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ABSTRACT

The Multiple Model Adaptive Contrel algorithm has been used in appli-
cations of advanced control technology. However, in these applications,
many undesirable characteristics of the method, such as high amplitude
limit cycles, have been uncovered. In this thesis the basic types
of behavior exhibited by the method are explored. This is done through
the simzlation and analysis of the method as applied to a sample system
structure. This structure has been carefully chosen to exhibit the
major phenomena of interest while remaining amenable to detailed analysis.
Two major types of results are presented. First of all, detailed conditions
for the existance of each of the types of behavier are developed for the
special system structure under consideration. Of possibly greater signi-
ficance are the qualitative insights which result from extrapolating the
detailed conclusions to problems of more general structure. It is believed
that the qualitative understandings developed in this thesis can form the
basis for the introduction of design modifications (two of which are
suggested in this thesis) and the development of a systematic methodcolegy
for the design of adaptive control systems using the Multiple Model
Adaptive Control algorithms.
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CHAPTER 1

INTRCDUCTLION

1.1 Motiwvation

In many applications of control theory, the dynamics of the plant
are incompletely known at best. Furthermore, the dynamics are often time-~-
varying and non~linear. In such an environment, control becomes a very
difficult task and the problem of the optimal control of such systems
remains unsolved. However, such systems need to be controlled and so
a myriad of suboptimal schemes have emerged.

The many methods which have been proposed can, in general, be di-
vided into two classes: the passive methods which rely on the robustness
of a time-~invariant feedback controller to maintain gocd performance and
the active methods which involve changing the controllers as necessary.
For example, much of the work of Horowitz [1,2] has been aimed at de-
riving a single, time-invariant contrel law which gives acceptable be-
havior for all plant parameter values (a passive approach). The work
of Wong [3, 4] has similarly been aimed at analyzing the robustness
properties of feedback controcllers using a geometric approach, and
Safonov [5] has derived robustness conditions for contrellers when the
parameter variations are due to a change in the operating point of a non-
linear system. It should be pointed out that the ad hoc approach of
increasing the plant noise design parameter (see Section 2.1) often
mentioned for the standard Linear-Quadratic-Gaussian (LOG) problem [6]
is also a passive method of overcoming plant uncertainty.

A major problem with such methods is that they are, by design,

compraomises. Performance for normal conditions is sacrificed in order

8-
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to improve performance for other conditions. In the extreme, it may be
impossible to maintain the desired performance for the full range of con-
ditions using a fixed controcller.

In contrast to the passive methods, the active methods make use of
a time~varying controller. Thus, they employ mechanisms which force the
controller to acdapt to changes in the operating environment. This, at
least in theory, improves performance under all operating conditions
since the controller can be tuned to the actual, rather than the average
or even worst case, conditions.

Az previously mentioned, the optimal control of such systems is an
unsolved problem. Thus ad hoc, suboptimal techniques have been proposed.
However, partly because of the non-linearities (due to adaptiocn) of such
methods, they have not been subject to careful study regarding qualitative
performance characteristics such as deterministic stability. In applica-
tions, many of these methods have exhibited difficulties which have been
mitigated by further ad hoc modifications of the design [16, 23]. 1In
general, these modifications were not the product of extensiVe, systematic
analysis of the system's behavior and no general désign methodology has
emerged.

The resSearch which is reported herein attempts to gqualitatively and
quantitatively examine the properties of one method of adaptive control
which has been discussed in the literature, namely, the Multiple Model
Adaptive Control (MMAC) method [7]., The MMAC method, which is discussed
further in Chapter 2 of this thesis, has a very pleasing structure: a
cascade of something which resembles a Maximum Aposteriori Probability

M2aP) identifiex [15] (basically a bank of Kalman Filters) and a bank of
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linear quadratic regulators. However, in use it has become clear that

the MMAC method can exhibit unacceptable behavior - such as high amplitude
limit cycles. In this thesis the major qualitative properties of the
MMAC method are examined and the principle reasons for the unacceptable
behavior explored. It is believed that a through understanding of the
behavior will lead to guidelines for the modification of the design

which will ultimately yvield a general design methodology.

1.2 Background

The general area of adaptive control has received much attention
recently. ¥Yor example [28] and [27] both contain numerous references
to a wide variety of appreaches. The basic subject which is addressed

is to generate a contreol u(t)} for a system given by
x(£) = Al£)x(t) + Bltlu(t) + L(k)

with cobservations
y(t) = c)x(t) + nit) .

The state x(t) is an n-vector while the input u(t) is an m-vector and
y(t) is a p-vector. The vectorslgtt) and n(t) represent system un-
certainties and cbservation noise respectively. The condition which
introduces the most complexity is that the system matrix A (nxn}, input

matrix B (nxm) and output matrix C (pxn) are only incompletely known.

The performance measure which is often used to judge such systems is

a quadratic one, given by



=11~

o

T = [ [x'(£)Q x{t) + u' (t)Ru (t)]dt
0

where Q is an nxn positive semi-definite matrix and R is a mum positive
definite matrix.

The scolution to this control problem has not been found and the
work in [7] clearly indicates that the optimal system, assuming it can
be found, will prove to be far tooc complex to implement. Thus, numerous
suboptimal solutions have been proposed.

The MMAC method was largely inspired by the work of Magill [8] who
was the first to examine a parallel -adaptive estimation algorithm in
which the basic estimation is done by a bank of filters which are then
coordinated by a centralized controller (see Figure 1.1). Further work
in the area has been done by Lainiotis whose work has been summarized
in [9]. The major thrust of this work has been aimed at adaptive esti-
mation and parameter identification and not the control problem.

Many authors [10, 11, 7] have examined feedback controllers based
on the structure of Magill's estimator, however. TFor example, Stein
[10] has been able to derive upper and lower bounds on the cost in the
optimal control problem and using the upper bound, has obtained a control
law exhibiting a parallel structure. Saridis and Dao [1l1l] have ex-
ploited Stein's lower bound to obtain a different control law. One
major drawback of both algorithms is that they require significant
on-line computation.

Willner [7] proposed the MMAC algorithm as discussed in this

thesis and showed that it performed well in relaticon to both the
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upper and lﬁwer bounds of Stein. Independently, Deshpande et al [12]
arrived at the same algorithm as an ad hoc extension of the estimation/
identification algorithm of Magill [8]. The method has been Ffurther
considered by Lainiotis {13].

To our knowledge, no one has been successful in establishing any
definitive properties on the behavior of the MMAC method. Specifically,
the convergence properties of the identification problem (i.e., with
the adaptive mechanism disabled) have only recently been proven. Both
Hawkes and Moore [14] and Baram [15] have provided useful results, but
both results do not hold in an adaptive situation (i.e., when the con-
trol law is a function of the system output).

The MMAC method has been applied to various settings. For example,
in Athans et al. [16, 23] the method has been used to control the F-8
aircraft. Also, the F-8 controller of Stein et al. [17] can also be
considered to be a multiple model design. Additicnal experience with
and insight into the MMAC method has been gained by applying the esti-
mation/identification algorithm to the detection of accidents on free-
ways [18].

Tc a great extent, the F-8 project [1l6, 23] has provided the moti-
vation for our work. In that project, where the true system does not
correspond exactly to any of the hypothesized models, several problems
were encountered. First of all, the probabilities often oscillated
rapidly between two models, exhibiting behavior very much like a limit
cycle. This problem led to a design modification consisting of the

ingertion of low pass filters to slow the probability transitions.
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A second problem which was encountered involved the choice of which
medels to include in the set of possible models. The aircraft, of course,
responds in a continuous way to parameter changes, and model set seléction
was found to have a congiderable effect on performance.

It is issues such as these which have motivated our study. CQur
goals have been to understand the characteristics of the MMAC method

and develop a useful design methodology based on the MMAC algorithm.

1.3 Contributions of This Thesis

This thesis presents the results of a detailed study of the MMAC
algoritim. The major conclusions of this study, which are detailed in
Chapter 6, are of two basic types. First of all, there are specific
conclusions which the analysis of Chapters 4 and 5 yield. However,
since the analysis of these chapters relies heavily on a special case,
the results are of relatively little direct applicability. However,
they are indicative of the types of and basic causes for behavior which
has been observed in more general situations. Thus, of possibly greater
importance are the gualitative conclusions which result when the specific
conclusions are extrapolated to general problem structures. These
gualitative results are also detailed in Chapter 6.

The following are the major results of this thesis.
1. The neutral stability of the MMAC method is established.
2. Conditions which guarantee state convergence are derived.

3. The MMAC algorithm consists of a bank of Kalman Filters,

each corresponding to a hypothesized linear time—invariant model of



-15-

the system generating the observations (referred to as the true system).

The outputs of each filter are used to calculate the aposteriori prob-

ability that each filter matches the true system. The feedback control

is then given-by the probabilisticly weighted average of the controls

calculated for each hypothesized model. (See Chapter 2 for a completa
discuséion). This results in a highly non—linearlclosed loop system.
However, if the probability is constrained to be comnstant, then the
closed loop system becomes linear time-invariant. In this thesis it
is shown that even if the closed loop system is unstable for all
constant values of the probability, the overall system may have a
bounded (in fact "hyperbeolicly stable" - see Section 4.6) response.

For a special case, specific conditions are deriwved.

4, The effects of numerical roundoff are examined and a form of

implementation which behaves well is proposed.

5. The specific results of this thesis can be used to predict the
gualitative behavior of MMAC systems which have a more complex structure

than the cones analyzed herein.

4.1 oOverview of this Thesis

In Chapter 2, the MMAC algorithm is introduced in the form which
will be used in the reaminder of this thesis. Both the continucus and
discrete time versions of the algorithm are presented, although the
discrete version is employed for the majority of the analysis.

In Chapter 3, the canonical problem which forms the focus for the

entire thesis is introduced, This problem, about which warious structural
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assumptions are made, has been carefully selected in order to provide a
situation which retains many of the gualitative properties (such as the
existence of oscillations) which have been cobserved in more general
problems while simultaneously being amenable to detailed analysis. The
remainder of the chapter contains a discussion of the various types of
behavior which have been observed in simulations of the canonical problem
along with sample simulation xesults to illustrate each behavior. The
basic responses are shown to be of three types. 1In the first, termed
"exponential” or "geometric”, the states are geometrically stable. In
this case, all of the states are decreasing for all constant values
of the probability. The second type termed "oscillatory" results in the
probability oscillating between zero and one, which in turn results in
the states exhibiting an oscillatory behavior, alternately increasing
and decreasing along with the probability. The third type termed
"mixed", results. .in a behavicr which, depending on the magnitude of the
initial conditions, exhibits either an oscillatory or exponential
behavior. These simulations have been used to motivate the analysis
in the remainder of the thesis.

Chapter 4 contains the majority of the analysis of the MMAC method.
In this chapter, each type of behavior described in Chapter 3 is analyzed
in order to yield an understanding of the underlying causes of the
behavior. This results in conditions which guarantee the existance of
the exponential mode, Furthermore, various approximations are used to
characterize the major modes of behavior which lead to conditions for

the presence and absence of each behavior for the special case of the
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canonical problem. Beyond this, more general gualitative results are
also presented.

In Chapter 5, various aspects of the problem of implementing the
MMAC method using a digital computer are discussed. By far the most
important of these is the modification to the analysis of the oscilla-
tory behavior when the finite precision nature of the computer becomes
a factor in the behavior. Balso discussed are the effects of using
sach of the variocus forms of the equations as far as numerical accuracy
ig concerned. The chapter concludes with the proposal of a new form
of the equations which is believed to allow the designer greater latitude
in design without encountering numerical problems.

Chapter 6 contains a discussion of various ad hoc design modifica-
tions which have been proposed in order.to overcome the shortcomings of
the MMAC method. Also included there is a summary of the conclusions

of this thesis as well as some suggestions for future research.

1.5 ©Notation

The following is a brief list of the notation employed in the
thesis. Except for the notation for the components of the residual

of a Kalman Filter, all are believed to be standard.

Matrices are represented by upper-caSe letters which are
underlined.

Vectors are represented by lower case letters which are
underlined.

Scalars are represented by lower case letters (not under-
lined).
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the transpose of A.

the norm of a matrix = Max A(A'A)
the set of eigenvalues of a matrix.
the Null Space of a matrix.

the 6-1-norm of a vector x given by
Vk'e-lx for 81 positive definite.
the nerm of a vector given by V§T; )
magnitude of a real or complex a.

change in x({-) from k-1 to k.

Product for i=l to N

Sum for i = 1 to N

vector of true state variables

scalar true state component i
.th

scalar j— component of z;

open interwval between a and b.

closed interval between a and b.



CHAPTER 2

REVIEW OF THE MMAC METHCD

The purpose of the present chapter is to introduce the Multiple
Model Adaptive Control {MMAC) algorithm. & full discussion will not be
given as that is available from other sources [7, 12].

The MMAC algorithm is composed of two parts. The first, which
performs an estimation/identification function, is similar to a Maximum
Aposteriori Probability (MAP) algorithm [15] which is discussed in Section
2.1 for the discrete time case. The MAP algorithm is structured as a
bank of Kalman Filters with some decision logic. The second part, which
is cascaded with the MAP-like algorithm, is a control computation which
is discussed in Sections 2.2 and 2.3 for the discrete time case.

The remaining sections of this chapter contain a development
and discussion of the special forms of the eguations for the MMAC algorithm

which prove useful in the remaining chapters of this thesis.

2.1 Maximum Aposteriori Probability (MAP) Identification

2.1.1 The Kalman Filter (¥F)

Assume that a linear, time-invariant (LTI} discrete time system is

given by:

x(k+1l) = A x(k) + Bu (k) + (k) (2.1a)

with cbservations:

vk} = Cx (k) + nk) (2.1b)

=19=—
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where x{k) is the n-dimensional state vector, u(k) is the m-dimensional
control vector and y(k) is the p-dimensional cbservation vector. The
noise sources (k) and n{k) are taken to be zero mean white Gaussian
noises of covariances = and J respectively. The matrices A (nxn), B
(nxm) , and C (p¥n) are the system, input and output matrices respectively.

We will use the notation

(a, 8, O (2.2)

to refer to the above system. The system (A, B, C) which generates the
cbservations y(k) will be called the true system.

In practice, the actual values of the matrices A, B, C, = and y are
unknown. However, estimates of these parameters are often available from
a knowledge of the sysﬁem.' Thus, (éi' Ei' gi) will be used to denote

the ith model of the system, given by:
x(k+1) = & x(k) + B.u(k) + z(k) (2.3)
= 8 25 3
y(k) = C.x(k) + ni{k} .
. e —

For the purposes of the present study the values of J and = will not
vary from model to model, although extensions to that case could be con-
sidered.

It is well known thét the steady state Kalman Filter (XF) (19, 20]

which estimates the state x(k), based on the model

.)

G

(A. ’ B,
-1

is given Dby
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£ (k+l) = a. 2 (k) + B.u(k) + H. r, (k+l)
= —1—i =i =i
(2.4)

rik+l) = y(k+l) ~ C. [A. % (k) + B, u(k)]

= =1 =i —1—

. . .th
where El is the Kalman gain for the i— model:

H, = SCly T - (2.5)

-1 A4+ :
and El is the nxn solution to the familar Riccati equation

-1 -1t
L, = [C'¥ "¢c, + (A, L.A' + 3) 7] . (2.8)
—i =~ =i —-—i4 =

The state estimate -%i(') is n-dimensional, while the residual vector,

T (), is p-dimensional.

2.1.2 Properties of the Kalman Filter

The Kalman Filter has many interesting properties, {see for example
[19]1), a few of which are useful in understanding the MMAC method. These

are now discussed. A few definitions are useful.

Definition 1: The ith Kalman FPilter is said to be matched if the matrices

used in the filter design (i.e., the model) and the matrices of the true

=E_

system are identical; that is, if A, = A B, = B and C.
= - - -

r 1

Definition 2: The Filter is called mismatched if it is not matched.

Property 1l: If the ith Kalman Filter is matched then in steady state:
E{r. (k)} =0 (2.7a)
—-—J- —

E{El (k)g;.-_l_zg_].: (e )}-_- I8 (k-e) (2.7b)
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where 6(.) is the impulse function, E{+} denotes expectation, and ei is

given by

Ei =y +Cczi.Cc' . (2.7c}

. . E . . ~ . ,
Furthermore, if the i h filter is matched, then zi(-) gives the optimal

estimate of the state x{").

Property 2: If the ith Kalman Filter is matched, then the probability

density function for the residual Ei(;) is given by [20]:

1 ., -1
"7 58

P(gi) = Bie (2.8a)

with

-1
8, = (\/(2 ™l l) . (2.8b)
1 —1

t
Property 3: If the i h Kalman Filter is mismatched then

E{r. (k})} =, (k) (2.9a)
r _

T,

-1

Bl(z, (k) - £, NS e () - T ('} = T (k=0 (2.9b)
bt N -1 -1. -1 -1 —i

where E:in general is nonzero and E; is a function of the system and the
noise covariances (see [28]) with, in general, E;(O) > 1.
It follows that if two filters (one matched and one mismatched) are

computed then
E{r'(k)e-lr (k}} < E{r'(k)B-lr ()} {2.10)
=] -1 =1 = - =2 . *

whexe r

1 is from the matched filter and r, is from a mismatched filter

2
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[16]. Thus, if equation (2.8) is evaluated for both a matched {1) and

a mismatched (2) XF, then

E{p(r,)} > Elp(r,)} . (2.11)

2.1.3 The Probability Equation

Assume that we are interested in identifying a dynamic system from
its outputs and that the true system is known only to be one of N speci-
fied models. Baye's rule and Properties 1-3 imply (15, 7] that the

o .th \ .
probability that the i~ model matches the unknown system (Pi) is given

by

P, {k) pl{r. (k+l1})
—i

Pi(k+l) = (2.12)

(|1 L

P.(k)p(r. (k+1))
J -]

o1

where p(ri(k+1)) is given by equation {(2.8). The structure of the re-

sulting system is shown in Figure 2.1.

