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Abstract

Simulated annealing is a popular Monte Carlo algorithm for combinatorial
optimization. The annealing algorlithm simulates a nonstationary finite state
Markov chain whose state space ( is the domain of the cost function to be
minimized. VWe analyze this chain focusing on those issues most important for
optimization. In all of our results we consider an arbitrary partition
{I,J} of Q; important special cases are when I is the set of minimum cost
states or a set of all states with sufficlently small cost. We give a lower
bound on the probability that the chain visits I at some time < k, for k
= 1,2,.... This bound may be useful even when the algorithm does not
converge. Ve give conditions under which the chain converges to I in
probability and obtain an estimate of the rate of convergence as well. Ve
also give conditions under which the chain visits I infinitely often,

visits I almost always, or does not converge to I, with probability 1.
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1. Introduction

Simulated annealing, as proposed by Kirkpatrick [1], is a popular
Monte-Carlo algorithm for combinatorial optimization. Simulated annealing is
a variation on an algorithm introduced by Metropolis [2] for approximate
computation of mean values of various statistical-mechanical quantities for a
physical system in equilibrium at a given temperature. In simulated
annealing the temperature of the system is slowly decreased to zero; if the
temperature is decreased slowly enough the system should end up among the
minimum energy states or at least among states of sufficiently low energy.
Hence the annealing algorithm can be viewed as minimizing a cost function
(energy) over a finite set (the system’s states). Simulated annealing has
been applied to several combinatorial optimization problems including the
traveling salesman problem [2], computer design problems [2],[3], and image
reconstruction problems [4] with apparently good results.

The annealing algorithm conslists of simulating a nonstationary
finite-state Markov chain which we shall call the annealing chain. Ve now
describe the precise relationship between this chain and the finite
optimization problem to be solved. Here and in the sequel we shall take R
to be the real numbers, N the natural numbers, and Ny = N U {0}, and we
shall denote by |A| +the cardinality of a finite set A. Let (Q be a
finite set, say Q = {1,...,|0Q|}, and U, € R for i € Q; we want to
minimize U:L over 1 € (. Let Tk >» 0 for k € INO. (} shall be the
state-space for the anneallng chain and we shall refer to {Ui}ieQ as the

energy function and {Tk}kemo as the annealing schedule of temperatures.

Let H(k) = []Ig_k)]160 (a row vector) be a Boltzman distribution over the

energies {Ui}ieo at temperature T,, 1i.e.,

-U,/T
H(k) - e 1"k
i

, 1€,
~U, /T
e J k

Jeq
for all k € mo. The annealing chain will be constructed such that at each



time k the chain has H(k) as its unique invariant distribution, i.e., at

each time k +the annealing chain shall have a 1l-step transition matrix

p(k,k+1) _ (g k+1)]i jeq such that 7 = 7%  is the unique solution of

the vector equation [ = ﬂP(k’k+1). The motivation for this is as follows.

Let S be the minimum energy states in Q. Now if T, -0 as k > « then

1 . *
¥ if 1€ S,
s |
e S
*
0 if i¢ 8 ,
as k » o, i.e., the invariant distributions converge +to0 a uniform

~ distribution over the minimum energy states. The hope is then that the chain
itself converges to the minimum energy states.

We now show how Metropolis constructs a transition matrix P(k’k+1)
vith invariant vector TX) for k Ng- Let Q =

symmetric and irreducible stochastic matrix, and let

-(U,-U.,)/T
371k X
, ) qije if Uj Ui’
k,k+1) _
k,k+1
1 } psy 1f § =4,
Q#1

for all 1i,j € Q and k € mo. Then it 1s easily verified that ﬂ(k)
p(BIp(EE+1)  por 211 k€ Ng- In fact, pEEHD) g 788 gatisfy the

reversibility condition

(k,k+1),(k) _ (k) (k, k+1)

for all k € MNa. Let {x } be the annealing chain with 1l-step
0 k kemo
. (k,k+1)
transition matrices (P }kem and some initial distribution,
0]

constructed on a suitable probability space (M,A,P). Let pgk) = P{xk = i}
for 1€ () and k€ NO.
The annealing chain is simulated as follows. Suppose Xy = i€ Q. Then

generate a random variable y € () with Ply = j} = 9y 4 for j € Q.
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Suppose y = J € Q. Then set

3 1 U, < U, (
~(U,-U,)/T
X, - 3 1f U, > Uy with probability e J 17k
i else.

Hence we may think of the annealing algorithm as a "probabilistic descent®
algorithm where the Q matrix represents some prior distribution of
"directions", transitions to same or lower energy states are always allowed,
and transitions to higher energy states are allowed with positive probability
which tends to 0O as k - o (when Ty, >0 as ko ®).

Even though simulated annealing was proposed as heuristic, its apparent
success in dealing with hard combinatorial optimization problems makes it
desirable to understand in a rigorous fashion why it works. The recent works
of Geman (4], Gidas [5], and Mitra et. al. [6] have approached this problem
by showing the existance of an annealing schedule for which the annealing
chain converges weakly to the same limit as the sequence of invariant

distributions {ﬂ(k)}keIN , 1.e., to & uniform distribution over S*. In each
0

case a (different) constant ¢ 1s given such that if Tk > ¢/ log k¥ for

large enough k € N and Ty O as k - » then
1

2 i ie 8,
|s |

pgk) 5

0 if 1¢ 8"

as k - o, Furthermore, under an annealing schedule of the form T, = T /

k
1og(k+k0) where T > ¢ and ky > 1, Mitra et. al. obtain an upper bound on

} |p§k)—Hi| for k € Ny. The results of Geman, Gidas, and Mitra et. al.
ieQ

are an extension of weak convergence results for stationary aperiodic
irreducible chains [7?] and certain nonstationary chains [8], and are useful
in proving ergodic theorems (which Gidas does). However, if one is simply
interested in finding any minimum energy state than weak convergence seems

unnecessarily strong. In a recent paper Hajek [9] investigates when the



annealing chain converges in probability to S*. Hajek gives an expression
for a constant 4" such that under the annealing schedule Tk =T / log k
for large enough k € N, ©P{x, € S} » 1 as k - o iff T > 4.
Furthermore the condition that @ Dbe symmetric is relaxed to what is called
"weak reversibility".

