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0. Introduction 

The aim of this paper is to re,x,rt QQ.tt.- latat~ of• l.o,ic 
of Effective Definitions. One of the ~ ~· 191 ~ this: logie · 
of programs comes from the fact that .. ~-;"'lo,i,,)~·-•~ (ef. 
(1, 8, 10, 15, -~ u~~~~~Jfe,~m~~~w~.i'.~~.•~•~.'e-r ... tured programs, e.g. IIUW cuart ,aac:m.a __ Of teCliUI~ .. , .... ,.a...-~ tc),JOIDe,. 
general questions such a: - · ': · , . ' · · 

( U what properties of a given ~ ex,~ intwf 911 die bebaflon of. 
the .. lf.i.... a.-.:..., , , . . res ........ 16 ava-· . .., . : . . . .. , 

(2) what are the limitations OD flle ._, .. · •,e. - • . of~· of,~ 
(3) What ties such U eq,relll~l~ ; . . ·lo.Q. ;fcar. Nif:s ... proper compactael$, ·.,.> ) ,,,., ~ ,.,,,,, •• ,. ,. 

of programs? ·' --~· · _, .. · ·. . . .· _ . , 
(4) what common methodr;litlgltt:1,ej~'ii .. ~J~,iP:~~ 

.. ~ ~·• • ----~ ); _,-,. - e .2'.J< - ;_' ;-_~ :. ~\ 

All these questions are.~-~.~-~(~,Jt i,. tJpe,: , . 
author's ·nion that there shoalct•'mtri~ ti ·.·-~.-•.·- ...... \~.•\. •". tbae. opl IVldr'IWI " ..., ,-:,~ Pl.~~ -P. . 
questions can be embedded with a hope ~ · ·:-. . .,-.,l1t,lt • * . 
intended role of the Logic of Effectite Defiaitioal;"'tl!D.' · ":"- '"' .r,, , . :· ~ 

LED is based on completely unstructured schemes which are better 
called ef fecti,e definitio,u rather than programs. The only primiti.e 
relation in LED is total ff/lll"1ktra .betweal IChemes - maay other 
interesting notions are derivable from (elpftlllible lllina) the primiti.e ones. 
The extremely simple structure of effectift deftnitiom foflet.ber '.With the 
simplicity of LED· formulas make model-theoretic methods easier to apply when 
attacking problems (1) - (4). On the other laud, maay lops~ programs can 
be retrieved as fragments of LED (cf. Section S) ,ia tile ltlDdard •11/oldhlg 
proadull applied to the prop-a• oa wlaich die logic is baled. 

We emphasu.e here that throughout thil paper we consider only 
deterministic programs. There are no problems ia f0tlli1llating a 
non-deterministic version of. LED. However, tllere are coafmingly many open 
questions concerning determiaistic programs uct their lopes. This situation 
suggests, in the author•, opiaioa, a need for better uaderstMCMI rA the 
phenomena arising in the detenniaistic ca befete p11d11 to aoadetenninisrn. 

The results praeated in this paper are mainly coacerned with LED 
itself. However, the open problems fonamlated ia Sectioa 5 are oriented 
towards a better undentandiaa of. die .......... Ll!D rr...,.. ... 
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To keep the paper a reasonallle ~ we,pe _., &Nef· w«ehes of 
proofs of results which appear elsewhere. Actually, there are three new 
results :ttated ill;,_...,. U~Jil;· 4.J.11, :11111l1;U.➔·G1p_.. maildt 
impr~ 9'i•~--., :aJthir, •--• 1~11-,ree& a1'e gt,ea • 

. ·";:/• ~:.,J, '·_;:~-~-, ,~:.:::~·'.;:~ -·::1"~ >~~ 

The first version of LED (in [31]) wa(eraW■ted~f•.~•' dl::•rtlllhlled 
logic - the third truth value in tllil logic corrtlpOllded to divergence. A 
completeQ11&,,,~,f~~-,[-~tWa of LED 
bu,cd ~}J11811'lJ ~~th;~~• ;. ,.,_.SJiidMaitllrcdarUII> .sail 

• ..:..11 ..... _ • un .. . . . paper m e&IIIJ .. ..-y.~,..-,.,...,.,, ... .., ·· ... ;; : i', . • ·.. ' ; , ' ,. -. _ . .: .~~!'!lllffft'.~ - , 

~~!=-:!'~~and = ::r:~::.· ~~>of~-~:--,,~.~~~ in~~ 
;~~S; ·;,, .._ • ,--::r~ : •, • • -- C: :,, > " .,. < • ~ ',~~ ' ~ 
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,., ' 

In this --..we recall,._.., . .._ and> .... daal fft'R 
losic- We rmc:e-.-~-,-,:Gll4111lltiailt<ml!IW1._._~. · 
definitions of standard concepts - the latter caa be fOIUICI ia any text on 
matllcactiftll logicl(~;U,: 11))...: · • ·: i; ~:~1 ,~·· ._,,;"" ~ 

' . -,: ? ~ __.' _: 

l. l · IM·-..'deoote l die ~•uliir' I; · l Al '.I 1181 · .;:~a . - .. 

. ;equal to1he 11t ot .• t(uaite,~"·p,,5t/l;~i!f.~ ~-We~-.e .,. tiJdeaoee tlie 
set • - (OJ. A ramte ordinal n c li.fa. ilWllflllF..,.,11fe'te11bf·•.a· : .. : . 
ordinals smaller than n. 

ii.\;,_ ,. \''1.~ .~ t l 

. bit:, .·,i. .• ~ontiaal;:ud'~:,A;be·•~~'·ElellleaW~ Al are · 
called f-.-,--- ...... -,.~.1i • ., ............ iAtf; ~ Aw _,.: : . : . 
a c-",A.l:...a-1f,r·;~:w <t;-'I: lr-M' .. Yiljaltiit Jr •'~lJ( ·•h '-::· · ' ' · 

-~T D -, . . .. . . . .• 

•n = a(n). 

·- Wbere tt.rdoel "• ·, . t-A tcrcciafaitoa ,~1.,;P~: ,:-> t:k:, ' : .Ille. 
. . . w-· i' 11· Jtgl ~· ,• .. V ' ,. :,ip' ,, ... ;. l ~)I., : ;;·~t '. 

sets A~ x· ~-~J~tc(~~--,· t'-' ,~: ,·:,,·.·~~;',/:":~:\ ::,;,~:'c• ~--~(~- ~;'.j. {,· - . · _;,~. 
~ • ' . • •; C.- ,: '. ~> • ;- - • ',... °'.! }t.i •'•· \~rr -!1~_...

0 
••<fie;• _,~~\ J· '.. ; 

· 1.2 · By a ra1r,.;• L · we mean -.. ordered pair ._ ._, .. 
L = <L, PL>, where L = Le U Lp U lit ii a union« pairwise 
~isj9int ~• .~11,Jlf La w;llf1cJ,.J.M.~ .,,,..,,_,,.,,_\ 
symbols, and pndicat~ symbols, respectiwlfiatf ►ti";lp u·1t:~~~}j ";·j 

is a function called the arit1 /11nctiot1. 

1.3 Let L be a language and let X c p8 : a < •J be a set 
disjoint from L. The set X will be rmd throapout the paper. Elementa of X 
are called individr,a/ ,ariab/a. · 

Let T(L) denote the set of all terms « L with variables from X, 
and L...,(L) the set of all first-order formulas Offl' L ..,_.tec1 by the 
equality symbol with variables from X. Finally, let OftL) denote the set of 
all open (i.e. quantiraer-free) formulas from L .. (L). 

For t E T(L), Varit) is the set « all Ylriabla which occur in t. 
. F~ • E L-(L), Var(e) is the set cl all Yll'ialllel wlaicla oc:c;ur free 
in •· For every n < • we define 



T(L, n) = ft C ~): V~f,, .~/if nft~ 

L .... <L, n) = (a E L...,(L) : Vll{e) ,~ (Xj ~.i < nU, and 
• '. - - : ; ~..,. ' £ ' 

' •.; ~ ' . 

The elemeats of L_.(L, ,(I are ealW,;s .-11,: ' -.. 

For t E TIL), arit,<t) is the least n < • a.ch that 
t E T(L, n). Similarly, for • E L...,(L), ~ ii the least 
n < • such that • E L .... (L, n). 

1.4 Let L be a language. By aa L-11n,ctur1 • we mean a set 
A called the carrkr of I, and an interpretatioa of .,... in L (Le. a 

function 1 .. ••• for• c U which utilfia die folowina coeditioali 

1.4.1 if C E Le then ~ C A; 

1.4.2 if f c LF and 'L(O • ·o, thee /I: ·A• .. A; 

1.4.3 if r c Lg and '1,(r) • a, tllea ~ , AD. 

An arbitrary t c TIL) determines in aa L-structure I a 
function r' : A• .. A which is def'med iaductiYely in die olmoua way 

( t9 is said to be the ,n«llfing of t in W). The Yllue of tu fuactioa on 
a given a c A• depends _ only oa the fint · ant)'(t) compoeeatl of L 

Therefore we shall sometimes write aadlipoully t'<a>, where a E Ak aad 
arity(t) -~ k, viewing t•(a) • the Yalue of~•· any exlealion of a 
to an .-vector ewer A. 

For an L-structure I, a c A•, and • c L ... (L), 

<11, a> t= • means • is true of I under the Ylhaatioa of variables L Just 
U for term&, the truth of e ia <I, I) depena only Oil die fint D compoaen-
of a, where n = arity(e). For arit)ia) S k ad a c At, It- -Cal DIN• 
di, aa> t= • for any extension ■-. « a to • •teetor mer A. 

We shall write I t= • if for eftr)' a E A•, <W, a> Is •· If 
W t= • then W is said to be a model for •· We write t= • if for every 
L-1tructure I, I t= •· 

We extend the aboYe definitions to te1I of formulas. If Z , 
L .. CL) and I is an L-atructure then we write I ts I if for eYerJ 
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• E Z, W t= • holds. If th~ is-tlae qlle:._,, •~-to.--.__.. 
for Z. We write t= Z if every L-structure • ii a model for Z. 

Finally, if Z , L.,.(L) and• E L~(LJ; tin;, 
write Z ~ • if every model for Z is a--~ fpl -.. ', · 

1.5 For e¥eQ' fini1-Jn11 npL_we_lllopt,_••pllard a.I 
codi"I for the aprnliw ia TIU aad ORI.) (d'. for n...,te [2]). 

"J~ 0 '{ j·.-·~'"~:; -~-:: t.r-~ . . : 

_, '.- _," 
') ~ .. ' ·-
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2. Friedman~ Effecti,e Definitions 

The notion of effecti,e definition is due to H. Friedman ([ 12]). In 
section 2.1 we will define ef fecti,e definitional schemes over a finite 
language L. They will be semantically equivalent (in all total 
interpretations) to Friedman's effective definitions over L augmented by =, a 
binary predicate symbol which is always interpreted as equality. We defer 
until later a full discussion of the appropriateness of our definition, but one 
pragmatic motivation is that we want our Logic of Effective Definitions to be 
similar to Deterministic Dynamic Logic, where tests for equality are allowed. 
(cf. S.2). 

Friedman's effective definitions are known to be of universal 
(computational) power over total interpretations (cf. [30] for discussion and 
further references). Many other classes of program schemes, e.g. flowcharts 
with indexed variables ([30]) or flowcharts with a stack and counters [23], 
are inter-translatable with the class of effective definitions. This 
phenomenon provides a system of finite descriptions which is semantically 
equivalent to ·effective definitions, the latter being infinite objects. We 
have decided not to introduce finitary descriptions since they tend to be 
distracting. For example, many of our proofs involve constructing a new scheme 
from a given one. This construction is of ten easily described in English, but 
a formal description of the construct tends to be complex. Since our entire 
development depends only on the schemes involved and not oil how they are 
described, there is certainly no harm in omitting such a system of fmite 
descriptions. 