2.2 Adaptive Control

If one knew with certainty which model matched the true system, it
would be a simple matter to design a contreoller using any of the standard
synthesis techniques. Therefore; one reasconable way to determine a

control law for the unknown system is to probabilisticly weight the con-

trols which would be used if one assumed that one of the models was

correct. That is, let

N
ulk) = £ P, (k)u, (k) (2.13)
- j=3 1 — '
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where Pi(k) is given by equation (2.12) and Ei(k) is the control which
one would apply if model i were assumed to be matched to the true system.

It will be assumed that

u. G, 8, (2.14)
-1 -

although this is not necessary and is further discussed in Section 2.3.

Figure 2.2 thus summarizes the Multiple Model Adaptive Control method.

2.3 The Contrel Law

The MMAC method as developed in the literature [7, 16] has assumed
that the linear guadratic (1) methodology is used to design the controller.

Thus, the feedback gains Ei of equation (2.14) are chosen tc minimize

J(u) = I (x'(k)Qx (k) + u'(k)Ru(k)) . (2.15)
k=1

It can be shown [21] that the optimal gains are given by

G. = [B'K.B. + Rl T B'K.A. (2.16)
=i =i—i—i = —i—i-i

where Ei is the solution to the steady state Riccati equation

-1
XK. =0, +A'K.A. - A'XK.B.[B/K.B. +R] B.KA. . (2.17)
=i ] e R e e e A o S

Although to date, all references to MMAC have made use of the control
law (2.16), this is not a necessary part of the method. Thus, any control
law which gives good results for the respective model may be used. How-
ever, there is a strong interaction between control law choica and

adaptive performance due to the feedback, about which very little is known.
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For the purposes of this study we will for the most part restrict our
research to control laws based on the linear guadratic (Equation 2.15)

form.

2.4 Comments on MMAC

A few comments are in order.

1) The MMAC algorithm, as shown by Willner [7] is suboptimal even
for the problem originally posed. Willner was able to show that the
algorithm is optimal for the final step of the dynamic programming
algorithm [7] but was unable to continue the calculation backward in

time.

2) As posed above, the true model is assumed to belong to a finite
set of known models. Lainiotis [9, 13] has discussed the infinite set
case but concludes that a finite approximation is then required for use
in applications. Thus, for most real problems when the true model may
take values from an infinite set, a further suboptimal approximation is
required. The results of Baram [15] (which apply only to the open-loop

case) may help in discretizing the mcdel set.

2.5 Continucus Time MMAC

As developed in the preceeding sections, the MMAC method has been
based on discrete time systems. For analysis purposes, it will be useful
to consider the related continucus time problem, largely because of the
simplified form of the probability eguation.

The complete equations for the method will not be given here as they
are the continuous time regulator and continucus time Kalman Filter

egquations [19, 6] with a set of equations for the probability of each model.



-28-

Dunn [22] has shown that if P_(t) is the probability of the 1%

model at time t then

P (£) =P, (
1

N
PRI .)g ¥ - =Z P, ) (2.18)

C.R.
1 37373
where 95' Si and y are defined analogously to the discrete time case and
Q_is the observation noise covariance. The property which makes Equation
(2.18) useful for analysis is the absence of either exponeptials or a
denominator. These equations are examined further in the two model, two

state case in the following section.

2.6 A Special Case

Of special interest to the research at hand is the case when N=2
(i.e., the two model case) with full state observation. Furthermore, we
shall assume that the input (3) matrix is the identity.

The special case captures all essential features of the problem that
we are interested in examining without adding unnecessary complexity, and

it forms the central focus for this research.

2.6.1 Discrete Time Case

In the discrete time case, the true system is then given by

x(k+1) = ax (k} + u(k) + (k)

(2.19a)
7(k) = x{k} + n(k)
with models
Model 1: % (k41) = AR (k) + uk) + 5ik)
(2.19b)

y(k) = % (k} + n(k)
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Model 2: X, (k+l) = a2 (k) + u(k) + Tk}

(2.19c)
glk) = & G + ntk) .
Thus, the MMAC method reduces to the following set of discrete time
equations
x{k+l) = ax (k) + ulk) + Z(k)
y&k) = x(k) + nik}

& (ktl) = AR (k) + ulk) + Hr, (k+1)

zy (k+l) = y(k+1) - & % (k) - u(k)

£ (k+1) = B,% (k) + ulk) + Hyr, (k+1) (2.20)

£, (k+1) = y(k+1) - A2 (k) - ulk)

alk) = -2.G % (k) - P,G,%, (k)
P, (k) p{x))
1 v =1
P, (k+l) = .
1 Pl(k)p{_z;l) + P, (k)p(z,)
1 [} _l
ey -8 2 (239, z;]
PiZi) = By :

The major goal of the research has been to understand such qualitative
properties of the MMAC method as stability. Since the phenomencn which
have been observed are largely due to the nonlinearities of the system
and occur even in noise-free simulations, the ncise terms £{-} and n(.}
add an unnecessary complexity. Thus, these terms are ignored in the

remainder of this thesis. It should be noted that the KP's, designed
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assuming the noises to be present, are an integral part of the MMAC method
and are therefore retained. Thus, the principle focus of the work is to

examine the deterministic properties of Equation (2.20) and the correspond-

ing continuous time system discussed in the next subsection. Since the

sum of the probabilities of the models must always be 1, it is known that

Pz(k) = (l-Pl(k)) .

Then, rewriting Equation (2.20) in terms of the rxesidual Ei(k) we see

that the equations of the MMAC method can be summarized by

x(k+l) = ax (k) + u(k)
3 (etl) = (A-R,)x(k) + éltz-fl)gl(k)
r, (k+l) = (2~ )x(k) + A, (I-8,)z, (k) (2.21)
ak) = -(pG, + (1-P,)G, ) x(k) + PG, (I-H)r, + (1-2.)G, (I-H,)x,
p_{k+1l) = Pl(k) P(El)‘
1 P, (k) plz;) + (1-P; (k) plz,)
- >8]
2 - —
plr,) = B.e ;
-1 1

It will be useful notationally to combine the state and residual

equations into one vector equation. Therefore, we define the vector
w k) =[x (o), xj ), )]

Thus, Equation (2.21) can be rewritten as



- , N . g VT
APy - (1P))Gy 1 PG (ToHy) 1 (1mR)) G, (I7B)) Y (2.00m)
wlkl) = (a3, ) DA (T-E) o w (k)
i (A=A} Q A, (I-H)) ]
or
wik+l) = A(p)w (k)
with
Pl(k)p(gl)
P (k+l) = - (2.22b)
1 Pl(k) plz) + (1 B, (k))p(x,)

These equations, along with their continuous time counterparts, form the

basis for the research which has been undertaken.

2.6.2 Continuous Time Case

Similar assumptions to those previously presented for the discrete
time case can be made in the continuous time case. Here, we will again
restrict our attention to the two model, state feedback case with B=I.

Thus, the MMAC method reduces to the following equations

X(t) = Ax (£) +ult) + £(v)

y(t) = r(t) + n(t)

& () = AR (8) + ult) + Bz (0) (2.23)
r (£) = yl&) - & (t)

£,(8) = 3,8 (£) + ult) + Hyr, (x)
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I, (8) = yle) - &, (%)

ult) = -P,GR (t) - PG & (t)

f'l(,t)= P (R)P,(£) [:31 (.1:)—32 {£)] ‘2‘1[:_:—131 Lt)gl— (1-P, (£} )32 (£)]
with P, (£) = l-Pl(t).

For the same reasons as presented in the previous section the noise
sources [(t} and n(t) will again be ignored for the majority of the
proposed research. It should be noted that under this condition, the
residual r, (t) exactly equals the estimation error x{t) - ﬁi(t). Thus,

equations (2.23) can be rewritten as

%(t) = Ax () + ult)
£ (6 = AmE)E (0 ¢ @A x(®) (2.24)
£,(8) = (B,~H))r (t) + (A=3,)x(t)

ult) = -2 (£)G, (x(t) - x, (£)) - (1-P, (£)) G, (x(t) - r (t})
. _ _ _ . -1 -
P (t) = P (t) [I-P (&) Tz, () -z, (£)]" 8 "[p, (t)z, (£) + (1-P, (£))r, (£)] .

Thus, if we again combine equations by defining the wvariable

[x(t)

w(t) = r, (t)

B2 (t)

Equation (2.24) can be rewritten as
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— ] F ]
- - (1- I I -
A -»2¢6 (1 Pl)gzj} PS5 | (1 P,)G,
o
¥ = - I -F !
w(t) (A éii ( éi‘—l[ 3 wit) (2.25a)
4 4
b I
- ; 0 ; A -H
2 52) H =} == =2
or w(t) = K@ )w(t)

with (2.25b)

. -1
P {t) = P (£} [1-P, (£)11z, (£) - z, (821 B [P, (), (¥) + (1-P, (t))z, (¥)]

2.7 A Change of Variable

A change of variable which proves useful in the sequel is to let

q=2p -1 . (2.26)

Making this change in Equation (2.22) yields

w{k+1)

A(q) wik) (2.27)

(l+q)p(£1) - (l—q)p(gQ)
(l+q)p(£l) + (l—qu(£21

g(k+1) =

where

1 1
A - E(l+q) -G—l - E(l_q)gﬂ

1 3
7(1-q)G, (I-8, ).

1
F(1+q)G, (I-H )

o
a
ir
[
]
b

5T -H) °

. o ey et .

e ) S S S ——

|
|
i

)

3]

A (I-H) |

L

In continucus time the corresponding change to Equation (2.25) yields
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w(t) = Q) w (£) \
(2.28)
2(8) = 2(1-g%) [z 1'8 4z, + (1-Qr,]
e =g T 2 V5 v
where [ . : -
1 i} Tl D1
A - E(l+q)§_lf5(.l-q)§2 : E(l+q)§l . E(I-q)gz
Alg) = A= g Ah-E 0
- . 2 -

Note that the same basic notation is used for the A matrices of Equaticns
{(2.22), (2.25), (2.27) and (2.28). However, no confusion should arise

as the meaning should always be clear from context.

2.8 A4 Useful Definition

A further concept which will prove useful can be seen by considering
either the continuous or discrete time problems as summarized by either
Equation (2.25) or (2.22)

Continuous time: w(t) = E(Pl)\i(t) (2.25)

Discrete time: w(e+l) = A(2,)w(k) (2.22)

where

i . _-
- (1= ! ! -p
A-P,.G, (1-p,)G, i PGy l (1 Pl.)g2
] 1
; 1
Continous time: A-2A t A, ~H L 0
- =1 ! -1 =1 E -
- ! 1 -
| A A, 9 P Byt Hy
AP} = [A— —{1= I - B _ 11 3]
AR, A-P,G,-(1-P,)G, : P G (T H)) ‘ (1-P,)G, (I-H))
i ]
i 1
Di ate time: - 1 I
lscrete time: . ﬁ 51 = A (T-H.) : 0
=L = =1 -
1 I
A - A ! 0 ' A (I-H.)
L = = V- e
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Thus, it is clear that if Pl(-) is held constant, then Equations (2.25)

and (2.22) describe linear, time-invariant dynamical systems in the

variable w' = [5:, Ei' Eé]" Thus, Equations (2.25) and (2.22) with

P constant will be referred to as the linear, time invariant system for

fixed P, or LTI for fixed P. BAs will be seen in Chapters 4 and 5, many
of the major properties of the MMAC method can be expressed in terms of
the properties of the LTI system for fixed P as a function of P,

A second important point to note is that in applications and

simulations of the MMAC system, another parameter becomes important due
to the finite precision usually available for computation. From the
equations of this chapter, it is clear that the MMAC method has the

property that
Pi(k) =0 :Pi(') = 0 for all future times.

Such a situation is usually to be avoided, as it reduces the flexibility
of the algorithm in a number of applications. For example, the parameter
of the true model are often changing in adaptive control gituations, and
one would like to require Pi to be nonzero for all time so that the MMAC
algorithm can respond to such changes. Thus, one almost always applies

an additional constraint on the probability such as

Pi(k} > P ¥i, ¥k .

lim

- -50
This has been done throughout this study with a value of Plim = 10 .

The effect of such a limit is examined in detail in Section 5.1.



CHAPTER 3

QUALITATIVE RESULTS

In order to gquide and motivate the research, we have examined a
problem consisting of a system with twe independent states ;nd two models.
This system, while simple, captures many of the basic issues which are
important to the method and sheds light on the fundamental problems in-
volved with the MMAC design. The problem is formulated in the next
section of this chapter. The remaining secticns contain simulations
which demonstrate the various types of behavior which have been observed.

A discussion of the important properties is included.

3.1 Problem Formulation

In most applications of an adaptive control algorithm, a detailed
analysis of the behavior of the algorithm has proved intractable. This
is especially true for the MMAC algorithm. However, in the case of
MMAC, it is possible to find a simple example problem that lends itself
to analysis and simultaneously maintains the basic properties exhibited
in simulations of the more general systems. Thus, for the purposes of
this thesis, a sample problem structure has been chosen which displays
what we feel are the critical characteristics of the method and which
is alsc amenable t¢ detailed analysis.

The chosen true system to be controlled is given by:

a 0
x(k+1) = x(k) + ulk) + z{k) (3.1)
0 a
y(k) = x(k) + nik)

-356=-
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or a continucus time system of the same structure and A matrix

a 0

x(x) = x(t) + ult) + () (3.2)
0 a

y(t) = x(t) + n(t)

where a takes on values in the range [0, 2]. The discrete time system

is useful for simulation studies and most of the analysis. However, use
of the continuous time system provides greater insight for the lineariza-
tion results in Section 4.1. The set of models for either the discrete

or continucus time case is given by

Model 1: (él' I, 1

Model 2: (a,, I, I}
with
a o0 a o0
A = 2,7
0o & 0 a

where 4 takes on various values from O to 1.5. The parameters a and &
are varied to obtain different responses from the overall system.

For the purposes of KF design, the noise sources [(-) and n(-) are
assumed to be zero mean, white and Gaussian with covariances of I&(-)
where I is the 2x2 identity matrix. This structure results in diagonal

Kalman Gain matrices such that
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where h is the gain corresponding to a and ﬁ is the gain corresponding
to &. Purther, the contxol law weight gi and Bi are chosen diagonal such

that

R =R =1
g O g o

g = & = .
0 g 0 gq

This results in a diagonal control gain matrix

5

The structure described above will be referred to as the canonical problem.

The emphasis of this study has been on the examination of such quali-
tative properties as stability. Thus, we ignore the noise sources both
in the simulation and in the analysis of the properties of the MMAC
method. That is, in both the analysis and simulations, Z{(-) and n(-:) are
set equal to zero. Note, however, that the KF's designed with the assumed
non-zero noise sources are retained. It is clear that noise can have
a major effect on a system [29]. However, as we will see, many of the
. properties of the MMAC methed are due to the nonlinearities of the
probability equation. Thus, it is our feeling that an anlysis of this
noise-free case is of considerable importance.

A few comments are in order concerning the the choice of the example
problem. First of all, the system is chosen to be the simplest possible

and still capture the important phenomena. Thus, we selected a two
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state, two model system. The choice of model is, admittedly, somewhat
extreme in the degree of symmetry and mismatch between the models and

the true system. However, this choice has been deliberately made in order

to investigate phencmena which have been cbserved in actual applications
[23]. Thus, it is felt that the analysis of this problem has yielded

insight into the more general case.

3.2 Basic Responses

Various types of responses have been observed in simulations of the
system presented in Section 3.1. Table 3.1 details the parameters used
for each simulation. The remainder of this chapter presents examples
of each of the major modes along with a discussion of the important
characteristics of each. The simulations, which have been performed on
an IBM 370 computer using double precision FORTRAN, have been used o
motivate and guide the analysis of Chapters 4 and 5. 1In fact, the types
of analysis described in these chapters and, in particular in Section
4.6, were to a large degree suggestad by the simulations‘discussed in
this chapter.

Por each simulation presented, three plots have been included. The
first is a plot of the precbability of model one (Pl) versus time. The
second i1s a plot of the two true states %y and X, versus time. The third
is a plot of the gquantity ln(xlxz). This gquantity has been found to be
indicative of the stability of the closed loop, nonlinear system. This
variable is further discussed in Secticon 4.6 where it is linked with

the concept of "hyperbelic stability".
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Case # a a q g q g h 13 Figures
la 2 0 1.02 1l.e62 1 o .809 .5 3.2
1ib 2 0 0 1.5 1 8] .809 .5 3.3
1c 2 0 Tk 1.4 1 0 .809 .3 3.4
2 1.5 1.0 1 1.09 1 .618 .7245 .62 3.5,6
3 .9 0 1 .538 1 0 . 597 .5 3.1

aBLE 3.1

Parameters of Sample Cases

*This value of the contreol can not result from an 1Q design.
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3.2.1 Exponential Mode

The first type of behavior is one in which the states of the true
system increase or decrease in an exponential manner (see Figure 3.1).
This type of behavior appears to arise in two situations. First,
examination of the equations of Chapter 2 indicate that if the KF resi-
duals 51 and 52 are equal with the true state components equal to each
other, then Pl(t) =0 qr equivalently, Pl(k+1) = Pl(k). Thus, if the
system is symmetrically initialized (that is, the two true states are
equal with r, =x, =0 and Pl(O) = .5} then Pl(t) = ,5 ¥t or equivalently
Pl(k) = .3 ¥k . The closed loop system is then time invariant and sta-
bility analysis for the resulting LTI system follows as usual. Note that
the resulting system can be exponentially stable, neutrally stable or
exponentially unstable depending on the control gains §1 and 92' al-
though this is clearly a singular condition, it nonetheless is important

from an applications point of view because one commonly attempts to

initialize the system with equal probability and with r, =, (i.e.,

31 = 22). An analysis of this mode is presented in Section 4.1.

