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-ion 1: I rodue ion 

1. Introduction 

Th prolifer.a ion of di ribu ed computers s ems giv,e incr asing importan e 

o corr tne proofs of dis ribu ed algorithm . Techniques for verifying equentia.l 

algorithms ha e been x ended o handI on urren and di tribu ed ones-for ex.

ample, b. OVi k ·'. and Gries [OGJ ~ anna and Pnueli [ [P), Lamport and Schn ".der 
[LSc] and Alpern and Scbn ider (AS]. Prac ical algorithms are usually op "mized 

for fficienc~ ra her han implici v1 and proving hem correc ma · be feasible only if 
he proofs can bes ructured. For a equ ntial algori hm th proof is structu ·ed by 

dev 1 ping a hierarchy of increasing!_. d ailed er ~ons f he a.luori' hm and prov

· ng tha ach correctly implemen s .h next higher-I vel v rsion. Thi approach 

bas been xtended o co urren algori hms by ampor (Ll Stark [S], Har 1 (H] 
Kurshan {I\.] and L:yn h and Tu le [LTJ, wh re single a.c ion in a high -level 
repre en at10 can r,epr en a equenc of lower-level ac ions. The hlghe -1evel 1· 

sions usually provide a Iobal vi ., of h algorithm 'i ith progre mad i large 

atomic s eps and a large runoun of nond t rmini m allowed. At he low es level is 

he original ala-orithm whi h take a pur ly local vi w, has more atomic steps and 

usually hM mor con traint o the order of even: s. 

\ 1 i h i .s otaJ!y oi-dered chain ,of versions hi hierarchi al approach u ually 

does not allo"v one o foe on a single a k in h algorithm. The m hod described 
in hi paper ex ends e hierarchical approach to a lat ice of versions. At he 
bo m of th lat ice is the original aJgori hm, ,vhich is a refinemen of all other 

versions. How ver , o versions in h la , i may be i com.measurable ne· her one 

being a refinemeo of the other. 

~ If ul iple higher-level vers:ions of a ommunica ion p,rotocol ach foc.usi:r g on 

a differ, function. were considered y Lam and Shankar (LSh). They call d each 

hiaher-le el ·ver ·on a projec ion . If th orig'nal protocol is suffi ·emlv modular 

hen i • an be repr,esen ed as the composition of he proj ion and he correc ness 

o:£ 'he ori!!i.:nal algorithm follo,, immedia ly fr m h con·ectn of he pr-0jec ·on . 
Thi approach, as used by ekete, Lynch and Shrira (FLS] to prove he orrec ness 

of. " erbuch's synchronizer [Al]. 

_ o all algorithms are modular. In pracf,cal algorithms, mod:ulari T is of 

des roj d by optimiza: ions Th correc n of a non-modular algori hm is no an 

immediat consequen of he corr nes of i higher~level ,..,ersion . The me hod 

pr,es nted in this paper uses e correctnes of higher-le,e] ver ·ons of an algorithm 

to implif ·• i pI"oof.. Th proofs of c:orrec n o all he version in he la tice 
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Sec ion 1: In · oduc ion 

(in ;vhich he original algori hm is he low t-level version) constj u ea rt,tc ured 

proof of be algorithm. 

An pa h hrough olll" la tice of repres 1 a ions nding a 
ri hm is a otally-ord red bierarch, o - v rsion · ha .. can b u ed. in a conven iona1 

hiei.:archical proof. "\iVhy do we n d he rest of the la tice? Each version in the 

lat ice allo\l o formula and prove invariants abou a. epara e ask performed 

by the a1gori run. These in arian ' \vill app ar somewhere in. any assertional proof 

of he original algori run. Our m hod permi s us o prove hem a. as high a l ve] 

of abstrac ion as po sible. 

Th method proceeds indue i ely, top-down through he lat ice. First he 

hig_h -1 1.rel I io,n i shown dfrec ly to have he or"gmal algori hm' de il'ed p op~ 

erty which invol provin that i satisfies some in arian . erl let /'i be an 
algo1ithm .in he lat ice le B 1 ... • . Bi (i :Z 1 he .he algorithms immediately abov 

A. in he la ice and 1 Q1 . •. 1 Q; be their invarian s. ¥. prove 1a. ~4. a ,isfie 

,h am afe properties as each B; . and that a par ·cwa:r predicate P .is invariant 

for A. The invarian P has he form ,QA Q1 A · · · /\ Qi for some predica e Q _ In hi 
way he invariants Qi ". e carried down · a he proof of low r-lev alg,orithms and 
Qin roduces information ha canno .appear an .bia-h in th · la. tice--informat.ion 

abou.t details of th algori hm tha do not appear at higher 1 vels and ela ions be 

w en the B;. ,, e provide two set of sufficient condi i,ons for verif ·nn- hese safe y 

propertie . one set for he :ase i =:;;, 1 and · he o h for i > l. \ • also provid 

three techniques for verifying liveness prop · ies· only one of th m makes use o .he 

la. 1ce s rue ur . 

The eclmique is us d o prove Galla.-rer Humble and Spira' distributed min

imum spanning tree algorithm [GH ]. This algori hm .has een of gr a interest for 

so.me 1me. Thee appears in [GH ] an in ui .iye des rip ion of why he al ori bm 

should work b no rigorous proof. There a:r v al for giving a formal 
proof. First h a1 -o ri hm has importan a.pplica.tio in dis ributed ems o 

i s correctness is of con · rn. Second, he alP-ori hm of en appears as part of other 

algorithm [ 2,AG], and th couectn of ·these algori hm depends upon he or

rec nes of he minin um spanning 1-ee aJo-ori lnn. Finallv man concepts and 

eclm:iques ha.ve been taken from the algorithm ou of con ext, and used in o her 

algori runs [A.2 CT,G]. t the piece of the algori hm ·n erac in sub le wa::ys som 

of which are no explained in •e original pap r. _ car.eful proof of the en i:r, 
algorithm can indi te h dependen ies bet ween e pieces. 

Our poof method helped u o find he conect in arian s· it allm d us o 
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ec io 2: Foundation 

de ribe he algori hm a, a hi h lev yet precisely: and o use our intuition abou 

he algori hm to reason at an appropriat level of ab : rac ion. A by-produc of our 
proof was a bet er understanding of the purpose and. importance of cer ain parts of 

he ala1ori hm nabling us to di cov r a slight optimiza ion. 

The complete proof of he corre ness of his minimum panning ree algori hm 

is very long and can b found in['; ]. One reason for its len hi ,he inhi acy of he 

algoii hm. Another reason i he duplica ion iuheren in he approach: he code 

in all th v,ersions is repet_i iv . because of carry~over from a higher-level version 

to its refinement, and becaus h riginal algoci hm canno be presen ed as a 

ru oompo i ion of i s immediate proje tions· he repe i ion in the code leads to 

repetition in the proof. The full proof also includ xtr mel. · detailed arguments

detailed enough so, e hope ha . in he not oo dis -an • fu u.r hey will be machine
checkable. Thi level of detail eems necessary to ca ch small bu in th program 

and the proof. 

Two ther proofs of this algori hm hav: recen ly b en develop d. Stomp and 
de Roe· er [SdR] u ed the notion 0£ oommunica ion-clo d lay rs i -traduced by 

Elrad and Francez [EF] . Chou and Gafui [CGJ prov h correctness of a impl r 
mor equen: ial version of the algori hm. and then prove hat every execution of he 
original algori hm i quival n to an execu ion of the more sequen ial v mn. 

2. .Foundation-

This s tion con ains he d fini ions and tesul , ha form the basis for our 

la: tice- true ur d proof me hod. Our me hod can be used with any s a e-based, 

assertional v ri:fi.cation eehn:· q_ue. In thi paper we formula, it in erms of th 
/0 au :omaton model of L nch ~ Ierrit .and Tut le (LT LM] which provide a 

convenient : ready-made 'langua ,e for our us . A um.ma.ry of h 1/0 au oma.ton 

model appear in he Appendix. 

The firs step is to deSJgn he la: ice: usin. one in ui ion about he algorithm. 

Each elem t in he lat ice is a versi n of he al ori lun. descr"bed as an 1/0 au

oma, on and has associated wi hi a predicat . The bo om elem nt of he la tice 
h original algori run. ~ e we must how tha. all · he predicates in he lat ice 

a.re invarian s. The invarian for he top el men of h lat i must be shown di

rec .ly. A sum.ing ha Q1 ••.• Q, are invariants for he versions B1 , ••. , Bi dime ly 

abov A in he la -· ce, w verify tha predi. ate P = QI\ Q::1 A•• -A Qi i invarian £or 

A, by demons ra; ing m.appin~ hat preserve Q and ake xecu ions f o ex cu

tion.s of B 1 .... , Bi (' bu pr erv Q I\ · • • /\ Qi). (Finding hese mappings requires 
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ec ion 2: Foundations 

insigh abou he algori hm.) Finally the lattice is u ed to show ha he original 

al · ori hm o] es he problem of intere by howinu direc lj tha;t he top lemen 

in the lat ice solves he problem and howmg a pa h .41 ••. , A.1: in th !attic from 
top ·to bo · om such ha each version in th path atisfie.s its predece so,r. To, show 

ha Ai satisfies A.,-1 , w show ha for very fair execution of Ai .. there is a fair 

ex:e · .ion of Ai-I wi h he same equence of x ernal action . The mapping ·used 
to rify th invariant takes execu ·ions o execu ion ; by adding some additional 

cons rain on , he mapping we can prove usin. th invarian s ha j tak fair 

execu ions o fair eX: u.tion wi h he same sequence of ex em.al actions i. . ha 
liveness proper ie are pr served. 

Section 2.1 deals with afe y proper ies. Firs suppose her · are two au oma a 

A and B. where B is offered as a ' more ab rac ve ion of A. We define a mapping 

from ex ution of o sequence of alternating at and actions of B'· :if t.be 
mapping obeys certain condition i. e say .4 imulate B. Lemma l proves tha his 

defini ion pres rves important saf'et., proper i namely ha exe u io of ~4. map · o 

executions of B and hat a. cer ai predi ate i an invarian for A. ex we uppo 

hat ·here are several higher-level versions Ah 942, etc. of one more concre e 

automa on A. There are si ua ions in whi, h it JS difficult to sho r independen ly 
hat A simula es A1 and A simulate .4:z bu invarian s about stat of A. 2 can help 

shoYv' a. mapping from A to ~ 1 . an invarian abo s ates of A1 can help show 

a mapping from A to A.2 • To cap ur his we d fine a. no ion of im;ultan.eomly 

imulate.s which Lemma 2 proves preserv th same a£ ty properties as in Lemma 

1. Of cour: e, to be able to apply Lemma 2 we mus know wha he invariants of 

A1 and 4.2 are whi h may requfre having already shown tha. Al and A2 simulate 
other au oma.· a. 

Sec, ion 2.2 considers livenes properli . Given a omata A and B, and a 

locally-con rolled ac ion If) of B; a defini ion of A. being equitable for i given· 
Lemmas 3 and 4 how ha thi defi: -tion in1plie ha in he execution of B ob ain. d 

from a fair xecu ion of A by ei her of he imula. ion mappings once become 

enabled i ei he.r occurs or becomes disabled. lAie ar n our way o verifying ·the 
fairness of he induced execu ion of B . 

Three methods of hawing at A. i equitable for locally-oontrolled ad.ion 

of B are described. Th fir m hod is to show tha ther i an action p of .4 

t.ha. · is enabled wheuev r cp is and whos ,occurrence imp ie.s 's c urrence. ( Cf. 

Lemma.o. 

The second m hod uses a definition of A being progre sive £or . The ·ntu-
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Sectio 2.1: Safe :v 

'tion behind ,he de ni ion ·s tha her is a et of :helping ac ions o A ha ar 

gua.ran eed o occur and which make progress ·m"·ard an occ rrence of in the 
induced execution o B. Lemma 6 shows ha pro!tr ·,,e impli equit able. 

The bird method for chec ~ing he equitable condition can be useful when 

1.r.arfou au om.a a. a.re arranged in a la tice. (See Figun~ 1.) Suppose B a: d C are 

more :abstract versions of il: and D is a more abs ract version of C. In oider to 
sho,; • a A is equitable for action , of B 1 we demons ate an ac io po D that 

is I similar = o l • such · ha · C is progressive for p using a se, W of helpi g actions. 

and A is equi · able for all he helpinc- ac ions in ii'. (C&,. Lemma 7.) 

A 

F igm e 1 

Theorems and 9 in Sec io 2.3 .relate the defuri · ions of simulates. simul· ane

ou.sly simula: es. and equi able · o :he notion of satisfaction. 

2 ... 1 Safe y 

Le · A and B be automa a. Through.on thi- paper, we only consider a.utoma a 

s ch tha each locally con rolled ac ion is in a separate clas ,of he actio p.art.i ion. 

(The definitions and resul s of his sec ion ca.n be generalized to avoid thi assumpe 

tio ~ but he s a.temen s and p oofs are mor comp · ca. ed and th generaliza.tio 

is not needed for he proof of he fGHS] algori hm..) Le alt- eq(B ) be he e of 
all £.ni e sequences of al ema mg actions of B and s a.tes of B tha be i and d 

i.:ri h an action including h emp ~· sequence (and h sequence of a single aic ion). 

A abstraction mapping M from A o B is a pair of functions S and A where S 
maps states(A ) to states(B ) a:nd .A maps pairs (s , 11) o~ sta .es , of A and adions 

,. of A enabled in s, o alt-seq( B ). 
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Se ion 2.1: Safe 

Given erecu ion fragmen e = so1r1 1 ••• of A. define W(e) as follows. 

• If e = o. hen M(e) = S( o). 

• Suppose a . .. 1-1 'iri i z. > 0. If .A.(sr-1, r.i) is emp y hen M(e) = 
M( o .... Si-1 ). If A(s,_z 1ri) = 1 t .. . tm-1 m ' hen '4(e) = M ( o ... i-1) 

(fl1 t1 .•. tm-1 m ( i)- The ·· j are call d interpolated s ates of M( e ). 

• If e is in:fuu ' e hen M ( ) is he limi of M ( 01r1 1 •.. ,) a i increas wi hout 

bound. 

vVe nmv define a particular kind of abstrac ion mapping one . ailo:r cl fo show

ing induc ively that a. certain p:redkate is an invarian of A and ha: execu ions 
of A map ,o (nontrivial) exec ion of B. (A predicate is a Boolean-valued func-

ion. ff Q i a predicate on tate (B) and ma.ps · a es(A) to . ta:tes(B). hen 

( Q o S' applied o s at of A, is he predicat ,Q is true m S( ) and is also 
wri en (Q( ( )).) V..e giv wo set of condition on ab ·rac ion mapping , bo-th of 
which impl hai execu ion map o execu ion : vi h he ame sequence of e>..1:ernal 
a, tion . The :firs et of conditions applie when , her · a · ingle high .-le ••eJ a.u

toma: n in:nnedia. ly above. A. formaliz din Lemma l, oondi ion (2) e ures ha 
he equences of x ernal a ion are th same. and conditions (1) and (3) en ure 
.ha. execution map to execu io , and ha a certain predicate is an inva.rian for 

he lo 1v r-level algori hm. A key poi abon' his predicate is ha it includes he 
ugher-level invaria.n . Condi ion (1) is th bas· tep .. Condition 3) i he inducive 
step in which he predica· e, incl.uding he h.ir>"h-leve invarian , may be used; par 

( a) show the low-level predfoa e is imrariant , hll pa.r (b) and ( c) how execu-
ion map o exe utions~ · y ensuring hat if there i no ,orrespondina high-level 

a,c ion then the high-levd sta e i unchanged, and if her: is a corresponding hi h
lev 1 ac io . hen i is a.bled in th pr vio ·. h·gh-i v l state and i s effe s are 

mirrored in he ubs quen , hlgh-1 vel ate. Since exe utions map o, executio. 

he high-le"· I invarian when composed ,vi h h s a e mapping,. is also invadan 
for A. .. 

D -e:flni ,ion: L A and B be a toma.ta with he same ex rna1 action signa ure. L t 

M = (S A ) be an abstrac ion mapping £rom A o B . P be a. predicate on state (A , 
and Q b a predi a e rue of all reach.a le ta es of B. \• say .4 ~im-u.la.te B ·trio. 
U, P., and Q if h follmving hr condition: are true. 

(1 If i in · ta:rt(A) hen 
a.) P(s) js ·rue and 
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Sec ion 2.1: Safe y 

(b) S( ) i in tart(B). 

(2) If i a a e of. uch ha Q( (.s) and P( ) are tr e and 1r i an· ac ion of 

A enabled in , hen A( 'il')I xt(B) = ,rlext(A). 

(3) Le ( r ii: ) b a ep of A uch hat Q( ( ')) and P( 1
) ar rue. Then 

(a) P( ) i rue, 
(b) jf A( 1 rr is empt ·, then ( ~) = S( '), and 

(c) if A(' 1r) = 1t1 ... m-1{f'm h n S( ') 1 1,,.tm-1 m.S() i an xecn-
ion fragment of B. □ 

The fir t e:mma verifie ha: if A siin late B via M then _ \,1 (,e) i ru1 exe ion 

of B and a certain pr dicate i rue of all ta e of e. 

Le1nma 1: HA ·mulat s B via \ll = ( S , A , P and Q th tbe following ar true 

far any execu ion e of A. 

(1) M(e) i~ an execution of B -

(2) (QoS) AP i roe in every ta e of . 

Pr,oof: Le e = s01r1 1 .. . • H (l) and (2) al'. rue for ery finite prefix ei =. o .. . si 
of e, then (1) and (2) are true for . i\e proceed b induction on i. W need to 

rengthen the ind ctive hypothesi for (1) to b he following: 

(1) vt(e,) is a exocution 0£ B and S ( i) = t where t is he final sta e in M{er)

(Throughou hi proof condi ions (1) (2) and (3) refer o th condi io m 
· he defini ion of I imula . ) 

Ba is: i: = O. (l M( o = S ( o ).. Since Co i an e:xe ution of A., o 1 rn 

sia1·t(.4 . Condition (l b) implies tha: S ( o} is in tart(B) so M(eo) .iis an execu ion 
of B .. Olwiously1 he assertion abou h final a es i rue. 

('>) Condi ion {la) _ ates . ha P' is rue in 'o. s·nce ( 0 ) is in art(B) 1 1 

a reachable a e of B and Q'( -( 0 )) • rue. 

Induction: i > O. By he inductive hypo he~is for (2) Q(S ( i - l )) and P( i-i) 
are tru . Thus condition (3a), (3b and (3c) are true. 



S ion 2.1: afoty 

Suppose m = j.. Then M (ei) = M ei- ) and is an execu ion of B by the 

inductive h po hesis fo (1). W. deduc ha A(~i-I, i) is emp y so by concli ion 

(3b ), S S:i :=: S ( ,_1 ) and by he induc ive h rpo h is for (1) .S( i-l) = t1. 

Suppo em> j. By con true ion of \,,f( i) ..4( i-I . 1;) = <f'}+iti+l •.. tm-l 'f'm 

and tm - S( i • By th induc ive hypo hesis for (1 i - ( i-1) = t;, B_- condition 

(3c) . . jrpj+1 •. .r.pmtm is an exe u ion fragroen of B. Thu M(et) i an ex ution 
of B. Obviously~ he as er ion about the nnal sta es i tru . 

(?) B) he induc ive h pothesi for (2) ( Q o S) I\ P i rn in every ate of 

e, ex ep (po iblv) i• By co dition (3a . P( t) i tru . The final ate in M (ei) 
1 ( i)- Sin e b par (1), M , ei) is an xecu ion of B and _ ( a) equal be final 

ta e of M( i) S( i) is a reachable state of B. B ~ definition of Q Q(S( ,)) is 

rue. 0 

~ . we suppose tha the:r are everal hi.,..her-le tel v r ions say B 1 and 8 2 of 

automa on A. each. focu ing on a diH'i r, n. task. There axe i ua., ions in which i 

impo "ble o show ha: A si.lnula B1 w.itbou usino- in ariants abou B2 .ask: 
and it is impossible o bow ha; A. ·mula es B2 wi hout using invari t abou 

B 1 's ask. One could ast he invariants abou B 2 's ask as pr-edica es of A and 

us the pr Yious definition o sho\,; A simulates B 1 bu his \ io a es he piri of 

the lattic . Ins ea<l we define a notion of simtLlta.neou$l'!) i.mulate which allows 
invarian s bo t both tasks to be used in hmving tha A simulat B 1 and B2, 
. he definition differs from simply req1.urin A o ·mula e B 1 and )l. to imula 

B 2 in on nnpor ant wa : s ep of A only n ed o be refl c ed properly in each 

higher- e el algori hm. when all th higher-level fovariants are tru cf. condition 

(3)). 

Defin "tion: Le I be an index s . Le, A a.nd A.r r E I be automa, a wi· h he 

same external ac ion sign a W.'e. .For all r E I ]e M .. = ( ,. 1 .A,.) be an ab rachon 
mapping from A to A,r and le Q,,. be a predicat ue of all r,eachable a - of A.,.. 
Le P be a predicate on state (AJ. e ay A imul am,eo·usly imul.11,te {A.,.: r EI} 

11ia. { \-i r : r E 1} P and { Qr : r E I} if h following hr condi ion are rue .. 

(1 Ifs is in tar A) then 
(a) P (.s) is rue and 

(b) Sr( ) i in tar·t A.r) for all r E ]_ 

(2) If i a st.a e of A such hat Ar<;fQr(Sr(s)) a;n.d P( ) are tru , and 7i i: any 

ac ion of A • nabl d in. then Ar rr) lext(Ar) = 111 x-t(A) for .all r EI. 

9 



ec ion 2.2; Liveness 

(3) Let ( 1 
1r, ) b a step 0£ A ch · ha ArEI Qr,( ,.( ')) and P( ') ar,e tru . Then. 

(a.)P( )i ·rue 

(b) if Ar( 1,1r) is empty hen Sr() =Sr( "'') _ for all r EI, and 

(c) if Ar( 1
, r. =: C,01 t1 •. . m-1 ~m then S,-( '') , 1 t1 .. , t111 _1 mSr( ) is an exe-

cu ion fra11men of _4r for all r E I. □ 

The s a em.en 'A imultaneouslv simulates { A1 A2 } via { \li1 
1\.,h} 1 P and 

{Q1 Q·i} : i weaker than hes atemen 'A imula e A. via .M 1 , P and Q , and 
A imula:t A via M2, P and Q2 be ause the h po he e of condi ions (2) and 
(3) in he simultaneou defini ion requir tba a ron e:r predicate be rue. 

Lemma 2 ho vs tha. he saiety prop r ie of in r ar sill presen· d. 

Lemma 2: Le I be an index se . H .4. simultaneously simulatesi {A.r : r E I} vfa 

{Mr : r EI} P .and {Qr : r E I}. be1·e Mr = (Sr Ar) fc»· aJ1 r E I, then b 
fo.llowing .are true of an execution of A. 

(1) 'v(r(e) i an execution of A.r fm: all r E I. 

(2) l\,.e1(Qr o S,-) AP Ls rue in e. e.ry ta e of e. 

2.2 Liveness 

The fo lowing notation i introdu ed o d fine h basic liv nes no ion, equi
able : and o veri( hat hi defini ion has , he desir prop r ies. 

\ e define an exe u ion e = 0 , 1 1 •.• of automaton .. 4 to sa.ti fy Sc....+ (T1 X) 

. h re Sand Tare ub e o tate (A) and . . is a subse of fate A) x act..,(A 

if for all i wi h · 1 E S h re is a j > i uch , hat either i E T or s i. , j+I) E 

In words, · ar in.g a any tate of e ven. ually ei her as a in Ti reached, or a 
a e-ac ion pair ·n X is reached. 

If M = ( A) is an ab- trac ion mapping from A to B hen for ea.ch locaJly-
, on rolle ac ion of .B , we ake he follo, · ng definitions; E~ is he .,,et of all 

~ of A. uch tha. 1.p is nab1ed in S ( ); n., i tates(A) - Erp; D~ i h set of 
all s a e t o - B uch th i not enabled in t· X is e se of all pairs ( -ir) of 

sta es~ o , .4 and ac ions I of A uch -ha is in A (s . r. )· and "' i tates(B x { }. 

Definition: Suppo e M i an ab · tra ion mapping from A.. o B. Le . r.p be a locally

controlled ac ion of B. He ·e:ry fair e..x ttion of A. ati fies ate.s(A) L....,\ (D X ) 

then .4 is ,equitable fo cp via M. If A i equi able for v1a \.-1 for ever.· locally

cont.rolled action r.p of B . then A i equitable fo1· B'. □ 
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Sec ion ?.2: Liveness 

The ne_ lemma .mo, i a e he equi able definition - in he induced ,execu ion 

of B, if i e •er nabled hen even uall, either oc urs or become disabled. 

Lemma 3: Suppose A "mula e B via \ti. Le b a locally-controlled action of 

B. If A_ i equitable for I{) via M hen \lt (e) atisnes tate.s(B) <---t (D1 X~), for 

every fair execu ion e of A .. 

Proof: Le .M = (S A). Le = 0 1r1 .. • be a. fair execu 'ion of A., and let 

M(e} = io1"1t1 .... For any i ~ 0~ define ind,ex(i) o be j uch tha \.1 ( o ... i) -
to ... ti· Choo e i > O. 

Ca e 1: t 1 is not in rpolated. Choos any l be uch that index(l) = i. Then 

t'i = S(s z), as argued in he proof of Lemma 1. Suppose there is an m > l such tha. 

sn E D"P. Tb. n her is a j = inde.x{m) 2:'.: i such ha t; = S( 111 and by definition 

of D1,p ti is in D~. Suppose here i an m > l such hat ( m ?l"m+i) E ,.,. Th n 
there is a j = index m) > i su h hat cp1 = rp. by definition of X , and ( j C;Oj+1 ) 

is in x~. 

C(l,-se 2: ti is in erpolated. Let i' be he malles in eger greate than i uch 

tha. t;., is no interpolated. If ei her a state in D~ or ,, oc urs be ween i and i' in 
\.1 (e) then w are done. Suppo e not.. Then th argument in Case 1 applied tot;, 

show tha ventuaUy after i' and thu after ' i ci her as a e in D' or <p occur 
in M( ). D 

The n.ex lemma is the analog of Lemma 3, for imul aneously simula e . ( D~. 

and ~ ar' defined wi h respect 'to M,. .) 

Le1nm.a 4; Suppose A. simultaneously imula.te {.4r : r E J} via {Mr : r E 1} . 

Le be a locally-controlled action of Ar for ·ome r. HA i equitable for via 

Mr then M,.(e) atisli tate (B) c....+ (D~ X~). for eve1y fair execution e of .4. 

Th re t oi thi subs c ion de c-ribes hree .methods of ve1ifyin · that A is eq

w able fo action of B. Lemma 5 describ s be firs me ho whic is o identify 

an action of A hat is e sentiallj he same · as . 

Len1ma 5: Suppos M = (S. A is an a.bs rac fon mappi tr from A, 'o B 1s a 

local] -con rolled ac ion of B and p i a locally-con. rolled a &ion of A uch that 

for a!1 reachabl tat of A 

(1) pis enabled in if and only if is enabled jJJ · a.te S(s) of B, and 

(2) if pis ena..bled .fo . then <,y j included in A( p). 

11 



Sec ion 2.2: Li venes 

The11 A j equitable for cp ·via M. 

Proof: L · e = s0 rr1 1 ..• b a fair execu ion o A. Choose i 2: 0. If ~, E Dl{l we 

a.re done. Suppose .. i EE~- B as umption pis enabled in ,. Since e i air, ·ther• 
exist j > 'ii uch hat "ther ; = p in which cas A( j-l 7rj) includes or el 
p is no enabled in j in which case is no enabled in . (s;). Thus e sa.tisfi s 

state (A) '---i (D .. Xi,:,)- D 

Th second m hod use the following definition. which is shovrn in Lemma 6 

o imply equitable .. 

Definition: uppo.se M = ( S, A ) i a.n. abstraction mapping from .4. o B. H tp' i 

a locally-controlled ac ion of B · hen e say A i progre foe for via M i there 

is a se W of pai~ ( 'I/;) o.f a es - of .4 and locally-con rolled ac ions 11., of A, and 

a funct.ion from tat (.4.) to a well-found cl et such tha th follo., ·.ng a.re true. 

(1) For any reachable s ate E E ~ of A some a.c ion w is enabled in such tha 
( . 1p) :i in '1'. 

(2) For any step ( 1,1r,.s) of A, wheres' is reachable and in E~ ( ' w) ¢. X and 

EE1,p: 
(a) v( ) $ v( 1

): 

(b) if ( ' ) E q, 1 th n ( .s) < ( 1
) and 

( c) if ( ' TT") ¢ lJt i enabled in ' and ( ', l/;) is in 'P, hen is enabled in . 
and ( 1 • in W. 0 

Le1nma 6: If Ai prog1·essjve for . via M,, then A, is equitable for ;,p via \4. 

Proof: Let .i\.1 = (S, A). By assumption r.p is a locally-con rolled a,c ion of B and 

her xi W and tJ sa isfyin concli tions ( 1) and ( 2) m the defin.i ion of ' progr -
SI •e , 

Le e - o 1 1 ... b a fair ex,ecution of . . Choo e i > O. If i E D,;, ,.: e are 

done. S ppose i E E'P. A ume in ontra.di ion tha. for all j > i ( j 1r; 1) (p. ,. v, 

and ; E E . B • ondition ( l): her i an action enabled in .Si such ha. , 1 'if;) 
is in '11. By condition (2 ), as long a.s ( i 1r; ) ff. 1lf ·; is nahled in i+I and 

( ;+1 ) E ~. or j > i. Sine i fair here i i1 > i such that ( ii-1 'il"i 1 ) E '11'. 
By conditions (2a) and (2b) v( ,1 < v( 'i) - Similarly we can show hat here is 
i2 > ·1 such ha: v(si2 ) < v( ii). ,, can con inue thi indefinit ly. ontradicting 

he range of ·v b ing a w 11-founded e . □ 
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ection 2.2: Livenes 

The .ne lemma demon ra es a. hird technique for showing tha A i equitable 

for locally- on rol.l d a<: fon of B in a · uation when here are multiple hlgh r-
1evel algori run: . The main idea is to ho · · ha ther i some ac ion p 0£ D ha 

is 'similar to (cf. condi ions (2) and (3)) su.ch that G ·s progres ·v for p using 

c r aln helping a,c ions ( !. condi ion ( ) ) and A. i equi a.ble for all he hdpinn

a ions for p (cf. ondition (5)) . By similar w mean ha if is enabled in the 
B-image of ta e s of A. · hen p is enabled in he D-imag of the C-image of · and 

if po ur in he D -image of he C'-imaae of h pair (.s 1 rr) then f.fJ occurs in the 

B-image of ( ' 7r). Condi ion (1) i needed fo technical reason . (For convenience 
\te define abs rac ion function M applied to the emp y equence o be he emp y 

sequence. To avoid an1bimrity we add he sup rscrip A.B to E,p D~, and X wh n 
· hev are defined with 1'.'· pee o he abs raction func ion foom A o B.) 

Lemma 7: Let A. B . C and D b automa a uch bat MAB = (SAB AAB ) is an 
a,bstraction function from A to B and 1m.ilarlj far MAc and Mcv - Le r,p be a 
locally-controlled action: of B. Suppo e 11 follo""'·inrr condi ioo a.re ru . 

(1) l--t .4:c(e) · an ex cutioIJ of C foi· every ·ecution e of A ... 

(2) There i a.locally-conti:olled action p of D uch ha for any read1able sate 
of . if E EAB hen SA' c( ' ) E ECD - , ' rp ' p • 

(3) If (sj rr. ) is a step of A I i 1·eacha.ble and pi in .\.1cn( \.1Ao( ',rs) 

theD · in AAn( ',, ). 

(4) Ci progre sive for p via Men, u ing 'he e " q, p and he function Up. 

(5) A. i eqni able for ¢ , fa t1 AC, for all ac ion 

for some ate t of C. 

Then. _ i equi able fa r.p ia \t(AB·· 

of G such ,h.a ( ) E Wp 

Proo,f: L t e = o'il"t 1 .... be a fair ex u ion o .. A. L W.1.c( ) :;; t0 1ti .... By 
assump· ion (1) tm is a r achabl tate of C for all m > 0. Fo:r any i > 0, define 

index(i) o be m uch hat M c( 0"1 . .. i) =to, 1 •.• tm. 

Choose i > O. If Si E D ilB 1 ·e ar done. Suppose I E E-48 . Assume in 

ontradic ion tha for all j > i ( j) "j ) r/. x:8 an j E E:8 . Le m = index(i). 

B_ as ump ion 2) here is a locall ·-con • roll d action p of D uch ha: t 11 E Ef D 

for aJ1 n ~ m. By assump ion , 3)l tn n 1) ¢, x; D for all n ::> m .. 
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Sec ion 3: P oblem S a emen 

By assump ion (4) Ci progr ive for p via M 'cD using set~ p and function 

t,' p• Thus~ there is a. locally-con ,rolled ac ion 'if; of C enabl din Ac(si ) = tm such 

tha (tm. VJ) E ~ p· By assumption (5,) .4 i equi able for lb via MAC· Since e i fair 

and i E E: c. b Lemma 3 her Xl i1 > i uch ha: either ( h-1 r.iJ E X$c 
or i1 E nAC, Let m1 = inde-x(i1). 

Case 1: ( ii -I ,r i 1 ) E r::c. Then AAc( ,1 -1 iT, 1 ) include . Since tn is 

rea.chable, tn E E<jD and (tn :Pn+i) (/. ;D for all n ~ m we conclude that 
vp(tm 1 ) < vp(tm ) by parts (2a) and (2b) of he defuu ion of proaressi e '. 

Ca.se 2: ii E v:c. s· etn is reachable tn E EfD, and (tn . n+1 ) (/. - :fD 
for all n > m, b par (2c) of he definition of • progr, ive' he only way l/; can 

go from uabled in tm to disab .ed in tmi i for some ac .ion in WP o occur b ween 
m+1 and ~m 1 . By par (2b) of .he definition of p, o£rressiv , v,o(tm1 ) < Vp tm)-

Sim.i:la:dy, •e can how that there exis s i2 > i1 such tha. v,a( Ac( i,)) < 
vp(SAc( si )) . 1.Ve can con inue hi indefinitel . cont.ra.dicting th range of Vp being 

a well-founded set. □ 

2 .3 Sa isfac , ion 

The nex h orem shO\Vs hat our defini ions of simulate and equitable ar 
uffiden for hawing tha. A atisfi B. 

Tb,eorem 8: If A. imula e B via M . P and Q and if A · · ,equi able fo1· B ia '--1 
then A sati Bes B. 

Proof: ~ e mus show tha for any fair execu ion e of A th · a fair execu jon 

f of B uch hat ched(e)iext(A = sched(f)I xt(B) .. Gi •en le f be \A(e). V •e 

verif ha \.1' ( e) · a fair execu ion of B ,~rith he d ired prop ert . Lemma 11 part 
(1): impli ha / is an execu ion of B. Choose any locally-controlled a.c.tion t.p of 

B. B · Lem.ma 3 if is enabled in anw· s ate off then subseq 1ently inf ei her 

a sta e occur in hich 1 not enabled or occurs. Thus f i fair. Finally 

ched e jext A) = ·che.d(f lext(B ) because of condition (2 in the definition of 

D 

Th next heorem j the analog of Theorem 7 for imul aneowly imula e.s. 

Theorem 9: Le I be .an index .se . If. im.al aneou: ly :imula es { Ar : r E J} v.ia. 

{ vir ; r EI} P and {Q,. : r E I} and if Ai equi able for A,. via Mr for ome 

r E I then A .. sa i lies Ar. 
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Section 3: Problem S a emen 

3.. Problem Stateme.nt 

v\ e define ' e minimum panning re problem a an ex -rnal hedule module. 

For he rest of tb.i paper: le G be a connec ed undirec ed gra.ph wi h at 

least hvo node and for each edg a uniqu weigh , cho en from a to all ordered 

se . Nodes are V(G) and edges are E (G). For each edge (p q) i E(G) here ar 

wo links (i .e. 1 direc d edges) (p g) and (q p). These oi all link of G i deno ed 
L( G) .. These of alllink leaving pis denot d L,,( G). The weight of p 1 q) i d noted 

wt(p q)· wt({p q)) is defined o be wt(p q} and wt(nil) i defined ob 

The following facts abou minimum spanning trees will be us ful. 

Lemma 10: (P1 operty 2 in {GHS]) Tbe minimum ~pa.nnin"" ree of G i unique. 

Proo,f: Suppo in contra.die ion .hat T1 and T2 are both minimum spanning trees 

of G and T1 ¥= T2. Let e b he minimum weigh ' ,edge hat 1s in one of he trees 
but no bo h. \Vi hou lo of enerality uppose e i in E(T1 ). - he s.e of edges 

{ e} U E(T,' ) mu con a.in a. y le. and a leas on dge sa e1 oi t · . cycle i no 

in E(T1 ) . in e e ~ rl and ' in one but not both o.f he :ree wt( e < wt( e1 
). 

Thu replacing e' 'withe in E(T2 ) y i ld a. spanning tree of G v'l--i .h mall r w igh 

than T2 contradicting he assump ion. □ 

Le T(G) be the (unique) mini.mum panning re of G . 

. A . external edge (p, q) of subgraph F of G is an edge of G such that p E V(F) 

and q ~ ( ). 

Len1ma 11: (Property 1 m {GHSJ) HF i a ubgraph of T(G) and , is the 
minimum-no-eight ex eroal edge of F, then e is in (G) . 

Proof: Suppos in ontradic ··on hat e is not in T(G). Then a cycl i formed b
e oge her, ith som sub et of the edge~ of T(G). At I one o her edge, 1 of hi 

cy 1 i al o an ext al ed~e of . By choice of e wt( e , < wt( e1
). Thus replacing 

e', ith e in he dge se of T(G produc s a panning r of G with mallet· w :ight 

han T( G)~ which is a c(mtradidion. □ 

The if ST( G) problem i the following external chedule module. lnpu tions 

are {Star (p) : p E V(G)}. Ou put action are {InTree(l) otinTr e(l) : ,l E 
L( G) }. Schedule are all eq1.1enc of ac ion 1ch ha 

,. no out pu ac ion ccur unl an input ac ion o urs· 
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Sec ion 4: Proof of Correc ness 

• if an inpu ac ion occurs. hen e.."<ac ly one output ac ion occurs for each l E 

L(G)· 

• if In.Tree( (p, q)) occurs hen (Pi q) is in T ( G): and 

• if oilnTree( {p· q} ) occurs e (p, q) is not in T ( G ) .. 

4. Proof of Correct n ess 

The veri~ca. ion o Gallager , · umble and Spira~ minimum-spanning tTee al

gori hm [GHS] uses several automata. arranged into a. lat ice as in Figure 2. 

HI 

I 
COVl 

/ 
G 

/~ 
TA.R DC OT co, 

~~ 
GH 

Figure 2: T e Lat ice 

Each element of the a.t ice is a omp e e algor· hm. However the level of detail 
i .vhic he actions and sta e o · he original algori thm a.re rep:resented varies. 

Norking dow:n the lat · ice ake us from a descrip io of he algorithm _ at uses 
11lobal information about hes a.te oft e graph and pow ~ 1 atomic ac ·ons. to a 

ully dis rib ed al.rori hm in whic each node can only access its local variables~ 

and many ac ions a.re needed o implement a sin e higher le el act"on. A brief 

overview of each algori hm is given below; a. 'u!ler de.script" on cf ea -h appe.ars la er. 

HI is a. ,ery hil'l"h-level descrip ion of he algori . and is easily sho l\i'Jl in 

Sect"on .~.l o so \·e th .r11ST(G) prob.em. CHS ·s he detailed algorithm from 
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Section 4: Proof of Correctness 

[GHS] . ..,.,_,e how a path in he la .i e from GH to HI, where 'ch au omaton in 

he pa h satisfie h au oma on above it. By · ransi. ivi y of sa isfaction. hen G HS 
"vill have been hown t solv f ST( G ). 

Thee n ial fea ure of the s at of HJ is a of ubgraph of G. ini ially 

h e of singleton nod of G. u.bgraphs combine in a. ingle a ion! along 
minimum- .veig external dges, un i1 onlv one ub.,..raph the minimum spanning 

r ,rmain. 

Th COM automaton in t'oduces fragment ,, each of which orrespo d to a 
subara.ph of HI, plus extra information a.bou h global le ·11el and core (or iden i y) 

of the subgraph. Two wavs o ombine fragmen ar dis ingui hed merging and 

a.b orbing and wo m.ileston that a fragment mu t reach b fore combining ar 
identified. The firs mile on i computing the minimum-weigh external link of 

he f.ragmen ~ and h second i i dica.ting readiness o combine. 

The GC au omaton expands on he pro of finding he minimum-weigh 

xternal link of a fragment, by in: :roducing for each fragment a e t t.set of nodes 

hat a.re participa. in in th earch. Onoe a node has found .iit.s local minimum

weigh ex: em.al link, it is remo ·ed from he tes et. 

TAR and DC expand on GO in ,cornpl men acy ways. DC fo u es on how th 

nodes of a ·a.gm.en cooper a to ·find h minimum-weight ex. ernal link of the v,rhole 

fraament in a dis ributed fashion. I describ he flow of message hroughou 

b fragmen s; firs a broadcas inform nodes ha the • hould find heir lo al 

minimum-weigh ex ernal links. and hen a convergecas r port th resul s back. 

In con ras TAR i unconcerned wi h specifying exactly when each node finds. it 

local minimum-weigh ex al link and oon,cen rates on the details of h pro ocol 

peI ormed by a node o find hi link. 

NOT i a refinemen of COM ha. a-panels on h method b which th global 

level and core ·nformation for a fragment is implemeu ed b variables local to eacii 

node. fessaj]' a temp to not· y nodes of the lev 1 and cor of he nod current 

fragmen. 

CO , an or hogonal refin me of CO !'vI concen rat s on hm • message are 

used o impl men wha happen be ween the ime the minimum-weight ext :nal 

link of a.n entir fragment is computed, and the ime he fragment is combined wi h 

ano h · on 
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Se ion 4.1: HI Solves M T(G 

Finallj · he entire, fully di ribu d. algori hm is represent d in au oma on 

GHB. I xpand on and uni es T. R. DC OT a.nd CO . 

The pa h chosen throuuh he Ia' ti is HI CO 1 OC TAR GHS. \\hy 
hi pa h'? Obviously G HS mus be hown o atisfy one o TAR DC l\ OT 

and CON. Howeveri i an.not b done in isolation; ha: isr invarian s abou the 
other hree are neces ar-r o hm,; ha G HS atisfie one. ( As men ioned in e ion 
2.1 th invariant abou he otb r three could be made predicate a.bout GH S 

but his approach does no .ake ad antage of ah trac ion.) Thus, e show that 
G HS simul aneou ly imulates ho four a toma a. To how • his .. however, e 
need o erif tha certain preclicate reallv ar i varian for th four. In order to 
do thi we show hat T Rand DC (ind pendent! ) simula GC: and ha roT 
and CON (independ ly simula e CO.{. Lik wi e, in ord o show hese fact , 
,,, need to know a: cer ain predicates are invariants of GC and CO_ f and the 

way we do, hat is o show ha: GC imuiat CO i'v.l, and hat CO [ imula: es HI. 
Thus i i nee.es ary to show afety r lationship along every edge in he la ice. 

Th liveness relation hips only need to be ·horn along on path from G HS o 
HI. After i pecting GH S and the four automata dfrectly aboYe i we decided on 
p ·a.gm.a i · ground hat i, would be easie t to ho, ha GH Si equitable for TAR. 
On onsidera ion w . ha he ou pu ac ions have exa.c:tl the sam precondi ions 
inGHS and in TAR and hu showingGHSisequi able for ho eactionsis rivial. 
On e TAR was cho en th res of e path was fixed. 

Fir . th necessa.ry safet properties are ,erified in S ion 4.2. ,i\'e show hat 
COlvl simula es HI (Sec .ion 4.2.1), chat GC simulates CO.r-.1 (Sec ion 4.2.2) ha 

TAR simula GC (Section 4.2.3) · hat DC simufat GC (Section 4.2.4) tha 

OT imula - COM (Sec ion .2.5)~ · ha· CO simulates COM (S ion 4.2.6) 
and ha GHS imul aneously 'mula e T.4R,DC. OT and CO · ( ection .2.7). 

Section 4.3 contains t e li en atgum n . o ho T he desired chain of 

sa isfaction we show · ha. CONJ .is equi able for HI (Se ion 4.3.1) tha GC is 
equitabl for CO l (Se. ion 4.3.2) that TAR is qui • able for GC (Section 4.3.3). 
and tha GHS 1 e ui able for T.4R (Section 4.3.6). In Sec ion 4.3.6 he echnique 
of Lemma 7 is ed in everal.. places· hus we need to how haJ DC is progressive 

for an a tion of GC (Sec ion ~.3. _) and tha CO is progressive for veral ac ion 
of COM (Sec io 4.3.5). 

S c ion A puts he pieces to ther to how ha GB S olves MST(G). 
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Section 4.1: HI Solve . • ~ST(G) 

.1 HI olve M T{G) 

Th main £ea ure of he HI a e 1s he data. · ucture FST (for forest') 

which consi of e of ubgraphs of G par i ioning (G). The idea is tha 

he subgraphs of Gar onnected uhgraphs of he minimum spa.nnin tree T(G). 
Two ubgraph can combine if h minimum-w · gh e. • • rnal link of one eads to 
the o her. The awake variable i u ed o make ure ha no outpu ac ion oc urs 
unles an input ac ion oc ur . he answered variabl are u ed o ensure tha; a 

mos · on ou pu action occurs for each link. In.Tree( (p q)) ca only o cur if (p q} i 

.alrea-dy in as bgrap~ or is he minimum~\ireigh external edge of a ubgraph (i.e. 
is destined o b i . a subgraph). . otlnTree( {1> q)) can only occur if p and q ar in 

h a.me subgraph but he edge be 'i een them is no . 

Define au oma.ton HI (for High Lev I 1 ) as follov;r . 

The s a.t oonsi •Of a e FST of ubgraph of G, a Boolean ariable 

a.nswered(l) for each l E L(G) 1 and a Boolean variable awake. 

In the · ar s at of HI FST i t e set ,of single-node graphs one fo each 
p E V(G) every a.n.swe'ted(l) i false an a.wake i false. 

Inpu act.ion : 

• Siart(p) pE (G) 
E:ff C s: 

awake:= rue 

Outpu ac. 10:ns: 

• In Tree( (p q) {p q) E .L( G) 
Precoudi ions: 

a.wake = tru 

(p q) E F or (p, q) j he minimum-wei ht ex eroal dge of 

for some F 1E F ST 
an wtred( (p g)) = fal 

Effec s: 

an.swered( (p q}) := rue 

• NotlnTree( (p q)), (p q} E L (G) 

Precond · ions: 

awake= true 
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Se ion 4.1; HI Solves 1 T(O 

P: q E F and (p q) ¢ F for some F E FST 
,a.n wered{ (p q}) = false 

Effects: 

answered( {p q)) := ,rue 

In ernal ac ions: 

• Combine FF' . e F, F' E FST e E E(G) 
Preconditions: 

awake= ru 

Ff F' 
e i an ext rnal edg of F 

e 1 he minimu:m-wei h e;i,.,i.ernaJ edge of F1 

Effec s: 

FST :== FST- {F.,F'} U {FU F' U } 

Defin he following p:redica es on tat s(H I). (A minimum spanning fore.st 
of G is a, e of disjoin ubgraph of G hat pan · ( G) and form a ubgraph of a 

minimum spanning ree of G. ) 

• HI-A: Each F :in FST is connected. 

• HI-8; FST i a minimum panning £ores of G. 

Le Pnr = H]-A A HI-B. HI-B inlpli ha, th elements of FST form a ar~ 
tition of· (G). Lemma O and HI-B imply tha FST. a ubgraph of T(G). 