2.1 Effective Definitional Schemes 

Let L be a finite language and let n E w. By an effecti,e 
definitional scheme (eds) S (over L) with variables among {xi : i < n} we 
mean a recursive function S : ., ➔ OF(L, n) x TIL, n) (S is recursive 
with respect to the codings fixed in 1.5). The set of all effective 

· definitional schemes over L with variables in {xi : i < n} is denoted by 
ED(L, n). The set of all eds's over L is denoted by ED(L) and is equal 
to u nE.,ED(L, n). 

We adopt the following useful notation. If S E ED(L) and m E ..,, 

then «s,m is the first component and ts,m is the second 
component of the pair S(m), i.e. S(m) = <crs,m• ts,m>. For 
S E ED(L) we define arity(S) to be the least n < w such that S E ED(L, n). 
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Let 9 be an L-structure and letr.S E JilXL,. aJr'9' .,... a E •· 

The scheme S defines in • a partial fUDCtion s• : A.8 .. A, which ii 
defined a tlle,faltowiag ~ ,. · . . . . ". . .,· · · "· . 

, e ~ ~ ~: . 

s'<->=t\~· wmreit.<~.~-~-~~~at . . . . --~·~,,<-~·:• ►:~ 
~':it';!~~. ~·-..1;, .. . 

We write ~a}+. to mcficate. tlaf # ii clefwi4 ·- L 

From .. the ..... ~ 1!C.•--~• ~ .... ..-mes :.~:t;rlt'\:~Rl·tti·1tr.r.~r!=t~-"·, . · . . . . . . .-· ..... ~. ,_· NI ..... . 

with- V being tile~~ 

J111t • ilt }!of, we _ _.., . .._ ._, aylln_tiarf-. write . 

s9ta>, where • • A1'--' ~-s L. -i , R d' •·--• 
~-pace*~· .I :~:.,.rtet .. _,.-. • ...,,~..,._ ..,.. 
COlllpGllellfs. of L .. . . - • ; . 

Aa. eck.S C-JilXL. -t •·SM ta a.,., .. '{t.J ·•fAdr '£•:--, 
L:-stnacture s·and ·for--, •• .. •-•-••~•di:►~ 
ha at IIIOlt one e...._ 

.. 
ne· nm defiaitioa • an o1mom ...,_.,.. • • .,.. • • 

effecti.e defmitioaal •laesne. 
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2.1.1 Recursi,ely Enumerable Tf«Lschmra 

Let L be a finite language and let n E •· We describe here r.e. 
trees which compute n-ary functions in L-structures. (cf. [17]). 

The input variables are (xi : i < n}, there is one oulflUI ·variable 
z, and a countable set (vi : i E •l of auxiliary ,ariab/es. We assume 

that z _, (xi : i < n} U {vi : i E •l• 

Test conditions are arbitrary first-order open formulas over L 
(with equality) with variables in (xi : i < n} U {vi : i E •l• 

Assignment statements are expressions of the form y: = t, where 
y E {xi : i < n} u {vi : i E 11} and t is a term over L with variables 

in (xi : i < n} u {vi : i E •I• The variable y is called the left side 
expression of the assignment y: = t. 

Halt statements are expressions of the form STOP(v = t), where t is 
a term . over L with variables in {xi : i < n) U f vi : i E •I• 

Consider countable rooted trees with the property that every vertex has 
at most two successors. Each vertex with two su~. js labeled by a te.st 
condition, each vertex with exactly one successor is· labeled by an assignment 
statement, and each leaf is labeled by · a halt statement. Moreover we add a 
technical condition: for each path ,,,. leading · from ·the root to a vertex labeled 
by a test condition a . (resp. an assignment statement y: = t or a halt 
statement ·STOP(z: = t)) · ff an auxiliary variable vi occurs in 'a (or in the 

term t in the case of assignment/halt statement), then there ,is a subpath ,r' 

of ,r leading from the root to a vertex labeled by an assignment statement with 
vi on the left side. 

Let T be a tree satisfying the above-mentioned conditions. For any 
path ,r in T let e,,. be a formal concatenation of all expressions which 
label vertices on that path (in the order in which they occur). Call T a 
recursively enumerable tree-scheme if the set f<e.,, •> : • leads in T 
from the root to a leaf} is a r.e. set. 

Let W be an L-structure and let T be a r.e. tree-scheme over L 
with input variables in (xi : i < n}. The computation of T in W for input 

value a E A8 is defined naturally. ·it starts with a being &Ubstituted for 
the input variables. Then the assignment statements are performed in the 
obvious way. If the computation reaches a test condition • (along a path ,r) 
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then the next instruction to,•tR011ted i1,1lle illb=:lilln·111tling, tlact- vertex 
reached either by .0 or by •I, depending oa whether or not the test • is 
false at.~•-••• .. ..._..• .. ;••-•• d■,·atidDttiellc•• hak 
statement then .,.,. .. wi•rt1a-Olltplt,a119t111di:fNIII..._. or•-filM•, · 
hand side of the statement. Let yW r A8 -. A be ._, ,-till ~ 
COIDputed'·bJ·.T ia·11. . - · · ::>· ·,.-~r•·chf ,r•,_-.• · , -

2.1.2 Propo,itlott 

~t L ~ a .~Jaap~ 1,;t !, ~-•• J,~. ~~ .. ~ ( •· 
A partiat flf¥dei.(ff:.;~~~-~t~-i(~)o,~~~ill'.: it ,, : 
an eds SE ED(I., nJ with f = ~-·~ ~--~ ~:~,~~';1,,p_., lie., . 
·-St'nli~tr1tl3fr'flw ~-:ar~,;~~~·--~~ 

,' . ~ -.- - .. 'i • 

~ . - , 

•• 4. 
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Let S, Q E ED(L, n), and let I be a L-structure. Define a 

subset (S1 = Q1 ) ~ An, by 

(S1 = Q1 ) = (a E An : s1(a) .. , Q1(a) .. , and s1 (a) = Q1(a>J. 

2.2.1 Proposition ([33]) 

Let L be a finite language and let n < .,, Let S, Q E ED(L, n). 
Then there exist Pi, P2, P3 E ED(L, n) wlaich can be effectively 

found from indices for S and Q, such that for every L-structure I and for 
every a E An, 

(i) a E (SI = Q1 ) iff P,(a)•; 

(ii) S1 (a)• and Q1 (a>,. iff P~(a)•; 

(iii) Either S1 (a)• or Q1(a)• iff P'(a)+. 

Proof. 

(i) By 2.1.2(0 we may assume that S and Q are deterministic. Let 

() : ..,2 .... 

be a pairing function (i.e. a recursive one-to-one mapping of .,2 

onto w; cf. [28]. Then 

. P1«m, k)) = <•s,m I\ aQ,k I\ ts,m = tQ,k , ts,m>, for m, k < .,, 
1s an eds with the required properties. 

(ii) Again we may assume S and Q are deterministic. Let 

P2CCm, k)) = <•s,m " aQ,k• ts,rY· 
Then clearly P~(a)• iff s1(a)• and Q1(a)•. 

(iii) Is obvious. I 
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2.2.2 CllroU., 

For arbitrary eds's S, Q and for an arbitrary L-ttructure W, 

s• = ~ is •-semiconlptt~ Mneuer ri • llfc(eputable 
sets are closed under ruute uniom ad ------. . 

2.2.3 Exampl~ 

Let • s, ~: s, • tJe: •!•ectire-witi • ~ fuattm ~ 
•~ -~;-• t;cwwt•O-~-.. ...... ■ J.I t I lie•••• W 
precisely the partial recuniwe f1lactiolll. 
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3. Logic of Eff«ti,e Definitions 

3.1 ,,,,. ... Smat,tie, 

Let L be a finite language. Let LBIX~bt \lie-1eat·,et of 
expressions satisfying 3.1.1 - 3.1.3 below. Elemeata of LED(L) are called 
LED /orm11/tq.;; . : .• · :. ; .; "1'' . :. .,. '.~ <; i'f.., 

3.1.1 If S, Q E ED(L) then S = Q ~ IE->~ 
3.1.2 If •, ,i c· LED(L>. jhea '~; l• .I\ J> •. .a.<t, -~ I> 

• ,:; . ,._ ' '-. • . ~ . - :"Si> ' 

belong to LED(L). · . . - :, 
'<It• .:, • ' ~. • i 

3.L](/]f • E ttdtfilad Xa Ct. 0 1

~ variable then 
3x8• and V,~rl ~,t~.L~.. . ·,r~ .-:.0··.t ·.~.~:· c• .• 

. ; • .· '. ~,-... . . . . ii:. <, ;.', •,•.••)' L_C'/ •• • • : ), :t,: •, ': ~ .,:, . 

' 'OjiJ,,· t'E/t/Mi, ,. &mi the~ ... 11-J..IW,l.~ ~-
3.1.1 and· J:l~'tF ;,~M~ IJ!ij ~,JaCiailiicl :-1i.iJJiijf ... · ··. 

,,,.,, ... ,~ .... , .... , :,, ,, .. ·. negation lip (■; does not occur in •. -~· r•,c;.;,., "'"' ,, . ,,., .... 

W. iatawlll• M ~-~~:r~-~~~••~ ,., •·, 
,r·r ,:. _~: "l" • c:-t•"•,: .;-·x· ~: ;~,-:,: ~, .... ~ ... l<~f"-··· ·, ·,. ·"'·"' · 

.•, ., .. ,'., .. usecf'for ""':·,yt· ,<, 

• .. ~ is used for (41 .. ~ I\ ~ .. a). 
(~ .:~ _--,, t--~ ·1\:_·t!_t,~~ ~:~•~ ., l~-:· ·-~""~-~ . 

If• E LED(L) and if I is a L-structure and. a i ~•,..,then . 
<11, a> 1= • means that "• is true in • under nfitdliwfY a.' ~ ts •· is 
def'med by induction Oft the coaqplept)' of ., • f~ ,. . . .. ••a ' 

_-, __ ;./i .. .... --~ ,? 'E. ·f /ilOi.'.~~fliJ~\~} ~'-~§~; ;!!ft\•1 ,,,,~r.-,- ,'-~;.f.dft, ~~---· 

3.1.4 If:•» S::i Qr ... ·g_, o:•·mr,k- · 
...... ,'i; Is -.~>~··_1t·t ~.:~l::'r .. \-t("~_·\-

;:.-

<II, I) 911 a iff I .,_...,...,.;:w' · i ' 

3.1.5 If • is -., then 
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3.1.6 If• is J1 A 62 then , ·. 

<I(, a> t= • iff both <11, ·~!~~-• •2· 

' . ,. -. . . 
: -~ f J . ;;: '. 

<II, a> t= • iff either <11, a> Is •1 or <11, a> Is '2•' .. · 
3.1.8 If• is vy-­

~' -~t= •• iff f(!.~ -·~,-".,..~, 
3t' • 't T« t·,tw, <I,•' ti: J'laola. 

3.~., ~ •• , ~l-~ ~, ~ ~ tr}!f:~~ .,:",v~r,., 
Just • in die fint order losic, we .e Milll:1'111 d' ••· 

! -:.~ -1.W~~u~c:;_!6;£~ ;;~~~-f:,-:1! • ii 
ft, :::: d'i. fefiiiif~ -S.L.l f• Y;,,' '~~- ~L~ ·':,b~~ ·• . ', · .. 

We write !Ji: tr •J~ -~-+~ ,+~ .. t~-~ Jnl1C. ia tllil 
cae • is said to 6e a ,_.,,, .,_ •· Fflaa, we Wlite ,. • • fer ..., 
L-structwR W, W ►•; ia tllit-~!" • .. !1!8' .. #,-.J48iW tA LED. 