In this paper, we analyze simulated annealing focusing on optimization
issues. Here we are not so much interested in the statistics of individual
states as in that of certain groups of states, such as the set S* of
ninimum energy states or more generally a set S of all states with

sufficiently low energy. In all of our results we consider an arbitrary
‘ﬁartition {I,5} of (Q, and examine the behavior of the annealing chain
relative to this partition; we obtain results for I = S as a special case.
We investigate both finite-time and asymptotic behavior as it depends on the

Q@ matrix and the annealing schedule of temperatures {Tk}kemo'

In Section 2 we establish notation. In Section 3 we examine finite-time
behavior. We observe that since we may keep track of the minimum energy
state visited up to time k, it seems more appropriate to lower bound the
probabllity of visiting S at some time n < k, rather than the probability
of wvisiting S at time k. Under an annealing schedule of the form
T, =T/ log(k+k0) where T > O and k5 > 1, we obtain a lower bound on
P{xn € I, some n < k} for k € mo. For large T +this bound converges ﬁo 1
exponentially fast. For small T the bound converges to a positive value >
0. Hence the bound is potentially useful even for small T when the
algorithm may not converge. In Section 4 we examine asymptotic behavior.
First, we show that under suitable conditions on Q there exists a constant
U such that if T, > U / log k for large emough k € I, then the
probability that x, € I infinitely often is 1. Second, we show that under
suitable conditions on @ if T » U’ and Tk =T / log kK for large enough
k € N, then x, converges in probability to I. Infact, we show that

P{xk € I} =1 - O(k_Y/T) as k - o, vhere v > 0O does not depend on T and
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only depends on Q through the set " {(i,j) € Q x Q: qij > 0} of ordered
pairs of allowed transitions. Third, we show that under suitable conditions

*
on @ there exists a constant U, such that if U < T <« U, and Ty =T/

log ¥ for large enough k € N, then the probability that X, € I almost

always is 1. Hence we obtain three results about the convergence of the
annealing algorithm with increasingly stronger assumptions and conclusions.
In Section 4 we also obtain a converse which gives conditions under which the
annealing algorithm does not converge: we show that under suitable conditions

*
on @ that there exists a constant W such that if ¢ > 0 and T, <

k
*

(W —) / log k¥ for large enough k € N, then the probability that X e I

infinitely often is <« 1. Finally, we briefly compare our results to Hajek's

work and indicate some directions for further research. ¥e remark that

Sections 3 and 4 are essentially independent of each other.



2. Notation and Preliminaries

In this section we describe notation which is necessary to state our
results, give a few examples of this notation, and discuss a technical

condition which we shall often impose in the sequel.

. - *
Let U =min U; and U = max U,. Then § = {1e€Q:U; =0} and 8 =
ie ie)
{1 e Q: Ui < U} for some U < U < U. Following standard notation, we shall
define p{¥ E+d) [pig"k*d)]i jeq O be the d-step transition matrix

starting at time k, i.e.,
pk, k+d) _ p(k,k+1)  p(k+d-1,k+d)

In defining the annealing chain {xk}kem in Section 1 we assumed that
o

the stochastic matrix Q was symmetric and irreducible. This assumption is
unnecessarily strong for our purposes. If {I,J} is a partition of (Q and
we want Xy to converge to I as Kk - «», then we need only require some
kind of condition which guarantees transitions can be made from J to I,
and possibly another condition which makes transitions from J to I more
likely than transitions from I to J, depending on the mode of convergence.
We will be more precise later in Section 4; for now assume Q is an

arbitrary stochastic matrix. For each 1, € () we shall say that 1 can

reach j 1f there exlsts a sequence of states 1 = 10, 1""’ik = J such
that qy 4 >0 for all n=20,...,k-1; if U € R and Ui < U for all
n n+l n

n=20,...,k than we shall say that 1 can reach J at energy U.

let k € [NO, and for every d e N and 41i,J € @ 1let Agg‘) be the
sequences of states 1 = io,...,id = J such that pgkik+1) >0 for all n =

n n+l

0,...,d-1. Agg) are the sequences of allowed transitions of length d from

i to j at positive temperature (we defined Ty > 0 for all k¢ NO). For
every 4 € N and 1i,jJ €  1let Mgg) be the sequences of states 1 =

i,...,i, = J such that ¢ » 0 for all =n = 0,...,d-1. Ve might
0 d inin+1

think of Mgg) as the sequences of allowed transitions of length 4 from i

to .j at infinite temperature. Note that Mgg) C Agg), and the elements of




A | (@

1j 1) are precisely those sequences which have a self transition, say
from s - s, with q o = 0 and qg ° O for some t € (} such that U, >
U, Now for delN, 1,Jj€Q, and )€ Aig) let
d-1
uQ\) = 2 mex[0, U, -U; I,
n=0 n+l n
vi\) = nax max[0, U, -U; 1,
n=0,...,d-1 n+l 0]
v\ = max max[0, U, -U, 1.
n=0,...,d-1 n+l n
Also let
min UQ) 1f Agg) £4,
) H
(@) _
T ()
d
for all 4 € N, and
Uy, = iaf Ugg) - min Ugi). (2.1)
delN N a<|Q|
(a (a)
for all 41i,J € (. Similarly define vij ’Vij and WiJ ’Wij by replacing U
by v and W, respectively, in the definitions of Ugg),UiJ above.

Finally, if one or both of the indices 1,J € @ are replaced by I, J C (Q in

these definitions then an additional minimization is to be performed over the

elements of I,d, e.g., Ugg) = min Ugg), WIJ = min WiJ etc. Note that
Jed i€I, Jedg ’
if we replace A(d) by M(d) in the definitions of U(d) V(d) and ng)

ij i3 I ij >
then the values of these quantities will in general be changed; however the
values of Uij’ vij’ and wij will be unchanged. We shall refer to ny
(Uéi)) as the transition energy (d-step tramsition energy) from =x to y,

for x,ye QU 20,

Example 2.1 In Figure 2.1 we show a state transition diagram for ( =
{1,...,5} where transitions are governed by the Q matrix, i.e., an edge
from i e Q0 to J € Q is shown 1iff qu >» 0, in which case the edge is
labelled with the value of qij' To obtain the state transition diagram for

P(k,k+1)

the corresponding matrix, k € mo, simply add a self-transition

loop to every state which can make a transition to a higher energy state (if




one is not already present) and relabel the edges appropriately. The

self-transitions which are allowed under pU&-E+1)

but not under Q@ are
depicted by broken loops. Also observe that the ordinate axis gives the
energy of the corresponding state. To illustrate the notation we have

a3 - ((1,1,2,5,4,5),(1,2,5,5,4,5),(1,2,5,4,5,5,))