Theore1n 12. HI solves U1e MS (G) problem and P1u j true in very reachable 
tatt~ of HI. 

Proof: Firs w 

art , tat of Hii 

PHI 1 ·ru.e in '. 
obviou ly ·r 1e in 

how tha.t Pn 1 .is ,:-ue in every reachabl s ate of HI.. If 
en Ppu is obviously true. Suppose (s', 'ii" ) i a p of HI a11d 

H ·rr # Combine( F, F 1
, ), then, since F ST is unchanged Pn 1 1 

as ell. 

Suppo 11 = Combine( F 1 e). By th precondition, F =/:: F', e i he 

minimum-weight ex ernai dge of F' and 1 an ex ernal edge of F in ·1
• By 

HI-.~, F and F' are each conne ed in 1
; hus h new fragment formed in by 

joining F and F' along e is oonne ed, and HI-Ai rue. Since by HI-Band Lemma 
10. F and F' are ubgraphs of T(G) and ·n by Lemma 11 e i in T (G) hen w 

FST i a minimum spanning forest of G, and HI-Bi rue. 
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\ 1 e now how hat HI so] es MST( G). Let e be a fair execution of HI. Th.e 

u of he variable awake en ures hat no outpu action o cur · in e unle an input 

action occur in e. Th e ,of the varfa.bl s an wered(l) ensures. ha a mos one 

ou ,pu a ion occur in for each link l. Suppose In Tr e( (p q} ) occurs in , . Then 

in th preceding s a e · her (p q) i in F or (p, q) i the uunimum-wei ht e1.ternal 

edge of F . for ome FE FST. B HI-Band Lemmas 10 and 11 (p q) is in (G). 
Suppose NotlnTree((p q)) occur in . Then in he preceding a: e p d q a.re in 

F and (p. q) is no in F for ome FE FST. By HI-A h r i path from p o q in 

F. B~ HI-B and Lemma 10 hi pa. h is in T(G). Thu (p q canno be in T(,G) 
or · L e tber would be a cycle. 

Suppose an input ac ion occurs in . We tow ha: an ou pu ac ion occur in 
e for each Iin ·. Let e = 0 .'t1 s1 ..•. Obviously 1 is an inpu action. Only a finite 

number of ou put actions can occur in e. Choose m uch ha r; m is he la t ou pu 

actio1 occurring in . ( e m = if there i no output action in e. ) I i easv to 

see ha: m = , for all i > m. ince an inpu action oo \.US in e b fore m~ awake 
= true · rn. IF STI = 1 in m beca otherwise ome Combine( F F' ') ac ion 

would be enabled in m, con rad.icting bemg fair. Le FST = {F}. By HI-A and 

HI-B F = (G ) in m. F thermo a-n.swered(l) i rue in m for ach l, beca 

o herwis :some u put. a ion for ,l would b enabled in m contradic i g e b ing 

fair .. Y t the only wa answere&(l) can be true in .Sm i if an ou put action for l 
o curs 1n e. □ 

4.2 Safe y 

Each algori, hm in the }attic below HI i present din a separa. e sub c 10n. 

Ea.ch ubsec ion i · organized as ollow . Firs an informal description of the algo

rithm i gi en · ogeth r wi h a discu: ion of any par iculadv interes ing a.spec s .. 

Then comes a des-crip ion of h a , of -he automaton both xplicit variables and 
derived ·a.ria.ble if a.n:y). • derived , ariabl i a ~ariable ha is not an xplidt 

,elemen of he sta , but is a func ion of the explici variables. VVe employ the con

vention , ha whenever th definition of a deliv d variabl i no unique or en ible 

h n the derived variable is undefined. 1 h ac ions of h automa on ar specified 
ne . Then pr dicates o be shown invariant £or his a omaton a.re li ted. The 

ab t ,·a-e ion mapping o be us d for simulatina the highet-lev ·, automa on i de

fined nex: . All our t a;te ma.ppjn1r conform o t.h rule hat variables w· h he sam 

name have he ame valu i all h algorithms. The only po en ial problem ha 

migh, arise · h · his rul is if a derived variable is mapped to an explicit , aria.ble 

bu t e deri d variable is uud fi ed. Al hough w will prov ha1 , his si uation 
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Sec ion 4.2.l: COM Simula e HI 

never occurs in sta es w are intere tecl in, for completenes of · he definition of 

· tate mapping on can simply choose som default alue for th explicit variable. 

Often i i useful o deriv,e · ome predica es about hi automa, on s state ha follow 

from he invarian for thi automa. on and he hi,,.her-lev 1 one· these predicates 

are tru of au ate of thi au om.a on a isfymg the invai-iant and mapping o a 

reachable s a e of th higher- lev 1 algo1i.thrn .. The proof of imula ion completes th 

s bsection . 

. 2 .1 COM imulates HI 

The CO algorithm ill takes a comple ely global view of the aJgo:ri bin~ 
bu ome intermediate teps leading o omhining are identified and the state is 

e:>..-panded to in lude ex ra information abou h s bgraphs. The COM sta e con
sists of a set o.f fragment:; a data cture used hroughou he res of he la tice. 

Each fragmen / has as ociated wi h it a subgraph of G as 1ell a o -.her informa-

ion: level(!) c.on~(f) min-link{f) and wotcha:nged(f). Two milestones mus be 

reached before a £ra.gm nt can combin . Firs th ComputeMin(f) action causes 

he minimum-weigh external link of fra.rn1 n f o be identified as minlink(f) and 

econdi he Cha.ngeRoot(J ) ac ion indicates hat -fragmen f is ready to combine 
by set.ting he ariabl rootchanged(f) . This automa on di tiugui he t,vo wavs that 

£rag-men ( and hence heir associa. ed subgraph ) can combine. The Merge( f- g) 
action causes two fragments f and g, a. h ame lev 1 wi, h he a.me minimum

weigh external ed re. t ombine; he new fragmen has a higher l ve] and a neii 

core (Le. identifying edge). The A.bdorb(f~g) action, a.uses a. fragmen 9 o be en

gulfed b he fragmen / at he other nd of minlink(g) provided f i a a higher 
level than g. 

Define a.u omaton COM (for Common:-'!) as follow . 

The ta e consists of a e fragments. Each elemen f of h se is called a 
fragment: and has he followin compon n s: 

• ubtree( f) a subgraph. of G· 

• core(!) an edge of G or nili 

• le1Jd(f) .. a nomiega;ti-v in eger; 

• minlink{/)1 a link of G or nil· 

•· rootchange.d(J) a Boolean. 
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Section .2.1: OO}v[ Sim tla es HI 

Th a: e also con ains Boolean variab] s . answered(.!) on for each l E L(O) and 

Boolean variable awake. 

In the ax s a e of CO}J, fragment.sha: one element for each node in V(G); for 

fra.gmen f co1Tesponcling o node p u.btree(f) = {p}, core(!) = nil level(/) = 0, 

minlink(f) i h minimum-w igh · link ad·acen op and rootchang d(f) i fal e. 

Each an-sw red( 1) i fals and a.wake i fal e. 

Two fragment will be consider d · he rune if ei her hey hav he ame single

node subtree, or h y have th • aJ:ne non.nil core. 

"\\e define th follo·wing derh ed variables. 

• For node p fragmentfJ,) i he elemen f of fr"-gment uch · ha p is in 

subtree(/). 

• A link {p, q) is an extenit1.l link of p and of fragment(p) if fragment(p) # 
fra. gm,e n ( q); ot e.rwi se he link is internal. 

• H minlink(f = (p, q) then minedge(f) i he edge (p q), minnode(f) = p and 
t'oo (/) is the endpoint of core(! lo est to p. 

• If {p q) i the minimum-weigh ex:teroal link of fragmen /, then mw-minnode(f) 
= p and mw-root(.f) is h n.dpoint. of core f dose t top. 

• ubtree(p) i all node and edges of ubtree{fra.gment(p) on the oppo i e id 
of p from core(fr"-gment(p )) . 

• q is a child of p if q E ubtree(p) and (p q) E subfree(fragment(p)). 

Input a ions: 

• Sfart(p) p E . (G) 

Effects: 

awake := , 1ue 

Ou put ac io : 

• Jn.Tree({p q)) (p q} E L(G) 
Preconditions: 

a,wake = true 

(p~ q) E subtree(fragment(p)) or {p q) = mi.nlink(fragment(p )) 
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a~wered((p q}) = fa.l 
Effect : 

answered( {p q}) := rue 

• NotlnTree( {p q}) (p q} E L(G) 

Precondi ions: 

fragmen:t{p) = fragm nt( q) and (p,, q) ¢ ubtree(fragment(p) 

answered( (p g)) = fah. 

Effect : 

answered( (p q)) := true 

In ernal a ions: 

• ComputeMin(f) f E fragmenf,j 

Preconditions: 

minlink(f) = nil 

I i he :minim umw w igh external link of f 

level(!) < letie~fragmen.t( targei( l))) 
Effec s. 

minlink(J) := l 

,. ChangeRoo j) f E fra.gme-n -
P:rec.ondition ! 

awake= rue 

rooicha-nged(f) = false 

minlink(f) # n ·z 
Effect: 

rootclianged{f) :--= rue 

• Merge{/ g f. g E fra.gment.5 
Precou.ditions'. 

f :P- 9 
rootchanged(f) = rootckanged(g) = tru 

minedge(J) = minedge(g) 
E:ffec : 

add a n w elemen h ' o fragments 

ubtree( h) := u.btree(f) U u.btre (g) U minedg,e(f) 
cr:mi(h) := min.edge(!) 

level( Ji) := level(/) + l 
minlink( h) : = nil 
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rootchanged(h ) != £al e 

dele e f and 9 from fragment 

• Ab ·orb(/ g) f g E fragmen 

Pre onditions: 

rootckang,ed(g) = rue 

leve~g) < level(! ) 
fragment{target (minlink(g) )) = f 

EH'e · 
v.btree( f) := .subtree(!) U subtree(g) U mi.nedge(g) 

delete g from fra.gm en:ts 

Define h following predica es on s ate of COM. (All fr.ee variables are uni

ersal.ly quan ified. ) 

• OM-A:: If minlink(f) = l hen l is the minimum-weight external link off 
and le'Ve ~ f) ~. le'V l(fra gment( to,.,-get()))) . 

•• COM-B: If rootchranged( f) = rue h n min.link f) ~ nil. 

• CO. f-C: H awake=:; false hen minlink(f) 'f=: nil, rootchanged( f) = false, and 
ubtree( f ) = {p} for some p. 

• CO. f D: IT f ;I: g~ then ubtree(f)-/; ubtree(g). 

• COM-E: I£ 3ubtre~(f) = {p} for som p, th n minlink(f) # n ·1. 

• CO i-F~ If Jnodes(f) I = 1 h n level(!)= 0 and core(f) = nil: if !node (f)I > 
1 hen levd(f) > 0 and corti( f) E subtree(! ). 

Le PcoM be he conjunc ion of Olv.I-A hrou(>"h CO. '1-F. 

In order o how that COM sjmulat.es HI,. , ·e define an abs rac i n mappin 

\41 = (S1 A1 ) from CO 1 o HI. Defin he fonc ion .S1 from ta.te (CO~ ) o 

states( HI) as fol ows. In conformance wi h our con en ion ( cf. the beginning of 
Section 4.2) ,h values of awake and an.swered{l) (for all l) in S1 ( ) are the am 

as ins. The valu of FST in S 1 ( ) i · h - mul i { u.btree( f): f E fragments}. 

Define · he function A1 as follov. . Le b a ta of COM and r. an action 
of CO }.,f enabled in . 

• If 1r = Start(p ) InTree(1) or . otlnTree(l) 1 hen A1 ( ,1r) = n. 
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• lf r. = Compu.teMin(f) or ChangeRooi,(.f) then A 1 ( , ,r ) is emp y. 

• If 1r = .Me.Tge( f g) or Ab rrrb(f g) th A1 ( -.- = Oombine(F~ F\ e) where 

F:;;;; .subtree(!) in . F' = ubtr,ee(g) in s, and = minedge(g ) in . 

The following pr di ate is tru in e,.·ery s a of COM sa isf ing (PHI o Si)/\ 

Pco~1- (I.e. i ·s deducible f-rom Pc oM and he HI predica es.) 

• OM-G; The muhiset { 3ubtree(f) : / E fro.gment } forms a par ition of ( G), 
and. fragme:rit(p) is well 9 defin . 

Proof: Le b a tate of 002'1 sa isfying (PHr o Si)/\ PcoM- In 1( ), FST = 
{tmbt:r e(j): / E fragme.ntB}. By Hl-B ST forms a partition of V(G ). B CO -
D he mul iset { ubfre,e(f) : / E fragmrn } = F ST~ and hus i form a. parti io11 

of (G). Consequen ly fragment{p ) is well-d fined. D 

Le1l ma 13~ COM imula . HI via M1 P. oM and Pnr• 

Proofi. By inspec ion he ~ p of COM HI, vf 1 and Pco j 1 are corr,ect. By 
Theorem 12. PH1 i a preclica rue in v ry reachabl ·a; e of HJ. 

(1 Le be in .. tart(CO.i\d). Obviously PcoM. is ru.e ins, and S1 ) is in 
start(HI). 

2) Obviously A1 ( , I xt( HI ) = 11' [ ext( CO- ) for any sta e of A. 

(3) L ( ' , ) be step of CO { such tha PHI i true of S1( ' ) and PcOiit 

true of '. V,;e co• ider each pos ible value of . 

i) 1r ~s tart (p) lnTree(l) or otlnTree{I). A1 ( · ' 1r = ,r. Obviously 
PcoM is tru in , and S1( ' ):r.S1 ( ) is an xecution fragment of HI. 

ii) 1r I ComputeML1(f) or ChangeRoo (f). A1 ( ', ) i emp .y. Obviously, 

· :r ( ') == S1 (.s ). Obviously. COM-A. COM-B~ COM-D and COM-Far rue in ". 
By COM- for ComputeMin(f) and by pr · n.dit·on for ChangeRoot(J), awake= 

tr in ' , and al o in . · hus1 0 ~ -C is tru m . 

Ob,•iousl COM-E i rue in. for any fragmen /' -;;f. f. If rr = ComputeMin(f) 
hen minli.nk(f) # nil in , and COM-E is vacuously true in s for f. If w = 
Cka.ngeRoot(f) then by COM-B minlink(f) # nil in ' and also in . so CO ~E 

is vacuou l:v ru in for /. 
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iii) r i _erge(f,g). 

(3c) A 1 (s1 
) = Combine(F F', ) whereF=~-ubtv-ee(f) in ' F' = ~btree(g) 

m I and = mine.dge(g) in s1
, for om fragmen f and g. 

Claim about 1;,': 

l. f #- g, b_ precondi ion. 
2. rootchanged(f) - Tootchanged(g) = rue, b preconcli ion.. 

3. minedge{f) = minedge(g) by preoondi ion. 

4. awake= · rue b Claim 2 and COM-C. 
5. minedge(/ ) f:- nil and minedge(g) -# nili by Claim 2 and COM-B 
6. minlink(f) is an ext•ernal link of J by CO. -A and Claim ,. 

7. minlink(g) is he minimum-weigh >..'"tern.al link of 9: by COM-A and Claim 5. 

Let F' = ubtree(.f) F' = ubtree(g) and e = minedge (g ). 

Claims a.bout 8 1 ( ' ) ; All depend on the definition o · S1 . ) 

8. awake = · rue b - Claim 4. 

9. F ¥- F' by Claim 1 and CO I-D. 
10. e i an e,.tj;ernal edg of F: by Claims 3 and 6. 

1. e is the minlmum-weight ex ernal dge of F 1 by Claim 7. 

B Claim hrough 11 Combi:n.e( F F',e) is abled ·n S1 ( ' ) . Ob iousl , i 

ffects are mitrored in S1 ) . 

(3a More clo;im,s about 1
: 

12. level(f) > 0 by COM-F. 
13. subtree(!') and 'U,bfree(g' are disjoin ,. for all f' -::j:. g1 by COM-G. 

Clai m.s abo1tt : 

14. ubtree(h) = subtree(/) U "ub ree(g) U minedge f) by oode. 

lo. core(,h) = mi.nedge(f) by code. 

1'6. level{h ) = level f) + 1, by code. 
11. minlink(h ) :; nil by ode. 

1 . rootcha.nged( h) ~ fals b,i c-0de. 

19. J a.nd g axe removed from fragment b cod . 
20. a:wa.ke = rue by Claim 4. 

21. 11,btree(f' ) and subtree(!/ ) are djsjoin for all f 1 # 91 b Claim 13, 14 and 19. 
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22. !node '(h)I > I by Claim 1 . 

23. leve~ h) > 1, by Claims 12 and 16. 

24.. core( h) E -u.btree( h) by lai 14 and fa,. 

CO. [-.A is vacuou 

b Claim 1 . COM-C i 
COM-Eis vacuo ly t 
an 124. 

rue for h by Claim 17. CO~ 1-B is vaeuously true for h 

acuou ly rue by Claim 20. COM-D is rue b., Claim 21. 
for h by Claim 22. COM- :~ i rue for h by Claims 22 23 

i ) r. is Absorb(f,g) . 

(3c) A1 ( ' , ) = Com,bine(F, F\ ) where F = ubtree(f m ', F' = suhtree(g) 

ins' and = minedge(g) in ', for ome fragmen f and g. 

Claim a.bout ~· '; 

1. rootcha,nged(g) = ruei b precondition. 

2. lfnrel(g) < level(!), by preeondi ion. 

3. fragment(target( minlink(g))) == J by precondi ion. 

4. f =f. g by Claim 2. 
5. minlin-k(g is an ,external link off by Claims 3 and 4. 

6. minlink(g) #, nil bv Claim 3. 
7. minlink(g) i he m.ininuun-weigh external link of g, by laim 6 and CO i-A. 

• awake = rue by Claim 1 and COM-C . 

Le F = ubiree(f) F' = 8Ubtree(g) and = minedge(g). 

Claim about S 1(s') : ( 11 depend on the defini ion of S1 .) 

9. awa.ke = e, by Claim . 

10. F =J= F'. by Claim 4 and COM-D. 

11. e is an ex erna edge of F . by Claim 5. 

12. e is he mini.mum-weigh external edg of F', by Claim 7. 

By Claim 9 thn.}U h 12, Combine(F. F' e) is nabled iu S1 { '). Obviously, is 
eff ct ar mirro din S1( . 

(3a) COL -A: If min.link(!) = nil in ~' hen he same is · ru in and OM-A 

vacuous y rue for/ . Suppo e minlin!i.f) = l in '. Let /' = fragm nt(targ t(l)). 

More claims a.bout 1
: 
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13. level(!) < levd(J') by CO. -A. 
14. f' =/:, g by C]a.ims 2 and 13. 

15. mi.nedge(f) I: minedge(g). h Claim 14. 
16. minlin J) is the minimum- eigh external link of J,. b COl i-A. 
17. If e' ;I: minedge(g) is an external edg of g. hen td(e' > i t(minedge(f)). Pf: 
wt(e') > wt(minedge(g)) b_ Claim 7, and wt(minedgc(g)) > wt(minedge(f)) by 

Claims 5, 15 and 16. 

Since minlinlo(f) is the ame m as m ' Claims 16 and 7 impl · hat in 
mi.nlink(f) i the minimum-weight x ernal link of/. The only fragmen whose level 

changes in going from ' to~ j g (since g disappears ). Thu Claim 14 implies that 
m level(/) < level(!') . Finally, CO f~A is rue in . 

The ne:i claims ar used o ve.cify COM-B hrough COM- . 

More claims about 1
: 

18. sub,tre (f') a.nd subtree(g') ar di joint for all f' ~ g' by CO {-G. 
19. leve.l(g) > 0 by COM-F. 
20. level(!) > 0: by Claims 2 and 9. 

21. lnodes (f)I > 1 by Claim 20 and CO -F. 
22. core(/) E subiree(.f) by Claim 21 and CO -F. 

ClaimJ aho-ut : 

23. aw.a.ke:;; true by Claim 1. 
2.4. subtriee(f) ins is equal ,o ubtree{f U u.btree(g U minedge(g) in s1 by code. 

25. subtree(/' ) .and uMree(g') are disjoin . for aU f' # g' by Claims 1 and 24. 

26. lnodes(f)t > 1 by Claims 21 and .24. 

27. le11el(f) > 0 b · Claim 20. 
28. c;,1:,re(f) E ubtree(f); by Claims 22 and 24. 

CO:t>.1I-B. unaffected. COM-C ·s vacuously rue b · Claim 23. COM-Dis rue 

by Claim 25. COM-Eis vacuously rue for f by laim 26. CO . -Fi r e for/ b 
Claims 26, 27 and 2 . o 

CoroUary 14: PboM is true in every reachabl tat of CO~{. 

Proof~ By Lemmas 1 and 13. □ 
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4.2.2 GC Simu1ates COM 

The GC automaton expand on the proc€ s of finding the min:imnm-w · gh 

external ]ink of a fragme by in rodu ing fo1· each fragmen fa set ie t(j) of 

nod ha are par i 'pating in he earch. Once a nod inf has found i "s mirumwn

weigh external link, i i removed from testJet(f). A new actiou 1 Te.5tNode{p) is 

added b. hich a node p a omically finds i s minimum-weight ex erna] .link -

however the fragm n at he o he end of th link canno be at a low level han 

p s fragmen in order fo. his ac ion occur. The new variable ,(J,ccmfr1,(/) (for 

·;accumula ed minli.nk ) stores the link wi b he mini.mum weigh ov l' all links 

ex: emal to node off no longer in te t.set(.J). Comp iteMin(f) can.no occur until 

te tset(J) is , mpt ·. llien an .A b.sorb(f g) ac ion occurs all he node ormerly in 

g ar,e added o test.set f) if and only if the targ t of minlink(g) i in te · et(f). This 

ver ion of th algorithm i . till otalJy global in approach. 

Define au omaton GC (for 'Global Compute fin as follow . 

he tat consis s o.f a e fragments. Ea h element f of the set i alled a 
fragment., and las the following compon n s; 

• ubtree(f) a subgraph of G· 

• core(!) an edg of G or nil; 

,. le t1el(/ a nonnega: i ve in eger; 

• minlink(f ), a link of G or nil; 

• roo tckanged(f) a Boolean· 

• te tJet{ f) a ubse of V G); and 

• a cmin{f) a link of G or nil. 

The sta also cou ains Boolean variables answered(,[), one for each f E L(G) and 

Boolean vadable awak . 

h1 he art ate of COM. fragments has one elem n £or ea h node m · ( G)· 

for fragment f orresponding o node p, subtree(/ = {p}, core(]) = nil, level(!) = 
0 minlink(f) i · he minimum~weight link a-djaoent o p. rootchanged(J) i false, 

te ts e11J) i ,emp y, and accmin( f) i nil. acb an wered( l) is false and awake is 
fa]se. 
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Inpu a.c ions: 

• Start(p) 1 p E V(G) 
Effect ! 

awo.,·e := true 

Ou pu actions: 

• lnTr e((p q)) {p q) E L(G) 

Precondi ions: 

awak = true 
(p q) E ubtree(fragment(p)) or {p q} = minlink(fra.gment(p)) 

an ~wered{ (p q)) = false 

Effec : 
anJwered( {p q}) := ru 

• N otln Tr,ee( (P', q)) (p q} E L( G) 
Precondi ions: 

fragment(p) = fragment(q) and (p, q) v! ·ub·tree fragment(p)) 
answered( (p, q}) = fal e 

Effec s: 

answerecl( (p q}) := rue 

In ernal action : 

• TestNode{p). p E V(G) 

Pre ondi ions: 

- le J = fra.gment(p) -
p E t stset(f) 
if (p.q), the minimum-,veigh ex emal link of p exi t 

hen level(!) :;:; level(fragmer,,t .. q)) 

Effec s: 

te.dset( f) := t.e ts t(f) - {p} 
if (p. q} he minimum-weigh external link of p exists 

and wt(p q < w ( accmin(f ) 
then accmin( J) := (p q} 

• ComputeMin(f) f E fragmen 

Precondi ions: 

minlink(f) = nil 
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a.ccmin(f) -#, nil 
testse f) = 0 

Effec :. 

min.linklJ) := accmin(f) 

a.ccmin(f} :.:;;; nil 

• OhangeRoot(f) f E fragments 
P conditions: 

awake = b e 

roo tckanged(f = fals 
min.link(!) I:, nil 

Effec s: 

rootehanged(f) := rue 

• Merge.(/ g), f g E fr(J,gme:n, 

Pre ondi ions: 

f#g 
rootchanged( J) = rootchanged(g) = rue 

minedge( f) = mined9e(g , ¥- nil 

Effec s: 

add a new elemen h o fragments 

subtree(h) := ubtree(f) U subtree(g) U minedge(f) 

co re( h) : = min edge(/) 
l1:vel( h) := lev,e(f) + l 
minlink(_ h) := nil 
roo tckang ed( h) : = false 

te~ t.set{ h) := node ( h) 
accmin( h) := nil 

delete f and g from fragments 

• Ab orh(f g) j g E fragments 
Precondi ions: 

rootcho.nged(g) = rue 
,lev l(g) < level(!) 

- le p = target( niinlink(g)) -

fragment(p) = f 
E' ec s: 

ubtree(J) ::;;; ubtree(f) U ubtree(g) U m,inedge(g) 
if p E t bet(! hen tes et(.f) ;= te t d(f) U t~tset(g), 
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dele e g from fragments 

Define he following p · dicates on h ates of GC. (All free variable are 

universally quan i.fied.) 

e, GC-A: If accmin(f) = {p,q)i then {p·,q) i h .minimum-weigh ex ernal link 

of au ~ node in node (f) - te.sue (f) and level(!) < le-vel(fra.gment( q )). 

• GC-B: H here is an ext.em.al link off: if minlink{f) = 11il and if -te t(f) = 
0 hen ,accmin f) -=fi nil. 

• GC-C: If te tset{f) -:p 0 hen minlink(f = nil. 

Pac = GC-A I\ GC~B /\ GC-C. 

In order o show that GC imulate CO},fl we define an abstraction mapping 

\4 2 = (S2 , A 2 ) from GC to CO_!/_ Define he funcion S2 from tates(GC) to 

tat (COM) by impt ignorin the variables a.ccmin(f) and te·0 t e f) for all 
fragm n J wh.en going from a. at of GC to a. sta· e of COlvf. 

Define h function A2 as follow . L t b a a e of GC and 1r an a.c ion of GC 
enabled in ·. H = Te tNode(p) hen A2 ( 'i!") i empt . Otherwise A ( , r,r ) = 1i, 

Recall tha: PboJ f = (PFu O l) A PcoM • If PcoM( 2( )) i rue, hen he 
COlvl predica. es are rue in S2( ), and he HI pr die~ es are true in S 1 ( S2( )). 

Lemma 15: GC imulat s COM via. M Pac and P.coM· 

Pr,oof: By inspec ion the ypes of GC, COM \.,{ 2 : and Poe ar correct. By 
Corollary 1 ! PcoM is a predica rue in ev ry reachable ate of C01. f. 

1) Le b in a-rt(GC). Obvi usl . P'<;c is true ·u ' and S2 ( -) i m 
~tart(COM . 

(2) Obvio ly A2( ri)lext(CO rt)= 1riext(GC). 

(3) Le 

true of '. 
be a tep o:f GC such tha PboM i rue of S2 ( ') and Pee is 

i) rr is Star (p) lnTree(l), otinTree(l) ,or CbangeRoot{ f). Obviously 

S2( ' , S2 ( ) is an x ution rngment of GO I/ and Pac is tru in . 

ii) r. i Co1nputeMin(f).. 
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(3a Obviou ly, Poe is ill · me in for an f # f. GC A is · ·a.cuously rue 

for f in ·~ ince accmin(J) is e o nil. GC-B i vacuous!• true for f in , inc 

minlink J) # nil. By CO i-C~ a.wa ·e = rue in S2 ( ') and thus ill '· he same ·s 

rue m so GC-C( a) 1s ru in for /. GC-C(b) i \"acuom ly rue for f in sin e 

testsef{f) = 0. 

(3 ) .A2( , r.) = 

Olaim.s aboir.t -1
: 

1. tes et(!)= 0 by pr condi ion. 
2. u.ccmin(f :ft nil by precondf ion. 

3. levd f) < le11el(fro;9ment(target(o;ccmin(.f)))) b Claim 2 and GC-A. 
. o.ccmin(f) is he minimum-v..'eigh e>..--temal link of f.1 by Claim 2 GC-A and 

Cla:·m 1. 

5. level{!) < le'Vel(fra.gment( ia-rget( l) )) wher l is he minimum-weigh, ex emal 

link of f, b Claims 3 and 4. 

U si.ng Claim 5 
coil. 

.. 
I l is an • xecution fragmen of 

(3a) Ob ri.ously Pa, i s ill tru in for any J' f:. f. Inspecting t.he code verifie 

ha · GC-- _ and GC-B ares ill e in for/ .as well. By GC-C(b) minlink(f) = nil 
m •'· GC-C i true for fin becau e minlink(J) is not changed. 

(3b) A.2( '~, ) is emp y and obviouslv 2( ') = 2 ). 

i ) ;r is M •erge( f,g). 

(3a Obviously Pa i ill me 1 for any f' other than/ and g. GC-A is 
vacuously rue in for h ince accmin(li) = nil. GC-B is va.cuou t true in for 

h since testset(h) :/:- 10. GC-C is true in for h ince minlink(h) = nil. 

(3 ) A2( -' ,r) = 1r. ObYionsly S2( ') S2 ) i an execution fragm.en of 00 {. 

v) 1r ·s b orb{f,g}. 

(3a) Ob iously Pa 1 ill · rue m for any f1 o her than/ and 9. 

In uoin from ' o t te 't$et(f) i i her emp in bo h i- non-emp yin both 

minlink(.f) remains the same, and b truth of he eris ence ,of an ex mal link of 
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f either , ay rue or go from rue o false. Thus GC-B and GC..C are rue m 

or f. 

, " now deal with GC-A. If a.ccmin(f) = nil in ' · hen he sam 1s n1e in 

o GC-A is c ou ly true for / in ~. 

A um o.ccm.in(f) = (r ) . Le minlinlo g) = {q p). 

Claims about s : 

. le1Jel(g) < level(!), by precondition. 

2. fragment(p) = f by precondition. 

3. level(!) $ le1Jel(fra.9ment(t)) by GC-A. 

4. fragment( ) -:pf g by Claims 1 and 3. 

5. (q p} # (t t} by Ciaim and COM-A. 
6. wt(q p) < w (l), for any l I- {q p) t,ha. is an ex ernal link of g. b · COr 1-A. 
7. If p rt testset(f) th n wt(r~ ) < wt(q p) by Claim 5 and GC-A. 
8. If p (J te iset(J) then wt(r . t) < w (l), for any l ha i an ex ,emal lin~· of g, by 
Claims 16 and . . 

If p ~ iestset(f) in ' , · hen any node p' E nodes(!) i no in test.set(!) in 

exactJ if. in 1
• l is either in node (f - te.stset(J) or in node (g). Claim 8 implies 

ha in ('r ) is s ill th minnnum-weight e."!.'iemal link of .any node in / hat js 

no i tes t(f). 

H p E te uet(f) in s1 hen any node p' E nodes(/) i no in tesfaeiiJ) in s 
exa tly if p' is in ncules(f)- test et(,!) in 1

• Thu in (r t} i s ill he minimum-
weigh • ex emal link of any node in f that i not in te tse f). 

Since g i th only fra!Imen whoo level changes in going from ' o ~; Claim 

implie tha level{/ $ le11el{Jragment(t)) in . 1 hus sin accmin(f) = (r } in 

G -A i t e in for f. 

(3c) A2( , 1r) = -r. 

CONJ. 

Obviously 8 2 ( s') S2 ( ) is an execu ion fragmen ,of 

□ 

Corollary 16i Pac is true fa e ·ery reach a.bl tate of GC. 

Proo•f; Bv Lemmas and 
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4.2.3 T R in1ulate GC 

Thi au oma on e>cpand o he me hod by hich a node , ds its local 

minim un- eigh ex rnal link. Some local inform.a ion i introduced in this ver

sion in he £orm of node - ari.ables and mes ages. '.hree FIFO messa e qu ues are 
associated wi h ea .h link (p q): tarque-uep( (p q)) he ou going queue local o p; 
tarqu.euep,i( (p q) , modelling the communica ion hannel· and ta.rqueu q( {p q)) he 
in oming queue local to q. The ac ion Cha.nne!Send( l m) trans£ · a message m 
from th ou going local queue of link l to th communiea; ion chann I oft· and the 
a ion ChannelRecv( l m) ransfers a me sag m from he communica' ion channel 

of link l ta h incoming local queue of l. 

Each link l i da.s iiied b th variabl l tatu.s(l) bran.ch r jected or un-

known. Branch mean the link will defini ely be in · he minimum panning ree· 
rejec ed means it dmni el wi 1 not e· and unknown means tha he link' · 

curren ly unknown. Ini iaUy. aU he links are unknown. 

The earch for node p' minimum-we·gh ex emal link is ini iated by he ac
tion SendT;e t(p) which a e p o identify its ruinimum~weigh unknown link as 

te tlink , p) and o end a TE T me ag over it ' link t ge her wi h information 

about the le ·el and core (id nti y) of p s fragmen . ' he level of the recipien 

g1 fragment is less than p s, the m s age i reqt1eued a q o be deal wi h later 
(when q le el has iner ased suffi :en: 1 ). 0 henvis a re po e i sen back. If 
he fragments are differen he response is an ACCEPT m.essa,ge o herwi e it +s a 

REJECT mes.,a.ge. An op ·nuzation i hat if q has already ent a TE T me age ov _. 
be sam edge and i wai · ing for a respon I and if p and q are in · he rune fragment 
hen q doe - o re pond - he EST message that q alread sent will inform p ha 

the edge (p q) i no external. 

Wh n a REJECT message (or a TE m be optimized a d cribed above)· 
received he recipien , marks ha link as r j cted~ if i i unknown. ] is possible 
hat he link i a1r ad· marked a.s branch, in which case i . should no b c ang d 
o, r jec ed. 

iben a Cha.ngeRoot(f ) oc r • minlink(f) i marked as ranch· when an 
Ab orb(/ g) occur · he J'lev e link of minlinA\g) i marked as branch. As oon as 

a link l's classified as bran h . he InTree(l) output ac·ion can occw" as soon as. 

link l is classified as rej ted. the NotlnTre:e(l) ou pu ac ion can occur. 

The requeuing of a mes age i a delicate aspec of his ( as well as · he original) 

algori hm. ,, . en p ceives a m sag ha. i i no yet ready , o handle .it canno 
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simply block receiving any rnore messages on ha link. but ins ead i' must allow 

oth messaltes ,o jump over that mes age as he following example show . Suppose 

pis in a fragm.ent. a t level 3 q is in a fragment at l vel 4, p sends a T EST m age 

o q wi h parmne -er 3 a.nd before i is received <J sends a EST me sag · ,o p with 

para.me er 4. 'When p receives q= TE T m ssage i is no ready to handle i . ,, hen 

q receives p's TE T message i ends bac-· an ACCEPT message. In order to prevent 

deadlo ·. p mus be able to recei e thi A CEP messa.ge, even though it , ·ass n 

after the TEST message. Th .. he corr ne of th a1gorithm. d .P nds on a uh le 

in erplay betw n FIFO beha ·ior t and oc asional ,veil-defined 

The following scenario demons rates the necessi of ch ckin.g tha lstatu .(l) is 

unknown before changing it o rejected when a TE T or REJ CT i · rece· ~ect. (The 

reason for th check. whicl1 also appe . the full algori hm j not exl)lained in 

[GHS].) uppose pis in fral!fnent f wi h leY 1 and cor c q i in fragment g ,vi h 
leH:l 4 and core d and (q p) is h minimum-weity'h external link o g. First ,q 

de ermines tha (q p} is it local minimum-weight external link. Then p ends a 

TEST{S, c) message op which is req ued inc > 4. Even ually. ComputeMin(gJ 
oc w·s. and mfo,link g) i e qual o (q p}. Then ChangeRoot(g) occur T and (q p} 

is marked as branch. Tl en Absorb(! g) occurs d (p, q) i marked as branch. Th 

next ime .ha q tries to proces p's TEST( d) me s e, i cceeds, d termines tha 

(q p) is not xternal since dis the cor-e of q • fragmen , and sends REJECT o q. But 

q had b . er no · change the classifica ion of (q p) from branch o reject d. Similarly 

when p re ive gs REJECT me a ·e. i had better not d:i.a.ng the classitica ion of 

(pi q) from branch o rejec d. 

Define au omaton TA.R (for 'Tes -Accept~Rejec : ) as follows. 

The tate consists of a e fragmenf-8. .. Each elemen f of he se is called a 

fragment , and he following com onent : 

• u.btree( f). a ubgraph. of G· 

,. core(J ) an edge of G or nili 

• le1iel(f) a nonnegative in eger; 

• minlink{.f) a link of G or nil'; 

• rootcha,nged( f) a Boolean.; and 

• te tset f ). a subse of ( G). 
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or each node p · h e .its a variable te tlinJt,1.p), which i ci her a link of G or nil. 

For each link (p q} there are as od.a ed fom· variables: 

• lat-us( (p q}) which akes on he values unknown,•, branch and {1,ejected • 

• fargueuep( {p, q}) a FIFO queue of messages from .P o q waiting a p o be en , 

• tarq-ueuepq( (p q}) a FIFO queue of me sa es from p o q ha are in h com
munica, ion channel· and 

• tarqueueq( (p q}) FIFO qu.eu.e of me sages from p to q waiting at q to be 

proo ssed. 

The set of po ible me ages~ 1 i {TEST(l c): l ~ O,c E E(G)} U {ACCEPT 

REJECT}.. 

The sta. e al o con ains Boolean variables an.swer,ed( l) one for each l E L( G), 

and B olean variab] awake. 

In the arl s a e of TAR fragments has one elem for ea.ch node in V(,G); for 

a.gment f co1Tesponding o node p. ubtree(f = {p} core(!) = nil, le1)e(f) = 0 

min.link(]) .i he minimum-wei h link adjacent top rootchanged(J) i false and 

te t et(f) i empty. For all p te tlink(p) is nil. For each link 1 lstatw(l) = unknow . 

The mes age qu u are mpty. Each a.n.!lwered{ l) is false and awake i false. 

The d rived variable to;rque11.e((p q)) is defined o be tarqueuep((p q)) II iar
queuepq( (p, g}) 11 tarqu,eueq( (p q)). 1 

The derived · ariable a;ccmin(f) i defined as follows. H minlink(J) ¥- nil or 

if here i no erlemal link of any p E node~(!) - te~ bet(/) then au.min(/) - nil. 
0 herwise accmin(f) is he minimum-weight ex e.rnal link of all p E node.s(J) -
te tset(f). 

fapu ac ions: 

•
1 Sta:rli .. P) p E ( G) 

E,ffec' : 

1 Given ~o FIFO queues ql and q.2. d fine q1 Jlq2 o be he FIFO queue obtain d 
by app nding q2 to the end of q1. Obviou 1 thls opera" ion is associative. 
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awake := true 

Ou pu actions: 

• ln.Tree((p,q)) {p q} E L(G) 
Precondi ion : 

l tat-u.!( (p1 q}) = branch 

answered( {p q)) = false 
Effec : 

a.nswered( (p q)) := true 

• NotlnTree( (p q)) (p q) E L(G) 

Precondition : 

l tatus( (p, q)) = rejec ed 
an wered( (p q)) = fa1 

Effec : 
an wered{ {p q)) := hue 

In emal actions (and a procedure): 

• ChannelSend({p1 q) m) {p q} E L(G), m EM 
P conditions: 

m at head of tarqueuep( (Pi q)) 
Effec ; 

dequeue( tarq-ueuep( {p> q})) 
enqueue( m to.rqueue pq( (p q))) 

• ChatmelRec11( {p, q} m) {p q) E £( G), m E 11 
Precondition : 

m at head of tarqueuepq( (p1 q)) 

Effects: 

dequeue( tarqueu.epq( (p, q))) 
enque e( m ta.rqueueq( {p. q))) 

• SendTest{p) p E (G) 
Precondition· : 

p E te tset(fragment(p ) 
te tlink(_p) = nil 

Effi 

execute proc dure Test(p) 
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• Procedure Te t(p) p E ( G) 
- le f = fragmeni(p) -

if l, the minimum.-wei · h link of p wi h l.stattu( l) = m1known, exists hen [ 

te3tlink(p) := l 

enqueue(TEST( kvel(J)~ core(/)) tarquetie p(l)) ] 
else [ 

remm•e p from ie et{J) 
testlink(p) := nil ] 

• Recei-ueTest{(q,p) . l c) (p,q) E L(G) 
Preconditions: 

TEsT(l.1 c) a head of tarqu u.ep( ( q p)) 
Effects: 

dequeue( tarq1u:u.e,,( (q. p})) 

if l > level(fragment(p}) hen 
nqueue(TE T(l c) tarqueue-p((q.p))) 

el e 
if c # core(fragment(p)) ,hen 

enqueue( ACCEPT for,qu.e-u.eP ( {p q})) 

else [ 

if /$tatU&({p q)) = unknown hen lstat ((p., q)) := rejec ed 
if te tlink(p) #- (p. q) 'hen 

enqueue(REJECT. tarqueue,,( (p q})) 
e exe ute pro edure Tes"D(p )] 

• Recei?JeAccept((q p) ) (q,,p} E L(G) 
P recondi ions: 

A c PT at had of tarqueuep((q p)) 
Eff ct : 

dequeue( tarq11:euep( { q I p))) 
te tlinl..'(p) ;= nil 

remove p from te ei(fragment.(p)) 

• IleceiveReject((q p)), (q p} E L(G) 
Precondi ions: 

REJE T a head of tarqurnep( { q p)) 
Effec ; 

dequeue( ta.rqueuep( (q p))) 

if lstafus((p q)) = unknown hen lstatus((p,q)) ;: rejected 
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execu e p ·oced e Te t(p) 

• Com,puteMin(f) J E fragments 
Pr ondi tion : 

minlin!i.f) = nil 
accmin(f) /:, nil 

testsetl...f) = 0 
Eff. s: 

min.link(/) := accmin f 

• Chang Roo,t{f) f E fragments 

Precondition ; 

a.wake= nte 

rootcha.nge,d,(f) = false 
minlinl.,-(_f) -:fi nil 

E-ffec : 
roo tcha,nged(f) : = rue 

l.statu.s(minlink(f)) := branch 

• M erge(f g) J g E fragment 

Precondition : 
f-:fig 

rootcha.nged(f) = rootchanged(g) = true 

min.edge(!) = minedge(g) 
Effects: 

add a new elemen. h t fragment 

.nibtree( h) ; = s ubtree(f) U s ubtrce g) U min edge(!) 
cor,e( h) := minedge(f) 

le1Jel(h) := leveKJ) ' 1 

min-link(h) ;= nil 

rootchan-ged{ h) := false 

te~tset(h) := node (h) 

delete J and g from fragment--s 

• Absorb(! g) f g E fragmenu 
Precondi ions: 

roo ch.anged(g) = true 

level{g) < le·oel(f) 

- le (q p} = minlink(g) -
fragment(p) = f 
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Effec·s: 

ubtree(f) != ·ubtree(f) U ubtree(g) U minedgtJ(g) 
if p E test et(!) then te t et(f) := testset(f) U nodes(g) 

l.$ia.t'tl..S( {p q}) := bran h 
dele e g from. fragme:n, 

A m age m is d fined to be a protocol mes.sage for link {p q) in a a e if m 
is on of 'he follm ring: 

( a) a TEST me sage iu tarqueu ( (p, q)) wi h l,statu ( {p, q) ) :/: !'ejected. 
(b) an ACCEPT me sag in ta.rque-ue( (q p}) 

(c) a REJ CT mes-sa(I' in tarqtume( (q p) 
(d) a TEST .message in tarqueue((q p}) wi h l fatus {q:p)) = rejected. 
A protocol messa.g · £or (p. q) can be considered a message ha is ac ively helping 

p o dis over w he her {p q) i extern.al. 

Define the following preclicat on states of TAR. (All free variab are un -
v, rs all · quan ified.) 

• TAR-A: 
(a) If l fo.tw({P: q)) = b anch: then eith (p . q) E ubtree( fragment(p)) or min

link (fragm nt(p)) = (p q). 
(b) If (p q) E subtree(fragment(p)), hen lstat~((p q)) = l iat-u ((q p}) = 

branch. 

• TAR-B: If l ta.tm( {p. q)) = rejected then fra.gmen:f{p) - fragment( q) and 
(p, q) (/; ~ ubtree(fragmen.t (p)). 

·• TAR-C: If tesilink(.p) # nil. hen 
(a) e~tlink(p) = {p,q} for some q; 

(b) p E ie tset(fragment(p)); 
(c) there i exactly one pro ocol m age for (p q)· 

( d) if ls ta M( (p q}) -1- h ·anch: hen {p, q) i he minimwn-weight link of p with 
lstatw unknown· 

(e) if l tatw((p q)) = branch hen l tatus({q _p)) ;;;;;; branch and testlink q) -=1-

(q p). 

• TAR-D: If there j a pro ocol m a-a-e for (p q), h n testlink(p) = (p q). 

• TAR-:E: If TE T(l c) is in iarqueue((piq)) hen 
a) (p q) -::j: core(fragment(p)}· 
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(b) if l tatu.s{ (p q) ;;fi rejecte hen c = core(fragment(p)) and I - level(fr-ag-

tne.nt(p) · and 
(c) if lstatu.s((p .q)) = rejec ed h n c = core(fragmenf(q)) and l = leve~frag

ment(q)). 

• TAR- : If ACCEPT is in tarqurne( (p q)) hen fragment(p) -# fragmen ,q a.nd 
le-vel (fra.gment(p)) > lev l(fragment(q)). 

• TAR-G: If REJECT i in tarqtu:ue{ (p q)) hen fra.gment(p) = fragment q) and 

lstat ( (p q}) -# unknown. 

• TAR-H: rootd1,at1rged(f i · rue if and only if lsfotus( minlink(f ) = brau<;h. 

• TAR-I: II p (1. te t.set(fmyment(p)) th-en either uo (p q) has Z..Statw( (A q}) = 
unknown.1 or el e there is an external link (t t) of fragment(,p) wi h level(frag

ment(p)) < le'IJel(fragment(t)). 

• TAR-J: H a.wate = fal hen ls atu ( {p , q)) = unknown. 

L Pr AR be the conjunction of TAR,.A hrough TAR-J. 

In order how tha: TAR "mula es GG we define an abs rac ion mapping 

M 3 = ( s A3) from TAR o GC. Denn h fame ion S3 from tate (TAR o 
tatt:!s(GC) by i oring h m age qu ues and h tlink and l tatus variables. 

The deriv, d variables accmin of TA..R map to he (non~de:rived) variables accmin of 

GC. De.fin be function A 3 as follows. Let be a sta e of TAR and , an ac ion 

of T.4R enabl in . Th GC action Te iN ode(p) is simula d in TAR ;vhen p 
receives the message hat tells p ei h tha thls link is external or ha p has no 

ex: mal .links. 

• If 1r = ReceiveAccept((q p)) hen .Aa( , ) = Te tNode(p). 

• If~ = ScndTe t(p) or ReceiveReject((q p}) hen A3( , ,r) = Te t ode(p) if 
her is no link (p r) r =f- q, vi th Lsta t-~( (p r)) = unknown in i o h rwise 

A3 ( , ri) · empt . 

• If = Re.cefoeTest({q p}, l,c) th . .A3(s. 11) = Te tNode(p) if l < level(fr11g

ment{p) . c = core(fragment(p)). t.estlink(p = {p. q) and ther i no link (p r) 

r-# q wi h lJ:tatus((p. r)) ;_ unknow ins· o herwise A3 (s, ii' is emp y. 

• If - Cha.nnelSend({p <J): m) or ChannelRecv( (P: q) m) he A 3( ,r) .1s 

mp y. 
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• For aU other values of rr, Al(-. ;r) = 'ir. 