~ : . 
3.2.1 T0161 ~-

. -. ·~- . . -· 

• -!- • - .. ". ·""<1·· "-. ·_:, - ~ , . -.";?"·. . ~ _, . "" 

It follows unrn111i11·~ i•{• lef(i1fra 6at b I, Q c EIXU, 
.-s-QiffludQaR,c•·•hJl,~·-·••11 , ·.·· 
LED ca he•-• a •---• .-.. ., .... , 1c foJa Ir wllida 
aprea total eqai111h■ce fl Flirft sf __ l I .. t •· . · 1-, 

3.2.2 s,,., ... ...,, 
For s, Q C EOOJ, let s ll Q ......... dbi .. --~LED fonnula 

(S:i S V Q= Q)-+ S= Q. It is 1111 to dllck dlllt for• L4nctwe W, 
W t= S • Q iff s9 = cJ'. 1'llllnfcn Ii= I• 0 If I_. 0.,. 
ttroaalJequi•--(cf.[14]). 



u 
3.2.3 -Weak Efui,alenct 

For S, Q E ED(L), let. S ~ Q ~ an abbreviation of the LED. formula 
(S= SA Q= Q),. S= Q. If it easy to eee tut for an L-~ W, 

• 1= s -- Q iff both s• and oW can be ateadecl ~ ~ \~,.-.tc>tal ·. 
function. Therefore I= S ,._ Q iff Sand Q 1#:~t,~~ ... t (cf. [14]). 

3,J.4,. .. · Te#lllVfdtifill f'I .. tla 
' '' 

< 

For ~-~ S E ED(l,t "-'is.eas,:ao,,. dllfl:i: I eipl!En11 . 

the pr~Jhlt ~ :~erpti~~-J+:fClJ. ~•rw I, •:,.,••· A If. 
s• ii total. 1n i-·....-i ••·· ... die .......... ,1111Pe'..,.... • rer 
S = S. Wt! al8') ·"°~ ,St fort;-..;,a '" ·, .. ,, 

. 3.2.S, : :P.nt..., ,.,.,,1111 . -
Fint-order logic L...,(L) ii naturally inWrpffialile in 

LEDCL) in the fol~~~. for ... CVFY • ~~J-~ ~·.~ 
"•·"·~ ~~E~L) ~~,,~ '.j;e _er!~r· fc,~\ltf (~:~.~r3op, •.-., .... t 
. fore~_" ... · ... ~~~ ... -.-.·~~, .afll.for _,.,~, •,~,;r::~- ~.~:141 ifl· <11 l)·;;,1;, .. • . -n,~ .• . ' . . . ' ·• . 

, "• .,. ' -, . ,_ ;, '.., ..... ,. ·. 

For •~1Qfffl,~ • c O~},--• defjlleft,ti;te be I•• s., 
where s. c ED(L) is a fmite eds def'med bJ.,.t~ ~,:<-,,. Jg>;.,_. d:. 
k < •· - .. 

If • E L...,(L) is aa arbitrary formula tllm fnt we take the 
pm,a normal foa :el.,: sa,·t~JaSi1# f-] ;ij 1-f!,llid<~ot.,...tifien 
and•* is an open formula. ~:1"-~fJ't "• to.1"J:#-'· ·· :: 

4 ~, -, ... ~- > - • .: ,. . ~i 

Therefore we ma, -•e tat I.. ,Ila ii· i...._. a,IED&)., _...,, ~-~ 

i.e. if a first-order formula • occun • a ~(If •t~~,i',11. - · 
which ii intended to be a LED formula tllea • ii flewicf 11 . eotrela,oadinl 
formula "• clacril,.d ~~ -i:·-· •• _ .:, _. 

If t E TIL) tbtn 'the fmite eds St c ED(L) defined by 
St(m) = <t=t, o tor, • (,.,,, teprmefttiihr:tehW r, t~!i~:tt,e ~ . .· 

individual ~GICur in t'&Ad St, aad°f~ ~~}:~,a,aod f<>r •. ,, 
. ~., '. ; ·~ ·~'! ,,,t,·:.~.-~- ,~ ... ~,A_.:;f ~c,I,;. ~ • -

every a E A•, i'(a) ·~ s1f(a>. , 
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If SE ED(L) and t1, t2 c TIL) thenl.i~i t,4 f.aMI 
t1 = t2 are abbreviations of the LED f«mulll $ i .Si. t: .

7 ·. , .• . l .. 
st =S. amt it =g-. 1 ~. ,2 

3.2.1 PortiM Conclllla 

let • C ::e.:,~,~ 1!.UU: ~:.t; !11~,~-•h•• a<·~ aml 

fint-order for•■- Tlada') fOtalill'lF-ii\faJf':Xa.•fJ"~ 
the part/Ill .,.,.,,_ tA 11wilf,.,.. tif'thi lajl:ir_._ ·•:•f die 
output ~ .. ,l:W,- ,~.,far;..,..........~,.. .• C . 

_ A•, <W, a> Ir: • .. Vx8(S= x8 .. I) iff wN ttitl •• ... ; .~, ·-....1] · 

and s."(9& ... , •n-1> terminates witll fllUltJ, ,,.~· ..,,.1a·Cag. ... , 8n-1• b]. 

3.2.8 Total Carree,,,_ 

For L, I, •, J· u .... (in 3.17) ~ the tED forillu&a . .. . 
• .. ~-• x' A . ., apra.d·'ttte i6tit'•~➔ol{'"S:·ifti. to the input 

condition• a!t tie •ll>af diidi6'. Jlctt,q,1i!&'·Jof iaj·t~a:t~~- · .. 
W and for any a E A•, <II, a> t= • .. 'h,.(Si :1

8 
A I) iff ....,_:,,.. ·~-

W I= -Cao, ... ~ ••·11,:-.8' .. .:;,-.,1J·--lld1a wlta.c..tt 
b c A and • Ir: ,£8(> ... ~ :•11-f. ,It]. ,; .. , .. 

3.2. 9 lldation to L• • . I 
" ~ . , ' 

Fpr_ a fi,aii. l•fP• la,.ieJ :'1,1_<-.r ~•-· tlll tllt 4 
all formulas over L of ~die -logic· L

9 
·• ftt;.[1@~ ;. . 
1 

L •• <L) difln-ftoaa 1-..Wiia tlMt,Jtt ....,. ...... l, ·' 
1 -~ . . . . . 

conjunctiona'·amf·tfts~: ·' ' · 
. .-': . •: .:> ";·' \ .. '~· . 

We now show that LED formulas are tramlatafile iato_L•t• 

formulas. The only thing we ha.e to dersat · .... -.0••·•• rln6~ formula 

of the form S= Q, ~,,8, aad 9_are ,-,..:!, into~ L.,._ .. · 
formula. First, ~ d,a~ s = 9 •~ • ~IJ,,~aitnf eu 6'e. . 
equivalent, iii ~ ~~ .!:!,, ~~~:J~l'~'ffld\~:_u....lfu .. i 
where "i,f• df(ty~e.q,11s.~.--tfaat i' - ai~.-, .. tti'"" o.; at 



17 

the j-th step aad botb aive tile.·...__., ,te;·.·..: J··•• 
. Ii .. 

(Am<i'd A lA1t<j~,t► A "s,r A ·~';f n·' .. · 

ts,i = ~.j· . 

We shall llUlkfHae eAhe 4'11, iMba·-..um,is ilterptttable in 
L ··. in·:.laflet.:•tidnL·:· . '. •, ;'?,? •.•C b/ ., . ,· . . . •1• •. 

3. 3 Norm11/-form Rt1111lt1 for LED FOt'lllf!I• 
Pt\~ -::-•c - ,f 

3.3.1 11,_,.,, ([33]) 

Let L be a rmite laapaae. 
. ,~ ' -~ -, }4 .L-.. ··:•f.~ "":,f :-.,,_•;· t· . .,,~:J':J~ e ~·~/·; .i.~ !-·--1'1 ···\~f}-;~;.__ - ii-~ 

(1) F~ ~fllililleNJll'itn•• ~ .. ftfitiimt edj·'' ·'.' ". 
Sc EDCL), which caa be fouad effectiwly frela (die oade of) I luck tWt · · 

(2) For every open formula • c LED(L) tllere eat n < ~ ~ ••• ·Si, 
Qi c ED(L) for i = i, ... , n such that a, flt : i < aJ, llif~'!.~ i < n}-~ be 

eff~f~ f~c~.~ ~ i ,: '.., 11 · · ~~, :s .: 

.. • .. Ai<a(Si • QI 
'• _. 

( 3) For every open formula • c LED(L) there aid a < • and eds'• 
Si, Qi • ED(L) for i:,\'JJ'f~,~-;~~ ~ ... ~,!""'1~ ,_. .t 

1, ,-,:, ·• -.. ' ~ . ' ~• 

(4) For every open fore.la • e, ,r..., .._ ... a Mllllively 

enumerable eet (Sm : m .< •J. ol .-•~ .. ~ ~ (i.e. ~ .~ I!~~ of 

the s--.•• ··f6na aa··~~l .~•~~~-·,~,~lfl~f .(~~--, 
a c A•· · ·' "· ·· '' ,.,,. "'' · 

<11, &) ►.• iff r«~ m·< ~~•.•:~•:sui~1 
. " ·, ~:-~_, ... tr;.,•.:. ,,_,~ ;;..c•·· ">-·-· 

Proof: (1) follows from Proposition 2.2.1. (3) follows from (1) by using 
conjunctive normal form for open formulas. (2) followt from (3); i.e. 
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S.., .. Q+ can easily be eap,tAJed • S. •-Qaifww·~ 
found) eds's ~, Q.. Fiaalty (4), rou.,,. fJqll tl);Ae,~.., ,v,,.., ~ be 
easily expressed as Am<et pm♦ for an r.e. let (Pm ;' Ill < ·., of eds's. I 

It is pem8Pf •--iJla~•.--·4- •11• rral1tlll•••◄» oria 
(3) cannot be bounded by any inteaer. nil follow fn,a*fllll.,.. 1~ 

due to J. Berptra. · 

3.3.2 TIH!oM,, ([3]) 
,· .. ;;~.•- ~ - , ~· 

·.·, ~~ e~"!f .a;:.fiaita:--j, tlll •L•aetw.S _. tllat··. 
for nery n < • there exists aa opea formala • c Lll'JIL>xw1ll·tlalf•for · 
arbitrary em's So, ... , s.1, Oo, ... , Oa-1 in EIXU, . 

. ,.-..__ :_,;;- -.,.·"'·t_r .-

• .. • .. Ai<n (St .. Ot> '- - hold. ' 
~'- ·-~--~~-~-H"'::. f: ~-

The proof of the ab<we result uses a structure in wWch a's define partially 
computa* ~-~ .............. cCDtdJtlirJ .· 
~ ··: ·. I. . ·: . ··. .,, : " (1'n i .,· ,, 

The nm result ii proved in the 11111e-,. • • mlopat rmdt (i.e. 
the pn,,a IIOffltol fom,) for fint order lop:. ' 

Let L be a fmite laapage. For e-, • c ·timt) ·ae,e akti•·' 
•• E LED(L) such tlaat 

(i) ....... 

<m -. •·« 111e::ronw~:~.on-1\.-.:1.,, w11ete eacllOj 

is either ~ or 3, aad " is an .-~ ~• •. 

3.4 · -~ 'l/flifwl1 Di/ln,1,h hi LD 
_.,,_-. __ - , },· .... :-...... ,· ,,, .. _; ___ ": f 1 ~ '"1' ~"'· ... , . , 

(up to ~U,t:}i~w~~l~~~ 
formula). Here we iaYatipte the followina prcllkm: wllllt l1l'IICtllra are'' · 
uniquely uiomatizable by a single LED fonnulaT We pw a ~ 
characterization ~"',_.,._. -.. -... ..-,·:at11•d1tlll., open LEDCL) 
formulas, in the Catie tllat L contains at lellt oae rmttaat 
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Let us &tart:witb tM fallowiag . 

3.4.1 Example 

Let Le= (OJ, Lp = (SJ, IIL (S) = 1, t,. • ♦. Defme an eds 

Q • ED(L, 1) by Q(at •-~-•~~-~.all a.'<•~: 

It is easy to see that it • ii: 

then for every L--MAICftlre W{W'h e'"·iffrW~•tii;; I, <&, '\there S·il 

interpreted as succe.uor. 
-- ·:. :~. ., - . - ; . ' . 

