evacuation which can be
applied on a standard shifted Young tableau. This operation is studied in detail in [6]
and in [7]. We will show how this relates to the recording tableau of the Kraskiewicz
insertion. The main results are Theorem 3.24 and Corollary 3.28.

For a start, we would like to characterize the recording tableaux of mp where P is

a standard decomposition tableau. But first, some definitions and notations.

Definition 3.16 Let @Q be a shifted Young tableau. Denote by Q|; the shifted Young
tableau that is obtained from @ by deleting all the bozres that have entries strictly
bigger than j.

Recall from Section 1.2, the definition a rim hook.
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Lemma 3.17 Let P € SDT(w) and
p i{} (Pa Q)

with sh(P) = (A, A, -+, A). Then for all1 > 1,
L Sh(Q‘)\i+)\i+1+-"+)\1) = ()‘17 )\i+17 T )\Z)

2. Qlaitrgat+n — Qi +-+x 18 a connected rim hook with the entries increasing

down the vertical part of the rim hook and then across the horizontal part

Proof: Use induction on [.

Case: | = 1. Obvious.

Case: | > 1. Let P’ be the standard decomposition tableau obtained from P by
deleting the first row, P;. Clearly,

mp = mp P

and

T pr 5 (P'v Q’)

where sh(P') = (A2, A3, -+, A1) and Q' = Q|x,+r5+--x- Since, I(P') =[(P) —1, by the

induction hypothesis, for ¢ > 1,

Sh(QI)\i+)\i+1+'"+/\l ) = sh (QI I i+ )

= ()\'ia)‘i-f-la ot ")‘l)

and Q'|x+xip1+-+x — @ it = @Iitripi+tn — @Jris14-+x 18 @ connected rim
hook with the entries increasing down the vertical part of the rim hook and then
across the horizontal part. Now, it remains to show that ) — Q' is a rim hook with

the desired property. Note that

Sh(Q—Q’) = A/(AZ’/\E”"'J)\J)
= {(4,7):1<i<lLAdn+i<ji<N+i—-1}
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Note that the first box in row i of @ — @’ is (i, A;+1 + 1) and the last box in row ¢ +1
is (i + 1, \41 +1). Hence, @ — @' is a connected rim hook. Now P, is a unimodal
sequence and by Theorem 2.12, the corresponding entries Ay + Ao+ -+ _1+1, A1 +
Aot FX_142,-, A+ A2+ -+ in Q has to form a rim hook and they increase
down the vertical part and then across the horizontal part of the rim hook. O

Given @ € R(w), we know that @ € R(w™!'). We would like to see how the
Kraskiewicz insertion of these two words are related with respect to the recording
tableaux. The following lemma provides a nice description for the recording tableau

of (7Tp)r.

Lemma 3.18 Let P € SDT(w),w € B,,. Let

p 5 (P,Q
(TrP)r 5’ (RvS)

~—

Then, S is row-wise. Furthermore, sh(P) = sh(Q) = sh(R) = sh(S).

Proof: We will do this by induction on ! = [(P).
Case: [ = 1. This is obvious.
Case: | > 1. Let sh(P) = A. Let us denote row j of P by P;. Abusing notation,

we will also use P; to denote the reduced word made up of numbers in P;. So,

mp = PP_;-- PP
(mp)' = PR---F

Let us apply the Kraskiewicz insertion on (7p)" but let us restrict ourselves to the
changes in the first row. Since Pf is a unimodal sequence of longest length in (7p)F,

none of the numbers in Py Pj - - - P[ are appended onto the first row.

p&pPrpr...Pr = Pr&p...pr
Ay A ¥R,

where A; is the sequence of numbers that are bumped out when P! is inserted and
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R, is the first row of R. From Theorem 2.12, each A; is a unimodal sequence. Let
Aj---A3AL — (UV)

We claim that 7y = Aj - - - A5 A5. That is to say that Aj - - - AJA} is the reduced word
of a standard decomposition tableau. To show this, we claim that for all 2 > 1, A] is

a unimodal subsequence of maximum length in Aj - -- A}. Suppose this is not so. Let
Aj - A — (U, V)

and let mpr = U---Up. |Uf| > |Ail and Uy, ---U] ~ Af--- AL If we compare the

Kragkiewicz insertions, again restricting ourselves to the first row,

DERAA A = REEAA ...A
= PPL---R¥X

and

0 & RULUL_, .U

Ry & U{U} -+ U]

= Wil W & X
where |W;| = |Uj| > |P;|. This shows that the resulting insertion tableaux are dif-
ferent. But R{U---U; ~ R{Aj--- A. This is a contradiction. Hence, AJA]_, - - - A}
is the reading word of some standard decomposition tableau. So, by the induction

hypothesis,
A2A3 cee A; — (RI, SI)

where R’ = R— R, and §' is a row-wise standard Young tableau and sh(S’) = sh(V).
Hence, indeed S is row-wise and sh(Q) = sh(S). O
Since the Kraskiewicz insertion is a bijection, From the above two lemmas and using

the fact that the Kraskiewicz insertion is a bijection, we conclude that:
Theorem 3.19 Let a € R(w).

1. @ is the reading word of a standard decomposition tableau, P € SDT(w) iff

the recording tableau corresponding to a satisfies the properties described in
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Lemm 3.17.

2. a* is the reading word of a standard decomposition tableau, P € SDT(w™') f

the recording tableau corresponding to a 1s row-wise.

Theorem 3.20 Let a € R(w). Suppose

a 5 (PQ)
r & (R,9)

a

Then,
sh(Q) = sh(S)
Proof:

mTp~a = (Wp)rNar

Hence, from the previous lemma, sh(P) = sh(R). Therefore, sh(Q) = sh(P) =
sh(R) = sh(S)

We know that the map given by @ — a’ is a bijection between R(w) and R(w™?)
for all w in B,. This induces a bijection between SDT(w) and SDT(w™!) which leads

naturally to the next result.

Corollary 3.21 Let w € B,,. Then
Gu(®) = Gy-1(x)

Proof: Define ¥ : SDT(w) — SDT(w™?!) by letting ¥(P) be the insertion tableau of

(mp)*. This is a bijection since
myp) ~ (mp)
= (mgp)" ~ mp

From Theorem 3.20, sh(¥(P)) = sh(P). Hence,

Gu(x) = Y 2P-bMpy po(x)
ReSDT(w)
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= Y 2O gy (@)
ReSDT(w)

= Gy-1(x)

a

This corollary can be proved using the bijection of the reduced words themselves

and noting that G (x) is symmetric. The reader can refer to [1, Corollary 3.5] for
this alternate method.

The next lemma is long but crucial. It shows how the shape of the recording

tableau changes when we remove a number from the beginning of the insertion.

Lemma 3.22 Let a € R(w) and

182 1O > (P,Q)
a0y amey > (P, Q")

Az G > (R,S)
Gy am1 > (R,S)

Then,

sh(P") C sh(P)
U U
sh(R') C sh(R)

Furthermore, let (p, q) = sh(P) —sh(P') and (p/,¢') = sh(P') —sh(R'). Then sh(R) #
sh(P') iff sh(P) —sh(R') = {(p,q), (', ¢')} is not connected.

Proof: Clearly, sh(P’) C sh(P) and sh(R') C sh(R). Let

A Qpp—1 * * * Q207 5} (U, V)
U Qm—1 "+~ A2 i(; (UI’ V,)

From Theorem 3.20,
sh(R) = sh(U’) C sh(U) = sh(P)
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This gives one inclusion and we can get the other inclusion by the same method.

Next, we will prove the last statement.

(=) By the inclusion of shapes, sh(R) # sh(P’) forces
sh(P) —sh(R) = (p', ¢)

Since (p,q) and (p',¢') are corner boxes of sh(P), they cannot be connected.

(<) We will begin with some simplifications. Without loss of generality, we can
assume p < p’. Since all the insertion tableaux are not changed when we replace
203 -+ Am_1 Dy TR, we can assume that azaz - -ap_1 =7 = RjR,_,--- R4R}. We

then have
! DI ! DI
alRl -1 " Rleam

5 (
wRR_,--RR, 5 (P,Q)
RiR,_ - RyRiam 5 (R,S)

RR_,---RyR, 5 (

Compare the insertion tableaux P’ and R'. Note that

p > 1
= [Pl = |R]
= P = R]

since R is a unimodal subsequence of longest length in aiRjR]_; - - - R4R|. Next we
proceed to use induction on p.

Case: p=1. So, |P,| = |P{| + 1 which implies that P/a,, is unimodal. Therefore,

P, =Pla, = Rlan=R;
= |R| = |P]|+1
= sh(R) # sh(P")

Case: p > 1. So, |P,| = |P]| which implies that P]a,, is not unimodal. Therefore,
P &a,=d &P
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Now, R} = P and R is also obtained from R} by inserting a,,. Hence, R; = P;. We

then have
wRR_, - Rya,, 5 (P,Q)
a1R; ;—1"'R'2 5 (P',Q')
RR,_,--Ryal, & (RS
RR_,---Ry & (R,9)

where 15, P' R R are standard decomposition tableaux obtained from the corre-
sponding tableaux by deleting the first row. Since sh(P) — sh(R') is not connected,

by induction hypothesis,
sh(R)

+
# sh(R)

O

Next, we will follow some notation in [13, Section 3.11] to define the notion of

evacuation. First, we define the delta operator, A.

Definition 3.23 Let QQ be a standard shifted Young tableau. Define A(Q) to be the

resulting tableau after applying the following operations:
1. remove the entry 1 from Q
2. apply jeu de taquin into this box
3. deduct 1 from each of the remaining bozxes

This is essentially the same as [13, Definition 3.11.1]. Note that here, we are applying
A on shifted Young tableaux. In the notation of [7], A(Q) is the tableau that is

obtained by subtracting 1 from every box in Q(1 — o).

Theorem 3.24 Let a = a1az - - a,, € R(w) and suppose

103 - - Gy, LY (P,Q)
as-am > (R,S)

Then,



Proof: Induct on m.
Case: m = 1. Trivial.

Case: m > 1. Let
a1ag - - Am—1 i{* (P',Q')

Qs Qm_1 LN (R',S")

Let (p,q) = sh(Q) — sh(Q') and (p',¢') = sh(Q') —sh(S’). This is the same as the
setup is Lemma 3.22. By induction hypothesis, A(Q') = S’. Note that Q' = Q|m-1
and S’ = Sl|p_2.

Subcase: sh(S) = sh(Q'). So, box (p’,q') holds the entry m—1 in S and box (p, q)
holds the entry m in Q. From Lemma 3.22, {(p,q), (?/,¢')} are connected. When we
apply A on @, the jeu de taquin process can be split into two parts. The first part
consists of jeu de taquin moves inside @Q|,,—1. It is the same as the jeu de taquin moves
when we compute A(Q|;-1). Therefore, the box (p/,q') is vacated. The second part
slides the entry of box (p, ) into (p, ¢'). It is not difficult to see then that A(Q) = S.

Subcase: sh(S) # sh(Q'). Box (p,q) holds the entry m — 1 in .S and box (p, q)
holds the entry m in Q. From Lemma 3.22, {(p, q), (¢, ¢')} are not connected. Using
the same reasoning as above, we see that when we apply A on @, the jeu de taquin
process vacates box (p, ¢') and does not affect box (p, q). Hence A(Q) = S. O
Example: Consider the reduced word 241230 of the signed permutation 32514. The

Kragkiewicz insertion of 241230 gives

The reader can check that the second recording tableau can be obtained by applying

A on the previous recording tableau.
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We take a detour here for an application of A. In Section 3.2, we have shown a re-
lation between the Edelman-Greene insertion of w where w € S,, and the Kraskiewicz
insertion of w. Making use of the previous result, we present a connection between the
recording tableaux of the Edelman-Greene insertion and the Kradkiewicz insertion.

Recall that any unshifted Young tableau can be considered as a shifted tableau.

Theorem 3.25 Let w € S, and a € R(w). Suppose

a 2§ (P,Q)
a & (PQ)

Then Q is jeu de taquin equivalent to Q.

Proof: Recall in Theorem 3.14, we considered the Kraskiewicz insertion of the reduced

word mya of 7 - - - 21w where

n—1ln—2 eeee | (

n—2 e e e e 0

U = (W W

is the only standard decomposition tableau of 7 ---21. Let
Tya _Ig (P ’1 Q,)

Then, we know that Q' contains V' where V is the standard Young tableau labelled
column-wise and sh(V) = sh(U) = (n,---,2,1). Also, Q can be obtained from ¢’
by deleting V' and subtracting n(n — 1)/2 from every remaining box. Now, applying

Theorem 3.24 to get rid of my, from the insertion, we find that

Q — An(n—l)/Z (Ql)
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This is equivalent to applying jeu de taquin to convert Q into a normal shifted shape.
Hence, @ is jeu de taquin equivalent to Q. O

Now, we define evacuation.

Definition 3.26 Let Q be a standard shifted Young tableau with |Q| = m. We define
ev(Q) to be a shifted Young tableau of the same shape and boz (i, j) has entry m—k+1
if sh(A*(Q)) and sh(A*1(Q)) differ in boz (i, 7).

Again, this is essentially the same as [13, Definition 3.11.1] but we are using it on
shifted Young tableaux instead.
[7, Section 8] contains an alternate definition of ev(Q)) and more information on

other properties of evacuation. We state a simple lemma without proof.

Lemma 3.27 Let Q be a standard shifted Young tableau of size m. Then

ev(A(Q)) = ev(Q)lm—1

This evacuation enables us to give a refinement of Theorem 3.20.