Th follo,,ring redicates are rue in very s a e of TA.R sa isfying (Pbc 0S3 A 

PTA.R · Rec.all tha P~c = (Pb0 f o S2 A Pac, H Pbc(S3( )) i rue, then the 
GC predicates are · ru in S3( ), he COM predicat a:r rue in S2(Sa( )) , and th 

HI pr dica es are true in S1 (S2 (S 3 ( ))). Thu , hese predicates are d 1ivable from 

PrAR: ogeth . w'i h th HI C01vl and GC preclica . 

• TAR-K: If te link(p) = (p q). then lstatu ( {p, q} ) # rejec ed. 

Proof: By TAR- (d) and TAR-C(e). 

e, TAR-L: If minlink(f = nil and I i an e.~ ema.l link of f, hen lstatw (l) = 
unlmow . 

Proof: By TAR-A a) if l tatus( l) ;=: bran 1 hen l i internal By TAR-B if 
lstattui( l) = .reje t d he l is internal. □ 

• TAR-~ : H TEST(l c) 1 in tarqueue (p q)) hen l ~ land c '# nil. 

Proof; Le f = fragme.nt(p) and g = fragment(q ). 

1. TEsT(l,c is in tarqueu.e({p.q)) by assumption. 

C U..ti e 1: lstatu ( (p q)) #, reject ed. 

2. l.siatu. ( (p q}) f- rejected by assumption. 

3. c = core(!) and l = levd(f)., by Claim 2 and TA.R-E(b). 
4. te~tlin!.."(p) = (p, q) by Claims 1 and ? an TAR-D. 
5. p E te t(f ) b Claim 4 and TAR- (b),. 
6. minlink(f) = nil b Claim 5 and GC-C. 

7. tibtree( f) # {p} by Claim '6 and Cff 1-E. 

8. core(!) -# nil an leve~f) -1, 01 by Claim 7 and COM-F. 
9. let1el(f) > 1 by Claim and COM-F. 
10. c =ft nil and l > 1, b:v Clai 1 3, and 9. 

Case 2: l, tatu.s( (p q) ) = rejected. 

11. lstat-u,s( (p, q) ) = reje ed b_; as umption. 

2. = core(g) and l = level(g ) b ~ Claim 11 and . R-E(c). 
13. te ilink(q ) = (q p) by Claim 1 and 11 and TAR-D . 

14. q E te e.i(g) by Claim 13 and TAR-C(b ). 
15. min.link g) = n ·1: bv laim 14 and GC-C. 

16. subtree(g) # {q} b · Claim 15 and COM-E. 
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17. core(g)-# nil and level(g)-# 0 by C aim 16 and C01i-F 
1 . lei,d(g) > 1, hy Claim 17 and CO 1-F. 
19. c # nil and l > 1 b Claim 121 17 and 1 . D 

• TA, -- : HT ST(l c) is in tarqueu.e((q p}) and c = core(fragment(p)) hen 

fra.gment(p) = fra.gmenfi. q). 

Proof: 

1. TB T( l c) is in ta.rqu.eue( (q p)) by assump ion. 
2. c = t:ore(fragment(p)) by as.sump ion. 

3. c -1, nil by Claim 1 and T_ R-M. 

4. If lsfotw({q p)) f- rejected then c = core(fragment(q)) b~ TAR-E(b . 
5. If l tattLll( (q p)) # rejected, then fr,agment( q) = fragmeni(p )1 by Claims 2 3 and 
4 and CO I-F. 
6. f lsta.t1W({q,p)) = rejected 'hen fragme-nt(q) = fragment(p), by TAR-B. D 

• TAR-O: H minlink /) ::f nil., h n here i no pro oool me ag,e for any link of 
any node in nodes(!). 

Proof: 

L minlink(f #- nil by asswnption. 

2. testsetl,.f = 0 by Claim l and GC-C. 
3. te8tlink(,p) = nil for all p E nodes(/)~ by Chum 2 and TAR-C(b ,, 

. There is o pro oool me ag-e for any li k (p q) p E nod.es(!) by Claim 3 and 

TAR-D. O 

•· TAR-P: H TEST(l c) i in tarq-ueue( {q p)) c = core(fragment(p)) te tlink(p) = 
{Pdl), and l tatus( ( q p)) f- rejec ed hen a TE T ( 11

, c') message is in tar

queii.e (p~ q}) and lr;tatus( (p. q}) = unknown. 

Proof: 

1. TEST(l c) is in ta.rqueue( {qt p}) by · ump ion. 

2. c = core(fragment(p)) by assump ion.. 
3. t tlink(p) = (p q}. by assumption. 

4. lsta.tu . .s( (q p)) # r je ted b as umption. 
5. fragment{p) = ;fragment(q), by Claims 1 and 2 and TAR- _ . 
6 .. o ACCEPT me age is in tarqurne( {q p) ), by C ai.m 5 and TAR~ _ _ 

7. The TE T l,c) m age in tarqu. ue((q p}) is a protocol message for (q p} by 
Claim 4 . 

. f.e.sUi.nk(q) === (q. p} by Claim 7 and T~R"D. 
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9. lstatu-J({q~p)) ::j: branch. b -· Claims 3 · and TAR-C(e. 

0. l tatWJ( (q p}) = unknown by Claims 4 and 9. 
11. o REJECT mes a e is in tarq-u.eue({q,p)) by Claim 10 and TAR-G. 

12. There i exactly one pro ocol messa.g for (p. qL b , Claim 3 and TAR-C( c ). 

13. A TE T(l1 c') me sage i in tarque-ue((p q)) and lstatm({p,q)) =fi reje 'ed by 

Claims 6, 7 11 and 12. 
14. utatu ( (p q)) f:. branch by Claims 3 and and TAR-C( e ). 
15. l8iatu. ( (p q)) =unknown.by Claim 13 and 14. 

Claims 13 and 15 gi e he~ sul . 0 

Lennna 1 '7: T.4R shnulat GC via .M3, PTAR• and Pac· 

Proof: By inspection he types .of TAR, GC M 3 and Pr.itR are correc. B 
Coroll.ary 16 Pbc is a. pr,edicate rue in every reachable s a e of GOA{. 

(1) Le be in tad(TAR). Obviously PrltR i rue in and $ 3( ·) i in 
stm t(GC). 

(2) Obvio ly As( 1r)lext(GC) = iTle • , TAR). 

(3) Le ( ', ! ) b as ep · f T'AR tch ha. Pac ·s me of 3( ') and PTAR 

is m of 1
• Condition ( 3a) i only shown below for t e pvedica es ha are not 

obviously rue in . 

i) 1r i Channel end( (p,q). :m) or ChannelRec ( (p q} m). A3 ( 
1 ii) is 

empty. (3a) and (3b) are obvio ly true. 

i.i) rr i a1·t(p) or InTree(l) or otlnTree(U . 

{3 ) .A3 ( ' ,r) = ri. Ii r. = lnTree(t), hen by T. R-J and T. R-A(a) 7r 1 

enabl in S3 ( '). If 11 = N otln.Tree( l), h b TAR-J and T R-B ;r is enabled in 
S 3( '). Thus S3( 1 )1rS3 ( ) is an execution fragmen of GO. 

(3a) Obviously PTAR i till rue in ,. 

iii) is eudTes (p). Let f = fragment p) in 1 

Case 1: Ther j a link (p q} ,,,i h lsta.itt- { (p q)) = unknown in ·'. 

(3b) A,{ ' 1 ;-r) i empty. i easv o see that , 3 ( ,,) - S (s . 
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(3a) By TAR-D and pr concli ion tha testlink(p - nil 
messag for an r link of p in ~'. 

no protocol 

TAR~C( ) : In I there i exac ly one pro ocol mes age for (p q), namely he 

TEST me sage in ia1'queu.e( {p q} ). 

TAR-D: The TEST rne age added in 
o a protoool m age for any o her linJ.;:. B 

a pm ocol mes:sag for {p, q) and is 

be code tutlink(p) = (p q). 

TAR- a): By TAR-A(b), (Pt•q) ~ ubtree(f . By CO:M-F (p q) -:fi core(/). 

Ca. e 2: There is no link (p. q) wi h lstatu.s( (p, q} ) = unknown in ' 

(3c) A3 ( 
1 

ri = Te tNode(p . 

Claims about · ': 

1. p E te tse f), by preconclitio 

2. minlin f) = nil by Claim 1 and GC-C. 
3. There is no ex ernal link of P. by Claim 2 TAR-1 a.nd as:sump ,ion. 

By Claims 1 and 3. Te.siN ode(p) is enabled in _ 3 ''). 

Claim about : 

• pf/: t~ et(J) by code. 

5. There is o external link of p by Claim 3 and code. 
6. a,ccmin(.J ) does no · la.Ilge, bv Claim 5. 

By Claims 4 and 6 he effect of Te tNode(p) ar mirrored. in S3 (s ). 

(3a) TAR- : B assumption for Cas 2 p ha no unknown links in ' and he 
am is rue in . 

iv) il' is R ecei eTe t( (q,p} I c) . Let f = fragment(p) in 1
• 

Ca e 1: l < le vel(!) c = core(/) tesUink{p) = {p. q) and here js no link 
(p~ r}. r-# q1 wi h lstu.tu.s( (p ,·) ) = unknown i -' 

(3c) ~ ( \ r ) = Te tNode(p ). 

Claim a.bout ·: 
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I. c = core(/), by assumption. 

2. testlink(p) = (p, q), by assump ion. 
3. There i~ no link (p r) r # q, wi h lstatu ( (p, r)) = unknown, by assumption. 

4. TE T(l,c) i i tarq'lieue((q,p)) by preconditions. 

5. p E te et(/) by Claim 2 and TAR-C(b ). 

'6. minlink(f) = nil by Claim 5 and GC-C. 
7. N I.ink {p r) r #- q, is e:x em.al by Claims 6 and 3 and TAR-L. 

8 .. {P, q} is no ex rnal by Claim 2 3 and and TAR-. . 

By Claims 5, 7 and · T,e3tNode(p) is nabled in ·'. 
Claims abo,d : 

9. p f/: te tset(J), by cod . 
10. There is no ex · nal link of P~ by Claim 7 and · and oode. 

11. accmin(f) does not change. by Claim 10.. 

By Claims 9 10 and 11 he effe s of Test od (p are mirrored. in . 

(3a) AR-B: The only cas ,of in erest is when lstatus( (p q)) chan es from 

t1nknown in ,, o rej c ed in .., . B TAR- f = fragment( q in ·' and he saille is 

still true in . By TAR~A(b) (p q) ¢ ubtree(f) i ' and th rune is sti I rue in 

TAR-D: 

Claims about 1 
• 

L EsT(l I c) i in tarqu eu,e( ( q p)). by precondi ion. 
2 . c = core(]), by as ump ,ion. 

3. te tlink(p) = (p q) by assumption. 

4. Th re i exac ly one protocol mes a.ge for (p q} by Claim 3 and TAR-C(c) . 

5. There is no pro ocol mes age for any link {p, r), r ;I:. q, by Claim 3 and TAR-D. 

Ca e A: lstatw( (q p)) = t'ejec ed. The TEST(l. c) me sage in tarqueue( (q p)) 
is the protocol m ssag for (p q) in '. Since it i emoved in . by Claim 4 and 

5 there is no protocol message for any link of pin . Concerning q: by TAR-I 1 

testlink(q) # (q,p)· thu , the predicate is still hue for q in e,en if l ta.tu ( {p q}) 

1 changed to reje ed. 

Case B: Z tat"U,S( (q p)) f rejected. 

6. A EST( l1
, c') i in iarqueue( (p. g}) and l tatu.s( (p~ q}) = unknown. by Claims 1 

2 3 assumptions for ase B, and TAR-P. 
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7. testl'nk(qJ;;;;;; {q p) by Claim 1, as ump ion for Case B and TAR-D. 

In he TE T(l\ c') mes age in tarqueue( {p q} ). whi h exis s by laim 6, be-

comes a pro o ol messag for { q p) ~ since l ta.tus( (p, q) is changed o rejec ed. By 
Claim 7, te tlink( q) has the correct value. By C aims 4 and 5 the predi ate is 

vac ou.sl ru or p m . 

TAR-E(c): The only case of in erest i wl'len 1.3tat"US((p q}) goes from unknown 

in s' to rejec ed in s whil th re i a TE T ( l', c') messag i tarqir.eue( {p q)). By 

TAR-E(b), d =core(! · and l' = le,ud(j) in '. Bj TAR-N fragmentf..q) = f. Thus 

c' = core(fra.gment(q)) and l' = le11el(fra9ment(q)). 

TAR-I; By he as mp ion for Case 1 and cod p ha no unknown links in 

TAR-J: The TEST messag-e in. ta rq1.1: euc( ( q p)) is a protocol message for l

her (p, q} or (q p). \!Vit ou los of en rali y uppos for {p, q). By AR

D testlink(,p) = {p q) and by TAR- (b) p E tes e (f). Thus, by GC-C, 

minlinlo(f) = nil and bJ COM- a.wake = rue. 

Cas,e 2: l > le1iel(f i or c #- care(/) or te ,,link(_p) #- {p q} or here is a link 

{p r) r #- q, with lsfo.tu ({p.r)) = unkno\lvn. in '. 

(3b) A3 (.s' r.) i emp y. The only ariab]es that ru:e possibly changed are 

lstatu ( (P~ q} ' tarqu,ett.e's and te tlink(p) none of whi h is ref!ec ed (direc ly) in 

he :s a e of GC. T us accmin(f) doe no change and $3( ') = S3( ). 

(3a) TAR-B: in Case 1. 

TAR- (b): If te.,;tlink{ p) ;f nil in th n by inspe ng · he cod he a.me JS 

rue in 1
• So he predicate is ue in because i is ru in '. 

T. R-C( c ): ll l > le11el( f) in , . nothing affec ing he pr--edica e cl ang m gom 

from ' o . Suppose 1 < le'Vel(f) in ' 

Claims about ': 

1. TE T(l c) i in tarqu ue((q p)) by precondi io . 

Case A: c #, core(!). 

2. ~tatus{ (q p)) # rejec ed by TAR-E(c). 
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3. The TEST(l. c) me sage ill arqurne({q p)) is a protoco1 message for (q p) by 
Claim 2. 

The. CCEP nes age added :in ·· i .a pro ocol messa"" for (q. p). There is no 

change ' ha affe t the ru h of h predicat for p. 

Ca e B: c = core(f). 

Ca·e B.1: te tlink(p) ;I: (p.q). 

4. There i no protocol messa."" for (p, q}, by TAR-D. 
5. Th TE T( l, c) message in taT"queue( (q 1 p)) is a pro ocol messag for {q p) b 

Claim 4. 

The REJECT messag added in. a pr-o ocol mes a.ge for (q p). No change 

affects he ru.th of the pr, dicate or p. 

6. There is · link {p,r), r ::f q ,vith lstatu ((p ,·))=unknown b_ as ump io for 

Ca e B.2. 
7. There i no pro' ocol mes age for {p, ·r) by Claim 6 and TAR-D. 

Case B.£.1: l tatus( {q, p)) ;/= reje ed . 

. There is a TEST(l' c') mes age ·n tarque-ue((p q)) and l.itatu.s({p q)) = unknown, 
b_ assum.p ions for Case B.2.1 and - AR-P. 

9. The e T(l c) me age in tarque-u.e( (q p)) i a protocol messa~ for (q p) b 
as umption for Case B.2.1. 

The TE T(I' er) message of Claim becomes a prot-ocol message for (q p} in , 

since lsiat'IJ. ( (p q)) i cha g d to r-ej ted. Concerning p: te tlink(p) == (p r} in 

and a. TEST mes age is add d o tarqueue( (p r)) and i he sole pro ocol m sa...,.e 
01· (p r) b Claim 7. 

Ca B.2.2 l.do.tus( (q p)) = rejected .. 

10. The TEST(l, c) mes ag-e in tarqtz.eue( {q p}) is he pro ol m. ssaae fo · (p q) by 
assum tions for Case B.2.2. 

11. ic.~tlink(q i= (q p) by a ump io for Case B.2.2 and TAR~I'. 

The pr dica i tru £or pin b au e t e TEST{l c messa e. ,,.·hich was th 
sole protocol me sag · for (p q) b Claim 10 i removed in · teBtlink(p is o,, (p. r} 
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and {p~ r) ha exactly one protocol messa.,, by inspecting the code. o chang 1s 

made ha a:ff s the tru h of he predi ate for q by Claim 11. 

TAR~D: If l > level(!) in ~1 no bing affec ing he predicate hanges in going 

from ' o . Suppose l S level (I) in ~ '. 

Claims about 1 
• 

1. TEST(l c) i in tarqueu,e({q,p)) b · precondi ·on. 

Ca A.: c #, core(!). 

2. l.stetwi( (q p)) -:;f reje d hr .assump ion for Case A and TAR-E( ). 
3. ie3tlink(q) = (q,p} by Claim l and. 2 and T. R-D. 

Then t estlink( q )is s m { q p} in an the i an ACCEP'T mes age in larqtt.eu e( (p q) ) . • 

l o chan e affec s he n1th of he predica e for p. 

Oa.se B: c = core(!). 

Case B .1: te3tlink(p) j (p, q). 

4. Th TEST(l c) message ·n ta.rgueue( (q p)) i a protocol m~san- for (q p} by 

assump ions for Case B.l and TAR-D. 
, testlink(q) = {q p), by Claim 4 and TAR-0. 

Then in hei- i a REJECT me ag in ta. rqueu e( (p q)) and te tlink( q) is still 

(q p}. No chanue affec h ru. h of the predica e for p. 

0€Me B.2: te ilink(p) = (p, q). 

G. There is a link (p, r} r # q ,vi h l.-!tatu.s( (p r)) = unkno\vn, by assump"ion for 
Case 2. 

1. There is exac I· one prntooo m age for (p q}, bJ TAR-C(c). 

Ca e B. R..1: lstat-u ( (q p)) = rejec ed . 

. teJtlink(.q #- (q,p) 'by TAR-I<. 

o hanges a.ff, t the tru h of · he pi1 dicate for q. For p: The TE T l. c) me age 

in tarqueue{(q p}) i h protoco] messa e for (p. q). I is removed in . A TES 

mes age i add d to tarqueue( (p, r)) in , w h e l tat·!l..'l ( (p, r)) = unknown, and 

te tlink(,p) = (p, r} by code. 
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Ca B.2.2: l tatu ({q p))-# rej c ed. 

9. A EST(l' c1
) mes a: e i in tarqueue({p q)) and l tatu.s((p q)) = lll1known b 

Claim lt the assumption for Case B.2.2 and AR-P. 

10. te tlink(q) = (q,p} by la.im and TAR-D. 

For q: In . since ls-latu (~hp)) i chan e d , o rejected he TES l', d) messag 

in tarqurne((.p q)) (of laim 9) becomes a protocol message for {q p). Thi is OK 

by Claim 10. 

For p: Th TEST(./' c') mes a. e of Claim 9 i th pro o ol mes ag for (p q). 

The res of h a.rgumen is as in Case B. 2. . 

TAR-E: (a) uppose a TEST me ag i added o ta.rqueue((p,r}). A in 7T = 
SendTe t(p) Cas 1. (c) A in Case 1. 

TAR--F: The o y c 

tutq~e-iie( (p g)) in .s. 

of interest is when an ACCEPT message is added t • 

Claims about 1
: 

1. TE T(l c) · in tarqueue( (q,p)) by pre onclition. 

2. l < level(!) by assump ion. 

3. c #- core(!) by mp ion. 
4. lstatv, ( {q p)) -# rejected by Claims l and 3 and TAR-E( c ). 

5. c = cor-e(fra.gment(q)) by ]aim 1 4 an TAR E(b). 
6. l = level(fra.gment(q)) by Claims 1. 4 and TA.R-E(b . 

1. core(!) # core(fra.gment(q) by Claims 3 and 5 . 

• le-vel(f) < level(fragment(q)) by Claims 2 and 6. 

Claims 7 and a.res ill + 
rue m . 

TAR-G: The only cas of in erest is when a REJECT m ssag · 1 added to 
t<£-rq'Ue'Ue( {p, q}). 

Claim about 1
: 

1. TEST(l c) i in tarq1.t-eue({q p}), y precondition. 

2. c = core(/) 1 b · assumption. 

3. testlink(p) # (P q) . by assumption. 

4 . If tat-us( {q. p}) ~ rejec ed. h n c = core(fragment q ),. by Claim 1 and TAR
E(b). 
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5. H lstatus((qip)) # reject d hen f = fragmenfl..q)~ b_· Claim 4 and COM-F. 

6. If · tatu.s( {q,p}) = r je ted, hen f: fragmen q). b.~' AR-B. 
7. f = fra,gment(q) by Claims 5 and 6. 

Claim 7 i t.ill ,r e in . 

T!\R-I: The only case of :iinte'e is when pi r ov d from te et(!). B 1t 

wh n ha happens, here are no unknown link of p. 

TAR~J; Suppose lsfafu.5( (p g} i . changed o rejec d. As in Case 1. 

v) rr is ReceiveAccept({q ,p)). Le J =fragment p) in '. 

3 ) ~ .( ' ;r - Te tNode{p). 

Claims about ': 

1. ACCEPT i in tarque-ue( {q p}) by precondi ion. 

2. fragment(q) # f, by Claim 1 and TAR-F. 
3. level(!)< level(fragmen(.q)) . by Claim 1 and TAR-F. 
4. (p q) is au ex ernal link off, by Claim 2. 

5. te tlink(p) = (p q} by Claim 1 and TAR-D. 
6. p E te uefi..f) by Claim 5 and TAR-C(b).. 
7. min.link(/) = nil by Chum 6 and G -C . 

. hta.tus( (p q}) #, branch by Claims 4 and 7 and TAR-L. 
9. {p q) ·s he min.imum-wei h link of p with lstatu.s unknown by Claims, 5 and 

and TAR-C( d). 

10. (p q) is the miniruwn-weigh external Hnk of p1 b_ Claims 7 and 9 and TAR-L. 

B Claim 6. 0, and 3 TestN od (p) is 1abled in '. 

Cla.im aboui 

11. p (/. tesf.3e J) b cod . 

12. (p q) is he minimum-,veigh xt :naJ link of p b · Claim 10. 

3. If wt(p q) < wt(accmin(f)) in ', th n accmin f ;:: (p q) in , by Claims 11 

and 12. 

By Claim 11 and 13 .. th effec of TestNode(p) are mirrored in . 
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(3a) T R-D: In ', ACCEPT in tarqtteu.e( (g p)) i a protocol me~sag or {p q). 
B TA - ( ) and T~ R-D i is he onl - pro ocol messag for anj link of p in '. 
Thus in here is no, protocol message for any link of p and · he predica, e is 

vacuou y · rue in for p. -o o her nod i affected. 

TAR- : B~ Claims 3 and 4 i is 01 to remove p from t,estset f). 

vi) 1r i Recei eReject((q p)) . Let f = fra.gmen(p) in~'. 

C(],$e 1: There is a. link (p 1·) r-# q wi h lstatw( (p r)) = unknown. 

(3a) Cla.i~ &bout 1
: 

l. REJE Ti in tarqu. ue( {q p)) by assump ion. 

2. The REJECT in tarq-u.eue( (q p)) is a pro oool message for {p q} by Claim 1. 

3. t ,estlink(,p) = (p, q) by Claim 2· and TAR-D. 
4. There is onl o e pro ocol me sage for {p q-) by Claim 3 and TAR-C( ). 

5 Ther is no protocol message for any , ther link of P~ by Claim 3 and TAR-D. 
6. p E te tJet(f) by Claim 3 and TAR-C(b . 

T R-B· Sup ose l tatu ((p q) goe fro nknow m o reje ed in .s . By 
TAR-G, .f = fragment(q) in '. B - TAR-. (b) (p q) ,t . -ubtree(f) in '. Bo h fa s 
are still rue in s. 

T R-C(b ): B Claim 6. 

TAR-C(c): In te·tlink(p) - (p r} and he TEST messag is the sole protocol 
message for (p r) by Claim 5. 

TAR-D: In th REJECT me sag i r,emov d and a TE mes age · added to 

tarqueue((p r) N'i h l tatw({p 1 )) = unknown. o her i a protocol message for 

(p r} and no other link. of p by laim 4 and . By code1 testlink{p) = (p r); 

TAR-E(a.): Suppo~e a TE T mes-sge i added o som tarqueue({p,,·}). As in 

,1 = SendTe t(p), Case 1. 

AR-E(c): The only case of inter is when lsta.tu (p q}) goes from un-
known in s' o rej ed in . Bu by Claim 2 and ther is no TE T message 

i ta.rqu;eue((p q)) in 'if lJta 'lLS((P:1)) = 'Unknown. 
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TAR-I: By Claim 6 be predicate is vacuously true. 

TAR-J: . upp lstatu ( (p q)), is chan ed from unknow o rejec , d. Similar 

o rr = R ,ecefoeTe t((q p),.l c) Case 1 ·with REJE T beinu the proto ol message for 

(p q). 

Case £: Th -e is no link (p t'}, r ¢- q. '"·ith lJtat-a ( (p r}) = unknown. 

(3 ) A 3 ( '. ) = TestNod p). 

Claim about .s': 

1. REJECT is in taTqueu.e( (q p) ). by preco dition. 

2. te tlink(p) = (p q) by Claim l and TAR-D. 
3. p E tut.set(/) by Claim 2 and TAR-C(b) 

4. minlink( ) = nil hv Claim 3 .aud GC. . 

5. fro.gment(q) = f by !aim 1 and TAR-G. 
6. (p.q) is no external by Claim 5. 
T. Th r is no ex ernal link {p r) r ~ q of p b C1aim 4 TA· -L, and assump ion 

for Case 2. 

By Claims 3 6 and 7, Tes ode(p) is a.bled in ' 

Claim a.bout : 

• p (/_ tes _ ifJ) by ,code. 

9 Ther i no ex ernal link of p b: Claim 16 and 7 and code. 

10. a;ccmin(f) doe no change. b' Claim 9. 

By Claim 9 and 10 h e:ffec of Te tN ode(p) ar mirrored in . 

{ 3a) TAR-B: ame as Case 1. 

TAR-D: In - testlink p) = nil. vVe mus show th re is no, pro ocol II e. a.ge 
for any link of p. In ', he REJECT m ssage in tarqueue( {q p)) i the ol pro ocol 

mes age for any link of p a in Case 1. Th REJEC me ag i removed :iin and 

no protocol m age is added. 

TAR-E(c): As i Case 1. 
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TAR-LB_ assump ion for Cas 2 and code there a.re no unkno n link of p 

m. 

T R-J: A in Case 1. 

vii) 1r is ComputeMin( f) . 

(3c) Ai ( 1 ,r) = , . Sin · accmi~f) == nil in becau minlink( f) = nil in 
is easy o ee ha 'if is na.b1ed in 3 ( ') and tha it e:ff s are mirrored in s( ). 

(3a) TAR-H: By GC-A. 1 accmi:n(f) = 1 i an ex , mal link of f in 1
• Since 

·minlink(f) = nil in ' l.sta:tus(/) i branch by T_ R-A(a). A o by OM-B 

rootchanged(f) = fa] e in . '. Th in . roo changed(!) = £al e and ta:t-u:.'l ( min.

link(!)) =/=- branch. 

viii) ..- i Cha11geRoot(f). 

(3c) A3 ( ' r. ) = ,r. I i asy to 
e:ff. s a.re mirrored · Ss ( .s ). 

ha ;r 1 enabl d in S3 ( 1
) and. ha it 

(3a) Only TAR~A(a) TA.R-H and TAR-.T a~ affected. Obvio l· TAR-A(a) 
and TAR-Hare ill rue in ·. For TAR-J: by preconditio awa,ke = true in 1 and 
is st ill ru in 

i ) 1r is 'erge(f. g). 

(3c) As( \ 1r) = 1 • After no ing tha riccmin h ) = nil in because te.stset(h) = 
nod es( h) in 1 1 easy .o ee ha · ,;r is enabled · n 3 ( ~ 

1
) a:nd ha i effec are 

mirrored in 3 ( ) • 

(3a) TAR-A(b): The pr dica: e is rue for h hr TAR-H. 

TAR-B: The predi a. e i true for h by T!\R-H. 

TAR-C: By GC-C, no r in node ( /) or node (g ) is in te tsd( f) or te • et(g ) in 

s'. By TA -C(b ) t. tlink(_r ) - nil for all su -1 r. o he predicate is vacuo J , true 

in h. 

TAR-E(a): By TAR-0 here i no EST m age in tarqueue( {p, q:} ) or in 
tarqtteue((q p)) where (p,q);:::; minlink(f) in '· Since (p q = core(h ) in ~i done. 

TAR-E(b): B AR-0 here is no TES (t c) me age in tarqueue({p q)) ,;in 1 

l tatw((p q} ) -# r jected in ', for any pin nodes(! or node·(g . Thu .he aine i 
rue in for anv pin node (h) and the predica i ·acuousl true in for h. 
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TAR- - ( c): If TE T(l, c) i i ta.rqtteue( (p q) ) and l to.tus( {p q) ) = reje ed m 

' th n i i a pr ocol mes a e for {q p) in ~'. By TAR-0, fragment(q ) is neither 

/ nor g in ~'. So · he predica e is s ill ru ins . 

• R -F: If ACCEP i in tarqueu.e( (p q}) in ' 1 1 a pro o,col mes age for (q p} 

in -. By TAR-0 fragment(,q ) i nei her f nor gin '. If fragmrnt(p ) is nei 'her 

/ nor g in ~.' then · he predica: e i till tru in . \iVi hout los of generaliit ~ 

suppose fro..gment(p) = f iI . 1• By TAR-F level(!) ~ let1d(fragment(q)) ins' . 

Then fra9men(.p ) = h # fra,gment(q ) in · and .le1u:~h) (in ) > level(_!) (in s' ) ~ 
level(fragment q)) (in s' and s ). 

TAR-H: By code rootchange:d( h ) = false. Since minlink(h) - nil by code 

t tatu.s ( minlink(f ) ¥ bra.nch. 

TAR-I: For nodes in h the preclicat ·acuously · r e ince te et( h) = 
node ( h) . For nod :no in h .he predicate is still tr e sin he leve of every 

node former1 - in nodes(!) or node (g ) is increased. 

x) is A.bsorb(f,g).. 

(3c) -4.:J( 1 ~ ) = ~. It i e y o see that Ti is enabled in $3, '). B low we ho\\ 

that accmin(f ) i he am in ~ as ·n s', whi h oge her wi h inspec ing the code 

shows ha. he effect of 11" are mirrored in Sa ( s). 

Let (q p) = minlink(g). If p E te tset(f) in ' hen every node in node (g in 
. ' is added o testset(f) m . No change is made to an· of he criteria for defming 

accmin(f).. 

Suppose p ft te , tset(f) in '. If min.link(!) -1, n il in ', then •h same is rue m 

~, and accmin(f ) = nil in ' a_nd . S 1ppose minlink{ /) = nil in 1
• 

Claims abo1s.t s1
: 

1. le1;el(f) < level(g) by precondi ion. 

2. p E node ( f), by precond_i ion. 

3. p ¢ t tut(/) by as urnp ion. 

4. minlink(f) = nil bv assumption . 
. q E nodes(g), b • 0& l-A. 

6. f # g by Claim 1. 

7. accmin(f) = (r ), for some~· and t, by Claims 2 hrough 6. 

fragmenf.(t =/. g by Claim: 1 and and GC-A. 
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9. (rt)# (p q) by Claims 5 and .. 

10. wt(r ·t) < t(p q) by Clai 2. 3, 5 . 6~ 7. and 9 and GC-A. 
11. wt(p q)::; w (u, ) -or an x ·ernal link (u v} of g, by COM-A. 

12. wt(r,t) < wt(u v) for any ex ernal link {t~ v} of g by laims 10 and 1 

By Claims 7 8 and 12 accmin(f) = (r, t) in ~. 

(3a) TAR-A(b ): The p dicate is rue m for f b:v TAR-H. 

TAR-C(b): .By G C, s· ce mtnlink(g), ;;ft nil, teJtset(g = 0 in j. By Tf\.R

C(b) testlink(p) = nil in s' for all p E node (g ). .her i no change fo-r p E nodeJ(f) 
in ' in going from ' to . Thus h predicate is ru in for f. 

TAR- (e): Suppose (q p} = minlinJ .. "(g) in 'and lJtatu. ((p, q)) becomes branch 
u1 . By TAR-H z.,tatus({q p));;;;:; branch in '. ~ in TAR-Cb), te tlink(q) # (q p} 
o the prediea e is ill 1-ue in . 

TAR-E(a.): QI{ becau e core(!) does no-t change. 

TAR-E(b): Let {q p) = minlinl,i_g) in '. If we can. show l ta.ti ({p q)) -# 
rej c ed in ', , etd be done. If lstatu.s( (p q}) = rejected in ' hen fragment(p) = 
fragmen q). Thi contra.die level(g') < letiel(f , which implies that g # f. 

TAR-E(c): uppose TE (l.1 c) i~ in tarque-ue((p,q}) and l8tatu (p q)) = re
jec ed in I for some link (p q) in L(G). Thi i~ a pro oool message for (q.p}. 
By TAR-O fragment{q) =/:gm s' .. Thus fra,,gment(q) is ·he am ins' ands, and 

c;;;;:; core(fr.agmeni(q)) and l = ltme(fragment(q)) i 

TAR-F: Suppose ACCEPT is in tarqueue( (p q)) in I for som link (p q) · L( G). 

Th.is is a pro ocol message for (q.p}. By TAR-0 fr·agment{q) ::fig in '· B · TAR

fragment(p) :p fragment q) in '. By preconditions, level(g) < lev l(f) soi canno 
be he ,c e · a fragment{p) ~ 9 an.d fragmenif..q) = f. 

Suppose fra.gmend..p) = g. Sin level(fragmen.t(p)) in is greater than i 1s 

'. and si ce fragment(q) # f m ' he pr dicat i s ill rue in ~. 

Suppose fragment(q) == J. Since fragment(q) .i he same ins as in ' and smce 
Jragment(p) # g in ' the predica. j ill · rue in . 
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£ fragment(.p ), # g and fragment(q) # f in ' he predicate is ob iously till 

true in . 

AR-G: uppose REJECT is in tarqueue( (p, q} ) in ' for ome lin · (p, q} in £( G). 

This js a protocol message for (q p). By T R-0 fragment(q ) #, fJ in '· By TAR~G 

fragment(p) f:- gin I since o herwise fragment(p) = fra.gmen (q) =gin 1
• So he 

predi a e is s ill rue ins. 

T~ R-H: Let {q p) = minlink(g . Since le11el(/) > level(g) by COM-A {p q) v:
minlin-k(g). Soi is 01 to se lstatt£s({p1 g)) to branch. 

TAR-I: Firs no e ha if there i som node r E node (/) - ·te et(J) in 1 

with an unknown link hen by TAR-I here is an ex erual link {t, u} of / and 

level(!) < leuel( fragm nt(u) ). Thus fragment(v. ) f:. g. so in 1 · he predica · i till 
rue for nodes at were in node ( / ) in ' . 

To show ha he pr dica e is r e in · for nodes ha: were .1n node (g) in ': we 

only need to consider he case when p (/. te t et(!) in ' i. . . when nodes fonnerly in 
nodes(g) are no added to te t et(! ). Sine level(J) > le11el(g ), minlink(f) -:/: (p q) 

by CO 1-A. Thus. b_ TAR- (a) and TAR-B l.statu.! ((p q} ) = Wlknown and he 

ai·!!UJllen in the previous paragraph holds. 

'to how that t,he pD dicate is rue in for node ha:t ar no in ei her node.s(f) 
or node.s(g) i ' i i enough 'o no e ha the only r,ele, an chang i th.a he lev 1 

of every node formerly in node.s(g) is increased. O 

Corollar 18: PT AR j tn.i m ever reachable sta e of TAR. 

Proof: By Lemma: 1 and 17. 
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4 .. 2.4 D C i rnu1a e G C 

Thi au omaton focuse on how he nodes o a fra.gmen ooper-ate to find h · 

minimum- · gh external link of h fragmen in a di 'b · ed fashion. The variable 

minlink f) is no a deii.ved variable depending on Tariables local to each :node 

and he one so! me .sag queue . There is no ac ion Comp1,teMin(f). The two 

nod adjacent o he cor send ou FIN]) me sa e over he cor . Thes message 

are propaga ed throughou the fragment,. \ hen a node p receiv, . a FIND mes a.ge 
i change he variable de tatu. (p) from unfind o find . relays FIND .messages and 

records he link from whi h he Fl ro was r ived as i s inbranch(,p). Then th ode 
atom:icall £nd i local minimum-wei ht ex: emallink sing act.io TestNode(p) as 
in GC and , aits to receiv REPORT( w) messag from all it children 1 

( the nodes 

to which i en Fl o). The variable finde.ount p records how many children have 

no e reported. Then p akes t 1e minimum ver all he ,;·eight" w repo ed b.· is 

children and he weigh of its own local minimum-weigh ·tern.al link and end 
ha weight o i par n in a REPORT mess.a e along inbranch(p); h ·cigh and 

he link associa ed v.ri h his minimum are recorded as b,e..stwt(p) and be · tlink(p), 
and d.c t.at (p) is chru ged back to uufind. ~ h n a node adjacen o the core has 
heard from all i s bildren i ends a REPORT over the core. This message is no 

processed by he l"ecipien until it de tatUJ i se back o un£nd. "\ ~hen a node p 

adjacen o he core receiv a R.EPORT(w) over th core wi h w > be twt(p,),, hen 

minlinklJ) becomes definedr an i the Hnk found by following be tlinh fuom p. 

The Cha.ngeRoot{f) ac ion is he same as in GG. \ · hen two fragmen merge1 a 

F D message is added o one link of h ne rv core. A ne,"-'T action, AjterMerge(p q), 
adds a F JND message to he o -her link of the new· core. When an Ah orb(! g) 

a ion o CID'S, a fl .D m . a e i. directed o'\i ard he old g .along 1e reverse link of 
m.inlink(g) if and only if the target ,of minlinlqg) i · in te et{!) and its dc3fofos · s 
find. 

his algori hm as ;vell , he oi-iginal one) • orr 'ly bandl · leftover REPORT 

me ages. Recall tha a REPORT :m a;ge is en in bo h dire ions ovet he ore 

p q) of a fragment f. Suppose he roo pre ehe ·· REPORT message firs . and 

he o her REPORT me.ssag he "leftover one_ which i headed oward q remains 
in th · queu until after f mer es or is absorbed. ·· ince he queues are FIFO rela. ive 

REPORT and FIND message , he tate of q remains su h ha when the leftov r 
REPORT m age is received, t.he onl • change i he removal of ,h message. 

Define automa on D C (for '!I)istribut d Compu e.I\£n ) a follow . 



Section 4.2. : DC Simula es GC 

The ate consists of a fragm en tJ. Each element / of the se is called a 

fragment, and h he follo,ving oompon ts: 

• ubtree(f) a subgraph of G· 

• core(!) an edge of G or nil· 

• ,level(!), a nonne a iv m. eger; 

• rootcho:riged(f a. Boolean; and 

• testse j), as bse of V(G). 

For each node p l ere are the following •aria.bl 

• dcstat'U.5(p either find or un:find· 

• findcount(p a nonnega i e in eger; 

• be tlinkf.p) a link of G or n.il; 

• be twt(p) a weigh r · · and 

• inbranch(p ), a link of G or nil. 

For each link (p q}, her a.re associated hree variables: 

• dcquwep( {p. q)) 1 a FIFO queue of m a:..,. from p to q waiting a; p t.o be ent· 

• dcgueuep 11 ( {p., q}) a FIFO queue of messag . £mm p o q tha; are in , he com

munica ion channel· and 

• dcqueue9 ({p,q)) a FIFO q_u.eue of messag from p · o q waiting a q to be 

pl"ocessed. 

These · ofpo ible m ag ]v[ is {REPORT(w : w a. weight or oo} U {FIND}. 

The state al o con ains Boolean variables, am,swered(l) 011e for each l E L(G) 
and Boolean variable awake. 

In he star" stat of DC fragment has one element for each node in ( G); for 

fragmen / corresponding to ode p ub ree(f) = {p}, core(!)= nil, le'l)el(f) = 0 

rootchanged(J) is false, and tes etlJ) is empty. For each p, de iaius(p) = un:fi:n 

findcount(p) = 0, be tlink{p) is he minimum-w · ght external link of p be twt(p is 
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h weight f besi.link(p) · inbranch(p) = m:I. he m ss.,i.g qu ues arc p y. 

Each a-n,15-rJJe,red( l) is fa.ls" and awake is fals . 

Th derived vat·i bl dcque-ue({p,q)) 1s d fined o be dcqueue!i'((p,g)) II dc

q'tte7:i.en( (p, q} ) 11 dcqu.e-ue-p( (p. q) ·• 

A a• PORT{w) 1 ~ · ag is headed towa-rd p if either -i . i. m dcqu. tt.t:=(~q p) ) fo1· 

some q oi.: is in srn:nc dcqucu.e((q. r}), wh r q E .subtr (r) and r E -,ubtr (p • A 
is headed fawa.rd p if it is in om. dcque~e( (q, r)) and pis in ..'!-uHree{1·). 

A r.n aid ob· in -,ubtr e J ) if i iR in som. dcqv.eu ( (q p) and p E node.s(f). 

·ow 1ninli.·nk(.f i, a deriiv d v· iabl , d nn as follows. If nod,e.,(f) = {p} n 
m,inlink(J) is he 1ni ii mum~ weigh x ernal link f p. Suppo , nod c.s( f , con ta.ins 

mor -· than on d. • If f h.~ an. external link, if de ta.tu , p) = unfu:i,d fo1· all 
p E 'f~od.e (/) if no FIND m ssag • il'l in :Jubtr c(/)1 a.nd if REPORT mes ag is 
head owa.r,d m.w-root _f) cu m,inlinl;(_f) i the first cxtei::-n.al link re~ 1 d by 

star in.g a m.w-root(J) an.d foll wing bestlink ; otherwise, minlink(f ) = nil. 

Al.·o acc'l'"/1,in(f) is a de ·,•ed variabl ,, d fin d as i TAR as foll w l£ 
m,i-nlin.k(f ) .p nil, if here i. no external link of any p E -r. ode;S(f - tc:s-f.8, t(f) 
hen ac~-min{f) = ·1. 0 herwi.s . acc.rn.in(f) i h min.imtun-w igh ex-t :na.1 lin.k 

f ill p E nodc.s f) - t ls t(f) . 

No below ha Receive~nd((q. ) is only ena.bl~d if AfterMerge p q is not 
nabled· , i hout hii:. precondition on Re e.foeFind. p could r ·eive l · FlND befo 

$en 'ing a PJN q and us q s sid · f he subtr w-ould uo pH-.r icipa.t in h 
. <:arch. 

Input ctions: 

• Start(p), p E ( G) 
Eff, ~

awake:= rue 

Ou pu a tion : 

• InTrce( {p· q) ), (p q) E L G ) 
P ·conclitio 5; 

awake= tn..1 
(P q E v.btre (fra.gm.cnt (p)) or (p, q) = 1ninlink(fragmcnt(p)) 
answered( (p, g) J = false 
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Effects: 

u.nswcred{ (p. q)) := rue 

• NotlT,Tree((p q)). (p.q) EL(G) 
Pr condit.i ns: 

fo·a.gment(p) = fragm. nt(q) rind (p , q) i .subtr•e(.fragmcnt(v)) 

an&wered({p, q)) = false 
Eff. cts: 

an,swered( (p, q)) := ru 

In erual a tions: 

• ChannelSend({p q ) .,1n), (p,q) E L(G) m E .rvJ' 
P rec:o J 1ons: 

m a head of dcqu.euep((p, q)) 
Effects: 

dcq ucue( dcqu.eu e P ((p, q))) 
queue(rn d.c. ,p.1, uepq({p q))) 

• ChannelHecv((p,q).m.) {p,q} E L(G) rn E J.H 
Preconditions: 

m at h ad of dccp.t.C'lLCpq( (p, q}) 
Effect : 

d "queue d.cqu -~ep9 ( (p q)}) 
:nqueu m, dcqtLeu e q ( (p q})) 

• Ttu1tNodc(p), p E V(G) 
Pi; ~conditioni:,,: 

- let f = fragment(p) -
p E te~ ct(f 
if {p. q) he .m.iniumm-weigh xt rna.1 link of p. exis s 

h n level(/) :5 level(fragmcnt{q)) 

de ta t"U..!I (P = find 
Effe ts: 

te.stse:d..f) := te U3ct(f - {p} 
if (p q), the ntlnim.w.n-weigh ex ernal link of p. exi s then 

if wt(p q) < be.<itwt(:p) then [ 
be8tlink p) := (p, q) 
be twti(p) := w p. q) ] 

exceut. proced u Repori{p 

63 



Section 4.:2.4: DC Simulat GC 

• .Receitr·Rcp,r;,rt((q,p),w). (q,p) E L(G) 
Preconditions: 

REPOR. ( w) message a l ad of dcq"U e·ue,, ( ( q p)) 
Eff.~ct -; 

dequeue d~qtHtue,, (q. p) )) 

if (p,q) .:/: inbra,nch(p) h n [ 
findco11.ntJ...p :-= Jfodcount(p) - 1 
if w < bestwt (p) hen [ 

l,es:m11t(p) := w 

bes'tlink(p) ;= (p. q) ] 
execu e J o edure B.eport(p) ] 

lse 

if dc.,tn:t-aslp) = find h n nqu ue(R.E:Po T(w), d'cqueu~:,,((q,p))) 

• · Recefot:Find( (q, p)) (q,p} E L(G) 
Preconditiotu,: 

Fll'.'D :m ··iv ge t head of clcq1, uep( (q, p)) 
Afte-rMerge(p,q) not enabled 

Effec s: 

dequeu.~ rlc.q-,,i;&u ,, (q, p))) 
d.~~tatus(p := £incl 
tti,Ot-(4-'l'l,Ch(p) := {p, q) 
be tlink(p ~= nil 
bestwt(z)) == 
- 1 S = { (p, r') : (p. ,. ) E u.btree(fragment(p )) t' ,f, q} -
jindcouT'l.t{p) := ISi 
enqu · (FIND. ti q-u. -ue,.(l)) for .iJl l E 

• Prncedure Report(,p), p E V(G) 
if fi.11,dcount p) = 0 and p ,t testset(fragrn .ni(p)) h ( 

dcstatu,•(p) := unfi 
queue(R OR.T(llestwt(p)), dcqu ueP inbra.n.ch(p))) ] 

• Change.Rooi(J), f E fro.9-m, nts 

Pr c. nditions: 

awn.kc= rue 

r,,1otchanged(f) = false 
minlinJ..if) f,. nil 

E.1£ects; 
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root.chang d(f) := ru 

• M ~-9,;( f, g) f,g E fragtn Td~ 

recondi iou ··: 

f 'F !J 
rootchange.d(f) = roo changed(g) = ru 
mmedge(J = minedge(g) 

Effect : 

dd a new ......_,~•~ h o fragm.ent.i 

.,-ubtree(h) ;= .,ubtree{f) U subtr e(g) U minedge(f) 
core(h) := min dgc( J) 

lev l{h := le1 . /{/ + l 

rootc/1.a.ng d(h) := false 

test.ut{h) : = node., ( h) 

- let (p, q) = min.link(! ) -
enqu.-. · (FIND, dcqu ucp ( (p q})) 
d l f and g from fr'1,gm,ents 

• Aft rMerge(p,q), [), q E ·{G) 
Preconditions: 

(p, q) = core.(fra.gm ent(p)) 
FIND messag in dequeue{ {q p)) 

o FIND m ss g in dcque·u.c( (r> q}) 
clc.,tat~(q) = t1nflnd 

o REP OR 1.t1 ~ ag in dcq-ttt!u.e( {q, p} . 
E:ffi s; 

enqueue • l :O (lcque u.e 1' ( ( 7, q) ) ) 

•• Absorb( J, g ). f, g E ft·agmenb 
Pr nditio 

rootr.hanged g) = rue 

le.vel(g) < lc'Vel(f) 

- l . (q.p) = m .in.lin ·(g) 
fragm~nt(p) = f 

Eff.,. · i;; 

subtru(f} ;= subtree(/) U . ubtree(g) U minedgc(g) 
if p E t~:.~t..,d f h n [ 

te.~~ ct(f) := te ·t.,et(f) U nocL.'!(g) 

if d~tatus(p) = find h ·u [ 
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S ction 4.2.4; DC Simulates GC 

enqu ~ (F.I o, dcqueuep((p, q)) 
find · o unt(p) := findc. o unt( p) + l ] J 

del ~ g fi, ,m fragments 

Def.in h followm"' pr dica e t1 tat s(D , using h s • definitions. 

hild q of p is complded. il' no nod in ~uhtrc (q) is in test .. H.:t(fragment(p)), 
and uo R-EPOR"f' i headed t .,~d p in $tLbfree( g) or in ,lcqu.ette( {q P} ). od p . a TJ.P• 

to-dat if either .&1.1,btree(/ra.gment(p)) = {p}, or th f, llowing two nditions ar .. m : 

(1) followin_ inbrancke-, fl: plead along dges of tlbtree{jrf'tgm,ci:ri-f.(p)) tmvai-d and 

ov core(f) .i.nd (2 if p E tesb.et(fragm,ent(p)) hen de ta.f.u.s(p) = :fin . Given 
n d p, define Cp to be th _.,. {r: ei 1 · 7• =pa: <l p ~ tests , t(fragm:.ent(p)), or r 

i in a1.1:biree q) for some completed child q of p}. 