· An L-stl'UCbin • is said to be ~~1. •Ji· by;. a ,Id Z pf ··.· 
LED(U; f...W• I:,• is :tie: ... y , ..... (i{Wl~·or·Z' .. Since LEO 
formulas express program properties (cf. 3.2 aad 131, structures ~uelr . 
defined in LED can be viewed as tllOle which are uaicplely desctil.a&le \y their 
algorithmic properties. For eumple, STACK can be~~~-,~ ~R&in 
structure (cf. [29]t ~'~flleif1it"''Wioiii'Vli ....-., Wble!'·· More geaerally, 
it follows from. Proposition. 3.~.2 ~ thlt A~:~ ,!~Jg. llll) ca. .... be 
viewed as •~~~deW.,.,.~ flli11116 noldl 'f« lie rina. il 
intepn, the faekl of rationals, aad the ftelcl or rteurlMi-' fct. fla). · ' ,,=' 

3.4.2 l't¥Miti9« ([,43> 

1..et L be,.:;ffni~ 1anauaae with ·1c ,.,,_ · Let, be .. ;_ 

L-atructure. The following conditiom are equialent1 
. ' . : - ' '\. 

U> ··• is unicl~ly. M .. le 1>1.,, -.t _.,Pllll& LBIIWOl'lllllla 

(2) Wis uniquely ~*·by·,• (llf.=~1t,1}1d'.,.11tm.' 
predicates, where eefh).i f -~~IJ. . 

(3) W ffls ~ proptr 11ibstl'\ICtUfet, i.e. ,~~;:.:~ i ~. 
t « nt, 0) ~;. ·=· ~- '.~ . , i.i i ...• :=;: . ,· . ;;'. •.' ,··· :·. . 

Proof: (1) ➔ (3) and (2) "'(a,Afe:~ l'or·Q ~,C,2); we illow that 
the property or having no pioper subltructurel caa be apre•••~"'1-CJDO fe11mala 
of the form S• and then we add formulas dacritiaa die ..,,_ (tee, e.1-, 
[7] for a defmitioa) or W. I 
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For an arbitrary finite q op .L,•:foll1ti111,••ldpc·-,3.4.2 can 
be proved. 

3.4. J Propo,idon ([ 4]) 

For an arbitrary rmite ~-L, if~.~ • ~,: .·· 
uniquely definable by a let-~ opea L8IJ finntii· tlea •· lfat bo proper 
substructures, i.e. for every substructure •~pt~;~~~-,,_,~. r 1 .. 
holds. 

Proof: Let • be uniquely definable by a set Z « open LEIXL) formalal. 
Each substructure ~:el W- satisfiel~J.:•·_..·~•~ ,,ll:,,...:W • 

(0 W1 = I; 

(iO for every o < ~ •. 1(8 ii,•·· -,...,.uctul.d la.t; .. 
_· . °" .• - .;- . -~- . -~", ';cf~::,~: -_-~. ·_.,:) .. - ~·: [ .. - -.,-: 1~~'! ;~ ; K --~ • 

(iii) · for every. n .<,,._._.ii~ ....,.i.J~• fat,lllftii+·J_.2 • ,.. 
such that fJtJ• '-a.t "-Cl',·;• a,,,~-·:. 

Then W* = u a<••n is not finitely ~ aad'llli' bOt 
isomorphic to•· On~~ !w-1, -~ ~-:-~ .. f: ~,M¥,;da, 11q1e open 
LED(L) formulas. · •;~" I ·.. · · ' · · · · · · · -~·- ~.,i w ·': .· · . .. , 

·> .. -- .• )·:\t~·! --~::\.'R°;_;!it · _:~<- -- -4., - ' 

Let L.ba~a,linae_...·-.li l.c#JIJa1if'let'fir 
fro, ... , rk-1) with 'L(r~ = °i for i < at·;D:Wt'1t8' ::•.)r:, -•"· · '·· · 

~:~:c::-.';.~~t')=,:~~~i·~~t~~ ,::~ = 
<Oro, 9), ... , Ork-I• W), a•, W)> « relatioa ••= ~ (._, ···.:. . 
Or• 9) k • 11t~- ,·.~ k:,lad IN-- ,an G,~ ,__..ilfl die·? 1 t;;. •· · ·· ;, • I' --~ , ~ . . ~, •1 • J : .. 
f ollowiag ooaditioalc ,::) ' · . . ,+.;., -; -: Y ;,1 .., ' } ·' · c.; ; : ·,, .• 

(0 
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(ii) for <mo, JU,1> ~ .,2, 

<II!() ml~!- ·ex•, 'Ii. iff~-,~-''~i'~ i.if!-JF ,., ' 
For a set X, let 9'(X) denote the set of all lllb&ets of X.' Let 1·~ 

9114111,{\,?< •• ~ ~ -•~11 ~ill.at•• 11t G1,-.~18JINI ,, . , 
<Co, ... , c~fl~•a;e1;•._ ~-- ~Mil•tJ.11':-,11'111t·:B·il a· .. : 

:,'em nt h of a! ::'1~/~~' ?t!' ~· ' 
in a natural way), and for every i < k -M••lr■hls.;fat.U m,tp.c 

, .. ;, if _(mJ~,P.l ~ E f~ e~ J. <!t~ .;r,,~-i~i~-~{':·~,ct. ·~-~ •,;;' 
n~,, •· 

correspoods in a natural way (31"'cJC • IQW) : • .., ,t¥}_:,~ .A. "· '· :. 

conve~y,,_J~,efflY~~.~l ~-Ai Tb:~~~• 4()..: 

· "· ~~-* ~:•~~~~~~_:,;:~.~,,~~~, ir'~-~~ ~,~ ,_ 
n2 if there exists a ncuniff (i.e. 6lJ, foamda ,<ro, ... , rt-I• •, ll'(), x> 
such that <Co, •.. , ck_1, E> • x iff v~tlqfc:,~;1, "~:· -o, x1l 
. ii true in the standard model of arithmetic. . . ' "', ,~~. ,', : 

' ;\ --t~ ff. ~,~ ~; 0

" 

' -. • ";,/£'., '~ .., 

A subclaa ro, :r. n2-•,,,,.,*~,{~Jfll\!f, 
set. Oblerve that I defmed above is a n2 ~~'ttw ~ 
defming it are ni. Thertfore :r itlelf is•~. :F.~ ~--,. 
L-atructure W c 7 ii nf~rf11f ifift~: •,, ... ,· ~- . 

3.4.4 Tlt«,m,, ([4]) 

. Utt.,~ ·•:&nite;f,; :. '· '1 '1ritia ,_!:.;f~• w:i:..>-~ ~-. ),• , . 
...... ,; ,IIJffl•~~· .. 

L-structure. The following conclitiom are equi,alents 
,,.:- ·:.-: -:.: 1-'~;ii~~;-:~- ·,; . • ;::; ~ ·:,_.; }f ~ ·s')f ·'.JA,; ; ··;,_ 

(i) W is uniquely definable by a ,iaale formula cl the form ..,, for a 
certain S E ED(L) ,!' .,. · · 

(ii) W is uniquely definable by a recuni*" .......... lefr. · 
(ai : i < •J of open LED(L) f~ ~- ,.,, .. ., · ;i .• , ".-:·.i 

(iii) W has llO. proper 1ubstructura and I it R2-defiuble. 

Proof. (i) .. (ii) is obvious. For (iO ,. (iii) we apply Theorem 3.3.1(4) 
and transform (ai : i < •J into the semantically eqllMleat r.e. set 



21 

{Si..,: i < .,} with Si E ED(L) for i < 11. Then from Ak.Si• we ·pt a 1l9 
condition defining W. To ~(~.~J~ F~~'~,fA'e .. ~ 
of (ii) .. (iii), applying a reatrii.e enilbieratioa £ the flllite ~ of 
positive intege~ • ,;;,,, • 

. l.5 
.... : - ~ . . i , ~ :j. -' ~ • •j ,·_ ',..\: 'd -~ - . 

The purpose of this section is to present a formal proof -,.tea for LED 

and to prove~~•~' J~~lfl ~~die 
Model TheorY .. ~i•· ~~:(l~~ ~~-,t(l,ar~---i: .::•:i;' _,_ .. · • . 

notion of the ~'""9 ~• . · ·· : · ~i. ,;: : 

3.5.t; ;_ ·w« linf·•·ftftd 'i tr-"orn.ikiifor ...... ~tie ... dbn. . 

=-.1;1ri.;.~~~~ ... ~~=~ ~--~-. 
" .: r: . :)t, .'s/:;!,. . : . . 

(S= Q)' is ~Si 01, 
. (-..)'ii., 

(a V •>' is a' A I', 
<•:, 4 01:; ~/~· .~~ ,: , 
<~•J· •. t1x8c.,. 

. f'lt,l'f •"~M. 
-'i. ; -' 

Now we are in ~ p01itien ·to IQICllt.,~.IJ~ 
' ~ - C' ' ,a _,.~: > ~." • •- • f'•: ' ~ :_,-•~.<' .- • 

J.5.2 .biOIPU 

We have the ,o1~ ~ ~ .. ~,•~~)-.Ix and y 
are any indivichdl ..,.t,les.•·;· ,. •' · ···•-:.r!·•. • ·.• ., •.• 

A.1 Every tautology ex fini~ propmitioaal qic. 

A.2 .,. .. ••· 

A. 3 ~al : q.ol + ,$:i ,•Q, 
where D ( 11, and S, Q E BIJ(I.). "· 
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A.4 '1xa .. a(x/t), 
where t E TIL), t is free for x in a, and a(x/t) is 
obtained by replacing each free occurrence of x in a by t . 

A.5 

A.6 

A.7 

. 
x= x. 

(a A t = x) .. .Cx/t). 

3.5.3 · Rules of Inference 

In the rules below, a, ~ E LED(L) and x is any individual 
variable. 

where x does not occur free in a. 

R.3 la -t_:'(S
80

:: 011) : n < w}_ 

a .. ~S= Q) 

where S, Q E ED(L). 

Let 2: ~ LED(L) and let a E LED(L). Then a is said to be 
provable from Z, in symbols 2: ~LED(L) a, if a belongs to the least 

set of LED(L) formulas which contains Z, all the axioms obtained from schemes 
A. l - A. 7, and which is closed under the rules of inference R.1 - R. 3. We 
write Z t= a if every model for Z is a model for a. 

3.5.4 LED Over Arbitrary languages 

Our proof of the completeness of the above formal system will require 
us to work with countable languages rather than with finite ones, so we define 
here LED(L) for an arbitrary language L to be U(LEDCLo) : Lo ~ L 
and Lo is finite}. Observe that all the notions introduced in section 3.5 

make sense for arbitrary languages, in particular the notion of provability in 
the formal system (3.5.2, 3.5.3). 
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The result below has been proved (in [32}).',_"• ~valued;logic of 
programs, butoaly ~.fiaits letl z...·· It·•• .._rilllfti Id tin [33]) 
to LED, but again-Olir, .for, fieite ett,& · ,, ,.·,, d • -

3.S.5 Thtorem 

Let L be a countable language. For e.er,; l , t.BDII.J and for 
every • E LED(L), Z 1-LED(L) • iff Z I=•· 

To prove 3.5.5 we first pnmde a tool for COllltruCtina modela of LED 
formulas, the Model Exillma n.o,.,., aa •• .. •••··~•:that fur 
L., •· This theorem ii based on. the aodon cl a tolllbtaq ,... ,,. 

1 - - . - : '~\~ ~ !'- :::~ -- ,-_.,,...,. 4 ... -- <.:.:,: ,, -'¢ : -~-- ' 

·ne reac1er amy·cornpan; the'~ 'propi,rty'f«tti>.wida' • · 
corrapoading property for L.,

1
., (cf. [16D. 