A somewhat similar type of behavior ogcurs when the LTI system for
fixed P is stable for all P. This, of conrse, is a fairly restrictive
condition which in essence requires extreme robustness of each controller.
However, such a condition does imply exponential stability. This occurs in-
dependently of how the probability behaves. WNote that +this is a non-
trivial result since E}P(k)) is time-varying because P(k} is. Section

4.2 contains the analysis of this situwation and Figure 3.1 is an example

of the type of simulation results obtained.
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3.2.2 Oscillatory Reponse

Probkably the most unusual behavior which has been observed both in
the current work and in applications of the MMAC algorithm [23] has been
an oscillatory response in which the probability jumps between near-
zero and near-one* in what appears to be (but strictly speaking is not)
a limit cycle.

Figures 3.2 through 3.4 are examples of this type of behavior. Figure
2.2 is a case in which the peaks of the state trajectories are approxi-
mately constant while the peried of oscillation increases. Figure 3.3
is a case in which both the peaks and the period are constant while in
Figure 3.4, the system is unstable, These three cases are obtainzd by
changing the wvalue of the control gain. Note that each gain would yield
stable hehavior for the model used in its design.

It is interesting to note that the states of the system are also
hiéhly ogcillatory. It might be expected that the plant dynamics would
smooth the rapid probability transiticens to form a smoother "average"
state response. However, as shown in Chapter 4, the oscilllatory state
behavior is a direct consequence of the model mismatch problem in the
MMAC algorithm.

The reasons for this oscillatory behavior, which are discussed in
Sections 4.4 through 4.6 and again in Section 5.1, are closely related

to the fact that neither of the hypothesized models individually yields

*This is the one set of simulations in which the lower limit on the
probability (see Section 2.8) of 10730 jis achieved. Section 5.1 dis-
cusses the analysis in this case in detail.
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a control which stabilizes the true system, Basically, the adaptive
coﬂtrol law then attempts to achieve stability by alternately controlling
each mode of the system. This results in unusual behavior which may be
bounded (Figure 3.2 and 3.3) or unstable (Figure 3.4). Chapters 4 and

5 contains analysis which gives conditions for each type of behavior.

The principle conclusion is that stability will result when the controller
at any time stabilizes some modes faster than it destabilizes the re-

mainder. Thus, for the two state problem, a state must be reduced more

when the controller stabilizes it than it is increased when the control
results in unstable behavior for that state.

One variable which appears useful in characterizing the above condi-
tion is the product of the true states, that is, fhe quantity XX, This
variable is plotted for each simulation (i.e., see Figure 3.2(c}). A
complete analysis of the properties of this variable is given in Section
4.5. While not strictly a Lyapunov function, examination of this variable
provides a type of analysis which permits a characterization of the sta-
bility behavior of the MMAC method. Furthermore, it captures the important
observed characteristics of the simulations. For example, the analysis
of Section 4.6 uses this ﬁariable to predict the stability of the three
cases of Figures 3.2 - 3.4. The connection with stability can best be

seen by considering a plot of xl versus X Figure 3.5(a) is such a

e
plot corresponding to the simulation of Figuré 3.2. The state trajectory

for this example tends toc look like a family of hyperbolas
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If the overall system is bounded, the trajectory then changes as in
Figure 3.5(a). Likewise, unbounded behavior occurs whenever b is
greater than zero (see Figure 3.5{h)}.

It should be noted that simply bounding the product of the states
is net sufficient to guarantee the boundedness of the individual states
since the states could still go to infinity along a hyperbola. However,
an analysis of the probability equation (Sections 4.4 and 5.1) provides
bounds on the values of the state at which probability transitions will
occur. This leads to the conclusion that the peaks of the state tra-
jectories will be bounded whenever the product of the states is bounded.
Thus when a constant value of P results in a stabilizing control, the
system may still be bounded but not asymtotically stable. Further,
when the system is bounded and b is less than zero, then the period of
oscillation is increasing since the stable mode decreases more than the
unstable mode increases and the peaks of the curves are constant re-
sulting in the unstable mode having to increase more on each cycle of

the probability.

3.2.3 Mixed Case

When the LTI systam for fixed P is stable for some P but not for
all P, depending upon the initial conditions, we c¢an obtain simulations
which exhibit characteristics of either of the preceding types of be-
havior in that either an oscillatory or an exponential response may be
cbserved depending on the initial conditions. For large initial con-

ditions the response will initially be oscillatory but usually will
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finally decay to a constant value of P.* Furthermore, this limiting
value of P will be such that A(P} is a stable matrix. Figure 3.6 is a
simulation of the Case 2 configuration with large initial conditions.
When the initial conditions are small, a second type of response
occurs. Assume that A{P) is a stable matrix for P € [1/2-£, 1/2+€]
and unstable otherwise. If P(0) = 1/2, then there exists some non-zero
w(0} such that ||g(k)|| decays sufficiently quickly so that the resulting
change in P does not. take it beyond 1/2 + €. This is a direct consequence
of the fact derived in Secticn 4.1 that the change in the probability is
proporticnal to |[3[|2 while the change in w is proportional only to
||EJ[' Figure 3.7 1is é gimulation of the Case 2 configuration for small
initial conditions. Note that the probability merely makes a small
jump and that it shows little tendency to return to 1/2. Section 4.7
details a procedure which can be used to estimate the range of Ejd)

which results in this non-oscillatory behavior.

3.3 Summary

The preceeding sections have given an overview of the types of
behavior which the MMAC method can produce. Table 3.2 summarizes the
major characteristics of each. Each type of behavior requires a dif-
ferent form of analysis in order to understand the dominant effects.

This analysis is given in Chapters 4 and 5.
Exponential behavior occurs primarily when the basic characteristics

of the closed-loop system are independent of the probability, either

*Whether or not the oscillations always die out in this case remains
an open question.



1

PROBRBILITY MODEL

.00

1

.72

.58

LY

.30

B85008AW039

Y 34 51 6B BS 102 119 136
TIME

Fig. 3.6 Domain of Attraction - Large
Initial Conditions
(Case 2)

a) Probability of Model 1

153

_65._



STRTE

1.2

m

/./STATE i

85008AW040

BS 102
TIME

Fig. 3.6 Domain of Attraction - Large
Initial Conditions
{Case 2)

b) True States

_09_



Ln %y Xp

115

-ES -20 25 70

-110

85008AW041

17

3l

T | | ]
51 68 85 102

TIME

Fig. 3.6 Domain of Attraction - Large
Initial Conditions
{Case 2)

¢} In x1x2

_'[9_



PROBRBILITY MODEL 1

.80 .10 .80 .90 1.00

.50

85008AW042

17

| I 1 T |
Bh St 68 ) 102 119
TIME
Fig. 3.7 Domain of Attraction - Small

Initial Conditions
{Case 2)

a} Probability of Model 1

153

_Zg-



STRTE

.70

.58

.ue

STATE 1

85008AW043

68 BS 102
TIME

Fig. 3.7 Domain of Attraction - Small
Initial Conditions
(Case 2}

b) True States

-G



€0 85

La xyxp
25

-10

-U5

85008AW044

-80

51 6b 85 102 19 136 183
TIME

Fig. 3.7 Domain of Attraction - Small
Initial Conditions
(Case 2)

o)y Ln X%
1 <

_ﬁg_



Values of

—-65-

P yielding
Section Fig. 2;:?2; o bi bougded ofpzzzzilation
3.2.1 3.1 all decreasing Yes NA
3.2.3 3'2 Some decreasing Yes increasing
3.2.2 3.4 None increasing No *
3.2.2 3.3 None constant Yes constant
3.2.2 3.2 None decreasing Yes increasing

resulting behavior not periedic

period approaches a constant

TABLE 3.2

Principle Mcdes of Response
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because the probability is held constant by the dynamics or because all
states either increase or decrease regardless of the value of P. Sections
4.1 through 4.3 provide significant insight in this case. Section 4.1
contains the analysis of the local behavior, concluding that the prob-
ability equaticon is neutrally stable because the rate of change of the
probability is proportional to the square of the system states. Section
4.2 considers the only case in which exponentially stable behavior can
be guaranteed. This is shown to occur when A(P) is a stable matrix for
all values of the probability. Section 4.3 provides an asymtotic result
when one of the models matches the true system.

The oscillatory mode of behavior is analyzed in detail in Sections
4.4 through 4.6 and includes criteria as to when the overall system will
be stable or unstable. It is shown that the important parameter de-
termining stability is the relationship between the stabilizing time
constants of each state. Thus, if the controller stabilizes one state
faster than it destabilizes the other, the overall system will be stable.
Section 4.4 contains a detailed analysis of the probability equation
which shows why state oscillations are an integral part of the oscillatory
behavior. Finally, Section 4.7 discusses the reasons for the mixed type
of behavior. It concludes with a procedure for determining the range of

initial conditions such that non-¢scillatory behavior will occur.



CHAPTER 4

STABILITY ANALYSIS

It is the purpose of the present chapter to provide the analysis
necessary to understand the basic stability properties and qualitative
behavior of the MMAC method. At present, there is no single stability
result which totally describes these properties. Thus, it becomes
necessary to examine several approaches, each of which adds to the over-
all picture, but with none providing a whole view. Furthermore, it
often is necessary to combine the results of differing methods to deduce
a single property. An example of this is the combining of the Lyapunov
results of Section 4.5 with the analysis of the behavior of the probability
equation in Sections 4.4 and 4.5 to arrive at a stability result which
neither type of analysis alone could provide.

Chapter 3 contains simulations of carefully selected special cases
of systems controlled by the MMAC algorithm. The purpose of the present
chapter is to attempt to provide an understanding of the properties of
the MMAC method by first noting various features from the simulations
and then, gquided by the simulations, attempting to understand the features
by analyzing some special cases. This results in some specific conclusions
for the special cases and, more importantly, it yields considerable in-
sight into the gqualitative behavior of the MMAC system in more general

situations. The major conclusions of this chapter are:

1) At best, the MMAC system is neutrally stable about an equilibrium

point in that the probability has no tendency to return to its initial

-57-
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value following a perturbation. This is not an unexpected property for an

adaptive controller.

2y If é(P) is an unstable matrix for P=1/2 then the special case

of Section 3.1 results in the probability escillating.

3) This oscillatory behavior results in the states being either
bounded or unstable. Specific conditions for two special cases are given.
Qualitatively, the requirement for the boundedness of the states is that
the modes of éﬁP) which are unstable for P=1(P=0) must be dominated
by the stability of the same mode when P=0 (P=1} in that they must grow

slower for P=1 (P=0) than they decay for P=0 (P=1).

4) The oscillations observed in Section 3,2 may be kounded even if
ne constant value of P results in a stabilizing control, The controller
then attempts to achieve stability by alternately controlling each mede
of the system. This alternating of controls also occurs for EEEﬁé
initial conditions when éﬁP) is a stable matrix for some but not all
values of P.

As seen in Section 3.2, two major types of behavior have been ob-
served in simulations: oscillatory.and exponential (non-oscillatory).

The analysis of the present chapter is aimed at understanding each.

Thus, Sections 4.1 through 4,3 deal largely with the exponential behavior
while Sections 4.4 through 4.6 consider the case in which the probability
oscillates. Section 4.7 considers the case in whiéh either type of
behavior can occur and contains a discussion of the initial conditions
that lead to each type of behavior. A detailed overview of the chapter

follows.
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Saction 4.1 through 4.3 contain preliminary material dealing with
the exponential case., For example, the neutral stability of the prob-
ability exhibited in the simulations of Pigures 3.6 and 3.7 is derived
in Section 4.1. The other major conclusion of the section is that
changes in the probability are proporitional to the norm of the state
squared while changes in the states are only proportionai to the state
to the first power. Thus, for small values of the state, the state tends
to change faster than the probability. This further explains the switch-
ing behavior exhibited in the oscillatory responses in Section 3.2. In
Section 3.2.1, the case in which both models result in stabilizing con-
trols for all values of the probabilities has been simulated. It is
shown that under some conditions the probability dynamics can effectively
be ignored in determining stability. Section 4.2 contains the analysis
of this case and proves that éﬂP) must be a stable matrix for all P in
corder to guarantee that the states will be exponentially stable for
all initial conditions,

Section 3.2.2 includes simulations in which the probkability tends
to look like a switch, taking on values near one or zero but seldom in
between. Section 4.4 contains a detalled analysis of the probability
equation which leads to an understanding as to why the probability jumps
so rapidly. Sections 4.5 and 4.6 continue this analysis to present two
methods of analysis for ascertaining when the oscillatery behavior will
be bounded or unstable. These sections, which result in basically the
same criteria, take different points of view; Section 4.5 contains

approximations to the general solution over several time intervals while
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Section 4.6 employs a function which resembles a Lyapunov function.

From Section 3.2.3, it is clear that the size of the initial con-
ditions partly determines whether the probability will oscillate or not.
In Section 4.7 the situation is analyzed in detail and a procedure de-
veloped which allows for the determination of the limits of the initial
conditions which result in the probability not oscillating.

The majority of the analysis in this chapter has been performed in
the discrete time domain. In many ways this is to be preferred as this
is the form in which the method is most often implemented in practice.
However, some of the analysis is done using the continuous time version
because the results are simpler and lend themselves to interpretation
more easily. No claim is made as to the complete equivalence of the
two forms. 1In fact, one could expect somé differences between them due
to the different assumptions on the availability of sensor data (i.e.,
discretly versus continucusly available). However, the qualitative
conclusions of cone are applicable to the other, as can be seen by the
examination of the two sets of eguations. It should also be born in
mind that the analysis of this chapter is aimed at understanding the
phenomena exhibited in the simulations of Chapter 3. Thus, unless
stated, it can be assumed that the canonical structure of Section 3.1
is under consideration. However, the structure of the cancnical prob-
lem has been carefully selected to accentuate certain types of behavior
cbserved in more general MMAC simulations [16, 23]. Thus, the intuition
and qualitative results are believed to provide significant insight in-

to the behavicr for more general systems.
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It should be noted that throughout this thesis, the terms "oscillatory",
"non-oscillatoxry"” and-”exponential“ refer to qualitative behavior of the
probability. Although not cbserved in the simulations in Chapter 3, it
is possible to have the LTI system for fixed P display a second-order
response and it is important to note that this is not considered an

oscillatory response for the purposes of this thesis.

4.1 Linearized Analysis

In Chapter 3, simulation results have indicated that the probability
may tend to be neutrally stable in that it shows no tendency to return to
its initial value following a perturbation. Greater understanding of the
causes and consequences of this can be gained by examining the local
behavior of the states and the probability about an equilibrium point.
Examination of Equation (2.22) or (2.28) shows that the MMAC algorithm
results in a closed lcop system which has a gset of equilibrium points:
any point of the form w=0, with any value of P is an equilibrium point
since when w=0, there is no information in the system that would lead
to a change in P.* The value of the state about which the present
analysis is performed is w=0, P=1/2. The reasons for considering this
point in preference to others stems largely from the high degree of
symmetry inherent in the problem férmulation given in Section 3.1. For

example, the range of P for which the LTI system for fixed P is stable

*Similar reasoning indicates that neutral stability is a general property
of any adaptive controller.
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is easily seen to be symmetric about P=1/2 (i.e., about g=0).
In order to lend clarity to the results, the continuous time eguations
are considered. Examination of the discrete time equations results in

similar conclusions. The continuous time algorithm is rewritten as

wit) = Alg) w(t) (2.28)
1 2 . a-l
qe) = F(1-q7) [ry-z, 1" 8 "i(l+q)z; + (1-q)r,]
1, 2.
= 4(l-q) w [gl qg_zlg
where
B 1 1 1 1 -
5-2(1+q)gl-2(l—q)_q2 Syl Gy 5(1-)G,
Alq) = é-é_]_ él_ ..Iil 0
] A-3, 0 A-H, |
Simple calculations then lead to the linearized system equation
{4.1)
év_w_ a £\-(qO) ézur-O Aw
hal  |2a-ad) wii0 -a.0.]  Ewiila’e. -2a.9 -0 lw ||da
219y w519y 99,0 7 513908, T 492y "By 1Y,
with
L 1. 1
36, -8) 2 71 2 =2
A= 0 Q
o) Q a
0 0 0 Q 0 0]
o, = fo &7 o g, =fo &t o7
0 0 57t o -7t g‘l
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where the linearization is done about the values [30, qO]. Note that

if HO = 0, then the linearized system reduces to

i) |2 2w (4.2
Ag| Agl - .2)
0 0

Thus, the system is, at best, neutrally stable to first order (i.e., the
linearized system has a zero eigenvalue}. This should not be particularly
surprising; when the state is zero, there is no need or basis for changing
the identification results. It should be further noted that if é}qo) is

an unstable matrix, then the resulting linearized equations are unstable.
Thus, in order to have asymtotic non-oscillatory behavior in a system sub-
ject to perturbations, it is necessary that there exists a value of 9, such
that Eﬁqo) is a stable matrix.

Equation (2.28) can also be rewritten exactly as:

wit) = X(0) w(t) + Awlt) q(t) (4.3a)

q(t) (4.3b)

1
s |-
1€
O

i
£
Q

'
o]
H
fis]

+
0O
N
s

£

(This is the full Taylor series expansion about w=0, q=0);7 A few ob-
servations can now be made. First of all, for g near zero, the rate of
change of the state is proporticnal to ||w|| while the rate of change
of the probability is proportional to Ilw[|2-hence the neutral stabi-
lity of the linearized system. Thus, the probability tends to change

slowly for small values of w. Furthermore, again for gq small, the hicgher

order terms in q can be ignored so Equation (4.3b) can be approximated

by



. 1 2 2
g6 = % ﬂ|r 2, - ||£1He‘l] . TR

Thus, the changes in g are such that ¢ increases if [|r2|| > |Jrl|[ and
decreases if ||r2|| < ||rl[|, which agrees well with the intuitive
notions of how an adaptive controller should behave. Furthermore, when

I, = I, there is no information as to which model provides the better

match to the true system .and so nc change in the identification results
can be made. It should be noted that this may result in exponentially
unstable. behavior when é}q0=0) is an unstable matrix and the system is
initialized with q(0) = 9, = 0 and, for example, 51(0) = EQ(O) = §. This
is an important special case since in practice one often attempts to
initialize an MMAC system with just such initial conditions. Equation
(4.4) also illustrates the neutral stability of the probability.