Corollary 3.28 Let a € R(w) and

a 5 (PQ)
a 5 (RS
Then,
S =ev(Q)

Proof: Let @ = a4y - - - a,,,. We use induction on m.
Case: m = 1. Trivial.
Case: m > 1. Consider the Kragkiewicz insertion of the reduced word asas - - - ay,.

From Lemma 3.24,

Q203 * * * Oy, LS (P, AQ)
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Let (p, q) = sh(Q)—sh(AQ). By definition, box (p, ) in ev(Q) has entry m. Applying

the induction hypothesis on asas - - - ar,, we get
K
AmOm—1 -+ azay = (R',S")

where S’ = ev(A(Q)) = ev(Q)|m-1- The last equality is from the previous lemma.

Now,

R=R & q,

This shows that
Slne1 = 5" = e¥(Q) lm1

From Theorem 3.20, sh(S) = sh(Q) and sh(S’) = sh(Q’). This means that the entry
m in S is in the box (p,q) and hence S = ev(Q). O
Example: Let a = 214203. It is a reduced word of w = 32514. Applying the

Kragkiewicz insertion on a gives

and on a" = 302412, it gives

a’ is a reduced word of w~! = 42153. It can be verified that the recording tableau can
be obtained from each other by applying the evacuation operator. We have hoped
that there is a similar operation on the insertion tableau. However, we have failed to

find one.
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3.5 Promotion Sequence

In [6, Theorem 5.12], the short promotion sequence of a shifted tableau is used to
give a bijection between reduced words of wg, the longest element in B,, and standard
shifted Young tableau of shape (2n — 1,2n — 3,---,3,1). The same method gives a
bijection between reduced words of wg, the longest element of S,, and standard Young
tableau of shape (n — 1,n — 2,---,1). In (3, Theorem 7.18], it is shown that the
Edelman-Greene insertion on R(wg) is the inverse operation of the short promotion
sequence. The proof is involved but an easier proof has since been found by Fomin
and Greene. In this section, we will give a proof that shows that the Kraskiewicz
insertion applied on R(wg) is the inverse operation of the promotion for the standard

shifted Young tableau of shape (2n —1,2n —3,---,3,1).

Lemma 3.29 Let N =n? and @ = a1a; - - -ay_1ay € R(wg). If ag is a number such

that aparas - -ay—1 € R(wp), then

ap = an
Proof:
apaias---aN-1 = Wpg
= QoWwppay = WR
= ay = Wpanwpg

= ay
O

The definition of the promotion operator is in [6, Section 4] and the definition for
the short promotion sequence is in [6, Section 5]. We will restate these definitions
here but we will restrict ourselves to the case of standard shifted Young tableau of

shape (2n —1,2n —3,---,3,1).

Definition 3.30 Let N = n®. Given T a standard shifted Young tableau of shape
(2n —1,2n —3,--,3,1), we define the promotion operator, p(T) as follows:

1. delete the largest entry in T
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2. apply jeu de taquin into that box
3. put 0 into the box (1,1)

4. add 1 to every box

Give the last bozx (i,2n — 2i + 1) of each row i, the label n — i. Then, the short
promotion sequence p(T) = (1,72, --,TN) 18 the sequence of numbers where r; is the

label of the boz with the largest entry in the tableau p™—*(T).

The promotion operation is almost the inverse of the A operation. If we take p(T')

and apply the A operation on it, we get
A(p(T)) = T|n-1

Note that the largest entry of any standard shifted Young tableau has to be in the
last box of some row. Hence, r; is well defined. Note also that the entry in box
(i,2n—2i+41) of the standard decomposition tableau of wg is n — i which is the label
we assigned.

Let us consider the Kraskiewicz insertion of reduced words of wg only. Since
SDT(wg) contains only 1 tableau P, we can define a map ¥ from R(w) to the set of
standard shifted Young tableaux of shape (2n —1,2n — 3,---,3,1) by letting

U(a) =Q

where @ is the recording tableau obtained when we apply the insertion on a. We

claim that p and ¥ are inverses of each other.

Theorem 3.31 Let a € R(wg) and a — (P, Q) Then,
@) =a
Proof: Let a = ajay---ay.

0103 - *aN-1AN £ (P, Q)
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From Lemma 3.29, ayaiay---ay-1 € R(wg). So,
K

anaiaz---an_1 — (P, S)

But, from Theorem 3.24, the recording tableau for a,a,---ay_1 is
Qln-1=A(S)

From the previous remarks,

A(P(Q)) = Qln-1 = A(S)
and since sh(Q) = sh(S5),

p(@) =S

This shows that the promotion operator, p acting on () corresponds to moving the
last number in the reduced word a to the first position.

The largest entry N in @ is obtained when we insert ay. Suppose it is in box
(i,2n — 2i + 1) of Q. If we observe the insertion procedure of ay, we note that the
first © — 1 rows are of the form,n—jn—-j—1 ---101---n — j — 1 n — j where
1 < 7 < 1. So, each time the number to be inserted into the next row remains ay.

This shows that ay = n — ¢ which is the label of the box (i,2n — 2 + 1). Hence,

'n =an

We can then repeat the procedure on aya;a,---an_; to show that ry_; = ay_; and

so on. Therefore,
pQ)=a

a
All this can be revised to show that corresponding case for the Edelman-Greene

insertion on reduced words of wg and the short promotion sequence. We will not
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provide the details here but just mentioned that there are analogues of Lemma 3.24

and Lemma 3.29 for the Edelman-Greene insertion.

3.6 Shifted Mixed Insertion

Haiman introduced mixed insertion and its shifted analogue in [7]. Its relation to the
Worley-Sagan insertion (see [13], [16]) was explored in detail there. In this section, we
will show that the Kraskiewicz insertion is closely related to shifted mixed insertion.

The shifted mixed insertion is an algorithm that maps a permutation a of S,, into
pairs of tableaux, (T,T") where T is a P-semistandard shifted tableau with distinct
numbers and 7" is a standard shifted Young tableau of the same shape. Let us denote

the set of such T by 7,. For details, please see [7, Definition 6.7]. We denote it as
a ™= (T, T")

We now look at the Kraskiewicz insertion on reduced words that are made up
of the numbers 1,2,---,n and each of them appearing only once. In this way, we
can treat the Kraskiewicz insertion as an insertion algorithm on S,,. Let us call this
the restricted Kraskiewicz insertion. By Theorem 1.26, the restricted Kraskiewicz
insertion gives a bijection between S, and pairs of tableaux (P,Q) where P is a
standard decomposition tableau with distinct entries and @ is a standard shifted

Young tableau. Denote by P, the set of such standard decomposition tableaux.

Theorem 3.32 Let a € S, and

a 5 (PQ
a ™% (T,T')

Then Q =T'.

Proof: First, we make use of [7, Theorem 6.10]. It states that 7" is the Worley-Sagan

insertion tableau for a™!. In [7, Corollary 6.3], it is shown that this is the same as
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applying shifted jeu de taquin on the diagonal tableau with reading word the same
as a”!. We intend to show that Q is obtained in this manner.

To do this, we will make use of the short promotion sequence p. Let N = n? — n.
Let b = a! and c be the sequence such that ¢; = N + b;,. Let Q' be a standard
shifted Young tableau of shape (2n — 1,2n — 3,---,3,1) such that the reading word
of the last top-right to bottom-left diagonal is ¢. This diagonal consists of boxes with
coordinates (%, 2n — 2i + 1) filled with entry ¢,_;4;.

The short promotion sequence of ' is

PQ) =rira  TNAITN42 TN

By definition of the short promotion sequence,

Tenoiya, = N —1
= TN+bi =T = 1—1
= TN+i = a;—1

By Theorem 3.31,
Q) =rira-rypTnte- Tnin = (P, Q)
where P’ is the unique standard decomposition tableau of SDT(wp). By Lemma 3.24,
K
TN+1TN+2***TN4n — (R, S)

where S = AN(Q'). But this is equivalent to applying shifted jeu de taquin on the
last diagonal with the box (4,2n — 2: + 1) filled with b,_;,;. Therefore,

S=T

Since ry41 - - - TNy is basically a shifted by 1 and the steps in the Kradkiewicz inser-
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tion for both are the same, we can conclude that
Q=8=T

O

For the restricted Kraskiewicz insertion, since all the numbers are distinct, we
avoid the special cases of the insertion algorithm that involves repeated numbers.

Correspondingly, the B-Coxeter-Knuth relations reduces to(a < b < ¢ < d):

Definition 3.33 (Elementary Restricted B-Coxeter-Knuth Relations)

abdc ~ adbc (1)
acdb ~ acbd (2)
adch ~ dachb (3)
badc ~ bdac (4)

and their reverses.

This is the same as the list in [6, Corollary 3.2]. Thus we have arrived at analogues
of Knuth relations for shifted mixed insertion. Since the standard decomposition

tableaux are representatives of the restricted B-Coxeter-Knuth relations, this gives

Theorem 3.34 There exists a shape preserving bijection, ® from T, to P,. Further-

more, if a € S, the respective insertions map

a 5 Q)
(T, Q)

Then, ®(T) = P.

Next, we can interpret properties of the restricted Kraskiewicz insertion in the context

of shifted mixed insertion and vice versa.

Theorem 3.35 Let a € S,, and

a®(P,Q)
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and let
a 'Y (R,S)

denote the Worley-Sagan insertion of a='. Then, Q = R and S is the shifted mized

insertion tableau of a.

A description of the Worley-Sagan insertion can be found in [16] or [12, Section 3].

This theorem is just a rehash of (7, Theorem 6.10].

Theorem 3.36 Let a € S,, and suppose
a ™25 (T, T")

where sh(T) = \. Then A, is the length of the longest unimodal sequence in a.

This theorem can be generalized to give interpretations to A; where i > 1. We quote

a result from [12].

Theorem 3.37 ([12, Corollary 5.2]) Let a € S,. Suppose that the shape of the
Worley-Sagan insertion tableau is A = (A1, Ag, - -+, \i), then for k < | the mazimum

length of a strictly k-decreasing subsequence in a*a is

M oA Ao A

A strictly k-decreasing subsequence of a’a is a union of & disjoint strictly decreasing
subsequences of a’a.

Let b be a strictly decreasing subsequence in a"a. It is made up of distinct
numbers in a. If we look at these numbers in a, they appear in a decreasing manner
starting from the right towards the left and then from left to right. Conversely, any
set of numbers in a that can be obtained in this manner can be written as a strictly
decreasing subsequence of a'a.

For example, if @ = 52314 then a'a = 4132552314. Let b = 4321. It is a strictly
decreasing subsequence of a’a and it appears in a in a decreasing manner from right

to left and left to right.
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Now, let ¢ = a~!. If we look at the sequence of inverse images of numbers of b,
they appear as a unimodal subsequence in ¢. Conversely, a unimodal subsequence
in ¢ gives rise to such a b in a. Using the previous example, a~! = 42351. The
subsequence corresponding to b is 4235.

Making use of this and Theorem 3.35 and noting that the shape of the insertion
tableau and recording tableau are always the same, we can reinterpret the Theorem

3.37 in terms of k-unimodal subsequence.

Definition 3.38 Let d be a sequence of distinct numbers. A k-unimodal subsequence
15 a unton of k unimodal subsequences of d. Any number can appear in at most 2 of
the unimodal subsequences and any pair of unimodal subsequences can only have at

most 1 number in common.

Corollary 3.39 Leta € S,. If
a % (P,Q)

where sh(P) = XA = (A1, A2, -+, A1), then for k < I, the mazimum length of a k-

unimodal subsequence 1is

M4 dg 4+ A+

This result is also true if we replace the Kraskiewicz insertion by the shifted mixed
insertion.
Example: Take the permutation @ = 57286431. Under the Krasgkiewicz insertion, it

maps to the tableau

The shape is (5,2,1). {728,86431} is a 2-unimodal subsequence of a of length 8.
{526, 728,86431} is a 3-unimodal subsequence of length 11. The reader can verify

that these subsequences attain the maximun length.
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Remarks: It would be nice if the definition of a k-unimodal subsequence can be
altered to disjoint unimodal subsequence and change the maximum length to A\; +
A2 + --- + A¢. Unfortunately, this is not possible. For example, the permutation
b = 57628431 also maps to the same tableau above but there exists a 2-unimodal

subsequence {7628, 5431} which have distinct numbers.
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Chapter 4

Analogues for Dy

In this chapter, we aim to find D,, analogues of all the results obtained so far for B,,.
In Section 4.1, we will give the definitions and some results about the reduced words
of D,,. An analogue of the Kraskiewicz insertion algorithm is described in Section
4.2. It turns out that this D-Kraskiewicz insertion does not apply on the reduced
words directly. The D-Coxeter-Knuth relations will be introduced in Section 4.3.
Most of the results of the D-Kraskiewicz insertion are proven here. In Section 4.4, we
introduce the D,, stable Schubert polynomials and using the D-Kragkiewicz insertion,
we are able to show that they can be expressed as nonnegative integer combinations

of Schur P-functions.

4.1 D,

Consider a standard basis {€;, €, -+, €,} for a vector space of dimension n over the

real numbers. The simple roots for D,, are

Qg = € +6€

a; = € —6

Q9 = €3 — €
Ap-1 = €5 —€p—1
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Let s; denote the simple reflection in the hyperplane perpendicular to «;. These
generate the Weyl group of the root system which we denote by D,, as well. In what
follows, we will just write the subscripts of the reflections. The simple reflections

satisfy the Coxeter relations for D,,. They are

01 ~ 10

020 ~ 202

ab ~ ba b>a+1,(a,b)#(0,2)
aa+la ~ a+laa+1l a#0

D, is a subgroup of B, and we can represent its elements as signed permutations

with even number of signs. Under this notation,

sg = 2134---mn
§ = 12--v1—14i+12414+2--n forl<i<n

Let w € D,, we can express it as a product of s;’s. Those of shortest length are
called reduced words. This shortest length is called the length of w and denoted by
Ip(w). We will use Rp(w) to denote the set of all reduced words of w. However, we
will drop the subscript D if there is no confusion with S, or B,.