(5) _
M15 - {(1 1’2’5’415)}

_ (5) _
Uis = Uyg” = Up-Uy + Uy-Uz = 4,
- (5) _ _ _
Vis = V15~ = Ug Uy = 3,
(5) _ _ _
Wig = Wio) = U,-U, = 2. <

Let {I,J} be a partition of (. 1In Section ¢ we will often impose the
following condition: there exists d € N such that the d-step transition
energy from J to I equals the transition energy from j to I, for all
Jegda g%) = UJI for all Jj € J). This will allow us to get lower bounds
on the quantity P{x(k+1)d € I | xpq =3} for all j € J. It is easy to show

that if I = S then this condition is satisfied. Infact, in this case there

(d)
o Uiz = Usz

Example 2.2 In Figure 2.2 we show a state transition diagram for ()

exists dy < |J| such that for every d > 4 for all j € J.

{1,...,7} (see Example 2.1). Let I =8 = {1i€ Q: U, <2} = 1{1,2,8}, J =
{3,...,7}. Then

é%) = Usz = é%) Usz = gg) Upz = 0, 21,

é%) = Ugr = 1 12 2,

ii) = Uy = 2 d 23,
and so dj - 3. Note that if we replace gg) by Mgg) in the definition
of Ugg) for 1,) € 0, then there does not exist d € N such that Ugg) -
U for all j e d. 4

JI




3. Finite-time Behavior

From the point of view of applications it is important to understand the
"finite-time behavior of the annealing algorithm. Certainly it is interesting
to know whether the annealing algorithm converges according to various
criteria, and +this information may well give insight into finite-time
behavior. However this information may also be misleading for the following
reasons. First, the finite-time behavior of the annealing algorithm may be
quite satisfactory even when the algorithm does not converge, which may well
be the case for typical applications. Second, the finite-time behavior of
the annealing algorithm may not be clearly related to the convergence rate
when the algorithm does converge, as the following example indicates.

Example 3.1 It is a simple consequence of Proposition 4.1(1ii) that if

Q@ is symmetric and irreducible, T > O, and Tk > T / log k for large

enough k € N, then there exists a,qa » O such that

P{xk € s} <1-2 k large enough.

ka
Now let B be the matrix obtained from PUX*1)  py setting Q = [1/]0]]

and Ty = 0, and let {yk}kemo’ Ve € (), be a stationary Markov chain with

1-step transition matrix P and some initial distribution, consﬁructed on
(M,A,P). Since S* is Jjust the set of persistent states for this chain, it
is well-known that there exists b > 0 and O < p < 1 such that
Ply, € sy > 1 - bpk, k € Ny-

Hence assuming that T is chosen such that P{xk €81->1 as koo then
the rate that P{xk € S*} - 1 1s at best polynomial while the rate that
P{yk € S*} -» 1 1s at worst exponential. Of course we would hope that the
finite-time behavior of the annealing chain would be Dbetter than the
stationary chain, for appropriate choice of Q and T. 4

We now address the question of what 1s an appropriate criterion to
assess the finite-time behavior of +the annealing algorithm. For our
purposes, we are simply interested in finding any state of sufficiently low

energy, i.e., an element of S. Hence it seems reasonable to lower bound




P{xk e S} for k € mo. However,‘we observe that by Jjust doubling the
annealing algorithm’'s memory requirements we can keep track of one of the
ninimum energy states visited by the chain up to the current time. In this
case we are really interested in having visited S at some time n < k, as
opposed to actually occupying S at time k. Hence it seems more
appropriate to lower bound P{xn € S, some n < k} for k € mo.

We start with a proposition which gives a lower bound on the d-step

(k,k+d)

transition probability Py in terms of the transition energies U(\)

of sequences )\ € Agg), for 1i,j € Q.
Proposition 3.1 ILet d4e N, T >0, ky> 1, and Ty =T/ 1og(k+ko)
for k € mo Then for every i,J € (
PP ) s Gegra-1)TTRT, k€ Ny (3.1)
ne4
ij
where r(\) > O is given in (3.2).
Proof Let
(B _
J (k,k+1)
+
pii if J = is
for all 1i,j € Q and k € No. Also for every i,J € () and )\ = (io,...,id)
(@)
€ AiJ let
A (x) = max(0, Ui —Ui 1, n=20,...,4-1,
n+l n
k+n)
r () = TT ¢ . 0, ke,
n=0 1nin+1 0
and
r(\) = TT rgo_,)_ > 0. (3.2)
n=0 n n+l
Since Tk is strictly decreasing, pgf yE+1) and hence (k) are

i3
nondecreasing, so that rk(x) > r(\) for all k € NO. Hence for every 1i,]

€ Q
d-1
(k,k+d) _ (k+n,k+n+1)

Pyy’ i1
(d) n=0 “n n+l
(:LO,...,:Ld)eAiJ
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d-1
1
= l ‘ rgkzn) exp[ Tk - max([0, Ui l—Ui ]
(1., )Equ) n=0 n n+1l +d- n+ n
09 ’ d lJ
S L ¢9)
 Jp el LD
L +n
- log(k+ky+d-1) d-1
> r (V) exp| - — ) 8,00 ]
(a) ~
)\E/\i:j n=0
- } r(k)(k+ko+d—1)_UCX)/T, ke Ng- -
)EA(d)
\ i'j

Remarks on Proposition 3.1 (1) In Figure 2.1 we have

1

~ (0,1) Y P Y 1
0 0

0,1 1 1
0

(8) Fix k € Ng. From (3.2) it is easy to see that r(\) is
nondecreasing as T decreases or ko increases, which reflects the fact
that self-transitions in the sequence )\ have larger probability at lower
temperature. On the other hand, (k+k0+d—1)_UCX)/T 10 as TI1 0 or k4t
o (if UQ) > 0), which reflects the fact that transitions to higher energy
states in the sequence X\ have smaller probability at lower temperature.
These two phenomena compete with each other in the lower bound (3.1).

The next theorem gives a lower bound on P{xn € S, some n < k} for k €

NO by setting I = S.