In summary, if éﬁo) is an unstable matrix, the equilibrium w=0,
g=90 is unstable and small perturbations in the state cause a divergence
from the equilibrium which will most likely result in the oscillatory
behavior of the probability (resulting in either bounded or unstable
state responses) observed in Figures 3.2 through 3.4. However, if A(0)
is a stable matrix, then two modes of behavior are possible., For pertur-
bations large enough that é}q) becomes an unstable matrix, at least
temporary oscillations most likely occur as seen in Figure 3.6. For
smaller perturbations, the state, w, will return to zero and the
probability will simply move to a new value which is such that é(q) is
stable. This occurs since, by Equation (4.4), the probability has no

2
tendency to return to zero unless |Ir2||_l—l|rll|e_l changes sign. This

=2 -1
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is precisely the behavior observed in Figure 3.7.

The next section discusses the conditions such that the latter type
of non-oscillatory behavior occurs for all initial conditions. This
can be viewed as an extension of the results of this section for the
case in which A(P) is stable for all P. Feollowing an analysis of the
stability of the oscillatory behavior, attention again is focused on
the linearized system in Section 4.7 where a procedure is derived for
determining how large the above perturbations can be and still have non-

oscillatory behavior guaranteed.

4,2 Universal Stability

For any adaptive control algorithm one would at least like to be
able to conclude that the overall system is asymptoticly stable about
the point w=0 in spite of any uncertainties about the true system. As
seen in the previcus section, the MMAC method always results in a system
with neutral stability in the probability. However, it is also shown
that it is possible for the states to locally converge to zero despite
the behavior of the probability. The present section discusses one
case in which global asymptotic convergence of the states can be
demonstrated.

Consider the discrete time MMAC system given by Bquation (2.22):

w(k+l) = A(P) wi(k)
(2.22)
P (k) p(gl)

P{K)p(r;) + (1-P(K)) B(Lr)

P{k+1)
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We now make the following assumption, which will be terxrmed Universal
Stability: Assume ||E(P)||'i £<1 ¥Pe [0,1] where |[§J| is the

norm of A. It should be notad that this is a. fairly restrictive
assumption as it requires that the control law asscciated with each
hypothesized model stabilize the true system. In general, this requires
that the condition IIE(P)II < 1 be explicitly tested for all values of
P. However, as discussed in Section 4.3 in some cases such as when

the true system and all of the hypothesized models are diagonal, it
becomes sufficient to perform the test for extreme values of P only.

When the assumption is valid, the following thecorem is useful.

Thecrem: Under the assumption of universal stability, w(k) + 0 geo-

metrically as k.

Proef: By assumption, ||§Lplll| fex<l V\pl €1[0,1]1, Thus, taking

norms in Equation (2,22) yields

[lwornr || = 1B woa || < [JE@ L] [lwoa]]

(4.5)

| A~

e |lwaa|] .

Thus, l|w(kl|l_i €k||wL0)| . Since by assumpticn £<1, the conclusion
follows. | N
It should be noted that by a suitable redefiniticn of the matrix
A(P), this theorem can be extended to the N-model case where P becomes a
vector of probabilities such that I[g]( < 1 and each P, is ncon-negative.

The value of this theorem in applications is, of course, severely

limited by the assumption on the stability of E(Pl)! However, as
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demonstrated by the analysis in the remainder of this chapter and the
simulations of Section 3.2, a condition such as this is necessary to
guarantee gecmetric convergence. B&Any weakening of the hypothesis admits

the possibility of at least transitory oscillatory responses.

4.3 An Asymptotic Result

As discussed in Chapter 1, the MMAC method was developed with the
implicit assumption that one member of the set of hypothesized models
exactly matches the true system. Under this assumption, Baram [15] has
shown that the identification algorithm (i.e., the value of the proba-
bility when all feedback gains are set to 0) converges to the matched
model when the input is ergodic. However, he also shows that when de-
terministic inputs are used and rione of the models match the true system
the convergence properties are indeterminate - the model to which the
probability converges is a function of the input. Furthermore, his
results require the ergodicity of the residual which clearly is not
guaranteed when the probabilisticly weighted control is applied*.

Thus, no general convergence result has been derived for the closed

lcop adaptive situation.

*Ljung et al [24, 25] have considered closed loop identification for
some specific model structures and identification methods. However,
we have not attempted to apply their results to the MMAC method;
this remains as a topic for the future.
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However, the following thecorem provides some insight into the
expected behaviocr, It should be pointed out that no assumption as to

the number of models is made.

Theorem: Assume the following for a discrete time MMAC System:
{1) There are N hypothesized models.
(2) Model #1 exactly matches the true system.

{3) All models (and therefore by (2) the true system) have
diagonal A-matrices with C=B=I (as in Chapter 3).

(4) x,(0) =0
(5) ® (0) >0

Then,|lx(k)|]-+0 as k=,
Proof: Since_gl(o) = 0, and model 1 matches the true system, El(kj =0 ¥.
Thus, Pl(k) is non-decreasing and either:

Case 1) Pl(k)-*l as k+* or

Case 2) FE>0 D 1-P (k) > &  ¥k.
(equivalent, 3i 3 Pi(k) > 0.)

Consider Case 1l:

Pl(k) ~1=>3K 3k>K=>§_(P(k)) is a stable matrix since f-'i(l) is

stable by hypothesis. This in turn implies the convergence of [Ix||.

Consider Case 2:

1-P(k) > € Wk together with P(k) non-decreasing implies ?} at
least one other model such that its residual approaches zero since
otherwise Pl(k) would increase to 1. Assume for the moment that there

is only one such other model, denoted by model i. (That is, assume
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that only El(-) and Ei approach zero.) Due to the use of full state
observations in the canonical problem, the equation for Ei(;l can be

rewritten from Equation (2.22} as
r. (k+1) = A&, (I-H) r (k) + (A-A_ )x(k)
—1 -] — — — - 4=

Since Ei(k) + 0, x(k) must approach an element of N(A—Ail.* The dynamic

equation for x(k) is now rewritten as

N
x(k+l) = B _(k)x(k) + I P_,(k)G.{(I-H.)r.(k)
= =0 = =13 3 T3
where
§0(k) = [Pl(k) (g_—g_l) + (l—Pl(k))(A_-Ei) + (l—P(k))(éi-gi)
N
- L pP,k)G,] .
i#i
if r

. (+), J#1 or i,is bounded, then, since Pj(k) + 0, PjGj(I*Kj}r.(t) - 0.

=] ]
, " -rir.
If r . (-), j#1 or 1,>«, then, since P,  + 0 as e T3 J, P, r. -+ 0.
=3 ] b ]
N
This implies that I P.(k)ginggj)zj(k) + 0. Thus, consider the un-
=1

undriven system

x0e+l) = B (k) x(k)

which, since Pl(m), Pi(m) exist, can be rewritten as

*N(-) represents the null space of a2 matrix.
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x(k+1) = [P} (®) (A=G;) + (1-P, (=) (A,~G.)1x (k)

+ [(Pl(k) = P (=) (A-G,) - (Pl(k)—Pl(W))@i—G_j_)IE(k)

+ (1-P_ (k) (A-3,)x(k)
1 - =i

(1_-\—-%_) and (_}_}i—gj-) are stable by design. Then since they are also
diagonal, the convex combination of stable matrices is stable. Thus,

there exists a h<l 3
||[Pl(m) (A-G,) + (1-P, (=) (Ai-gi)]_&(k) [l < b=zt
Then, for scme € 3 b+€£<1 and any given &, we can find a K ¥
||[(Pl(k)—Pl(m))(é—gl)—(Pl(k)-Pl(m)) (2, -e)1x0) || < e [|xt0]]
(since Pl(k) - Pl(°°)) and

[ (1-p k)) @@-a x| < 8

(since x(k) = N(A-Ai)) . Combining these yields
|[xk+1) || < o+e) |{x) || +8 ¥k >x

or, using the variation of constant formula,

k-1 .
Hxx) || < (b4e) K |lxx) ||+ I o)1 wk > K
=K
k K
k=K 8§ - (b+e) §
or x| < mre)™ T [z || + TS ;

Taking the limit as k-
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)

Lim |20 [] <0+ gy

=<0

since K was selected such that (b+€)} < 1. But ¢ was arbitrary. Thus
Lim |l§ﬁk)(l'= 0. The case in which more than two models have non-
k=0
vanishing probabilities follows similarly.

Scme comments on this theorem are important.

1. Assumption (5) merely guarantees that the probability of model 1

can change since

Pi(O) = 0=>Pk) =0 ¥k .

2. Assunption (4) has been made for convenience, It is used to
guarantee that Pl(-) is non-decreasing, thus preventing oscillations in

the probability due to ||_r_l(.-) || - H-Ei () || changing sign.

3. Assumption (3) is, of course, very restrictive. It is necessary
to enable one to conclude stability when a convex combination of stabi-
lizing controls is applied. Given a non-diagonal matrix A and controllers

gl and §2 with

Aa-g )| <1, i=1, 2

it can be shown by counterexample that

A-bG -(1-b)G, be [0,1] (4.6}

is not necessarily a stable matrix. It may be possible to overcome this
prohlem by using the fact that_gl(k) + 0 as k + @ which restricts the

kinds of state interactions which can occur in Expression (4.6). It
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should be pointed out that assumption (3) can he relaxed to any situation
in which the convex combination of stable matrices is stable. For example,
if A and all of the éi are in Jordan form with identical Jordan structure,
then our result holds. This is equivalent to assuming that the shapes

of the modes of the system are known but that the eigenvalues are not.

This is less restrictive than the diagonal case.

4. Note that no claim is made about the convergence of the
probability even when cne model matches the true system. This is, of
course, another example of the need for persistently exciting inputs

in order to guarantee the convergence of identification algorithms [36].

4.4 An Analysis of the Probability Equation

The simulations of Section 3.2 have indicated that the behavier of
the probability often resembles the output of a switch, alternately
taking on values near zero and near one but seldom in between; By now,
it should be clear that this property is largely determined by thé
equation for the probability, Equation (2.22b). Therefore, the present
section contains a detailed examination of the characteristics of this
equation. The principal conclusion is that the equation for the
probability can be rewritten as a scalar, static nonlinearity and
é summation (the log likelihood ratio). This decomposition aids the
analysis since attention can be focused on each part separately. Thus,
this section examines the characteristics of the nonlinearity and shows
that the swiéch—like behavior of the probability is largely due to this
nonlinearity. Section 4.5 continues the analysis by examining in de-

tail how the true system and set of models affect the log likelihood
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ratio and therefore, by the analysis of this section, the probability

and ultimately the closed loop behavior.

Equation (2.22b) is repeated for convenience:

P(k)p(;l)
PR = 3p(zy) + (PP (L,)
5 [ 8]
where p(ri) = Bie LT . This can be rewritten as
P{k+1) = P k)Y (ket1)

P(k)yv(k+l) + (1-P(k})
where yv(k) is the instantanecus likelihood ratio

1 -1
-8, r
p(r, (k) Be 2=

1
Y(k) = =
P(rz(k)) 1

I
™
1}

(2.22b)

(4.7)

{4.8)

It is now possible to rewrite Equation (4.7) such that the probability

does not appear recursively:

k
P{0y I vi(k)
P(k) = l:l
p(oy I vi(k) + (1-P(0O})}
i=1
Finally, let
-1 -1
k [r:8. 7. - r'6 "xr ]
alk) = & —1-1 =1 D=2 —2 .

i=1

(4.9)

(4.10)
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Thus, Equation (4.9) beccmes

-
P(0)Be
P(k) = T . (4.11)
5 atk)
P(0)Be + (1-P(0))

Note that a(k) is the Log Likelihood Ratio. Thus, Equation (4.11)

provides the connection between the Log Likelihood Ratic and the
probability. Figure 4.la is a plot of P(k) versus a{k) for a few
values of P(0) and é==1. Pigure 4.1b is a detail of the same curve

for P(0) = 1/2. Define us to be the value of o(-) for which P(:} = 1/2.
It is then clear that

a(-}) >> o =>P(-}=0
s (4.12)

af{-}) << oo =>P(*)=1 ]
S

Thus, as will be called the switch point for a(-). Eguation (4.11)

can be solved to give

1-P
& = -2 1n|—2

s POB

{(4.13)

Now, consider Equation (4.11) evaluated in the vicinity of as. For

example, if
. al-) = o + 2e
s

where € is any positive or negative number we see that the resulting

probability is

P{.} =
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which is totally indpendent of any parameters of the MMAC method. Firally,
simple calculations reveal that the curve of P(-) versus a(*) is anti-
symmetric about the point as' Thus we see that the switch point as is
determined solely by the apriori information P(0} and é and that no
parameters of either the true system or the models (except for the

assumed noise covariances contained in B) affect the switching character-
istics of the system other than by determining ¢(k). Variocus approxi-
mations to P(-+) can thus be calculated from 0(-). One example, shown

is the dotted line in Figqure 4.lb, is

1 a(-)<as—5
P(k)=t 0 al-) >‘&S + 5 (4.14)
.5-(@(-)-—@5)/10 otherwise,

Examination of Equation (4.11) or Figure 4.1 reveals the reason for
the zero-one type behavior so often noted in the simulation results in

Chapter 3. Only for values of &(-) such that

la(s) - a_ | <5
5

will an intermediate value of P occur. As seen in Egquation (4.10)
{see also Section 4.1), a(.) is propertional to the sguare of the norm
of Ei(-). Thus, for Ei(-} large, c(+) tends to change at a rate twice
as large as that for |I£i(«)|] and may never fall in the range.

One potential advantage of using Eguation (4.11) in a MMAC con-
troller is that a wealth of information has been accumulated about
the behavior of the log likelihood ratio [34, 35]. Thus, use of this

approach allows full use of this information while still permitting a
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simple contrel to be calculated.

The approximation (4.14) is also useful for characterizing the
length of the half-periods of the oscillations observed in Section 3.2.
By the definition of as, it is clear that jumps in the probability (i.e.,
from 0 to 1 or from 1 to 0) correspond to transitions of d(-) through
us. It is thus possible to ealculate a bound on the half-period of an
oscillation. Define Tl to be the time of a transition in the probability

(assume from P=0 to P=1) and (Tl4-T2) to be the next transition. (see

Figure 4.2). Thus, by the above analysis and the definition of us

a(Tl) = as = G(Tl + T2) . {4.15)

By the définition of a(-)
2 -1 -1
igl [x} ()8, ", () - r} (D)8, ", (1))

Tt 1 1 (4.16)
= -.-L>=:1 [£3 ()8 7r (1) - 25 (D)8 7z, (1)]

T2+Tl

or S e e (i) - et (18Tt (1)1 = 0 . (4.17)
. 2 S =] 3 5D
1=Tl+l

Equation (4.17) thus provides a condition which.Tl and T2 must satisty.
This equation is explored further in the next section where an approxi-
mation for Ei(') is employed.

This section has presented a detailed analysis of the probability
equation (2.22). It has been shown that the equation can be broken

down into a static nonlinearity and a summation (the log likelihood

ratio). Attention has then been focused on the static nonlinearity.
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The next section continues the analysis by considering the behavior of

(-} for one class of systems.

4.5 An Analysis of the Oscillatory Behavior

Many of the simulations of Section 3,2 display an oscillatory be-
havior inwvolving all states and the prcbability. The preceeding secticon
contains an analysis of the equation for the probability of a model, one
of the conclusions of which is an cbservation that Equation (2.22b) can be
divided into two parts; one containing a static nonlinearity (4.10} and

a relatively simple summation

k 2 2
ate) = L |lzoofl7, - Izml]7
i=1 g B
-1 =2
(4,15)
k -1 -1
= 15 K0 Tz, k) - x, k)BT, k) .
i=1
Furthermore, the approximations
al.) >> us => P(.) ~ 0
{4.11)

-} << as => P(:}) * 1

have been found to be very geood for lu(-) - usl greater than about 5
where as can be determined solely in terms of P(0} and B, Note that
for the present study we can take as = (Q since we can assume that the

system started in the remote past in which case P(0) can be chosen

arbitrarily.
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The present section continues the analysis of the oscillatory behavior
of the probability by considering the behavior of the variable (k) for
the canonical problem of Section 3.1. The approach taken is to lsolate
the basic modes of the state of the canonical problem by partitioning w
in a new fashion. This partitioning emphasizes the two basic modes
inherent in the structure, namely those associated with true state #1
and those associated with true state #2. Because of the diagonal nature
of the canonical system, this partitioning allows o(-) to be bounded by
simple exponentials which are then analyzed.

In this section extensive use has been made of the ohservation
from Chgpter 3 that during periods of oscillatory behavior the prob-~
ability tends to be virtually constant for long periods of time and then
abruptly changes, This square-wave like behavior, clearly seen in
for example Figure 3.2, is a key element of the approximations employed
in this section.