All fr · variabl ai·e u.nhrc . ally qu · ift d, , xccp hat / = fra.gm.ent(p), in 
hesc pi dica.t s. (Th fact ha a.n old ft.EPORT m --~ag :in a. lL k · hat was form rly 

the coi: of a fragm n , ca:u 1· ma.in v af er th t fr grnent 1 as merged or- en 

abso bed oomplica.ted t.hc sta.ten1e of some of h p.redica. .) 

• DC-A.: If REPORT{ w) is in tlcq11,rne( {q, p)) and inbTa.n,di( 'P f:. {p q), hen 
a.) if (p, q) = cQre f), "h n a PL">l message i · ahead of h RE KT m 

dequeue( {q, p} )· 
(b) {q p) = inbranclt(q), 
( · ) bestw'l(q) = w· 
(d) dc.!lta.tu.s(q) = unfind; 

) every child of q j5 comp1 t d; 

( f) q ~ te.~tset(f ); l:llld 
(g) if (p. q) ,I, core(/) th n dcstat~(p) = fu d, and q : ' child of p. 

• DC-B: If REP k.T( w is i d-cq-u.eu,e( (q p)) and inbranch(1.1) = {p q), hen 
(a) ·· h (p q = ,core.(/) o p is a mild of q; t nd 

(b) it: (p. q) # r..ore(f), h n dcsta:f.1.tS(p = u.1Tfind. 

• DC- : If IIBPOR (ia is i dcque·ue((q v)) and (p q) = core(!). hen 
(a) q is up-to-date; 

(b) J.c5 at141(q) = un.fi d; and 
( ) bestwt q) = w. 

• DC-D-: If FIND is in dequeue( (q p) ). th n 

(a) if (p q) ~ core(!) then p is a child of q and tlc tat'U..'$(<l) = find· 
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Sec ion 4.2.4: DC Simula • GC 

( ) dc.sta.t-u.s(p) = 1n.6:nd; and 
( ) vei-y nod in subtrt!C p i in 'l .. <ct.~ t(f ). 

• DC-E: If p E testset(f} then a FIND m ss g -is hca.d · tow d p. or de tatu ... {p) 

= find, or AficrMcrge(q.r) i a.bled, wh repE .51,1.btree(r). 

• D -F= If (p, q = core(/) and in bran-ch(q) f:. {q, p) hen ,ith r FI, n is in 

dequeue( (p , q) ), or A.fierMt?.rge(p. q ·. ~ bled. 

• D0-G: ff AfterM rge(p g ) is enabl d, then 
te..:<~el{f). 

ry node in suhtree(q) is 1n 

• C-H: If dcsiattLa(p) = unti.nd, heu 
(a) tlc.1tatus(q = un.find fo.r all q E subtree(p)· and 
b) findcount(p) = 0 . 

• DC-I : If d ~'ltatu..~(p) = find , h n 
( ; and 

(b i her a , £POR ssage i. in . -ubtrec(p head d owar p . m " som q E 
8-u.b t re.e(p) is in tc . .tsetJ...f). 

·• D J: If de t--atu..,(JJ = find and core{f) = (p, q), hen a mo me :,;a is in 
dcqu.e·u.e( (p, g) ), r d $tatu q) = Sn · , • r a REP R'r m · "\ge is in dcque-u ( fo , p) ). 

• DC-K: If pis up- o -dat .. hen 
(a) fim.dcount(p is he uum f .P tha ar no ~omplet d ; 
(b) if b stlink(p) = nil, then be<Jtwt(p , and t her is no extern· link of 
nod~ in CP. 
( ) if bestli.n!i.'(p 'F nil.. th ·· follmvin bestlinks from p l ads al ng edg _ s in 

subtree(/) to th minim.wn-weigh · · rnal ff · - I of all node i Cp; wt( l) = 
be;Stwt( p ) an level(frag-ment t~rget(l))) 2: le-vd(f') .. 

• DC-L: If inbro..nch(.P) #- nil, h ·n inbranch(.,p = {p, q) £or som. -· q and (p q) E 
3tLbtre.c(f ) . 

• DC- 1: findc'°unt(p) 2:: 0 . 

• DC-N. If m.-w-minnode(f) is 
da.. . 

t in :tc t.:Jet( f ) hen 1ww.minnodc.( J ) is up-

• DC- h only possible -value$ of dequeue( {p, q) ) are empty, r l"lND or 
fl PORT, or Ff ·o follmiv"'d by It: PORT (only if (p q) = car (f) ) , or REPOll'f' 

follow d by F'I D (only if p.q ) # or ( f) 
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L t P:Vc be the conjunctio of DC- A through DC-0. 

In o d to ·how hat DC sim,ula s GC we define an abstraction n'lapping 

.,.\.1 .1 = ( ,1 , .A..,) from DC to GC. 

Define he function $ 1 fron .tatc. ·(DC) to tate ( GC) by ignoring b . m 

queues, and l • va.ria.bl de tat find 01.tr'-t, b,: link. b t,J}t, and inbranch. 
derived variables 'T'nin.lin. a_nd. acc1nin of DC rna.p o · h • non-d rived) variables 

minlink and accmin. of GC. 

Defir th function A ,1 as :follows. L b as at of DC a:nd ,r an. a tion of 

D c abl ·cl in . he GC action Corr1,pu.tr:Min f) is simula ed in DC wh ·u c1,. no 1 

adjac t h ore, having already h a_r. f· m all i s children~ .recci •e a n.t::-P RT 

v r he core with a w ~·gh la.rg r than its mvn bestwi. Then he node 
he m.inim.mn.-wci h · rnal link of he fraginent is o its own side of 

• Suppose r. = Re.cdvcRcpnrl(_ (q . p) w ). IT (p, q) = Mrt!(/) and 1ksta u:J(p = un
find and w > be.stwt(p) then A&(s 7r) = Comput ·Min,(fragment(p) • 0 herwis ~ 
A-i. ( 71" is mp Y-

• If ;r = Cha.nn. ISe.11,d((q p} m), Ohan.nelRec:v((q p),m), Receive.Find((q p)) or 
AfierM rge p q), tb A..t(s. r.) is empt 

• For all uth r values of r., Ai(· r.) = w .. 

Th followin pr dica e are t u. in any state of DC s.a. isfyi g (Pb oS )/\Ppc

Reca.ll h.,t Pbc: = (Pb0 r,,1 0S2 /\Pac- If Ph0 (S ( )) i · tru , th n the GC pr dkat 
' rue in S ,t(s), th COM predicates at tru • in S 2 (S-1( )). and hem pr; di a es 

are true in S1 ( S 2 ( S ( s) )' . Thus. hese predi a s are deduci bl · from Pvc, ogether 
l.vith he GC CONI · nd HI predicat · _ 

• DC-P: H REPOR:r(-w) is a the head of dcqu 14e((q,p} ) and p q) = core f and 
dcsfottw(p , = ttnfind. hen 
(a if w < b ·l!Jt'IJ,t(p ,, th.en 1:h i imum-weigh ext t1'HU link f off i closer to 

'1 han top an wt(l) = w· 

( ) if w > be.$twt(p). then the minim -w "gb. ex ernal ]fol-:: I of/ i. closer to 

p han o q, and -wt(l) = bestwt{p)· d 
(c) if w = b .:itwt(p , · h n w""' t d here is no ext n1 link off. 

Proaf: 
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1. REPOR."I' (w) :i a h ·a of dcq1u:-ue( (q,p) ), by a:ssump ion. 

2. d .,ta,t-u.s( p ) = unfind by assump ion. 

3 . (p, q) = core.(/). by assu:mp ion. 

q is up- o-date by Cla.i 1 and 3 and DC-C(a). 
5. dc.statu.s ( q ) = nfu d, by Claims 1 and 3 and DC- (b). 
6. 1.0 = b twt( g). by Claim.s 1 and 3 and D ' C( -). 
7. q lffe! 1. •~ ct(/), by Claims and 5. 

No FI O is in ,lcqueue({q, p) . by C laims 1 and 3 and DC-0. 
9, pis up- o -de , by Claims 2 3 4 and 8 and D -T. 
10. p ri. t - e (/), by Claims 2 and 9. 

11. _findcount(p) = o. by laim. 2 and DC-fl(b). 
2. fi:rid ount q ) = 0, by Claim 5 and DC-H{ ). 

13. All children of p n.t' pl d by Claims 9 and 11 and DC-K(a). 
14. All children of q ar ompfot d, b lai 4 and 12 and DC-1 (a) . 
15. II be hot p = oo, then b,e - · i · no •:-.tern.al link of ;1111.btrce(p). by Claims 9 10 
and 13 and DC-K.{b) a.ncl (c)-
16. If bestwt.(p -:;if h n folloy,riu. bcstl'11,ks from.. p L ads t h • nu ·mum- w ign 
xternal link l .£ ... ubt.r c(p) and wt(l) = be.dwt(p) by hun 9, 10 ..wd 3 and 

D -K(b) and ( ) . 

17. If b,t=. t·u.1i(q) = w = , hen the1· • i no xtcrnal link of .n.Lbfree(q) i bv s , 
6, 7 and 14 and D · - (b and (c) . 

1 . ff b stwt(q) = w # , hen following be$tlinks fro q l · ads O· h minimum.~ 
,\-eight external link l of ~ubtree(q and wt(l) = w b Claims 4 , 6, 7 and 14 and 
DC-K(b) and (c). 

Claims 3 rl d 15 hrough 18 giv 
w igh di inc . 

h · r -~1.11 • ·og . her wi h he fao hat edg 

□ 

• DC-Q : If a REPOR a h • h d f dcq1.1. u ({q p)) and j n h a.ded toward 

m.w-ro·o J ), hen inlrr-anch p ) = (p, q). 

Proof: If ( p, q) = core(/), then fobran h( p ) = {p, q) by D • (a.). Suppose 

( p, q) #: -r.ore ( J), and in ~o,tth di i n , hat inbranch(1,) '# (p, q). By DC-A(g), 
dcstatu.s(p) = find. and by DC-I( ) pis up- t date. i.e., follmvi _g im.branche.~ from p 
l ·a.ds tmvaxd and over core(/ . h.us he REPORT· dcque,1, ((q,p)ii bead d toward 

bo h endpoint · of or (f), con radic ing · h l ypo l sis. 

• D -R: If dc..qtatu.s(p) = find, hen no REPOR.'1 is j dcqu.. ·ue(inbranch(p)). 

Proof; Le · in.bra.71,di(p) = { , q}. 
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1. dcstat1U(p) = by assumption. 

2. p is 1 p - to-date. by ' la.im 1 and DC-l(a-). 
3. F, 11 ,ving 'nbranch~ fr mp lc·L !i 0>\'lill·d and ovet' corr:.(f) by la.im 2. 

Ei her(p q) = cor (f), orinbra.n h(q ,/=- (q,p}, or no REPORT is in dcqueue((p,q} 

by Claim 3 and DC-B(b ). 
5. If (p, q) = core f) th -·n no REPORT is in dcq·u.cu.e( (p q) , by laim ' and DC.C(b ). 
6. H inbran.ch(q) ~ (qd;i,} hen no RE oR: is i 1 dcqu u,e((p q)), by Claim 1 d 
DC-A(d) .. 
7. o REPOR is in dequeue( (p., q) ), by Claillls 4, 5 and 6. 

• DC-S, At most on F , o m s- age is headed toward p. 

Proof: Suppose a Fl ·on a e is headed tow d p. 

l. A FlND i i dcqt, ue( (q, r) ). by • umption. 
2. p E subtref:(r) by assumption. 

3. dc.datu.s(r) = :mfind, b_ Claim 1 d DC-D b). 
dcsta.tu~(t) = unfind for all E .rn;btm (r), by Claim. 3 and DC-H(f!I..). 

D 

5. N PINO • sage is in d qu 1te( (t u) ), for any (t, u E &ul;rtrec(r ), by Clann 4 and 
DC...D(a.. 

If ( q r) = co re (f) Claim 5 proves he result. Si: ppo~e ( q, r #, core (f). 

6. (q, 1"} ,'a care(/) . assumption. 

- dcstatU$(q) = find, by Claim. 1 a.n 6 an DC-D(a). 
d,c tatu.:1( ) = find for all f b w . q and he endpoi of cor f) closest o q, by 

Clailll 7 and DC-H(a). 
9. No FlNO ss ge is in d..::qut::'r.r.r.( {t. u)) for any (t , u) between core(f) and q. by 

laim 8 and D -D(b ). 

Claim 9 comp1 t s · he proof. □ 

• D - : If (p,q) = r.or (/). no PR Dis iu dcqueue((p q)) pis p o -date, and 
d stat-u3(q) = nfind, hen q is up-· o-date. 

Proof: 

. (p, q} = eore(f ), by assu:mpti 

2. No l P-i in dcq,u.ct1.e((p,9)) byassl.l.lllpt"on. 

3. pi p-t date by ·i;Uillp ion. 

de ta.:tus(q) = u.nfin.d, by assu.mptio . 

5. No :F' n is head l o.,;•ard q by · ]aim 1 and 2 d DC- D(a). 
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6. No FlND js in dc1-uei,e((q1 p} ). by 1aim 3 and DC- D( h and ( c ). 
7. A fterMe.rge.(p, q) is no enabled, by Claim 6 . 

. i.nbranch(q) = {q. p) by C laims 5 and 7 and DC-F. 
9. q rj#. te;.,uet(/) ., by Jaj . , - and 7 ruld DC-E. 

10. q is up-to-dat , by Claims l, 8 and 9. □ 

Proof: By insp ion he ypes of DC, GC \44 , and PD are corr . By Coi-ol
lary 16, Pbc is a predicate true in every i:eachab es a e of G . 

1) Lt 

stm·t(GC 
b in start DC). 0 ,;-im , ly Poe ·s ti-:u. ~ iu - and S.1 '.) is i l 

(2) v-iou.sly, . .A (.s ~)l ;.rt(GC = r.l :t.t(DC . 

(3) L :t (~ 1 r., '.) b, a s ep of DC such hat Pbc is true of S 4 (s') and P Dc is 
true of s'. For (3a) w v• "fy b ·lo, n.ly tb s DC preclicates =hose trnth in s is 
no obvious. 

i) -:Tis tart(p) hange.Roo (f) lnTree(l) or otlu'I'ree(l) . ~(. ' _ :;-:- = 
.,-r. Obviously S, (s')1r-S;1{s is an >= ·cu :i.ou in1.gni, mt f GC and Poe; is tru ms. 

ii), 1r 1s ChannelSend(l,m) o · hannelRec (I m)~ .A..t(s' 11" is empty. 
Obviously S,r. ( .s) = S ( ~t nd Pvc is rue in s. 

ii" ) ..- • - Tes· ode(p . Let .f = fragrnrnt.(p) in _ ' -

(3 •) At ' . w) = 'If. Ob,..riously, r. is nablcd · S. (.s'). To sho= he effects 

8.1)~ mirrored in S 4(s), ""' inusi: show· "h a em.in/) is updated properly (,-vhleh is 
obvious) and ha. mi.nlfok{f) is unchanged. Sinoe p E te.stset(f) in .s'. mfrdink(/) = 
nil in s' by G C-C. If accmit-i{ f) # nil. or if p h.as an external link in. .s'. th 
acc1ni:n(f) #- nil fa -. and rrr.folink(f is still nil in .s. II some q =f- pis i te~u t{f) 

1 n by DC-E ei her a FIND i in .;·ub-tre · J) r d st.at"t'-S( q) = find; since he 
am j • rue in s, =inlink(f) is still -nil · . ·. Fina.ll~, if accrnin{/) = n-if p has no 

extern~ link .. and p is h -ole ~l men of tes-t.set{f) in s', then / bas €> :,;."t, rnru. 
link i ' o in -, and minlinl..-(f) .i still 1 ii i 

Sa) Two cases ax eo id · ·ed. Fir-st we prove some £acts h·u ji bo h rµ,; -· • 

Claimu n;bo-iJ.t ' • 
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1_ dcsta.tu.s{p = fi d, by pr coucli'tio . 

2. p E t..,d( f), by pr Condi ion. 
3. H (p. u), the niinimu.m..-weignt external link of p, e:xis s, then lni l(f S 
le·uel(fragrn.ent(v. ). by p1·e,condition, .. 

4. p is up-to-da . by Ciaim 1 and DC-1{ a.}. 
5. No Fl is headed toward p by Churn l :i.nd. DC- D(c). 

G. If (p, r) = core(/), then no REPORT 15 in dcq-ue~Lc{(p, 1·} ), for any r by la.:i.Ln 1 
and DC~C(b). 
T. If R Pon i i dcq-u 'l.l.c((p r)) hen inbr1u1.ch(1· = {t·,p), for any r, by Claim. 
1 H . .nd DC-~ (d). 

AfierMe.rg (r, t), wher ~ p E ubtree(t), is no nabled, by Claim 1 and DC- (t ). 
9. I£ be.stlink(p) = nil, then be.stwt(p) = and there is no external link of anv node 

r wl ere r• i in. n · ub t-c-c at' any com.pl"'t •d child of p, by CLailllS 2 and 4- and 

DC-I<(b). 

l O - If be.,tlink(p) ~ nil, ti f. llov,ring be tli~ from pleads to h minlmum-,.v ight 
:<: ernal link l of all :nodes r, where r is in the subtr of any completed child. of p; 

wt(l) = be.stwt(p) a:nd le?Jel f) ::5: leve.l(fra..qm.ent(target(l ) by Claims 2 and 4 a.nd 
DC-K{ ·). 

Ca.se 1: findcount(p # 0 in ' 

11. fi,n.dcoun1.(p) #- 0, by assumption. 

12 . .fina.co"U.nt{p) :> 0, by Clai:m 11 and DO- L 
13. Some child 1· of pis not comp! ed. by Clai.1 and 12 DC-K( , 
14. The:re is a child r of p su ha either som.e .nod in subtree(,·) is in te.stsei(/), 
or a REP R is in .rnbtrit {r) :r d.cq ,e-u.e( {r,p)) headed mvard p. by Claim. 13. 

DC-. ( ): By Claim 7. changing be.'ltw-t(p) and I'.' moving p from te.-ctitet /) are 
,I{. 

D C; By Claim 6. changin be.stwt(p is OIL 

D D{c : By Claim 5. removing p from te3tse.1.(f is OK. 

DC-G: By Claim 8 and the fa •t 1 a.t d-e...,tatu.8(p) i still find in , removing p 
from te c.tJJ) · - 0 I . 
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By Claim 14. removing p from te.stset(f) i OIC 

DC-K: (b By laim 9 and cod . (c) y Lai 3 ., • d 10 and c d . 

D N: If pis m.uHninnodc(f), hen hv laim . removing p from iestset(p) is 

OK. 

c~e 2.: findco'IJ.nt(p = O in ' L (p. q) = inbran.ch(p). 

15. findc.,ni.nt(p) = 0 by assumption. 

16. If (p q) = co1-e f) and inbra.nch(,q) 'f' {q,p) hen a FIND is 'in dcqueue((p q)), 
by Cl ,· 5 and DC-F. 

l 7. All children of p m.pl t d, by Claims 3 and 15 and DC-K(a..). 
l . :£ p q) =/- core(/), th tlc8fa us(q) = :find by ]aitn 1 an DC-H(a.). 

9. Ii REPORT is in dc.tJ'IJ.ttti ·( (q, p} ), hen (p, q) = cor-e(f) by Claim 4 and DC-B(a). 
20. o REPOR is in dcquc'lic (p. q} ). by Claim 1 and DC-R.. 
21. If FIND is i.n dcqu~uc:((p q)). hen (p,, q = cor (/), by lairn 4 and DC-D{a.). 

22. Every nod r ¥,pin .:Jubtree(p) ha.s dc:Jta.t'U.'J r) = unfind by Claims 1 and 17 
d DC-I(b). 

23. Every nod r -#- p i .;ubtree(p) has findcou.11,i(r) = 0 by ·1a.nn 22 and DC-H{b). 

C-A: By Claim 7; d h fac ha. ·nbran J;.(p = (p, q) -w n d only consid~r 
h REPOR dd d o dcqu ue({p q}). (a) by Claim 16. {b}, (c) and (d) by cod". 

(e) by Chum 17. ( f ) by od . (g) by Claims 4 and 1 . 

D Bfor REPO dd d -o dequeue (p,q}); TfirLbra.11:ch(q) = (q,p), then (p q -
coTe(f) . by Claim 4. 

DC-B for KEPOR.T th.at might b 

D -C: By Cl.aim 4 inbra-nch p) i he only relevant U .k· b laim 20, the nm,;,• 
messa.g .. i · h only REPO.R ha qu ue. ( a.) bv laim 4. (b) and ( ) by code. 

D -D a and (c)~ By · laim 5, iit is OK to .hwig · tlc~t.a.tus(p) o unfi.nd and 
~ ov p from t .!l~ t(f ). 

DC-E: Th . c deli ion of a REPOR o dcqt£c-uc ( {p, q}) i.n canno ~ After-
M rge.(q p) to go from. enabl din ' o disabl din ·, by lw1n l. 
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n F: Cf. DC-E. 

DC-G: By Clahn 8 a-1 l 'thi::. i:1.d · ion of REPORT to dcquf!u.e {p, q) ), removing ,V 

from te.~tset.(f) is 01 . 

DC-H: a) By C laim 22 and co t . (b) B • laii 23 . 

D -I(b): Suppos · r # q is som n d such ha: p E "'ubtree r) and dc.statu.s(r) = 
find it s ' . y Clrulll 4 1· moving p from test..s:e(/) is compe:osa: cd f: r by a ding 
ft PORT d queu ( (p, q) . 

D -J: By Claim , he only link of p h t p · of or (f) is (p. q). H 
(p q) = cor (f and dcsta.fo.s(q) = fi.nd, th"' fuct ha de fatus ) be omes 
un-:flnd in is compensat d fo by h addiiti n of REPORT o ,dcquett.e({p q)). 

DG-I (b) d ( ) : s in Case l. 

s i Case 1. 

DC- : By Claims 20. 21 and code. 

iv) 71' ·.s R e e · e · p o i.-t({q~p ) -vv) . L · f = frq,gTnent(p) in '. 

(3b)/(3c) Cll.$e l: p q) = ore(f) and dc~ta.tu .. ~(p) = 1.mfin and z > be.,t·urt(p) 
in '. A.:1 ( 1

• r. = Compt,t c.Mi-n.(f ). 

L t (t· t} 
,exists. 

th m.irumw:n~, eight ,;· J.'llW link of f in ' (H low w s ow- i 

Claims a.bcu1.t -'; 

1. REPO T(w) i a th head of dc.qu. 1,i;e({q p)), by precondition. 
2 . (p q) = core ( J) by i;Ui -unip ion. 

3. d,c.,tatw(p) = unfind by assumption. 

u ·• > be twt(p , by ~1:1um1:> ion. 

5 . . o F Di- ·u dcque-ue((q p)), b:r Cl· im 1 and DC-
6. q i · p-to-d te, by ai s 1 and 2 and DC- (a). 
7. p .is p- o-date, by [a.hns :2 , 3. 5 an 6 and D -T. 

- dc~tafa.8 q) = unfind, 1 y Claim.s l and 2 anc D C(b). 
9. b .stwt(q) = w bj: C l winS l and 2 nad D C(c). 
10. p = m.w~root(J) {so (r, t) exists), by Claims 1 2. 3 and and DC-P(b). 
1 1. m.inlink(J) = n ·t . b,. Claims 1 d 10. 
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12. findcount(p) = o by Claim 3 and DC-H{b). 
13. finJ.co-u.nt{q) = 0, by Claim 8 and D H(b). 
l . EVel"3' child of p is completed) by Jnirns 7 and 12 an D '-K(a.) . 
15. Every child of q is mpleted by C1.tin s 6 · d 13 and DC-I (a . 
1 . p 'ii! testse:t(f) by Claims 3 and 7. 
17. q ~ t -' e (f) . by ]aims 6 and . 

1 . t s't.,et(f) = 0 by Claims 14 , hr ugh 17. 
19. a.c.c.mi.n{f) - {r t). by Claims 11 and 18. 

By la.ims 11, 18 and 19, ComputeMi-n(f is c bl d i 

N "" we must sho""' tha h ,~ t · f ComputeMi:n(f) ar mi=or d in s. All 
ha must be shown. is hat mi'"'linlqf) n.nd accmin{_J) a;i, upda ed properly. 

lii ore. laim.s boui s 1
: 

20. de ta.t'll..!(u) = unfin.d f, r aU u E -''U.btree(p • by la.im 3 and DC-H(a). 
21. de. tatu.-,(u) = u.ufind for aJJ u E 3ubtree(q), by Claim n.n DC-H(a). 
22. No T'L•PORT is head d towa:rd pin $ttbt-ree(p), by Cl.aim 14. 
23. No R.EPOi:t'T is heftd"d to'ward g in subtree(q) by Chum 15. 
24. ly REPORT is in .•u.btree{p), by DC-O. 

25. o FlND is i li. .,-u.f,ir eea(f), by Claim 1 and DC-D( ). 
26. Following be.51.li-r~k.'S from pleads to (,·,t), by Clai s 7, 10 14 and 16 and DC-K(b) 
and (c) . 

By Claim· 10 and 20 throu 26, m-i.nlink(.J) = (rt t} in . By Claim 19, his i 

th corr value. Thus, ac.cmi.n(.J) = -n.i l' in s. 

Ca~e ft: (p, q) -=f:. c.or (/) r dcl!tatus(p) = find or w $ bestwt(p) in '. A.1 (s' 7r) 
is e.m.pt.y. W j t5 need to verif~ t.ha.t m,i-n.li7~k(f) and accmin(._f) ar 1Lmch.anged 1n 
order to how ha S ,,( ') = S., ( , ). 

SuJ,c4-'J 2a.: (p. q) i= core( /) h 1 .t 

Sup 05 (p, g) = inbrancli:.(p ) i . '. By DC-B(b). dc.5ta.h~(p) = unfind, so he 
only eff ct is to rernov 

sa,ge is no h..,...,...,,__,..,. 
ht;: Ft PORT. By DC-B(a) p e T.1.btrce(q , so his R.EPO 

ward m.w-root(f) i ~ 1
• Thus min.link(/) is uncha,u - d an 

un hang d. ,iccm.i.n( /) is 

Suppose (p q} ./= inbra'tich(p ) in ' 
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1. R ~o T( to h h d of dcq11,eue{ (q p) , by precond:itlou. 

2. (p. q) -# inb-ranch(p ). by assum.p ion. 

3. (p. q =/:- c:ore f)_ by u p io .. 
4. dcstatu.s(p) = . d, by Claim. 1, 2 and 3 and DC-A{g) .. 
- 1' ill: p-r da • y Clai.rn 4 and DC-I a , . 
,6,. F llowing inbTanches from pleads toward, ov~r corc;(.f), by Claim 5. 
7 . A REPORT Ill ssage is headed toward mw-root(f) by· la.1mA l and 6. 

min.link(!)= nil. by laim. 7. 
9. If ore f) = (p, t fo.r som t, hen. FIND i in dcque'U,e (p, ) ) , dcstat·us(t) = find . 

r REPORT is in dcq-ueu,e( (t, p}) by Claim 4 and D -J. 

Olai~ about 

10 . . n1.btre ·(/) corc{J) nodes(f . and tesiJ5et(f) o not change, by code. 

1. REPORT is in inbra.nch(p) . by cod . 
12. ollowing inbra.nche.1! f1-om pl ads oward and over care(/), by Claims 6 and 10 
and (,de. 
13. lip # -mw-ro-()t(f) then REPORT is headed t w~ d rn.w.rootl,f). y Claims 11 

and 12. 
14. If p = mw-root.(f), th n FlND is in dcqti.e-u. ((p,t}), dcdat; -.'l(t) = find orREPOR' 

is in dequeue( (t p} ), w -r · (p, t) = core(f) by C lai 9 and. cod 
15. minlink( f = nil y Claims 13 and 1 
16. accrriiti( /) does no ha.nge, by Clain , 8, 10 and 15. 

Claim 15 and 16 giv h r sul . 

s ,u.l:Jca,Jj 2b: (p, q = core.(/) ;; d dc:!fo.twl(p) = find in '. s· · R-EPOR."T(1:,J) 

i a.t he h ad of d.c.q1.t.(:u ((q,p)), DC-A(a impll that i'rlbran-ch(p) = (p, q). Th 
only ,chang i hat he REPORT i' 1·• ·qu •u d. Obviously 'm.inlink(f) l'W.d 
acc,niti( f) e unchanged. 

Sub i'l 2c: (p, q) = COT'e.(f and de fotu.s(p) = u.n.find and ,,, :S bel/itwt(p) in 
::;

1
• As in Sub as 2b inbranefi(p) = (p, q). The onl cbang is ha. the REPOR 

m ssage is removed . If t/J = hMtwt(p). hen by DC-P(c), ·1 is no e~ ernal link of 

fin ~' o · s. Th m.inlink /) and ac.cmi-n,(/) EU" b h nil in ' and ·. 
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S 1p1 o · w < bch'twt, p). By DC- · ) q = m.w-root(f). Thus the REPORT 

message in d'cgueu.t'.:( (q, p}) is no head d oward mw-root{J) in s ', and no criteria 

for minlin.k(f) or accmin(f) changes. 

(3a) OtJ.S I: (p q) = -iinb,-anch p ins'. 

Supp · ~ de tat11-:.~(p = find. Ba DC-D (b 1 n dcq?,£ ·•u.e{ (q , p)) in ' . 
by DC-0 dequeue {q p)) n UJ j st h ~~g '. Siu t h 

only ·ffi · uncl1.an d. 

Suppose dc..:ta.tu.s(p = unfin.d. The -nly change is he rem.oval of the REPORT 

message from dcqirn-u.e((q p)) . By DC-B(a) ei he:r {p q) = core(J), or p E suhtree(q 
m s 1

• In both cases, he R.EPOR.T is no headed to,-,,ard an:ir node ,vhose sub re it i s 

DC- I(b )~ By remai:k above . 

DC-J: Even though REPORT is rernoYed from dcgueue({q,p}) dc.statu..:i:(p) 
unfi.nd in s. 

DC-I (a): By verna:rk above removing th 1't OR. do not aff .e. th· com-

pleteness of any nod •s cl "l . 

Ca. e 2: (.p q) ./:, fobra.nch(p). Let {p,r) = inbranch(p). 

Claim.s a.bout s~: 

1. REPORT(w) is a. head of dc:q-uc1~e((q,p)} by _ r; 01 ditior 

2. {p, q) -/- inbra:nch p) . bv assUinption. 

3. (p, q) -::j:. coTe(f) by Claims 1 and 2 :id DC-. (a). 
(q,p) = inbranch(q), by Claims land 2 and DC-Ab). 

5. w = bestwt(q). by Claim.s 1 and 2 and D . (c) . 
6 . ,lc~~t.a.t.~(q} = unfind, by Claims l and 2 and DC-A(d) . 

7. .,,. ry child of <J is m.pl ed. b:y Claims 1 cl 2 and DC~ A ( ) . 
8. q (/ te.sts et( f) • by Cl~n:i.s l and 2 d DC-A( f). 
9. dc.,:t:atu.;;(p) = find, by la.im 3 and DC-A(g . 

0. If · okT is in dcq~eu.c(p, t), h n fobraw . .ch(t) = (t, p), for an. t, by Claim 9 
and DC-A( d). 
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1. p is up-to-date, by 0la:i - O' and D - I(a) . 

12. inbranch(p ) l ads toww-d and over cor (/). by ClainJ 11. 

3. q is an un omp]etcd child f p, by Claims 1, 2 and 2. 
14. findcount(p) ~ ' by la:ims 11 and 13 d DC-I a). 
15. 0 ly one 8.EPORT is in dcqueu ({q p)), by Claim. l and DC-
16. q is up- o-da.te, by lai 4, 8 and 12. 

lT. If REPORT is in dcqn~·u.c( (1,, I.) ) , hen (p t)-./= core ( / ) fo:r- al.l t, by Claim 9 and 

DC-C(b). 
18. If be.stwt(p) = h n here is no ·x ·rna.l link of p (if p ¢. tc.st.set /) ) o:i:- f 1:my 

n de in he sub r f any completed child f p, by Clan:n 11 and DC-F(b) and ( ·). 
19. f be.stwt(p) # oo, th n followh1g bei,1.lin.ks from p leads to he ml · u:m
wei ht ext al link l of al] nodes ·n Cp ; t.ot(l) = be~~twt(p); and level(_/) :5 
levd(fragrr1.ent(tu.r9 t(l))) by Clai ll and DC-F(b) and ( ). 
'.lO. If w = , hen · h is no xt rna.l link f (Jubfr. e(q) by la.ims 5, 7, 8 and 16 

and DC-K(b ) and ( c). 
21. If .w #; • hen followit lrn!itlin.l.· from q leads to th mi imurn-we:igh :dernal 

link l of uln!ree(q)· iu (I)= w, and le.ve.l(f < l vel(fragm n (target( ,/ ) ~ l,y Cl, "_ms 

5 7, 8 and 16 and D F(b) a.nd ( c ). 

Subca.se !Jc1.: p E te.5ts et(/ , or ftnd~Duni p) ./:- 1 in ' 

More cla.i'11'M abou s 1
: 

22. p E te3t.$et(f) I" fi:ndcount p ) -:f. 1, by a.ssu:mp ion. 

23. H findco-u.n.'1.(p) ./- 1, then fitul.co-u71,t{p) > l, by Claim 1 

24. If findcount.(p) #- 1 , th l so hild t :/:- q of p i no ompleted. by Chtl i.. 11 
and 23 - cl DC-K(a). 

2v. If findcoun.t(p ) = , h n p E te.stset(f) by Claim 22. 

DC-A(c): by Claim 10 any chang · o b twi(p) is K. 

DC-C: By ClaL 17, ch.an ·.ng b stwt(p it; OK. 

D -F: Cf. DC-G . 

DC- G: Removing R-EPORT from d.cqT1. , Y~ ({1,p}) does no ca • ' n Aft rMerge( p.q) 
.come ena ~d y · ']aim 3. 

D 

' B 
(b): Let t besom od such ha p E .1u.btre (t) u.nd dc.5tat'tt.s(t) = · in 

Clairu.s 24 and -,- , i her a REPOJt es,,;;,i.g · in subtree{p) headed t wm-d 
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p (and henc oward t) o so . r d - in ,t ·abtr•c(p} and henc in .mbtree(t)) is in 

te.~ ts et( f). 

DC-.l: Th r moval of th REPORT message is OK by Claim 3. 

DC- (a : Si firutcount p) is decr-emented by 1 we just need to how that 
number of uncompleted children of pd b. 1: by Claim 1, fJ i no compl d 

in · 1
• By Claims 7, and and d , g is ,ompl ted in~-

DC-I{(b) and (e): by lairns 1 , 19 20 and 21 ,.1.nd ~ode. 

DC-. I: By Clru.m 14 and code. 

Sub ca., 1U,.- p ~ te.:1t.8et( /) and findan,1.!t),t(p) = l , 

26. p fl t · ct(/) by as umption. 

27. findcc,-u.71,,t(p) = l, by assu:mp ion. 
28. No FI. o is h aded owa.rd p, by Claim 9 a.11.d DC-D(b) . 
29. H (p,r) = core.(!) and in.branch{r) # (r p) b I i· in dcq-ueu.e((p.r)), by 
Claim 2 ai~d D -F. 
30. o D:E:PORT is in ,z queue{(p. r}). by Claim 9 and DC- , 
3 . Every child. of p but q j$ compl t d , by Claims 11, 3 27 and DC-K(a). 
32. o FIND is i dcgueu ((p,t>) t I= r, by Claims,.. and 31 and DC-D(c). 
33. If REP It i.- in dcqueue((r,p)). then (r,, r) = core(!), by Claim 9 and DC-B a) 
aud (b). 

34. If (p r ~ r:ore(f), hen. dc.dafo . .s(:r) = find, by Cla.itms 9 and 12 .an · D -H(a) . 
35. If FIND i in dcquc'ti,e( (p, r) ), hen (Pt r = cort::.(f) by Claim 2 and DC-D( a) . 

DC- : By la.i:m 10 and h f; t that inbranch(p) = (p t•) ). w , n ed only 

nsider the REPORT a<lded o d q'Ueue((p r)). (a) y Claim 29. (b). (c) an.d (d) hy 

code. (e by Cfo.itn 3 - for any child of p c,:xc ·pt q· by aims 7, 8 and 1 and cod -
for q. (f_ by Claim . (g) by Claim 12 and 34. 

DC-B f, r REPORT added o ,tcq'U,:uc((p r)): if inbmnch.(r) - (r,p), hen by 
Cl im 12, core(!) = (p, r- ). 

DC- B for REPORT in dcgu. , ( (r p)): By CJa.im 33, core(]) = (p, r). 

DC-C: By ]_aim_ 12. in b·raTtdt(p) i 
n w messag is 
by cod~. 
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DC-D a): By Claims 32 and 35. changing de-,tatu.s(p) t unfind is 01 . 

DC-E: Tl additio f he • 01 dequeue( {p. r)) i _ s anno ca·use 
AfterMerge.{r,p) o go fi:om enabled in s' to disabled in .s becau.s dc..stat'U..1l(p) = 
find in s 1 by Claim 9 . 

C-F~ Cf. DC- . 

D -H(a): By Claim 7 and · • no nod in 8ti.bt.ree(q is in: t tf..J . By Claim 
31, n nod in Bu-btree(t , fm: any child t ./- q of p, is in te.s"l..<id(f). By · la.im 23, 
p ¢ testset(j). 

DC-H (b ): By Claim 27 and code. 

t t. #- p be u ha p E 8'l.1,b-°b" e( ) and dcstatu.8(t) = find i t. 1• By 
Claim 12 h n.: PO"R.T from dcq'U-e"tl,c( (q, 1>}) is for by adding 

1 d~~eu e{ (p, r)). 

D ~J: By Claim. 1?, th· onl' li1 k p t.l a an 1 1 a;r .f core{!) i!'; {p, r). If 
(P 1· = er:,.,-• f) d dc.dat,ui(q) = find in:/ hen changing dc3i.afo.s p) to unn.nd in 

s .is oomp e-nsatcd for by addi g l R l:.:POJ T to dcq-u. e uc( (p. r) ). 

D I{: As in Subcase 2a. 

DC-M; Clai :i. 27 illld o-d •. 

DC-0: by Claim 30 and D - and d ~-

v) 71"" is R ce· Find({q~p}). Let f = fragm.eni.(p. 

3b) A.a,( ' 7r) is empty. To show that .S, -' ) = S (.:.) '-V J 1s need. o show 

h~ Ttiinlink(J) and ace.m,in(f) are =changed. B cat.\. of h l"lND message, 
minlink(f) = nil in s' .. and mfr~lfoklf) = 'l'lil in ,5 .ince dc.datus(p) = find. Since 

heve is no ch "' t rnfolink(f). nod s(f), -es et{J , or :nwtree.(f), ac:.cmin(f) is 

l. FIND j at head of dcq11:eu.e( {q p} by l dition. 
2. AfterMerge(p q i. not ena.bl d, by precondition. 
3. ff (p, q)-=,=- c.ore. /) t.h"- pis a child of q, bv , lairn 1 and DC-D(a) . 

4. If (p q ¥, O't'c(f) h IJ. de tatu.s(q) = find, by Claim 1 d DC-D(a). 
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dcstatu.,(p) = unftn . , by Claun l and DC-D(b ,. 
6. E 'e:Q· nod in subtr e(p) is in tes ct(,/) by C laim 1 rl DC-D( ). 
1. N REPORT is in dcqu.eue((p,r)) with inbranchtr) ~ (·r,p) for all 1· by Claim 6 
and DC-A f). 
8. If n. on i in dcqucu.ti({p r}) h n (p. 1·) ,/. core f , for all r, by ]aim 6 and 

D - . 
9. H REPORT is in d.cqueu ( {q. p) ). then p, q = core f , by Cl · . d DC-0. 
10. If (r. p) E subtree(/) r ::j:,:. g, then r L a, hild of p, by Clai , 3. 

11. No R.EPOR. i i dc(J11, u ((r- p) r :;6 q . .vi h inbranch{p) -:/,a {p.r)), by Cl.ai.InS 6 
and 10 and DC-A{f). 
12. o REPORT is .i dequeue-( (r p)) r #- q with inbranch(p = (p, 1'), by Claim 10 
and D -B(-) . 

13. If (p. r} E S h n r i a child , f p by Claim. 10. 
1 . dc..5ta.t.n..!S(r) = mind for all r E .mbtr e(p), by' laim 5 and D C-H(~ ). 
15. H (p q) ¥- core(/), hen de$ ai'us(r = find fo all t' u th q E .;u.btree(r), 
b,-• Cle 'm and DC-H( ). 
16. dcqu u ·( (p r)) is either empty o oruains o y a .R.El>O T fOl:" all r such a 
(p, r) E S .. by Claims 5 and 13 and DC-D a.) and DC-0. 
17. If (p, q) -:;fa co-re(/), then follm in, i , .. - ches 6.-om I} l ads toward and over 
oar~(/) by C laim 4 and D C-I( ) . 

By Claim. 11 w n d o 

{q,p). 
OK. 

n i r any REPORT in a link le.a.vin 1'

r any REPORT in a I.ink coming into p, ·c ·p fo1· 

to {p, q} in , rem.ovi g tN , f om dcq-ueue( {q p)) is 

DC-B: By ' lait 9 and 12. changing dcstat t.!(p is 0::E". 

DO-C; By Claim. 8 1a.n ·, d ta.tu.!!(P) and be8iw p) is OK. 

D -D: (a.) y Cla.i 13 and code. b) by Claim 14. (c by hum 6. 

DC-E: By Cl-ai 2 and code (adding ·IND m · ing dc.s. a.tus(p) 
o ii.rid) i: ming FJND fron"J. dcquett.e (q p)) is OI<. 

D F ~ . a.r u •d for D I(a), the only po "b]- 'nk f p hat is part of co1-e(J) 

{p q) . Sine cod sets inbran.di(p o (P, q) ~· .moving h FIND i s r ·. 

D C-H(a); If (p q = c.ore(f). th 1 

co · (f), h Claim 15 implie ha: i. 
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C- ; (a.) If (p, q) = core(/). hen code gives he res-ult, since i»bratich(p) is :set 

o {p q} and dc.stat1u(p) i to fi d. lf (p, q) ¥: co (f), h n Claim 17, he fac 
tha p i.s a child of q by D D a), and cod gi-v h resul . (b) by Claim. 6. 

DC-J: By !aim.· and 2. 

-I{: (a) findeount p) = ISi = numb r of childr n of p .. one is compl ~te by 

lai 6. ( ) and ( ) are true by code, since no children are c mpie e. 

DC-L: b od • a.11d lwm 3. 

C-. ; by od . 

D -0~ R ll10Ving th F .•o Er m d1,;q7;,eue( (q' p)) s r. dding FJNU O de
queue( (p, r} , {p, 1·) E S, i OK by Clai 16. 

vi) "'l'I' is M rg (f g). 

( ' r. = tr:. Obviously .r is nabled in S s 1
). Effects a.r min r d in 

= nil . '. nsp C>C mg h code reveals 

, a FIND message is in s-ubt.rce(h •, o m,im.Jfok(h) = nil, and node.s{h) = 
t. ·:!$ t(h), so aecmin(fi = nil. 

(3a) Clai.t-nJ about '· 

1. f 'F g b. precond.i ion. 
2. roofohanged(f) = 
3 . rootcl~anged(g) = . ru co di ion. 
4. min edge(/) = y;;1,i1Ld.ge(9) by pi:•econdition. 

5. mfolfok(J) ~ nil by Claim.?- and COM-B . 
Le (p, q) = mi11.link( f). 

6. minli:rik(g) = {q.p>. by Ciahns L 4 and 5. 
o REPORT is h adc<l t ,va.rd rooi{f), by Claim 5. 
o REPORT i h to ,,a.rd roo g), by lai.m 6. 

9. -o ·1.N i in ~ubtree(f), by Claim 
0. No FT D ·s i .;u.btree(g . by Claim 6. 

1. tlc~tjit-u.s(r) = u.n.fi:ud f, r all r E nor!e.s(f) by Claim 5. 
12 .. dc-~tatu..!!(r = unfind for all r E nodes(g , by .ut. 6. 

13. (p, q) is he mioirnum-weigb.t · xt ma.I linl;: off by Claim 5 and CO£ 1-
14. (q,p) is he minimun -w ·g1 t •::x:ternal linl" of g. by Claim 6 d C _ -A. 
15. te..stse.t(f = 0 y Claim 5 and GC-C. 
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rn. testsct g) = 0. by Cl im 6 d GG-C. 
17. If • PORT i- in dcq1-i •ue (r t}) then i.nbranch(t - (t r) :I! r all (r t E 
.mbtr 0 c f b Cl · H 9 and l and D - A(a.) and f). 
1 . ff REPORT is in dcqu ·ue( (r, t) ), t 'nbranch(t) - (t, ?'J . for- all r t) E 

subtree.(!). by Cl" ·ms 10 d 12 and DC-A(a.) and (f) . 

19. If REPORT i m. dequeue( {r. t)) and (r t) = r;or (I) h n r = -mot(/), hy Claim. 
1-

20. If REPORT is in dcqu,~ue( (r. t)) and (1·, t) = core(g . hen r = root(g ). by Claim, 

8. 
21. If REPORT is in. dcq1;1, 1.1.e((r,t)) a.nd (,·,t) -;fa core(/, h ti- a 'ld of r, for all 
(·r t) E -•ubtr e(f), by Claim. 17 and DC-B(a.). 
2:2. If R.EPORT ii5 in dequeue( (r. t}) and 1-- t) #- corc(g ), h n t ~s a child of r, for all 

(r t) E .sul,tree(g), by Claim 1 d D -B a). 
23. If REPORT is in dcq1u!Ut!((r t)) th n (rt) is no on th p ·t.h b, w · • rno«_/) 

and p, for ail r t) E A11.bt-r-ee(J) y Claims 5 7, 13, 15 an 17 - d D - i. 
24. If REPORT is i tlr.q•uC'IM;({r,t)), then (:r,t) is no o 

and q, for all · 1·, t) E 1n btret:(g), by Clain 6 14, 6 d 18 and D - - . 
25. dcq,.1.cu.e( (p q)) is m.p y, by Chum 13 · d DC-A(g). DC...B(a) and DC-D(a). 
26. dcqu 1,e( {q,p)) is emp y by Clair 14 mid DC-A(g), DC-B(a) d DC-D(a). 
27. findcount(r) = 0 foi: all r E nod :;,(f), by Claim. 11 and D H( ). 