There is an automorphism I on the group D,, that switches sy and s;.

so ifi=1
I'(s;) =< s, ifi=0

s; otherwise

It is not difficult to show that

D(w) = v ww

where v™! = v =123 -7 in 1-line notation. Note that v is an element of B,, but not

D,, when n is even.
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Let w = wywy - - -w, € D,. We write w; to mean

With some more work, we can show that

Lemma 4.1

Wiwy++1--+w, w; F#1 and 1 is not barred in w
I'(w) =19 w1 -w, wy #1 and 1 is barred in w

w otherwise
In particular, T(w) = w iff w; =1 or 1.

We can also turn I' into a map on reduced words by simply letting I'(a) be the
reduced word that is obtained by turning all the 1’s in a into 0’s and 0’s into 1’s.
The motivation behind these results on I' is that the D-Kragkiewicz insertion that we
will introduce in the next section treats the simple reflections sy and s; equally. To

further demonstrate this point, we need to introduce flattened words.

Definition 4.2 Let a = ajay---a,, be a reduced word in D,. Convert all the O’s
that appear in @ to 1’s and denote this new word by a. We call é a flattened word.

Denote the set of flattened words of w by R(w).

Under this new scheme, a flattened word will only contain positive integers and can
never have three consecutive 1’s. This idea of flattened words first appeared in [6]
but in another form called winnowed words. Later, it was independently used by
Billey and Haiman(see [1]) in their investigations for D analogues of stable Schubert
polynomials.

Let a be a reduced word of w. We can treat the flattened word & as a word of
some permutation v of S,,. But in this case, @ need not be reduced. It is not difficult

to show that v is just the signed permutation w without the bars.
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Example: 2041 is a reduced word of 13254. 2141 is the corresponding flattened
word. It is also a word, but not reduced, for 13254.
Obviously, more than one reduced word can be flattened into the same flattened

word. Also, they need not be reduced words of the same signed permutation.

Definition 4.3 Let c be a flattened word. Define N(c,w) to be the number of reduced

words a € R(w) such that & = c.

Lemma 4.4 Let ¢ be a flattened word of w of length m and ¢, = 1. There exist
a,b € R(w) such that @ = b= ¢, a,, = 0 and b, = 1 iff ¢ factors into de, e # 0,

where the permutation v of S, corresponding to e is such that
vy = 1

Proof: (=) Let us calculate the 1-line notation of w=! from the reduced words a’ and
b" using the method described in Section 1.3. Examine the symbol 1 closely. a,, = 0
causes the symbol 1 to have a bar and b,, = 1 lets the symbol 1 be without a bar.
Since eventually we should get the same 1-line notation, at some point, the 2 reduced
words would give the symbol 1 the same parity. But, for this to happen, the symbol
1 must arrive at the first position. Hence, we can factor ¢ into de and where the

permutation v corresponding to e has the property

it =1

“—‘>’U1~_—1

(<) Let a € R(w) such that @ = ¢. Suppose a,, = 0. Then we can write a as fg
where f = d and § = e. From Lemma 4.1, I'(g) represents the same permutation as

g. This means that b = fI'(g) is a reduced word of w that endsin 1 and b=¢. O

Theorem 4.5 Let c be a flattened word and w € D,, such that N(c,w) is non-zero.

Then, N(c,w) is a power of 2. Furthermore, it does not depend on the choice of w.

Proof: We will use induction on the length m of c.
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Case: m = 1. If N(e,w) is non-zero, it can only take the value 1.
Case: m>1. Let ¢ =cicp- - Cpi-

Subcase: ¢, # 1. Then

N(e,w) = N(c, ws,,,)

Hence, by induction hypothesis, N(c,w) is a power of 2. Furthermore, N(c,w) is
independant of w since N(¢',ws,,,) is independant of ws,,,.
Subcase: ¢,, = 1. If there is a factorization of ¢ into de where e # () and the

permutation v corresponding to e has the property

’U1=1

then by Lemma 4.4, for any w such that N(e,w) # 0, w has reduced words @ and b
such that

By induction hypothesis, N(c', wsg) = N(c',ws;) is a power of 2. So,

N(c,w) = N(c,wso) + N(c',ws;) = 2N(c', wsy)

is also a power of 2.

If ¢ does not factor in such a manner then for any w such that N(c,w) # 0, all
reduced words @ € R(w) such that @ = ¢, must all end with a,, = 0 or all end with
am = 1. Without loss of generality, assume a, = 0. Then N(c,w) = N(c',wsy)
is a power of 2. Note that the calculations depend only on ¢. Hence N (c,w) is
independant of w. O
We will now write N(c) instead of N (e, w) since the number is independent of w as

long as it is non-zero.
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Remarks: In [1, Proposition 3.7], an explicit formula for N(c) is given.
N( C) — 2m—k+1

where m is the number of 1’s in ¢ and & is the number of distinct values of s, - - - 5¢;(1)

for 0 < j < I(w). This can be proved using the previous theorem.

4.2 D-Kraskiewicz Insertion

In this section, we will give a definition of unimodal sequences for reduced words and
flattened words. They differ slightly from the definition of unimodal sequences for

reduced words in B,. Then we will describe the insertion algorithm.

Definition 4.6 A sequence of nonnegative integers @ = ajay---ay, 1S said to be

unimodal if for some j <m
1. ay>as>--->a;
2. a; < ajq1 <+ < Gy
3. aj_1>aj oraj_,=0,a;=1

The decreasing part of the unimodal sequence is defined to be
al=aay---a;
The increasing part is defined to be
al= ;10542 O

Let ¢ = cicy -+ - ¢, be a flattened word. It is said to be unimodal if
1 ¢c1>cy > SR |

2. Cj < Cjp1 << Cpy
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3. Cj-1 > Cj OT Cj—1 = Cj = 1

The decreasing part of the unimodal flattened word is defined by
cl=cicp ¢
The increasing part is defined by
cT=Cj11Cj+2°*Cm

The definition of a unimodal reduced word for B,, and D,, are the same. However,
the definition for the decreasing part is different. For example, 2013 is a unimodal
reduced word. When considered as a reduced word of the signed permutation 3142
in B,, the decreasing part is 20. When considered as a reduced word of the signed
permutation 1342 in D,,, the decreasing part is 201.

Here are some examples of unimodal flattened words. 5431127 is unimodal with
decreasing part 54311 and increasing part 27. It is a flattened word of 16234587. 1245
is unimodal with decreasing part 1 and increasing part 245. It is a flattened word for

both 231564 and 231564.
Definition 4.7 Let P be a tableau with | rows such that
1. mp = PP_1--- PP, is a flattened word of w
2. P; is a unimodal subsequence of mazimum length in PP,_, .- P, P,

Then, P is called a standard decomposition tableau of w and we denote the set of

such tableauz by SDTp(w).

For convenience, we will write SDT(w) in place of SDT p(w) when no confusion arises.
Let a be a flattened word. Now, we will describe the D-Kraskiewicz insertion.

First we construct a sequence of pairs of tableaux

(wa w) = (P(O)7Q(0))a (P(l))Q(l))’ ) (P(m)aQ(m)) = (Pa Q)
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with sh(P®) = sh(Q®). We obtain (P®,Q®) from (P% 1, Q¢-)) using the algo-
rithm shown below.
Insertion Algorithm:

Input: a; and (P41, QUG-1). Output: (P®,QW).

Step 1: Let a = a; and R = 1st row of PG-1),

Step 2: Insert a into R as follows:

e Case 0: R = (0. If the empty row is the kth row, we write a indented k — 1
boxes away from the left margin. This new tableau is P*). For Q¥ we add i

to QUY so that P® and Q® have the same shape. Stop.

e Case 1: Ra is unimodal. Append a to R and let P® be this new tableau. To
get Q¥), we add i to QG- so that P® and Q) have the same shape. Stop.

e Case 2: Ra is not unimodal. Let b be the smallest number in R1 bigger than

or equal to a.
— Case 2.0.1: @ = 1 and R contains 2112. Leave R unchanged and go to
Step 2 with a = 1 and R equal to the next row.

— Case 2.0.2: a =1 and R contains 212. Change the last 2 into a 1 and go
to Step 2 with a = 1 and R equal to the next row.

— Case 2.0.3: @ = 1 and R contains 112 but not 2112. Change the first 1
into a 2 and go to Step 2 with a = 1 and R equal to the next row.

— Case 2.1.1: b # a. We put a in b’s position and let ¢ = b.
— Case 2.1.2: b = a. We leave R?T unchanged and let ¢ = a + 1.
We insert c into R]. Let d be the biggest number in R| which is smaller than

or equal to c. If this number is 1 and there are two 1’s in R, we let d be the

left 1.

— Case 2.1.3: d # c¢. We put c in d’s place and let o’ = d.

— Case 2.1.4: d = c. We leave R unchanged and let o’ = ¢ — 1.
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Step 3: Repeat Step 2 with a = o’ and R equal to the next row.

We will denote this insertion operation given above by:
PO g, = pW

The D-Kraskiewicz insertion associates @ with the last pair of tableaux (P,Q) and

we denote this operation by

a 2% (P,Q)

As in By, we will call P the insertion tableau and @ the recording tableau. We will
omit the D — K above the arrow if it no confusion arises.

Example: Let a = 3021202 € R(1243). Then a = 3121212.

P® = |3|1]2 QB =|1]2(3
P® 1 = 31112 «—1
&
— |3|1]1
321
1
3(211 "
= :P
1
oo = 11213
4
32112
PO 06 — 112(3]5
1 4
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3121112 +«—1
PO 1 =
1
3121111
= — p(6)
111
1121315
Q(ﬁ) =
416
3(211(11}2 1121315(7
PN = QN =
111 4]16

The reader can verify that P(7) is a standard decomposition tableau for 1243. We will
prove in the next section that the insertion tableau is always a standard decomposition

tableau.

4.3 D-Coxeter-Knuth Relations

As in the B, case, the D-Kraskiewicz insertion can be imitated by certain relations.
We call them the D-Coxeter-Knuth relations. However, they are not relations between
reduced words but relations between flattened words. In the table below, a < b <

c<dorl=a=b< c<dunless otherwise stated.
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Definition 4.8 (Elementary D-Coxeter-Knuth Relations)

1121 ~ 1212
abb+1b ~ ab+1bb+1 a<b
bab+1b ~ bb+1ab a<b
aa+lba ~ aa+1labd a+1<b(4

abde ~ adbc
acdb ~ acbd
adeb ~ dach

(
(
(
(
a+laba+l ~ a+lbaa+1l a+1<b(5)
(
(
(
badc ~ bdac (

and their reverses.

Definition 4.9 Let a,b be 2 flattened words for some w € D,. If a = ecxd and
b = cyd where both  and y have length 4 and (x,y) appeared in the list above, we
say a s elementary D-Coxeter-Knuth related to b.

Let e, f € R(w). If there exist e = a1,a5,---,a; = f € R(w) such that each
pair (a;, a;11) is elementary D-Cozeter-Knuth related, we say e and f are D-Coxeter-

Knuth related. We denote this as e 2 f.

This set of relations appeared in [6, Table 5] as Cj-relations. We will write e ~ f
if no ambiguity arises. As mentioned earlier, the D-Coxeter-Knuth relations are
relations between flattened words. But, we can translate these relations to reduced

words in the following sense.

Theorem 4.10 Let a € R(w). Suppose ¢ is a flattened word such that ¢ ~ @. Then,
there exists b € R(w) such that

b=c

Proof: It suffices to check this when ¢ and & differ by an elementary D-Coxeter-Knuth

relation. The result is clear for the D-Coxeter-Knuth relations (2) to (9). For (1), we
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exhibit the table

1121 | 1212
0121 | 0212
1021 | 0212
0120 | 1202
1020 | 1202
Each pair of entries in each row are related by the Coxeter relations for D,,. O

We now proceed to give analogues of lemmas and theorems and Section 1.4. This
will eventually lead us to the proof that the D-Kraskiewicz insertion is a bijection

between flattened words and pairs of tableaux.

Lemma 4.11 Let R be a unimodal flattened word and a,0 < a < n such that Ra 1is
also flattened. If
REa=d ¥R

then
Ra ~d'R

Proof: The proof is similar to the B, case. We imitate the insertion by D-Knuth-
Coxeter relations. However, we will only do this for the special Cases 2.0.1, 2.0.2,
2.0.3. The reader can refer to Theorem 1.16 for the other cases. Let R = riry---1,,
where Rl=17r; -1, k < m.

Case 2.0.1: a =1 and R contains 2112.

Ra = 7y 153211211

~ 7115321124511 by (87)
~ Ty TE—321121rg 0 Ty by
~ Ty Tk—3212127r% 40 Ty by
~ Ty rk_gl21127p 40Ty, by (17
~ 71y lrg 32112749 -1y by (4
~ Ary - orp_32112rk40- - Ty by (8)s
= dR
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Case 2.0.2: ¢ =1 and R contains 212.

Ra = 7y 1532121349 1,1
~ 1113212140 Ty
~ 1y TE_31211rg 40 - T by (17)
~ ry- 11k 321rgyy - Ty by (4)
~ Ay erp321irgy g Ty

— aIRI
Case 2.0.3: a =1 and R contains 112 but not 2112.

Ra = 71 rpsl2rpyn- - rpl
~ 1y T_3112 v T
~ Ty gl212nkp o by (1)
~ 1rp 32127y Ty

= adR

Theorem 4.12 Let a € R(w) and & =5 (P, Q). Then a ~ 7p.