3. 5.6 Cotuilltnq Prope,11 

Let L be a countable lanpap. Let L * denote die ~ 
obtained from L by acldiDg a C011Dtable Id C ,i COllltallt~ Let U be a 
set of countable subletl of LEM*>. U ii llid to 111,e tfle etllllUlfflq 
prope,11 iff for each u E U and for -Wtfal'J:·., fr~LBIII,~ Ill~• :. 
following hold. . 

C.1 (Consisteacy lb11d Either • 4 u or. ~ i u. 
. f.' 

C.2 (' - llule) If ,r E u thea u U fa1 C U. 

C.3 (A - R.ule) If (~ A fl,C a t-. a y ~I, , .. l,.t ,and 
11 U "' t t}; . :; . . ' 

C.4 . (·V .... Aele), If { .... C,1t a., t« ••e «;e, _ 
u tJ fW'Vd}'•{!;' .. · .. "' 

C.5 (V - Rule) If (a V-, E u,tbea,.... u U (fl CU or-
u u Ill E u. . ·' . _·. '. ;. '.' 't . ' . 

C.6 (3 .. Ral!J' 1f
0

(¥, C u dlea for some. c _c·c 
u u r-tx.(dl .c u. 

c.1 (Coaftl.pnce l.olet' · Por r;'Q ·• atu. ~. ·t <I• Q) • 11 

.. rer--..e,. ~ ~tt. u (i(lfl:c~f•"tf' · 
,. 
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C.8 (Divergence-ltule) < Fdr S; 0 c !IXL-,, if 
;s = Q) E u· tbea for alf 11, ,,; - · - · · 
u u (;f n> = cln>Jt £,_ 1). . 

_ By a _bane term we ~-- ei~ a ~t -~ ~ a tlrfn. of the 
form ttc1, ... , cJ where f ~ ~.-,,#C~."' a.,;;~ ,.,, ..,.,;',r·, ~- C. _,. ,, 

C. 9 (Eq..ait,- llules) Let, t lei•-~,.._, ad1 e;-d « · C, 
U EU 

3.5.7· 

If (c :i cl) • u then u u Id • cJ c U. 

If c• t, -'"t) ~ •. dlea,' u w,/cNr. u~ 
For 10111e e c (:;'11 U feiil tJ·e>U. 

If u .. fi&-,~ui.., .... I) - ·•••-u; .. ti 11111 • ~ l 
-. -,f't ; -; . : ,i:., , -- _,.. •• 

Proof. The proof is mentially the ame •that~ die,....,_ result for 
L• •(cf.[IG. --- : :■ ··' · .. ' - . · --,, • ":,. .. ·' ···: 

1 

3.5.8 , ~ 

If r ' ,ym(L) .\ ... ,. E.J.eRU., tt.ir t"l9:)fl., •-• 
r .,.LIOOJ ,. . . 

Proof: Suppose r t- I in LED(L*). Since proof, in LED are particuJar 
1 

instances of proofs in L,,
1
,,, it followl-.l~-•' ..,,...,._.foe -

L.
1
., (cf. [20]) that there is a proof of • from ~~J.1~ *). 

which uses no constant symbols from C. Therefore r t- I. .. in L~D(L). I 
~ . ·-,,, • '.'--:; t·, "t~ '~-,<."'."_~:~t ... ;, ,,.~ ., ,, ;;,•: ,,.~: 

· 3.5. t Now • an in pdsitMfi'fo ~-3.t.5. 1f Z fo:. • ia LED(L) 
then obviously Z t= •· · Now suppose Z tt • in LEIXfl).. •-~ ~--.<tlae M of 
all universal closures of formulas in Z. Obmully Z-t' • in LED(L). Let 
u = (z* u u : u. is •tflniti seiW--.teaas11r-'t-19t~·:and ,;, , ; · 
* * Z t'LED(L *> -i<".cv':)•. ~1 1;, .. 1. Z ,~ii,., EU. ,,:_ 

Since L is_ coun~a~le, every eleme~t of VJ, a,l,o 1~~;_ ~
1 
can ..i, 

check that U ltas 'tile,.~ •- -~: .. ~~;_;;;:,•:~ '3.5.7 ---...,,,,.-.......... ~., pr~ .. , ,-fl-..~~. ,, • 
z* u 1,rttaf • model. · i'~ '. · ·- · · ·· ·· · , 

Remari: We·~tillly netdtd·the cut-'eliminatbi··t11torem in the ·proof or 
3. 5. 8 only for the case where there are only rmitely ~Y indi,adual ~bla 



26 

which do not occur (free"~·~ i• U- fOSflllf,"':Gf·-f ~;·,la .,partioldlr this 
oof does not use cut elimination·~.r.il,.._ pr ;.: ,r.,5 r-;r, f.' -•,.: 

3.6 Tire H1111f N11mber of iJtlJ, 

1n this iJectioi we intdc,ipte tt.e•~isa.;"- ·tkoremt ~~ 
Because the dowsn,artt;Untalelblblell\'~ ii &111 for'L•t• · · ·· · · 

<ct. c1,1>,.i, ..-.«.t.UIDW. au. ,.....j_.,, · 
3.6.1 Tlleoren 

For every fmitt lanaap t ad fer e-, Z , tEMJ, if Z has 
an infinite model then it Isa a, C91111Jtilt.J[tt · IIQllct. · - , '. , , 

We have already aeen in 3.4.L .,.,G&lfnS1& nts 1· .. .-...a.-m Theorem 
fails for LED. Let L be a fulite laapap TIie 611/ ..,,.,,,,,. of LEIQJ (cf. [16D 
is the,~. grdiaa) ~-lpldtAfl,,.!'~.j~ ~..... ;, 
model cit power 2 • then ~ hal arbilnly hqe _... 

The cardinals ~., f~ ~ 18 ordiaal, ·~ clefiMd 
0

~ • , 

:l0 = •, :l •• 1 = 2:l•, :l• = u,<,,:l, when • ia a llaif'~ 

An ordiul • •• toibif.ai,*••'•.._,ld~t21])-;ifthiere 
is a recunive binary ~ I. s; • 2 IUCla dtat Jl ii a ull ••idi of.~ 
•• Let • fX- be the first IIOIH'IC8l'IM anlialL ·~. .; 

3.6.2 n-.. 03]J 

Let L be a ·rmite ~ COldaiaiDs at lmt oa ·~taat s,mbol, 
two uouy.f~,:sptbell. aallaae~•••IJ•l:•L · l'Mlltlle Haaf 

D\11111- .,,. LBUl :ia.:l.fL ' ; ' ,_; . . . 

Proof: Let·• denote the e..£: naber • ~\ . iialt· • .thow dllat 

• ~ :l•fK· Let LC?-1• be-die ~cal:h widt_~ 

enument,le 6jlqlctiom
0~Jd. [IQ ... lf "--~.i9-~.,..tLIW'L) 

is interpretable (as in ]~2. ,t ••· t~ .~ ·11y · tk Marte,-IIJrtl., ,.._... J : .·v,,. . ,,. , : 

(cf. [16], Thm. 22), which.Jays that tlae Haaf•-- of,.L~ •~•~ 

it follows IC ~-~.pt- The inequality ~-fK -~ •. , .... ·f,. die~ rault. I 



27 

3.6.3 Proposition ([33)) 

Let L be a language as in 3.6.2. Then for every recursive ordinal a 

there is a ,p E LED(L) which has a model of size ~ a' and has no model of 

size > !la. 

Proof. We modify the example due to Morley (cf. [16], p. 70) of a sentence" 
in L., ., with the required properties. Details are given in [ 33]. I 

1 



4. Correctnm T/r«Jria "'· rro,,o,,, Eqa:Ww .. · 

We first introduce aome notatioa. Let L 1,e a fiaia hap• Let 
:,Yt,e a class of L-stnletures. a.all. dlat for• c LU&) • 
.?Yts • means that every • c 2'"il a mellll· f« •· If I , LEIXL), 
then by Mod(%) we deaote the c:1111 of al madlll for I. 

Let S • ED(L, n). By the ,_., caM11• ..,_ of S witll 
respect to :Jr we mean die llt Pal, .2") • ((a,. fl) c L_&.. II): 
X L .. <L, n+ 1): :,r-1= ... YxJI= ~ .. .. (tldl - ii 
denoted in [6] as MPC,r(s». 

By the total COf'l'fdllal ,,_,, m s with respect to ,r we - the 

-set ros, :JY> = t<-, 1> • L_(L, a> x L_(L, •1> = 2""►_• .. ilJ.Sc x. ".,, 
(this set is denoted in [6) • MTC,r<IB~ 

4.1.1 

For an arbitrary flllite laapage L. n < ., S, Q c BIXL, II), ad a 
dais Y of L-structura, all of the fellowiaa llold. 

(i) If ,Y1= s = Q then TQS, :,Y) = TQQ, 2'). 
<iiJ Tas, :,y> = TaQ, 2'l • r-. s • o. 
<iiiJ If ,r1s s • O t11ea l'QI, 2l • PaQ, :¥>. 
(iv) If Pal, :,f1 • PaQ, 2") tlllll 2'" .. I ,,, Q. 

Proof: Straightforward. I 

4.1.2 We now consider the COAftllll tS (i), (iii) ..t (iY) m 
4.1.1. Let LOOP be an eds defiaed by LOOl'(III) s <'"'bu • -xd, 'Xfj> 

for m < •· ObYiously in every L-structure I, LOOP' = •· .Now, if 
:/t I Ill then the implication in (i) cannot be mened f« trivial 
reasons - clearly TaLOOP, :,Y) = TaLOOP, ,Y) bat 

:JY9' LOOP= LOOP. For (iv) it is enough to obler,e that for eft1)' Sc 
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ED(L, 1), :Jf"t= LOOP ,.., s but·~ S;ror ""~·;:c.Jo>> € fllS/:,Y) iff 
:JY't= LOOP • S. This observation gives rise to many counier:examples. The 
subsections 4.2 through 4.5 · are devoted to in\i,iijptfng tke~q~tion: for 
what classes ~ can the implication in (iii) be rnened to hold .for arbitrary 
S, Q E ED(L)? In 4.i~we tlil1I W tlmf'IP91Yi1W(i) ~ be 'fe+med. 
On the ~~, hand,, hr· ,.~'·ft·,• i-••··.u i lln1n-.,,..,t1l•·1o..: · 
express partial correcbleeltODl:di&iolir ~::(ii ... ,., 111111d~ '8 .~. ~· 
arbitrary (first-order) elementary cllSI ,r. fiaally, 4.4 .,_ that for the 
clU1 of all L-,t~tu,. ~ .,...., ....... & semaatics". 

A ~ ~ ",L.--.111 it.taid io.t.!IM\ ..... if for 
arbitrary s, Q. ED(W., 0~·«l•t:ftlOIS)l0 ,r fTI• ·' ;J ' 
x;.- S}l• Q. '! IT ' :! : ,; 

4.2 Dd07llintlleras on EJ_,.,., Oaaa 
~ .. -,.;~ -~ff ~ ~ ~:) ;j-t:-.~~;"-~'(ifJ1 ·1-· 1;• ·~·~; >'-:L --~:- . 

A cla ,r of L-ltnlctura ii uid to be ,,__,,,,, if for me 
Z s; L...,(L), ,Yr: MoclZ). la this IIIIJlectiDII we ... tiJ,Ut 1k . 
question: when is a pYeD elementary dllll edt-compllle? The fi(tj_ ...it 
shows that .e YetJ rt Jlz .. lia:tlll&Jl.,IIM■tN'&V~ 

-'-/ . ~ , ·--=~v· , --;:·,. ~;, 3/~. --~t1 ~, .. , 1 (" ., ·; " "<:('" , ? r _._f'-~ ~! ~ ~'. ~.. ' ·. 