28. find ount(r) = 0 for all 1· E nod~.s g). by laim 12 and DC-H( ). 

Cla.i.'[7i,8 about .s: 

29 . .subtree: h) is the old .su.btre (J) and cS11.-btrce(g and (p q), by cod . 
30. core(h)""' (p q), by code. 

31. i.c.dAet(h) = node:J h ), by cod . 

3" dr.gue"Ue( (p, q)} contai · only a FIND, by Cla.im 25 _ d code. 
33. l o FIND is in any oth r link of .s-ub,tree(h.) hy laims 9, 10 and 29,_ 

3 . ,lc8 ,atu.s(,.) = un.find foi· all r E node$ h) by l<lim - 11 12 and 29. 
35. If REPOR. j - ·, 1 ,l 'J"U ue((r t)) h, inbra,nch( ) = (t, r) for a.ll (r, t E 

ubtree(h) by Cli:!-im 17, l , 25 26 an l 29. 

36. If l\EPOR is in dcqtt.e'1.u:((r. 1:}) hen .is a child of r . for all (r,f) E .'!Ubtree(h), 
y · lai · 21 hrough 26 and 2 . 

37. A/te.rMerge(q p .ii iu l ·d, by Claims 30 32 33 and 34. 
3 . dequeue( (q. p) j cmp y, by Claim 26. 
39. finde.011.n.t(r) = O for all r E 'IU)il.f! (h). by Claims 27. ? · 29. 

DC-A: ·a uously ru . by Claim 3o. 
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DC~B: By lai:ms 34 and 36. 

D -C: B Ciai s 30 32 . cl 3 -

DC- D: The only FIND is in dcqu.e1t { {p, q)) by C laims 32 and 33. (a) by Claim 
30. b . by Claiim 34. (c) by Clai:m. 31. 

DC-E: Bv !aim 32 for .subtre,e(q)· by Claim 37 for 3ub-tre p ). 

DC-F~ By Claim.s 32 and 37. 

DC- G~ By Claim 31. 

n, -H~ (a. by Claim 3-4. ( : by Gia.ii 39. 

DC-I: acuously tru. -· by 1aim 34. 

DC-J: Vacuously true by Claim 34. 

DC-K: By Claims 31 and 34, none is up- o-date. 

DC- ; By Claim 39. 

DC- : Vaeuousl 

D -0: By Claim 30. 

Ch.im 31. 

vii " i Aft M ge(p q). L f = frafPTl nt(p . 

(3b A.,i. ( s', r.) is empty. \\c j ~t n o h w ha accmin{f) and m,inlink(,J) 
do nol: chang , Th· 1--mo rn. -(5ag;e(s) iinply that m.inlink f) = nil in both s 1 ands. 

Since th.ere· 1:10 c ang to minli~k{J}, nodes(f) e3tse /). or subtree(/) a;ccrn..in(J) 
does not chan e. 

1. . q = core{f . b_y precondition. 

2. Fl"1D i in dcg-u ue({q p)), by preeondi.tion. 

3. No f"lND is in dcque.tie (p q)), by p · 1di io . 
4. des ta tus ( q) = u..nti.nd. by P!" · on.di ion. 
5. No RE R.: ·s · dcqucue((q,p)). b pre=nclition. 

6. Every node i ~~1.-btr ( q · is in e.~ts et( f), by Claims 1 throu. h DC-G. 
7. p Et •~~d(f , by laim 2 and OC-D(c). 
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S. o R. pon. is i tfoqttc-ue( (p, q)) by C1• . 7 and DC- . 
9. dcqu.eue({q,p}) consists solely of a FIND, by Claims 2 and 5 and DC-0. 
10. dequeue( (p q)) is emp y by Claims 3 and and DC-0. 
11. (p q) E ..i'tLbtree(f), by Cl '. aud COM-F. 
Cl,ai'Yfu about .-

12. (p q) = coTe(j) by Claim 1. 

13. Every node in .sub t:re { q) is in i. e.sts e( /), by Claim. 6. 

l . dequeue( (q, p}) oonsists solely of FIND, by Claim 9. 

15. dequeue( (p, q)) onsists solely of FJN by hum 10 and d . 

16. dcsta tus{ q) = unfind, by Claim. 4. 

17. A/terMergr'!}(_p, q) is .no 

18. AfterMerge(q,p) is o 

nablcd, by Clcim 15. 
nable t y Claim 14. 

D -D; {a.) by Claim 12. (b) by Claim Hi. (c) by Clru.rn 13. 

DC-E: By la.i · 1 lv • IND in dcqu~tie( {p, q)) replaces A.fterMerg,e(p., q) being 

enabl d) . 

DC.F: Bv Claim 15 { •l o 
enabled) . 

dequeue( (p, q)) replaces AfterMerg {p, q being 

DC-G: ~ ousl · · ru by Claims 17 and 18. 

DC-0: By Clain1c 15. 

· iii) -.:r is b orb(£ g). 

(3c) A,(. 1 
;.-) = ,r. Obviously 'ff" is enabled i S.i.( ' • Effech; ar mirrored in 

S,1(.s:J ifw can how · ha ace.min{/) and ,ynfolink(f) do o , cha.ng . 

c~e 1: p E tc_,t., ·t(f in ; . By G 0~ ?ninlink( f = nil in '. By insp cting 
t.b. c d • - FIND message is in ubt.rcc(fJ in .~. so min.link(/) = ·nil in also. 

Suppose a.ccmin(J) = nil in .s'. Then th re is no external link of any q E 
rw d cs ( /) - te3fs et f) i '. Si t lit,-.et( f does not change an.d no fo ~rly in t.-!1-:nal 

links become el'.tc al (l.r-cmin(f = nil ins also. 

Suppose accTnin(f) = (g r) in i/j,. y G .A le~el /) < level(frag1ne.nt{r ) . So 
bv preeonditio fra.fl'Tt1 n.t{r) ~ g. Since all of node. (g) is add d o t.e-.'lt. t(/) · h re 

is no hange 1;0 ncd.e~ f) - tc8fa3ct(f ). Thus a,c.c.m.in.(f is un hang ·d.. 
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Case 2: p ¢ tut.set(/) in sJ _ 

Cla.im.s abou :/: 

l. rootchanged-{_9) = true, by pr condition. 
2. le11el(g < le11el(J ), by precondition. 

3 . m:i~;,li-ttk(g) = (q } # n'lil by l recondition. 

4. fru.9°mcnt(p = f by pr ·couditiun. 
- d'c.dattt.!l(r = wrlin,d for all r E nodes(g) by Claim. 3. 

(3_ N ff o c-s~age i "n ;$u.frtrec(g , b~ Clai 3. 
7. o REPORT ID.eSSage is headed toward wim-roat(9) by Claim. 3, 

rooti,_g) = mw•root g), by Claim. 3 and COM~A. 
9. wt{l > wt(q,p for all external links J of g , by Claim 3 a.nd O 1!-A. 
10. If m.inlink(J) = (r1 t). hen l vel(fragment t) ~ kv l(f ), by CO - A. 

11. If =inli.nk(f = (r,t:) · h 9 # fra.gm.ent t) by Claii 2 and 10. 

12. If ,-1,c.MniTi(/) = (r, t), hen levd(frf1,gm, ·nt{ll)) 2 W'V ·l(J) , by GC-A. 
13. li' q.cc min( f = ( r , t) th g ¥: fra.gm en t( t), by laims .2 and 12. 

lf minlink(f = na in ti. hen obviously it is still nil .ins. Suppo5e m.inlink(J) = 
(r, z) in s'. B.,• Claims 5 6 7 nd (a.nd c de) Ynim.liw.lc(f) = (r 1.) - .s as ,i ell. 

lf accm,in(f) = (1·, t) in ,:;/. then it is un.changed in .s by C l aiJ:ns 9 and 13. 

Supp " g.ccrnin(f) = nil in 1
• If t.hls is because minlink(f) cf:. nil in s' hen 

in w jus showed tha. m,inli.nkl,,f do . . n dumge; tu.r;.rni-n.(f i s ill nil • ... . 

Suppose accm.; -n(f) = nil not b ~ a ts • niinU.nk(f) = nil, bu becau - no node in 
nMleJJ(f) - tc tse:t f) has an extern.al link. But by the assu.n1ption for th.is cas , 

p </, te~~ et(/), y (/) by Clau:n 4 and (p q) i ao external link f p 

by Claim 3 and C 

(3a) -econ id tw Cc - • Fir we 1 :r v !'.Om fat- ru in ' oh cases. 

1. rootchanged(g) = true, by precondition. 

2. le'?Jel(g < kvel(f), by p c ditio . 
3. m.inlin g) = (q, p) by pr ndition. 

p E node.s ( f • by prec.ondi ion . 
.J_ No R.'EPORT is headed to ..... ~ard root(g) by Claim 3. 
6. o FlND is in ~ubtr·e(g), b laim 3. 
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7 _ d csta tu.!!( r) = unfind fo:r all r E no de:i g ), by Claim. 3. 

S. (q,p) i b m.i iimum-v ·ight -.· .tl 1i k of g by Claim 3 and CO -A. 
9. teBkid(g) = 01 by Ch,um 3 aud G -C. 
10. q is up- o-date, by Claim 9 and DC- 1 . 

11- Foll \Vtng bc:Jtlink-' fi:om. q leads toward and over core{g), by Claim. 10. 
12. If EPORT is in ~L:::q--r,c~e{(r, ) ). h ·u inbra.n.di(t) = (t. 1·) for all (r, E 
subtree(g) by Claims 6 and "'and DC-A(a and {f). 

3 . H fl OR'l is in dt::queue{(r,t)) and (r-, t = core(/) then. r = :root(g). for all 
(r . t E ui,btr~ (g), by Claim 5. 
14- If' ft. PORT i!!o in dcqc&c.U ( (r,t-}) ., . d ( r t) ~ <:on: /), th 1 t i~ a child of 1·, for all 
(r. E 8$btrce g), by Clai '9 and DC-B . ).. 
15. If REPORT is in dcqu,e-ue({r t}), hen {r,.t) is no on h pa h b b,-een root g) 
and q, for all (r, t E ~u.bfree(g) by Claim.s 3 , 5, , 9 and DC- ~:T. 

16. 1 o REPORT is headed toward q, by Claims 5 l and 15. 

17. dcq~eue{ (p, q}) and dequeue( (q, p)) al'C empty by Claim and DC-A (g), DC
B( a) i DC-D(a . 

CtYJe 1: p ,e ie.sbet(f ). 

More d11.i:m.$ a;bau ; . 

18. p ¢ us ts et f) • by assum.1 io 

19. AfterMcrgc(r, t) , h"'r p E 8u.btr (t}, is not enabled by Claim 18 and D -G. 
20. o FIND is headed towar,d p. by Claim 18 and DC-C(aJ. 

DC-A: By Claim 12 vacuously rue for any REPORT ·n old g. Fo a REPOll'I' 

ha · could be in some .de.q1u;;t1. (r, t} with p E -,-ul, · 'I' e( ): ( ) y Clai 6 d 7. 

DC-B: By Ch~m 16, chwig · in location of core for nodes former.ly ~n g· is OJ . 

DC-D (a): by Claim. 6. ch, 

By Claim 20. i is OI 
ec. i loca i f . 1 · , or 
d nocle.1J(g) tu tests t(f). 

D -G: By C'lahn 19 vacuow.ly tru 

DC-H(a : By Claim 7. 

fi nnedy i g i Or<. 

DC-I ; Choose a.n;.v up- o-date nod 1· m node.9 f) m s. By Clai:ms 7 and 11 
and od • no nod ha: is in node~(g) in I is up- o-da: · in . Thus r is in. nodes(!) 
in s 1

, and i s up- o--da . 
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(a) If r = p, h :n findcount(p) i hanged (ir er m.ented by 1) if and only if the 
number of chHdi- n of p that ar · not compl t d is a.nged (in ~ased by l . If r #- p 

hen neith finclcou.n.t( 1·) r h number f childr n of r that - "' no com pl. ed is 
chat' ·d. 

(b) Suppos b ~tzink( 1·) = nil i1'l . Then h sam · is :rue m '. By DC-K(b ). 
b $twt(r) = ~ d here is no e:.-.:: rnal link of C.,. in '. In going o , h re .is no 

chang to b·~-~twt(r), and o i t rnal links ernal. 

(c) '! be tlink(r) #- nil in . hen ~ rue in ' L l b th 
min.i.mun1-w ·i h xternal link of Cr in :l . B. DC-I{ c) foll '-Vi g be.stlink f1;0 r 

leads o I w ( l) = lrns twt ( r) and level( h) 2:: l'e ?J el(/). w her h = fragm, entf. td.r-gct(l)) 

in s'. By he prcco dition on le11el(9 ) 1 h #, g in s'. :id · hus l is s ill ernal in s. 
If pt C,. in •1

• t n C,. is u.n hanged ins a1.Ld h predica e i!o .still rue. Supp 
p E Cr in '. By COM-A wt(1>, .q) is less han h .v igh of i y o her ex ernal link 
of g, and hus (l is less tha.n he ,;,;•eight of 111.ny external link of g in t Tl us 
adding all th - odes of g l:o C.- in going does no falsify h predica -

DC-0: By Claim 6, the fonn core(g) is 01 . 

DC- -= Let, l be the m.i "mw:n-weight x ernal link of/ in '. If l f=. {p q), hen 
wt(l) < w (p, q " , d by Claim. , t(l) < wt(fl) for any ex ma.I link l' of g, T us, 
in l i· sill the mi.uimum-weigh ::...-t rnal. linl, of s. and DC-N is ru in . 

_ o, su.ppos l = (v q). By DC- - and Claim 18. p is np-to-date. B t by DC
K(b) and (c) b11:;;,tlink p) = (p, q) and le.'tJel(f) ::5 lrwcl(g). ,-.,-ich con r-adi-=t Claim. 
2. 

C~e £: p E test.set(/). 

More claiTn.s a.bout ~1
: 

:21. p E te~t., ,t.( f) by asi;umption. 

22. F r all (.,•, } uch tl a. p E ub-tr (r) and inbra.,,-1,,ch(t) = {t, 1·), no REPOR'l' ·s in 
d q·ueue( (1· t)) by Claim 21 and D -. ( }. 

23. AF ND is head l owa:rd p c dc-'iatu.s(p = find or AfierM rg (r t) is enabled 
wJ - p E ,ui.btr e(t) by Claim 21 and DC-• . 

DC-A(e): by Claim 22, h addi io f uncompl d child q pis 
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D B: As in Case 1. 

n ; A in Case 1. 

D- - : B;y laim 23. 

D -G: B code, sin aU o nodc-,(g) is added o te.stset(f) . 

D -H: By Claim 7. 

n K: . in Case 1. 

DC-NI: By code. s ince findcov:nt(p) i5 in 1· mented. 

DC-N: By cod ~T since all of node.,(g is "dded to te.stset{f). 

DC- : By Clan 17 and code. 

Let Pbc = (Pbc o s~) I\ Pn . 

D 

CoroU ry 201
; Phc js true jn very reachable tat - of DC. 

Proof: By Le:mrnas 1 and 19. D 

4.2. OT 

Tb.ii · au om.., o 1·clines on CO 1 by i-m.plemen ing th l I a.nd core of u 
£re.gm.en wi h lo al variables nlevel(p) and nfrag(p) f. 1· each node pin h fr gmen . 
· cl wi h NOTWY ·s~es. Wh \ ·o fragm nts m , r"" u. N'OTJFY m. is sent 
over on link of he new or can:ying -h l v l and core of h n wly created 

fragm I:. Tb. action .AficrM rge(p, <J add s ha NOTrFV mes ·3g" o he oth r 
link of th" n ~ core. Com,p'U,teM1~n(f) a tion cannot ~cu un il h sourc f 
-rninlink(f) J · he corr c nlcvel. and th ta.i-g<~t. of -minlink(j has an nle-vcl a.t 1 ~s 

as big a: t,h" source's. Th pt: conclitions for Ab~orb(f, g) now· ud · he fa th.-. t 
h 1 v l f fragment 9 must be less h • h 11-lev l of h ai: get of mi nlin k(_ g). 

VVh n an Absorb(/, g) , curs a .NOTIFY 1nessage is t o th old fragln - t g, ov r 

he reverse link of minlin.k(g), wi h t.he nle1Jel and nfro.g of th a.rget of minlinl,,(_g). 

on OT tfor ' otify ') as follows. 

The tate co ~i ts of set fro.gmf'.nts. Each e l m ·n f of he s i. :ailed a 
fro.gment, and ha, , he followi_ g omponents: 
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• m.tnli.nk(f). a. link f G or nil: and 

• root.changed-(/) a Boolean. 

Fo1· ~ach node p here ar associated two variables: 

• ·nk-vd(p), a nonne ·a ive integer; and 

• nfrag(p), an dg of G or nil. 

For ach : · (p, q), th r aise associa d thr variabl : 

• nquett.e,,( {p. q) , 0 qu ue ofm - from. p to q waiting a p 

• nqu.euepg( (p, q)), a FIF 
municatlon channel; aud 

f m · !e11:\g _ from. p o q ha are in he com-

• nq-urne9 ({p. q)), a FIFO q 
·processed. 

f messages from p o q wai 'ing g ob 

Th . t of possible me ag },If i { TIF (Z. c) : 1 > 0, E E(G }. Th tat 
.us con a.ins Bool an ,•ariabl ·, a.n w rr.d(l) , one for ea.ch l E L(G). and Bo 1 a.u 
va.i--iabl awake. 

In the start · of NOT. fragments has on ~1 ·n for a ·h node in "(G); for 
fragn:1.e / on- i:;ponding to node p. :11t1.litr e /) = {.p , min.link(]) i he m.im.m.uin

we.igh linlc adj- t· Lop, and matchanged{/) · fal . For ach nod p, nle-vel(p) = 0 
and nfr"!J(p) = nil. Th messag qu u s 'I.I. emp y. Each an.~wered(l) is false NJ. 

awake is false. 

'\ say ha a messag · m. is fo ~u.btree( J) if m i · 

p E node.J(f). A N TTFY message is lleaded toward p if i 
p E subtree(r). The£ llowing a.re derived 'abl'-s: 

s m nq·1'c-u ({q,p}) and 
is in nqueue((q. r)) and 

• Fo,: li k (p q'). nqueue( (p, q)) is fin l o be nq-u.eue11 ( (p, q)) 11 ng,z.eu.epq( {p tJ) ) 
II nqur!u.c1'((p, g)). 

• For fragrncn 
NOTffY(l. c) m. 

f, level(/ = ma.r{l : nlevel(p) = l for p E node (/) or a 
ag i. in ,n,btrP..e(f for ome c}. 
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• For fra,gment f, core(/)= nfrag(p) if ru•ti l(p) = lev l{J) for sm:ne p E node.,(/ 
and core.{!) = c if a o WY(fo'tlsl(/). message is in ~ubfree(f). 

for h DC action ReceiueFind. ll.ace.i-ae.Noti.fy((q p) l, ) i uly ~ bl - l if 
Aft fir M 1'9 P, <J.) j S no enabled, in ,01-d r to 1-nak ~ur · h · q '!j s,i d - of he SU bh-
is notified of th n w inf rma: i n. 

Input ac ions : 

• Starlf..p , p E V'"(G 
Effec s: 

a•wake ~= r-u 

Output. actions~ 

• In.T,ree{(p, q) . (p, q) E L (O) 
Preconditions: 

a-wa,k. = true 

(p, q) E subtree(fragmeu.t(p)) o (p q) = -minlink(fragrnenr.(p)) 
answered( (p q)) = foJ • 

Effects: 

a.·n..,wered( (p. q)) := rue 

• 1 NoiJnTree (p q)), (p, q) E L(G 
Preconditions: 

fra,gm nt(p) = fragm.eni(q) a:nd (p q) ¢ ~ ubtree(fragm.ent(p)) 
an., tu e. red( {p, q}) = faJ · 

Eff. ·cts: 

answered {p, q)) : = t 

ln:ternal a tio s: 

• CliannelSend({p. q),m.), (p,q) E L(G), rn E l\!l 
Pre onditions; 

m at h , l of nqu.e-u.e,,( {p, q) ) 
Eff: s: 

dequeue( nque'!te 
1
, ( (p. q) ) 

e.nqu<-··u ( m. nq-ueu ~ ,.,.. {p, q) ) 

• Oha.n,idRecv( (p, q) m), (p q) EL G), 1n E M 
Pr oonclitio 
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m at head of nque1.tcp,,( (p q}) 
Effects; 

dequeue nque.11,e i;,q( (p, q))) 

euqu u n • ngu.eue ~( (P~ g))) 

• &cei1JeNoi.ifu((q.p},l,c), (q,p) E .l,(G., l ~ D, c E .E(G) 
Pr condi ions: 

NOTIFY l c) a head. of 71:,q'!l.et1.ep( (q p) 
Afte.rMerge(p q n t na l d 

Effects: 
dequeue( nq-t.1. et.1.e1'( (q p))) 
nfov,d(p) ;= l 

nfraq{p) := c 

- let S = {(p 1 r) : (V ·r) E .s::u,btrcc(frag-ment(p)). r -I,, g} -
:mqueue(NOTCFV(l, c), i-iqu u~,_(k)) for all k ES 

• C<>mputeMin{ f). l E fra9m.ent~~ 
P · ondi ions: 

mi:nl-i:r1.1.-{f = n.il 

{p q-) is he m.innnum.-weigl:it · •rnal Link of J 
nle1J1eJ(p = letJcl( f) 
level{ f :S nlcvd( q) 

Eff cts: 

minlink(f} ;= l 

• Change.Root(/), J E fra.g-ments 
P recondi t ion!j~ 

awak = ru.e 
rootc.hanged{f) = falt; 
m.inlink f) ¥, nil 

Effects: 
rootchang d(J) == hue 

• Me-r_qe J. g), f g E /r(t.gmrmt3 

Precondi ti on:s: 

f ¥, g 

rootchanged(f) = 'IV.1u-l.cf1.a.nged{g) = true 

Tnineilge(f) = rn.inedge(9) 
Effec : 

add a new eme f1 o fragm.e.nt& 
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S tio 4-.2 .5: OT Sia1.ula. es COM 

subtrne( h) := 1n1,birec{J) U .!ubt-r~c(g U mi.nedgc '/) 
m.inlin li) := nil 
n10 teh a,T~gcd('i) ; = false 
- let (p, q) = m.inedge(f) -

• qu l ·(NOTI · ( n.l 1.iel(p) + 1 (p, q )), nqtLeu -"( (p q))) 
delete J and g from fragments 

• · Aftc.r.Vtrgt:(p q), p, q E (G) 
Pre ondi tion~: 

(p. g) = core fra9m.ent(p)) 
NOTIFY( nlevel(p) + 1, (p, q)) messag-e in nqueu;e( (q. p)) 

no NOT lPY ( nleti 1 (p) + 1 1 ( Pdl)) message in n qu. e u.e( {p q) 
nl vel(q) ,,f. n,l vel p + I 

Effects: 

enqueue( IPY( nlf:t.1d(p) + 1 - (p q)) nque·u r> {p, q))) 

• Ab,mrb(J, g f,fJ E fragmen-b 

P:recondi tions: 

r,wt.dta.ri..ge.d(g) = true 
- l t. (q p) = min.lin.k(g 
l -v 1(9) < nlev ,Z{p) 
fragm,,e.nt(_p) = f 

Effects: 

ubtree(f := subtree(/) U ,subtree(g U ,nincdge(g) 
enqueu (NOTIFY(nl v l(p , nfrag(p)) nq-ueue,.((p q))) 
delet,e g fr m fro.gm 7,t., 

Defi.n the following predi cat 
versally quantifi d. 

n sl:a.t of OT. AU fr varlahl ~ a.r uni-

• ~ fQ -A: core(/) is well-d fined. (I. .• h s: of all -11ch hat a. OTTFY(l 11-

el(/ , c) is in subt-ree.(f) or s p E node (/) bas nki,d(p) = level(/ and 
nfra!}(_Jl) = c, · :.:;a..c ly one 1 J.nent.J 

• 0 -B: If g E subtree 1>), · hen. nle eZ(q) < nlevd(p). 

• 1 0 -C: If (J) q = r.ore(f) th nle1,el(p) > lc1)el(j) -

•• OT-D: If 'l'nfolittk(_f = (p, q) h 2 n nlevel(p) = level(/_) $; nlevel(q). 

• 
10T-E~ If nfrao{p) = core(frag-m. n.i(p))t hen nle.vel(p) = le.vel(fra.gme.nt(p)). 



4.2 . .5: NOT Simu1ates C01\d 

• N T -F: Either nle11el(p) = 0 Bil.cl nfrag(p) = nil 1:t 1 e nlevel(p) > 0 and 
nfrag p E ,subt:ree(fragm,e.nt(p)). 

• NOT-G· If nlevei(p) < fovel(fragnteni.(p } then eith a NOTrFY{ lev l ,(fra.g-

171 cnt(p) ., core fragu-H!n,t(p )) messag i headed oward p or else Afte.rM T!J 

q • r) is enabled where p E $Ubtree ( t·). 

• T-R; ff a NOTIFY{l. c) message is i.n nq-ue11-e (q,p)) h n 

( a nlev l p) < 1; 
(b) if (p q) # c:arc(fragm.en.t(p) , · hen nlevel(q) > l; 

if c = corc(fragm.cnt(p))) h l = level fragm.e.nt(p)), 
d) if OTIFY(i',d) is ahead of he IFV(l,c} in n.queue{{q,p)). hen l' < l; 

( e) p i a. child f q, or {p, q) = C<n't: (fra.gment{ll ) · 
(f) if (P, q) = core(jn£gment{p)), h l = lcv .l(fragmt!n.t(p)); 
(g) E a,ub ree ( fragment( p)), and 

(h) l > o. 

Lei: PNoT b th co ju ,c ' io fN ugl •OT-H. 

In order o show that NOT simu1a s 00- 1 w define an abst action .mapping 

\.-f5 = (S ~, As) fr m. NOT COJl.'1. Dclin h f-unc ion s ~ from tat OT) o 
states( COlvl) by simply .ig:norh <"' he n1essag-e queues and ma.pplu..- he derived vari
a.bl s l '!)el/) and core(/) in the OT state to the (non-derived) variables le'IJel(f) 

and core.(/) in he Oki state. Define th func io Ai:. as foll ws. Le b a, stat 
of - OT and ~ an a, ion f • OT rui.bled in . 

• If~= Cl,annelS nd(k. rn), Cha:n:ne.lR c11( • m), R.. ..;:em Noti.fy(k l, ) or Afier
M erge.(p, q), hen .A.5 ( s, 'Ir J is empty. 

11, For all o her values of 'lT 1 .A.5 ( v) = :,r-. 

Th followin predicates are true in any s a e of_ OT sa isfyiug ( Pbo M o S5) A 

p ' OT· R call ha PcoM = P51 0 S1 ) I\ Pco ,,. ff PboM(S~ )) is rtl h - th 
M predica. es are rue in $ 5 (s), and th S1 predi ates• , tru i S 1 (S5 ( ). Thu , 

hese prcdi te Jlow so PNor, tog th"I with the HI and COM predica es. 

• N T-I: If p = min.node(!}. hen n OTlF'Y m ssag is hea.ded toward p. 

• OT-J: F, r all p, 

fixed l 

mos on OT1l"Y ( l, c) message is headed owa:rd p, fo a 

n nla 2 OT i.cnulates COA'1 via M.:; F OT a.ud Pbo ,w. 

4 



S ction 4.2.5: OT Si u latlla CO If 

Proof: ' y inspec ion th yp 

Corollary 14, P.1 
OM is ~ p1· "di · 

of OT CO £, M5. d Pi r ai· 

r. r- , 1n v ry reachable stat of C 
rre 

I . 
Dy 

) L 
·fort( CO ,f). 

b i tart(NOT). Obviously P~ o-r is true in and S~( ) is in 

(2) Obviously .A (~~, r.)lext (CO t\'.l = ,r-1 xt( OT). 

(3) L ( '• rr. b as ep of OT su h hat P 1 
OM is true of Ss(s/ 

1. D\<;.! .f s'. Below. we only .show (3a) for thos p1--edka cs hat a:r n 

nI lil • 

:i ) T,' IS S 

r.. hviously 

ii) ...- ·· h n n e lSend(l 1n ) or C ha.nu IR 
b i01.U>ly, ·::.(s') = ( ), and PNoT j true in 

ha.ngeRo o (f) . .A. ( ' 'l:I") = 

(I m). A.:; ( .s', 1r 1s empty. 

{3b) A.;(s',r. 1s mp y. To show · hat S5( ) ""'S ,') only ne d o show 

ha k1Jel(_f) and (!ore(!) d chang ·. By NOT-H(a), nl 11el p) < l in ' d thu~ 
nle·ucl{p) -;;i. level(/). So chat ging nlevel(p is 01 . Also, s ince nlc cl p · d nfrag(p) 

e o land c. Temoving he. o tF (l.c) from ~9"U-eue((q,p)) i OIC 

(3a & OT-A: B y 

T -B~ By - OT-B, nlc'11d(q) :5 nl ,vel(r) fo all t'" £1 cl lu.i q E llubtre,e(r) in 

' By N T -Hfb , if (p q) ¢ core(f , then nleve~q) > l in '. Since nle'!Jel(p = l in 
h predica· i£ ,n.l • 

N T-C: Si c this predicate is ru in .,/ and -f; c hR n lev p) increases. 

N T-D: As argu d in (3b), n.le1Jcl(.p) < I S l vel(f). By _ T-D, p # 
minnod (/) in -', or in . Suppose p = targ (minlink(_g) ins', for some g. Si 4'.! ·· 

n.let,d(p) increases in going f on-i. ' o , h predi ate i sill t.r in w. 

N T-E: By O . -H{ ). c = core(f) imp1i that. l = level f) in :s' . So in .s 

c = nfrag(p) = core(/ implies ha: 1 = wile " l(p = level(/). 

OT-F; By OT-H(g) c # nil, d b:ii, NOT-H(h) l > O iu - ' _ Tln in ,'I 

= n/rag(p) -I= nil l = nl 'Ttel(p) .;.. 0. 
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r OT Si ulate CONJ 

0 -G: The NOTIF'Y(l, c) mes.sag re1no fro nqU t;1Le( (q, p}) is r placed by 

OTWY( l, ) sag add d to 1u1uc"tte( (p, r) for all {p, r·) E S. 

N T-H: Supp se _ OTTPY(l c) is added to nque-ue(p, r) in s. (l.e., (p r} E S.) 

Claim.s about T: 

l. N OTlFY ( l. c) is at head of n q-u ~ue( ( q • p) . by precondi ti.on. 

:2. p E subtree(q) or (p q) = c6re(f , by Claim l and. OT-H(e). 
3. r E subtree(p), by Claim ·2 and definition of S. 
4. nle1;cl(r} S ttle1, l(p) by Claim 3 and ~ T-B. 
5_ nfo~,el{p) < l, by Claim 1 d N OT-H(a}. 
6. lfNOTIFY(l', ' )i innq'Ueu.e{(p.r)). th nl' < l. byClaims3 and5 andNOT-H(b). 
7. nle'Vel(r) < l, by Claims and 5. 

(a) by Claim. 7. (b) by Clann 3. (d) by Claim. 7. e) by laim 3. (f) vacuously 

.rue by C1a.im 3. ( c) • ( g and. { h) since t.he sai:n is ru for th OT Y ( l, ) h 
n,1ueueo {q. p)) in .s'. 

iv) r. is Cor.nputeMin(f). 

( 3 ·) A :i(t'i1 rr ) = :ir. Obviously 1r is enabled in. S :i(s'), since by definH,ion 

nlevel(q) ~ lev l fragm nt(q)). Th effe s = obviously rniIT01,ed in S (s · . 

(3..:..) By b preconditions, NOT-D is true in . No other pt die te i a.ff, ct d. 

v) '7r is Merge(f,g)~ 

(3c As( ', 11'") = ,:r. Obviously r. i nabled i S5 ( ' ). 

mi.r:i: r din St,( ), we s.how that l 1J l(h) and co~{h) -
(p q) and l = le'IJcl(f) in 1 

:1. m.i:n,edge: f) = min dy (g , by precondition. 

2 . le.i}cl(g = l, by Lairn 1 and C .•M~A. 
3. rao'/.chn.n.ged{ /) = rue, by pl'leconditiona 

"1-. minlink( f) a/- nil, by Claim 3 and C M-B . 
5. nlevel(p) = l, by lai 1 4 ~ I O -D. 

o h w th.a its ffi s ai

'O:iT t . L rri i.nlfnk( f = 

6. nlevel(r) < l for ail r E nodes(!). hv definition of lev l(f). 
7. If NOTIFY(m, c) i in Mibfre (f), hen m < l by defini j n of l e:v l(.f). 

rootr..ha.n9ed(g) = rue. by pre ondi ion. 



OT Sim la.t - COlv.I 

9. mi7l.link(g :/- n "l by Claim. S nd COM-B-
10. nle~,el(q = l, by lailll.5 2 and 9 and • OT-D. 
11. nle1Je:l(r) < l fm all r E node.s(g), by d £.nition of le:vd(g). 
12. If •o· i Y(m. ) i!j h sub r c(g • th -· rn :S l by defini ion of leve.l(g). 
13. (p, q} is an ex ernal link off. by COM-A. 
1 . nque-u.e({p,q)) and nque~e({q.p)) are mpty, by Claim. 13 and .!:~OT-H( ). 
Claim~ about s: 

1 _ ulc11 l(r) < l + l, fo a.U r E nod~.~(h), by Claims 6 and 11 and code.. 

16. Th only NOTIFY message in .'lubtre (h) wi h l vel grea er than l i b NOTIF (l+ 
l, p, q) m ssag added n.q11.e-u ((p, q)) by Claims 7, 12 and l a.nd od ·. 
17. level{h = l + 1, by Cl.aims 15 and 16. 

18. core{h) = (p,g) , by Claini.s: 15 and. 16. 

Claims 1 7 and 18 give th resul . 

(3a ' nly fragn:i. nt h needs o be ch eked. 

NOT-A: By lai.ms 15 a.nd 16. 

NOT-B: As arsgu din he proof of OT- . nlc.vel(_,·) - l for all r on h p th 
fro l are(/) top, and all r on he path from cor (g) to, q. Since hese n:r he only 
nodes affected by the hange of core, h p ill at is s ill in . 

NOT-C: By Cl ims 5, 10 and 17. 

N T - D: vacuously t.r-u i c minlink(h) = nil by code. 

N T-E1 By • OT-F and Cla.u:n 13 nfrag(r) #a (p q) for all :· in node.;~(/ or 
nod .'ji(g ,. So b,. p.1· die is vacuously ru, . 

NOT- G: If r is in nodes(g) in ' h p cdka.t: i f Claim 17 
and 18 and the NOTIFY( l + 1 (p. q ) add • d nq-u.C"Ue( (p, q) in .s. [f r is in. nodes(/} 

ins', then Afte.rM rgc(q p) i!'i a.bl dins, by code and Claims 5. 10, 14 and 1 . 

NO - for the O'T'J Y l+ (p q)) i.<ld .d a nq·1u~-u,e( (p, q) ): (a) nltrnd(q) < l+1 
by · laim. lo,. (b) B · Claim 8. c) Bv Claim 17. (d Vacuously true by la.im 1 . 
(e) By Clai 1 . (f) By Claims 17 and 18. (g) B code. (h ) By C 1 l-F, l ~ 0 so 

l + 1 > 0 . 
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tio OT · rn tlate CO ,£ 

JQT-H for any NOTIFY( l1
, c' message in subtree( f in s' (similar argmnen. for 

g )~ ( ) , ( d), (g) and (h) No relevan change. 

(bj Suppose the 1nessage is in a link of core.(/)= (r, t) . Suppose p E Aubt:ree(t • 

By ~ OT-I, he message is no in n.q-u:. 1.1.r.( (r t) . a.rgu d ili1 t.h proof f NOT-I 
·r1.l ci,d( t) = l. If h~ m · · -ag ~ i in nqu eue( ( t, r)), hen, since l' -<::: l, the predicate :is 
1·u, in ~. 

{ ) By laim 3 and NO -H(g), c' =f. (pt q), so the predica e is ·vacum.i.idy tru 

lil s. 

(e The only nodes for which the :~ubt ec ,'-lal.i.oru;hip hang !'S RI' 

he pa h from core(/) op. B , NOT-I, h"'ri is no NOTrFY message in 

(f) \ a,cuously 1~e by Clai 1 . 

vi) ':'I" is Aft l"Me ge(p q). Le f = fragment(p). 

(3b) A 5( -1
) i:q, empty. Obviousl S 5 (s') = S 5 ( . 

(3a) L I= nlevel(p) + 1 and c = (p. q 

NOT-A: Obvio ~s -

OT-B C D. and E~ r 1· 1 van.t changes. 

hose along 
his pa h. 

T -G: 
fort 

Ol'J"JFY([, c) mes.sag added t n.q,u;ue( (p, q) ) in oornpensates 
After.Merge p, q) ~o - ' fro:m enabled in s' to disabled in _ 

NOT-H: L c = ( p,q and l = nle-ud(p) + 1. Consider the OTIFY(l,c) -dd,.d 
to nqueue( (p, q) . 

1. (p q) = core(/ . by pi:econdition. 

2. NO 1F l . c) i .in nqueue({q,p)), b ~ pr; condii :ion. 
3 . o Ol'J"lFY (l ) is in nqueu,c( (p q)), by pr ondi ion. 

4- tik.v i( q) ,'-: l. by pr condi ion. 
;;.i. l = le-vel{f), by lairn.s and 2 and NO - · f). 
(:L nlevel(g) < l_ by Cl.aimi:. and 5. 

7. If NOTTFY(i'', ') i in ;i.g't1..eu.e( {p, q) ), hen r = l by Clauns 1 and 5 a.n.d N OT-H( d ). 
H "oTrFY(l',d) is in nq1.i.eu. ((p, q) ) hen d = c, by la.im 7 d NOT-A,. 

9. o : o lF"i' is in nqucuf.{ {v q)), l y Churn~ 3, 7 and 8. 

1 . nJetid(p > D by NOT-F. 
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.S~c ion .2.5: J'\ OT Simula· CONI 

(a by Claim 6. (b) v: iously rue. by Clai , 1. (c) by Claim 5 . ( by Claim 

9. ( by Claim 1. (f) by Claim 5. (g) by Claim 1 and OM-F. h) b · Cla.i.m 1 . 

vii) To:" is hsorb(f,g). 

, 3c) A (s' ~) = Ti. 

,Olai-rn.~ abou.t s': 

l. ro.otchanged(g) = rue, by pr condi ion. 

2. level(g ) < nlcvd(p), by p o di i n. 

3. fragm e.nt(p J = f, by preco.ndi ion. 
4. nleve.l{p) < le1id(f), by foi 3 and defi.nli k, 0£ l vel. 
5. nlevel(r) S level(g . for all. r E nodes(g) by dcfini ion of 1 v ·. 

6. H . O'l'!FY(l, c) i.s .in .;·u.btr (g), then l < lc-u l( g). by d fin.iti n of level. 

1. (q, p) i ex ernal link of g, by O M-.. 
8. nqiie: ie((p,q)) and n.qurn (q .. p)) a:r - and OT-H(, ). 

By Olai:m 4, r. is enabl in S5 s' • Th • ffects of r. ar mirrored i - S s.{s) 
if core.(f) and leve.l(f) ~ · unchanged; by code and ClainYi 6, 7 d 8 hey av 
uncha.ng d. 

(3a.) Le Z = n.lr!1rnl(p) and c = nfrag(p) in ' 

9. J # g. I y Claims 7 nnd 3. 
10. l vd(f) > 0 b • Claims 2 and 3 and COJ; [-F. 
l L care(f) E .w'bfree(/), by Claim 10 and OM-F. 

2. nfrag(r #- core(!). fur all r E nodc.9(9), by Claim 11 and N T- . 
13. nle.vd(q) :S level(g by .defu:tltio . 
14. n.frag(p) E .3ubfrc ·(/), bv Claims 2 and 1 d , ~OT-F. 

NOT-A: by o and Claims 6, 7 a.nd 8. 

· OT-B: Sa:m. a.rgum t c f, i; Merge(/ g). 

T-D : N relevan: chong . 

NOT-E: B~· C laim 12 va uo ly tnt for nodes form rly iu n.ndes( g ). 

OT-F: r or l ant cha.ng . 
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S ction 4 .2.5; ;_ OT Si ula es CO..rv.t 

OT-G; Suppos nle-vel(p) = le-vd f) in .s'. By ode. in "" th r is a. 

N"OTIF ( l'evel(f • c) m ·ssage h aded tow--u.rd cv cy nod fonn rly i nodes(g). 

Suppose nlcioel(p) .j.= lc1,,el(f) in '. y l OT- G. ·th r a NOT:t v(l irnl f) c) 
mess.,,g is headed owai.·d pin 1 , and thu - j5 h ad.ed itard ill d formerly in 
"'ode (g) · • or AftcrMerge(1-. t) i bled in ,, with p E ~,ul,fr e(t), and i::h · - ins. 
After M erg •( r. t) is s ill · a.bled and ery node fo · -dy in nod e:.,(g) is in subtrct:( t . 

-oT-H for he N OTTFY (l. (.;) added to nqu. -u e( (p, q) ) : ( a) by Claims :2 d 12. 
(b) by c cl·. (c) by 9 0T-E. d) w;i. uously tr by Claim 8 . (e) q is a ·1d of p, by 

laim 11. (f) vacuously true by Cle.ilil 11. (g) by Claim 14. (h) by ClailllS 2 and 
10. 

NO -H for any NO IPY(lt ' in :JUbtr£ g) in 1
: (,. ). (d), (g) and (h): o 

relevant change. (b) and (e) sam gument .u. for Merge:(f, 9 ). c) vacuously true, 

by Clain1 11. {f) v uously t ·, by cod □ 

Corollary 22: P' OT is tru · in e"•ery r a hable sta.f · of 1'\iOT. 

Proof; By L mm.as 1 and 21. 
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.2.6 0 

ction 4-2-6: CO ,V S"mula.tes CO 

Shuul= tes OM 

This cm o:ma o oncen ra n wh...,.t happens aft •r minlink{f is identifi d 

until f n1 n J ·ges or i a :;orbed, i. -, · he Change-Root f g) Mrzrge(f.g - , 
.Ab.~orb(g, f), ·ons axe br m i of ac ion:, ·nv lving m ·sag 

pa&"i!'iiing. Th · variabl rootchang d(f i • d. As soo ns Com.putcMin(f 
o • s, d · n t oscs to minli.nk(f) sent a HA "G • ooT 

s ou · g fu minlink(f). A cluu f uch m ages 

l lili s i s ,i ay to I · soW'ce f.), which h n sends a o NECT(l vel(_f)) 
messag ov 1: m.inlink(J). Th presenc of a CONNE T mess~g• in minlink /) n1ea.t1.!:; 

ha rootch nge.d(J is true. Thus CliangeRoo f) action is only needed for 
ts J co :!';:°Sing of wo fragmen s an merg wb n h y ha.v 

1ninc.dgc and a · ONNEC • age i · bolli it_ links; th. ·sul is hat. ne of 

~ 'R is 1. mc>V"d. The ~ ion AfLrMerge(p,q) ren:im..' ;~ he otl 
f:roru he ne, • cor . deli.eat porn is ha. Compu c.Min(f 

il th - ppropria After,Mtt.rge(p q) has, in o d r o make sure o]d 
CONNECT sages .ar- no hanging ar und. Ab orb( f, g) can oc if the,- - is a 

o NE T( a. · .in m.in.l,rd,(g), au.cl 7ninlfo,k{g) poi s o a fra-!!ment ""hos l ve1 
is greater thw::i l. 

D nine a. t ma CO (fo1· "Conn ct') as fo] ows. 

f a sc fragm. ·n+.~. Each lem t / of th · 5 is call d a 

. , sttM,re.e(f) a. subgr<1.ph of G; 

•• co,·e(f). an d of G or nil· 

omponcnts: 

• level{/). a nonnega i · in eg ·r· and 

• miTilink(J), a link of G or nd. 

For ~ h link (p q), t.h •re a.I assodat d hrcc variablu.: 

• cqueu p((p q}), a F O qt,• of q wai ing at p , o b 

• cqu u pq( {p, q) ), a FIFO qu rn of m ~ssag s from p o q tha:t. a.re in h com u 
n.icF tion charm , and 

• cqueue.,( (p, q} ) 1 a FIFO qu e of n ·ssag from. p o g , n.i ing a. q o b 
pro• - . d. 
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Sec ion 4.2.6: CON Simulates CO 1\ll 

Th of ssible messages }.tf is {coNNE - l) : l > O} U [ HANGEROOT}. The 
sta also contains Boolean variables. a:n..!lwered( l). on for • acl.1. l E L ( G , and. 

Bool an variabl awake. 

1n h s art st at of COM, fragm,en-t h~ one elem.en for ch no de in V ( G ; for 

fragment / corresponding to node p, -,ubtr e(/) = {p} core(/) = nil, l ·uel(j) = O, 
and min.link(!) is the tnini i.u-n-wc.i l t l ink adjacent r.o p. Th ssa cp-1 u a -t· • 

emp y . Ea.ch a'1'1.$wered(l) i~ fak; and awuk. hi fa.I- . 

The derived variable cqueu"( (p q)) is cqueueq( {p, q}) 11 t::qut.m~~ ( (p, q)) 11 t::-

qi.1.e·u.e,.( {p. q) . Fo ach fragmen f, w efin he d riv d Boolean. Ym:iable 
rco tr,.} a.ng~d f) ~o b r,: " iI and only if a ONNECT message is in cque:u {p, q) , 
for some exte1.-nal Hn.k (p q) of /. D ·ved v~ 1·iu.bl ~ fominlink(p is defined to be 
the link {p, q) sucl tha, (p, q) is on h path in 3-ubtree{fragm.entlp)) from p to 
m,:inntHl.e.(fr0rgm nt(p ). 