Theorem 3.1 Let {I,J} Dbe a partition of (. Also let 4 €N, U =

(0) )
?2§ UjI , T>0, k> 1, and Ty =T / log(k+k0) for k € NO‘ Then
P{lx. . e J, n =20 k}
nd ’ ’ ’
a l-a _ 1-q
{' eXP | ar1= Po } exp[ G ED] (kd + ny) ] if T > U,
n a’/d
|
= if T =17
< r— ’
L O_I
a 1 a 1
exP[— d(a-1) na—l] eXp[d(a—l) (xd + o )a_1] if T <« U, (3.3)
0 0
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for all k € Ny, where a = U/T, ﬁo = ky+d-1, and a > O is given in
(3.58).

Note In the statement of Theorem 3.1 and in the proof to follow we
suppress the dependence of the constants U and a on d. Later, we shall
make this dependence explicit by writing U(d) and a(d).

Proof From Proposition 3.1 for every i,J € Q

(d)
where r(\) > O 4is given in (3.2). Hence
k-1
P{lx ., e Jd, n=20,...,k} < max P{x € J | x_ . =3}
nd I:g jeg (n+1)d | nd
k-1
= ']_" [1 - min } P(nd (n+1)d)]
n=0 JEJ
k-1 a
<TT [1 - ], k€ Ny (8.4
n=0 (nd + no)a
where
a = min } } r(\) > O. (3.5)
J€J 41 )\EAgd),
U(\)<U
(1f U=o let a be any positive real). Since 1+x < eX for all x € R,
we have
k-1 k
I e R R e e L
n=0 (nd + n)* n=0 (nd + nyd? 0 (xd + nyd?

exp[aIT~—j-n “] ex [ aII“T (kd + no) ] if ¢ # 1,
[ n, ]a/d

Ea_:_ﬁ_ if g =1, (3.8)

for all k € Ny. Combining (3.4) and (3.6) completes the proof.

*
Remarks on Theorem 3.1 (1) Let I =8 = {8}, J={1,2,3,4}, and 4

- 4 in Figure 2.1. Then U = US%) = 4 and

15
a = nin r(\).
JE{1,2,5,4} XEA§4),
u(\)<g4

Now it is not hard to see that the minimum is obtained by j = 1 or 2. Using

=13 -




the values of r()\) computed in the first remark following Proposition 3.1

we have
1 2 1 1
&= 1g min{l’ S v -V S v
0 0 0
(2) Note that
P{xnd € J, nE€ mo} = iim P{xnd € JdJ, n=20,...,k}
-0
=0 if T > U,
a 1
< exp|- GESD) -1 < 1 if T « U,

so that the bound is potentially useful even when T <« U.
(3) PFix k € mo. It will be convenient to analyze the dependence of

the upper bound (3.3) on T and ky in the form
k

P{xnd € J, n=20,...,k} < exp[— a J 1 dx (3.7)
0 (x4 + no)a
(see (3.8)). Since r(\) is nondecreasing as T decreases or kg

increases, we have from (3.5) that a is nondecreasing as T decreases or
kO increases, which reflects the fact that self-transitions in sequences of

transitions from J to I have larger probability at lower temperature. On

k 1

0 (x4 + no)a

the other hand, J dx Ll 0 as T 10 or kyte (if U > 0),

which reflects the fact that transitions to higher energy states in sequences
of transitions from J to I have smaller probability at lower temperature.
Sirce these two phenomena compete with each other one could consider
minimizing the r.h.s of (3.7) over T and k, to obtain the best bound.

(4) Ve can generalize Theorem 3.1 by replacing U = max Ugg) with U

Jeag
>U (if U <« U then a = 0 and the upper bound (3.3) is useless). Since
a and ¢ are both nondecreasing with increasing U one could consider
minimizing the r.h.s. of (3.7) over U as well as T and k to obtain

0
the best bound (see previous remark).

In order to apply Theorem 3.1 we must obtain suitable estimates for the

4a) (a)

constants U( and a . We are currently investigating this in the

context of a particular problem.

— 14 —




4, Asymptotic Analysis

In the previous section we pointed out some of the difficulties
associated with using the asymptotic behavior of the anneallng algorithm to
predict its finite-time behavior. Nonetheless, it is certainly interesting
from a theoretical viewpoint to perform an asymptotic analysis, i.e, to find
conditions under which the annealing algorithm does or does not converge
according to various criteria, and when the algorithm converges to estimate
the rate of convergence as well. In this section we address these questions,
and then briefly compare our results to Hajek’s work and indicate some
directions for further research.

Ve first address the question of what are appropriate criteria to assess
the asymptotic performance of the annealing algorithm. For our purposes, we
are simply interested 1in finding any state of sufficiently low energy, i.e.,
an element of S. Hence we shall investigate conditions on the Q@ matrix

and the annealing schedule of temperatures {Tk}keIN under which one or more
0

of the following is true:
€D) P{xk € Si.o.} =1,
(1) P{xk € S} »1 as k - o,
(1i1) P{xk € S a.a.} = 1.

Here "i.0." and "a.a." are abbreviations for "infinitely often" and "almost

always", i.e.,

{ € Si.o.} = IIm {x, € S} = 3 u { € S}
& kow K 2=l kon E

and

@©

{x, ¢ Sa.a.} =1im {x, € S} = U N {x, € S}
x ks "x n=1 k>n *x

Since (e.f. [71)

P{xk € S a.a.} < linm P{xk € 8} < Iim P{xk € 8} < P{xk € S i.o0.}, (4.1)

ko koo

it follows that (1),(ii), and (iil) are increasingly strong results and so we
expect increasingly strong conditlons under which each is true. We are also

interested in obtaining the rate of convergence in (ii) as well as conditions
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under which (1),(ii), and (iii) do not hold.

We start by giving a proposition which establishes asymptotic upper and
lower bounds on the d-step transition probability pi?’k+d) as k » o in
terms of the transition energy Uij’ for 1i,j € Q.