Proof: This uses the previous lemma and we omit the proof as it is exactly the same
in B, case. O
The above theorem together with Theorem 4.10 shows that there is a reduced word

a of w such that @ = 7p.

Lemma 4.13 Let a,b € R(w) and @ ~ b. If ¢ is a unimodal subsequence of length

k in a, then there is a unimodal subsequence d of length k in b.

Proof: The proof is the same as the B,, case. We will just check the special D-Coxeter-

Knuth relations.

1121 ) 1212
1212 | 1121
1212 | 1121




The explanation for the table is the same as that in the proof of Theorem 1.20. O

Theorem 4.14 Let a € R(w). If
a > (P,Q)

then P € STD(w) and @ is a standard shifted Young tableau.

Proof: The proof is essentially the same as the proof for the Kraskiewicz insertion.

O

Corollary 4.15 Let a € R(w). Let & — (P,Q) and A, be the length of P,. Then

the lengths of the longest unimodal subsequences in a and a are both ).

Proof: This follows from Lemma 4.13, Theorem 4.14 and that a unimodal subsequence

of a corresponds to a unimodal subsequence of @ in the obvious way. O

Lemma 4.16 Let R be a unimodal flattened word and a,0 < a < n be such that Ra
18 flattened but not unimodal. If

REG=d ®FR

then
Rl =agR

Proof: The proof is the same as that for the B,, case except for the special insertions
which we will verify below.

Case 2.0.1: a =1 and R contains 2112.

-n — Wt--- ..
-2112--. 81 = 1%...2112
R R=FR
n — out-.- LY
= ---2;12---1—1 = 1%...2112
r Rr
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Case 2.0.2: a =1 and R contains 212.

hn Py out-o- L)
.212--- 81 = 1€...211
R R

.n - out-»- LR
= ...112... 81 = 1 & 2;2
er T

Case 2.0.3: a =1 and R contains 112.

11281 = 10912
N —— Sl
R | R
= ...9212...8%1 = 1...9211.-.
——— N ——
er Rr

d

Lemma 4.17 Given (P,Q), P € SDT(w) and Q a standard shifted Young tableau,
let Q' be the standard shifted Young tableau obtained by removing the largest entry
from Q. There exists a unique a > 0 and a unique standard decomposition tableau P’
such that

P +a=P

and sh(P') = sh(Q").

Proof: Let [(w) = m. Suppose m is in box (j, k) of Q. Let e be the entry of box (j, k)
in P. As in the proof of Theorem 1.25, we want to reverse the insertion procedure.
We insert e into P;_; to get P;", and a;_;. We then insert a;_; into P}_, and so on.

Suppose a; is empty for some i. That is to say, the insertion ends with
Ijir — a’i-}—l — Pilr

Consider the tableau R formed by rows 4,2+ 1,---,j of P. It is a standard decom-
position tableau and mg ~ P;P;_, --- P/ So, the length of the longest unimodal sub-
sequence is |F;|. But P is a unimodal subsequence of length |P;|+1in P/P}_,--- P}
This contradicts Lemma 4.13. Hence, a; always exists. Let a = a; and P’ to be the

tableau with P/,1 < i < j as the first j — 1 rows and P,,¢ > j as the succeeding rows.
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By Lemma 4.16, the insertion step at each row is invertible and we get
P «—a=P

Furthermore, each a; is uniquely determined. Hence, a and P’ are unique. Next, we

have to show that nps is a flattened word. From Lemma, 4.11,
TTprd ~ Tp

By Theorem 4.10, 3b = b1bs - - - b, € R(w) such that

v

b=7TpICL

Let & = byby--by_y. Then, 7p = b and b’ € R(wsy,,). Hence, mpr is a flattened

word and P’ is a standard decomposition tableau. O

Theorem 4.18 The D-Kraskiewicz insertion is a bijection between R(w) and pairs

of tableauz (P, Q) where P € SDT(w) and Q is a standard shifted Young tableau.

Proof: The proof is the same as that for the B, case. It makes use of Theorem 4.14
and Lemma 4.17. a
Example: For the signed permutation 2314, R(2314) = {1211,2121}. Under the

D-Kraskiewicz insertion, 1211 maps to

21111 1124
1 3
9
and 2121 maps to
2111 11213
1 4
b

Remarks: The D-Kraskiewicz insertion has a few differences from the Kraskiewicz

insertion.
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1. It does not apply on reduced words but on flattened words.
2. There exists w, v such that SDTp(v) = SDT p(w).
3. It is not a bijection between the set U,ep, R(w) and pairs of tableaux.

Example: R(321) = {121} = R(321). Actually, we can say more about when

R(w) = R(v).
Theorem 4.19 Let v,w € D,, v # w. w = ['(v) iff R(w) = R(v).

Proof: (=) w = I'(v) implies that there is a bijection between R(v) and R(w). If
a € R(v), the bijection is given by changing all the 1’s in a into 0’s and all the 0’s
into 1’s. Let this new reduced word be b. Clearly, @ = b. Therefore, R(w) = R(v).
(<) We will use induction on [(w) = I(v) = m.

Case: m = 1. Trivial.

Case: m > 1.

Subcase: If 3¢ € R(w) such that ¢, # 1, then we know that
R(ws,,) = {c : c'cm € R(w)} = R(vs,,,)
and by induction hypothesis,

WS, = [(vse,)=T(v)s,,

= w = I'(v)

Subcase: All flattened words of w and v end in 1. This means that [(ws;) > (w)
for all ¢ > 1. In other words, we can always switch adjacent symbols, other than the
first pair, in w and increase its length. So, w = wqws, - - -w, has to be in the form:

There exists k¥ < n such that
1. w; are barred for all 1 <4 < k and |ws| > |ws| > -+ > |wy|

2. w; are unbarred for all 1 > k and wiy; < Wi < -+ - < W,
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This goes for v too.
Let c € R(w). Treat ¢ as a word of some permutation u of S,,. Clearly, both w
and v differ from u by placement of the bars. That is |w;| = |v;| = u; forall1 < i < n.

Let u; be the smallest number in uyus - - - u,. Then from above,
Ug > U3 > - > U < Ujpy < - < Up

It is not difficult to see that there are exactly two possible signed permutations of D,

that have the prescribed form. Without loss of generality, let

4 2<1<j
w; =

U; Z>j

; 2<1<j
V; =

Uj 127

Since there must be even number of bars in w and v, w; and v; must have opposite
parity.
If uy # 1, then u; = 1. By Lemma 4.1, I'(v) = w. If uy = 1, then u; = 2. It can

be shown that in this case [(w) # [(v). But this is not possible and we are done. O
Corollary 4.20 Let v,w € Dyn. w =TI'(v) 4ff SDT(v) = SDT(w).

Proof: This follows from SDT(v) = SDT(w) iff R(v) = R(w). O
The next two theorems are analogues of Theorem 2.10 and Theorem 2.12. Their
proofs are basically the same as those of their analogues. That also means that they

are long and tedious. We omit them.

Theorem 4.21 Letc=cic3 ¢, € R(w) and
c— (P,Q)

If ciciy1- - ck, a subsequence of ¢ is unimodal, then the bozes in Q with the entries

4,9+ 1,---, k form a rim hook. Moreover, the way the entries appear in the rim hooks
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1s as follows:

1. the entries,1+1,---,7 form a vertical strip where j is the entry in the leftmost

and lowest box of the rim hook
2. these entries are increasing down the vertical strip
3. the entries 7+ 1,---,k — 1,k form a horizontal strip

4. these entries are increasing from left to right

Theorem 4.22 Let ¢ — (P,Q). Let the bozes with entries 1,1+ 1,---,k form a rim
hook in Q. Furthermore, the entries increases down a vertical strip and then along a
horizontal strip from left to right. Then, the corresponding subsequence, c;Cis1 -+ Cy

1S a unimodal sequence.

4.4 The NilCoxeter Algebra for D,

Definition 4.23 Let D,, be the nilCoxeter algebra for D,. It is a non-commutative

algebra generated by ug, uy, - -+, Un_1 with the relations:
ul = 0 i>0
UpUy = UUg
UgUoUpy = UgUgla
UUip1 Ui = Uip1UiUipy 1>0
UL = U, j>1+1, and (3,5) # (0,2)

The first relation shows that the nilCoxeter algebra is spanned by reduced words of
D,. All the relations except the first listed above are exactly the Coxeter relations
for reduced words of D,. Hence, the nilCoxeter algebra has a vector space basis of
elements of D,,.

Let = be an indeterminate and let

D(z) = (14 2un_1)(1 4 2un—z) - (1 + zua) (1 + zuy) (1 + zuo)
(14 zug)(1 + zusz) -« (1 + zUp_y)
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Lemma 4.24
1. 1+ zu) ™t =1 — zu;

2. (14 zup)(1 + zuq) = (1 + zup) (1 + zug)

Proof: We will only prove (3). The rest are obvious. We need a result on the nil-
Coxeter algebra, A,_; for the root system A,_;. It is the subalgebra of D,, generated
by u1,us -+, u,—1. The subalgebra generated by ug, us, - - - u,_1 is also isomorphic to

A,_1. We quote this result without proof.

Lemma 4.25 ([5, Lemma 2.1])
Let

Ai(z) = (1 + 2un—1)(1 + Tup—2) - - - (1 + zuiy1) (1 + zuy;)

then

From (1), it is easy to see that
Ai(z) ' = (1= 2u)(1 — zuir) - - - (1 — zup_y)

Lemma 4.26 ([5, Lemma 4.1]) Let A;(z) = A;(—z)™" = (1 + zu;) (1 + zuir) - - (1 +

ZTUn_1). Then

Ai(z)Ai(y) = Ai(y)Ai(=)
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Now,

D(z)D(y)
= Ap(z)(1 + zu1)(1 + zuo) As() A2(y) (1 + yuo) (1 + yua) A2(y)
= Ap(@)(1 + zu1) A2(y) (1 + yuo) (1 + zuo) Az(x) (1 + yus) A2 (y)
= As(y)(1 + yu1) Ao (z) (1 + zuy) (1 — yua) (1 + yuo) (1 + Tuo)

(1= zu) (1 + yur) Az (v) (1 + zu1) Az (2)

= Ax(y)(1 + yur) Az(z) (1 + zuo) (1 + yuo) Az (y) (1 + zw1) As ()
= Aa(y)(1 + yu1) (1 + yuo) Az (y) Ao(x) (1 + zuo) (1 + zu1) As(z)
= D(y)D(x)

O

Definition 4.27 Let D,[x] be the polynomial ring in the indeterminates x,, T, - .

Consider the following expansion

D(z1)D(z3)--- = Y Hy(x)w

wEDy,
H,, are called the D, stable Schubert polynomials.

Like the Gy’s, from Lemma 4.24 it can be shown that the H,’s are symmetric

functions and furthermore,
Theorem 4.28 H,(z) € A

In [1, Equation (3.10)], the E,,(X) defined there is exactly the same as our H,(z).
We are interested whether H,,’s are linear combinations of P, with nonnegative integer

coeflicients.
Definition 4.29 Let a = a1a3- - ay, € R(w). We say that a sequence of positive
integers © = (i1,%2, -, im) 1S an a-compatible sequence if

Li1<ip < <im

2. 45 = ij41 = - -- = 4 occurs only when ajaj1---a 1S a unimodal sequence and

does not contain 01.
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Denote the set of a-compatible sequence as K(a).

Consider an a-compatible sequence ¢. Suppose i; = 141 = --- = 4 IS a constant
subsequence of % such that i;_; < ;,% < ix41. We give it a weight of 2 if the
corresponding subsequence a;a;ji - - - ax does not contain 0 or 1. Let W(a, ) be the
product of all these weights. W (a, ?) is a power of 2. This will lead us to a description

of Hy,(x) in terms of a-compatible sequences.

Theorem 4.30

Hy(z)= > > Wl(a,i)zyzi, -7,
QcR(v) jek(a)

Proof: Same as the proof of Theorem 2.7. a

For the rest of this chapter, we will show that H,, can be written as a nonnegative
integer combination of Schur P-functions. The proof is more complicated than the B,
analogue. We have divided the proof into Lemma 4.33 and Lemma 4.34. Lemma 4.33
gives a bijection between ()-semistandard shifted tableaux and generalized sequences
that are compatible flattened words. This bijection is almost the same as the bijec-
tion described in the proof of Theorem 2.13. Lemma 4.34 relates the a-compatible
sequences to these a-generalized sequences. The definitions are given below. We also
need the following result on N(c). From Theorem 4.5, we know that N(c) is a power
of 2 and it depends only on c. In particular, if P € SDT(w), N(np) is a power of 2.
For convenience, we write N(P) instead of N(7p). The next lemma relates N(¢) to
N(P). Let [;(c) denote the number of 1’s in ¢ and /,(P) denote the number of 1’s in
P.

Lemma 4.31 Let P € SDT(w). For all ¢ € R(w) such that ¢ — (P, Q), then

2l1(C) ol (P)
N(c)  N(P)

Proof: Since all the flattened words of w that map to the same insertion tableau
are related by D-Coxeter-Knuth relations, it suffices to prove when b and ¢ are two

flattened words related by an elementary D-Coxeter-Knuth relation.
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Case: (1) 1121 ~ 1212. Let b = d1121e and ¢ = d1212e. We will pair up reduced
words of w that flattened to b. Then we give a bijection between these pairs and
reduced words that flattened to c. Let b = d1121e and ¢ = d1212e. The bijection is
given by

(£0120y, £1020y) <+ x1202y
(x0121y, £1021y) <+ x0212y

where & = d and ¢ = e. Since l;(b) = l;(c) + 1

ol (b) 9l (€)+1
N() ~ 2N(c)
()
~ N(o)

Case: (2)—(9). The number of 1’s in b and ¢ are the same. So, {;(b) = l;(c). The

bijection is straightforward. Hence,

oud)  oh(c)
N(b) ~ N(e)

a

Definition 4.32 Let c be a flattened word of length m and f a generalized sequence
of the same length as c. We say that f is c-compatible if

1L Li<fol--<fm
2. f7'=fj+1="'=fk=l_'—‘>Cj>Cj+1>"'>Ck
3 fj:fj-('—l:”':fk:l:>cj<cj+1<"'<Ck

Denote the set of all c-compatible sequences by K(c).