4.2.1 n.,.,,,. ([6]) · , ;' -i 

Let,,L~'" tlat ~..,_·•••••'· 1-t •~tt-:= •,iip ••-'II. II, . 1.· 

-L(O = "L(g) = 1-:·~:n-•;C ... ~.C~....-.w, ~J....,.~•W,P ~0 
·. ;. 

is not eds-complete. 
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,Yts t• A -«x.ihcJJ "-~ aacl 

:Yett= ... ~-..J--
Let 'l' ~ t,.(L, ._; ..... , ....... 11:,A -~ · 

By a st#4ed •kmf Of! 1111 tlliiCclllltiaftalll 'ftMeil,{7, pM} we lad • 
model W E ~ ... '. ., .. ele• ft S,C "fW ....... : ·:· - : 

"'f~ ~ -.:r--- ',::.;,:;~. •c·;-r->ft\,{~-,:y#'·· (., .. ,· -·:. .. ~-. 
(*,) •-IF··,la. &,J..lllllt:t ►~ 4,-

and the subalaldPs.-..••••-~·,l,,•-•---,..a'-•~--­
disjoint. Then from tk 1Jf1 ~~-~:'-. ·; ' - -
there is an automorpm1111 h : • .. • adl daat 11W = a _, WIit = e;'- -_ a.t t1m 
contradicts <->. ■ 

The main result of this svblectioa ii the folio-. _ __ 
-.. , ·.• ~ ~-~~ { ~-'o:_·::.'f",."j :?':~~·: -1f.~ !!-' 7-:.:~: ,.. ., 1·p}i ::·_C_, ·.:> .,.._;_ ;(_i . 

4.2.2 • 11111 :-1')1 ':> ; _·c\ · ' • i.' ·' / · 

, ·· .. :•··· . ~- , - _ , ~.,.·;,_( ·' } ) ·_f~-l"f":. _·::.:.. :".,. . -·.s.- f i>, _. · 

:l;etJ~-~\....,. ••• ,,. ... -..L:Mp L(IGfQ; .. :. 
S, Q E ED(L), if PQS, :r) = PaQ, :,Y) tllea tllere am a couatable W E 1'° 

;;.~·· .. ~i ,.,.,_ - ,:-, 3·-,,-, . t such tbat • I= s •. Q. -· ,1 .ii ... ,"r'\J•~,,. ' 4 
' 

Proof: Let Ji, Q:€-W" 7~-,ba•t11111'f__,.,11 tr11 fi•pof; --
sets of Qtea l"~fillta ft,t1 JJdf\l:ilfJLP,---JW·a~e1wlftet-' ~ , ___ , 

r 2n = J-tes,m V -t(ts,m = to,J) A ~,a .= m < •). 
<-} .. ·~':.,;, ~-'• ·;,.'/ ·.f~~-~.,;,-,r~·~:.::· .. t,f--;~ h~•:_; '-'•,:,::·,.-,-; 

r2.1 =.It~,--~-~ •• • v «-.,.:::;•<_..; 
~t_ J; ~ ;~~~J,;-. ~'~~).f~r·:~~, .. • Y'. • 

· --rou~6·'c.;..,.,> :;_: ___ ;, :· --~ '-~---. ;. ,_ .. -~ ...... 
[7} for~ '.-~,~-~~~l')'TP ... ~ --~· .. 

nec:essaty · _ ,< -~-, -. .c, ,~1,,st ,/ ".~ L ·:; ; ,· < · . • .. 

Propo,idon A 
. •. 

Let ,Ya.H 'Z tit ~~-0 1f;' Q. E • .,,.: 4tl.EFIJ i Ji Iii (,I. · 
2. I) then the f ollcnring eoui&tioiit ~ • ..-. ~-. ' . ' ~ -. . . . . 
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(iA) PCXS, :,f') = PCXQ, :,Y). 

(iiA) For every n < w, Z locally omits r n· 

Proposition B 
/ 

Let W be an L-structure. If S, Q E ED(L) are deterministic then 
the following conditions are equivalent: 

Cii9) For every n < w, I omits r n· 

Now 4.2.2 follows from 2.1.2(i), propositions A and B, and the 
Omitting Types Theorem (cf. [7], Thm. 2.2.15). I 

In the rest of this subsection we derive some corollaries from 4.2.2. 

Call an elementary class :Jr' of L-structures complete if any two 
elements of :,Y satisfy exactly the same sentences in L.,.(L). 

4.2.3 Corollary ([6]) 

Let :Jf"be a nonempty complete elementary class of L-structures. 
The foil owing conditions are equivalent for arbitrary S, Q E ED(L). 

(i) PCXS, :,Y) = PQQ, ,t'). 

(ii) For some countable I E :,Y, I t= S = Q. 

(iii) · For some countable I E :,Y, PCXS, {I}) = PC(Q, {I}). 

Proof. By 4.2.2 and 4.1.1, (i) ... (ii) and (ii) .. (iii) hold (we have not 
yet used the assumption that :Jt"is complete). Implication (iii) .. (i) 
follows from the following easy fact. If :Jr'is a complete elementary class of 
L-structures then for every S E ED(L) and for every I E :,r,-
PCXS, :,Y) = PCXS, {I}). I 
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4.2.4 Corollary ([ 6)) 

Let :,Yt,e an .-categorial· cems-te eaieaflry )dill. m 
L-structures (i.e. :,Y contains a couatable L-stn,ctwre ad ~ .. two 
countable elements of :,y &ff isomorplaic). nea 2"'il ....... .. 

Proof. Jtolfo•• ..... ., frbilr .f.13 111d .16. t .• . ,. 

Call a class :,rm L-structure nyu>~ if .a ewreata 
of :,Yhaff the same termiutioa propertils, i.e. fer ffllfJ ·1 • El&) 

and for arbitrary w 1, W 2 c 2; • 1 Is .... iff •z.,.►·, a. .. 

4.2.5 a,,,,//"" 

Let :Kbe a noaempty eJemeatary dlll • L-ltlllCbllll. If ,Yil 

n1fD-comp1c1e dlea·Xil ~•11,11. 

. st.~-' 

An L-structure •· is said to be alpri"'1dctlll1 tri"'1I if. for 
every S £ ED(L), if W I= II- thca for 101De a < •;iW'i►• ...... 
Algorithmically trivial structara haw beea .-...,. by maay autlaon (cf. 
[10, 17, 18,, l9,,,34J>t,. ,-,,._,.._ til 111111.,..itf!I :I, ... .__..., the 
reader should Cl}UITTb [kl l ·;' ' ~· ; -,:>:,; ·.• ··, ' 

The next result giws a full chataate,i1tllfiN of tll elii complete 
clwa among all elemeatary ~ ma. 

.. 
4.2.6 Tll«Jrm, 

For • complete daatary daall Y' d tlle · ·liolll are 
. . t: . 

(i) ~ .............. 

(ii) :Yis Dlr°-campete. 

(iii) El'el')' W c :JYis algor. tmill 

Proof: The only iatereatiag CIR ii wllea .2""il a daall m iafiaite 
structura. 
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(i) .. (iii). If• E :,r-is not algorithntilly :ttMII tlll1l- there 
exists m with O < m < •, and S E ED(L, m) such that • I= S• but for 

n < .. , «." ffl)•.' Wt'tlk,at t~:of'~~l.~•ft.tlloJeii'so ~t 
it co,pputes a ,artW ~•on:*Wttf~ tet · · 
Q<lr(), ••. , xm-t> = XO be a total eds,~ !081putes ~. ero~~- Since 
sis noftkftd~nt to -!7 ~Jfs~l{.;,fe.·UlR.ct.tr, ij\lJularct·' . •· 
compactness argatnent~'dtentta lc1c":l'W thiil II not total oa 8. Here 
we get a contradiction ~ W I= S ■ Q, IO by 3.6.1 ~-~-·~- mumecl to be 
countable. Thea by 4.1. l(iii) ,as, fl()) • PaQ, llf P, and by 4.2. 3 

Pa!~~~Q~.,~~' -.~ ~!:~.1,!r,q W ~,n1..-. ._. ►-, I ~ Q, • 
coo,:-,:1· . . .•. , -·.• .. -'' . . . . , . . , ·< , 

. ·. :;, .'.,>.' . 

(ii) .. (i) follows from 4.l.5. I 

Below we give two eumpla which .... ~ deriva~ from 4.2.6. 
For an L-1trueture •, TMtl)-. f-.1 ;'1(J_ll.)ei.,.·W,•'.ti::?, , ii ·:" 

1
: : : . ._ : 

. :';it; H,:~;-, .. : ~'. ,· :. ·:·. _:. 

· 4.2.7 Let c be the raeld of complex numbers. Thea ,r. Mod(Th(C)) 

is not edl-~,,.;(it!,._.,_,ilfJ.d•ll•~--•1fllilct·.-·• ~ 
· ~t·b ~t.. ~ · · · "}· '· .. ,... - .. -, '?t:::;;..· ···-•~':,u:wc,w.a.;.i, ' .' . !''' ', • : ,, . . '· ,_... •. . . -~ . 

,· llllil!Mlll!I' \;" 

Mod(1'C~
18i1~~1mi ft"'~~~~"~_::: 

tririal). 

4. 3 lht~mlntlltnm ,ia UlllP"I' E'x'IMlttHII: ,, ,~ , ·- ·.· 

• <, ;, 2- __,. -~ ' ~ • " 

~tt 1,e-.•1imti rwiaiiall -~1:ll11,e1
~ l....'or 

arithmetic, i.e. Np*■'f'-~ 41t Af,1...- \ 't, ,_,,.,~ ~ix• .?!'. · • 
Ne = fOJ. Assume that L and N are cfiajlllif ircflef •: ',..,; , 
L(N) be the extension of L b):,!t; , If -W-js ~ ma .Pt:.J.-;t~ 
let :,Y(N) be the cl• at·~aNfW'{,f.lW',i~m' in' ·,t. 

The aim of ttu,-·~ il,ti, ske\cti i..,r/nil ot'•tl.e'r~ · 

., ,-.,.- .' 

i .· . ~ " .\I 

result, which hu been ~J•~lepe~-~,,•-"''"'•~1.,._ time ip [6] and [22J. · .,, · ... · :" •· , .. , .,,:. , )"'1·. •·. - • • • •• 
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4.3.1 T,,.,,_ ([6, 22) 

Let :,Yt,e ... arbi~acy clua -Qf~-.J.-tltl'lactllres. nea fm ' 
arbitrary S, Q E E))(L), if ·PQS. Xtll)l.~;PJ(lO,;K:M tllen.Z-t= S • 0-

. . 

Proof: A moment of ~- upon 4.1.\(iw> . .,._ tut ia .. to~ 
4.3.1 it is ~~f1fticf_~ Jo:Jnft:~8'~totto,Jaa. ~ .. 

4.3.2 

. Let ~be •;arbitrary .. '« ~ t~ Theca if 
SE ED(L, n) for ane n < •• ud if for.,. I c Z"llld for tome at A8 , 

di, a>. I= S• then there exists a f~;f,:-l-.,.~,.._., 
that 

:~ 

<ID ,, is consiste,t .1lfitlt; K(Nt;·:t.&: r. .... .; 
., E :,Y(N), ., I= 3()-·-hn-•"· ·,: ~, 

-, ': . 

: _ F~ w.;:wr.._ 1Gt11e· tcs■inolaar;;•:•~MN••nac~nr•;-t. · ·-_ 
said to be 1tandard if its reduct to an N-ltrllChn ii tlk Jllt•liirtd'aodel •· 
of arithmetic (i.e. ~ • <•, 0, S, +, ·>). For m < •• • ii aa 

abbffflatioft·tbr i»··tert11 ·Jllffl'. 'Tii .m1·~:
1ii.~~-1- • for: .. 

proof ol 4.3.2. 'F'~---- ·_h'·:." :, .; . •· ··:: ·•;.···•'''p·· .y,,r, ..... 

4. 3. 3 Lemma ([ 6, 22J) 
•. 

Let l•m : m < •l _s; .o~,~ JI)-~~~ ~ !fllf/9a. !Fl~ llf 
formulas. Then there exfi~. • -~, f :C ~), ·--~•, · . _ ·. -
formula Tc L .. (L(N), n+O'~ • · ... • . , · ,,,:t, %' • .. 