Proposition 4.1 et d4de€e N and T » O. Then there exists > 0

aij
for i, € 0 such that each of the following 1ls true:

(1L if T, < T/ logk for large enough k € N then

U,./T
s k +J pg'k*d) < 2y,

ko

(i1) if T, 2T / log k¥ for large enough k € N and Ty >0 as k-

© +then
U, ./T
lim k 13 pgﬁ'k+d) > ay
koo J
(d)
for all i,J € )} such that UiJ Uij’

(ii1) 1if T, =T / log k for large enough k € N then

(x,k+d) 843

Py - U, /T as k- e,
x 1
(@)
for all 1,j € Q such that Uij = Uij'

Proof We prove (i); the proof of (ii) is similar and (iii) follows
from (i) and (ii). So assume Ty < T/ log k for large enough k € N and

let
(k)
rij =
Py e g -
for all 1i,J € Q@ and k € N. Also, for every 1i,j € Q and X\ = (io,...,id)
(4
€ Aij let
A.(\) = max[0, U -u, 1, n=20,...,d-1,
a in+1 in
d-1
k+n)
.00 =TT =t . 0, xe,
k n=0 inin+1
and

r(\) = lim r, (A) = sup r, (X)) > O.
ko kel
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That the 1limit exists in the definition of =r(\) and is equal to the
(k,k+1) (k,k+1)

supremum is a consequence of lim Piy = SUp Pyy (since Tk - 0 as
Koo keN
k » »). Hence for every 1,J € Q
d-1
(k,k+d) (k+n,k+n+1)
Pi - 1 lPiy
1 i )EA(d) n=0 n n+l
0’ *a’01y
d-1
= } TT rgkin) exp[ T—l——— max([0, U, Uy ]
(10""’1d)eA§§) n=0 n n+l k+d-1 n+l n
d-1
A, (\)
¢ Jpm |- ] B
X€A§§) =0 k+n
d-1
< }(d r, () exp[ _ 10% k } A, (N ] (k large enough)
XEAiJ n=0
} T (N
- +ON)/T
redsy) ®
r. (\)
< | 7+ | e
Xe%cd) 8 13 xe;Cd) k07T
(@ 1 (a)
UO\)--U:]L‘j U(k)>UiJ
a
iJ
- _ﬁIE7_ » a8 koo,

where

a5y = E(d) r(\) > O

U(x)=ugg)

(if Ugg) = o let 24 be any positive real).

The following theorem gives conditions under which P{x, € § i.0.} =1
by setting I = S.

Theorem 4.1 Let {I,J} be a partition of (Q and assume

(a) there exists d € N such that the d-step transition energy from J

to I equals the transition energy from J <to I, for all J € J

(US%) - Uy for all Je 3,

(b) every J€ J can reach some i€ I (max UJI < ®),
jeg

-7 -




Also let U = max Uyp <@ Ty 2 U/ log ¥ for large emough k € N, and
jed

Tk -0 as k - ». Then P{xk € I i.0.} = 1.

Proof From Proposition 4.1(ii) there exists a » O such that

Pgﬁ'k+d) > 2 k large enough,

for all 1i,J € Q such that Uig) = Uij’ Hence for every large enough k € N

w
P{xnd € J, n>k} < T max P{x

n-k jeg (n+1)a € 9 | xpq =3}
o _ (nd, (n+1)d)
LIl )R |

ieI
< TET [1 - min ————9————7]
n=k jed U../U
Loy
Uji =Uji
<TT [1 - min 2 a *]
n=k Jeg Lo U,1/0
(d) ’ (nd)
U =7
31 "Y1
> _a
<T1[ -5

by (a). Since the infinite product diverges (to zero), P{xnd € J, n > k} =
0 for all k € N, and the theorem follows.

Remarks on Theorem 4.1 (1) In Figure 2.1 let I = s* - {6}, J =

*
{1,2,3,4}. Then U = 015 = 4,

(2) Condition (a) was discussed in Section 2 and is satisfied for I

Our next theorem gives conditions under which P{xk €E S} »1 as ko o
by setting I = S, and obtains an estimate of the rate of convergence as
well. We shall need the following lemma, the proof of which can be found in

the Appendix.

Lemma Let a >0, O<a <1, B >a, kgmy€e N, and a/k% < 1. Then

k 1l—q
(1) T [1 - E-] - o(e™PE Ty, as k - w,
2=k, p¢

where b = a/(l-¢) > O,
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(11) for every n € Ny

§ eri-m)® [1 _a } - a5 K o o

mﬁ 2 =m+m
m=k0 0

where 7 = f-a > O.

Theorem 4.2 Let {I,J} Dbe a partition of ( and assume

(a) there exists d € N such that the d-step transition energy from J

to I equals the transition energy from ] to I, for all jJ € d

(Ug%) - Uy for all je ),

(b) every j € J can reach some i€ I (max U
Jeg

(e) the transition energy from I to J is greater than the

T € =)

transition energy from j to I, for all Jj € J (min([U..-U..]1 > 0).

b 3
Also let U  =max U, <o, T > U, and T, =T / log k for large enough k

jeg IT
€ N. Then P{xk € I} -1 as kX -» »., Furthermore, if we assume
(d) there exists 1 € I which can reach some J € J (UIJ < ®),
then

Plx, € I} = 1 - ox™"’Ty, as kK - o,

where v = ?ég[UIj"UjI] (0 ¢« v+ <« » by (e) and (d)).

Proof From Proposition 4.1 there exists a, > 0 such that

a
p(k,k+d) < 1

1j < —ﬁ;}—/—f , ke N, (4.2)
k
for all i,j € Q. Also from Proposition 4.1 there exists ag 0 such that
a
ng,k+d) > "ﬁ_g7T , k large enough, (4.3)
iJ
k

4 _g,,.

for all i,j € Q such that Ujy 13 In the sequel (4.2) ((4.3)) will be

used to upper (lower) bound the probability of transitioms from I to J (g
to I).

Let Jl""’JIO be a partition of J such that UjI = UJrI for all
€ Jr’ and UJrI < UJSI for all r < s. For example, in Figure 2.1 let I =

s* = {5}, J = {1,2,3,4}, so that J, = {4}, 4

1 , - 12,3}, and J5 = {1}.
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. _
Also let ¢ = U /T, a, = UJ I/'I', ﬁr = UIJ /T, Kr = U JS, and kr =
T T s=1
||, for r =1,...,74. Note that a, =a <1 and K, =J. Finally let
T 0] ro ro
p(J,m,n,r) = P{x,, € K, k = m+l,...,n | x4 = §},
and
c(i,j,m,n,r) = P{xkd € K., k= m+l,...,0-1 5 X 4 0= g i},
for i,j € Q, myne N, and T = 1, 5 Tqe Then for every ko €N we can
write
_ (k) (k)
P{xkd € J} = P1 + Pz , (4.4)
where
(kgd)
(k) } Py~ p(3.kqg.k, 1) (4.5)
jed
and
k-1
m=k0 ieI JeJ
for all k = ko,k0+1 . In words, ng) is the probability that xq € J
for all =n = ko,...,k, and ng) is the probability that Xq € I for some
m = ko,...,k—l and X4 € Jd for all n = mnm+l,...,k. Ve can further write
Pék) - pék) 4 Pik), (4.6)
where
k-1
pSE) - } } p{"d) } } p(md (@+Dd)) (5,m41,k,7) (4.7)
m=k ieI r=1 jEJ
and
k-2 k o
Pik) = z } p(md) } } } c(4,j,m,n,2-1) p(J,n,k,T), (4.8)
m—k ieI n=n+2 r=2 Jed
T
for all k = kj,kg+l,.... In vords, pék) (pgk)) is the probability that