This definition of generalized sequences that are compatible with ¢ is the same as the

definition of the generalized sequences used in the proof of Theorem 2.13.
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Lemma 4.33 Let P € SDT(w).

> 2 TR Tl = Qenep) ()
C~me fek(c)
Proof: Let |P| = m. We will exhibit a bijection ® from {(c, f) : ¢ ~ 7p, f € K(c)}
to {7 : Q-semistandard Young tableau,sh(T") = sh(P)}.
Step 1: Apply D-Kraskiewicz insertion to c¢. We will get

c— (P,Q)

Step 2: Take a Young diagram of the same shape as (). We fill each box by |f;]
when the corresponding box in () has the entry j. Then, the new tableau is weakly

increasing along the columns and rows since

J<k = |fil <I|fil

Step 3: For each constant subsequence, f;fj;1--- fi such that |f;| = |fjs1] =+ =
|fel = 1 with |f;_1| < |f;| and |fi| < |fks1|, we know that cjcjiq- - - ¢, is unimodal.
Let h,j < h < k be the index of the smallest number in cjcj1 - - - ¢ and if there are
two 1’s in ¢jcjy1 - - - ¢k, let h be the index of the left 1.

Furthermore, from Theorem 4.21, the entries j,j + 1, - -k form a rim hook in Q.
Let g be the entry of the box in the lowest row and leftmost column among all the

boxes in the rim hook.

1. if f, is unbarred, we add a bar to all the new entries from f; to f,—;

2. if fj is barred, we add a bar to all the new entries from f; to f,

This will give us a Young tableau with barred and unbarred numbers. This will be
our T'. Clearly, sh(T) = sh(Q) = sh(P). With the exact same reasoning as in the
proof of Theorem 2.13, it can be shown that T is a Q-semistandard Young tableau.

Let
(e, f)=T
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Given T, we now construct the inverse map ®~*.
Step 1: Take a Young diagram of the same shape as 7. We fill all the boxes with

distinct numbers 1,2, - - - m as follows:
1. the entries in the Young diagram preserve the order of the entries in 7'

2. for all the boxes in 7" with the same barred number, these form a vertical strip

and we fill the corresponding boxes in an increasing order from top to bottom.

3. for all the boxes in T with the same unbarred number, these form a horizontal
strip and we fill the corresponding boxes in an increasing order from left to

right.

This will be our ). It is clearly a standard shifted Young tableau with the same
shape as P.

Step 2: Apply the inverse D-Kraskiewicz insertion on (P, @), we will get c.

Step 3: To get f, remove all the bars in T and let ¢ = 414y - - - 1,,, be all the content
of this new tableau laid out in weakly increasing order. Fix a number /, we know that
in T, all the boxes with the entry I or [ form a rim hook in T. The corresponding
boxes in () are filled with consecutive numbers, j,j + 1,---, k. Also, they satisfy the
hypothesis in Theorem 4.22. Hence, c;cjq1--- ¢k is a unimodal sequence. Let h be
the index of the smallest number in c;c;4q - - - ¢ or the index of the left 1 if there are
two 1’s in ¢jcj4y - - ¢,. Now, let (I, J) be the coordinates of the lowest and leftmost

boxes in the rim hook which has entry [ or [.
1. If (I, J) has the entry [, then we add bars to 4,74, - - - i.
2. If (I, J) has the entry [, we add bars to i;, 451, -, in_1.
This generalized sequence will be our f. By construction, it is c-compatible. So,

¢~YT) = (e, f). Thus

Z Z ZIf)Z)f2) " X ] = Z z’

C~7p fef((c) sh(T")=sh(P)

= Qsh(P) (:B)
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Before we state and prove Lemma 4.34, we look at an example to demonstrate

the difficulties involved and give some insights to the construction of the maps that
are described in the proof.

Example: Consider the signed permutation w = 1234.
R(1234) = {01,10}, R(1234) = {11}

Below is a partial list of 10-compatible sequences, 01-compatible sequences and 11-

compatible generalized sequences.

10 01 11

1122--. 11112222---
1223---11223--- | 1212121223 2323 23---
1324---11324--- |1 1313131324242424---

This table shows that there is a possible two to one map from 11-compatible general-
ized sequences to 10-compatible sequences and 01-compatible sequences that covers
each compatible sequence. Indeed this is essentially what we are going to do in the
next lemma, albeit with some modifications. Denote the number of pairs of consecu-

tive 1’s in ¢ by ly;(¢) and those in P by l;;(P).

Lemma 4.34 Let ¢ € R(w) be a given flattened word.

2l1 (C)

N(e)

Yo W(a,d)zuzi - Ti, = Y. TjpTis D)
a:a=cick(a) fek(o

Proof: Consider a,b € R(w) and @ = b = ¢. Let ¢, = Ck+1 = 1, then agar,; = 01 or

10. Suppose whenever this occurs, axag1 = bgbgy1. By Definition 4.29,
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Conversely, if @, b € R(w) are such that K(a) = K(b) and & = b, then whenever the
pair 01 or 10 occurs in a, it also appears in b in the same positions.

Also, it is easy to see that for a fixed a, the number of reduced words b such that
akak+1 = bxbko1 whenever ¢ = ¢y =1 is

N(c)
2411(€C)

Let us define a new operation on reduced words of w to reflect the significance of
01, 10 appearing in a reduced word. Given a € R(w), define @ by changing all the
0’s into 1’s except when they appear in 01 or 10. We call a a partially flattened word.
Define K(a) = K(a) and W(a,t) = W(a,%). Now, let L(c) be the set of sequences
where d is obtained from c as follows:

Whenever ¢, = cx1 = 1, let

dk=0,dk+1=1 or dk=1,dk+1=0

Clearly, L(c)

{a@ : a = ¢}. Hence,

. N(c .
> Y W(a,z)xilziz---ximZQh—l((c)_) o > wW(d )z, T,

a:G=cick(a) deL(cick(d)

Now, we have to verify that for a fixed flattened word ¢

Yo DB By, = 20O SN W(d, )z m, -,
fek(o) der(c) iek(d)

This can be done by defining a map @ taking f € K(c) to (d, i) where i € K(d) and
dec L(c). Let i = |f].
Let |f;| = |fjzal = --- = |fs| = I be a constant subsequence and |f; 1| < | <

| fe+1]- We know that c¢;cy1 - - - ¢ is unimodal.

1. If ¢jcjt1 - - - ¢ does not contain 1 or 11, then we let d;jdjy1 - - - dy = ¢jcjir -+~ .

In this case, there are two choices for f;f;;1- -+ fx. This will be accounted by
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the weight of 2 assigned to i;i41- - -4, in W(d, 1).

2. If ¢cjcjqr - - - ¢, contains 11, say ¢, = cpy1 = 1, then we let dp = 1,dp4; = 0 and

for g,j <g<h,h+1<g<k,dy=cy There are 2 choices for f;f;1-- fi.
3. If ¢;_1 = ¢; = 1, we consider two subcases.

(a) If f;_ is barred, let d;_; = 1,d; = 0. There are 2 choices for f;fj11--- f&.

(b) If f;_1 is unbarred, we let d;_; = 0,d; = 1. There are 2 choices for
fifisi-- fe

4. If ¢jcjy1 - - - cx contains a 1 which is not next to another 1, we let djd;4;---di =

CjCj+1 "+ - Ck. We have 2 choices for f;fjt1--- fi.

Using the above procedures, we define ®(f) = (d,%). It can be verified that 7 is
d-compatible.

For a fixed (d, 1), we see that there are W(d, )2"(€)~11(€) choices of f € K(c)
that map to (d, ). Hence,

S mpmn o ag, =200 SN W(d, 4,3, T,
fek(c) deL(ciek(d)

Therefore, for a fixed flattened word ¢

9hi(C)
N(c)

Yo 2 W(ad)zuy T = Y, T D)

a:d=cick(a) Jek(o)
Combining all the results together, we get
Theorem 4.35 For all w € D,
Hy(@)= Y 2O "®ON(R)Pyp ()
RESDT(w)

and H, is a nonnegative integer linear combination of Schur P-functions.

121



Proof:

Hy@) = > > 3 > Weizyz, o,
ReSDT(w) C~TR =C tc K (Q)
Nfe)
= 2 ) @ 2 LAkl Tl
ReSDT(w) C~Tg fek(c)
N(R)
= z 211(R) QSh(R)( )
ReSDT(w)
N(R)2"®
= Z Wpsh(R)(w)
ReSDT(w)

The first line is a modification of Theorem 4.30 by splitting the sum according to the
standard decomposition tableaux of w. The second equality is from Lemma 4.34, the
third from Lemma 4.31 and Lemma 4.33. The last equality is a simple application of
turning the Schur @-functions into Schur P-functions.

From Theorem 4.5, N(R) is a power of 2 and
N(R) > 9l (R)

and

ha(R) + U(R) > 1y (R) + h(R) — ly(R) = L(R)

This implies that
zl(R)—h (R)N(R)

is a nonnegative integer power of 2. Hence, H,, is a nonnegative integer linear com-
bination of Schur P-functions. O

Example: 1342 € D,.

R(1342) = {2301,2310,2031,2130,2103,2013}
R(1342) = {2311,2131,2113}
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(%]

SDT(1342) =

The reader can verify that
Hi32) () = 2P3.) () + Poy ()

By comparing the coefficients of the monomial z;z5 - - -z, in this expansion of

H,(x), we immediately arrive at

Corollary 4.36 The number of reduced words of w is

N(R) 2l(R) sh(R)
Z 2l1 (R)

RESDT(w)

where g* is the number of standard shifted Young tableau of shape \.
A similar result can be obtained for flattened words.

Corollary 4.37 The number of flattened words of w is

Z R~ (R) gsh(R)
ReSDT(w)
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Chapter 5

Properties of the D-Kraskiewicz

Insertion

In this chapter, we will describe some properties of the D-Kraskiewicz insertion.
They are analogues of properties of the Kraskiewicz insertion. We will state some
of the results without proof since most of them are basically the same except for
some special cases that can be verified easily. Section 5.1 covers some bijections, one
of which relates to the automorphism I'.  We will describe some properties of the
insertion tableau in Section 5.2. Section 5.3 looks into relations with the Edelman-
Greene insertion. Section 5.4 covers the properties of the recording tableau and the

short promotion sequence.

5.1 Some Bijections

Recall from the previous chapter that there is an automorphism I' that changes 1
to 0 and 0 to 1 in a reduced word. It gives a bijection from R(w) to R(v™'wv)
where v = 123---7. Abusing notations, we write I'(w) instead of v~!wv. Clearly,

R(w) = R(I'(w)). This leads us to conclude that:

Theorem 5.1 SDT(w) = SDT(I'(w)) and Hy(x) = Hrw ().
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Next, we will look into the signed permutations with when w, = 7. In what follows,

) {Eﬁmzk
w; =

we will use the notation:

kE ifw; =k
Theorem 5.2 Let w = wywsy---wy_17. There exists a bijection between SDT(w)

and SDT(v) where v = wws - - - Wy_1n.

N(R)21®)
Hy(x) = Z ThzTP(zn—Z,sh(R))(m)
ReSDT(v)

where (2n — 2,A) = (2n — 2, A1, Ag, - - ).

Proof: Given any a € R(w), we try to find the longest unimodal subsequence in a.
This is given by the simple reflections that affect the symbol n. Clearly, this has to be
n—1n—-2...2112...n—1. Let P € SDT(w). Then P, =n—1n-2 ---2112---n—1.
Deleting the first row gives a new standard decomposition tableau of the signed
permutation v. Denote this operation by ®. Clearly, ® is reversible and gives a

bijection between SDT(w) and SDT(v). Moreover,

(&(P)) = I(P)—1
L(@(P) = L(P)-2
nae) = X
sh(®}(R)) = (2n—2,sh(R))
Therefore,
Hy(z)= ) %P@n—zsh(m)(w)

ReSDT(v)
O

By repeated applications of the above result, we immediately get the following:

Corollary 5.3 Let wp denote the longest word in D,,.

(9Xl]
St

33...
53 ...

p—

if n is odd

i
it
3

if n is even
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Then

Hyp(x) = Pon—22n-4,-42)(T)

Proof: Using the previous theorem, we can show that SDT(wp) contains just one

tableau, P where the ith row P;isn—in—i—1---2112--- n — 4. Furthermore,

N(P)2'®) .
2[1 (P) -

Hence

H‘lUD (m) = P(2n-—2,2n—4,~--,4,2)($)

|

We can generalize this result to
Corollary 5.4 Let iy,1i9, -, be a sequence of numbers such that 1 < 113 < i9 <
e < i <n. Let

12...;1...52 ...... _ik... z'fkisefuen

w =

12...1'1...;2 ...... ik... kazsodd

Then,

Hy,(x) = Poi,—2,-2i,-2,2i,-2)(T)

5.2 Descreasing Parts

Recall from the previous chapter, a flattened word is said to be unimodal if it is
strictly decreasing and then strictly increasing but allowing for two 1’s in the middle.

Let us call a sequence, ¢ = cicy - - - ¢, 1-weakly decreasing if
l.cy>cg> > cCpoo > Cpoq1 > Cp OF
2.ci>c> - >Cp2>Cp1 =Cp=1.