1essage ~ is defined t b in. ~1ib:tre .(f) if ni 1s m cqueue{(q, p)) and p E 
nades(f). 

lnpu t ac ions: 

• tart(p), p E V(G 
Effi 

.a,w.ake := t rue 

u . pu .a tio:ns: 

• b i,Tr;: ( {p q)) (p, g} E L(G) 
P -cco1 idi tions: 

a-wake= true 

(p, q) E !n1.bire.e frt1.gmt:nt _ ) ) r {p q} = minlink(fragment(p)) 
a11,.Sw 1·~d( {JJ, q) )' = f.·tl 

Effects: 

an.sw retl( {p q) ~= rue 

• NotbtTree({p,q_)) (p,q-) E L(G) 
Preco dhi n : 

fro,.gm.1n1,i(_p) = fragment. q) r. 

answered( (p q)) = false 
Effects: 

an.!lwere.d!( (p q} ~= t.nt • 

(p, q) l;l .,ubtree(fragrnent(p)} 
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Section 4.2.6: CO Simulates CO}..f 

Int rn l ac ion : 

• ChanndSend({p, qL rn , {p, q) E L(G). m E 'Ml 
reconditi n.s~ 

m • h cl of cq·aeue9 ( {P, q}) 
Effec s: 

dequeue( cqueii:e,,( (p., q})) 

enqueue( rn cqueu ~ I' < p. q))) 

• ChanTi.elRec·u{(p q) m.) (p,q) E L(G). ?'n. EM 
Pr conditions: 

m a. head of c:qu.ciH~pq( (p q) 

Effects: 

d ( .equeu.e,..,( (p, q))) 
( m, C qu.e"U. ,i (p, q))) 

• Compute Min( f ), f E fragment, 
P1. 

mi'1-link(J) = nil 
l is h minim.wn-wd _t •::<:: i-nal link of aubt.r e(f) 

l,n; l{f) < level(fra.srment(faTfJtrt(l))) 

n • co TNE T message i in cque-uc(k , for any int rutl link k off 
Effi ct·: 

rninlink( f) := l 
- 1 p = 1·0.r.1t(J) -
if p "F <r,~in.no.d (/) then qu u (CHA OER.OO ,e.qi~i!ue,.(to-minlink(p))) 
else enqucu(;(co ECT(Zevel(f ), cqu,euep(1ni.nlink(J))) 

• ReceiveOhangeRoot( (q p} ), (q p) E L( G) 
Pr conditions: 

CBANC OOT at head of cque.uep((q,p)) 
Effects: 

d qu u (cqueuep((q p})) 

- le f = fro.gm nt(p) -
ifp ,':- mint1.odr: f) hen enqueu ( KANGEROOT,cqueucp(to-minlink(p))) 
else enqu (CON ECT( lc11cl(f}), CIJ'U uep(m.inlink(f) ) 

• Cha:ngeRooi(_f) f E fra.fT-rTU!.n'f,$ 

Preco d" ions: 
a.wa.k = -u. 
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S · ion .2.G: CO Simula es C01 -I 

re,:;, tch a:nged( f) = fa.ls 
subtree(!) == {v} 

Effec : 

• Merge(f, g) f, g E fr,~gm.en.ts 
Precondi j 8: 

co , E T(l') in cque.'u.e((p.q)) (p,q) x·ernal link off 
o, ECT l a · head of queu 1:i, ( ( q p)), (q p) external. link f g 

EfE • s: 
d ·qu. u (cgue1i1e1,({2,p})) 
add a. new el me- h T.O fragments 

ubfre h) := $1.t.btr ·e(f) U ubtre (g) U ,r,~inc.dgc f) 
cnre( h) ~ = 1nint~1lg e( /) 

level( h := lev,el( f) + 1 
m..i-nrlink( h := nil 

del te f and g m fragm.enu 

. , A .ft ·rMcrge(p, q) p, q E (G) 
Precond.i tioni;: 

fragment(p) = fragm. nr.(q) 
C0:1'-'NECT( l) u. h a of cq11.euep((q, p) 

Eff. ts: 
dequeue( cq-u.et.(. .,( (q. p) ) ) 

• A.b8orb(f. g f !} E fragm,ents 
Preconcli' i s; 

- let p = target( m:inlink(g)) -
o NECT(l h ad of cqu.euep(mit&li.n.l,;(g)) 

l < level(/) 
J = fragment(p) 

Effects: 

d qu-•u ( cqu euep( mfolink ( g)) 
ubtree(/) := ·u.bfoe (/) U subtr~c(g) U rnined_qe(g) 

delete g frorn frasJm -nu 

Define t f, llowing predica 

v r-sally q u.r ified. ) 

on stat s of CO.t. . (All fr varia l · are uni~ 

• CO - A: If aw a.kc = false, hen cq-u. wie( {Ii, p}) is emp y. 
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S ti n .2.6: CO Sim.ula. es CO "A,f 

• CON-B: If rootcha.ngcd(/) = false and min.link/) ,;f n.il, h n . ~j her 3ubfree{/) 
= {tJ} 1· ·1- m,i.nnode(f) -=/:- To.at(/) d tl1 is exa. ly on CEIANGER.OO"I' 

me a · in ubtre: (/). 

• C -C: 1£ a CH1\NGEROOT mess.age .is in cqir.e'Uo ( (Q, p) , then minlink(J) -.:/:- nil, 

nwtchanged(.f) = false pis a of q, and minnodc(f) E .subtree(p), wh :r 

f = frag'111ent(p). 

• co_ -D: If a ONN m, sag .. is in queue( ·), wher k i ~ an link 
of f. hei k = ,ni.,-,-link f ), l = le'Ve-l(f) and :uy CONNECT m .essag is in 

cqueue(k). 

• CO -E; If a o N T(l) Il1.es5a"" is in cqu.eue( (p q) ), where {p. q) is an in erna1 

link off, h, (p q) = core.(/) J < levd(f), and only one CONN c-r m ·a. "is 
in cqu.eu e((p q) ) . 

• ON-F: If m.inlfr1.k.(J) ¥, nil then no o 'N CT m c. ·sage is in cqueue( k), for any 

in ernaJ link I. r /. 

Lt Po b h conjunction of CO- --A hrough CO -F-

In ord r o show ha CO 'a..tes C .1.i.t£. ,...., define an abs rac ion ma.1 ping 

W = (Sil,A from CO t 

Define th fun ti.on S 6 rrom " tat. -(CON ) to .sfo. s(COl\4") by simply ignoring 
them ssa.g q_ ues, and mappin h · d riv d varhi.b1es TDO~cfu1,nged, f) in the C 
sta e o -h (u.on-d rived) varia.bl ·s rootcha.nged. f in h CO sta 

Define th 
t ion of CO. 
t • r,or f • th 
ChangeRoot{f), 
,;vhen t1 c sourc 

func ion A 6 as follows_ L t . .s be a. s ate f CO. d rr an · -
. a.bl d in . If th • mi i:nnun-,veigh e::,.-: al link of f · adjac n 

Com.puteMin(/) cause · Crnnput Min{/), iDm.1. diat y followed by 
to !.imul.ated in COM. 0 herwise, Chang~.R.oo /) is simulat d 

r minlink(f) receiv . CIL\.NGEROOT messag -·. 

• If r. = Ch4n'Ti 1S end( {p q), tn) Cha.nnelRecv( {p q) m ), or Aft ..,.M e.r.r; (p. q) 
h A ( rr) is em.pt . 

• If -;r = Com,puteMi:n(, J) d mw-r.oot( /) = n -W•minnode( f) in 
= Com.puteMin(J) t Clum9eRoot{J), w l er t i:; identical t.o $ ~( 
mfo,link( f) equal t rninimum.-,;veigh rnal link off int. 
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S tio 4-2-6: CO. r Sirnn1ates C ]tJ 

• H.,. = Compu.teMin(f) and m-ur-root(f) ,f: mt1M?'iinnode(J) in s, then As( rr) 

= Com.puteMin(f . 

• lf ..- = Rec i.vcCh,(J.ng Iloot {q, p)) and p 
A 6 ( r.) = Gha.ngeRoot{fragmeni(p)). 

m.innode(fragrnen~(p)) m ~ • 

• If r. = R ce.iveOha.ngeRoot((q p}) and p ,I,. Tninnode{fmgm.ent(p) in ,. hm 
.AB(s, 'IT is emp y. 

• For all o her ,talues of rr, Ac.(s, r. = ':l"". 

Recall ha PboM = (PH1 o S1 A PaoM- H Pf:: 0 (SG(s) ) 1s true, hen he 
COlvl predicates are true in S 5 (s and the .HI predicates are tru in S 1 (S ( J). 

enuna 23: COJ • simula d P' OM · 

P,. oofi By in p - i n, th yp s of CON, COJl.r/ .A,f II a.nd Pa o ar co ect. By 
Corollary 4, Pbo .1 is a pred:ica.:te rue in every r a.cha.bl t:ltatr, of CO tf -

(1) Le .s be in .start(C01 r). Obviously Pco • is true in s and S e 8) is in 
start COl\..1). 

(3) , ( 8 1
, rr s be a step of '0]\ "1' such tha. PboM is true of S ,( ') and P. o r 

is n1 of '. B low w • show (3 ) only for hos predicat tha are not obviously 
rue in .s. 

i ) ,-:;-- is Start(p), In.Tree( l ) or 
S.a(s ' )1rSG(s is an e};:ecu:tion fro.gm 

ii) r. is Cl1a1: n,el -ud( (q,p) n.1) 01• 

pty_ Obv" usly-. S 0 ( ') = S& -), and P 

iii ) ,.. is or put Mi (f). 

Case l: •rrnn-r-oot(f # tnw-minnodc f in 

(J). Aa ( 1 -n-J = ,.., Obviously 

d Pco 

lil • 

(3b) .A,6(.s' ,) = r.. Obviously (s')r.St> ( ) is ru1. execution frag:inen of CO ff. 

(3a) Claim.a about s': 

1. minlink(f = nil by pl ~on.di i lJ _ 
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Section 4.2.6: CON Simulates COM 

2. l i h minim m1-= igh ex crnal link of J, bv prec,ondi ion. 
3. ltm l f) < level(fra91nent( target(l))). by p conditio . 

fo ONNE Tm ag i i i]t.'c:uc:(k), £ T a.ny in rual link k of J, y pr ondi ion. 

5. p = m.w-root(f), by · F\._~ ption. 
O. pt,. "ff'l,w.mi.Tino,l ,(J) by bUillption. 

7. awake = rue, by ]a.in: l an C ~ -C. 
8. No CHA GEROOT u1 sa~ · i~ in T1.btrer.{f) by Claim 1 and CO -C. 
9. m.w -rninnod.e.(f) E 81ibtrcc(p), by C.laim 5. 
10. roofoltanged(f) = fa.ls·, by Claim 1 and 01: 1-B. 

11. m1.nl'nl,,,'{f) = (, h minimum-weight xt 
12. l vel(J) .$ lcvel(fragrnent(target(l))), by 
13. p = raot(f). by Claim.s 5 and 11. 

14. p ./- minnode( I), by )a,i • 6 and 1. 

awake = ru by C laim 7. 

nal link of f by 

foi 3. 
c:od. 

15. 
16. 
17. 
1 . 

19. 

Exactly one IIANOEROOT messa.g is in &ubtre.e(f 
minnodc(f) E .;ubtr e(p) by Claims 9 a:nd 11. 
roofoha:n.g d(/) = false, by Clai.In 1 . 

. by Clair 8 'md cod . 

1 o co ' 'ECT n.1, ·15<)g ~ i:; in cQ"ILeue{k), for any int al li k f J, by C laim 4. 

CON-A is true y Claim 15. CO - B is trne by Clai s 13. 1 . a.nd 16. CON
is rue by definiti n of tom-in.link. Claim 17, 1 and 11. CO ·-o .\Ild COr - E are 
t1"'l.J sine DO releva chang are mad . C r (_; y Chum 19. 

Case .!: mw-r(Jot(f) = m.w-minnode(/) in . 1
, 

( 3b) A 6 (.s 1
• r.) = ,. t Cha,ngeRoot(f)., hc.r ti · identical o 6 ( ') excep tha 

rninlink f) q_-ual h m.inimum-wei ht xt ·rnal link off int. 

1. minlink(,f) = nil l y pr conditi n. 

2. r i the m.inimwn-weigb ·xt. al link 0£ /. bv precondi ion. 
3. l<.n1d(f) :S levd(fragme.,it(ta.rg t(l))), by precond.hion. 

4. awa.k~ = ru , by laim l and COM-C. 
5. rootc:.ha.nged( f) = fn.lS<-i. by Claim 1 and ' M-B. 
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S c ion .2.6: CO Simula. --~ 001'.1 

GlaiTn., a.bout t: 

6. min link( f) is he minim. - ~· igh xt rnal link of /. by d i.tion . f . 
7. a,wake = true. by Clahn 4. 

. i-ootchangcd f) = fals , by la:i.m 5. 
Claim.s about .-
9. mi,,-ilink(j) i h mininm.m-w ight external link of/, b • 
10. A co . c ·ag is in cqueue(minlink f) , by c 
11. rootc:.h.a.n.g d(f = ru , by Claims 9 ru- _ 0. 

B;y Claims 1 2 and 3, " i · en bled in S 6 ( ') . By CI..ti 6 (· defini. ion oft), 
· b :ec s of ,rare mirr re _ 1 y Claims 6 . 7, and Cltang ·Root(/) is enabled 

int. yClaim.ll(a:ndd · ni ion oft). heefl:e tsofChfJ.ng Root(f aremii·rorediu 

SG(s . Th for S, ( 1 )w t Gha.ngeRoot f)S ( ) j, an .· cut-ion fragmen of CO.£. 

($ · ) Mor dai7ns abo-ut '; 

12. No CHANG· ROOT m ssag is in -u.bt-r-~e(f) 

L3. o co '!'< e; T m. ssage is in an~- cque-ite( k) 
Claim 1 and COi - D. 

y Claim land C -C. 
where k is an e...'<'. tcrn.,,J link of f I ~; 

14. -o ·o 'ECT messa.g i in. any cqucu, ( k , where k is an. in. • al link of / • by 
precondi i n. 

More -claim.., about : 

15. awake = ru , by Claim 4. 
16. No CHA, o ROO't' - sage is in subtree.(/) by laiin 12. 

, ·N- • . 1 rue by Clai 15. CO - B is rue by laim 11. CO -C is t'ue!! by 

Claim 16. CO -Dis true b. · Claims 9 10, and 13 d cod . C N-E is t.J.'tle 
made. 01 1-F is t.ru by Claim 14. 

iv) -:r i ReceiveChangeRoot({q~p}). Let f = fr1;J.fJmen (p). 

Ca.st: 1: p ¥,- minn.ode(f) in s'. 

cause 

(3 ) A 6( ' • ~) · - ·mp y. Below w 
and .a. which iu pl.i 'l::i tha 6 (s = Sa("' 

rootchange,-J,(f) is rh · same in ' 

1. HANGER OTm 8ag i mcque."llc({q,p}),b•precondii 
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S •c, ion 4.2.6: CO Simula es CO '.l 

?_ (p, q) E 'U°btrec(f), by Cbum 1 and CON- . 
3. rootchangedi(f = false, b " 1:-ilin.: 1 ;.i.n J 2 and CO. -A. 
,Cla.im, abo-u.t i5: 

4. ro o tchanged( f = £al 1 y laim 1 and cod . 

lainis 2 and 4 g iv he result. 

(Sa) L {p, r) = tom.inlit:i.k(p) . 

More clai:rn ,about s 1
: 

5. a.wake = rt.t(;l by Climn 1 and C01 ~ - A. 

6. m "nlfrd~..f) -/- nil, by Claims l d 2 d O ·-c. 
7. mfo71,ode{f) E subtree(p) by Cla.im."- l and 2 and C N-0 . 

. Th 1:1e is exac ly o - RAN EROOT message in $U.btrr:.e.{f), by Claim. 2. 3 and 6 
and CO_ -B. 
9. ,. is a child of p and minnvde{J) E subtr·ee r), by definition of tomfoli7l.k{p). 

10. auu1,ke """' ·, by lai.m 5. 
11. There i ex:ac ly one CHA., GER.001" n ei;sag in subtree(/) by Claim a_nd cod . 
12. r is child of p by lni 9. 
13. Tninlink(f) t,. -r1.il by Claim 6. 
l . p, r) -::fi core(/), by Claim 9. 

15. minnode(J) E ''kbiree( 1· ). by Claims 7 l 9. 

CO -A is tru y Claim 10. CON-B is tru by Claim l 

Case 1. N-C i tru by 4 and 15. CON-D, 
ar t 

Ca.,e 2: p = m.i.nnode(J) i .; ' . 

and ru SUlllP io . for 
ON-E and C01 -F 

1. J1 NGEROOT me sac, :is in cgu.eu {q p}) by pr~condj ion. 
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Sec i n. 4.2.6: COW Simula es CONE 

2 . p = mi.n-node.( f) by ~ nnp ion. 

3. a.wake= tnt by Cla.in.1 1 an CO£ -A. 
-4. m..inli11k f , '? nil, by Claim l a.nd CO.1. --
5 . root,;lrn.nged(f) = fali; , by Claim 1 ru d CO · -C. 

6. minlin.k(.J ) is an external link f / , by Claim 4 d CO 1-A. 

By ku. s 3, 4 and 5 .Cha.-n,geRoofl f is na. ] d in e(s'). 

T. A o N m ssage is in cqm:m .{minlink /)) b~t code. 
8. m.in.link(f ) is an ex erna.l link off, by laim. 6. 
9. rootcha.Ti!}ed( J ) = 1-u • ~y Claims 7 ru1d . 

By Cla.i 9, he e:ff. cts of Chang Root(/) ar miTrnred in Se(· ) . 

So S 6 ( ') Change.Root(/) S. (.s) is an ex ution fragmen of CO ·,r. 

(3 ) Mor claims abuv.t ': 

10. pis a hild of q, by Claim 1 .ind CO::,.l- . 
11. E=-..ctly OD 

CO. - B. 
H GE'ROO m ss· e is in .<mbtree(J), by ')aims 5, 4. 10 , d 

1 ·2. o co • • CT mess.ag ·sin any cq-ueue(k) '1-vhe.re k i an external li k off, by 

Claim. 5. 
S. No 

Clim 4 

0 1 N CT IDessag i in any cqu~11.c(k), where k i a.n internal link off by 

d co~ -F. 

Mor cfoim,s abouts: 

14. <J/wakc = tru , by Claim 3. 

15. o ~• GEROO n; ·ag is i ubtree(f by ' la.ims l, 1 - 11 and co le. 

Ht ro 0-NNE "T message is i <1DY cqu ue{k), wneve k i a internaJ li k of/. by 
Claim 13. 

0 -A is n1 by lai 

Chum 15. CO -D is r . by Claim 7. 
releva.11 chang ai· made. C ! ~ -F j 

v) vis ChangeRo,ot(f)& 

-B is rue by fo.im 9. CON-C is rn by 
, 12 and o . CO -E i , ru because no 

rue by Claim 16. 
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Section 4.2.6: CO. 

(3b) A (s'. r.) = 1r. 

l. awake= true, by pr on "tio • 

2:. roatah.a.nge.rl(f) = false. by precond.i ion. 

3. ubtree(/) = {p , by 1 r ondition. 
4. minlink(f) ,'- nil. by laim 3 and CO , -E. 

ula , .- CO 1 

5. minlink(f) is an xternal li 1k of J, 1 y Claim 4 and COI: - A .. 

Claims 1 2 and · ply ha. "is :nabled in So (s'). 

ClairrJ..S about 

6. mi.nli.n'/;.{_f) Is an x crnal link off, by ]aim 5. 
7. A o El sag_, is in cq'Ueu.e( m.inlink(f l). b • od . 
8. rootchang d.(J) = true by Clai.m.s 6 d 7. 

la:im impli s that he effects of r. arc n1in- r d in S. · ). 

(3a,) Mor, laim.s abou - 1 
• 

9. o c:E{ANGEROO m ag is in cq~eue( (q p)) for ,.my ,q by laim 3 and N-C. 
10. N CONNECT Ill sa · is i any cqtteue(k , wh k is an ex rnal link off, by 
Claim. 2 . 
11 . o N EC"I" lllessa~ i .in any c.queuc(k), ,~•h 1'.' k- i an in rnal link off by 
Claim 3. 
Mor claim a'hcuf. s: 
12. fLwake = rtlC, by Claim l and cod 

13. N en GEROOT mes.sag is i cqus u ((q.p)), for any CJ , hy hum. 9•. 

14. N o - "ECT m sag L· in any cque1Le(n) wh"'r ·· n i~ an internal link off 
C]ajm 11. 

CON-A is tru by lairn 12. o .:r-B :is true by Clain-1. 8. CON- is rue by 

C lain 13. CO -Dis true by Cln·ms 6, 7 and 10 d d". COf - is ru'" b a.1.: 

r evant hang a,p made. CON-F j5 iru , by Claims 6 i" •. 1 14. 

i ) ,r is M rge( f,.g) . 
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Section .2 .6: COi. SimuJat " CO.JV.I 

1. co N :ECT l) m ss~ 1 m cqu eue( (I.>, q)), by precon li ·on. 
2. (p, q) is an x. al link of J. by pJ: concli ion. 

3. A CONN .c (l) message is in cque-ue({q,p)), b · precondition. 
-1. {q, p) js c ext rnal link of g by precondi i n. 

5. f # u b. Clauns 2 d 4. 
6. rootchanged(f) = 1·u , by Claims 1 and :2. 
7. rootchangcd(g) = ru , by Jru !'i: 3 and 4 . 

• (p., q} = m,inlfok(f). by C1a.illl6 l and 2 and CON-D. 
9. (q. p) = m.i.nlink(g), by Cl.ullls 3 and 0 • . -D. 
10. -minedg ·(f) = minedge(g), by Clair lii and 9. 
11. If k ~ minlim . .k(f) is an ext rua.l link off t , n CONNE • l 

cqucue( i• , by C 
is in 

12. If k. ~ minlink{g) J!'. an ex · I .- uJ link of g, th no o NE "T .n-1 ssage is 1u 

cq~eue(k) by C -D. 

By ClBllil 6 , 7 and 10, r. is enabl i S,6 '). By Clwms 11 and 12 and 
d fin.ition of h, rootc.ha,'l'igeil(h) = fal. ins, so .ht: ff. c s of ::r ar mirrored i S (. ). 

Thus 5 6 ( 
1 r..S. ( ) is an x u ion f ~ gm nt of OAf. 

(3- ) MoTe c.la,frn,3 about s 1 : 

13. awa.kt! = ru by Cla.u:n 1 an C M-_ . 
1-. No HANGER.COT message j~ ·u 8ubtree(J), y Claim 6 and CO -C. 
15. o CHA~ &,ooT m· sag is in su.bt.ree(g) by Claim 7 and 'O. Jr-C. 
16. No CONNE T mess g is .in qm.=1,1, (k), fm· any in ernal link k ff. by Ch.i,im 8 
and C ,N-F. 
1 7. o O NECT m ss., 

and CON-F. 
is in cq_'U- tt (k) for any i ternal 1in1, k of g, by CJr ',n1 9 

18. xac ly 0 ,c CONNE r m age in que'tl.e( {p~ .q) ), 
O .t -D. 

HI. Exac ]y one co. E T messa'"' i Ill cquem~( (q,p} )., 
CON-D. 

20. l = lc-uel( f) by Claims 1 and 2 and ON-D. 

bums about . : 
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21. awake = ru • b · Clain1 13 and code. 
22. min.linJ.."(h) = nil, by ::> •. 

23. N ii ,\ ' GEROOT m s · ~ is in .,ubtree(h), by Claims 14 and 15 and cod 
24. No co m ssag is in cquc-u ·( k), for any ex " al link k of h, by Claims 

1 2 and code. 
25. E - ·tly one o E T .m ·1.g , i ' in cque1-1.e{ (p, q:)) · (p q) = OT ( h) by C laim 
lS and o 

26. l < lt-vd(h), by Claim 20 and eo 
27. a CONNE T m 1c1 • i in cq·u ue( {q,p) , by ]aim 19 and cod 
2 . No o 'NECT mes1:,ag · is in any non- or m al link of h, b Chu 16 and 
17 and code. 

rn by ·la.ini 21_ C N -B is ru by 1alm 22. 0 ·-c is tl:-w.: by 
-D is tru. b - Clai 24. CON- is rue y · laim.s 25. 26. 27 an 

2 . 0 T_F is tru by laim 22. 

vii) ,r is fter erge(p q) • ..A....( 1 r.) i~ empty. Ob 1· U ly, S ( = s6 '). 
WJd PcoN i' ru in 

iii ) rr · b orb(f g). 

(3b A.6 I ,r) = 'IT. 

Claims about ' 

l. {q, p) = minli'nk(g), by ass-ump ion. 
2. ON, c (l) message is in c:que-ue{m,inlink(g ) y recondition. 

3. l < l~1.1e.l(f) y pt" nditiou. 

f = frag-m n--l(p) by I ·cond" io . 

o. m,inlinkfo) is an ext rnal link of g, la.im. 1 and COM-A. 
6 . rootchanged(g = t.iru. , by C · s 2 and 5. 
1. l = le1.1 -l(g , 1 y l . 0. -D . 
8. level(g < levd(f), by lium-- 7 and 3. 
9. I a O E message is in cquetl. ( (p q)) h (p, q) = minlink(J), by Claims 4 
and 5 and CO. -D. 
10. If a co.N E Tm ag(? i cqu -ue((p,q)), hen levd(/ _::; l ·v l(g), by !aim 9 
and C I -A. 
lL E T message is in cqu.e-ue{ (p. q) • by d 10. 

EC m ag i in cq-u ue k) for an• . t rnal link k =I' tnin.link(g) of g. 
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B I.aim 6. S, 4 and 1 , ?r' js ·.uabl -d in S e l- 1 
). B Claim. and 12, 

'l"ootcha.TLged(f re.mains h ged. and he effi ·of,. nre mirr red in S s(.s ). Thu , 

SG .t1 ')...-S6 ( ) i s an ~x cu i tl fra.gmen: of COM. 

13. ,(J.1J.1ake = ru by Clai.:m 2 and 
14. l ~ o, by Olv1-F. 
15. l · vel(f) > 0, by Clain1s 7. 8 and 14. 
16. lnode..!1{/)i > l, by Claim 15 and C -F .. 
17. o CHANGEROOT messag is in .,Jubtre (.q). by Clai G., co ·.c. 
18. o OiN1 · T message is in ~quette. k). where k is an i t r al link of g, by Clai 

land CON-F. 

Claim abo·ut s: 

19. awake= t.rne by Ctai.m. 12 and cod·. 

CO -A is tn.1 by Claim 19. CON-B is me since b. Cla.im:s 16 and 7 o 

·r 1 van.t cha:ng R are ma.d _ N-C is u, sm hy Claim 11, 12 an 1 i no relevan: 
, hang made. CON-D ji;, rue since by ]aim 12 no re ,. - t , ha.nges are mad .. 

CO -E i ~ rue sine - by Claims 11 and 1 . o r le,.·ant c:han.g Ill' , made. ON-F ii. 
true 1 y C1ai.Jn 18 and cod , □ 

Let P 0 0 = (P' OM o S 6 AR o . 

Coro! la.i•y 2 4~ Pb0 is tru in every r . ·acL bl 

Proof: By L ·mm.as 1 an 23. □ 

4 __ ,.:r GH , iinuJtan ousl bnulat · T D 0 n d CO 

This automa n is fully dist.ribu d version of h original algorith of [G SJ. 
(W-· hav r.na.d som slight d1.ang , , hich a.re di cu s d belo"v.) Th fun ions of 
T.4R D C .: OT and CO r aFe unit d h o on . All va.riabl ·i. ha are derh· d in 

one f h Ae au or.nata at: also d ri ~d (i1 the same w .ay) .in GH S. fu a di i n. 

th <;J: are the following derived variabl . The variabl dcstatus(p) of D i rmned 
by the variabl ta us(p), and valu s. s1 find. and found · ini ially. j is 

sleeping. Th wake. v ·abl is now d iv d, and is rue if and only if at least one 
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n de is not sleeping. Th ra•rm - s · a-1 derived. as follow-. . sub ap of G is 

defined to hav od 'V(G) and edges; t ual all dg of G. a least on of 
whos · links i las ifi d as branch and h~' no N Tm sage in i . A fragmen is 
,.t~~ cic1 ed wi h each conne t d <.mmponen of his graph. Also. test et{f) is dclin d 
to be all nodes p - i , her te.stlink(p) t= nil or - t·mo measag is headed 

oward p ( or ,vill. b 

Th bulk of he arguin don• a this s ag .is showing that deriv d variables 
( ~ibtree, level, core, minlink, tc tset. root.changed) ave h · proper -,,-alues in h 
s, t mappings_ I addi ion, a substanti;;iJ a.i·gtun •· n ded o show 

iJnpl m.e:n ;, ion f letid and core by i cal vnriabl s in era.cts corr: - 1 with 
s.t-accep - ej protocol. (See in pa.t·ti ular h defini ion of be TAR c. ion 

mappi for R ·cci-ueTe;<Jt, and he Ceo R ceiveTe;'jt in L n.u:n~L 2 -) I wouJd b 
ideal to do hi argw:nen in r,.~oT. \Vh h res of the ai.·gwnen t. - cor and 

le11el are i plem n · d correc ly i l u ·, t reorganizing he l tti · ~ to allov,· this 

consolidatio ca;1,u1 d gi·aver ,>iola.tion.s of modularity. 

The m s ag sent in this au o . a.ton are all those sen m TAR, DO, ~ OT 
and CO , xcep -ha NOTIF · ag,. are repJac d by UH r TE messag s, which 

parameter ha it> i h i: find or fotui.d, and FIND messages ar ep]ac •d by 

JNITJA'I' • sages with th pm--, er qual to find.. 

So ~ lll.inor chang w :m.ade to h a.lgori 1nn as present din [ 
om· initializes all vari.:11.h] convenient ~.tl (Thls chan 
easi o a e the p , edi at ·.) Second, pr vi ion is made for th o 

InTr ¢(1) and No•tit-1Tr-cc(l). Third. wh nod p recei I ITI TE message, 

va:riabl - inbranch(p), lu:. tlink'(p) and b ·.!lt.111~-(p) nly chang d ii h parmnet-e.1· 

of he J ii d. This ha.ng d •" no aft c · b ~ p • :-fonna.nc or 
rrcctness of the algo i run. 1 h valu, of hese variable will not he relevant tm· il 

p subsequ :ntly r ceives an rN . T TB-find m a.ge, he receipt of rui,; m ag 

will c use hP ·e variables b rese . ag of he chan.g · i ha.t i grea.tl 
simplifi - he ,ta e mappin :om G 

0 u- ersion of h algori hm is Jj<rh, ly more generaJ t.hi!_,1'"'1 tha in [GHS] . Th -
ea h node p has a single qu u · f r incom.in ~ ·a • whereas in our cr:iption, 

p has a. !; ara e queu of incoming in. a " for each of i - n jgh ho.rs. A n d • p 

in our cilgori hm could happen o proc. ss mes::;a ~sin h~ order, taken O'-' r .all th 

neigl bors. in which h • arrive (modulo · he requeucing), which woul b consistent 

· h the origina algo · . Bu p could also handle th• :m s~e in son1 • o her 
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order (although. of course, still in order for each i d'v1du~,l link). Thus. the set of 

ex u ioru. of our version is a proper superse of h set of executions of th original. 

A small opth:nization o h original algori h:m w- a] fou d. (l d es n t. 

afti . t b" i""St- as ·· p ·1-fOrm,t),nCe.) vVhen. message is received by p 
under cfrcu:mst c that ca.us fragm ·n g t a.bsorb "'d in o tt gmen /. 
nH J;.\TE message with parameter find is only sen if i.e~tlink p ./:- nil' in our version. 

instead of whenev n.status(p) =find. as in the original. As a resul of thls diange 

if nslatt.1..s(p) = find and i:estlfo,k(p) = nil. f) d o wa.i f r th i former) 
fragmen g o find its n ,.,.. m.inim.um-w ·ight , al link befor p c.« o 

it~ par i ,. hi H nk an nly h ,~ - a l arg weigh han th mini rn um-weigh 
t ::rmtl link of p already found. 

autorru: on GH Sis the resul · of composin an automaton Nod (p) fo all 

p E "(G). and Link{[), for Dll l E L(G , and tl hlding a ions app:r priately to 
£ h ~ ST G) problem. spccifica i .n. 

• irs we describe he au om.a.too Nod e{p) f, p E V" ( G). Th > s a has th 
follo'\Vi.ng components: 

• n-,fot-u (p), ei her sleeping find. or found; 

• nfaa9(.p), an eel e o£ G or nil; 

• nleud(p), a nonnegative in eger: 

• bti:i!tlink(p) a. link £ G or nil; 

• · be w p), a ""'eight or 

. , 1':edlink{p), a link of G or nil; 

• inbranch(p) a linJ of G or nil; and 

• findcount(p) 

For each link (IJ., q) E L 1,(G), here ave the following v "ab 

• lst at-us( {p, q}), · ther unknown branch or ·t" j c d; 

• que,11. p({p, q)), a FO queu of · sag .s from p o q wai ing at pt b fl~nt; 
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• q1,H~~L Cp ( ( q, p) , a FIFO q ucue of messages foam g to p wait in.g p Ob p:t'O-

c d;and 

The 5e of possible messag ]VI i { ON E (l) : l ;;?: 0} U {1 lTr TE(l, c st) : 
l > Oi c E E(G) st is find or found} U {TEST l, c) : l 2: 0. E E(G)} U { - EPOR: ( ) : 

w is a wei ht or } u { . EPT REJi;'lCT. HA GEROOT}. 

fu he tar ta of Node(p , rl.$tatu..~(p) = sleepin ,, nfrag(p) = nil_ nlevel(p) = 
0, bc.!Jilin-k(p) i a:.bifr.u•y, bc3'twt(p) i arbit ary testlink(p), = nil, inbranch(p) i s 

arbi l·a.ry fi,n.dcov.nt(p) = 0, utat-u (r) = unkn wn for all l E Lp(G a.11-.!:wered(l) = 
faJ.s for all [ E Lp(G), and both queues~ - emp y . 

"b~ · h -· a ·tio · of Node(p). 

Input ac ions: 

• Starl{p) 
Effec s: 

if nstatu..s(p) = sleeping thC!ll. execute procedure W4ke.Up(p) 

• OhannelRe.c'I.' l). l E Lp(G). tTJ E ~VI 
Effects: 

enqueu m . queue,.(1)) 

utput actions: 

• In 7rce( ll, l E Lp( G) 
Preconditions: 

a.n.swt.:rt?d( l) = fal ,. 
ldtatus(l = branch 

Effects: 

atuwer,ed l) := hu 

• NoUn'I"ree(l), l E L 1,(G) 
Pt: Condi i ,ns: 

answered( l) = false 
i.datu.s( l) = rejected 

E:H'ec s: 
a.n.s-wered(l) != ru 
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• OhannelSend(l, m) l E Lp G) m E 1 
Preconditions: 

1-n at head of 1;1neu;cp ( l) 

E ct:s: 

d queu (g-,H;u p(l)) 

In ernal a. ion .: 

• Receive Conn ct {q p) l). (p, q) E L,,(G 
P recondi tioru,: 

co NECT(l) at h ad of que11:ep({q,p}) 

Effects~ 

dequeue( queue p( {q, p))) 

TA.R DC, J\ OT, CO f\J 

if ,...., t at~(p) = s leeping then execute proccd ur " W (J; kr- Up (v) 
if l < n.l~vd (p) then [ 

lBfo,tt~( (V, q)) : = HU.1. h 
if i es tli,d (P) #= nil, th<-= [ 

nqueu ( IN lTlA TE ( nle ttcl( J>) nfr.ag(p) find) queue.,, (p, q))) 
findcoH,nt(p) := findcount(p) + l ] 

else enqueue(INTTIATE{nlevel(p), nfrag(p),found), q•ue~efl({p, q))) ] 

else 

if l.dat~({p,q}) =unknown, hen enqu (coN • (l q1.rnuep (q,p))) 
els enqueue( r lT lAT ECn kud (p + 1, p, q), find), g-He:u P ( {p g))) 

• Recci-uelnitiaie( (q p) l, c, s , (p. q) E Lp(G) 
Preconditions~ 

ITU' E l, c :st) at head of que1iep( (q, p)) 
Effects: 

d queu ( que-ue 1,( (q. p))) 
n.levd(p) := l 

nfN,,g(p) := 
n.:Jttdus(p) := st 

- let S = {(p.1·): l.statu.'!((p.r) = branch. r ¢ g} -
enqueue{I ITlATE(l, c . .st), que-u.e:,,(k ) for all k E S 
if st = find hen [ 

inbrcu·1,ch(p) := (p, q} 
bc.Btli'/1,k{p) := n-il 
beshml(p) ~= 
e..~ecute procedure Test(p) 
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find.count 'P := 1s1 ] 

• Receive Test( (q p)" I, c) (p, g) E Lp( G) 
P conditions: 

TEST l, . ) a. h ~ ' f qv. rnep (q p} 
Effects.: 

dequeue( queuep( (q, p})) 
if nsiat1Ut p = sleeping hen x ute 1n c -d r Wak Up p 

if l > nfovel(p) then enqu ue(TEST(l,c) vu.cu 1,((q p))) 

ls.e 
if c: #- nft·ag p) th enqueu.e(A CEPT queuep( (p, q} l) 
·ls" I 

if lstatu.s((p,q)) = unknowu h~n t.,,fa,t;'U,ll (p q) : = ejected 
if te.:J tlin.k p) r/= (p q) then enqueue( REJECT, q-i eu e P ( ~ p, q))) 

else exe u e procedure Te3ti(p)] 

• ReceiveAccept( (q p) . (p, q} E L,.(G 
Preconditions: 

ACCEP a head. of queue,,( {q, p)) 
Eft' ts: 

de-qu u ( qu,cuc 
1
,(( q . p))) 

t~tlink(p) := nil 
if wt(p q) < be3twt(p) then [ 

be.~tlink(v) == (1~, ,1) 
,,e~dwt(p) : = wt{p, q ] 

execu e procedui•e RepQri p) 

• Re.cdue.Rl!!".j ect( ( g p}) (P, q) E L p G ) 
Preconditions: 

R..i::.J 

Effects: 
a 

d qu u •( q1.t.(lV. p( (q p})) 
if bta t'lUl((p, q) = un.kno\YD hen ls fatus ( {p, q} : = rnJe · d 
execute procedure Te3 l p) 

• R~c fo,:R1:port((q p) w) {p,q} E Lp(G 

P conditions: 
REPORT ( w) at head of quettep ( < q. p)) 

Effec s~ 

deque ( q·i.l.e'l.fe p( (q p))) 
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i£ (p, 'll ,#, inbra.1, l,(p) then I 
.findc.ountJ..p) := finde.our~t(p) - l 

if w < btMt"1:l1t(p) then ( 

be.d-wtf.p) := w 

b .,UinL{.p) := ~P q) ] 
execut pr eclur Report(p) ] 

S · 

if nsto:t:u.-,(p) = find · h ·n nqu.,eue(R-Et>ORT(w), qm:ue,.((q.p))) 
e] • ii w > hest1,Ut(p) hen exe~t. proced r · Cha.ngeRoot p) 

• .Rea n1 Ch.angeR(1ofi,(q,p}) (p, q) e L,.(G) 
P recondi · o.o.s: 

CHANGER0OT at he<;!.(] f queu. p (q,p) 
Eff. C : 

d.eque, ( queue p( (q p))) 
execut procedu Ch..angell.oo'fl.p) 

Pro dtu;·s 

• Wu.keUp(p) 
- let (p,q) be th· . iui.mum.-wcigh , link f p -

l.,;ta u.s( (p q)) := bra.rich 
n,11 atus(p) : = found 

nqueu ( CONNECT ( 0) IJ"" • ue P ( (p, q}), 

• T e 1.(p) 

if l. t minimum.-~ ·gh link of p with l tatus(l) = unknown_ ext!; s hen [ 

t tUnk(_p) : = l 

nqu ue{T T(nlevel(p , nfrag(p)), queue,, l))] 
else, [ 

te:.sf.link{p I := nil 
execut ~ proc du.re Reporl.(p)] 

• Report(p) 

if findc.ount{p) = 0 and fo.dlin ·(p) = nil hen { 

nstat:-u.,(p) := found 
queu (R-EPORT(be~'itwt(p)) q~cuep(inlminch(p))) ] 

• Chang Roo"«,p) 
if ~tatus( be t.link(p)) = branch th n 
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enqueue( 'HANGEEWOT, queue. 1,(be tlink(p)) 
else [ 

nqunP(co E •r(n.l itd(p)). qtt 1,1,ep(be..,tlink( p) ) 
l8tat'lf.:j( b stlink:(p) := branch ) 

ow ""'e d sc::rib the aut ma on Link( (p q)) for {p, q) E L(G )-

The s , ate co si s of he singl - variable queu .P'l'( (p q}), a FIFO queue of m.es

. ages. The set of messages . 1, is he sarnc - for .Node(p). Th queue is empty in 

he start sta . 

I put Actions: 

• • ChannelSend((p,q), m). m E 1\II 
Effe _: 

queue(:n1 1u.e.1, P ( (p q})) 

tpu Actions: 

Pr condi i n : 
m. a ad of que-ucpq( (p, q)) 

ffi · c s: 

dequ u ( Queue pq( {p, q))) 

N w we ,can define he au oma on tl .i. models he entire netw r ·. D fine 
th au omato GH S to e he resu! f composing . automata Nnde.(p), for all 
p E (G). and Link(l • for all l E L(G) an hen hiding all actions 

Sta1·t(p) p E (G) InTrec{l) a:nd otlnTree(l), l E L(G). 

Giv a •IFO queu(.. q and a set 11, defin · q lA4' o be h FIFO queue obtain d 
from q b dele in all lem t . of q that "" not jn '.l. 

Deri1Jetl Va.r:iable.s: 

• que·uc((p q)) is qtie-uep( (p q:)) 11 queu pq({p, q)) 11 q-u '" \ 1({p. q) ). 

• tq.'f'qu uep((p. 1)) is q1:1.eue,.((p. q})I ilfTAR \Yhere Jv/T,AR. is th set of all po -
~jble m ages in T R~ similarly for larqueuep{I'( <P· q)) and ta.r~ueueq( {p q) ). 
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iuular de:fini iomi are made or th dcquette' , nqy.cue's, a:nd cqt"°'eli 's, except 
hat fo th dcgueue's, ,.-.. INITIATE(/, .£ d) messag Is r· lnc d wi ha PlN 

message, ~ d for he n.qt.teuc· -• ach JNl I;\ • ) mess<'l.g i - r pla ed w:i. h a. 

NOTIFY( l c) mes:s~g ·. 

• a wu.k e i faJse if d nly .if ?W tatu$(V = sl ping f: r all p E ,,.. ( G). 

• For all p E {G) dr..9ta:tt,3(p) = u.n.£u if 'Jl.3 atu.s(p) = ~1 pin or fou.ud :u1d 

d da.ni" p) = find . f "1>-" ta U-.5(p) = fin L 

• }VJSF 1s th . ubgra.ph of G hos noc , at V(G) ~md wbu~ · dges are all 
edge1 p, q) of G such tha i her ( 1) Lstat'U..'I( {p. q)) = h and no o 'NE 'T 

m · ·<lg" is in q,ue,ue( (p, q) ). or (2) Z.,ta,tus (q . p) = bnl.nch and , o coN:K'"E '1' 

messa c is in queu ( {p, q) ). 

• ft ·u.9-ments ·s a ~ -t of el ment; , ca.lled. fragment-,, , n for ea h conn c ed con1c
poncn of 11d SF. 

Each f gm n / has t foUm,ving cwnponen s: 

• ~TLbtree(f) th · · n:-espond.ing nn.ected ponent of M S F; 

• l v l(J). defined as .in OT· 

• te.st. .. r;f{ f ). the s 
(1) a • l 'D mess 

of a.11 p E nod. (/) such a on of h following is ru ~ 

· is h aded towo.J.·d p. (2) te. ·W.nk p) ,6 nit r (3 a ON EC , 

l'n> sage is in qu.eue{(q, r) ). wb. • q, r = ,:,.-,.,. f) and p E su.btT e(q); 

• minlink(J efin d as i DC; 

• roo tchange.d( f), d fined as in CO J\ ; and 

• accm,in.( f), defin d as in TAR and DC. 

Define th. following pr ,dica es o fo e (GH ). (All free va:ria 1 are univ r
sall~ quan ifi d.) 

• GHS-A: lf nsta.tus(p) = ~.i ping th •:i 

( a) th r is a fra,gm. -·n f such h · 8uh tre f = {p}, 
(b) qucue((p q)) it. empty for all q. and 
( ·) l.11fo.tu.sl (p , q)) = unlmmvn for all g. 
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• GHS-B: · f ONNE T(l) is · queue((q,p) L~tatu.s((p, q) /:- u.nkno\.vn, and no 
o.f'l:NECT is in q1,e1.u!( (p. q} ), then 

( ) he a of qutrn, ({q,p}) is co '£ •r(l follow d by f rn TE(/+ , (p,q) 

find); 

• 

( ) q-ueue( {p, q)) is p y: 
) nstatu.s( q #' find, and 

(d) nlc-vel(p = t,l ,} l(q) = I. 

ON E T cs ·ag JS Jll queue(l) 
he c NN T in qu.e-ue( l), d no TEST or '.llEJF; 

• G :iS-D: If UH-rt TE( l, c find) i i ubtr e J) 

h n D FJND mes a.g pt" ·c 

message is in q~ev.c{l). 

l """ l 11 l(J ). 

• GHS-E: I.NlTlATE(l c .·t) i ' in qu.eu ( {p q)) and p, q) = c.o,rc(fr4gm nt(p) . 
th = find. 

• GHS- : If TEST(l, ) i in gueue{(q, p) 1 hen nfo·ud(q) ~ l. 

• GHS-G: If CCEP is in. queue({q p)) h 11 nl•vel(p) < nl vcl(q), 

• HS~ : If testlfok(p} #, nil, then ~t,,~(p) = find. 

• GHS- , : Hp is up,-t d e, hen n.lctr l(p) = le:vel(fra.gment(p)). 

• GHS-J: If pi p-to-da e p ff, te--,t et(fragment(p)) and (p q) is ho. mini.mum.
weight .· ernal link of p h n nlevd(.lJ) S ttle·vel(q). 

• G S-I : If .uz.l:,fr, (I)= {p} and nstafos{p) ,f. sl ping, th n rootchanged(J -
rue. 

· PaH s be th · conjU11c ion f GHS-A throu h G · S-I . 

Wen w define '1.1.., = :i:• A:1:), an ab~tr<:t ion n~appit: g frmn GH S to :i;, for 

x = T. R DC, N T and CO_ .. <>:r. ::ihould be obvi . f. r all :r: give h . bov 
deri,.. d func ions. W. · now define Ar · TT) for all x, ~ ta , of G HS, and a.c ions 

r. of GH S cnabl d i ~. 

• rr = In.Tree(l) or Natin,Tree(l). = 1:" for all x. 

• 1r = Sta;,- (p). Let f = fra.gm-en t( p). 

Case 1: tl.Status(p) = l ping in For all x. A (.", ..-) = Start(p) .2e 

ChangeRoM-~f), where t~ i ,he sam.e .as S ~( ) excep ha awak = tru · in .:· 
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• w- = ChanncUl,ccv{ k, rn). Fo a.U x, A"'( r.} is emp y with th'-' fa llowing x-

ptions~ If m = co, , .. T(l ) r CHANGER T , h AcoN(.s, r.) = ;r_ If 
m = lNJT JATE(l c, .!;t) h n ANor(s. --ir) = Chann lRecv{k NOTIFY([) c)) d if' 
st = :6.nd en Anc(s, '71" = Chann lR •cv k. FIND). If m . = · ST, ACCEPT o:r 
ru::;_tECT , hen ATA.R( ,, ) = ;r. H rn = RE o :'l'{w) h .n Ave( r.) = r,_ 

• -r. = ChannelSend{k m ) . Analogou to Cha.nn lR v(k, m). 

,. 1r = L J = fragme.nttp) and g = fragm nt(q)-
(La.t ·w will show tha. lowing four cas -hausti.ve. ) 

C'aJ 1: ndatus(p) = sl ping in • . If (p q) is not the Jl'.U imu:m-wcight x-
-. ·n,J link of p in , then Aa1:(s ,r) = Changeiloo f for- all x. If (p, q} i. th 

minim - weight ext al link of p in tl 1'.1. £, r all x A,, ( r. = Cha.ngeRoot(J) 
t:r: Mtt.rge(f. g . wh · · t . i - h state of x r l.tl ing-fro:m ap. lying Change.Root(/) 

S"' 

Cu. !J: n.stattt.s p # sleeping, l = nlevel(p) , and no o NECT messag is in 
qucu '((p, g)) in . If 1..,tatu.s((p,g)) = unknown in "• th ·n A . (s,r.) is y for all 
:i.:. If lst.a.ttt.$( (p, q) 'i= wi.k ~ , in s, he Ar n( • w) is pty and A..:( • r) = 
AfterMerge(p q for all oth ;i;.. 

Co. e 9: n.statu,s(p) # sleeping l = nl ,,., l(p). and a ONNECT m.essa · iis m 

queue((p,q)) in . A..,(s,?r) = Merge(f,g) for all :r:. 

c-e 4: n.stat'h.:;(v) ./- sleep,ing, and l < nlc:wel(p) in .s. Ax( r.) = Absorb(/ g) 
f. :r all x. 

• ,r = Rccei-vclnitiate( (q p). l. c. t _ 

A7• R( • ) - Se,-ulXr;.,t(p) if st= fa, • and i.s em.p y 11 iVJ e. 

f st =f. fi then AD -;r) i empty· if . t = find a11d b r j a link {p, r) 
. u.ch tha l t.etu.-i( (p,, r)) = unknm....-n rn · , h -n Anc(s 1r) = ReceiveFi-ndi( (q, p) , if 
.st = cl and there is no link {p, r) -, ch ha: J-,ta.tt, ( (p. r) = unknmvn in _. then 
ADc s, r) = Receive Find( (q, p)) t Te.st 'ml (p), wbc.r ·tis he s ate of DC resulting 
from applying Re~civr.Find((q,p}) o Svc(:~) . 