Recall from Chapter 2 that
wik+l) = A(Plw(k) 2.22)

where w'(.) = [x'(-) z (.) r3(.1] . As seen in Section 3.2, during
periods of oscillatory behavior, each component of w(.) is alternately
stable and then unstahle. It thus is natural to regroup the states
such that components which are simultaneously stable are grouped to-—
gether, To this end, define 21(,} toc be those states of w which cor-

respond to the first component of the true state and 12(.1 those which.

correspond to the second. That 1is,



X (=) X, (s)
= (1) _ (2)
11( ) z, (=) = |5 {+)
(1) (2)
_rz (‘.)_J _r2 (-)-
(i) . .th .
where rj {(-) is the i— component of the residual of the KF for the
.th . .th .
j— model and xi(-) is the i— component of the true state x. Using
this decomposition Equation (2.22) can be rewritten as
v, (k+1) A (P) 0 y. (k)
-1 -1 - “1 (4.18)
¥, (ktl) 9 A,(?) ¥, (k)

whera él(P) and éz(P) contain the appropriate slements of é(‘P) . The
bleock diagonal nature of Equation (4.18) is a direct consequence of
the assumption that the true system and each meodel is diagonal. If

il and Qz are defined to be the appropriate partitioned versions of g;l and

_Q;l , Equation (4.15) becomes
k i . i
a(k) =|;‘Z ¥5(0) .TI ALY, _H A (P(3))y,(0) -
=] ]=l ]=l
(4.19)

i i
_zi(O) s El(Pfj))C_El I é-l(P(j))zl(o)]
j=1 j=1
We will consider the initial conditions shown in Figure 4.3(a)
. ' 2
in which a(0) < 0 (but a(-1) > 0), HXI(O)II2 > ||Xz‘°)H and P=1.

Note that this corresponds to the case in which a change in probability

(from P=0 to P=1) has just occurred. THe equation {4.12) and the
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simulations of Section 3.2 indicate that if oscillatory behavior occurs,

the trajectories of ||y .(-) |2, a(-) and P(-) must be as sketched in

. . 2, . .
Figure 4.3, since |lzl(-)]| is decreasing by design for P(.) =~ 1.
It will be assumed for the present analysis that P can be closely

approximated by either 0 or 1. As seen in the previous section, this

corresponds to assuming that |a(+) - asl is greater than about 5. From
the simulations of Chapter 3, this is a reasocnable approximation during
periods of oscillatory behavior such as are being analyzed here.* Further-

more, it will be assumed that both K.P.'s have been correctly initialized

(equivalently, have been running since the remote past) so that the
matched X.F. residuals are zero,
The remainder of this section is concerned with characterizing the
i . Fi 4.3 d f£- iod T..
peak excursions of |[yl|| (see Figure } and alsoc the half-peric 1
This is done by approximating the behavior of af(-) after first approxi-

1
mating the behaviors of Zi(O)giEQigz(l)gi(D) {see Eguation 4.19). It

is clear that each of these terms must behave as exponentials for P=1;

that is
2k 2
||Xi(k)H < e Hzi(mll (4.20)
where a, = lli.(l)llz . Thus
1 —1
o o~ 1 Ly, @ 1%, - a® iy, @] ]%,] (4.21)
a (k) 2o fa, 11, 2”3 Xy 1 |

*

When the probability is forced to either zero or one (by, for example,

use of a maximum likelihood type control rather than the probabilistically
weighted one) then this is not an approximation.
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where Oi = the maximum eigenvalue of ¢i.* A few comments are necessary

on this approximation. Firxst of all, note that for P=1 it can be shown

that

(4.22)

'by the constructions of éi(-). Furthermore, as noted earlier,
2 2
[y, @ [17 << |z, 0]

Thus, during the initial part of the interval, the term in yl(-) dominates
while later the term in yz(-) dominates. We are interested in determining
the half—peri&d, i.e., when the probability switches from 1 to Q. As seen
in Section 4.4, this occurs when a(*) = 0. Thus, an approximation to

this condition is to find Tl such that

T

i 2 i 2
z a; [z, @117 = z a]l_ Hy @17 . (4.23)
1=0 i=0

Iz
[

It should be pointed out that the term in XQ leads to an underestimation
of Tl while the term in ¥ leads to an overestimation. Thus, Equation
(4.23) does not yield either an upper or lower bound. However, it is
felt that this is still of value since the analysis yields insight

into the type of behavior observed in simulations. Furthermore, al-

though sometimes not of use, the Tl of Equation (4.23) does lie between

the upper and lower hound.

*By the symmetry of the canonical problem, note that Ul = 02.



Evaluating the summations in Equation (4.23) yields

2 .
7, @]

where by the assumption that on the interval k=0 to T

and use has

be solved numerically to arrive at an approximation of T
closed-form solution is possible.

Further insight into the behavior can be obtained by invoking

(T1+l)
*1

-aG-

]

]

&, W] <1

HE,wll >

been made of the fact that 0. =g

another assumption. Since

ay
and a2
we assume
il
T
a
2

This is clearly reasonable since T

way that al

closer to 1 vields T

N 2
g, 0]

1

larger.

an assumpiion, it is very reasonable.

becomes

P

depends on a in such a

Using this, Equation (4.24)

(4.24)

Equation (4.24) could

although no

(4.25)

Thus, although (4.25) is
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T1+l
a
2 1 - 2 2
||zl(0)l| ral)— * |[g2(0)|l _azT (4.26)
or, using Equation (4.20)
(a, -1)
2 2 2
[y " = Ty ol === (4.27)
2 1
Defining
R = ——-——-—-—(az-l) (4.28)
a2(l -al)
yields
2 2
Hg, e 117 = = [[g o ]]7 . (4.29)

Thus, if R> 1, the value of ]]yi(-)l] when P switches increases with

each cycle and |{yi(-)|| »> o (i.e., the closed loop system is unstable).

Similarly, if R < 1, then peaks of [|yi£-1|| decrease with each cycle.
An interesting interpretation of these results can now be given by

noting that

aya, >1 = R>1 (4,30a)
aja, <1 =»Rr<1 (4.30b)
aja, =1 = r=1 (4.30¢)

and that a; is the slowest decaying meode of the stable matrix éltl) and

a, is the fastest growing (most unstable) mode of éz(l). Thus the
closed loop system will be stable if the slowest decaying stable mode
of the matching subsystem (51(1)) dominates the unstable modes of the

mismatched system in the sense that the product of the appropriate norms

is less than 1.
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Equation (4.26} can also be rewritten as

: 2

T |z, o]

a,” 8 — R . (4,.31)
x|

can be given

Thus, the following approximation to Tl

) 2
Az o1

(4.32)

2
[z, ]

An interesting phenomena can be seen by considering multiple periods.
Thus, by analogy with Equation (4.32)
2
Ry, el

T = 1In _— /ln a -
2 2
Ty, ]|

But it can be shown that

2 2
Hy,ep 15 g2 g of]
T

2

2 T 2
g, () [ ! IFRC

This results in the conclusion that if the initial period is sufficiently

long, then subsequent pericds will be of increasing length if a < 1.

1%2
The above analysis results in the conclusions that 2,3, is the

key quantity in determining the stability of the closed loop system.

If R is less than one, then the peaks of the state trajectories decrease

and the period increases. However, if R is greater than one, instability

results. These conclusions agree well with the simulation results of

Chapter 3. The only point of discrepancy is in the simulation of Figure

3.2. 1In that case, the peaks appear to remain constant even though
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ealculations reveal that stability results. Close examination of the results
of the simulation have revealed that in this case the lower limit on
the probability (see Chapter 3} is consistently achieved, As shown in
Chapter 5, this somewhat modifies the behavior resulting in uniform peaks
even when the system is stable. Purther discussicn of this important
case is deferred to Chapter 5.

In summary, the stability of the MMAC algorithm is determined by the

rezlation between the growth rate of the most unstable mode of the mis-

matched subsystem and the rate of decay of the slowest stable mode of
the matched subsystem, This leads to the gualitative conclusion that
stability results when the stable modes are "faster" than the unstable
modes. This concept is further emphasized in the following section

where an alternate view of the problem leads to a similar result.

4,6 Quasi-Lyapunov Analysis

An alternate view of the stability results given in the previous
section can be obtained by employing an analysis which closely resembles
the methods of Lyapunov. The results obtained compliment those of
Section 4.5 and given increased insight into the behavior of the MMAC
method.

The approach of this section is first to explore the use of the
"normal® quadratic Lyapunov Function. This is used to introduce the
ideas and also to demeonstrate the drawbacks of this standard approach.
This leads to the introduction and motivation of a new Lyapunov-like

function which is then used to derived a stability result which
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emphasizes the role of the individual control gains, This function is
motivated largely by the simulation results in which the controller

is seen to alternately attempt to control each mode of the system. Thus,
each state tends to be piece-wise exponential (see Chapter 3). This
results in a phase-plane plot, such as seen in Figure 3.5 which resembles

a hyperbola. It is this cobservation which led to the function investigated
in the major part of this section.

First, consider the function-
vik) = w' (k) w(k) (4.33)
where w(k) is governed by Egquation (2.22)

w(k+l) = A(P) w(k) . (2.22)

Thus, v(k+l) can be written as

vik+l) = w' (KA (P kDAP@K) Iwk) . (4.34)

In order to prove stability, it is required to show that

vk} > v(k+l) . (4.35)

Unfortunately, Equation (4.34) depends strongly on P and, thus stability
is difficult to show. The one case in which it is possible to determine
stability is when ||A(P}|| < 1 ¥ P. However, this case has been well
discussed in Section 4.2 and so will not be repeated.

An improved result is obtained if attention is first restricted ta
the diagonal case. Thus, assume that the canonical system of Section

3.1 is under consideration. Define the function
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vik) = xl(k)xz(k) {4.36)
or
v(k) = 5w 0 T (4.37)
where
0 1)
i
IT=|1___0! ___ .
1
o | o

A definition is useful in the sequel: The system (2.22) is hyperbolically

stable if v(k) > 0. The choice of v{k) is heavily motivated by the

simulation results in Chapter 3. Bas discussed in Section 3.2, the phase-
plane plot of X, Vs. x, resembles a hyperbola (truncated for large
excursions). Figure 3.5 graphically depicts this phenomenon. A second

motivation stems from the analysis in the previous sections of this

chapter in which each state tends to be governed by an eguation such as
[|x, x+1) || = ak||x. (x) || (4.38)
i i

for periods of time. This, of course, is due to the fact that the
probability tends to be piece-wise constant due to the nonlinearities
analyzed in Section 4.4.

It should be pointed cut that the function in Egquation (4.36) is
not a valid Lyapunov function. First of all, v(k) can be either positive
or negative depending on the initial conditions. Secendly, v(k) =20
does not imply that x, is even bounded! Neither of these invalidate

1

the analysis, however. A slight redefinition of v(-) would overcome
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the first. This is not explicitly done here because it is not necessary
for the problem at hand and would complicate the analysis. The bounding
of the state has already been indicated in previous sections and thus
is provided by altermate means. Furthermore, even if a bound were not
available, the analysis would yield insight into how the system behaves
when each mode is alternaﬁely controlled.

Some useful notation for the diagonal system is now needed. Recall

from Section 3.1 that

a 0 a O a 0
A= 7 é = ; A =
0 a L 0 a 2 0 a
Define
g © g o
G.,= ; G. =
1 0 § =2 0 g
and
- 0 R 0
o H = .
g ' 2

=
o
[ap

0

Temporarily, assume that a = 0.* Then Equation (4.37) becomes

v(k+l) = w' (k}A' (P)IA(PIw (k) (4.39)

which, when written ocut term by texm becomes

v(k+l) = [a(a~g) + sz-Pzgzl vik) (4.40)

or vik+l) = A(P) v(k). Note that A(P), which is plotted in Figure 4.4,

*
This corresponds to Case 1 in Chapter 3.



=103~

85008AWQ17

A(P)

c:l(cl-g)%g2

ala-q)

Fig. 4.4 sSketch of A{P)



~104-~

is a convex quadratic function of P. The following two theorems then

follow:

Theorem: Given the canonical MMAC system of Section 3.1 with §=0,

the overall system is hyperbolically stable (i.e., X, %, + 0) if the

following two conditions are met.

(1) J|afa-g)] < 1 | ' (4.41)
and
2|

@) |ata-g) +79°| <1. (4.42)

This plus the bounding results of Section 4.5 yields stability.

Theorem: Given the cancnical MMAC system of Section 3.1 with g=0a,

the overall system is unstable if

{1) afa=g) > l. (4.43)
or if

{2) ala-g) + %gz < =-1. (4.44)

A few comments can ﬁow be made.

1. Conditions (4;41) and (4.42) essentially fequire that v(k)
be decreasing for all P. Note that this can beitrue independent of
whether éﬁ?) is stable. 1In fact, for the Case 1l example of Chapter 3,

A(P) is unstable ¥P but v(k) is still decreasing.

2, Theorems such as the above can easily be derived for the
relaxed case in which the two elements of the true system matrix are

not equal., The curve for A(P) is then not symmetric about P =.1/2 but
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similar analysis can still be done. The results do not significantly

increase our understanding and so are not presented.

(3) Note that Condition (4.43} is consistent with the results sum-
marized by Equation (4.30) of the previocus section. The added condition
of (4.42) results from relaxing the assumption in Section 4.5 that P
is'always "near" zero or one. Further insight results from plotting the
Conditions (4.41) and (4.42). _The shaded area in Figure 4.5 is the
set of a and g for which Condition (4.41) is satisfied and the crosshatched
area is where Condition (4.42) is satisfied. The points corresponding
to Cases la, b and c from Section 3.2 are plotted.

A few comments are in order, First, as evidenced by the simulation
results, it may be sufficient for hyperbolic stability that Condition
(4.41) be satisfied. In that case, if P oacillates between zero and one
(which the simulations indicate is likely}, stability will result.
Further, if the probability is forced to be either zexo or cne by using
the control for the most likely model rather than the probabilistically
weighted control, then Condition (4.41) is sufficient to guarantes
stability.

Another interesting cobservation is that for this special case, the
smallest contrel gain which yields v(.} decreasing for P=0 or 1 (i.e.
the lower edge of the shaded area in Figure 4.5) exactly corresponds to
the value of the control gains foxr the LQ problem with a stats cost of

zero [31, 32]. This implies that for this special case use of the LQ

methodology guarantees that Condition (4.41) will be satisfied, This

is believed to ke due to the robustness properties of the LQ design
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technique discussed in [5, 33]. The implications toc more general Mﬁmc
structures remains an open guesticn. However, note that there are many
control gains (not generated by an LQ methodology) which yield unstable
behavicor. For example, the matched system is stable for all control

gains
ge (1,2) .

However, from Figure 4.5, if the chosen control gain is
ge (1, 1.9)

then the resulting MMAC system is unstable,

A second point to note from Figure 4.5 is that for a >2, no linear
controller will result in v(k] decreasing for P = 1/2, Under these
conditions, the only stable behavior possible must be of the oscillatory
type.

The removal of the assumption that §=0 results in the analysis be~
coming intractable. For example, when evaluated at P=1, the egquatiocn

corresponding to (4.40) becomes

vik+l) = (a-g) (a-g) vik) +
(1)

(a-g) g(_l-h)rl X,

+

(4.45) .
)x
1

+

(a-§ uhie’

+ gz(l-‘n)2 riZ)ril) .

If it is assumed that the matched XKF state has been correctly initialized

(i.e., r](_l) = 0).this becomes
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v(k+1l) = (a-§) (a—-g)vik)
(4.46)

~ (2)
- - B
+ {a-g)g(1 )rl X,

where the mismatched component of the KF now enters to modify v(k+l).
Egquation (4.46) has evaded further analysis exéept in a few obvious
special cases (such as K=1) which will not be discussed.

This section has attempted to accomplish two goals. First of all,
one interesting special case has been examined to the point that both
stabilitvy and instability results have been presented. These results
complement those of the previous section and provide an alternate view
of the mechanisms underlying the stability of the MMAC method. A pos-
sibly more valuable contribution has been to point out the need for
careful design of each individual controller-and the set of available

models.

4,7 Domain of attraction

In Section 4.1, it is demonstrated that if %ﬁP) is a stable matrix
for P=1/2, then the system linearized about §= 1/2 is neutrally stable
in that the probability has no tendency to return to 1/2. This is seen
to be due to the fact that 1f w = 0, then the?e is neither the need nor
the basis for changing the probability. Egquivalently, the equilihrium
set is {w = 0 with any P}. This is sketched in Figure 4.6. The stability
of each equilibrium point has already been examined using a linearization
approach. One important question which remains. is to determine the set
of initial conditions such that the system will return to an eguilibrium

point without first oscillating. (The analysis of Section 4.4 through 4.6
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have indicated that stable oscillations may result in w approaching the
eguilibrium set and it should be noted that this is not the case under
consideration here).

The importance of this analysis is best seen by considering the
simulations of Case 2 in Chapter 3. There it is seen that if A(P) is a
stable matrix for P=1/2 but not for P=0 or 1 then small initial con-
dition perturbations result in small changes in w(-) and P(.) whereas
large perturbations result in P(.) going to zero or one and then os-
cillating at least for a while. This section continues the analysis
of Section 4.1 and results in a procedurs for determining a bound on
l|w(0) || such that the probability does not oscillate.

Consider the equations from Section 3.6.1

w(k+1)

A(p) w(k)
(2.22)

It

P(k+l) = P(k) p(x,)

P(kip(zr,) + (1-P(k))plx,) .

We will assume throughout most of this section that P(0) = 1/2 (i.e.,

us = 0)* and that A(-) is such that there exists an £ < 1/2 such that

[lE@ ] <1 wp g (1/2-¢, 1/2+¢) ,_
(4.47)

[EA@) || > 1 otherwise.

It can be shown that this is the only case in which exponential behavior
has not been investigated. TIn Section 4.2, the case of | |EP) || <1 wp

has been investigated, and if ||A(P)|| > 1 ¥P then Section 4.1 has

*As in Section 4.4 we assume B = 1.
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shown that oscillatory behavior (either stable or unstable) must result.
Assumption (4.47) represents the examination of a previously unstudied
case. As seen in previous sections, A(P(-)) is a function of a(.) which
in turn is a function of the data (state) generated by A(P(.)). Thus,
there is a close connection between bounds on o(*) and bounds on
[]gﬁP('))ll. The basic approach of this section is to bound a(+) in
such a way that ||&A(P(+))|| remains a stable matrix. This bound on

a(*) is then translated to a bound on Ilﬂo!l' That is, we bound the
size of the initial conditions v so that w(k) is small enough so that
in turm o(*) remains within its bound. This is accomplished as follows.