when xnd makes the transition from I to J at time m it visits at time
m+1l (at some time > m+2) the state in J with the largest transition

energy back to I amongst the states in J that are visited from time n =
m+l,...,k.
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The motivation for the decompostion in (4.6) is as follows. Suppose we
work directly with (4.4). Observe that the Pék) term only keeps track of
how the chain makes transitions from I to J but not how it stays in J.
In this case we are forced to work with the "worst case" scenario where the
chain makes minimum energy d-step transitions from I +to J (with energy

UIJ) and maximum energy d-step transitions from J %o I (with energy max
jeg
UjI). In order to show that Pék) - 0 as k - » it seems clear that we

would have to require U - max U.,. > 0. On the other hand, in the P(k)
IdJ jed JI 3

and Pik) terms of (4.6) we not only keep track of how the chain makes

- transitions from I to J Dbut also how it stays in J. In order to show that

Pék),Pik) -» 0 (and consequently Pék) - 0) as k > o it is not hard to see

that we need only require minl[U..-U..] > O, which is guaranteed by (e¢). Ve

jeg 13 JI
now proceed with the details.
We start by upper bounding ng). Using (4.3), for every large enough

ko € N we have

k-1
Pl kgrk:Ty) < T ] max Plxp 194 € T | X4 =5}

Q=k0 jed
- T [1 - mn § 28 QDD
~ . ji
e=kq J€T ie1
k-1 g
<TT {1 - nin _—TW]
4a)_
k-1 Uji —Uji
- a
]
<TT [1 - min z _TT]
Uji =UJI
k-1 a2
<T1 [1 - (Qd)a], Jo€ 9, k= kgkgtl, ...,
0
T = 1,...,r0, (4.9)

by (a). Combining (4.5) and (4.9) gives for every large enough ky € N

k-1 a
(k) 2
P < T 1 - ,
1 Q=k0 [ (Qd)a]

k=%Xk k0+1,.... (4.10)

0’
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Since a, > 0 and a < 1 we can apply Lemma (i) to (4.10) for every large

enough kO EMN to get
l-a
ng) = o(e‘b(kd) ) as k - o, (4.11)

’

where b = az/(l—a) > 0.

We continue by upper bounding Pék) and Pik). First, by almost the

same reasoning that led to (4.9), for every large enough n € N we have

k-1 an
P(j;n,k’r) S l l 1 - a » ,j € J, k = n,n‘l'].,...,
T =1,...,25. (4.12)

Next, suppose that

g = L

%, € K, for k = (m+l)d,...,(n-1)4,

Xpg = Jo
for some i,je (), meN, n=nmn+t2,m+3,..., and 1T = 1,...,r0. Then clearly

there exists k € I (1 < k < min[n—m—l,kr]), intermediate times m <« 11

Cowuk ik—l <« n-1, and distinct intermediate states jl,...,jk € Kr such that
Epg = L X(me1)a = 90
14 T e, F(1,+1)a T s, for &= L.kl
Z(p-1)d = Jx*  Fng ~ I (4.13)
Let A(i,j,m,n,r;k,il,...,ik_l,jl,...,jk) be the event defined by (4.13).
Then we have shown that
s(i,3,mn,7) < ) PIAGLEm D TR,y g0y dy))
il""’lk-l’
31""’3k,k
kr—l( kr—l
<k, 2 n-m-2) max P{A(di,] sk, 4
r i i { ( J!m,n,r,k’llQ""ik__lile""jk)}$
_ 10 eodp
Jl,...,jk,k
i,3€Q, n=m+2,m+3,..., me N,
r =1, -»Tq
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Now using (4.2) and (4.12) it is not hard to show that for large enough m €

N

P{A(i,j,m,n,?;k,il,i..,ik~1,j1,...,jk)} -
a§+1 n-2 a2
> UiJ/T 2 =m+k o ar]’
(md) ea)

and consequently

k -1
U, ./T . a
ij Q-—m+kr (2d) T

n=mnra,m+3,..., T = 1,...,r0, (4.14)

¢(i,3,m,n,7) < 0 , i,3 € q,

(md)

where ¢, is an unimportant constant. Combining (4.7),(4.8),(4.12), and

(4.14) gives for every large enough Kk, € N

© )
p3 +P,

T
0 k-1 . k-1 2y

< cC 1l -

sep ) ) — IT a
r=1 m=k, (md) T e=m+l (ea) T
T

+03 —-_— [1— ], k=k,k+1,...,

ﬁr =m+k +1 Ay 0*™0

r=2 m=k0 (md) r-1 (ed)

(4.15)
where C, Cz are unimportant constants. Since ag o, dp < a, =a <1,
’ 0]
and (ﬁr—ar)T = Urs —UJ r = min [UI.—UJI] > 0, for all r = 1,...,r0, we can

T r JEJr
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apply Lemma (ii) to each term in (4.15) for every large emough koe N to get

Ty
(B~ -
I } ok ) - ox"’ Ty, as koo,  (4.16)
r=1
where the last equality follows from
v = minl(U_.,-U,.] = min (U - U 1 = min (3.,.-a )T.
Jed 13 3T r=1,...,r0 1Jr JrI r=1, > Tq rr

Finally, combining (4.4),(4.6),(4.11), and (4.16) gives

-b(kd)+ @

P{z,, € J} = O(e y + ox T/, as K o . (4.17)