Using almost the same method, we get an analogue of Theorem 3.1.
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Theorem 5.5 Let P be a standard decomposition tableau and let P be the tableau
that is obtained when we delete the increasing parts of each row of P. Then, P |
s a shifted tableau which is 1-weakly decreasing in each row and in each top-left to

bottom-right diagonal.

With some extra work, we can conclude a similar result where the condition 1-weakly

decreasing is replaced by strictly decreasing.

Theorem 5.6 Let P € SDT(w). Let T denote the tableau obtained from P | by
removing a 1 from a row if it contains two 1’s. Then, T is a shifted tableau which is

strictly decreasing in rows and top-left to bottom-right diagonals.

Theorem 5.7 Let ¢ — (P, Q) and let sh(Pl}) = (p1, po, -+, ). Then, the longest

1-weakly decreasing subsequence in c has length ;.

Proof: It can be verified that the elementary D-Coxeter-Knuth relations preserves
the length of the longest decreasing 1-weakly decreasing subsequence. We will only

do this for the special elementary D-Coxeter-Knuth relations.

1121
1211

N
—
=

N

2

=

Next, we can show that any 1-weakly decreasing subsequence d of P must have
length less than y;. The argument is basically the same as in the proof of Theorem
3.2. O

Using the above results we can give analogues of Theorem 3.4.

Theorem 5.8 Let w,v € D, where either

W = NWaW3 ** * Wy, V= Wol)3* " WyN

or

W= NWoWs -+ Wy, V= WoW3"*"**WpN
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Let SDT,,_1(w) = {P € SDT(w) : |Pi| = n — 1}. Then, there exists an injection ®
from SDT,,_;(w) into SDT(v). Furthermore, if Va € R(v), the length of the longest
unimodal in a is strictly less than n — 1, then ® s a bijection between SDT,_;(w)

and SDT(v).

Proof: We omit the proof here. It is almost the same as its B,, analogue. a

Using induction and the above bijection, we can get the analogue of Theorem 3.3.

Corollary 5.9 Let

an—1---21 o
if n is even
nn—1---21
w =
an—1---21 -
o if n is odd
\ nn—1---21

Then
Hw(m) = P(n_l,...’2,1)($)

Proof: Let w be the signed permutation above. It suffices to prove that SDT(w)

contains only

n—in—2 eeee | 1]

n—2 ee e e 1

This is an easy application of induction and the previous theorem. We omit the
details. ]

The next result is an analogue of Corollary 3.5.
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Corollary 5.10 ([1, Proposition 3.13]) Let

Xle...Xllzg...Xl.,.);_\l ...... - if | is even
w=14{ _ o R ,\
DYD VRS W % PR VIR VNP A -e- iflis odd

where A = (A1, Ag, - -+, A1) is a shifted shape. Then,
Hw(m) = P/\(w)

Here, k means omitting k.

Proof: The argument is a slight generalization of the proof in the previous corollary.
We omit the details. a
This corollary shows that any Schur P-function has a description as a D, stable

Schubert polynomial.

5.3 The Symmetric Group and Edelman-Greene
Insertion

Just as S, is a subgroup of B,, we can consider S, as a subgroup of D,,. If w € S,,, all
reduced words a do not contain the symbol 0. Clearly, Rs(w) = Rg(w) = Rp(w) =
R(w). Here, the subscripts denote the reduced words of w in the various Coxeter
groups. This means that the flattened words are the reduced words themselves and
N(P) = 1. Furthermore, when we apply the D-Kraskiewicz insertion on these words,
all the special cases involving two 1’s are avoided. This shows that the insertion
procedure is exactly the same as the Kragkiewicz insertion. If we denote the set of
standard decomposition tableau obtained by the Kraskiewicz insertion as SDTg(w)
and that by the D-Kraskiewicz insertion by SDTp(w), we find that SDTg(w) =

SDTp(w). We formulate some of the results in the next theorem.
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Theorem 5.11 Let w € S,. Then SDTp(w) = SDTg(w) and

Hw(m) — Z Ql(R)—h(R)psh(R)(m)
ReSDT g (w)

Furthermore, if w; =1,
Hy(z) = Gy(x) = Fy(x/x)

Proof: The first formula for H,, is a consequence of the discussion above. As for the
second statement, w; = 1 implies that [;(a) = 0 for any reduced word a of w. So
this means that the H,, = G, and the other equality is from Theorem 3.10. a
The second statement appears as part of Proposition 3.17 in [1]. The homomorphism
¢ defined there is exactly superfication.

Now using the previous theorem and Theorem 3.25, we get

Theorem 5.12 Let w € S, and ¢ € R(w). Suppose
e =5 (P,Q)
¢ =3 (P,Q)

Then Q is jeu de taquin equivalent to Q.

Let w € S, and wg = n---321. In B,, we have shown that the Edelman-Greene
insertion of wgw is related to the Kraskiewicz insertion of w. In D, to get a similar
result, we have to define @ in a suitable manner. Denote by w the element of D,
obtained from w by putting a bar over all w; when n is even and all w; except the

symbol 1 when n is odd. Also, we need the following result.

Lemma 5.13 Let w € S,,. If P € SDT(w), then P contains the tableau

130



n—1ln—2 eeee | 1

n—2 eeee 1

Proof: We will use induction on n.

Case: n = 1. Trivial.

Case: n > 1. Let @ € R(w). The simple reflections that affect the symbol n will
yield a decreasing subsequence n —1n —2 ---21. In particular, if P € SDT(w), 7p
must contain this subsequence. Hence, iy = n—1 ---21 orn — 1---211. Suppose
P,=n—-1n-2 ---2lajay - --a;. Let P’ be the standard decomposition tableau that
is obtained by removing the P;. We now have to split into the case when n is even
and when n is odd.

Subcase: n is even. Let v = ws,, - 84,5082**Sp—1. Then v, = n and v; is
unbarred. Clearly, P’ € SDT(v). Treat v as a signed permutation in D,_;. Consider
I'(v). From Theorem 5.1, P’ € SDT(I'(v)) as well. Now, I'(v) = % for some u € S,,_;.

Hence, by induction hypothesis P’ must contain

n—2n—3 eeee | ]

n—3 eeee 1

Subcase: n is odd. Consider the signed permutation I'(w). From Lemma 4.1,
we know that the first number in I'(w) is unbarred. From Theorem 5.1, P € TI'(w).

Now, let v = I'(w)s,, * - S, 5082 * - - Sp—1. As before, v, = n but v, is barred. Also,
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P’ € SDT(v). If we consider v to be a signed permutation of D,_,, then it is easy
to see that v = u for some u € S,_;. Hence, by induction hypothesis, P’ contains
the tableau as in the even case. Therefore, P must contain the tableau shown in the

theorem. O

Theorem 5.14 Let w € S,. There exists a bijection ® from SDTg(wsw) to SDT(w)

where ws =nn—1 ---321. Furthermore,

Hu—,(it) = Z PJn—H-sh(i’)(w)

PGSDTs(ws'w)
where 6,1 = (n—1,n—2,---,2,1).

Proof: Using the previous lemma, we can imitate the proof of Theorem 5.14 to show a
bijection ® between SDTg(wsw) and SDTp(w). We omit the details of the bijection
but again, we observe that the Edelman-Greene insertion appears as part of the D-

Kraskiewicz insertion. Next, we note that

I(®(P)) = n—-1
L(®(P)) = n—1+14L(P)
N@(P)) = 24P
sh(®(P)) = 6,1 +sh(P)
Hence,
Hy(x) = Z Pan_1+sh(f>)(1’)
PeSDTg(wsw)

This theorem has also been independently proved in [1, Equation (3.16)]

5.4 Recording Tableau and Promotion Sequence

In this section, we give analogues of results of Section 3.4. The proofs are omitted

because they are basically the same as those in that section.

132



Lemma 5.15 Let P € SDT(w) and

(mp)" — (R, S)
Then S is row-wise and sh(P) = sh(R) = sh(S).
Theorem 5.16 Let ¢ € R(w) and ¢ — (P,Q) and ¢ — (R, S) Then,

sh(Q) = sh(S)
Proof: Follows easily from the previous lemma. O
Corollary 5.17 Let w € D,. Then

Hy(x) = Hy-1 ()

Proof: There is an obvious bijection from R(w) to R(w™!) given by reversing the
reduced words. This induces a bijection on R(w) and R(w™') and also a bijection be-
tween SDT(w) and SDT(w™!). From Theorem 5.16, this bijection is shape-preserving.
Furthermore, from Lemma 4.31,

N(P) _ N(R)
2L(P) — ou(R

since mp ~ 7% and keeping in mind that N(¢) = N(c") for any flattened word e.

Therefore,

a

Recall the definition of the delta operator, A in Definition 3.23. Given a standard

shifted Young tableau @, A(Q) is obtained by deleting the entry 1 and then applying

jeu de taquin to fill in this empty box and finally changing all the entries accordingly
to get a standard shifted Young tableau again.
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Theorem 5.18 Let c=cicy-- ¢y € R(w) and

cicz e = (P,Q)

c2 -y — (R,S)
Then,

S=A(Q)

From here, we recall the definition of evacuation. From Definition 3.26, ev(Q)

encodes the shapes of successive applications of delta operator on . This enables us

to refine Theorem 5.16.

Corollary 5.19 Let ¢ € R(w) and

c =+ (PQ)
¢ — (R,S)

Then,
S=ev(Q)

For the rest of the section, we aim to give an analogue of Theorem 3.31. The

analogue of Lemma 3.29 is:

Lemma 5.20 Let N =n?>—n anda = ajay---ay_j1an € R(wp) and ay be a number

such that agaias2---an—1 € R(wp). When n is even,
Qo = an

and when n s odd,
ayN lf ay >1
ag = 0 ’Lf ay =1

1 ifay=0

134



Proof:

apad102 - "AN-1 = Wp
= aGyWpany = Wp
= gy = WpanWp
Using this formula, it is an easy verification of the result. a

When we translate this result to flattened words of wp, we get:

Lemma 5.21 Let N =n?2 —n and ¢ = ¢ico---CN_1CN € R(wD). If ¢y is a number

such that cocico---cy_q € R(wp), then ¢y = cy.

Recall Definition 3.30. We have to alter the definition of the short promotion

sequence slightly but the basics are still the same.

Definition 5.22 Let N = n?—n. Given T a standard shifted Young tableau of shape

(2n —2,2n — 4,---4,2), we define the promotion operator acting on T as follows:
1. delete the largest entry in T
2. apply jeu de taquin into that boz
3. put 0 into the boz (1,1)
4. add 1 to every box

Give the last boz (i,2n — 2i), of each row i, the label n—i. Then, the short promotion
sequence P(T') = (ry, T2, --,TN) 15 the sequence of numbers where r; is the label of the

bozx with the largest entry in the tableau p™ —*(T).

With this new definition, it was shown in [6, Theorem 5.16] that p gives a bijection
between standard shifted Young tableau of shape (2n—2,2n—4, - - - 4,2) and flattened
words of wp. Note that the labels given to box (¢,2n — 21) is exactly the entry of the
same box in P, the unique standard decomposition tableau of wp.

With slight changes in the proof, we get the analogue of Theorem 3.31.

Theorem 5.23 Let ¢ € R(wp). If ¢ — (P,Q), then p(Q) = c.
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Appendix A

Open Problems

We will list a few open questions that lead from here.

1. There is a theory on projective representations of S,,. The relation between
the Schur P-function and irreducible projective representations mirror that of the
relation between the Schur functions and irreducible representations for S,. This
means that the B, and D,, stable Schubert polynomials correspond to some projective
representations. What are these?

2. In the theory of stable Schubert polynomials, there is a nice characterization on
those that are themselves Schur functions. Is there a corresponding characterization
in the B and D analogues?

3. Is there a connection between the Kraskiewicz insertion and shifted mixed
insertion. On one hand, can we describe an analogue of the shifted mixed insertion for
reduced words of B, and D,,?7 On the other hand, is there a generalized Kraskiewicz
insertion that applies onto sequence of numbers that allow repetition? Also, we still
seek a nicer interpretation of the shape of the insertion tableau in terms of unimodal
subsequences.

4. How would these stable Schubert polynomials be helpful in the search for
Schubert polynomials analogues for B and D?

5. Is there something similar to the stable Schubert polynomials out there for

the exceptional Coxeter groups or for any Coxeter group?
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Appendix B

Proof of Theorem 1.18

Recall the table of elementary B-Coxeter-Knuth relations:

Elementary B-Coxeter-Knuth Relations

0101 ~ 1010 (1)

ab(b+1)b ~ a(b+1)b(b+1) (2)
ba(b+1)b ~ b(b+1)ab (3)
ala+1)ba ~ ala+1)ab a+1<b (4)
(a+1)abla+1) ~ (a+1ba(a+1) a+1<b (5)
abdc ~ adbc (6)

acdb ~ acbd (7)

adeb ~ dach (8)

bade ~ bdac 9)

and the reverse of these. Here a < b < ¢ < d unless otherwise stated.

We intend to prove the more difficult direction of Theorem 1.18:
Theorem B.1 Let a,b € R(w). If a ~ b then they have the same insertion tableau.

Some simplifications of the proof:

1. It suffices to show this when a and b differ by an elementary B-Coxeter-Knuth

relation.
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2. Also, we can use induction on [(w) to reduce to the case where a and b differ
in the last 4 letters. This means that we can write a = ed and b = ce where

d ~ e is one of the elementary B-Coxeter-Knuth relation listed above.

3. Let R be the insertion tableau of ¢. Since ¢ ~ g, by induction, we can replace

¢ by 7g.