From Equation (4.48) it clear that

peG-c s+e) = ||E@]|| <1 (4.48)
and that P € (%—- €y %-+ el) = |[§(P)|| <a <1l for some € < g,

(Refer to Figure 4.7.) From Section 4.4, each value of P(-) maps to a
value of a(-) as shown in Figure 4.7 and thus attention can be focused
on o(*). Define 6 to be the value of a(*) such that P = 1/2 - € and 61

as the value of a(*) for P = 1/2 - ¢

1
It is shown in Appendix A that
2
a,ilwy |
1l''=0
L —— ¥k 4.49
letd | £ 755 (4.49)
1
where ay is Max |L§(P(k))|l* and ¢ is related to the residual weighting:
ale)
matrices of__ﬁ_l and @2. Thus, one may choose an o(*) = 51 for some Gl,

*The maximum is achieved for the maximum value of a(*) for the canonical
prcblem.
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compute the value of a < 1, and finally use the equality from Equation
(4.49) to find a IIEOIIZ such that a(k) is bounded as necessary. By

changing 61 and repeating the procedure, a different value of |[EO||2
is obtained which may be either greater or less than the first. The

detailed development of the algorithm is given in Appendix A. The re-

sulting procedure may be formalized as follows:

Step 1: Find € such that Condition (4.48) is satisfied. This in general
will require an iterative procedure for detemmining ||&Z(P)|| for various

values of P.

Step 2: Calculate § from Equation {(A.1l).
: < < 0.

Step 3 Choose an 0 al )

Step 4: Calculate P, corresponding to o, from Equation (4.11). Finally,

1 1

*
compute a = ||A(Pl)l|2. Note that by the selection of o in Step 3, a

is less than 1.

step 5: Calculate l]Ellz from

2 ao{l - a)
[fut|? = 22L=2)

{4.50)

Repeat steps 3 through 5 for different wvalues of a. to maximize ]|E]i-

1

Note that a maximum exists since all functions used above are continuous

and | |w|| is minimized for o = 0 and for o = . The best way to understand

*
Due to the nature of the cancnical problem, ||A(P)[|2 is maximized for

extreme values of P. In general, greater care is needed in order to

2
assure ||A(P)|| < a for all P in the region of interest.
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the procedure is to verify that ||w[| in Equation (4.50) results in
exponential behavior. To do this it is sufficient to show that

]lwoll = |{w]| = |alk)] < § ¥k. But by construction

la) | <o ¥k

and so & < § by Step 3 finishes the result for P0 = 1/2,

As an example éf the use of this algorithm, Table 4.1 demonstrates
its application to the conditions of the Case 2 simulations from Chapter
- 3. The table contains the evaluation of ]LEOL|2 for various values of
a . Tt is thus possible to conclude that if P(0) = 1/2 and | |w(0)]]|? < .236
then exponential behavior will result. Simulations confirm this cbser-
vation and indicate that ||Ej0)|12==.8 results in P just reaching the
boundary of the stability range of Z{P).

It.is possible to extend the procedure to PO £ (1/2-€ 1/2+¢) as
follows. Given PO' compute uo from Equation (4.11). This effectively
reduces the amount a(+) ©an change and still have A(P(*)) stable.
Thus replace ¢ in Steps 2 through 5 by 6-—]&0]. It thus becomes pos-

sible to compute a complete regicn in P, x ]|EOI| space such that a

0
nonoscillatory response results. Figure 4.8 depicts such a region. It
should be pointed out that the resulting set is not exhaustive in that
points outside the set may result in nonoscillatory behavior. This is
due largely to the comservative nature of Inequality (4.49) which uses
a worst case estimate of [|§(P(k))|! for all k. Thus, c(k) tends to
change slower than predicted by Inequality ({4.48). The procedure does,

however, yield a useful lower bound to the full set of initial conditions

which yield nonoscillatory responses,
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% B, a | sl [
2.20 .25 .969 .1135
1.69 .3 931 .2022
1.238 .35 .894 .236

.811 -4 . 859 L2147

.401 .45 .826 .13625

TABLE 4.1

Example of Range of ||w(0)|| for Exponential Behavior
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4.8 Summary

This chapter has presented a collecticn of analyses of the MMAC
method. It has relied heavily on the special cases given in Secticon 3.1
and as such, any conclusions with respect to more general cases must bs
viewed with some caution. However, these special cases have been care-
fully selected to accentuate types of behavior observed in more general
settings and so it is believed that the qualitative results we have
obtained are of some general interest. Thus, the result of our analysis
has yielded insight imnto the nature and causes of the behavior of the
MMAC method. This understanding can be used to provide a basis for
improving the design and for determining when it will work well. The

main conclusions of this chapter are:

1) At best the MMAC system is neutrally stable about an eguilibrium
point in that the probability has no tendency to return to its initial

value following a perturbation {see Section 4.1},

2) 1If éﬁP) is an unstable matrix for P=1/2, then for the structure
of Section 3.1 small perturbations result in the probability oscillating
which in turn results in behavior which is either stable or unstable.

If EJP) is a stable matrix for P=1/2 either oscillatory or nonoscillatory
behavior may occur depending on the size of perturbations and the
stability of A(P) for P=0 and 1 (see Section 4.1). A procedure has

been presented in Section 4.7 for determining a lower bound on tlie set

of perturbations which vield oscillation-~free responses, This procedure

is valid for any two model structure with slight modification.



-118-

3) The rate of change of P is proportiocnal to |IEJ|2 while the
rate of change of ||EJ| is proporticnal to |[EJ| to the first power
(see Section 4.1). This results in P changing faster than ||EJ| for
[|EJ| large and slower for ||EJ| small. This partly causes the sgquare-

wave behavior often noted for P.

4) A necessary condition for ||w|| to comverge to zerg
shown to be that E(P) be a stable matrix for some value of P (see Section

4.1, 4.86).

5) A sufficient condition for exponential convergence has been
shown to be that EﬁP) be a stable matrix for all values of P (see Section
4.3). This, of course, is very restrictive. Lacking this condition, the
possibility of at least short-term oscillations must be recognized. Thus
the MMAC method is probably a poor choice when such oscillationsg can not

be tolerated.

6) If one model matches the true system and each model is diageonal,
then ||w|| > 0 exponential (see Section 4.3). This says nothing about

the behaviecr of P(*) however.

7} Whenever the MMAC method is used with two models, the equation
for the probability can be divided into a scalar, static nonlinearity
and a summation (i.e., the log likelihood ratio (see Section 4.4). A&Al-
‘though not done here, this can be generalized in the N-model case to
an N-1 variable static nonlinearity and N-1 log likelihood ratios. This
apprcach is important as it emphasizes the switching behavior of the preoba-

bility, allows relatively simple analysis to be done for the often seen
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case when P is nearly piece-wise constant and provides for a slight

nuperical supericrity in applications (see Section 5.3).

8) For twec special cases specific conditions for the stability or
instability of the cscillatory mede have been presented (see Sections
4.5 and 4.6). These results agree well with simulations and with each
other. The basic result is that stability results when the stable and
unstable eigenvalues are such that ab < 1 where a and b are appropriately
defined as in Sections 4.5 and 4.6. The qualitative conclusion which
follows is that for stability to occur the most unstable mode must be

dominataed by the stable modes.

9) The oscillatory response may be stable even if no value of P
results in _f_s_(P) being a stable matrix (see Section 4.6). In this
case the phase-plane plots resemble hyperbolas (see Figure 3.5). This
emphasizes the nature of the controller in that it attempts to achieve

stability by altemately controlling each mode of the true system.

10} For the special case of Section 3.1 with § = 0, it has been shown
that v{.) is decreasing for P=0 and 1 as long as the LQ design procedure is
used with a nonzero state weighting penalty. Generalizations have
evaded analysis but this is believed to be a result of the gain and
phase margin properties of the LQ design [5].

Recall that in this special case the KF dynamics do not enter
into the closed-lcop behavior (since §=0). Thus, since the gain
and phase margin properties can disappear when a KF is included in
the feedback path [331, the extension to the general case (§#0) is

in doubt.
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11} In contrast to the previous conclusion, there are many values
of the control gain which yield satisfactory matched behavior (i.e.,
stable) but which will result in unstable behavior in the MMAC system.
Thus, care must be exercised in the choice of control gain.

Thus, two EEiEE types of behavioxr have been observed and analyzed;
oscillatory and exponential (nonoscillatory). It has been seen that
oscillatory behavior is very natural for the MMAC algorithm and that the
conditions for excluding it are restrictive. Stability conditions for
special cases have been presented and the qualitative implications for
more general systems discussed. Thus, although based on special cases,
the qualitative conclusions regarding the types of behavior and their

underlying causes are believed to be of fairly general applicability.



CHAPTER 5

NUMERICAL ASPECTS OF MMAC

In the course of this study, various issues relating to the numerical
sensitivity of the MMAC method when implemented on a digital computer have
come to light. The purpose of the present chapter is to discuss these
aspects and finally to propose an alternate formulation which appears to
overcome some of the limitations.

In Chapter 4, while discussing the oscillatory behavior so often
observed, it was noted that a lower limit on the probability tends to
modify the behavior to some degree. Thus, while the analysis of Section
4.5 indicates that the peaks of the state trajectories should bhe decreasing
for the simulation in Figure 3.2, in fact, the peaks are seen to be
censtant.

In Section 5.1 the oscillatory behavior is again analyzed, this time
assuming that a lower limit on P is in use. This leads to the conclusion
that if the limit is consistently achieved, then the peaks of the state
trajectories will be equal when they would otherwise be decreasing.
Furthermore, complete characterizations of both the period and peak
amplitude of the states are given for both stable and unstable operation.
The results are, except for the peak value, essentially the same as
those in Section 4.5.

Sectipn 5.2 contains a brief discussion on various forms of the
probability equation. It is found that a few forms behave very poorly

in the face of numerical roundoff caused by finite precision. Precision

-121-
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refers to the number of digits in the mantissa of the representation of

a number in the computer. In addition, the need for extended range

is also discussed. Range refers to the available size of the exponents

in the computer. In particular, it is noted that due to large changes

in the probability during oscillatory operation, (as seen in the simulations
of Case 1 in Chapter 3) exponents of less than -75 often occur. Through-
out this section ;he comments are made assuming that the algorithm is
implemented using floating-point number representations.

In light of the results contained in Sections 5.1 and 5.2, it is
clear that the MMAC method places large demands on the computer which
calculates the control. However, as seen in Section 4.4, there is an
alternate form to the probability equation. 1In Section 5.3, a discussion
of the numerical properties of this form is given which concludes that
using Equation (4.11) in order to calculate the probabiliﬁy results in
reduced sensitivity to the problems discussed in Sections 5.1 and 5.2
compared to using Equation (2.22b). It is important to note that the
proposed formulation does not eliminate the necessity of having a
lower bound on the probability but merely allows the designer much
greater latitude in the choice of this parameter.

One final comment is important., The remarks in Section 5.2 are

not based on any detailed analysis of the numexrical properties. The

purpose of the thesis has been to examine the stability of the MMAC
algorithm and not to prove anything about its numerical properties.
However, in performing the simulations contained in Section 3.2,

certain aspects of the numerical problem have beccme apparent.
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The purpose of Section 5.2 is to point out these aspects. 1In keeping
with this, no comment is made as to the numerical properties of the Kalman
Filter, which is a significant problem in its own right. See, for ex-

ample, the work of Sripad [30].

5.1 The Lower Limit Effect

The basic equations of the MMAC method have been presented in
Chapter 2. As mentioned there, it is often necessary in practice to
place an artificial lower limit on the probability of any model,

This is usually accomplished by simply setting the probability
ecual to the lower limit whenever the probability is less than the

limit. Inclusion of a FORTRAN statement such as

IF(P(I) .LT. PLIM) P(I) = PLIM

is an example of the use of such a limit. The principal reason for

such a limit is that without such a device, the probability of any model
could be come exactly zero due to round-cff errors. After this occurs,
the probability remains zero as shown in Section 4.1. This is detri-
mental in cases in which the true model is changing and also in cases

in which an oscillatory behavior occurs (such as in Section 3.2.2},

for then roundeoff may cccur before the probability switches. In fact,
the Case 1 simulations of Section 3.2 are just such a case., It should
be recognized that although the lower limit is somewhat artificial, it
is required in some form whenever a computer with finite precision is

used for control calculations.
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As mentioned in Section 4.5, the existance of a lower limit requires
the modification of the analysis of the behavior of the method. The
remainder of this section contains the modified analysis. As in Section
4.5, we study the canonicallproblem of Section 3.1. Further, we assume
that the sysﬁem is oscillating as in Figure 4.3 such that P is closely
approxXimated by either 0 or 1. ©Note that this is consistent with Sectiocn
4.5.

Recall from Section 4.5 that the canonical problem (see Section 3.1)

can be rewritten as

Zi(k+1) §1(P) o Xi(k)
= N . (4.8)
ZQ(k+l) o EQ(P) za(k)
The log likelihood ratio, a{+), can then be written as
k
alk) = izl Xé(k)gzzg(k) - zi(k)gizi(k) (5.1)

where Qi is defined in Section 4.5.

In Sections 4.4 and 4.5 it is argued that during oscillatory periods
{i.e., when P(-) is alternately near zero and near one), then a(k) must
behave as the solid line in Figure 5.1 and also that a(*) can be approxi-
mated by a piecewise-exponential curve. Itwill now be argued that the
affect of a lower limit on the probability is to change the trajectory
of () to that of the dotted line in Figure 5.1.

In Section 4.4 a static relationship between P{*) and a(+) has

been derived as




a.+Qa

Lim[
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Fig. 5.1 Effect of Limit om a(*)
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_-3a(x)
P(0) Re
rk) = i ’ (4.11)
~ "5 o (k)
P(0)Re + (1-2(0))

Thus, if the probability of each model is constrained to be always greater
than some limit Plim' then it can be shown that this is entirely equivalent

to constraining a(+) such that

lat) -a | <a (5.2)

lim

where as is the value of w(*) when P(-) = 1/2 (given by Equation (4.13})

and alim is given by
1= P im
O!.lim =21ln T—-— . (5.3)
lim

Thus, placing a lower limit on the probability can be seen to modify the
plot of a(*) to the dotted line in Figure 5.1: Initially, until the limit
is reached, the limited and non-limited behavior are identical, but when o
the limit is reached, further increases in the magnitude of a(*) are
ignored until «(*) again decreases (in magnitude). Note that since the
size of the term in Equation (5.1) which forces af{*) toc return to zero

is independent of the existence of a limit, a(+*) must cross the axis
earlier when a limit is in effect than otherwise. This of course will
influence future periods. It is thus argued that during oscillatory
behavior in which the lower limit on the probability is achieved, in
analyzing the behavior of the MMAC algorithm the positive term of
Equation (5.1} can be set equal to alim for P = 0 while the negative

term can be set equal to -¢ for P 2 1 (assuming P small).

1lim lim
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Thus, we see that for the analysis of Section 4.5, the effect of a
lower 1imit on the probability is to allow us to replace Equation (4.23),

repeated here for convenience,

T T
oo 2 1 2
3 alllg,@ (1%~ atlly, @)%, (a.29
i=1 i=1
by the egquation
T

oy 2

“um ¥ I Bl @ 1% (5.4)

where Tl has been defined in Section 4.4 as the time of the probability

transition from P=1 to FP=0,

a, =max ||& (p)]|?
1 P s

and Oi is the maximum eigenvalue of gi (where, by symmetry, cl = 02 = g}.

T
Noting as in Chapter 4 that ||y2(Tl)||2 x a21|]y2(0]||2, Equation (5.4)

can be rewritten as

92, 2 2
°‘1j.m=Ta2_-T) [Hy_z(Tl)H - gy @ % (5.5)

or, selving for [|y2(Tl)]|2

a
2 i 2
g, e [1° = ——%ifl—- + [z, @] (5.6)
where
a. &
. (5.7

Rl (a, - 1)

In the common case (see the simulations of Case 1 in Section 3.2) in

which
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: 2 2
lIIQ(O)II << IIZQ(T1)|1 (5.8)
then Egquation (5.6) becomes
“im
!

For the Case 1 parameters, this indicates that the probability will change

2
Hy, (rd | = . (5.9)

when ||ZQ(T1)||2 * 100 which agrees well with the simulations when the
integer nature of Tl is considered. Note that Equation ({5.2) implies
that the probability will change when ||y2(0)|l2 equals a ccnstant if
the lower limit on the probability is achieved; this constant is dependent
only on the system parameters.

In order to determine any change in period due to changes in the
state, consider the situation in Figure 5.2 in which P=1 for k=0 to
T and P=0 for k=T, to T.+ T, where T, and T, + T, are defined as the

1 1 2 1 1 1 "2
switching times of the probability. Thus, from Equation (4.20)

a: ||21(0)|12 k e [0,7))
2
a, a, ||11(O) || k € [T ,T) +T,)

where,

i
Il

g @] <1

[
u

|15, ©@ % > 1

by the construction of Ei(P)' From Equation (5.9) it is clear that

2 2
g, @112 = gy 2+ 7l | or
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~-621-



-130-

T T
gy @11 < 2% |1y @] (5.10)

which, after some manipulation, yields

_— >

. (5.11)

Evaluation of this results in the following conclusion: If a;a, < 1, then

the peaks of the trajectories of ||Zi(-)|| are constant and the period

is increasing on each cycle of the probability. Furthermore, if ala2 =1,

then the peaks are constant and the period approaches a constant. The

case in whigh ala2 > 1 is indeterminant from the above analysis although
a plausible result, which is consistent with the simulations and the
results of Section 4.6, is that the pericd would decrease until Eguation
{(5.8) would no longer be a reasonable approximation. At this point,

the peak amplitude of ||yi(-)|| would grow. Basically in this case the
states are destablized more than they are stablized and the overall
system is unstable. WNeither term (i.e., the positive or negative term)

in the equation for c{(*} (5.l1) need become small. Note that a.a 1

<
172 —
results in stable behavior which is in agreement with the results in
Chapters 3 and 4. However, in this case, note that the peaks remain
constant and so asymtotic stability does not result. In fact, the

oscillations will continue forever with constant amplitude and increasing

period. This is indeed an unusual type of behavior.
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5.2 Forms of the Equations and Accuracy

In the course of doing the simulations contained in this thesis,
a few points regarding the numerical aspects of the MMAC method have
become apparent. These effects will not be dwelt upon as whole Qolumes
could be written. However, they do form part of the basis for the form
of implementation advocatéd in Section 5.3 and since such issues are
often overlooked, a brief discussion is in order.