.A or( • :.:r } = .R c iv Notify(_ (q, p), J. c). 
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AcoN(s, r. is pt.y. 

• 1r = Rec it,eT t((q,p}, l, c). L t f = frtigmrnt(p). 

Case 1: nstatu.!t(JJ) = :;l · '"'ping in s. 

ATAR , r.) = Chang Root(/) t r.T ·tis he same as S:rAil ( ·) :x 'P that 
rootcha.nged(.f) = n.1e and l.s:tattl..3( miT,li-T'i.k /)) = branch int . 

A., ( 1r) = Cha.nge.ll.cot{J) fo all other x. 

Ca.s 2: nstafos(p) i= sl ·ping in . 

.A.T,Hd , w} = 1r' if I S nle l(p) or nletJel(p) - level(f) in 
o herwise. 

J.S eni1 y 

Ave( ,r. = Tc:-,,tNode(p) if .l S nlei.1•l(p}. c = nfrag(p), te.stlink p) - {p,q} 
and l.stat1:U({p r)) 'f, unknown for :all t· e/= '1, in s, and · empt otherwise. 

A"'( s, r.) i pty for aJ1 o ·th r z. 

• -ir = ReceiveAccept((q p)). 

ArAn.(s, rr) = r.. 

Ar( .r) is emp y f. all her x. 

• ;r = Re.cefot!R ject( (g p) ). 

Anc(.s ,rr ) = TelBtNodt(p) if there i n r ;! q such th;.i,t l at"U..~({p r)) = u ~ 

known i .s, HUd i emp y therw:i e. 

Ar( , ,r) is emp y for all o her x. 

• -,r = R cciveRcport({q p} w) . f = fragm.t1nt(p). 

Ca{j 1: (p, q = corn(/} n~ta.tu.s{p) 'F fit d, w > b Jrt·wt(p). and l$f.O.tt.1,. 
(besilin.k(p)) = branch in 

Aoc( ·, r. ) = 1r. 
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A.,(.s. r.) = Cornpuf.e.Min(f for al o hei: x. 

Ca ·c 2: (p,q) = core f, ,utiztu (p) # find, w > be.stw (p),. and htatus 

( be.~tlink(p)) # bran<;h in 

A Dc 3, ,.) = 1t' to (JlwngeRoo(f). where io ii; 

fro applying 1r o So (.s • 

A coN . , , ) = Oomp1deMsn(f). 

f DC r ul i.ng 

A"'(s. r.) = ComputeMin(J ) tz Clto.ngcRooi(J) for all oth a: wh e · ~ is th 
of x resulting: fro applying Comp·utcMin(f) o S,s;( • 

Ca.A j.- (p, q =f- cor,e(J or n..dat·u.s(p) = find or w :5 be.stwt(p) iu 

An ( r.) = 7r. 

A,., ( , ;:r) is e.mp y for all o her x. 

• .r = Recei'lle.Cl1.angr:Roo((q p)). Le f = frag,ment(p). 

Aco, ( . -.r) = rr. 

For all other !?". A:i: ( -:ir) = Cht1.n.geR oot f) if L,ta.tu ( be tlink (p)) -# b ;ich in 
. , and is emp y o h rwise. 

For th.er of this a.p CT. le Ibetl · ofnam {TAR DC NOT CON}. 
Th following predica es ar bu in. any sta·t of GH S satisfyil g A :a-eI(P~ o S~) I\ 

PaHS· I.e .. th y are deriva.bl · from PGt-1S gether w.lit the • R, DC, OT CO , 
GC. COM and H predka.t .- . 

• GHS-L: If Afte:rMergc(p. q s nabled for DC r OT · b n a ONNE m -
sage is at. th head of quc-u e(< (j, p)). 

Proof: First no-e shov• h pr dicat for DC. L f = fra,gm, nt(p). 
1. (p q) = core(/), by pr concli ioD.. 
2. FJ D :is in dcqv. ~ue( (q. p}) by pl- ondition, 

3. Non.ND is in dcq-ue-ue((p.q}), b - precondition. 

4_ dc.stat-u.9(q ) = unfind by precondit"on. 

5. No REPORT is in dr.q·n 'Ue((q p) , by pr condi.t i n. 
G. q E te.its ·t(/), by Cl,-ims 1 t o h 5 and DC- G. 
7. tesUi:n.lJ(p) = nil , by Claim 4 and GHS- . 
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_ A CON EC • iu qur.ue((q,p}) by Clai - 1, 3 ,5 and 7 .. 
9. (p, q) E s1,1.btr (f). by laim l and COM- . 
10_ _ o lNl'rIATE( , ,found) · · q'il. u.e( {q, p}) by Claim 1 and GHS-E. 
l. o CB.ANGEROO is in queue((q p} , 1 y Claim 1. 

12. c EPT is in guetL ((q p}), b~ Claim 9 .d T. • ~-F. 
13. CONNECT p:r . t - l s any F ~o. T T, r n. • ECT in qu.eu (q,p)), by Claim GHS..C. 

aims 5, , 10, 1] 12 and 3 giv th ·ult. 

For OT. we show tl at if AfterMergc(p q) for l OT is enabl ·d, h n After

Merg (p, q) for DC is cna.bl ~d. 

1. (p q) = core f), by r ~o di 100. 

2. O'l'JFY(nlevel(p) + 1 (p q)) is in nqucuc (tJ p}), by preoondi io 
3. N OTIFY( nlevel(p) + 1, (p, q)) is in nq-ueue( {p, q)). by preconditi n . 

. nlevel(q) # nl vel(p) l by precondition. 

5. t I · IATE( nlevel(p) 1, (p q),find) i1:> in queue({q p)) by 'la.ims 1 and 2 and 
GHS- . 
6. nlevcl{p) + 1 = le-vel J , y Claim 5 and G S-D. 
7. o L"llTIATE(* ,find) is in qucu.c{(p q)) . by Clai.ms 3 and 6 and GHS-D. 

q i not up- o--da , by laim 4 and 6 and GHS-1. 
9. dc.stat-u~(q)-=/:- find. by Claim and DC-l(a). 
10. No R..~PORT is in qw.me, (g,p)) by Claims 1 and and DC- C(a). 

By Claims 1. 5 7, 9 and 10, AficrMt:.rgc(p 'Ii for DC is enablc-d. □ 

• GHS-M: If testlink(p) :#, nil or findcountp) > 0., , hen no r D m age is 
hea.ck:d owa..rd p,. no CONN Tm sage is i qiieu. {{q,r)). whci- (q,r) = 
core(fragme-nt p) and p E .subt-r c:( q ). 

Proof.· 

l. te.stlink{p) ':/: nil or fin.d'cou.ntl,p) > 0, by assurnp· ion. 

2. n.statu., (p) = find, by Claim 1 and . i b r GHS-H or DC-H(b). 
3. dcstatu (t) = find fo all betw q and p indu ·v ~. by Claim 2 - d DC-H(a.). 

o H • m ssag i h ·a.cled toward p , by Claim 4 and DC-D (b) _ 
5. No ONNECT is i que ·u.e( {q r)) or l~~tatu.s( (1· q)) = unlm ,; •n. or co 'Ee i in 
queue( (r qi), by Claim 3 and GHS-B( ) -
6. (q. r) E ,subtree(fragm,:.nt(p)). by COM-F. 
1. lsta.twt(<1·, q))-=/:- unkn wn. by !aim 6 nnd T_ .R - A(b). 

lf o . NECT is in ~rueue((r,q)) hen no c NNE is in qucu. ({q,1-)) y ~hum 6. 
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S -c ion 4.2. 7: GH S SimuI aneous!y Simula TAR. DC, OT CO 

9. no o, -~E T i6 in queue({r -q)) hen no cor-""NE Tis in q,,t~vM:((q, r)). by Clair 

5 and 7. 

lai m 4 8 and 9 give he r l . □ 

Lenu1rta 25t G .H S frnultaneously simulat. be set of automata {T.4.R, DC,_ OT 

CO } via {\,fz: x EI}, Pc;Hs, and {P;: x EI}. 

Proof: By inspection, ·he types a.r c:orrect. By Corollari 18. 20 22 and 24 P' 
is a prediat - J in every r · 1 bl at of x for all a;. 

(1) Let s b: in . tart(GHS . Obviou ly PaH is hu m 
cwt(x) for all x. 

2 Obvious y, A..,(s, 7i)I :r.t(:i:) = ~I xt(GHS £or all :r:. 

a ep of GHS su ·h that /\,;c.EI P' ( "'(, r ) and Pans( ' ) 
e. By C llaries l 20 22 and 24, w can h HI, C01.lf. GC T. 
OT ~ d pr dicates are r;i.re in ', a.s S preclica· es. B low, 

w shmv ( 3a), · t Pons is tl"tl i · only fort whose ru 1 in 1s 

not obvious) and either (3b) • r (3 ), as appro e s p ·mu.la ions for 
TAR, DC, OT, and 0. T 

i) ,r e({p q) ). I = fragmtm.t(v m ~• . 

(3a. Obviously Paus is tru i . .s 

( 3 b · / { 3 ) A ( ', r. = '1r or all :x . 

Clai'171',tl about. s': 

1. answer d((P. q)) = fa.ls by pr condi ion. 
2. ls tu tu~( (p, q) ) = bran , by precondi tio1 . 

3,. n-Sta.t'l.&.'l(p) ./- s]eepin , b: • Claim. 2 aud GHS-A c). 
4. awu.k = true. by Clium 3. 

. p, q) E . ul,1.rf": (f or {p, .q) = minlinkU), by laim 2 and I R- (a). 

r.- is enabl cl i S z( ') by Cl . - land 2 fo x = TAR, and by Claims 1. and 
5 for all oth -· x. Obviously its effects a.r cnin.-or din S"' ( } for all x. 

ii) "' is o,tlnTree( (p,q) ). Le f = fro.gmeni(p) in s'. 

(3a) Ohvi ly, Pa FIS is t · 1n 8. 
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(3b }/( 3 ) Az( • r.) = 1r for all x. 

1. a1MWered( (p qj) = fol ·.~ , by pr ondition. 

2. l.sta·tu.s( (p., q) = rejected, by pr condition. 
3. ,i.9fatY4.S(P) .fa sle ping by CJ • 2 and GHS-A( ). 

a:wak = rue, by lai:r 1 3-
5. fragmrent(p) = fragmcnt(q) and (p, q), -=f. .-i1,1.btre (/),, by Claim 2 and TAR.-B. 

w is enabled i z(• ') by Claims 1 and 2 for x = T.-4.R, and by Clai 
5 for all th r- .'.t. 0 bviousiy its ffcct ~ · c m.i.ITored in Sr ( s) for all x. 

Ca..q 
S ( '):r.S.r 

tar (p). Le f = fro.grnent(p). 

J ,· ~~fo.tus{p j # 1e · ping in s'. A ., ( '. ,, ) = 1r for all x .. 

) is an ex cu ion .fragment of X £ 1· an 3'.', and PaHS is 

l. 4 and 

Ob 

', 'Tr = r. t:r C!tangeRC1t>(f). wher t 7 is he s 
S ..,( s') ::,:: p hat a-wake = hu: in tz. For all w mu show that ':;' is na.bled 
in S (s') (whicl i n:. becau · ~ is an inpu , act,ion , ha its ff, c s are m.irro:red 
in tz {which is ru by defini ion of t;s, ), tha Chang,eH.oot(f) i nabled in tx, and 
hat its effect ar min-ored in S,,. ( ..i ). 

Le l lr · he m..inimu - vcight ex ernal li 1~ of p. It exists by GHS-A(a} and 
the asstl.1-nption that IV G) I > l.) 

Claim.s about ; : 

L T~,datY-s(p) = sl ping, by a.ssum.ptio . 
2. .sttb·trc.c(J) = {p} by Cbt:im l and GHS-A. 
3. min.link(/) = l. by Claiin 2 and defi . i n. 

4. ls a.tus (p q}) = unknown, fo all q by Claim 1 and GHS-A( ). 
5. rootchanged(f) = false, by Claim 4 and AR-H. 

Ola.i.m.s abnu ~. for a.U tI;: 

6. a11Jak = true by d "fini ion. 

7 . . ~ubt-ree(f) = {p}, by Claim 2. 

8. rootcharige.d(f = false. by Claim 5. 
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Section 4.2_7: GHS Simu.1 aneously Simulat T .4.R DC roT, CO 

9. minlinl..."'{f) = l, by C aim 3. 

ChangeRcot(f) is enabled m t •o by lnims 6 , 7 and 8. For all h -r z, 
ChangeRoDfl..f is en b l din f:,:r by' hum 6, 8 and 9. 

Olaim.s a.bl'Jtt.t _ : 

10. CONNECT(O) is in q·ueue(l), by cod .. 

11. l.;tu.tu.s(l) = branch, by cod•-

12. rootchanged(/) = h-u by Claims 10 and 11 and ice o.f I. 

For most of th o hu. cl. riv variables, it is obvious tha they are the same ins' 

and s. Alt.hough n..,ta.tus p ) ch.ange . dc..statv.(J(p remains unchanged. Ev hough 
L!to:t1.LS(l) changes o branch, NISF do not hang , sin,c a o,-i ~E T message is in 

q 'u.e.u (l -

For !r. = TAR, the ff.»c af OhangeRoot(f) a.r mirrored in S:.:(s) hy Cl- "nu, 
11 und 12. For x = CO. 7, the effects of Clw.t:igc/1,oo ·l'-.f) a.r mirrored · Si:(5) by 
Cl<Mm 10. or all otb~ :'l:, he effec s of Cha,n.geRoo f) are nnrrored in Sx(s 1 y 
Chum 12. 

(3a) Mo-re Clai= ahot;.t 1
: 

13. lstatu.s( (q, p)) -:fi rej e ted, fo all q , by Claim 2 and TAR-B. 
1 . I£ Lstat·ii .. ~({ q,p)) = branch, hen a. CT is in qu.eue.((q,p}) f, r all q by 
Claim 2 . 

15. te.stM! t(f) = 0, by G laim 3 and GC-C. 
16. te.stli.,~k(p) = nil by CJ ·m 15. 

17. queue(/) is empty hy Claim 1 and GHS-A(b) . 

GHS-A is vacuousl ru since n.!ltat1.1.,4(p) = fo,und in . _ 

GHS-B: va.cuo1..1 . ly rue for ONN •.c· added to qt1,e1u~(l) by C l a:i.1T1s 13 and 14; 
v.i Oui:lly true for a • GONNEC ab-, :ad. in queue(rettc:T$ (l)) by Claim 10; va-cu:ou.sly 

h-u" for any 'ONNECT alre.a.dy i queue( (q p) ), for .any q such hat {p, q) "F l, by 
Claim 4. 

GHS-C i rue by Claim 1- and cod . 

GHS- is vacuo Jy ru by C .aim 6. 
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No chang · affects the o hei.--s. 

iv) r. is C hann lR cv(k m) 01" 

t"U.e cl U1 p simula ions a.r corr 

h.anneliSend ( k 1"1'1). 0 
t. 

vio 

onne ((qp).l).Le f=fra.gm n-t{p) dg=fra9ment{q) 

in r £ ur cases. \.Ve no, ·ho ha h y x:haus iv , i.e., that 
l > 1-dev l ( p) i impossible. Firs , ~upp " {q. p) is an ex ernal link of g. By CO -
D, l = le~u.l(g and {q p) = m.inlink(g). By OT-D, l v l{g) .:5 nfovel p . Secoud 

ppose (q,p) is an int al li k of 9 = f. By C l_E (p q) = cor (f), and 
l < l.eve.l(f . B t. by JOT- , nlevel(p) > level f) - l . 

Ca~ 1: nstatus(p) = s . pi g. lais case is divided in o tw,o su ,;n;;,~::::. 
pr som claims tru i both bcases. Let le be he m.inimum-w 
Huk of p . 

Claim about.': 

1. o T NE T ( l) i at h __, d_ f q , -u I" ( q p) ) by p · ion. 

2. nstat-u.s(v) = sl ping, by ass=ptio . 
3. 311.btree(f) = {p} by Claim 2 and. H - . 

rootchanged /) = f ',e bv Claim 2, GHS- ( imd TAR-H . 
. m.inlink(f) = k. by Claim 3 and d fiu.iitio 1... 

6. awake= trn , by Claim l and C _r_ . 
7. 1 o FIND i i . q~£e~ __ H.:( (q, p) ), by Claim 3 and D -D(a.). 

f-/.. g, by Claim 3. 
9. (q. p) is ~ •· ·x rnal link of g, by Claim 8. 
10. Tn:inlink g = (q,p}. by Cm.i· s 1 and 9 and CO -D 
11. level(g) < lev .l(f). by Claim 10 and 1-A. 
12. ,l = l 11el(9 , by Claims 1 and 9 and CON-D. 
13. fo·ud(f) = 0, by laim 3 · d CO -
14. l < 0, by laims 11 1:2 l 13. 
15. l = 0. by Claim. 14 and CO~ -F. 
16. n.levi!!t(p) = o. by ]ahns 3 and 13. 

Subcase la.: {p, q) F k. By !aim 2 and GHS-A( ), l tatu.s {p. q)) = unkn wn 
in ~' and · h sam - is rue in s. This fact, tog he wi h Claims 1 5 d 16 sh w 

hat th co E T( L) m 
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Sec ion 4.2.7: ,GHS Simultau ous]y Sin:mlates 'TAR. DC, OT, CO. 

(Sa.) Pons can be shown to be rue u, by an argument very similar t t at 

for 1, = Sia.rt(p), C~ e 2 only change is ha: h oNl'JE T(l) message i 

r queued. Claim 7 vcrifi , 

(3b)/(3c) For all , A ( ' ,rr) = ClirmgeB.ooi{f). F r.z = CON, ChangeRootl,_J) 
is nabl - in S,,, C ') b Claims 6, 4 a.rd 3; foi· all other :z:. it is enabled by Claims G, 
4 and 5. 

Olai.'111.!J abotd 

11. l.stafo,s( k) = b:r-an. , by code. 
18. ·ON E 'r(O) i:5 added to the end of q1H:T1, •(k) 1 by cod 

19. raatc.ka:n.ged(f) = tl."U.et by Cl.:mns 17 d 1 and choi- of k. 

For Jilost of h her derived variabl , it i - nbvj us ha they are hes~ i ·' 
and .• lthough n.datu-,(11) hari.g s, 1_lc.5fa-tu..,(p) remains u ch · ged. Even though 
l.stn.t-u.;(k) changes to l~.1.nch, -ISF does not cha.n , sin a CONNECT mes aw is 

in queue(k . 

Th effects of ChangeR.ootl,..f) a:re .m.i:rro:r lai.ms 17 a.ud 19 fo:r 
x = TAR, by Claim 18 for :,,, = CO 1 ·m 19 for all other x. 

Subca3e 1b: (p, g) = k. 

(3b)/(3 ) For all x, Az-(s'. 1r) = Change.Root(f) t:r Mcrge(f, g), where tr i th 
1·esult of applying ChangeRoo /) o S;:r(s'). Chang Roa(/) is nabled in S_., (s ' ) by 

Claims 6. 4 and 3 for x = CON, and by Claims 6, 4 and 5 for all ,ot1 ~. l effects 
- obviously mirr r cl in t 

20 . . k = (p. q) by " ·11.unp ion. 
21. {p, q) is an ~ t ·ma! link of f by Claim 8. 
22. roote.kanged(g) = true by Clai 1 and Claim O. 
23. Only n co E T rn sa e i in queue((q,p} • by Claims 1 and 9 and COI -D. 
24. l.sta i..c,( (q. p}) = bran h, by Claims 10 and 22 and TAR-H. 
25. .fo~Jcl(g) = 0, by Claims 12 and lo. 

26. u~tree(g) = {q}. I y laim 25 a.n.d COM- . 
27. ,-,.lcv l(q) = o. by Clai.ms 25 and 26. 
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28. o lNITIATE mess.ag~ i iI qT1. ·u. ( {p, q)) or qu.eue((q. p}) . by Claims 9 a.nd 21 and 

T-H( -) -
29. No • ON ·1.; Tm .·sag - is in que·ue((p, r) for any r # q by C l.-.i.in~ 3 u.ud 20 an 

C N-D. 
30. ~o o ·E T messag - h, ii queu. ((q,r)) for any r f=p by Ctahn.s 10 and 26 a d 

C N-D. 

Clain-1-S about tz: 

31. / -f:- g y Cla.frn S. 
32. rootchangr:.d(J) = ru • by d finition of t ... 
33. rotd,c.hu.v,g d(g} = true by Claim 22. 
34. m.intidge: /) = mfat!dge( g) = (p, q ), by Clahn.s 5, 10 a c 20. 
35. li x = CO , hen. CONNECT(O) is. _ CIJ1~C t,c {p,q)),. bv definition of (c-

36. H x = CO; • then • N • T(O) i at , he hea.d of cqu.e-ue((q .p)) by Claim l 
and 15. 

Merge f, g) is a.bl d in t by ' lann.s 34 3o and 36 for ;r = CO 
Claims 31. 32 33 and 34 for all other x. 

and by 

i !ii..:s ·we shall shor ly show, .JV/. SF h 

con· sp nding of and g b"'-v · combined. 
thls • ew nn ct d oompone ·t . 

...u_g~Q. - - he connected com.pon t5 
h be he &agm - corr sponding. to 

Claim.s about s: 

37. o CONN • i m qu ue((q p} ), by h ·m 23 and code. 

38. l.statu.; ( (q p}) = b ranch. by C laim 24 and code. 
39. (p. q) E MSF. by Claims 37 and 38. 

40. 3u.btrt:: (Ii) i nod p and q d h lge between 1 y Claim 3, 26 and 39. 
41. lNITIATE(l {p q),fu d) is in g-u -uel (p q)) by <,;.od • 

42. fovel(h) = 1, by lrum5 16, 27, 28. 0 an 41. 
43 . eore(h) = (p~q), by !.,urns 16, 27, 28 40 an 41. 

44. (O i in l]'U u.e( (p., q)) by nd . 
45. tuts •t(h) = {p, q}, by Cl<;UlUS 41 Hnd 44. 
4-6. m.inli.ri.k h) =nil.by Chci , 5-. 

7. rootcha.ngr.d(h) = false. by Chu 29·, 30 and 40 . 

• f and {J are no lon~er · frcgm.e:nu, by Clai:m.s 3 26, a:11.d 43. 

The effects of Me-rge(f,9 ) a:r<:: 1.zuuored in Sz ( ) by hu !'i 40. 42. 43, 45 46, 

47 and 48 for x = TA,.R; by Claims 40 4 1 42 43, 45, 47 and 4 for x = DC; b 
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Claims 40, 41, 46, 47 and 4S for x = _ OT· and by Claims 40, 42 43, 46 and 48 for 

x=CO 

(3a) GHS- A: vacuously rue for p bv cod . B, Claim 1 and G S -A(c), 
n taiu.-,( q ) '-/= sle ping in. s 1

; since he sam is rue in s, changing g s sub r does 

not in va.1.ida. te G HS-A a). 

GHSMB: bviously, the only si t iou affect. d l - he CONN ·CT ad led o 
qtie.ue( ~p. q} ) . 

{a) queue( (p q;) l,,as h 
hat q·ue-ue( (p q)) is e-..mpty i 

con·e 
.t by Cln.i 

~ in a.us of h co and the fac 
cl - ::\.(b -

(b) To show that qtu::ue( (q.p) is empty in ·, w • J ust sho, h:c1. i co . t ·n -
only the CONNECT in '. By la.i 1 anrl GHS-C h~ - i~ no TEST or REJECT 

in 9-ueue((g.p) . By Claim 2 and GHS-H, tr..,tlinh(p) = nil; · hus, by TA -D, no 

ACCEPT is in queue{ (q, p) ) . B Claim 3 DC-A( g) aud DC-B( a). there is no REPORT 

in queue (q~p)). By Ckd:,: 3 and NOT- H(e). here is no NOTIFY in queue((g p}). 
By laim. 3 here is no CHANCEllOOT in q-ue·u.e( (q p) ). By Clai.m 1, 

CON-D and -E, h -r-" 1s only one ONNECT in q-uetL-e {q p}). 

(c) TUtait1.J'(p) -,f. fi d fa y d. 

(d) By Claims 16 and 27. nleiiel{p) = nl t1cl(q) = 0. 

GHS-C: No 1-"'l · is in ql.1.eue({p, q)) ins' by Claiin 3 and DC-D(a.). _ REJECT 

is fa q'lt.e-u.e( (p q} in ' b,y Claim 3 and 'l'AR-G. No ST(l, ), foi" a.n}' l and ~, is 
in q14cue((p,q)) ins', because by Gl ims 25 lJ and TAR- E(b) and TAll-E(c), 
l = 0: yet by TAR-:!v.l, l 2:: 1. 

GBS-D: By It.uni 42. 

GHS~E: By code for the T TTlA . E arlde:tl o qu,et, ( (p, g) ). By Claim 28. this is 
th o , y levan.t m.essag affec d_ 

GHS- H is trne ins since ,-ut,J:t,M(p) goes from. sleeping to fou. . d, and tt:=dlin.ki(p) 

is unchanged. 

GHS-I: By Claim. 45 , p and q are ho, h i t~Atset(h) i . 1Ne now show hat 

tl.!lfah (p) #, find and n tat:a.s(q)-=/= find . Tl •t by l.;,im 40 no nod in 3ubtree(h) is 
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up-to-date, so the predicate is vacuouslv tru (for h). By code, d'cstatu.s(p) = found. 

By Clai.n1. 10 and GC- , tc.;il. et(g) = 0 in •1
; by Claim. 26, no lt.EPOR.T message is in 

rnHree(g) in '. Thus, by DC-I(b), dc8tat~(q) -.,I= find ins'. 

GHS-J: VB. uously -u by laini.. 40 oai:nd 4 fo p and q. No elevnn change 

for any other node. 

No chan.ge affects the rest. 

Ca. :2: n tah, {p) ,I. sl epm • l = nl vel(p), and no c N, 

qt,cue( (p, q)) in ~'. 

Subc.rue fla: lst.aiu.,( (p q)) = unkno, in 
to .s is hat the CONNECT message .is 1· q:ucu cl. 

T messag is in 

g -. in going from s' 

(3a The only GHS pr di ut.e aff. d ar GHS-B( ) and GHS-C. By TAR-
A(b) (p q) # ~uht'l"e.e(f). Thus, by DC-D(a, no FIND is in q-ue·ue({q.p}) in. -', and 
h.e predica es are still rue in. . 

(3b)/(3c) .A;i:(s', 'Ir for all W n w how ha S (s') = 
f ,: all z by showing ha cque1.,e (q,p)) ont.ai.ns only he on coN • '1' 1: 

in 1
• By TAR-A(b), (p, q) is not in MSF. Thus, by ON-

is in cquetuc:( (q, p} ). B CON-D a CON-E only on -• co ECT m sage is 1n 

cqu ue((q,p)). 

3b}/(3c) A :r R.(s ' ,-r:r) is empty, and A:.,(tl,rr) = Aftr.rM rgc(p,q) for all other 
x. 

L CONNECT i s at head of qu,cucp( (q, p) ), by precondition. 

2. nslat·us(p) # !>l< pi g, by assumption. 

3. ~ifo71d(p) = l, by assump iou. 
4. ·o CONNEC'l" is in qtte1.i;t!( (p, q)). by assumption. 

6. ls ta tYS({p. q) #- unl;::now by assumption. 

6. If l.!!~«tu.s((p q)) = r j c ed1 then fragrne;nt.(p) = fragmc-n~(q). by TAR-B. 
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7. f l-,tah~({p q) = branch, hen (p, q · E subtree(/ , by Claim and defu:ri ion f 
liiSF . 

. {p q) · an i 1 ernal link f /, by CL..-..iu .:i-, 6 and 7. 
9. (p, qJ, = core(!), by Claims 1 a.nd and 'O~ ~-E. 

10. 1 1•n '.t'Je( nl~t.td{p) + l p, q ) ,fi d) is in quBue (q p}) by Claims 1 3 4 and 5 

and GHS- B(a . 
11. & o INITIATE( nlevel(p} + 1, (p, q) is in queue( {p, q}) by C laims 1 31 4 a.11.d 5 
and GHS-B(b). 

12. dc.da:h.u(q) '# find 1 y Cll'l.lm. 1, =id o nd GHS-B(c . 
13. o R. Port is in queu.c(<q- p)), by Cl . ., d 5 ~uid G S-B(a). 

14. nlevel(q} = l by Clai. s l. 4 and 5 and S -B{d). 

Aft,erMe-rge(p.q) .is enabled in. S .r( s') by Claims 9, 10. 11. 12 and 13 for a:= DC; 

by Claims 3, 9, lCJ, ll and 14 for x = tOT· and hy Claims 1 and 9 for ::r = 00 

Cfo.im.s about : 

15. CON E, T( l) i d · J. · u -·d fr m qu ueJI'( (q . p)), by cod.e. 
16. F ND j - in ':/'Ueue( (p, q) ), by code. 

17. tNrTrATE{nl vel(p) + l,(p,q) ;find) is in gueue((p,q)) by eode_ 

The only d ri ·d . "a.bl - ha at' not obviously un.changed a.i-e t s-1.,S,et{f) 
level( f) and core{/ . Clai=i.; 15 an 16 1,h w ha e ts.et(/) is unchainged. Claims 

10 and 17 show tl a.t l vel(f) and core(/) ar unchanged. 

T e:ffc ts of AfterMerge(p. g are mfrrored in S.1:. . by Claim 16 for :;c = DC; 
by Cfo.i 17 for :r = t OT; and by C lahn f: a- = CO is ea5J7 o see that 

S'l 11R( ' = ST .-rn .s ). 

(Sa) GHS-.A: By Claim 2 adding ~ me -"'a 
GHS-A(b). 

o a. queu of p doe:s no in val.id~~t 

BS-B: By Cl ·m 8 and C N -E, th 1·e i y ONNI!: T m :,age lil 

lJ u. c·u ( ( q, p)) in s'. Since i is eni.o d i ~, he pr die.ate is vacuously true fol'. 
a CONNECT in q1te1,e( (q p) }. B& hum 4, the predicate is v~uously ni • for a 
CONNEC i qurnc(<p, q} ). 

GHS-C: By hum. 4, vacu.ously ru f, 1· qi, ue (p, q) ). 
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GHS-D! By Claim 10 and GHS-D. nle.v · l( p + l = level(!) . This og th .c with 
Claim 9 giv he result. 

GRS-E i true by co I 

No change affi s the 1:es . 

ca~e 3: fufottt..!!{p # sl · ping l - nl ·vcl P ) , Hl1d a ONNEC'I" mes.sag IS m 
q 1,.eu c (p, q) ) i 

(36) / ( 3 ) Ar( ', r.) = Mero f g) for aJJ .c . 

Clai.rn,.$ abt>11.t ': 

1. o N NEJCT{ l ) is a head of queue( { q p)) by . r neg di i n. 
2. l = nlevel(p) by assumption. 

3. NN • T ( 77i) is jn queue( (p q}) by ,._..,,.u.r:n n. 
4. (p, q) is a;n external link of p, by Cl~ · 

5. ( q, p) is an external link of q by Claim 
6. / #,. g by Claim 4. 

1. roou:.liang J(f) = rn , by Claims 1 ~d 4. 

f"tu>tchangd(g) = rue, by Claims 3 and 5_ 

9. {q p) = rti:.inlink(g , by Claims 1 d 5 .u:1. 0 . -D. 
10. {p, q) = Tninlink(/) by Clai.ius 3 ,1.ud and CO T. D. 
1 . nii.nedge( f = -rninedgc(g) . y Claims 9 and 10. 
12. m . = level( f), by Ciai 3 and 4 and CO - D. 

13. nlevel{p) = lt:v l f by Cla.un 10 and · T-D. 
14. m = l, by tairn,~ 2 12 and 13. 

Merge f g ) i cnahl ·d in ScoN s 1 by Claims 1, 3, 4 5 8-nd 14, and for all 
other a: by Clai - 6, 7, 8 and 11. 

15. Only one co NE rne-:sage i - in quetie (q . 1,) ) , by Cl l - d co~ -D. 
16. llltatu.s( {q, p) = hr L., b Clainis 8 and. g an T. R-H. 
17. L:ita.t1u( (p g)) = branch, by !aims 7 and 10 a.nd T~.o\R-B. 
18. lcv l(g) = Z, by brims 1 a.nd 5 a.nd CO ' -D. 
19. If lNITIATE( l' • c *} i:s i1 ,5-ubtrce(f . then l' < l by Cla.ims 12 and 14. 
20. If Ii ITIATEU', c •) is ii .!ttbtrt":c(g ). hen l' < 1 by 1, ·m 18. 

21. nlt::vd{r) < l for all r E nod (I by lai s 12 nd 14. 
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22. nle·uel(r) ~ i for all r E 1wde g) by · laim 18. 

23. · o JNM' ATE me~ age L in qu ue{ {q.p) or qu.eu ( (p, q)), by Im.ms 4 and 5 d 
& .OT-H(c). 
24. io CONNECT is in que-ue( {r. t) , wh ·er E node-,(/ and (r t) # {p q}, by Claim 
10 and C ,_ --D and · N-F. 
25. No ONNE::T is in. queue({r,t}). wher r E nod (g) and (r ) 'F (q,p)T by Claim 
9 and CO • -D and. CON- F. 
26. (p q) # core{/), by Claim 4 and [ - . 
27. (p) q #:- -co re g), by Claim 5 and C 

s s all :shor-t.l ~ho,.,-• ~-'I SF A.<: cha.tl~cl - h - e;onn cted components 

corr on.ding to f and g have combined. L h 'b th frn.gm nt con pondi to 
his nevit onnected componen ·. 

28. No ONNECT is in queu ( (q. p} ), by Claim 15 and code. 

29. kit,z.t-a.:i( (q, p)) = branch, by Claiin 16. 
30. (p, q) E 11/fSF, by lai 2 and 29. 
31. ~-1,btr e(/1) i h 1 io of h ld .s1ibt.re (J) and 6ubtree{g) and (p, q) by Claim. 
30. 

32. fN!TtNr · I+ 1, p q) find) is in IJ'I' uc({p., q)). by Claim 2 and 17 and code. 
33. if rNlTJAT (I', i ' i .subtr e(h) h n 1' S: l + l. by lai1DS 19 20, 23, 31 and 
32. 
34. nl~d(r) S l for all r E node.s h), by laims 21 22 and 31. 

3 - . l<!wd(h) = l + l, by Clain:is 33 and 34. 
36. cnr~(h) = (p q), by Claims Ul, 20. 23, 31 32 and 34. 

37. ON "E T(l) is in queue (.p, q)) by Clahns 3 and 14 
38. te.11t ·et h) = nodcs(h), by Claims 31, 32 ancl 37. 
39. mi:n.linl..{h) = nil, by Cla.i 38. 
40. rootchan_gei!.(h) = fak ·T by C1· "111· 2 , 25 and 31. 

•U. f and g arc o lo ger in fru.gm ·nt.:i. by Claim.s 26, 27. 31 and 36. 

Th eff. t of M "t'§E(f g) .tu: lllllT01:ed in S z. .s) by Claims 31, 35 3,5, 38 39 

40 and 1 fo:. TAR; by Claims 31, 35, 36 38, 0 and 41 for DC; by Claims 31 39, 
0 and 41 for 10T: and by Claims 2 . 31 3 , 36 30, an f, :r CO 7 

3a) GHS-A: aeuously tr-u fo p hy 
Claim 1 ;md GHS-. b). 

13 

ump :io.n. a uously rue for q by 
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GHS-B; Obviouslv, he nly i uation affect dis the C:ONNE Tin gueue((p, q)). 

( a J e must show hat in s~ • quetrn{ (z:;i, q) J consists only of a , o NECT (l) mes

sage.. The code adds t.hc a: . propfr t I'N'J 1 T · m ss- ·- By Cla.i 3 a d GHS-G, 
n.o TEST or REJECT is in qu ue(<p,q}). By laim 4, D A(g) and D B(a), no 
REPORT is in queue( {p q} ). By Claim 23 no OTIFY is in queut:{ (p q)). By Clain.1. 4 

and CO~ -C. o Cll NGmtoo· j~ in queir.c:((p1 q}). B Claim· 3 and 14, a co:. ' E T(l) 
m 'ssag · is i que-u. ( (P q} ), and b • CO~ -E and CO. T _p, i is he only CONI'-"ECT m~ 
sa.g in ha queue. 

b ) A verysim.illl:l.~ argu:men o tha in (a.) .ow t a i ' que.1L ((q p} 
only 1f a ONNE T(l) ~,r ·. (Sin it i· re:rnov din.-:.. 

(c) If lnode.s(J I > 1, then d.c.-1-tat.'lJ.. (p ,f. d y Cl ·1 0. Sup1 -
,mbiree.(f) = {p} . Ob ·ou ·! , no REPORT message is headed .· oward p in .,/. 13y 
Ch.ti 10 and GC-C. te.st et /) = 0 in s'. Thus, by DG-l(b), dt::.~tat~:1n.~(p) ~ find m 

ho h ~ nlltatus(p) does no change in . 

(d nl vel{p) = l in . ' by as 1. ption. n.levd{q = l in s' by Claims 9 and 18 
an.d & ~OT-D. Thcs valu it - unchm1 ed in s. 

GHS-C: B h sam a:rgum.cn a:s in GHS-B( a), adding th • TTfAT mess.,;ge 
is OK. 

GHS-D; b~ Claim. 35. 

GHS-E: By code, £or the lNITI TE added. By Glai111 23 th .r ~ ar no leftover 
[NlTT TE messages affc ·t ·cl by h hange of core. 

G S.I: We show- no r E node (h) in ~ is u to-date. By Claim. 3: , r 

tc t.iict(h). By he am argw:n · GHS-B (c), dc..datu.1(1·) #- find_ 

G S~J: Vacuo sl ~u by Claim.. 3 

o a.ng affects the rest. 

CIM .4: n.,\!at-us(p) ./- sl ep:ing. and Z < tiJc'IJd(p) in ' 

(3b / 3 ) Ax( 1
, ,.- = Ab orb(! g) fo~· all 

Olaiwts a,bou .s': 
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1. CONNECT( l ) is a: head of queue( (q. p) ). by preoondition. 
2. l < nle11d p) by assum ptio . 

3. L$t.tlt1'-'( {p q} = unknown or Ol'<NECT i , in qU,eir.~{ (p, q)) by Claims ~ d 2 
a.n<l GHS-B( d). 
4. (q p} is an external link of g, by C laims 1 and 3_ 

5. m.i1c link(g = (q p) by Lai ~ nd 4 and C N-D. 
6. l = le·vd(g) by Claims land 4 and C -D_ 
7. rootchan.ged(g = h-u b Chtl ~ land . 

nl et.tel( p) < fo1i l ( /) by defini ion of l vel{f). 

9. le H!l(g) < lt:.w!l(f), b · Claim :2, 6 and 8. 
10. l.sta.tt.r..S( (q, p)) = bn nch, by Claims 5 and 7 and TAR-H. 
11. l JN TI TE(l1

• c, ) is in .subtree(g). hen 11 < level f , by Clain s 6 d 9. 
12. If rNTTI TE( l 1

• c, •) is in 11ubtree(J) th 11 < l!!:.v l(f) y defini i n of l v l( I). 
1.3. 7"~lcvel(r) < l vd(f), for all r E node:i{g) by CWm.s 6 and 9, 
14. nfrvel(r) S level(.{) foi: all r E nodes J), by definition of leve.l(f)-

1 - o Ni IATE messa,. e is in que-ue( (q p)) o queue{ {p. q)) by .. d NO ~ 

H ). 
J!.6. N o "NEC n1essage is In qlPUe {rt.)). wh"'r r E nodes(g), (r, ) ,I- (q,p), by 
Clw.m 5 and CON-D and CO r_F_ 
17. /-# g, by C1aim 4. 

18. l ~ 0, by Claim 6 and ,A:J:-F. 
19. l v l(f) :> o. by Claims 1 a.nd 9 . 
20. CO'l"C f) -:p nil, by Claim 19 an M-F. 
21. core(/) E subtree.(!). by Claim. :20 and C M-F. 

22. Ii u.btrec(g) = {q}, h.e.n core(g) = nil, b COM-F. 
23. if subtree(g) ~ {q} 1 then core(g) E .$'11.btree(g), by COM-F. 
24. 0 ly on co NEC'I" rnessag~ is i que1.~c: (q,p) , by Claims 1 and 4 and CO - -D. 

26. t . .!t~et(g) = 0, by Chuiu d G C. 
26. te ilink(r) = nil f r all r E node.s(g). by Claim 2.)_ 
2-7. ff k.stlink(p) # nil, he p E t t e (/), by definition. 

2 . If t~stlink p # nil hen n,status(p) = fi d, hy GHS--H. 
29. lf ,i.,tat1U1(p) = find, hen · ~. a.g i head d ov.rard p, by DC-D(b) aud 
DC- aJ. 
30. lstat-u3((r~ ti}) # unknow-n wh · (r. t) = core(f). by Claim 21 d A A(b ). 
31. H o. EcT is in q-u=c( {r, t) ), th 1J ON E T i in q1J.eue( { , r) ). whei: 
fr, t) = CoT£(f) by Claim 2 _ 
32. [f n .. dat'US(p = find an p E ~ubiree(r , th ,utatu,.11 r ) = find, for al.I r b~ 
D -Ea) . 
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33. If 't~taftt..!!(p) = fit d, tl: n o co., · is i qu.euc((r , t}) ,-vhere {1·,t) = c.cr.e.(f) 

an.d p E -,ubtre!!(r) by la.ims 30 31 and 32 and GHS-B( ). 
34. If nsta.fos(p) = find and p E tests et /), then tes Uink p) ./- nil, by Clailll5 29 and 
33. 

Ab orb(f, g) i en bl in S.,( 1 by Cl.,· ns 7, 9 an 1 , f, • T R and DC~ by 
Claim!'; 7. 6 and 2, and 5 for -roT~ · id by Clm.lll5 l 6 and 9 .w.d 5 foll'.' CO 

As we sba.ll shortly how MSF has cha:ng d - ·he connected components 

corresponding to f and g have combined. L h be h fragniten t cotTCSponding · o 

th.is new connected com p,011, • hall ~ho t. b,.; t. h = f, i . ha the core of 11 
in ·· is n-i ·1. ~ cl • ·. l c sam 

35. No ON. C'l' m a:g is in queue( (q, p) , by Claim 24 and. code. 
36. l.!tatu.!!((q, p}) = br cl. b~ Claim 10. 
37. (p, q) E Jl,/ISF by Claims 35 and 36. 
38 . . ; ·i~ln!rce h) i he union of the old subtree f and $Ubtree(g) cl. (p, q) by Clai 
37. 
39. 1NITIATE nlevel(p) nfrll,g(p) n.atatw p)) is in qu ~ (P, tJ) by ode. 
40. level( f:) = old lev l(f), by Clauns 11, 12 13 14 15 and 38. 
4 . co,.e(h) = old core. f), by Claims 11 2, 13, 14. 15 and 38. 
42. h = f, by la.i 41. 

43. g ¢ fragmen'b, by Claims 3 and 41. 
44. N TlFY(nl ve.l(p n,.fo·o.g(p)) i ad d o q"UetH.:p({p,q)) by code. 

First we dis,cuss ho, te..,t.tJe.t(f) changes. If p E "I. .stse.t(f in s' because of a 
FIND or CON' • • m~sa , hen every nod in nodes(g' in s' is i · t~d.;. .t(f) i 
because of U am FIND or o . h"E T .rn sage. If p E ied t(f) in I because 
test.link p ¥, ni,l, hen a FJND message is a<ld-:-<l to qr~ctz. ((p q)) in~, causing ev ry 

nod fo.r , dy in node.s(g to be m tC-$t;set(f) . If pis not in tc3i-'d(f) ins'. then uo 
F'lND ·s- a.g is headed toward p, and no · o Ill<~,~ge us in queue( (r, t}). wi h 

p E .11t1.btrr. (r · hus, Claini 25 imp]:i hc"h • nod forme1h· in 11,ode..!!(g) is in 
t .ll'tti t(J). 

By he previous pa.;agr .• ~ph, and i.nspec ion, he effe s of A b.~a,,.b( f y) ai· mi1·
.rored in S ;;:,{ ) by lai · .s 36. 3 • 42 and 43 for ,~ = T--lR: by Cla.i 8 '27, 28. 34. 3S, 
42 and 43 for x = DC; by Claims 38 42, 43 and 44 for :r = .. OT· an l by Claims 
35 3 , 42 « d 43 f> r = CO ~ 
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(3a) GH -. is · uou 1 · t,rue ins by assumption tha n.,tat·u.s p -=fi sleepin in 

G S-B: vacuo ·ly ru for a. co NE T in queue( (q p)) by laim 35. By Claim 

a.nd CO. -D, if o NECT j_ in queue((p q)) h mfr1,Jiff.k(/) = (p q). B-u by 
Jaun 9 and 0. - A , t his can.not b . llt.lLS h pr -di " iA , , uou ly tru fo a 

CON CT in qu tte( (p. q)). 

G H S-D: Sup s" n.'ltatu.s(p) = find in ' By DC-I( a) p is p- da ", an by 
·GHS-1, rd 11cl(p) = lc'V l(f). 

GHS-E: acuo ly true by Claim· 4 .. 1 and 1. 

GHS-I: . · a.rgu d in GHS-J. no nod i m ·ly in nod.e.s(g is up-to-date ins. 
o change affc~t · 10 "formerly in nodes f). 

GHS-J: L r b~ any node .in n.ode3(f) in .s'. If r is up~ o-da e r ¢ f.e.$.iset f), 

and (r, t) is th mjnirnum-weigh ext r al link of r., hen nle·vel(r) < nfo11d(t) b 
GHS-.T. B y Claim 9, _fragment(_t ) -f- g . Thus in . , {'r t} is s ill xt rnal. D -
L ·11.bran.ch(r) i in .mbtree(g) nil) fol· all r E node (.g) in . '. By Claim 21 
c:or (f) E :mbtre (f) in s', and by Claim l core(!) is unchang d i Thw 
following inbra.nr.he.t• i s fr m any r formerly i nod .-.(9 do · no lead o core.{/), 

so no r formerly i nadc-s(g i up- o-da 

• o chang aff. 1. th r st. 

v") -n- is R.ecei efa1it" e((q p ) I :c st). L f = fragm.ent(p). 

(3b)/(3c C<J.1Se 1: ·t = find. A r.Mt.(.', 1r) = SendTe, t(p). 

If he.r is a link (J> r) · ·u h hat l.,ta.t'LUI( {p r}) = nknown ins', then Ao ( ·' rr) 

- R ceiveFind((q.p)) · h nvise Av 1
.11' = ReceiveFind((q,p)) t T..af.Notlc(p), 

.v] from applying R ecei.v .Fi.nd((q. p)) to S oc(·'). 

= RecciveNotifu({q.p) . l,c. 

Cfo.im abou. 1 
• 

1. IN UT·(/, ,find 1s a h head of qu -ue11 ((q.p}) by pr -con ition. 
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2. (p, q) E s ·u.btr e(f), by Claim l and DC-D(a). 
3. mfr1.link(f) = nil, by Claims 1 and 2. 
4 . lf ~ta:tt1.-,{{p, r)) = r je ted hen fragm.f~nt(p) = jrfZgment(r), for all r. by TAR-B. 
5. If l.-,tatu.s(<p l")) = bnu: , t..hco (p r) E mbtre~Cf)r !for all r, by Claim. 3 and 

- R-. ( a.). 
6. If (pr E s·ulrtree(f), then lsta.tus{(p,r) = branch for all r, by TAR-A(b). 
7. If IS I = 0 and no ls ta tus. {p. t·)) is unknown. t .b.en p F mw-·root( f), by defini ion 

of m.w-root and CI..ti s 4, 5 an , 6. 
8. p e te:rt.Bet(f by Claims 1 and 2. 
9. ,lc8fo;.tu.s:(p) = un:find, by Claim l and DC-D ( b). 
10. te.stlink(p) = nil by Claim 9 and GHS-H. 
11. l = l ·1.1elr /), by Claims 1 and 2 mld GHS-D. 
12. = or ·(/) 1 hy Cla:irus l a.nd 11 and NOT-A. 
13. :i:-o o h ·r F · -s~ g .i.!5 h ·a.cl ·d owur p, by Cl.ai !.; 1 1.d 2 and DC-S. 
14. core(/) ep, nil, by Claim 2 a:nd COr 1-F. 