4. Again, using induction, we can reduced to the case where R consists of only one

row and ¢ = 7g is just a unimodal sequence. Now, we just have to prove:

Proposition B.2 Let d, e be two sequences of length 4 that are elementary B-
Cozeter-Knuth related. Let R be a unimodal sequence such that Rd s reduced.
Suppose

REd = fEFR

Rle = g¥R"

Then R = R" and f ~ g.

5. We can assume that when we insert d or e into R, all the numbers cause

bumpings.

To explain this last simplification, consider the following situation of inserting the

number a into R which does not cause bumping:
R¥€a=Ra

We make some changes to R as follows: Take two large numbers x < y which are
bigger than a and all the numbers in R. Replace R by zRy. Then the previous
insertion becomes:

mRyﬁazx‘(m—tyRa

When we delete z and y, we get back the original result. This means that we can

turn every insertion into one that causes bumping.
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So, suppose we have proved Proposition B.2 whenever |f| = |g| = 4. Consider

the insertion when either |f| or |g| < 4.

RZd = f¢PR
RIPe = g‘i—utR"

Note that |R'| = |R"| since by Corollory 1.23, |R'| and |R"| are the lengths of the
longest unimodal subsequences in Rd and Re respectively and by Lemma 1.20, these
lengths are invariant under B-Coxeter-Knuth relations. This also means that |f| =
lgl.

Now, extend R on both sides with sequences « and y of suitable large numbers

and apply the insertions again.

zRy & d = F ¥R
:cRyfﬁe = g"(’l‘wa”

By our assuption, zR' = wR" and f' ~ g. Since z and w contain the large numbers
that have been attached to R, deleting them would yield R' = R".

Clearly, f' contains f as a subsequence and g’ contains g as a subsequence too.
If f =g, then it is easy to see that f = g. If f' ~ g’, we note that they have to be
one of the elementary relations (3) — (9) or their reverses. A quick check will show
that deleting the largest number in any of these elementary relations will yield two

equal subsequences. Hence again, f = g.

Proof of Proposition B.2

Now, we will do a case by case checking of the various elementary relations. Through
out the rest of this proof, we will assume that all the unimodal sequences are reduced
words and the numbers that are to be inserted preserve this property. We will use
“/” to split R into decreasing and increasing parts. To simplify some notation, we

introduce the following terminology.

1. If during an insertion, the length of the decreasing part increases, we say that a

hijack has occured. The number that is moved from the increasing part to the
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decreasing part is said to be hijacked.

2. If 0 is to be inserted into a unimodal sequence that contains the subsequence
101, we will call this a zero insertion. This is Case 2.0 of the Kraskiewicz

insertion algorithm described in Section 1.3.

Case: (1) d = 0101, e = 1010.
Since R0101 has to be reduced, we can divide this case into four subcases.

Subcase: R =---21012---.

...21012--- £ 0101 0101 &¢...21012---
...21012--- 1010 = 1010 2¢...21012---

Subcase: R =---el1012---,e > 2.

..e1012--- 20101 = 0101 %% ...€2101---
ce1012--- £1010 = 1010 % ...€2101---

In the previous two subcases, f and g are exactly the sequences appearing as (1).

Subcase: R =---1|2¢d--- and 1 is the smallest number in R.

o 12ed--- 20101 = 1%...20cd--- & 101
= 1¥...c.-.01d--- & 01
= 10 & -..d---101---
12ed--- 21010 = 12 -.-21cd--- £ 010
= 1®...co-10d--- & 10
= 1ddoZ...d.--101---

1< <d and 1¢0d' ~ 1¢/d'0 by (8)".

Subcase: R="---¢|fg---,1 <e < f < g and e is the smallest number in R.

wefg--- L0101 = frg"0n" & .. €101---
ceefg--- 21010 = f'¢"R'0% .- €101---
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fll < gll < hll and fIIgIIOhII ~ f”g"h”O by (4) or (8)1‘-

Case: (2) d=ab(b+1)bje=a(b+1)b(b+1).
In the next three subcases, we consider the particular situation when d = 0121,e =
0212.

Subcase: R=---€10123---,e > 2.

210123 --- 80121 = 0120 %...32123---
...10123--- 220212 = 0102 %¢...32123.-.

0120 ~ 0102 by (4).
Subcase: R =---€210123---,e > 3.

..210123--- £ 0121 = 0121 % ...320123---

..210123--- £ 0212 = 0212 %...320123---

0121 ~ 0212 by (2).
Subcase: R =---3210123---.

...3210123--- £ 0121 = 0121 & -.-3210123 - --

-.+3210123 - £ 0212 = 0212 ..-3210123---

0121 ~ 0212 by (2).

After dealing with this particular case, we let d and e be other sequences of the form
ab(b + 1)b and a(b+ 1)b(b + 1) respectively. In the next three subcases, the results
are still true when inserting a = 0 is a zero insertion. We just have to observe that

a” = 0 and at every step, a’ and a are actually one number.
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Subcase: R="---(b+1)b---(b+1)(b+2)---.

b+1)b---(b+1)(b+2) - L abb+1)b
= " b+ Dbda (b1 (b4 2) - L b(b+ 1)b
= b+ (b+2)b+1)---d-a---blb+1)--
b+ 1)b b+ Db +2) - alb+1)b(b+ 1)
= % (b+1b-da(b+1)(b+2) L (b+1)bb+ 1)

t

= a"b+1)bb+1) & - (b+2)(b+1)---a'---a---bb+1)---

a”" <band a"b(b+1)b~a"(b+1)b(b+1) by (2).
Subcase: R="---(b+1)(b+2)--- but R| does not contain (b+ 1)b.

(b 1)(b+2) - Zab(b+1)b
= dV . b+1dabb+2) - L (b+1)b
= dVb+1) ¥ b+2-da--bb+1)--- Lb
= aV'b+D)d" ¥ (b+2)(b+1)---a' - -a---bb+1)--
b+ 1D)0+2) - L ab+1)bb+ 1)
= " b2 a (b 1)(b+2) - L b+ 1)
= a"V'd" . (b+2)(b+1)d - b(b+2) - Eb+1
= VA" b+ (b+2)(b+1)-da--bb+1)---

A" < B <b+1,d <b+1and @b (b+ 1)d" ~ a"¥'d"(b+ 1) by (4),(7) or (8)".
Subcase: R does not contain b(b + 1).

RE ab(b+1)b
= a"WE W da - b(b 1) B
= VA bt 1da e b(b+ 1)
RE a(b+1)b(b+1)
— a”b"?it---b’-~-a’~-'a~-b+1---ﬁb(b—kl)
= a'd" b+ led b B
= aVddE e b+1d - b(b4 1)
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a,II < bll < C”, dll < b[l < cII and a"b”C”d" ~ a”b”d”C” by (4)’ (7) or (8)1“
For the following subcases, the zero insertion does not arise. That is we can
assume a # 0 or if a = 0 that R does not contain the subsequence 101.

Subcase: R=---a"|a’---.

RE ab(b+1)b
= a”?it---a’al---flb(b—f-l)b
= a"d & Wab--- & (b+1)b
= a”a’b’%’—‘—t---c’alb(b—i-l)--'j;n-b
= a"adVa® ... d(b+1)blb+1---
RE a(b+1)b(b+1)
= o" ¥ . da|-- & (b+1)b(b+1)
= aa & Wab+1--- Zb(b+1)
= d"da®  Hb+1)b-- Eb+1

= a"dabl & ...d(b+1)bjb+1---

a"<ad <V,a<ad <¥ and a"d't'a ~ a"a'ab’ by (4),(7) or (8)".

Subcase: R=---d"e|d'---,e < a.

RE ab(b+1)b
= " ¥ . .dela--- L bb+1)b
= a"d & . .Vea---b--- & (b+1)b
= a”a'b’ﬂt---c’ela---b(b—kl)---zﬁb
= a"adbe? - -d(b+1)a|---bb+1)---
RE a(b+1)b(b+1)
= a"‘(’l‘f---a'e|a---1l(b+1)b(b+1)
= a"d .. .Vela---b+1--- L bb+1)
= a"de® . Wb+1a|---b---Lb+1
= a"det &...d(b+1)a|---bb+1)---

a" <a' <V,e<d" and a"a'b'e ~ a"d’el! by (7) or (8).
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Case: (2) d=0bb+1)ba,e= (b+1)b(b+1)a
Let us take care of the particular situation d = 2120, e = 1210.

Subcase: “
..210--- & 2120

= v y--2102--- £120

- Y1y 9101--. & 20

= V1021012
+210--- & 1210

= y&...p...2101--- £ 210

= Py 2101 810

= V0¥ ... Y- 21012 -

1< b’ <" and b"1¢"0 ~ b"¢"10 by (6)".
Next, we want to deal with the subcases where there is a zero insertion. This can
only occur when a = 0.

Subcase: R="---(b+1)b---101---(b+ 1)(b+2)---.

<o (b+1)b-+- 101+ (b+ 1)(b+2)--- & b(b+ 1)b0
= bb+ 10 (b+2)(b+1)---101---b(b+1)--

v (b+1)b---101---(b+1)(B+2) - & (b+1)b(b+1)0
= (G+1bb+1)0 .. (b4+2)(b+1)---101---b(b+1)---

Subcase: R=---101---(b+1)(b+2)--- but RJ does not contain (b+ 1)b.

101+ (b+1)(b+2) - & b(b+ 1)b0
= Vb+1)0% - (b+2)(b+1)---101---b(b+1)---

<101 (b+1)(b+2)--- & b+ 1)b(b+ 1)0
= Yo+ (b+2)(b+1)---101---bb+1)---
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Subcase: R contains 101 but not (b+ 1)(b+ 2).

4101 - & b(b + 1)b0

= Va0 ¥ b+1---101---b(b+1)---
101+ & (b+1)b(b+1)0

= b0 b b+1---101---b(b+1)---

In the next few subcases, the zero insertion does not arise.

Subcase: R="---|b/c---,b' > b+ 1.

b Eb(b+ 1)ba
= V&b B (b+1)ba
= WY b|(b+1) - Eba
= Vb b+ 1) L
= Vcba" & d W (b4 1)ba -
b & (b4 1)b(b+ 1a
— bﬂ%’it...bl...b+1|cl...flb(b+1)a
= W (b 1)h - & (bt 1)a
— W gl (b Db+ 1) B

— bucllallbﬁﬂ:,..a’...c’..-b’---(b—i-1)ba"'

V' < <a" b< " <a" and ¥'c"ba" ~ b"c"a"b by (4), (7) or (8)".
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Subcase: R=---|(b+1)(b+2)---.

b+ 1)(b+2) - & b(b+ 1)ba

= V& b+1Dbb+2--- & (b+1)ba

= PO+ )b+ 2)bb+ 1 ba

= WO+ Dp b+ 2)(b+ 10| L a

= ¥(b+1ba" ¥ a - (b+2)(b+ 1)bal - -
b+ 1)(b+2) - E (b4 1)b(b+ 1)a

= VL (b+2)(b+ 1) +2 b+ 1)a

— Y+ b2+ 1 &b+ Da

= P+’ Ed (b 2) b+ Db+ 1 L

= V'(b+1)a"b ¥ - a-- (b+2)(b+ Dba---

V' <b+1<d and b'(b+1)ba" ~ b"(b+ 1)a"b by (4), (7) or (8)".
Subcase: R="---(b+1)b---(b+1)(b+2)---.

b4+ )b (b+1)(b+2) - £ b(b+1)ba

t

= b(b+ 1)ba" B (b4 2) b+ 1) d e anb(b 1)
b+ 1) (1) (b +2) - & b+ 1)b(b+ 1)a

= (b+1bb+1)a" & (b+2)(b+1)---da---bb+1)---

a” < band b(b+ 1)ba" ~ (b+ 1)b(b+ 1)a” by (2)".
Subcase: R =---(b+1)(b+2)--- but R| does not contain (b + 1)b.

b+ 1)(b+2) - L b(b+ 1)ba
= Vb1 b(b+2) - b+ 1)ba
= V(b+1)ca" b+ 2)(b+1)---d - a---bb+1)---
b+ 1)(0+2) - & b+ 1)b(b+ 1)a
= V42 b+ D)(b+2) - LB+ 1a
= b+ & b+2)(b+1)---d - a-- b+ 1)

a" <" <V <b+1and b (b+1)"a" ~¥'"(b+ 1)a" by (6).

146



Subcase: R1 does not contain (b+ 1)(b+ 2).

R & b(b+1)ba

= Wl b(b+1) - & ba

— b”c”d”a”‘(’l‘f---c’---b’---b+1---a’---a---b(b+ 1)---
RE (b+1)b(b+1a

_ bng'it,,,b'...l...b+1--=fﬂb(b—!-l)a
— b”d"‘(’it~-°b""b+1"'l"'b"'ﬁ(b+1)a
_ bndncll21‘{...c'...b'...b+1---|---b(b+1)"'Zla

= V' Wb+ 1d e a BB+ 1)
all < dll < bII < cll and bllclldlla" ~ blldllcllall by (6)1‘.

We will now give a more unified approach to the remaining elementary B-Coxeter-
Knuth relations (3) — (9) and their reverses.

Observe that in all these relations d and e differ only by switching two adjacent
numbers z and y. Moreover, z < y — 1. This leads us to examine the insertions of zy
and yz into a unimodal sequence S in detail. Through out the rest of this, we will
assume that z <y — 1.

We already have some results about inserting zy and yx from Section 2.2. We
will built on this. From the proof of Lemma 2.8, by re-examining the cases where

two numbers are bumped out, we conclude that:

Lemma B.3 Let x < y and suppose

SZ—"—:I:y = m”‘(’g—tS’ﬁy

— x”y” Oét_f g
then 2" < y" and during S' & y, no hijack occurs.