For the simulations in Chapter 3, the variable P makes large

excursions, in some cases changing by 50 orders of magnitude in one

or two time steps. This, of course, makes implementation very crucial.
For example, throughout this thesis, the identity
P_ = 1-P {5.12)

has been used to reduce the number of variables under consideration.

However, using Equaticn (5.12) in a recursive equation such as

Pl(k)p(gl)
Pl(k)ptgl) + (l-Pl(k))p(zz)

Pl(k+l) {2.22b)

can result in very poor accuracy due to roundoff. Thus, on a computer

with 6-digit accuracy, this roundoff will occur for Pz(-) = 10—6 re-

sulting in Pz(‘) becoming exactly zero and remaining there unless some

form of lower limit is placed on the probabilities as discussed in
Section 5.1. Thus, using Pé-) = (1-Pl(-)) places severe restrictions
on the choice of a lower limit on the probability, which may be un—~

desirable. The following three conclusions then are apparent.
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1) Use of separate equations for Pi(-) and Pz(-) is desirable if
a recursionon P is to be performed as in Equation (2.22b). Thus, in

place of Equation (2.22b) it is preferred to use the pair of equations

p, (W)p(x,) )

P. (k+l) = _

1 Pl(k)pg:_l) + Py{kip(r,)
P_{kip(x.,))

P2(k+l) = 2 2

Pl(k)p(_r._'l) + Pz(k)p(gz)

which avoids the direct recursive calculation of [l-Pl(k)]. Thus,

when using a floating point representation with finite precision P2(k)

in the above may be nonzero even when [l-Pl(k)] is zero. Note that this
does not significantly increase the coemputational load since both the
numerator and denominator of the second equation are contained in the
first. An alternate approach to solving this problem is discussed in

the next section.

25 Due to the fact that large variations  in both the probability and
the states estimates often occur, the maximum number of digits possible should
be maintained. It should be noted that this is very important fér the
probabilities but less so for the other variables since the rounding

off of the state does not adversely affect the overall system.

3} There is a direct relationship between the smallest possible

value for PLIM and the possible range of exponents in the floating

point representation. This tradeoff between design freedom (i.e.,

choice of PLIM) and computational complexity (i.e., needing large
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magnitude exponents) must be recognized in any application.

As shown in the first section of this chapter, the achieving of
a lower limit by the probability can result in some change in the
behavior cbserved in a system. Also, a number of the precision aspects
of the problem have been shown to most directly affect the probability
variable. It thus is of some advantage to develop an implementation
which minimizes the effects of such phenomenon. Such an implementation

is discussed in the next secticn.

5.3 Proposed Implementation

As shown in the previous sections of this chapter, the form of
the equations used to implement the MMAC algorithm can affect the achieved
results. The major area in which problems occur has been seen to be
in the calculation of the probability. 1In this section an alternate
form of the probability equation is proposed which, although not elimi-
nating the preblems, does tend to minimize their effect.

The existance of a lower limit on the probability, although somewhat
artificially imposed, is a necessary result of using a computer with
finite precision. Thus, in any application of the MMAC method, a lower
limit is present, in one form or<another. The form of the probability
equation about to be presented does not eliminate the lower bound problem
but instead reduces the smallest possible value beyond that possible
with the form given in Chapter 2. It thus allows increased freedom of
choice for the designer.

From Section 5.2, one possible implementation of the probability

calculation is
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Pimegi)
Pl(k)pin_rl) + P, (k)p(zz)

P, (k+1l) = i=1,2 )
i

It is argued there that this form is to be preferred teo the form given
by Egquation {2.22b) in that the subtraction l-Pl(-} is avoided. 1In

Section 4.4, it is shown that Eguation (2.22b) is entirely equivalent

to
- - }-a(k)
Pl(O)Be
Pl(k) = 1 (4.11)
~>a(k)
Pl(O)Be ; + P2(0}
with
k -1 -1
a{k) = izlrz_c]'_(l)ﬁl £, (1) - r 08 Tr, ()] - {5.13}

It is believed that Equation (4.11) is numerically superior to either

of the other approaches. Note that, while a term such as [1-P1(0)] is
still required tc compute Pz(-) for the calculation of the control, any
errors in this computation do not get accumulated in the probability.
Thus, the real advantage of using Equation (4.11) is that it is static,
involving no recursive calculations. Thus, while roundoff obviously
will occur, it will not influence future values as would happen with the
other appreaches. It should be pointed out that the recursive nature

of the probability has, in effect been retained in the calculation of
o(+) and that now care must be taken to guara.nt_ee'its numerical accuracy.
However, by its nature, it tends to be a better-behaved function. For

example, a change in P from 1 to 10-50 corresponds to a change in of(-)
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from approximately +225 to -225. Thus, the recursion has effectively
been moved to the exponent (i.e., the Log Likelihood Ratio) rather than
in the probability itself. The importance of this can best be seen by
considering the following problem. Assume one wishes to calculate the
quantity (eaeb). Once approach is to compute (ea), then compute (eb)
and finally (ea)(eb). This is effectively the kind of approach Equation
(4.22b) uses. However, it is more accurate (for finite precision calcu-
lations) to compute e(a+b), which i1s analeogous to what Equation (4.11)
does.

A4 further advantage of using Equation (4.11) is that it can be approxi-
mated by any one of a number of functions without having to be overly con-
cerned about the accuracy of the approximation. This is due to the fact
that Equation (4.11) itself is not recursive and thus errors made in ap-~
proximating P do not accumulate except through the true states. One ex-
ample of such an approximation is a switch such that P(-) = 0 for d(') >0 and
P = 1 for «af*) < 0 while another has been presented in Section 4.5.
Note that for the variations of the MMAC algorithm which use the cpntrol
for the most probable model rather than the weighted control, a switch
is an exact representation and not an approximation.

It should be pecinted out that this approach can be generalized to an
N model situation. 1In this case, one can define the N-1 log likelihood

ratios based on, for example, model N as

k
1 -1 . - g -1 .
a, (k) = _El[_r_i(:;)gi T, ) = (318, £ (30

]
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where all terms are defined analogously to their two-model-case counter-
parts. Repeating the derivation in Section 4.4 yields the N-1 nonlinear

equations for the probabilities

.- }-a. (k)
P.(0)B.e *
Pi(k) = = 1
N-1 .- 504.(1-:)
£ [P (Be 7 |+ 11-P2_(0)]
5=1L 3 3 N
5.4 Summary

In this chapter a number of issues relating to the behavior of the
MMAC algorithm when implemented on a digital computer have been examined.
The most important of these is contained in Section 5.1 in which the
effect of placing a lower bound on the probability is discussed. The
principle conclusion of that section is that during oscillatory periods -
in which the lower limit is achieved, the conclusions of Chapter 4 are
EEELL valid except that the peaks of the trajectories of |[Zil] are con-
stant even during stable operation. Table 5.1 thus summarizes the con-
clusions about the stability whenever the lower limit is achieved. These
results are seen to agree well with the simulation studies in Section
3.2.2.

It should be born in mind that, as discussed earlier in the chapter,
there are philosophical reasons for choosing a relatively large value
for the wvariable PLIM' Note that such a choice results in a tendency to
reduce the amplitude of oscillations as well as the period since the

unstable state must now change less to cause o{*) to change by aLIM
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Peaks of
a, ]Iyi[| Period Stability
<l constant increasing stable
=1 constant constant just stable
>1 constant changing decreasing unstable
to increasing changing to
indeterminant

TABLE 5.1

Stability Summary - P Limited
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(i.e., cause P to reach PLIM)'

Section 5.2 has presented a brief discussion of the numerical
properties of various forms of the probability equaticn. The principle
conclusion is that the MMAC algorithm, if implemented using the straight
forward equations such as Equation {2.22b), places large demands on a
digital computer due to the recursive nature of the calculations, the
use of a term such as (1-P(k)) at each iteration, and a possibly large
dynamic range of the probability. An alternate formulation, based on
the analysis of Section 4.4 is presented in Section 5.3. It is shown
that this formulation tends to be superior to the others presented in

that the recursion is done on the exponent where accuracy can be better

controlled.



CHAPTER 6

COMMENTS AND CONCLUSIONS

This thesis has presented an analysis of the behavior of the Multiple
Model Adaptive Controi algorithm through both analysis and simulation.
Extensive use has been.made of a canonical system (see Section 3.1} in
which certain assumptions on the structure of the true model are made,
chief of which is that it is diagonal. While somewhat extreme, this
sample structure has been carefully chosen to display what we feel are
the critical characteristics of the method as observed in more general
applications and which, unlike the more general problem, also has been
amenable to detailed analysis.

The purpose of this chapter is twofold. First of all, wvarious
ad hoc modifications have been proposed for the MMAC algorithm which
are aimed at overcoming some of the undesirable behavior cbhserved in
applications. An example of such a modification is the introduction of
a low pass filter to smooth out the probabilities. Section 6.1 contains
a brief discussicn of the most prominent medifications along with three
methods for improving the response which are suggested by the results
of the analysis of this thesis. The basic conclusion is that with any
of these modifications great care needs to be taken to ensure that the
response is not degraded.

The second purpose of this chapter is to provide a summary of the
major conclusions of this thesis. This is done in Section 6.2 in which

the specific conclusions of the analysis contained in this thesis are

=139~
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summarized. Alsc in this section are a list of gqualitative conclusions
regarding the MMAC system when applied to general systems. These result
from extrapolating the specific conclusions to more general systems.

The chapter concludes with a list of suggestions for future research in

understanding the MMAC algorithm.

6.1 Modifications

Various ad hoc modifications have been proposed to overcome some of
the undesirable properties of the MMAC algorithm which have been observed
in applications. In this section two of the most prominent of these are
discussed. First of all, in order to make the algorithm more sensitive
to changes in the true model, a form of the MMAC algorithm which possesses
a finite memory property can be used. In the first subsection, it is
shown that most of the properties of the MMAC method apply in this case.
The exception to this is that no convergence property can be given due
to the finite memory.

The next subsection contains a brief discussion of the addition of
a low pass filter in the probability calculation. This modification
has been proposed [23] to smooth out the rapid probability transitions
and ozcillations which can occur and thereby attempt to get a smoother
state responée. It is argued in Section 6.1.2 that, especially when no
model matches the true system, this can result in at best no change in
performance and at worst in a destablilizing effect. This section then
concludes with a discussion of three modifications which have been

suggested by the analysis of this thesis.
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6.1.1 Finite Memory MMAC

Cne of the many ad hoc modifications to the MMAC method which has
been proposed has been termed Finite Memory MMAC (FM-MMAC). It can best
be understoocd by considering the form of the probability equation given

in Section 4.4:

o - % a{k)
P(k) = P(O)Ee (4.11)
-= (k)
P (0) e + (1-P(0))
where
k -1 -1
alk) = izlgl(l)gl z, (1) - D8,z ) (4.10)

This form of the equation makes it clear that all of the past data are
egually weighted in determining the present probability. This is not
necessarily what one would desire in an adaptive controller since data
from the far past may not be relevant to the current operating conditions.
There are, of course, many ways to modify the method so as to make it
more responsive to the immediately past data than it is to the more

remote data. For example, one may expeohentially weight the past data:

k .

-1 -1
o Y s .
‘ [51(1@1 r, (1) - £,(1)8,7 2, (1)] (6.1)
i=1
for some a < 1. An alternative is to merely use the last M values of

the residuals. Thus, one could use

x -1 -1
Glk) = T [zp ()8 Tr (L) - rp(1)8 Tx, ()] (6.2)
i=k-M+1
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where M is a free design parameter which would be chosen partly on the
basis of how fast the parameters of the true model are expected to
change. This is referred to as the Finite Memory MMAC algorithm.

It should be noted that a significant amount of the analysis of
systems of these types has already been done in Chapter 4. To illustrate
this, a discussion of the second of the proposed schemes with M=1 is

given. Thus, take

~ _ 1 -l - ) "l
B(k) =z (KI8T, (k) - x) (G, r (k) . (6.3)

First of all, from Section 4.1, the basic linearized analysis con-
clusions such as the neutral stability are unchanged as are the results
of Sections 4.2 (Universal Stability). Note that the state convergence
results of Section 4.3 do not carry over in this case. The technical
reason is that Pl(-) is no longer non-decreasing. ' In fact, it is easy

to show that

lae) ] > 0= 2 ) » %

where N is the number of models. Thus, if the closed loop system is not
stable for the case in which all models are equally likely {i.e., the
N-model extension of the condition that E(P) is stahle for P = 1/2}

then [lEJl can not approach zero. This is a direct result of the finite
memoiy assunption and occurs for any finite M. This is not, however,
necessarily bad for an adaptive controller. It roughly corresponds to

the notion that without information as to which model is correct,

(i.e., £i= 0) one can assume that each model is equally likely.
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The results of Section 4.4 on the analysis of the probability
equation also hold since they do not depend on how at(*) is computed.

Thus, Figure 4.1 is again useful as are the approximations

o=} >> us =>  P(*) =0

{4.12)
a(r) <o, = P(e)

@
s

and (4.14), where as is as in Equation (4.13). The qualitative behavior
can best be appreciated by noting that combining Approximation (4.12) with

Equation (6.3) yields

||£l(k)||g11 >> |l£2(k)”6;1 = P(k) = 0
B (6.4)
||£1“<’||5-1 << szfkille_l => P(k) ¥ 1
-1 -2

where, as in Chapter 4 we have assumed as = 0. (Removing the assumption
that us = 0 merely results in as being added to the appropriate term in
Approximation (6.4).) Thus one can expect that, compared to the infinite
memory case, the period of oscillation for the M=1 case will be shorter
due to a lack of the accumulation of the residuals over time. Effectively,
by removing the summation of the residuals (the discrete time analogue
of an integrator), a lag has been removed from the system. Thus, one
would expect the peaks of the state curves to be smaller than when the
summation is included. Note that it is possible, following the analysis
of Chapter 4, to calculate approximations to the switching times T, and

1

TZ' In fact, it becomes somewhat easier to compute since no summation

is invelved, Note, however, that care must be used in applying the results
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due to the assumption that P is always near Zero or one.

Simulation results of this case are shown in Figure 6.1. The con-
ditions of this simulation are identical to those of Figure 3.2 except
that M=l is used in the probability calculation. Note, however, that
the character of the response has changed markedly. The probability
{Figure 6.la) changes much more rapidly and takes on intermediate values
occasionally as it transitions between zero and one. This, of course,
complicates any analysis such as the computation of the switching times
Tl and T2. The state trajectories are shown in Figure 6.1lb. Note that
they are also much more oscillatory and in fact appear to limit-cyecle.
It is unknown at present if this is in fact a true limit cycle. Also,
clearly shown is the reduction in the peaks of the state trajectories
from about 17 for the unmodified situation to about 1.2 for the M=l
case.

The variable ln(xl xz), shown in Figure 6.lc, also is highly
oscillatory and does not exhibit the negative slope which is evident
in the unmodified case (Figure 3.2). This is further evidence of a
limit cyecle and indicates that the closed loop system is only neutrally
hyperbolically stable. It should be noted that the analysis of Sections
4.5 and 4.6 on the conditions for hyperbolic stability reguired that
the probability be always near zero or one. As long as this condition
is met, the results of those sections still apply to the Finite Memory

case. Note, however, that the assumption on the probability may not

be as reasconable due to the presence of the high frequency oscillations.
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6.1.2 Low Pass FPilter

As seen in Section 3.2, the probability often exhibits a zero-one
type behavior, rapidly changing between these values. 1In an attempt to
smooth out these probability transitions, it has been proposed that a low
pass‘filtered version of the probability be used for the control calcu-
lation. 1In this section a brief argument is presented which concludes
that this may result in a degrading of the response.

As seen in Chapter 4, when A(P) is an unstable matrix for all fixed
P, the oscillatory behavior is necessary if hyperbolic stability is
to be achieved. Thus, one can easily imagine cases in which low pass
filtering the probability would result in a degradation in response.
although no detailed analysis has been done, the results of this thesis
indicate that at least during the initial peried, including a low pass
filter on the probability would cause the probability to lag behind
what it would be otherwise. This in turn would result in the unstable
state growing to a larger value before the probability switches. Although
the effects in later periods are unknown, it is reascnable to conclude
that the net result is an increase in the values of the peaks of the
state trajectories compared to the case in which no extr# filtering is

done.

6.1.3 Miscellanecus Modifications

In this section three relatively simple modifications to the MMAC
algorithm which have been suggested by the analysis contained in Chapters
4 and 5 are introduced and discussed. The three modifications are:

scale the residuals, increase the lower limit on the probability and take
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the square root of o(*) in the probability equation.