(i) . # ii ·tnwe hi ... sti~---~~- .· 
•. 4 • ;f ,; ' . : - ~ . - '"'~""' -·. '> ... 

(i~ .~or_eada m< •~ ~ f ~ .<, ... ,~)~, -
Proof. 'The proof of 'ihk lemma• is an ~&,a 'cl~ ..-.. proof of the 
representation of recursive functions in arithmetic. Detaill are omitted. I 

Proof of 4.J.2: Let S E ED(L, o).. Apply 4.3.3 to the r.e. let 

f ...,.s,m : m < •J. Let # ud T be formula obtained from 4.3.3. Then 
# A Yxn T satisfies (i) ud (ii) of 4. 3.2. I 
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To relate 4.3.1 to arbit,~ .ae---, ct.el• ate the following 
auxiliary result. 

4.3.4 Propolition 

Let ;rbe ~}~•mmffry ..,,~ ~ ... ~ a 
countable struc~. 41 '.~,~ -. ... •• .-:1lrfn JJlrllet.,..'ia, 

:,Y. Then for aacc•llitmy,..l::CiJtaL)tJ,,._ ·~,.·Pal; !Jiff 

Proof: Follows from 3.6.l. I , 

4.3.5 Coro/11111 ([6], [22]) 
·. 'f~ ,. ' ,;· 

Let ,Yt,c an elementary c._ of L-•~ ~ (or .,-1,itraey 
s, Q • 1EM..,.••••:1rtf1Jf:is Pffi);··~1Mf1W•~ t· •· Q; 

one'-,. ~r.d··· uedidM 10.·,..u..... ·.in.lt.·· •~· · '4.:3. t..-·. i .· .. q '"~f-. ..'J . It . ' •... , ' ' .• 

definitional schema_ which need not toiW elfeeti~h'" lhe deffiiitfon ·tn•' · 
2.1 the function S is arbitrary. l_t turns putJ:hat all.rtfUlts of 4.l;"'d .. f.2 
carry over to this more general littori~~~1Woofs. ~ our 

. method of proving 4. 3. 5 aaentially depends Oil effectiftllm of a gi~ .. ~heme. 
The next result shows that 4. 3. 5 is no longer true for arbitrary definM6nal 
schemes, even for an ~tall~"'.~ ~cf. ~ 
4.4). Let .f. tit itll\tqrfiitl11c16ne -~~, ~ . the ldWity, i.e. 

l(n) = <xo a XO, "o> for n < •• Fcx.:c I r~ ;~.'-' '- let ltruct(L) 
be the d111 of all L-structura. , "' . ' . . . . '" . . 

4~3:6 ·771.-,;." 

Let L be a fmite ~ !Jdl-J•p.f,Jfo...., . .,, f.1), 
LR= fro, ... , rm-ti for some m, ·• < •· LefL l8tilfy oae tA • 
followiQa.~i--. . . ,, [' t:,, •, ! '. ./,. 

~ ,' 

(i) Zt<f1Llf~ .. ~ i, or 
... < ' < 

z~tt~.2l ~ Zi(mlLC,~~ r. 
;Then •~----,• (11ondfectiMt 1'efiaitioall ..- s over L, · 

such that for an arbitrary extemioa L , L *, the folloliing two .. " ; 
conditions hold . 
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<-> ,as, a IICt(L *n = Pal~ ··sttuta ;. 
(**) For some W E Struct(L), W I= ac,•. 

Proof. We sketch here a proof of 4.3.6 for the case~ L contains two 
unary func_.-~.,.:t _,.9; ·ne f#oal·fo1f~-a1111·11W11ticmf ip (D, 
(ii) is CSNDtillllr• s1••· ~ . tAt S:: lit .;. !llil .... w foll,wt;l~J i' . .• .. ~· 

Sn> = <a0 , ~ for• <•••••:-f•to·,:~~-1111•-,:; · 

;•P(xa> = aJ'-i, w ~~•, 
;-::. . - ~'.- ~ ? - ':""': ~-·<. :/-~r,• .. .,.-~r-~~1»;_:-. ii;~ : ... ·(: ---r.~ ' . 

where "n is the' ii-ti; ~ -~r-~iipl iit(~,.~1'44•-,,J,m,Ji-:~ ,~,, 
. * 

To P:~-(~_let III t_ake_.l_!IJ.,~-1:--~-~~~-\.~~,.~:--c, • 
PaS,,~~~, :;_~,gt,~~,:-.. ,; •• ~~~{; ·• -~-- _: .< .· . 

. '·' , : ·, 4·'J'· -. > . ,.·· .~:, ,,. .,._ ,: ·• _; i: ,v·.,., . ~ ~::n ., -·~;ta·""~~~~}~ ,·.;;, ••:'· 
~ !,- __ "JtJ ·:-. .. ~ . 

:'"' - ,; -:i ~ . 

(4.3.8) .· ~- . . . . 

• • •~ • _,c • • , ·' ! ·_ •. -. ~· · ·. • . -1 ''; 

•!lot ~c•· tE ~~~:~l?l~('f: .. ~• ~l ~-, • . .! 

w ti: -t'l' A 1~~ ... rl ;.s/ ,, l ,._;i ,r·~ ~- n;:: .. 
~> ... : . " . .,,, 

* Extend L by a new coostaat symbol c. Let T .. ~,-~-~ 
e(c) A -«c, c). n. ., ii consistent wt 

(4.3.9) -•., ~-'-,. lcJ t~·iieij·;•,~• ;'. : ,~ 
J -·-~;·-··- "-_J ·• -_---~~ q~;:), ~" -,_ -.: ~"' '_'.¥!,-;"'.,'--: ·<); ..... ~ 
' . . 

Let Thm(-,) be the set of all theorea deducible froat,y,-~J.9,, ,, 
completeness theorem, ~ 8(c) c Tlun(-,) for ne,y n < ~-- Let . 

-~.- .. ~t<"L!l"'f.- 'f r = lg(t'D(c)) = C : D < • u (g(P(c)) = ftc) : D <•ru 1-«cJ 11i,}~ 
Obviously r n Thml-r> is a ~ ~ ~ , .. Mnreowtr 
l-te

0
(c) : n <•I~ r n l'lmt;),::;.r,a."~ ;f.Wliiiii--ra.,, 

as~• by}~,~• T,..-,.,,~ ... ::~l.1'flltrilllliatt.•a~IIJ11ua 
P-> II~ ;.!' . I' .· ~: ·: ;, . . '. ~-. ·.,:-c-· ,., •... · .. 
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4.4 StruciL} i1 ttb-C0111plett 

In this subsection we briefly sketch a proof of the following 
result (cf. [ 6]; a similar result appean in [22)). 

4.4.1 . Th«,tt1111 

Let L be an arbitrary finite languap otl,,r tl,an the one where 
Lp = (f), PL(O = 1, La 'I ♦, and for all r E La,. 'l;(d • 1. 
Then Struct(L) is eds-complete. 

Proof: The pr~ is quite technkatiy ~. Here • enlf' &tetdl the maia' 
ideas behind the pr09f -- die ~-.. ~,~.~.iA(f,:p,iln [jl~.•·• 
complete proof of 4.,.1 . for the ·1anguaps ~ w,it~ LA.~= ♦ (i.i~ !~ ~ 
signatures), and flae··•ttf&la app&ecrlildfk~ ~w·'eatUf 'a&ifaed ,to j]f' ' 
languages except the case mentioned in the hriJU111b5ffZ4?«1. · ·; 

The proof is essentially divided into two parts,'.~~ if the· casl!I ' 
the language L aatisfaes. 

<D La • •) Lp = ~f). 'I.to • L 

<ID (Remaining ·caees}, - ~.~J. 

Actu.al~y~ for case· (l) a st~~gC?r !"Wt s,.o. be ~- (:Npte tbat 
Theorem .tl.'f ~ tllat dte teself tieldw till' tor· t. contamina two unary 
function symbols). 

4.4.2 T,.,,_ ([6]) 
' ' 

Let L ~ a language satisfYBI. <9t, ~ ~ ~, :r( of 
L-structures which is closed undet suktrdCbris · 11 ~ 

Proof: There are t\c> tricks~. 'tiut ~<~ 'neect.ito ,~ done. See 
[ 6) for details. I 

Proof of 4.4.J (continued) 

.The main difficulties are fOll8d incaa:(JB. 1 ,II ta.-..we 
proceed ~ follows. 
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We first prm,e aa auxiliary ,_.hlltlntlbti1I htlma ht['6]) which 
makes it possible to restJ ict our atteatioa te dOlll!II edl'a. 

Localization Lint""' 

Let L be a finite lmpaae 81111 let :ra.e a • .. 7·-c1111 ti 
L-structura. The . · can•iliom ~ r11i\ll1a1 

- - ,-.!: ~-:~;~ ,:,'--••- -

,. . 
(ii) For al finite em•ica al L a., 1M11t11■ to Le 1111d for 

ean S 4.·•E8'L~tt ct.-:•·• IJ' It C.· --• e4f!'&tt, •~ . ._ a 
a ~•··tL IL~ 'Q·wllcl·IIS;• llolll:al_: YCl.t:t'w' 

• < < < <' • ~' J •. : . , -;; -:.,.; ,_ -.f -~· < -

jT'(LC) ·~;~ ~ S•.~.,_-~(I.C)Jp-. .-.~-r,-~ c._UI' ilP• .. ,llf .; .· 
structures in ,r toil.C.••••••: 

ProoJi See [6J (qr ◄•· 
Let L be a langu11r •tiafyilla OD, ad let Le IJe -, fiaite 

extension of L by comtaatL We e:r I f Ir.;. ,.,., ,,..,,., _,,.,,,. : 
L~ by acktiag to Le a aew sort called D, _,rm. ~ a • .. MIJl.f.lle 
sort of L. We also add ~ •- If T ,- lli'tih - ,a,:rw·IID'I ... IMP, • 
binary relation OIi SETS X DOM. L (L~ is .,. -

=!':llas ~}~ "'~~.i,'.~7~---';., .. 
Every four-tuple « formulas t = ~ -s, ...... -,, ia, 

(L...,(L c, 1))2 ~ (L-(L c, 2).;, cletamiafs a ~ 
et of L (L~ ifttotL ttef ii;~ ofii~ ;;;:•!/•~ ~.· .• .. 

.., ·-:1(;,~:: . u·:·,.·•,~ 

. The ~ .. ~ -~ ~,,P~~,,tof,~~~~- ,~,~ ,.,.,. · 
UtltllUI ~ 

Let,- E L_(Lc, (I wl let Ht be•~•. 
L .. <L~) --~ 'let,-, ... ;Jl(· 11lilfl...,_~.,.;, .;; . 1, 
conditions: • , 

(*) for nay S c ED(L c, Q if tlaere ii • LC-ttractwre • 
such that W t= St tha there exists a L C-ttructwe 8 widl 
It t= ,- A S+. 
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(**) for every sentence f E L_a.~.-.(1, if.!J ··A f 
has a model (in Struct(L ~)) then Hf(., A f) has ■ model (in 
Strudt•~ · . · ·• .· ~· ·~ ••.··· ··., . :./ ·{· :-;:.,.'' , 

Then given any eds S E ED(Lc, (J which diverp& ·~ a ·certain · 
LC-structure, there~~ ~~~if,,~~ q.,,. i. ·( 

has a model in Struc1(LC) such 4114t ~~1►.tt- -t,8tt ' ' 
• ,., . ' • ~!.. - . •. ,. . . • . 