Proof: We only need to show that no hijack occurs during the insertion S’ bid Y.
Case: S & 7 is a zero insertion. In this case, S’ contains the subsequence 101 and

during S’ & y, no hijack occurs.
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Case: S & z is not a zero insertion and z is in S’|. Now, z is the smallest number

in S’ and

When we insert y into S’, it bumps some number z to the right of z. Clearly, z > z’
and when it is inserted into S’| it bumps z’ or some number to the left. Therefore,
z is left untouched and no hijack occurs.

Case: z isin S’1. Note that z’ isin S’ | and z’ > z. As in the case above, during
s y, y bumps some number z to the right of . So, z > z’ and the same argument

applies. O

Next, we need to find out how inserting zy relates to inserting yx. To do this, we
divide the investigation into two big parts, depending on whether S & g is a zero
insertion.

Suppose S £ 7 is a zero insertion. Then S contains the subsequence 101 and
z=0. Let ‘

SLy = y"¥..yf iy

N e
S

where ¢',y"” are the numbers that are bumped out of S 1,S | respectively. Recall
from Section 1.3 that ¥’ = y 4+ 1 when the increasing part of S contains y(y + 1)
and otherwise y' is the smallest number in S 1 which is bigger than y. Similarly,
y" =y —1if S| contains y'(y’ — 1).

So, comparing the insertions of 0y and y0 into S, we have

SﬂyO = y”‘(’f‘—tS’le

The outcome of S & y0 depend on whether S’ contains the subsequence 101.

Lemma B.4 Let z,y,S, S’ be as above.
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1. If S’ contains 101, then

S&o0y = oy g
Sy = yogs

where y" > 0.

2. If S' does not contain 101, then when we insert yOvu and Oyvu into S where

u<v<y, we get
S & oyvu = 0101 & 5"
S & yoyu = 1010 & 5"

Proof: If S’ contains 101, then S’ £20=02 9 and the result follows.
If S’ does not contain 101, then y” = 1 and

S'=---901---

So,
SEo0yvu = 01 .y0]1--- & vu
= 010 ...yl v--- &y

= 01012 yv'u' -y

SE& yovu = 12 ...0|1--- & Ovu
= 10°<-"—t---y’10|---ﬂvu
= 1010l v &y
= 1010 % ... yv'u - u-v--

Suppose S £ 7 is not a zero insertion. Let

; L
Sﬂx f— m”‘(’ﬂ_...x’...x...

Sﬁy = yllm(i.t.-.y’...y...

where z’, 7/ are the numbers that are bumped out of S| by z, y respectively and z”, y"

are the numbers that are bumped out of S| by z’, ' respectively.
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There are several different outcomes. We have divided these into six lemmas.

Lemma B.5 Ifz < y— 1,2’ <y — 1,2" < y" — 1 and provided that during the

insertion S & y, ' 1s not hijacked, then

i zy = z"y" ¥t g
s & yr = y'z" g

where " < y".

Proof: It suffices to see that
S:...y”...m ceeq y .

and verify the insertions. O

Lemma B.6 Suppose x < y — 1,2/ < ¢y —1,2" = " and suppose also that during
the insertion S & y, ' is not hijacked. Then, when we insert zyv into S or yzv into

S where x < v <y, we get

in out
SEzyv = 'z ES

' t
SE yzv = "2 &S

where V" < 2" < 2'.

Proof: As in the proof of the previous lemma, we find that

where v" < z". When we insert zyv and yzv into S, we get

Sﬁxy'u = {_E”%—-ut---xlvll...x...yl...ayv

7 out

e .'E”.'L' (_...ylv”...x..-y...ﬁv

oqut
xllml,ull<_____,y’v’,..x...fu..-
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. , _
SEyzv = " E ...y gy & v

out ]
_ :r”v”<—=--y'a¢’°--w-"y"'ﬂv

— II’U”.'L"(<)—t"'y"U"".T""U"‘
as desired. 0O
Lemma B.7 Ifx <y—1,2' <y —1,2" = y" —1 and if during the insertion S bl Y,
x' is not hijacked, then x' = z" + 1. Furthermore, when we insert zyv into S or yzv

into S where t < v <y,

SLzypw = (¢ - -1) ¥
SEyrv = 2@ -1) &S
Proof: In order that z” = 3" — 1, S| must contain (z” + 1)z”. Since z’ must bump

z”, we are forced to have 2’ = z” + 1 and

!

S:-.-x’(x’-l)..-z’..-y ...
So, applying the insertions,

Sj—’imyv = 1"—1o<—m---x'(x'~1)---x---y’---fﬂyfu

= @ -1 ¥ =1 zy- L
)
S(ily;m) = g;’(_...y’(x’._l)...;t’...y...ﬁxv

O

Lemma B.8 Ifz < y— 1,2 = ¢ and y not hijacked when R & y, then z" = y".

Furthermore, when we insert zyv into S or yzv into S where z < v < y, we get

in out

S L TYyv = $”'U”'LU” <— SI
Zn out

S y:E’U = CL‘"U}"'U” < I;I
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where w" < 2" < V"

Proof: It can be shown that

S: ‘zll .'E”UI
with 2’ < v'. Next,
. . :
SExyv = "E ' --- Ly
aut in
— .'L'”'U”(—"'U,"‘.'E"".’,Cy"'z_'l)
out
— :C,IUII'IUI,(_""UI"'y"'x'U"'
. , .
SEyzv = " E ...’ L v
ut in
—_— x’lwlli—.--m’---y---xv’---z—v
out
— $Hw”'U”<__""Ul"'y"‘.’L"U"'
where w" < 7" <", O

The previous lemmas dealt with the cases when some number is not hijacked. The

next two are when some number is hijacked.

Lemma B.9 Ifz <y—1,7 <y —1 and during S & y, ' is hijacked, then 2" = .
Furthermore, when we insert xyvu or yrvu into S where x < v <y, u<v <y, and

wnserting u does not involve the special insertion, we get

" out

SE gyvu = z'"z'zw
r'wzx

SE& yzou = z"

18

(o}
[
o~

Sl
SI

N

where zx < 2’ <w and 2" < ' < w.
Proof: In order that z’ be hijacked when we insert y into S, we need

/

S:...x",x’...y
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) out o

S & pyvu = x"é‘—“'x'xlw---y'---f——yvu
qut ;

— .'L‘"il?' pid y’xlw y n Vi

SE yovu = =z w~-~y$'lw---y---ﬂxvu
= 27 & yulzy-- & oo
= 2w . yvz|-v-y- Lo
= g'?ws & yvoul--v--y--

a0

Lemma B.10 Ifz <y—1,z' =4 and if during S z ¥, y 18 hijacked, then z" = y".
Furthermore, when we insert zyvu or yzvu into S where z < v <y, u <v <y and

inserting u does not involve the special insertion, we get

in t
SE& zyvu = "W ES
G qut
SE yzvu = "Wz ES

where " < w" <v",z <w" <v".

Proof: During S & y, ¥ is hijacked. Since z < y, during the insertion of z into S, z
is also hijacked. There are two possible scenarios. Either x is smaller than all other

numbers in S, so that

or the smallest number in S is bumped out during S 5 which means

S:...x"l:ﬂ’w...
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For the first case,

SE zyvu = i ---x\w---i’lyvu

" out

S & yzvu = " E x’ylwﬂxvu

out in
- Z-”w”(_...w...xl...yxlv...z_.fuu

ut in

—_— xllwllrl]’,g_.-.U--nw---xlu-.yxlv-..é_—u
qut

- 2w ¥ vewee gy

For the second case, the results are the exactly the same except that

S,:"'U""LU"'.’E""y'UUl"'

We are now ready to apply these lemmas.

Case: (4),(7) and (8)"
Let d = uvry and e = uvyz be related by (4), (7) or (8)". These relations share

the inequalities u < v <y and £ <v < Y.

in qut
RL—'U,’U = u"v”(——;..lul...u...v...

J

——

S

v appears in S1 and v’ appears in S |. From Lemma B.3, u” < v" < y" and no hijack
occurs when we insert y into S.

It S & 1 is a zero insertion, then from Lemma B.4(1), f = u"v"0y",9 = u"v"y"0
and they are related by (4), (7) or (8)".

If S i 1 is not a zero insertion, we find z < v <y, 2’ <v' < y' and 7" <" <y".
This fits the hypothesis of Lemma B.5. So, f = u"v"z"y" and g = u"v"y"z" where

u' < v" < y"and " < v" < y". Clearly, this is an elementary relation of type (4), (7)
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or (8)".

Case: (3),(5),(6),(9) and (9)". Let d = uzyv and e = uyzrv. We observe that
in all these relations, u < y and z < v < y. Let S be the resulting sequence after
inserting v into R. From Lemma B.3, no hijack occurs when we insert y into .S since
u<y.So,if S £ 7 is not a zero insertion, we can apply Lemmas B.5, B.6,B.7 and
B.8 to cover all the possible scenarios. The sequences that are burnped out in each

case are:

e From Lemma B.5, u"z"y"v" ~ u"y"z"v" by (3), (5),(6),(9) or (9) as uv” < y”

and z" < v" < ¢".

e From Lemma B.6, u"z"z'v" ~ u"z"v"z' by (4),(7) or (8)F since u" < 2" < &'

and v" < 2" < 2.
e From Lemma B.7, v"z'(2' — 1)z’ ~ v"(z' — 1)2'(2' — 1) by (2) since u” < 2’ — 1.
e From Lemma B.8, u"z"v"w” ~ u"z"w"v" by (4),(7) or (8)" as u” < z” and
w" < g <"
If S & 1 is a zero insertion, then from Lemma B.4(1), f = v"0y"v" and g =

Case: (6) d = cdba,e = cbda.
We return to the case by case analysis. We first deal with those that contains a
zero insertion.

Subcase: d = cdb0, e = cbd0,b > 1

2101 - -+ & cdb0
el VI =S P S VISR 11 ) [P SRS B
.+-101--- & cbdo

= M0l 101 b de

0< b <" <d" and "d"b"0 ~ ¢"b"d"0 by (6)".
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Subcase: d = ¢d10, e = ¢1d0

100 - 2 edl10

= M"Y g 101 d -

100 - -+ & ¢1d0

= MNP0 d 101 d -

0 < b <" <d and "d"b"0 ~ ¢"b"d"0 by (6)".

In the next few subcases, c is hijacked when it is inserted.

Subcase: .
R & cdba
_ cu%“_t__,c’...d...z_n-dba,
— c"c'w"'d"“cl“'d"‘Zﬁba

= V. QY ch|-d g
= VY. dd - cba-d- -
R cbda
= "¢ Y| & oda
= V. dch|-d-Loa
= VY. dd - cha--d- -
V' <" < <V and "V ~ "'cb'Y by (8)".

Subcase:

R & cdba
— c”‘(’lt---c’---cl---fﬁdba
= &gl e]d - Eoba
= VAV ch|d B

= dd"Vd" ... gVl chad -

R & chda
_ cub//‘(’"_t_..b’...c'...cb|...ﬂda

= Y. A cb]d - B

t
= A" d gl cha e d -
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CII < bll < aH < d" and clldllb”all ~

C”b”d”a:” by (6) .

Subcase: '
R & cdba
= E..dd|d - Eba
= " . ..dY-cb-d---Loa
= NV - dd---cba---d--
R & cbda
= . Y] Eoda
= WY ddch]dLoa
= V'V ... dd - cha e d -
" <ad <b <V and '"V'a"t ~ 'V'V'a" by (7).
Subcase:
--c’(c’-—l)---lﬁcdba
= -1%...d(d=1)---¢-- & dba
= (-1 ¥. -d’(c’~1)-~c|---d---ﬂba
= (-1 -1 ¥ .. d¥---ch|---d---La
= (-1 -W&...dd - -cba---d---
d(cd—1)--- & cbda
= (-1 ¥ W[ —1)-cb|-- L da
= (-1 .. dd-1)--ch|---d---La
= (-1 -1)¥...dd--- -cba---d---
¥ > c and (¢ —1)d(d —1)b' ~ (¢ — 1)V (c — 1) by (4).

Subcase: c appears in the increasing part after insertion.

It can be verified that ' < ¢ < d' and b" < " <

d". We can apply Lemma B.5

and f = 'd"b"a", g = "b"d"a" where o” < d". So, f ~ g by (3), (5), (6), (6),(9) or

(9)".

Case: (4)%, (7)), (8)
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Now, d = zyvu,e = yxvu where z < v < y and u < v. We let S = R. fSEzis

not a zero insertion, the various situations that can arise are covered by Lemmas B.5,

B.6,B.7, B.8, B.9 and B.10.

From Lemma B.5, f = z"y"v"u" and g = y"z"v"u". By inspection, we observe

that 2" < v" < y" and «” < v". Therefore, f ~ g by (4), (7)" or (8).

From Lemma B.6, f = z"z'v"u” and g = z"v"z'u”. Since v" < z” < z’ and

u' <", f ~ g by (3),(5),(6),(6),(9) or (9)".
From Lemma B.7, 2/(z' — 1)z'v” ~ (2’ — 1)z'(z' — D)u” by (2)" as v’ < 2.

From Lemma B.8, z"v"w"u" ~ z"w"v"u" by (3),(5), (6), (6)". (9) or (9)" since
w' <z <v" and v < V"
From Lemma B.9, z"z'zw ~ z"z'wz by (4), (7) or (8)"

", "y II

From Lemma B.10, z"w"zv"” ~ z"w"v"z by (4), (7) or (8)"

If S & z is a zero insertion, then from Lemma B.4, we either have

f =0y"v"u", g = y"0v"u" where u" < v" < y". So, f ~ g by (4)" or (8) or

f = 0101, g = 1010.

This ends the proof of Theorem 1.18.
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