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1 Cournot duopoly with
Incomplete Information

e Demand:
PQ)=a—-@Q
where () = g1 + ¢o.
e The marginal cost of Firm 1 = ¢; common
knowledge.
e Firm 2’s marginal cost:
cy with probaility 6,
c;, with probaility 1 — 6;
its private information.

e Each firm maximizes its expected profit.



1.1 Bayesian Nash Equilibrium

Firm 2 of high type:
HzaX(P —CH)Q2 = max la — g — @ — cH| g
2 2

*
a4 —4q —CH

() = = *)
Firm 2 of low type:
max la — gy — g2 — cz] g2,
2
. a—q; —cy,
gle) =——5—— ()

Firm 1:
maxla — g1 — gy(cn) — a
+(1—0)ja—q¢—g(c)—da

Ola —g5(cy) — |+ (1 —0)la—g5(cr) — ¢
2
()

q =



Solve *, ** and *** for ¢}, ¢5(cr), ¢3(cx).
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2 A First-price Auction

One object, two bidders

v; = Valuation of bidder 1; 11d with uniform
distribution over |0, 1].

Simultaneously, each bidder ¢ submits a bid
b;, then the highest bidder wins the object
and pays her bid.

The payoffs:
v; — b; 1fb; > bj,
ui(bl, bg, U1, ’02) = Ui;bi if bz = bj,
0 if b; < bj.

Objective of ¢:

max E [ui(by, ba, v1,v2)]

where

E |u] = (vi — bi) Pr{b; > b;(v;)}

+ %(w — b;) Pr{b; = b;(v;)}



2.1 Symmetric, linear equilib-
rium

bj = a+ cvj.
Then,
Pl”{bz — bj(vj)} = 0.
Equilibrium condition: a < b; < v;.
Hence,

E [ul] = <Uz' — bl) Pl’{bz Z a + C’Uj}

b; —
= (v = by) Pr{v; < ——)
b, —
= (Uz' — bl) . CL.
C
FOC:
b — % if U; Z a
" la ifv <a.
Therefore,
1
bz' = =;.
2
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2.2 Any symmetric equilibrium

Elu) = (vi — b;) Pr{b; > b(v;)}
= (v; — b;) Pr{v; < b7 (b)}
= <Uz' — bz')b_l (bz> .
FOC (8/80b; = 0):

b7 (by) + (vr — bi)db;ib@ .
i+ (v — b(vy) (1%) 0

V (v)v; +b(v;) =
(v _ |

dv;

b(vi)v; = v?/2+ const.
b(v;) = v;/2+ const/v;.
b(0) =0,=> cons =0,
b(v;) = v; /2.
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3 Double Auction

1. Simultaneously, Seller names p, and Buyer
names pp.
a. If p, < ps, then no trade;

b. if p, > ps, trade at price p = p"+p5

2. Valuations are private 1nformat10n. Vp, Vs
iid w/ uniform on [0, 1.

3. Payoffs:
o Uy — pb+p5 lfp >ps
=30 otherwise
. pb—;ps — v, ifpb 2‘]93
° 0 otherwise
4. The buyer’s problem: ]
—|— S /US
max F/ ’Ub—pb ]2) ( ) 1]%21%(%)
Do
5. The seller’s problem: ]
s T DplV
max F p gb( b) — Vg :pb(vb) Z Ps
Ps




An Equilibrium:

Db

Ds =

0 otherwise
{ X ifv, < X

{Xif’l}bZX

Y

1 otherwise

Trade

1V /vy

<::| Efficient

Inefficient
lack of trade

not to trade



Equilibrium with linear strategies:
Py = ap+ CpUyp
Ps = Qs+ CsUs.
Po — G5

Cs
Ps — Qp

Cp

Dy > Ps (Vs) = a5+ cv5 <= v <

Ps < pp () = ap + vy <= v >
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2
ol + ps(vy)
_ ’Ub—pb Ps S]ds
oL 2
Cn pb+a5+csvs}
— Up — ds
0 2

_pb—CLS( pb"—as) Cs/T
— ’Ub — — = /Usd’US
Cq 2 2 0
2
:pb_as(v_pb+as)_% Po — As
c. ’ 2 1\ ¢
Py — As

T (Ub_ > 4

Py — Gg

Cs
F.O.C. (max,, E [u)):
1 3 —
1 (’Ub B pb+as) 3y —as) 0
Cs 4
1.€.,

2 N 1 @)
= =V _CLS.
P 3 b 3
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Similarly,

Elu] = E [ps FR) Vs py(vp) 2> ps]

2

L rps + ap + cop

bs—ay 2
Ch
) _ 1
—a +a C
_ 1_]?3 b Ps b—US _|__b vduy,

Cp L2 | )

B (1 Ps — ab> pstay
p— —_— - /US
Cp L 2 4
C —Qa :
_|__b (1 B (ps b) )
4 Cp

—ap\ [ps+a c -
_ (1_ps b) Ps b—U3+—b—|—pS a’b]

Ch

ps — ap\ [3ps + as Cp
f— ]_ —_ - -
( o ) 1 Vs ¥ 4]

12



1 [3ps + ap 1f 3 Ps — ap
—— — v+ —-|+=-{1— =0
cb[ 4 ”+4+4( e )

3P 3
—[p:ab—vﬁ%li(cb—(ps—ab)): :
3Ps  p c, I B ay + Cp
o 4+S 4+4(cb+ab)—s >
1.e., ) N

ay Cp
Ps = ZUs (3)
3 3
o a,=ag/3
° aszab/3+2/9
e Hence, 9a, = a, + 2,
o a,=1/4;a,=1/12.
2 Jr1 @)
= = —_—
Db %b 2112
s — SUs . 5
Ps = 3Us+ 7 (5)
We have trade iff
prPs

iff
2 1.2 ]
30T = 3% Ty
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