Similarly we can show that in (4.1%7) P{xkd. € J} can be replaced by

HP{Xkd+ko € J}, for all ko =0,...,4~1. Hence
—pkla —~ /T
P{xk e J} = 0(Ce ) + 0(k R as k - o, (4.18)
and the Theorem follows since b,r > 0 (and v <« » if (4d) is true). -
*
Remarks on Theorem 4.2 (1) In Figure 2.1 let I = S8 = {5},
*
= {1,2,3,4}. Then U = U15 =4 agnd v = U51—U15 = Ul-—U5 =1,

(2) Condition (a) was discussed in Section 2 and is satisfied for I =

(3) Condition (c) is satisfied for I =S and Q symmetric since

min(U..-U,..] > min [U = nin [(U,-U.] > O.
jeg L3 9T T 46T jeq 54 1eT,jeg 9 1

(4) Vhen condition (d) is not satisfied (v = «»), (4.18) shows that

e l-a
15

P{xk € I} =1 - 0(Ce s as k - o,

where ¢ = U*/T and b > 0. Vhat we have actually shown is that
l-q

P{xk € I, some n < k} =1 - O(e~bk

) as k - o,
and this is valid when only (a),(b), T > U, and Ty 2 T / log k for large
enough k € N are assumed. Theorem 4.1 can be deduced from this by taking
T = U*. It is possible to lower bound b 1in terms of the aij’s from
Proposition 4.1, but we shall not do so here.

(8) We can get a somewhat better estimate of the rate of convergence as

follows. Let 9 Dbe the collection of subsets of I such that I0 € 39 1iff

the partition {IO,JO} satisfies conditions (a),(b),(c), and (d). Assume

-~ 24 —




that 9 # ¢ and let

(1) 7(Ig)

——— = max ——— ,

U (I,) Il U (I

* * % £ 3 * X
v =7v(I,), T =T (). T>T , and T, =T/ log k for large enough k
€ N. Then
*
P{Xk € I} =1 - O(k.—T /T), as k » o,

The corollary to the mnext theorem gives conditions under which
P{x, € S a.a.} = 1 Dby setting I = S.

Theorem 4.3 Let (I,J} Dbe a partition of (Q and assume that the

>

transition energy from I to J is positive (UIJ >» 0). Also let U, = UIJ

0, € » O, and T, < (Uy—€) / log k for large enough k € IN. Then

P{xk € I a.a.} = P{xk € I i.o.}.

Proof Let T = U,-e. Then from Proposition 4.1(i) there exists a > O

such that
k,k+1 a
ng e k€N,
g +J
for all 1,j € Q. Hence
- - (k,k+1)
P{xk € I, Xy € J} < max P{Xk+1 e J | X, = i} = max pij
ielI iel
7] jedg
a Jla
< ex T /T = U7T ke N,
j€T ¥ *9
and since U,/T > 1,
} P{xk € I, X4 € J} <« »,
k=1
Applying  the "first" Borel-Cantelli  Lemma (ec.f. 71 we  have
P{xk € I, Xy € J i.0.} = 0, and the theorem follows. -

Corollary 4.1 Let {I,J} Dbe a partition of (Q and assume that
(a) there exists d € N such that the d-step transition energy from j

to I equals the transition energy from J +to I, for all j € J

(@) _ .
(UjI = UJI for all j € J),
(b) every Jj € J can reach some i€ I (max UjI ¢ ©),

JET

— 25 —




(e) the transition energy from I to J is greater than the

transition energy from j to I, for all je€ J (U,., - max UJI > 0).
Jeg
* *
Also let U = ?gg UjI ¢ @, Uy =U;3>0, U <T <« U, and Tk =T / log k

for large enough k € N. Then P{x € I a.a.} = 1.

IJ

Proof Combine Theorems 4.1 and 4.3.

Remarks on Corollary 4.1 (1) In Figure 2.1 let I = S* = {8}, J =

*
{1,2,3,4}. Then U = Ujg =4 and U, = Ug, = 4. Hence, unlike condition

(¢) of Theorem 4.2, condition (c) of Corollary 4.1 is not generally
satisfied, even when I = S and Q@ is symmetric.

(2) Note that

U =V =V = nin max[0, U
IJ IJ IJ i€I, jeg,
qij>0

The corollary to the next theorem gives conditions under which

J—Ui}.

P{xk € Si.o.} ¢« 1 Dby setting I = S. By (4.1), these are conditions under
which the algorithm does not converge according to any of our criteria.

Theorem 4.4 Let ({I,J} Dbe a partition of (Q and assume

(a) the transition energy from J to I is positive (U

g > 9

(b) every 1 € I can reach some j € J (max Usg ®).
ieI

Also let ¢ » 0 and T, < (UJI—e) / log k for large enough k € N. Then
P{xk € Ii.o.} <« 1.

Proof From Proposition 4.1(i) there exists a > 0O such that

(k,k+1) a
Pij = g, /T ke,
g i3

for all i,j € (. Hence for every large enough k € N

P{z, € 3, n >k} 2 Plx . € 3} T ] min Plx,, € J | 5, =}

n=k jed
=P{x_€ J} T T |1 - max } pgn,n+1)
k n=k ! Jedg 31
ieI
| a
> P{xk € J} L=£ -1 - ?gg —ﬁ—I7T]
eI n J
2 all

n=k t n JIl




Since U . /T > 1 the infinite product converges (to a positive value), and
by (b) P{xk € J} > 0 for infinitely many k € N. Hence P{xn € J, n>k} >
0 for some large enough k € N, and the theorem follows.

Corollary 4.2 Let {I,J} be a partition of ( and assume that

(a) the transition energy from some jJ e g to I is positive

(?2§ UjI > 0).
* E 3 x* * *
Also let W = max W > 0, J ={je J: W =WV}, I =Q\J, and
ey T JI

assume that

(b) the transition energy from 3° to I° is positive (UJ*I* > 0).

*
--Finally let ¢ > 0 and T, < (W —¢) / log k for large enough k € N. Then

P{xk € I i.0.} <« 1.

*
Proof Observe that W = UJ*I* and apply Theorem 4.4 to the partition
* *
{T ,91.

In Figure 2.1 let I =S = {5}, J = {1,2,3,4}. Then W = W,x = Wor = Wap =

15 25 35
x*
2 and Jd = {1,2,3}.
We next state a theorem of Hajek’'s which gives necessary and sufficient
*
conditions for P{xk €ES}t->1 as k - =,

Theorem (Hajek) Assume that

(a) i can be reached from j, for all i,j e Q (Q 4is irreducible),
(b) if i can be reached from J at energy U then jJ can be

reached from i1 at energy U, for all i,j € Q and U € R (U1+Wij

Uj+wji’ for all 1i,j € Q).

x
Let d = max VjS* < o, T > 0, and Tk =T / log k¥ for large enough k €
*
Jgs
* *
N. Then P{xk ES}->1 as koo iff T >4 .
Proof See [9].
Remarks on Hajek'’'s Theorem (1) 1In Figure 2.1 we have - = v = 3.