. ~ ,1._ .....,,.J ~. •.~ t· ,...._:~;r~ ~·.: : .•tf l ;; <:"' i'- -~:.J .a..; -~Ii • 
nuw, we r:~ ~'."' ~• ,;.>.".l!,l;'~fJ.~ •. ~, f:!:. ~··~ ;, ·. .·, .'~-

Lemtna'·ortce"We sllow · · f"1 ,·. ' · ·. ··"'',, "•t ~.. ·· , •: ~-- an ,,· · ·• .:,· !kt~,, .. ~i~n••~,h~ .... IJID-- y 
interpretation 'J•it···which · satisfy ~,-.""<Hl.-[fi?fer ...... ,."'b 1 

"··· ~~~ .. tbe;"r"~1'.&f:."'"s~~M~Ate~~• ... of 
arithmetic N. Let s C ED(LC, ti a• ..... di b·•· .. ,l:n . ;.,,:; 
certain L c-,tructure. Thea we apply nae... ·4.J.2 to aet a 1e11teace ·•' E 
L.,.(LC(N), (I which is consisteat with StnacCLcoitJ..at·a~ .; .'" -~ 
that S~ c (N)l,~ -..'Y"'tJ S! ., :,,, . r . · ·,, ' · , < · ::, • 

.:/;;1~:.:: :i,; . . ·- <•.,5~ '\_ . 'f ,' < -~ '"- ' ,.,., ... 1' 

To eliminate the l)'lllbolt of N ill •• we • T 111d ffl from ·• 
hypothesis of Lemma A 111d apply tltl fellowilla tlCII._. rmalt ia uiomatic tet 
theory. 

Lffltma B 

Let L be a fmite language and let , c L ... (L, (I. 

Then there exist a lelltence p of the first ONa". languaae of Zennelo-Fraeakel 
aet theory, L(Zfl ad a fonmda p11) of L(lJI) lllcll dllt 

(0 ZF t- p. 

(ii) If I ts p then for b c I, I ta ptb] iff b is ilomorpbic 
to an L-structure which s■tisf'ies the aentence ,. I 

This completes the sketch of the proof of 4.4.1. The method dacribed 
above does not work in the exceptiooal cw lllllltioaecl iu 4.4.1. We 1ea,e II an 
open problem (cf. Section 5) the quatioa of edll-o.plete•• of ~l for 
lanpaps L wbicla are not COYered by 4.4.1. 



4. 5 ArithlfldiC Pro,rtlltU 

In this subsection ·we prc,ride I .pli'tW l'elUlt whicla is motivat,cJ:,:JD' · -•~ 
the following question: u tllt elm of all 1flOlhii 6'111 of P.., 
Arithmetic ed~ctlll!flktit. . . .. 

--~ 
Let L be a~ ~i.c-= J>t, tp'l: lto ~/·]~ ~ 

LR. = (~J, 'L(S) = 1, ,t.~•t =",i,(~•':~•'1..tf• ~,:- : t · · 

::_~:,:"'~1 i:, t~~~. ~,'t;,.~~-~~6'L be ~all-._ . . aqfll;_;;Yai"'"'"' ·~o• , .... .,,.IJM p ,..,, ..... . IAttnactGNi~WM'~"-- >•J • ¾ '' ..... " • , ,,...... ' 

L~(Ll,.,_ •"tftei•111ditll dledef11;; '.' ;J;t,~,,: ~ ,,;. 

i: ..... ipnd{of·'theHdaf' r•Jt{Oillfi'~ ~ is 
used. We refer tlle1rf!ad• w,f61 • 4r1a ~c JP .. · ·• ··- ,. '. ;,, ·' 

t -r.-,• ., ·-~ fi;. , ; -

'4,i1 ~ ~ .. ~, ·,: ··:·, .\ ~-··· ·)i:•~·•• .. 7 
:-. ;,.-.!1; \i}t'---"-; -~- 7J • ~ . ~ ,~ ,,....-_,"i~,t.~ •. 

• .-, A: .-• ., '.,. ~ ' .• ,-·, . : 'u· 

For arbitrary S, Q c EIXL), PQS, Sl'llft•··,aQ, 'JI~} implies 
,r~ s. Q. 
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5. Open Problems 

5.1 Fr'4,r,ffll1 llf/.SI). 

Let / be a class of. progiam schemea, ·e.a. ltraipt-liae programs, or 
flowcharts, or recuni.e procechares, ..,'{I..,.. ........ ~• CBD1,ald 
./ as an additional parameter ia the def..,. (11) of LED where in 3.1.1 

schem-.. J aad,Q •nqu Ir 1111111-·u:iu 111- t'JIWJ'~ ttN, •-·;of"ftthai· . ~· 
equivalence) rem.(upd,•ajed.:) if 'dllr~~filidl~.~~\[f · · 
which can be viewed as a f,apseot of LElXL) • f• • .I" ii. tr..tata .. into 
ED(L). Twtf~a:,,t nh1£7~-:alll\liiiif~·,-,r,' 
schemes as those of muimal computational ....,. , .~· .~q- reatOGJble 
cl,_,:.,,._ die ~llii• ...... ~ -.)iif,....,.,_W li-Y....-,its. of , 
LED. '\<' -::·j•-~" . "}~.!~..... ~,-.-~- .f1 i~tft::<--~--~-~ ~ :..:" ~.i,,, ct· 

~\-' .. .,. 
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f 1 < f 2 implies LED(.1'1) < LED(.I' i)! 

. 2. Jsit,FJ11llr 10filfd NOd 1oi11.r'trtitii••~ _. ~ 
.. l''i ( f2, flowcharts are translatable into .l'J, ~1Jl_.:t£1j(Ji'2Jt 

3. Is the full LED 1e111111tically ,. • .._.,.li"alit ~ its ftaplellta 
LED(/) with flowcltarta trallllatable ildo .I' ad .I'.< E0t 

:::•• .;: ·; ~- ~~: J':c- ;~_~;-. ::J ;.:- ~.-t~- ·. 

In .. ~t.-~~•,..»t .... ,,. •=•;-•,.,...:..., 
CIID -.,.,tta,tfor.~..-. -ti~·• iu1in"82 ... fc£ift;A4, .. :JIJ};;, . 

<'";- J ;;,. -~ '~~ {!. ;- -: ' ~·:· t ·~-

Thettl'~. -~•. f~·:;,..,.,. , .... to1•~ ... ·--..-
? ,i,:· -·-., - _,-;I;:~ ·:t ·~, .,,~-· C. 

4. · •. ~ a ~ici.:r4:Ji.~;:,,.;. ........ ,. .. ,~ d•• • . 
class of /--schemes a.....-t by tile equality ,pndiclle. Wllat ii die 

relationship betweea LEIX~) ad _LEIX// . . , . , .. 
_ ;~~ - ~ -f ~ ·:,. :;;_,.-.,{; ,\ : :·· ·-:-;· - --I _ 

5. : •. ~P~W,, .,_ dcltlL~-t~11.MlltM'J•....., ' 

' 1 !- < ••• , 

·--••lfU!B ........ ,1,1 .... iOJl·..r;•· .~ . there are 11111, ,cuau ....... f •) 'fi'·S .. i : ; '(;,,~•~; . '. ,~• i, .'• : .\ , .. • -~ • ' 
, ._/. ~ ·::-_;'0. -~~? ·:_->.- /"' ~ .t l .J: ~ ·,:'i)~ - '!"·-,. ·••\'s;;_ " !.·- ... 

(D J • LIii)+; : .-tllaiddil oiet"telliatr -,1..,_:W/!f, a, . . . 
·,~! 1 .~· .. ,:,,·,1!,,;:,~ ... , 

(m LBD* : only q111atifatioa o,er ••e•• is afla•114. 

Formall:·u L~.~~ .... ~~lk.i..-1ta· 
of .1"--tehenaa.~,•-,~••fh511L lfta(IC~~,~t~~l~<'.·.;~c '• ..• ,,· ·J> 

is a formula of LED* true in ED, 111d die reaark ia 5.2...Y. tlat tllil fonaula 
need _not to ~-true in .l'for a ~"~}~,••~~~}fll\: .. 
equality predicate. To take anotller a1mp, ca11i- ..... 

::S~!!'7r1~2.rlt tttil ~ ~ • 
flowcharta ...-e1ec1 by °"' lbd. 
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Problems 

6. Given a class ./' of program schemes compare LED(/) and LEo+(/ ). 

7. Call two classes / 1, ✓2 of program schemes similar if for eyery 

sentence • in LIH'f;t~ it'~~; ~1:rtr"w',1 
.• la 'Ji::: la1the :claa 

of all flowcharts similar to EDr ·. · · · . 

8. Given a class ✓ of program.~. iayestipte, the ~bility of 
the sd\;f•d ·Ll!i:f ·'RI\~ ;~.in?.'•':_: :.: ""· ·. . , .. 

9. Given a cl• ./' of projraai ~ •. bmstipte the uiomatizability . * . 
of th~ let <>f.aJJ .. ~D ·--~•.~Jll.r,-t!,. '. .·., .I. 

' i_ ~ • ., • : , - -~ '"' - - • • - ' • 

'IO.· ·,, h ~ ••.~'.lr~ff-:,•)11nw'1...t ii ■billfldJ.._ble (up 

to semantic i~ter~t~tabilii~ .~, ~ ;~,~ .; ✓ r . " 
,,. ~ -~·"'"' .r- ;,.,_ ·:-~..>,;~f_,.,:;__,._ ·.ii•-"·~~~- .. ~:---'"- -~· 

,.4 ~&,,,.,,..,l'owi,r · tliJd fhiltiw lW/lttllillll) 

11. -- Let ~I ~nd (2~.~✓1'!.~~~ IUC~ "·~ 

LED(f.1t •<· ~E~"'21 !t" •i -~•1rrn ~~;~ f'lfld. ~~ ~Juda • . 
uniquely detwlit· in LEIJ(/2j by··•, ._.e ....... _. ••Bnst..~ia · , , · · 

LEDC.1"1) by any set of LEDC.1'1) sentences? by a siaafe LED(/1) sentence? 

5. 5 Uniq11e Dtftllllbilit1 

12. Characterize structures which are uaiquely ctermable by a 
single open LED formula mer a laapap witlloat COMtlllll. 

13. Characterize structures which are uaiquely ctermable by a 
single LED formula. 

14. Characterize structures which are uaiquely clef•ble by a let 
of LED formulas. 

15. Are there any reasonable results coocemiaa unique definability 
of structures in fragments of LED (eg. for flowcharts)? 

5.6 T/te Hlltl/ N11mber for Fragme,11 of LED 
. ' 

16. Is there a class .I' of program schema suck that LED(/) < 
LED, and both LED(/) aad LED have the 18111e Hanf numbm? 
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17. Compute Hanf numlJers. for ¥lriola well-behamg fragmelltt' «•, LED 
( eg. for flowcharts, recursive procedures, flowcharts with COIi...,. 

' 

5. 7 Eds-Complete Claua 
._ ,.; 

18. Let L be a (iqite lanpace 9"~~- follow;iq 
conditions: Lp·== (fl, ta I·• ,L(f) = I, _. f~~ ~,~ -· .­
'L (r) = I. Is the class of all L-ltnlCtllrel ~ 

-- ~ ·~ ; __ ,~, ... ,,- ' {'';c.-,:.i.-. ·-.,... -:~,_ 'i;.~,_" __ ,: ii :-'~·:; 

1s die c1a of an ·mocte1t J ,,_, ~~:1'4•· ~l> •': : ·•· 
. ~-c,,';: .~~ , .. •~·\:: ~., 

5.8 Too/1 to Cotut11ICI J10thf1 

20. In this paper we have ~·-tw~rftllllts (~ 3.5. 7 -ancf-

:!! :!1!~.:! .. =.a;.::,:_:~w~ r;..: .-
. ..- .,, : ;,. -,-. P :,.ff::J 'ti) '.,?fo;:h.:,,:r.:-'1~,•;-,:rm ·. ·,, 

the second from ~·Oinitting T;pes Theoiem mt_. An tlaere any results 

specific to LED which alfc>-~- ~to----,111•11••-"• wlliolt,ccner 
3.5. 7 and 4.2.2? -

fiis uestiora ~to~·.: -. __ ,_,_. ~-· . . .. ~ -.. ef;IV . , · 

tools to ~ad _,. w.e· M :Q,,,,:" -~- ~~~J~-- · 
standard IDClllcl 11 htlil lllbllnlllV"' ,~ .... -· 'Y : · · -~ _, .•. _ · ""· . '. _ 
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