In Chapter 4 it is shown that a discrepancy between the probability
equation and the state equation exists in that for P near 1/2 the rate
of change of the probability is propertional to the square of I[El] while
the rate of change of [|3]| is only proporticnal to ||E|l to the first
power. This suggests that one way of smoothing the probabilities is
to replace Equation (2.22b) by

Pl(k)p(;l)

Pl(k)ptgl) + P2(k)p(£2)

Pl(k+l) = (6.5}

where

1 ra—1l
- = v¥r!8. r,
B.e

plr.} = . (6.6)

Note that p(*) is no longer the Gaussian density function. This version

will be referred to as the square root modification of the MMAC algorithm.

Simulations using this redefined function (shown in Figure 6.2)
indicate that the probability still behaves in a zero-one fashion.
Furthermore, note that the peaks of the state trajectories have increased
significantly compared to the results using the normal probability
function. (See Figure 3.2). This is believed to be due to the effective
delay which results from a(*) changing linearly rather than quadraticly.
Thus, this modification does not accomplish the goal of smoothing the
probability and results in degraded state responses. It is further
concluded that the dominant nonlinearity in so far as the oscillatory

behavior is concerned is that of Equation (4.11)
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- % o (k)
P(k) = P(O)ﬁe (4.11)
- E’G(k)
P(0)Re + (1-B,(0))

and not those of the «(*) term.
Finally, note that as predicted by the results of Chapter 4, the

closed loop system is hyperbolically stable. This is best seen by con-

sidering the plot of ln(xlxz) given in Figure 6.2c in which this variable

is seen to decrease linearly. This indicates that the states behave in

such a fashion that

where b is the slope of the line in Figure 6.2c.
The seceond possible modification is to change the lower limit on

the probability, Plim' discussed in Secticn 5.1. In that section it

is shown that during periods when the lower limit is achieved, then the

peaks of the state trajectories are given by o im/Rl where

1

(5.3)

and Rl is given by Equation (5.7). Thus it is possible to reduce the

peaks merely by increasing the value of P as long as the approxima-

lim

tions

i

A{1) = A(1-P,. )

1im

u

i(0) = A(p_. )

lim
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are valid. Even when these approximaticns are not wvalid, the approach
is still wvalid if the effect on Rl is accounted for by replacing

]léi(l)|| with ||§i(l-P (see Section 5.1).

Lim ]

Simulations in which Plim is changed have been done and they confirm
this observation. However, two peints need to be recognized in exploiting
this fact. First of all, if Plim is reduced too much, the assumption
that ctlim/Rl is greater than ]Iyz(O)!|2 (see Section 5.1) is violated

resulting in the peaks not being as predicted by alim/Rl' Also, by
Equation (5.3), the values of the peak varies as the natural logarithm of

P.. and so large changes in P

Lim are necessary to make moderate changes

lim
in the peaks.

A third modification, suggested by the analysis of Section 4.4,
is to scale the residuals. As seen in Section 4.4, the value of the

probability is determined by a(*). Thus, if the calculation of a(*) is

replaced by
a(*) = a a() (6.7)

with a>1l where a(*) is given by Equation {4.10), then the changes in

a(*) are amplified. This, when combined with the existance of a lower
limit tends to reduce the peak value of the state trajectoreis and

the period (see Section 5.1). A simulation of this, shown in Figure

6.3, indicates that significant decreases in the peak amplitudes are
possible. The simulation conditions are identical to those of Figure 3.2
except that the residuals are scaled by a factor of 10. This corresponds

to letting a = 100 in Equation (6.7). As a comparison, the ummedified
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MMAC algorithm had a peak of about 17. (see Figure 3.2b}, the FM-MMAC
algorithm had a peak of about 1.4 (see Figure 6.1b) but oscillated rapidly,
while scaling with a value a = 100 results in peaks of about 1.6 (see
Figure 6.3b). ©Note also that the guantity 1ln xlxz for the case when

a(*) is scaled (Figure 6.3c) behaves exactly as in the unmodified case
while the FM-MMAC algorithm results in neutral hyperbolic stability

(i.e., in 1n xlx2 being constant).

This modification only raduces the peaks of the state trajectories
when the lower limit on the probability is achieved. 1In fact, it follows
directly from the anslysis of Section 5.1 and thus all of the analysis
of that section can hke repeatéd. In particular, the results on the
hyperbolic stability and the calculation of the switching times follows
analogously with the use of Egquation (6.7). One drawback of this
apprcach is that since d(') is scaled without modifying the associated
XFP's, o(*) will tend to be affected more by noisy inputs than before.

This in turn could significantly alter the response to noise in the

observations {(see Section 6.3).

6.2 Summary of Results

The major results of this thesis are of two basic types. The
first type is the specific conclusions which have been derived for the
'special cases discussed in Chapter 3 and 4. These result in specific
criteria for each type of behavior but, strictly speaking, apply only
to the associated special case. Of possibly greater impeortance are

the qualitative results which, while not proved in this thesis are
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reasonable extrapolations of the specific conclusions. Both types of

results are summarized below. For the details of the specific conclusions,
the reader is referred to the appropriate section of the hody of the thesis.

The major specific conclusions of this thesis are:

1. At pest the MMAC system 1s neutrally stable about an equilibrium
point in that the probability has no tendency to return to its initial

value following a perturbation. (See Section 4.1).

2. 1If A(P) is an unstable matrix for P=l/2, then for the structure
of Section 3.1 small perturbations result in the probability oscillating
which in turn results in hehavior which is either bounded or unstable.

If é(P) is a stable matrix for P=1/2 either oscillatory or ncnoscillatory
behavior may occur depending on the size of the perturbations and the
stability of éﬁP) for P=0 and 1 (see Section 4.1l). A procedure has

been presented in Section 4.7 for determining a lower bound on the set

of perturbations which yield oscillation-£free responses. This procedure

is valid for any two model structure with slight modification.

3. The rate of change of P is proportional to ||E||2 while the
rate of change of ||z]| is proporticnal to ][34] to the first power (see
Section 4.1). This results in P changing faster than ]IEI[ for Ihil

large and slower for.l[gjl small. This partly causes the square-wave

behavior often noted for P.

4. A necessary condition for ![wl| -+ 0 has been shown to be that

A(P) be a stable matrix for some value of P (see Section 4.1, 4.6).

5. A sufficient condition for the exponential convergence of the

state has been shown to be that A(P) be a stable matrix for all values
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of P. (see Secticn 4.3). This, of course is very restrictive. Lacking
this condition, the possibility of at least short term oscillations

in the probability which cause the states to increase must be recognized.
Thus, the MMAC method is probably a poor cheoice when such oscillations

can not be tolerated.

6. If one model matches the true system and each model is diagonal,
then ||w|| + O (see Section 4.3). This says nothing about the behavior

of P(+) however.

7. Whenever the MMAC method is used with two models, the equation
for the probability can be divided into a scalar, static nonlinearity and
a summation (i.e., the log likelihood ratio) (see Section 4.4). Although
not done here, this can be generalized in the N-model case to an N-1
variable static nonlinearity and N-1 leg likelihood ratios. This ap-
proach is important as it emphasizes the sﬁitching behavicor of the prob-
ability, allows relatively simple analysis to be done for the often
seen case when P is nearly piece-wise constant and provides a slight

numerical superiority in applications (see Sectiom 5.3).

8. TFor two special cases specific conditions for the stability
or instability of the oscillatory mode have been presented {see Sections
4.5 and 4.6). These results agree well with simulaticns and with
each other. The basic result is that stability results when the slowest
decaying stable eigenvalue and the most rapidly growing eigenvalue

are such that their product is less than unity.

9. The oscillatory mode of response may be hyperbolicly stable

in that the quantity ln(xlxz) is decreasing even if g(P) is an unstable
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matrix for all constant values of P (see Section 4.6). This is seen to
correspond to the cbservation that the states are alternately controlled

in a manner such that

where b is a constant which is negative for hyperbolicly stable systems.
In this case the phase-plane plots resemble hyperbolas (see Figure 3.5).
This illustrates the nature of the controller in that it attempts to

achieve stability by alternately controlling each mode of the true system.

10. For the special case of Section 3.1 with § = 0, it has been
shown that v(:) is decreasing for P=0 and 1 as long as the LQ design

procedure is used with a nonzero state weighting penalty.

11. In contrast to the previous conclusion, there are many values
of the control gain which yield satisfactory matched behavior but which
will result in unstable behavior in the MMAC system. Thus, care must

be exercised in the choice of control gain.

12. The existence of a lower limit on the probability slightly:
affects the results. When the limit is consistently achieved, the
peaks of the state trajectories tend to a precomputable constant (see

Section 5.1).

13. Various forms of the equation for the probability hawve been
examined as tec the effects of numerical roundoff (see Section 5.2}
resulting in the proposal in Section 5.3 of a form which is believed to

he superior to others in that it is less sensitive to roundoff effects.
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14. Fiwve ad hoc_modifications to MMAC algerithms have been
examined (see Section 6.1). The Finite Memory MMAC resulted in a
significant reduction in the amplitude of the peaks of the state
trajectories but also resulted in a significant increase in the fre-
quency of the oscillation. Adding a low pass filter was seen to be
possibily detrimental to the simulation results as was using the
sguare root of (*) in the probability calculation. Two approaches
which appear to improve the response have been given. These-are to
increase the smallest value that the probability is allowed to assume
(i.e., increase Plim) and also to scale the residuals by a scalar which

is greater than one.
The qualitative results are:

1. If cne of the models matches the true system, good bhehavior
(as defined by the design cost function) probably results. Some
doubt must remain due to the fact that convex combinations of stabi-

lizing controls do not necessarily yield stabilizing controls.

2. If none of the models match the true system but if at least
one model results in a stabilizing control (that is, if A(P) is the
extension of A(P) to the N model case, then this results when there
exists some i such that P, = 1 => A(P) is a stable matrix) then
stability probably results. However, it is clear that the qualiéy of
the response may still be poor in that it may be signifiantly different
from the design performance specifications as measured by the response

of the control system under perfectly matched conditions. Furthermore,
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it is possible to get oscillations in this situation. Consider, for
example, the case with two models where one model stabilizes the closed
loop system but has a slow filter while the other destabilizes the system
but has a fast fi;ter. One could then expect a cycle to develop in which

the system alternates between the stable and unstable control laws.

3. Even if no constant value for the probability results in
a stabilizing control, the overall system may still be hyperbolically
stable (where hyperbolic stability would have to be redefined for the
general case). In this case, the probabilities would tend to rapidly

change alternately controlling the various modes of the true system.

4. Even when a constant value of P results in a stable contrel,
oscillations in the probability are likely to occur. In fact, the
oscillations are a natural and necessary attribute of using the MMAC

algorithm when perfect model matching does not occur.

5. The MMAC algorithm can be expected to provide good response
in conditions in which the set of possible models is closely approxi-
mated by a finite set of models. B2An example of this would be the

control of a system subject to discrete failures in various components.

6.3 Suggestions for Future Research

Many aspects of the behavior of the MMAC algorithm remain to be

studied. A partial list follows.

1. Ljung et al [24, 25] have considered closed loop identification
for some specific model structures and identification methods. 2ppli-
cation of their results to the MMAC method remains to be done. This
may result in the extension of Baram's results [153] to the closed loocp

case.
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2. In Section 4.5, the analysis produced the conclusion that the
peaks of the state trajectories decrease and the period increases if
ala2 is less than unity. However, this eventually results in the
violation of the assumption that the probability is either zero or one.
Furthermore, if the closed loop system with P constant is unstable for
all values of P, then the state can not approaéh Zero since, as seen in
Chapter 4, this would imply that P approaches zero even faster than the
state. Simulation results to date have been of little help in that in
all simulations in which long term behavior was explored an underflow

to zero occurred for at least one of the components of the state. Thus,

the asymptotic properties of the MMAC method remain to be determined.

3. All of the analysis and simulation results of this thesis are
based on a noise-free case. The effect of noise needs to be determined.
Note that this is a non-trivial task since even if all the Ei(-) are
assumed zero mean, G(*) is then Chi-Squared resulting in a very complex

distribution for the probability.

4. Many of the qualitative properties discussed in Section 6.2,
while substantially based on the specific conclusions of this thesis,
remain to be proved in general. An example of this is the proof of the
general convergence of the probabilities when one of the hypothesized
models matches the true system but when the assumption that the true

system is diagonal is not satisfied.

5. Much of the analysis contained in this thesis has been based on
the canonical problem structure of Section 3.1 in which the true system

is assumed to be diagonal with two states. Extensions to non-diagonal
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systems and/or systems with more than two states are needed.

6. Much of the analysis has included the assumption that there

were twe hypothesized models. Extensions to the N-model case are needed.

7. In the analysis of Section 4.6 on hyperbolic stability it is
assumed that the control gain corresponding to the mismatched state
(§) is zero. Extensions to the more general case have been attempted
without success {(see Section 4.6). However, such results would yield

useful insight into the general MMAC system.

8. In Section 4.6 it is noted that for the special case under
consideration, the LQ methodology is guaranteed to produce a control
which meets one of the criteria for hyperbolic stability. It remains
to determine if this is a general property or merely a result of the

conditions of the special case.

9. Recall from Section 4.6 that hyperbolic stability is guaranteed
when Conditions (4.41) and (4.42) are met. The first of these guarantees
hyperbolic stability for P=0 and 1 while the latter does so for P=1/2.

If it can be shown that in cases in which Conditien (4.41) is met but
{4.42) is not that P oscillates in such a fashion that it never takes
on intermediate values, then Condition (4.41) would itself be sufficient

to guarantee hyperbolic stability.

10. In Section 6.1 it is seen that using the finite memory MMAC
algorithm with M=1 results in what appears to be a limit cycle. Simula-
tion results indicate that the characteristics of the limit cycle are

dependent on the system parameters and not on the initial conditions.
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For example, when initialized with extremely small initial conditions

. -10 -20 : .
(i.e., true states of 1 x 10 and 1 x 10 respectively) behavior
very much like that in Figure 6.1 has been observed in that oscillations
of the same amplitude and period start after about 200 time steps. It
would thus be useful to examine the characteristics of this case to
determine the amplitude, bias {see Figure 6.1) and fregquency of this

oscillation.

11. Throughout this thesis, extensive use has been made of the
matrix norm |]§I|2 = Max A(RA'). This results in conservative estimates,
for example, for the domain of attraction in Section 4.7. Calculations
in which Max|l(é)| is used in place of the norm have been done and
estimates which agree better with simulation results thus obtained. How-
ever, this quantity is not, in general, a norm for the matrix A. Research
into using Max|l(§)| in place of the norm may result in the improvement

in the estimates used throughout this thesis.

12. In this thesis, the concept of hyperbolic stability is intro-
duced for the two-state diagonal system. Extensions of this useful

concept to more general system structures needs to be done.

13. A few design modifications have been proposed and analyzed.
It is believed that the results of this thesis can be used to develop
additional design modifications which lead to improvements of the

response.

l4. The results of this thesis strongly indicate the types of
behavior which a general MMAC algorithm can c¢ause. Although no con-

sistent general methodology has been developed, the qualitative results
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of this thesis provide a basis for such methodology. Specifically,
important design ground rules are needed for selecting an appropriate
hypothesized model set given the expected range of parameters of the
true model and for the selection of the control gains for each of the
hypothesized models. Qur analysis in Chapter 4 provides insights into
the constraints which muét be imposed upon such choices and thus should

help form the basis for such a design methodology.



APPENDIX A

DEVELOPMENT OF THE ALGORITHM FOR THE RANGE
ofF ||w_ || FOR EXPONENTIAL BEHAVIOR
Lo

In Section 4.7 an algorithm has been presented which allows one to
compute a bound on ||w(0)|| such that exponential (non-oscillatory)
behavior results. This appendix contains a more detailed develcopment
of that algorithm.

Consider Equation (2.22)

w(k) = A(P) w(k)

P(k)p(gi)
T Pplr) + O-Pkplzy)

P(k+1)

We make the following assumptions as in Section 4.7:

1) p(0) =1/2 and B=1 (i.e., @ =0

2) X(P) is such that there exists an € < 1/2 such that
[|&@) ] < 1 % pe(l/2~€, 1/2+¢)

AR} | > 1 otherwise.

"Define § to be the value of a(+) corresponding to P = 1/2 - £; that is,

define & as the solution of

Ll
A2
Be
S-e=—g— (A.1)
Be 2 +1

-168-



-169-

Thus, by the definition of € and ® it can ke shown - (see Section 4.4)

that

(a.2)

p(-) € {1/2-¢, 1/2+¢) <= a(+) € (a + s, a -9

Combining Equations (4.48) and (A.2) with the definition of a(-) from

Equation (4.10), it can be shown that

[JEean|] <1 ¥k >0 (A.3)

>

o | = |

H-PIS
(=

"yet e (i R
I m G E G -5 ds, £, (1] < 8.

This condition merely states that for A{P(:)) to remain a stable matrix
p(+), and therefore also a(-), must remain close to their initial values.

It is now necessary to examine G(<). Egquation (4.10) can be rewritten

as
k i ' - i
afk) = & Ef(O) II ng(i)) E_ i) éﬁP(i)) Ej0) {a.4)
i=1 j=1 1=1
where
o o] 0
- -1
E.' 0 E& 0
-1
0 0 -22 '}

Define a such that
||Eean| |2 <a  ¥i =1,2,...,k _

Taking norms in Equation (A.4) then yields
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k ai | 2
< 2
latk) ! < 2 |l (A.5)
i=1
where ¢ = MIN{A(Qi), l(gﬂ)} with X(8) representing the set of all eigen-

values of 0. Evluating the summation in Equation (A.5) then yields

2
alleg[[©

|atk) | < —i-o5 @ -D . (A.6)

Thus, the approach in the remainder of this section is to bound changes
in a(+) so that A(P {+)) is always a stable matrix. If A(P(-)) is always

stable, then a iz less than one and Imequality (A.7) can be replaced by

¥k : (a.7)

since the right hand side of Inequality (A.7) is an increasing function
of k. This leads to the procedure of Section 4.7 for finding 1130[12

such that |a(+)| < & ¥k.
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