15
(2) In Hajek’'s paper conditions (a) and (») are called "strong

irreducibility" and "weak reversibility", respectively. Condition (b)) is

satisfied for @ symmetric.

*

(3) Obviously W* <d < v and the equalities hold only in fairl
y
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trivial cases. Hence under conditions (a) and (b)), Hajek's Theorem is
stronger than our Theorem 4.2 and Corollary 4.2 with I = S*. However, the
conditions under which our results are obtained are different, and in general
weaker than Hajek's, with the exception that condition (e¢) of Theorem 4.2 can
be true when condition (b) of Hajek’'s Theorem is false and conversely. Also
we obtain an estimate of the rate for which P{x.e $} 51 as k - .

We <close this section by indicating how we can analyze various
modifications of the annealing algorithm by our methods. Such modifications
might include

(1) allowing the Q@ matrix to depend on time,

(ii) measuring the energy differences Uj_Ui with random error,

(iii1) allowing the temperature T to depend on the current state x

k k-’
The important point to observe in modifications such as these is that our
results depend only on the Markov property of the annealing chain {xk}kem
0
. (k,k+d)
and the asymptotic behavior of its d-step transition matrix {P }kEIN
0]
as k - o for fixed 4 € N. In particular, our results are based on
satisfying one or both of the inequalities
U, ./T
lin x T4 plEEHD g (4.19)
koo iJ
and
U../T
Iim k *J p§§'k+d) (4.20)
k-

for appropriate 1i,J € (). Hence our results are valid for any Markov chain
which satisfies (4.19) and/or (4.20) for appropriate 1i,j € Q. Ofcourse in
general the Uij's are not given by (2.1), and can infact be any
non-negative real numbers (or «), with the exception that in Theorem 4.2 we
require Uij < U1Q+UQ3 for certain 1,j,2 € . VWe are currently examining
the modifications of the annealing algorithm mentioned above and are also

attempting to extend our results to more general (countably infinite and

uncountable) states spaces.




5. Conclusion

¥e have analyzed the simulated annealing algorithm focusing on those
issues most important for optimization. Here we are interested in finding
good but not necessarily optimal solutions. Ve distinguished between the
finite time and asymptotic behavior of the annealing algorithm. In our
finite-time analysis we gave a lower bound on the probability that the
annealing chain visits a set of low energy states at some time < k, for k =
1,2,.... This bound may be useful even when the algorithm does not converge
and as such is probably our most important result for applications. We are
currently engaged in trying to apply this bound to a specific problem. 1In
our asymptotic analysis we obtained conditions under which the annealing
algorithm converges to a set of low energy states according to various
criteria. Hajek has recently given necessary and sufficient conditions that
the annealing chain converge in probability to the minimum energy states. We
gave an estimate of the rate of convergence. Our methods apply to various
modifications of the annealing algorithm. We hope to explore some of these

modifications and to extend our results to more general state spaces.




6. Appendix

Proof of Lemma (i) Vithout loss of generality we assume ko = 1. Then

using the inequality 1+x < eX¥ for all x € R we have
k k-1

k 1-a
TT [1 - 9—] < eXP[— a } —1—} < eXP[- a I L dx] - P
2-1 o 0 ¢ 1 x*

ke N. (A.D)
Proof of Lemma (4ii) Vithout loss of generality we assume ko =g = 1.

Then using (A.l1) and the inequality (x+1)Y < x7 + y for all x> 1 and O

< ¥y £1 we have

k l-a _,.,1-a i 1-qg
T [1 3 EE] < P(m+1)™ = -bk < e% bk™ = bm™ T
0=m+1 [}
E=n+l,m+2,..., m€ N.
Let
2
l-a
- (k+1-m)® _bm -
fn(k,Q) } T—'e ’ 2 1,-..,k, k € IN, n e [NO.
n=1
Then we can write
k
n k l-a
) (k+l-m) 1= [1 - 9—] < e® ™™ " (x,k), k€N, ne,.
a n 0
ne1 ™ Q=m+1 Q

We shall show that for every n € mo there exists a.n,bn € R such that

n l-a
f (k,2) < a (k+1-0) ebQ + b k2, g =1,...,k, ke N,
n n o7 n
(A.2)
and consequently
k
n k
2y o 2=m+1 ¢

as required.

Proof of (A.2) is by induction on n € mo. First consider n = 0. Let

g(x) = ebx/xﬁ, x > 1. Since ¢ (x) > O for large enough =x, it follows
that
2 1-q
e
£o(k,2) = )

bm
m=1 m

Q
< Jlg(x)dx + g(1) + glm)
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2
= dx + e +
l, i
1 Ql—aebx b ele_a
=—I-——G,'J‘1 ;S—-dx + e +‘—Q‘B_‘_) Q=1’-",k9 kE[N,

where § = (B-a)/

Then expanding e

(1-g¢) = v/(1-a) > 0. Let |§] Dbe the largest integer < §.

bx in a Taylor series and integrating term by term we have

1—(1 [ 1“"(1
2 i i be
1 b™x b e
i=|6
© _ 1-qg l-g
) —lg } bixi Ix— . eb . ebQ
(1-1)1(1-5) =

a(Q i=‘_5]+1
ele—a
< ao Q7 + bO’ e =1,...,k, k€N,
where ag = 1 + (1/a)((|§]+1)/([5[+1-8)] and Db, = eP.

Next assume

parts (c.f. [10])

fn+1(k,2)

IA

<

if we set ans1

valid for all n € mo.

(A.2) is valid for n € Ny and consider n+l. Summing by

we have
-1
(k+1-2)2,(k,0) + ) £ (k,m)
mn=1

_pyh+1l l-g
a (k+1-0) ebQ + 2bnkn+1

+ anfn(k,Q)

n+l _
o+l % e + bn+lk , 2 =1,...,k, keN,

= an(an+1) and Db = bn(an+2). By induction (A.2) is
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FIGURE 2.2 TRANSITION DIAGRAM FOR EXAMPLE 2.2