Let (r t:) = cQ-re f). 

15. (r t) E .. ,tfbtr-r.e- f} by C1aim 14 and COM-F. 

L t p b in subtrcc(r·) -

16. If (p,q) ~(rt hen dc.datu.3(q) = :find by Claim 1 and D D (a ,. 
17. If (P, q) # (r, t) then dc3iatu.s(r) = :find by Claim 16 and DC-H(a . 
18. Hp g)#-(r,t) then either no co N· "si gueuc((r,t)),orl~tatu~({t,r))= 
unknown. or a CONNE is .i qu -ue((t, 1')), 1-y Cl "m 17 and GHS-B(c). 
19. If (p q) = ( r t) th i her n ONNE T is in ']Urne( (r, t) ). or btat=((t r} = 
unknow or a CONNECT is in gueue((t. r)), by Claim 1 and GH:S-B(b). 
20. Eith wr- o CONNE T is in queue( (r·. t) ). or l3tat-u.!1( (t. r)) = unknrn.1m or a 

CONNECT is lo quctt. · (t r)) ~• Claims 18 and 19. 
21. lsta:ttL.;( {t, t·)) # u.nkno,vn, by lairu 15 and TAR-A(b ). 
22. li CONNECT is in queue((t r}) then no CONNECT is in que-ue{(r,t>)~ by Claim 15. 
23. If no CONNECT is in queue( {t r~) then. no ONN • CT is in qu.~uc( (r, t) ), by ktims 

20, 21 and 22. 
24. No co N" c-r is in q~ u {(t·, t>) by Clailll.!:; 22 and 23. 
25. If (p.,;l) ¥, r,t) h n AfierMerge(p,q ) is not. enabled (for DC or l\TOT ), since 
(r, t) = core f). 
26. If {P, q = (r, t) then Afte.rMeTge(p, q) is not abl d (for D or l\~OT) y 

Claim 24 and GHS-L. 
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27. If ~ - - is o unknown link of p. h ~nth r is no . - rnal link of p, by ClaiJ::ru; 

-4 and 5. 
:2 . If {p '.l -/= ( r.) then g is up- to-da e, by Claim. 16 and n -I (a). 

SendTt!.!t(p) is enabled in S rAR(.s' hy- Claims and 10. Rec iveFind( {q p) 1s 

n bl di S oc(,, by ai s 1, 25 d 26. RcccweNoti.fy (q, p), l c) i 1abled in 

S i OT ') by Claims • 25 and 26. 

Clai:r:n-.!l 11,bout t: (only denned when ther are n unknown link of pin ') 

29. p E tesud( f by Claim . 
30. There is no external link of p,, y laim 27, 

31 . dcstatu..,(p)""" find y defini i n f 1'. 

Test ode(p is enabled int by Cla.i · - 29 30 cl 31. 

32. tevel(f) = l, · y laim 11 and code. 
33. c<mc.(f) = c. by C l aim 12 and code. 

34. No FJND message is headed war p 1 y Claini 13 and code. 
l.i.im 24 m1.d ~d . 3.:i. co. ECT is in queue((t _ r}), by 

36. Th - i o unknown link o f p (i 1
) if a d o y "f tc8Uin,li,p) = nil (in s) 

C la.im 10 and co,de. 
by 

37. Thel'le is no unknown link of p (in ') if and only if p ¢ te.~t..,ct. (f) (iiu ·), by 
Claims 34 35 and 36. 
38. IT JSj > 0 C . ') th n FL.VD message is in .,u.btre.c.(f), by C laim. 5 and ode. 
39 If ISi = 0 and her i no ·u.nk.n ~ Unk of p (in s 1

) · hen p-/: mw-rao~(f C . . ) 
by Claini 7 and ode. 
40. f ISi = 0 8.lld here is no unknow lin · of p (in ,., . hen either a. REI'OR 

1 g is headed toward m-w-root(f) 01" th r,~ i no ernal link of f (in , by 
Cl.urns 28 and 39 and cod • 

• If h r is an unknown li . o p (iin . '), then n:Jtai'u.s(p) = find (in 
2. min.link(/} = tiU, y Claims 38. 0 and 41. 

bye d. 

h changes ( or la k of hang ) to he ren:iaini.ng de.riv d var i bl - ar · o bvio 

Th e:ff. c s of Send T .11~(1;,) ::' - cnirror d in · T..-rn(.s) by Claims 11 12. ~ 37 

f. r he changes a.nd lai 32. 33, 3 and 42 for ·he la.ck of chan is 
an unknown link of p i ', h ·n ffi s ,of ReceiveFind({<J p)) mirrored in 
_ p · ) y Claims 5, 6, 36 and 37 for :bane~·.· an Cl :ms 3, 11, 12, 32, 33 3,7 and 
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42 fo lack f changes. If here is no unknown link of p in '' , h ·n the cffi s of 
ReceiveFind({q_p)) foll wed by T e tNodc(p) IU"" mirror din S } by Cla.im.s 5 , 6, 
36 and 37 for chang , a.n l hum - 3 11 12. 32, 33 and 4-2 for lack of changes. he 
effect of Rec ive NotifrJ( (g,p}, l, c) are mirrored in S or(s) by lain - 3, 4 d 42. 

Sc iv(s1
) = S o (- by Claims 3, 11, 12. 32, 33. and -42. 

A or(s',,r) = Receive.Noti.Jy((q,p} I, ). A z-( 1
, , ) is mpty for all other x. 

Claim$ a.bout 1
: 

l. INlTIATE( l cf< \.U.l<l) is at h h ad of que1,ep (q, p)) by pr nditio . 
2. p q) E .n1.btT (f) by- Claii:n 1 and OT-H( ). 
3. n.level(p) < l, by Claim 1 and N T-H(a.) . 
4 . nfo-udlp) < .level(/ • by C laim.. l 2 A.Od 3_ 
5. p 'f' rrii11,nnde(f) by laims 1 and 2 an OT-
6. If lstatu.s({p.r)) = hr ch, h (p, r) E subtree(f). for all 1 #- q, by Cla.im 5 and 

TA -. (a). 
7. H (p, r) E subtree(/ , then Lsta.t-u!r({p,r)) = branch. fo all r ,f, q, by TA - (b) . 

. pi no up- o-d t by Clai 4 ancl G S-1. 
9. 11,,8tatu p ,f:. £.nd, by 1 ·1.11 · nd D -I{ ). 
10. (p. q) =/= core(/), by Claim 1 and GHS-K 
1 1 . Afte.rMergc(p,q fir OT L nol:. " l l, by la.im .0. 

By Claim. 9, dc-,ttit-tui(p) = unfin.d ju b th ·' nn.d • and hus minli:n.k(f) is 
unchmig d. Th hang s, or lack of clang , o he remaining de.riv . l vari<L 1 . 
obvious. 

B y Cl.aims 1 and 11, RecciveNotifiJ((q.p) l, c) i" n b] din •or( ' ). I clf. ts 
mirrored in S or(·") y Claims 6 and 7. 

I is a.sy O · see that S~(~ ') = S~( ) for all other x . 

(3a) GHS-- : By DC-D (a}, (p, q) E 3-ubtrc ·(/). So by GHS-A(a), n.!ta.:t~l..!Jl(P # 
sleep· g i '. Since h sru:n i ru in '. th predi:ca.te is vacuously t..r1.l .. 
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G S-B: Va.c ously i-uc for CON E CT in 11,l;CU ( (q, p}) by GHS-B( a ) an,d the 
faic hat INITIATE is first in the queue. Vacuously true for a CONNECT in queue{ (p, q) 

by G S -B ( b ) and he presen of lN lT IA E in queue( { q . p)). 'l'he only oth r situation 

to consider is the addition of an INl'l'IA.: B nressage to qlteue( {p, r) ) . r I= q, with 

l.sta.ti1,,:9( (1,, r) ) = branch. A sho\ n in b )/( ) , p, .,. ) E ubtr~c(f). By roT-H( ) 
either (p, q ) = core f or p is a child of q so (p . r· ) # core( /). Thus by COl -E, no 
C ON NE T is in q,1.e.ue( (p, r)) , Ot" 'in queue{ {r, r,} ). 

GHS-C: Adding a FIND message does no falsify he predicate. Suppose a TEST 

message is added to qucirn( (p r) ) . Then in 1
, .st= find. 

0ll.3e 1: (p, r) i • .,. .. ,......., By T R--~ (b), (p, ,·) #: 8-ubt'f"ce ( /) . By 
CO , :I-F, pr) ~ core(/). By o&·-E. DO CONNECT is lll qu. u {{p. r) . 

Ca~ £.- (p, r) is an ex em.al link of/. Sin e , here i a P TND m ssa.g 
in, s'. m.inlink{f ) = n i l_ By co_ T -D tlO E ' jl:i iu fl'U, ·u ·((p, v-) ). 

GHS~D: Since i is true f~ th JN"lTJ.AT • in q1&e~~e{ ,q p} ) in 8', it is 1.·ue for any 
TN l'l'l • adde i s. 

GHS-E: As shown in GHS-B, (p, r) ,f. cort:tf). 

GHS-F: By NOT- {a), nle11 l(p) increases so the predicate is still tru f, ir any 
leftov r ~ST ag . -. he preclica e is rue by code for- tl e T • S T - age added. 

GHS-G: Ca.,-e 1: An ).. EP • 1 qi~. u (<p, r)). By OT- (a.), nlevel(_p) in -

crnases, so the predicate is still = . 
Case £: A,n A "PT is in qu.eue((r, p)). By TAR-D ie.$tlink(p) = (p, r) . By 

GHS~H. nstatu., p ) = find. B1.lt by Claim 0 {fc rr bo h Case 1 and Case 2 of(3b) / (3 ·)), 
Tlo1"1-a.t-u..,(p ) ,p find. So th, · is o A. CEPT in q11,eue{<r.p) , and the prodica 1.· 

va uo sl rue. 

G S -H is true by cod 

GHS-I: Oas 1 .· .· = find. By de n.lev l{p) = 1 and by Claim 32 in Case of 
(3b )/(3 ). l = kvel(f). 

Cau 2: .st -/- foun.d. By N ' -B(a . nle·m:l(p ) < l . Thus nlevel(p) < level(/) 
s b.• GHS-1 p is not up-to-date in '. Sine• all i.nbranc.he3 r main the same i 

<U1d nt1iat-u..:1(p) #- :6.nd in .:; , p · ill no up- o- date. 
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GHS-J: Case 1: t = fi <l. B Cl·. 37 i 
in if d o 1 • if h - - 1 n rnal link of p so he pr 

p (/ ic3't..1Ht·t /) 

Ya uousl~- rue. 

Ca_,,e: 2: t ,I, find. As in GHS-1. Cas 2 . p i o up-r. d te ·o L. • r<.= i<:a.: • 
1s va uously tl!"ue. 

i .. ) , 1- eceiveTest((q p ·) l c). L t f = fragm,ent(p . 

Ca,s 1: nstatus(p) = sl in ~·. 

(3 )/(3c) Ar n.( '. rt) = Changell..oot /) ,r, where t is h same as S TAR ' 

t c roo1.<Jha:n,g J.(JJ = 1:'Ue and l3tatus(rninknk(f = branch int . 

.A.~( 1
, 1r) = ChangeRoot(f) fo all oth t' • 

Olafrns a.bout ': 

1. TEST{/ c) is at th~ head of qu ue,.((q p)), by precondition. 

2. n.sta:tt.1J( p = sl ping, by assu:mp t.ion. 
3 . .\111;btrt:,: f) = {p}, by lai:m 2 and GHS-~ . 
4. minlin.k(.f) ~ nil by Claim 3 d definition. 
5 . roote.hangt?d(f) = false. by Clahn., GHS- (c an.d . .i\R.-H. 
6- fov l(f) = 0, by Claim 3 and CO~ I-F. 
1 . nlci,d(p) = 0 , by Claims 3 and 6. 
. l ~ 1. by AR-M. 

9. l > nleuel(p , by Cl . ~ 7 , d . 
10. l > l.eve:l, f) by Claim.s 6 and . 
11. a.wake= tru • b Cla:im 1 and CHS- b). 
Cl,1-im..., about s: 

l 2. The TEST messa i~ queu d by hum 9. 
l 3. ls ta tu.s( m.inlir.i.k ( /) ) = bn1.nch, by cod . 

14. CON ECT(O) is in g·i,u:u (minlink(f)). by code. 

15. Tninli.nk(f) c. no change (i.e. i s ill - • al • by lai.ms 13 aud 14. 
16. root~ha.-n,g d f) = true by C! · 1 and 15. 

Ckangeli.ootf..f) is n.a led in. · .,.(s1
) by Cl 

by la.i:ms 11 4 d 5 f r all other x. 
· ll. 3 and 5 for a; = CO 

T_4R: Effe ts of Ohangell.oot{f) a.r nun-ored int by its d 6.ni io 

in t by fi.ni io . ts ,effect ar mirr d in TAR( ) by hum 2. 

7 
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For all other x, the effi cts of Change.Root(/) m:- • mi or . in Sr(s by Claim 
16 for D , and. OT and by · laim 14 for 001 . 

(3a) Faas is me in by essen ially he am argumc as i r. - Start(p), 
c~u; 2 . 

(3,b )/(3 ) AT R. , • ;r) = 7j" if l :5 '7£lt.:T, l(p 01· nl vd(r - lr,;vcl(f ~ a dis 

herwis . 

Anc(t.:' 1r) = Te..stNad (p) if l ;S rile·vd(p), c = nfrag(p) te..stlink{p) - <P, g) 
and lstat-ll..!!{ {p, r) ) ::/:- unknow for all 7• rp q, in. ' and fa em.p y otbenvise. 

Firs \\ 

We show te.d.M!i(f) is unch.anged, -·cep ha p is remo'V d from tests t(f) if 
and only if l ~ nl t.r l (p), c = 'f~frfLg(p , k,tli-t k(p) = (p q), .:u;1d · b " ,. i.s no link 
{p,1·}, 1· ,l:. q, mth Zstatus((p ,·)) = unknown _ If tcstlink p) do - ot chang from 
non-nil to nil ( 01· vice v -·rs.:L), th n b i ly te.~t.s~ f) is unchanged. The only 

plai · te ilink(p) i an d in his w-ay is in procedure Te.st(p), exac ly if here 

are :no .mrn; unk OWi link- f p; Ted(p) is execu.t d ii and on1y if l 5 nlevel(p , 

c = nfrag(z;), d tc:itli'rl-k(p) = {p, g) in ~'. Supp tc.stlink(p) is changed from 
on- n nil. Sin testlink(p) -I- nil in ', GHS-1 implies hat no FrND message i 

h ad d oward p , and no ONNECT me-:ssage js in giu:ue( {1· t) , wh ,. t) = ,;;crrt:(f) 
1-t: 1d p E -ubfree(r}. Thus ins, sin e testlink p) = nil, pis not in test.set(_/). 

Now w sho,v l t minli-n,k(f) does not change. If dcst:atus(p) does not change, 

< no REPORT mes.sage is added o any queue t.hen obviously mi-n.link(f) do s t 
change. Suppose acstattu(p change.s and a RF. Ort n1.e.o; age i .1,dcl .d to i.1 qu ,u<; (in 
procedure .Report(p) • h -· l :S nl v l(p), = nfrug(p), e Uink(p) = {p. q} there
a.r~ _o 1 01 ~ unknown links of p ( so te~tlink(p) ui se o nil), and find.count ) = O. 

Clai1n,.s about 1
: 

l. fostlink(p) = {p q}. by assumption. 
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2. nstatu.s(p) = find. by Claim l and GHS- . 
3. minlink(J) = nil, by laini 2 . 

If (p r) = core(/), h n a FI1\'D m sage is in q-utm · {p. r)), or de tatu.'J(r) = fin , 
r ci REPO :r .·sag: . 1s 1 qt, -ue( {.,. p} ), by ]aim. 2. and D J. 

5. pis up- o-date, by lai:m 2 and DC-1(a). 

o. If p ./= mW-TO-ot(J). hen either th.ere is n external link of / or a REPORT is 
headed award m.w-r.ooi(f). by Claim 5 and cod . 

7. If p = m.w-rnot( f h 1 •i i: a. l."'lN is in q,,., u.e{ (P, r)) r dc.itatu..'I( r) = find, 
or a. ~ oa-r is in queu ({r,p)), w ~n :: corc(f) = (p r),. by lai and d . 

tninlink(f = n.il by 18..UTIS 6 and 7. 

Claims 3 and 8 give t e resul . 

TAR: Firs , sup s l > nlevel(p'l and nfovel(_p ,'- level(/). 

1. l > nfo-vd (p). by assm:np ion. 

2. n1e1Jel(p #: level(!) b assumption. 
3. p is no up- o--da: , by Clai- 2 d G S-I. 
4. n.statU3(p) # find by Cl<:i.im 3 nd DC- (a). 
5. t .·tlink(J> = nil. by Cla.iill 4 and GHS-H. 
6. Ther is l-:t p1-o oc.:ol m ·sage for (p q), by CJaim ;;, and T. R-D. 
7. Th EST m sag in fJ"tL -ue((q.p)) is a pr t 1 m ge for {q p). by Cl.aim 6 . 

• -tc.:itl'ink(q) = (q,p), by laim. 7 and R-D. 
9. Thei: is :x:ac iy one protoool m.essa •c for (q,p), by Cl.i." 8 W'.ld TA -C(c). 
10. Th 1· i.· oa.ly on TES message in tarqu u •({q,p)) by C1 ·1 9. 

By Claims 6 and 10,. tl c- T •ST i!i th only TAR message in tarqu.eue( (q p) ). 
Since he ES' Ul s g . i q in GH S tarqu ue( (q. p}) is unchanged. By 
ea:rll mai·k abou ttt tse-tJJ) and minlink(f), and by ·n.sp , ti n, th o h ~ cri ed 

v:::u:ic bl s ( r T R) ar unchanged. Thus, ST..-\li (s ' ) = Sr;11.n( '), 

Second, suppose l > le'Ve:.l(p 
sag is l'.'equ u d in GHS and in 
-minlin1.."(f), and by i 

hird. ppose l < nle·uel(p . 

d -nle11-cl(p) = level{/). Then the TEST mes
T AR.. By a:dier J.'eilla.rks ~ bou t tlin.k(.f) an 
R(s')rrSrAR(s) is an execu ion fr-agJn of T R. 

t 9 ""'fragment g). 
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Claim,s. abouts': 

1. TEST([, c) is t he head of qucuep({q,v}) by precondition. 

2. l < nfo-u l(p by ~-.:.i. p i 1 . 

3. ll l.datu..~( {q, p)) -=_/:. rejec ed hen = core(g) and 1 = levd(g), by Claim l and 
TAR -E(b). 
4. If l.-,tgtw( (q p)) = r j ct• , then = c:ore(f) r. d l = lc;ud(f) by Claim 1 and 
T -E( )-
5. c # nil, by ClcU.Ill l and TAR-~ l. 

Nex we show that c = cor, (f if and onlv if c = nfrag(p). First, suppose 

c = core /). 

6. c = coTe( f), by as.sun pti 

7. If lstat·!.t.!({q,p}) = r ject , th nl '11 td(p) = fovd(f , by Clai~ 2 and 4 and 
defi.ni ion of le:v l(f )-

ff /;1t. at-u.., (q. p)) # rejected, , hen core(g) = core( f ), by Clain!.s 3 and 6. 
9 . ff l.~tl).tt'-'((q, p)) ,I= raject •d, hen c E .nditree(g) and e E subtree(/) by Clain:1,s 5, 

6 d · d CO. 1-F. 
10. If l.da. 1U!((q.p)} ./- reje t d, hen f = g by laim 9 and M-G. 
11 . If lsta:t-u.,(<q,p) -=I- 1·ejected, then l = level(/) by Clahns 3 and 10. 
12 .. H l .. dttt'tU({q,p)) ;p r j c ed hen nle·uel{p = fovd(/). by Claims 2 and 11 aud 
definition. of ietJe.l(IJ. 

13. nle ·uel(]J) = le'U d (f) by Claims and 12. 

14. nfra.g(: ) = co,,..c.(f). by Claiin 13 and OT-A. 
15. nfra.g(.p) = c, by Claims 6 and 14. 

N w supp e c = n..frq;g(_p). 

16. c = nfrag(p) by sw:np ion. 
17. E . .;iubt.,-;; (I) b-y launs 5 and 16 and T-F. 

18. !f l.,fot'"!l-S((q,p))-# :r-ej cted hen c E ~~ubtrce(g) by Chi.i, s 5 and 3 and COM-F. 
19. Jf lst.a·h~((q. p)) 'F I' ,..j -ct d, h n f = g., by Claims 17 d l ~ CO1vl-G. 
20. If' l.-Jta.t'l'M( (q, p) ./- rejected., th a = .core(f) 1:)y laim 3 and 19. 
21. = core.(!), b Claims 4 and 20. 

,r is ena.b1ed in S r ,tR( ') b ' Claim. l.. We now verify tha the eifec s ar , l'TO <>d 
SrM'L( }. By the above argumen , #- frag(p} if and only if c :j, core(/). Thus, 

t. body of Receive Test for TA,R is si uia.t ·on - lv. Considci· procedure Te3i(2 ). 
If i is executed hen = nfra.g( ) in , B) Cla.un 21. nfra:!J(y) = cor (I) axid by 

1 



S _ ion .2. 7: G S Sirrn.tlta.n ouslji Simulat(-.s T.-1.R, DC OT, CON 

1 OT-E. nlevd(p) = le'Vel f). Thus he TEST messages sent in pro edure Te8i(p) 
in GHS correspo d •, o those s in TAR. By h discussion at he beginning of 

C . 2 ttc= tse f) is upd~1t <>d or , · ly ~ mi.nlinl."{J) i ch g .d. Tb cha.Dges 
or la.ck of changes to the other derived variables are obvious. 

DC: irs uppos l ~ nl ·1.1el p) c = nfra.g(p) f.e3tlinl~p) - (p q) and 
l t<d"U {p, r) # unkn wn fo.1· all r ~ q, in ; 

l, • ES . ( l, c is a. he head of queuep (q p)), by precondition. 
? l $ nlevd(p), by assumption. 

3. = ;-iJrag(p). bv assuinp ion .. 

4. te~ tlin p) = {p, q}, by assu:m.ption. 
5. lstatu.8( {p r}) -F unknown for all r -=f. q by as um.pt ion . 
6. p E te.g:ts:et( /) by Cl.aim. 4 and AR-C{h ). 
7 . n:tfol"~k(f) = nil by Claim 6 and GC~C. 

If l.'! tatu.s( (p r}) = branch hen (p r E .ntbtree ( f) r all r ¢: q, by Claim 7 d 
T. -A (a . 
9. If l.,tc;. 1.l-'{ (p, q)} = rejec ed, then fro.gm nt( r) = f fo all r #, q.; by T AR-B. 
l O. c = c oTe ( f), by Claims 1, 2 and 3 and th argument just given for TAR. 
U . fra,gm nt(q) = J, by lai:m.s l and 10 and TAR-N. 
12, he~ is no external link of p. by faims 8 9, l l and S. 
13. n.sta tt1..S{P) = find. by Claim. 4 and GB S-H. 

Te.illtNod.e(p-) is enabled in Snc(.i/) 'by Chums 6, 12 and 13. I s eftects are 
mirrored in Dc{s by the earlier wscu ·o l'l.bo t 'I. (jt.sct(f and min.link /) and 
hy Claim 12, (The dispositio f tb r • of he der:iv d variables should b bvi .) 

• ·o~ suppose l > nle'lld(p) or c #- nfr<t.g(p or e.stlink p) -1- {11, q) or there is a 

link (p. r} with Zs ta tu,s( {P, r)) = unknow-n and r -=f. g. Then S c ( _ 1 ) = SD ( s by 
i.nsp c ion and e.arli ·r is 5.ion of tuts t(f) and minlink(f). 

1 OT and CON~ We van sbowS,..( ') = S:r. ) for x = NOT CO r. 

The nly d ·iv d vari bl for hese two that at. n bviously unchanged are 
m·inlink(J) and rootchangea(f). (B'-"" a t-~ f he presence of the 'l"£ST message in 
q·u.euc (q,p). GHS-A(b) impH i-; tha. . awu.fu~ = true ins', so chang t nsta:tu.s(p) do 

no chang i:nmLke.) Sin w already show d mi.nli.nl.if is unchanged, i is obvious 
tha '1"00tchanged(f) is unchanged . 

l 
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(3,a} GHS-A is a ·uously true b the assun'lption ha n.stat-u-, p) :;I, ·l · 

G:HS-B: Firs we s how that if h hy p f this pl'.' dicat are false fot: a 

link in ', he:,n th y • still fulse .in .s. The only way hey could go from false 
to t rue is by lstatu,3( (p, q)) going froi: tt k wn to rejec ed. Bu sine TEST is 

qut!ue((q p}) in .s', by GHS-C :no CONNEC' i i qucu~((q.p)) ins', or ins. 

ow w 

link, assuming h ·i 
changes do no in-valida ( a) hrough ( d for a 

..w true for tha: link in ' 

is requeued. No chang affe s he pr dic · t 

Ca!j e B: ACCEPT or REJE,CT is added to qu.eu.e( (p. q)) , Vih. ~-arly ho "' d that 

no ONNE is in qu 1Le( (q, p) ). Because of th 'TEST in 211, ue( (q, p) ). di~ 
t.ions of the predicate are .not true for a. CONNECT in que:u.e( (p, q)) in '. 

C(1,,,.~c. C': T ST is add to som . q1~e~M:( (v 1") ). Si ce l tai"l'u( (i:;, r)) = unknown, 
he pr conditions are no me in ~' for a CONNECT in ~ue-ue (r p) ). Sine h TES 

is added, t .'!tlink{p) = {p. q} in ' B,y GHS- H, 'nll a.tus(p) = find in '. S y 

G S -B(c) the preconditions are not rue i.n s' for a CONNECT in qu. ue{(p, r) . 

Qa.3e D: REPORT is added to q-ueue(inbranch(p)). Le {p r) = inbro,nch(p) in ' 
As in Case 3 t1 e predica is ~/acuou ily tru for a o 'ECT in qu u {(p, r)). As in 

Cas 3 n.!!fatll.!l(p) = find in .· 1 pk up- <lat by DC- (.a) . :By GHS-I nleuel(p) = 
lc-vcl(f). Sin byDC-L, (p,r) E subtree{!), herecanno b an INIT'I TE(n.foiid(p)+ 

l. , ) message in queue( (r p)). By GHS-B a the preconditions al' not true for a 

CONNECT in que·u.e( {r, p) ). 

GHS-J: If p i - 1 m d from te~ .se#,_f) h n as m Claim 12 of (3b)/(3 ) f 1· 

DC theTe is no ex ernal link of p. 

GHSmC: Oa e 1: R::EJE T j added o queue( {p, g) ) . Th l $ nle-vd(p ), c = 
nfrag(p) nd te.dlink(,p) -F <p. q) ) .iin 1

• As argued in Lem.ma 17 verifying 3c) of 

C - e l for r. = Receive Test, (p, q) is an internal link of/. By TAR-E(a), (p, q) # 
core(/), so by CO- -E, no is · qitet.1,~( (p, q) ). 

Ga~ £: TE:$T Is added o qu ' u~( {p r} _ hen ·n 1
• l < n.lc"!Jcl(p) , = nfrag(p) 

te. tlin.k(p) = (p, q}, and L~tr.1.tu.,({p, r}) = 1.u known. 
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Ctu1e 21'l-; (p r) i i. termil link of f. By 
C ·M-F p r) .f- coTe(f). By COl -E, no oN' 

AR-A b), (p, .,.) ¢ ubtree(/). By 
is in q-u~u ( (p, r) . 

Qcu,c. JJ,b.- (p 1·) is an ex erna.:1 link of /. B G , · S- • ti.;tatu,lj(p = find. Thus 

m,inlink(f) = nil. By CON-D, no o N • T' is in q-ueu..e( (p. :r}). 

GHS-G: Su p · SP . is added to queue( (p, q) ). Th l S n.l treltp) in '. As 
urgucd in Lemm..,~ 17 rlfying TAR-F :for ,:,r = Recei'!JeTe.n J = lc.v l(fr-a.gm. ni(q)). 
By GHS- , I .:5 'Q.lc'V l(q _ So l = nfrv _l q 

o chan es affect th i-es _ 

iii) '11 i Rece'· e ccep ((q p)), L · t f =fra.gm,e1'it(p). 

{3b)/{3c) ATAR(s' ,r.) = Tr. A.ocls' 7r) = Te,11tNode(p). A"'( ' 1 n-) is mpty for 

all other x. 

Arr a.Tginnent similar to hat used in 'If = R ecei1Je Test{ ( q, p}, l, c), c - c 2 w 

tha 'rrl.inlin.k(f) · unchanged. 

TAR: Clai:ms a bou·t 1
: 

l. . c EPT is a h.,. h ad of qu m:-p( (q, p) ). by Pl' co:udi i n. 
2. Th i:- is a pro o · l m sag fo:r {p, q). by hum l. 
3. i:e.t1tfrn.k{p) = {p, q}, y laim 2 and TAR-D. 
4. o FIND message is headed toward p, by Claim 3 and GHS-.?v.I. 
5. o CON ECT message is ii q"tt.eut!!((,· t)), wJ ere {T' t·) = core(/) an.dp E subt~e(1·). 
by Claim 3 and GHS-M. 

6. i.e.stlink(p) = nil, by code. 

7 .• :o F'IND message is headed · mva.rd p. by Claim 4 . 
8. No co. • m ~sag~ is i rl qu.euc{ (r, ) ) wb.e1· · { r, ) = corn(/) a;nd p E ~t,bkee(r ), 

by C aim 5 and code. 
9. p ¢ tc.J<uie.t(f). by lairo:s 6, 7 and 8. 

,r is enabled in. STAR(s') by Claim l; its effects a:re mirrored in STAR(s) by 
Claims 6 and 9 and di · sion of rn:inlink(..f) . Tl di1;;.p -· i n f he r ·:w. g 
deriv"d v• -iables should be obvious.} 

D : Mo re Claim..s about .s': 
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10 .. p E te.stset(f) by Claim 3. 
l . mfo.lfok(f) = nil, by l ·m 10. 

12. frag77, ent q) I,: f, by h ·ml and TAR-•. 
13. 1 vel(f) ::; level(fragment(q)), by Claim 1 and TAR-F. 
14. ls tat-u..s{ {p q)) =/= bran h b · Claim 11 and 12 a d TAR-. (~). 

1 -. (p g) i ~ h inimurn- eigh external link of p witli lsfatus unknown by Claims 
3 ar <l l ., d TAR-C( d). 
16. If latat'Ul!( (p. r)) = rejected. then (p. r} is not ext a.L for a!] r. by T. R-B-
17. H '8ta.t1J.S( (p. r}) = branch then (p.1·) is no ex y Claim 11 an 

- (a.). 

18. If {p r) is external, tben l.dtt:ttt..,( (p r-)) = unku wn, for ll r by Claims 16 and 
17. 
19. (p, q) is he minim\im.-w "gh: _ t al link f p, by Claims 15 and 18. 
20. n ta.t·us(p) = find by , lai.m. 3 a d GHS-H. 

Te;iitN,ule(p) is n bled :in Svc(s') by la.ii 10, U) and 13. and 20. Its effects 
= • minored in Soc(s) by Chu s 9 Ul d 6. 

l OT and CO : I is easy o verify b 
C01 . 

S.,( ') = S ( 

(3 ) GHS-A: By la.itn 2 , vacu usly true ins. 

f. r •OT and 

GHS-B~ Suppose a P RT m - ng; is added o ,q-ue1,i;~( (p r·)) h .. L ·. (p, r) = 
inbrtt'l"1.-ch(p). By Claim 20 and DC-I( ), pis u.p- o-date in '. By GH - . ~ lcvel(p) = 
lc-veJ(.f). BY D L (p, r) E rnbtree(J) so n ITtA • ( td vcl(p) + l.,.. · ) can. be in 
queue (p, r) o:r qu 1, ( (r, p}). By GHS-B( a) 'the r • ondi · ions for a CONNE in 
queue( {p. ,·)) or que•iw( (:r p)) ar no rue in ~' o i 

GHS-H: By , te · link(p) = nil. 

GHS-J: By Claim 19 and GHS-G. 

o ch.an e.s aff. c h I.'es . 

ix) ::r is R ei e ejec ·{{q p) ), .. L ·t f = fragment(p). 

(3b )/(3 ) A T AR( 
1 r.) = ". 
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Ave( 1
, -r.- ' = Te.~f.Nodc. p) if' there is nor· -::/= q such that [$tat-us( (p, r) = ua

known in . .s and is empty o herwise. 

Az(.s'. r.) is mpty fo all o h · ~-

An argumen similar to hat in,.= Receive Tes (g, p), l. c). Case 2. show h · 
m:i:nlink(f) is un hanged. 

TAR: Olairn..s a bout ;t/: 

1. REJEC is a. he head of gu r:ni; e,i ( < q • ]) ) ) by p condi Hon. 

2. There. is a pro ocol mess.a e for (p q), by C laim. 1. 

3. testlink(p) = (p q} by C l£ ·i-n 2 cl T R-D . 
4. No r o sa. is ~a l d ward p, by Claim 3 and S -M. 

TocoN E Tm ssa.geis in queuc((r,t} • wher (r, ) = core(/)andp e stdl'tree(r) 1 

by Claim 3 and GHS-M. 
6. n.!ltatUA(p) =fin · , Claim 3 an G ·S-H. 
7. nl v~l(p) = levc:l(f) by Claim 6. D 1 a) and GHS-L 

nfrag(p = t::ore f) by hum - and NOT-A. 

Clai~ ab-01.1.t ·: 

9. £ here is no link (p, t·) wi h I t.a;t,u,.,((p r>) = unknown (ins') hen te.stlink(p) = 
nil (in .s ). by code. 
10. o FIND message is headed v ,u-1 p, by Claim 4. 
ll. o · o NE T messag 1,s l 9u ·uc{ {r, t} ), by Olaiin 5. 

12. If there is no link (p r) with k.tai"IUI( {p, r)) = unknoW"n (ins' th r, ¢ t -"'t" t(f 
(in ), by Cl ·ms 9, 10 and 11. 

rr is enab]ed · ,S,l' ll( ') by Claim. l. I s effe ·1-ror~ iu , :r., n( ) by 
Chums g 12. 7 c d • and eadier discussion of mi.ti-li-n.k(J). 

DC: JS link (p r) such that lJ1tatu.t1((p, r)) = unknown and r ,f. q, 

hen it is asy to check tha nc( ·') = SDc(s). Suppose there is no k O\ link 
( other than {p, q)) _ 

More. do.i'm-$ about .</; 

13. l t0a.t1.'"8( {p. r}) -./- unknown, fo - all 7" ;;/:- q, by assumption. 

14. minlin f) = il, by Claini 6. 

15. If lstatu.s( (p, t•)) = bnm.ch. hen (p, r) E .s1.1.btrec(f) for all r # g, by Cl.aim 14 
and T R-A( ). 

1 
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16. If lsta.tus {p r)) = rejected, then fragm,enti(r) = f, for aU r-#- q. by ~ R-B. 

l 7. fra.gmfm .. f q) = f. y ]aim land TT R-G. 

be · ar no xte.rnaJ links of' p by Claims 13, 15 • 16 and 17. 

19. p E te.st- et f). by Claim 3 and TAR-C(b ). 

T 3tN ode(p) .is nabl i S DC ( _,) by Cl .. · s U:1, 1 and 6. Its effects are 

m.irrored in S DC( s) by Claims 9 and 12. 

NOT and CO : I i5 as;,.• o show ha S,,.(a') - S"' ~) fi - J\OT at d 

co 

(3 GHS-A: Vacuously rue by Claim 6. 

GHS-B~ Ei her a s•r or a JU!POR' 1-n ~s ,,, add d . Th ru;-gumt:l'n i vt!:t'Y 

similar o tha; in ':. = R aiveTe t (q p} l 2 o (a) . 

GHS-C: Only affec ed if a TES :is added. The argumen is very similar to haJ, 

in 7r = Re iveTi t({q,p} l. c). Case 2 of (a). 

GHS-H: The argument is very similar to tha in ':T - R.e.r. iveT.a.,t({q p}j l r.:)t 
Case 2 of ( ), 

GHS-I: Suppose pis removed from te.~tsei{J). By Claim 12, . his nly bapp 

when here are no mot'e uu.k own linl<1:s . By C la:i 8, p h.m't o (Jx:f:.emru links if 
here are no more unkn wn links. 

N drnn - aff. c the l'I 

•) ,r- is ReceiveRe: pm~t(~ q p) W"). L. / = fra9m nt(p) . 

(3b)/(3c) Case 1: (p, q = cQre(J) n.~ria;foa{p) -./-- -find and w > 
s 1

• Tl · c ~ · i "li vi ded in o wo subcases; £rs we p.rov som, clai 

subcas s. Le (r, t) be the minimnm-"' ·gh xt ;O,al link f / in .s'. 
show i exists. 

Claim, · a.bout ·1 
-

1. R OR ( w is a the head of queue{ (q. p) ), by a um ion. 
2. (p q) = en-res /) 1 by assumption. 

3. 1c,~tu.tw(p) # find, by assUill.p i 

be.stwt(p) i n 

ru · in oth 
(Below, we 
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4. tv > be:itwt( p ) . 1 y asstmlp i n. 

5. .Rcceive.R.e:port({ q • p) w) i enabled in SD • ( - 1
) , by Claim l. 

6. ComputcMin(J ) (fo GC) ·:s enabled in S.1 (Sp (s')). by Chums 2 , 3 4. and 5 and 

ar n •n,t in proof of L "'i;nrna 19. Cas l of c.:rifyi s (3c) for~= Rc.ceiveRep1Jrt. 

"" m.inli.nl..1.f ) = nil , by Claim. 6 . 
. accmin(/) ep n:·l, by Clai 6. 

9. testset(f = 0, by Claim 6 . 
IO. ComputeMfo f (for COA1) is . a.bled. i 8 2 {..S: {So s') ) by Claim 6 and 

gum i pr :f .n.f Lemm.a 15 v rifyin:g (:3 ) for r.- = Compu·tt!iMfr~. 

11. levt:l(f) < fo ·vel frawnen.t t)) by Cl.aiu O. 
12. ac.c.r14in(f) = (r. t) by Clajm and 9 and GC-A. 
13. 1• is p- da , by Claun 9 DC- r . and hoi of (r, t}. 
14. n.l t1ei(r) = l 'fJ ~I). hy Claim 13 and G S- I. 
15. nle el(/) S nkud(t) by Claims 9 and 13 n.nd GHS-J. 
1 . N ONNE T m _s1:1.g is in i her queue of core{J) by Claim 9. 
17. N CON.i'I CT rn "B • g i~ in any in em •queue of f , by Clan:n 16 and CO -E. 
18. inlrrtinch.(p) = {p q} by Claim.s 1 and 2 ao.d D -A{a.). 
19. p is up- o-da e. hy Claims 2 9 r d 18. 

20. findc.ount(p) = 0 by Clai 3 · d D H( b). 
21. All · ildrcn of p a.r - o pl ·t , by Claims 19 and 20 Hild DC-I (a) . 

22. r E tditre (p) . by Claims 1 ~- 3 and a.ud DG-P( b). 
~3. Following bci!.!Uinks from p leads along edges of $Ubtree(f) t (r t), by Cl : s 9 . 
19, 21 and 22. choice of (r t), and DC-K(b) and (c). 

Th~ f. ll wing reniarks apply o bo h Subca.,.<ie la~ d Sub a~ b : Ccmpu.l.e. 

Min{J) is. enabled in Sx(s' by Claim -. d 9 for = T.4.R; by Claims 7. 14 and 
15 (and ddi ition f (r,t}) for z = OT; and by Cla.in1.s 7 11 a.n,d l7 for - ON. 
r. is bv:iously nabled in Snc( ' ) . 

Sub~e la.: ~tdu~(best.link(_p) ) - branch. Aoc(.s' -:r) - r.. A ;i:: ', ~) -
ComptJ,tcMin(f ) for all other x. 

More Clai-m..s a.b,n:1.t 1
: 

24. l..-itatw(be3ilink(p)) = branch by p ion. 
25. be i.li-,.1.k(v) E Hbi'i"e (J), by Claims 7 and 24 and T_ R-7 (a). 
26. p :I,= r = TnW-7ninnode.(f) by Qr ·.ms 23 and 25. 
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27. h effects of~ ·~ · · r fl ed ·n Soc( ) b)t ode. 
28. he cf£. · s of Comput Min(/) a.r r fleeted in S. (Svc(s)), by Claim 2i a.u.d 
a:rgu.m.en in r of f L mma 19, Ca.s 1 of ve.rifyh:i (3 ) f, r 1r = R cei'lle.Report. 
29_ min-link(f) = (1· t) y Claims 28 and 12. 
30. Follow-mg be.stlink .. , from p ]eads t.o (r.1 } by Claim. 23. 
31. iominlin.k(p = be.,tlink p). by Claims 30 and 24. 
3'.2. p # mi,nnode(f) by laJm- 29 and 24. 
33. p = root(/), by Claini.s 2, 22 and 29. 

B. Claims 3 , and 17 pr edui Chan,gcRootf,p) is :x.ecu. ed in GH . The 
effe ts of Compv..teMin(f) ar ref! cte in S '£ s) by Clai s 29 and 12 for :r. = T R; 
by Clai 29 and choice of (,·,t) for x = •'llOT; and by Claiims 29. 3L 32., 33 and 
choic · •Of (r, :f.} for x. = CO"i\r. The effect. o[ r. a:r · <:: ed in Svc( ) bl' Claim 27. 

Subca..H=, lb: l tat,u.s{b 3tlink(p)) ,f- branch. 

.ADo( '. r.) = 71" tv C!,angeRoot(f , wh i· o · is b 1· u.l of applving ~ 

Soc( 1
). 

o, ( ' -'IT)= Comp'lltc.Min(f). 

For all other~ A&(s', 11") = Ocm.pu eM1n(f tz Ch1J:n,9eRoot{f) wh 
l"t.! 1 of applying Com,piiteMit~(f) o .S (s 1

). 

MQre claim.s 11.bcru.t ,, : 

34- lsta.tu...~( be. tlink(p)) -1- branch. 
3o. bestlink<;>J = (r, t), by lai 23. 34 aud 7 and TAR-A(b). 
36. p = 1• = m lt•m.innode(f) by Claint 35. 
37. n~tat~(q) -# i.l ·cping. by Cla.i 1 and GHS-•. 
38. a,w.u.ke = ru - , by laim 37. 

39. rcotchanged(fl - false, by Claim 7 and CO -B. 

Claim about tcr, x ~CON: 

40. If x = TAR,, hen minlink(f = (r,t). by Cl"' "rn 12. 
41. If x = ~ OT, then -mi.nU.nk(.f) = {r t). by 10i of {r t). 

t:;: is the 

42. If x = DC th n mi:nli.n.k(J) = {r. t), by l.a.i.m 6 and 12 and a.rgum.en in p ·oof 
of L a 15, verifyi g (3c) for ,r = Comp-uteMin. 
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43. aw(J,ke = rue. by Claim 38. 
4 . root.chartgcd(J) = fals ", by Clru.m 39. 

The e:ffe t of ,r are m.in-01.-ed in tnc an.cl of Compl1,:l Mi11.(f) in tr .. 1R and No7· 

by defi.ni i Ch. ngeRoot( f) is enabled in t b !aim· 40. 43 !tl.Ild 44 for x = TA..R· 

by laims 41 43 and 44 fo z = i OT, and by Claims 42. 43 and 4 for ::c = DC. 

5. 'ffl.in.linJ..-(J = (r, ), y argum n in proof of Len:i..m.a 19, Cas l of vel'ifying 3c 

for ;..- = Recei11eR porl.. 
6. l.sta.i·u..!( bestlfo-k{p)) = branch. by code. 

7. lstatus(m,in.l'nk(p)) = bi:-an h, by Claims 35 ~ 
18. CONNEC i. a d l o q'U, u ( b tHnk(p)) by 
9. rootc.hanged{f) = t -u ·• by Claims 45 and 4 . 

45. 
d . 

The effec s of Oha.n.geRoot(J) ar m.irror,ed in S.,(s) by Cl ims 7 and 9 for 
x = TAR; y Claim 9 for~= DC and OT. The effe-i-,s of Comp"ll.teMin(..f) a.J.'le 

mkro1° din Seo t(s) by C l · s 36, 1-1 and 

Ca~e. a: (p, q:) ./:, core(/) or n, fat'U.1J(r1 = find or w < butwt(p) in s'. 

Su.bca.se 2a: (P, q) ~ co-rc(f) i .:'. Suppose {p, q} = in.branch(p) in ; 
B(l ) d.c-,ta.h.l; (p = u.nfind. Thu:::;, h only effo t is t r ve the REPORT 

Thui, Soc( '),r ·vc(.s is .•ecution fragrn nt of DC. As proved in L 

a c 2~ of verifying (3b) for ,r = ReceivcRe.port rninlink(l) is uuch 
S:i:( ') = i: ) for all ,t,. DC. 

Now suppos {p, q) ::/,- fri.branch(p). 

Clainu abaut '· 

1. REPOR is t ad of gueue((q,p}) 1 y pr - ondition. 

2. (p, q) =;= core f • by assum.p ion. 

3. (z;,, q) # :inbranch(p) by assumption. 

dc.da:t1.l.~(p) = find. by laims 1. 2 and 3 and DC-.. (g). 
5. pis up- o-cla.t b C laim 4 an DC-I( , 
'6. q :i a. hild of p by Claims 3 and - . 

1 9 

ByD -

1 · saw •• 

mn 19, 
d. Thus 
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7. findc,n,n.t(p > 0, by l..cim.s 1, 5 and ,5 and DC- l a). 
l"'IND messa is headed O'l<\'a.r p, by Claim i at d GHS-M. 

9. o ON NEC is in q·u.cu. ( (1·. t) . wht~1· . r. t) = core /) ;, d p E .:i-ubtree(r·) by 
Ciai:m 7 and GHS-M. 
10. ]) E te.s-l3e (f) if an only if te ilink(p) :I,= nil, by Cbdm.s 8 an 9. 

Obviously r. i5 nabled in Soc(. 1
). By Claim 1.0 and inspection, th eff cts 

of -rr are mir-ro1· d in Soc(s). Sine• th proof of L nuna 19, Case 2a of verifying 
(3b) for ':T' = .RcceiveR.eport how· -rninlin1.,"(f) i. nchanged, S ... (.·') = S.,.,(s) for :ill 
:r c;f DC. 

Subc.asc Zb: (p q) = cert(/ and n.statu .. i(p) = find in 1
• Si c" REPORT(w) is 

he head f q-u.cmt:((q p)) DC-A(a) implic · lmt inbranch(p) = (p.q}. Thus, th· 
onlv chang i t ha th ORT message i r queued. Obviou s?_ Svc(.s/)r.Si;;, ( ) 
is an exec ion fragment of DC. and S..,(. ' ) = S ;:i:(s) for all :r ;l: DC. 

SuhctM · 2c: ( p. q) = eo·re(/). n~ta.t-t'-~(P) = find l ·u., :5 be.stwt(p in As 
in S uhca,i 2b, inb1-an.t:k(p) = (p q) . h nly ch.,,ug ~ is ha the )l_ • PO T :m.essag 
is reJ:n v- ·d. Thus S D ( .s' ) DG'( - ) i. an eXJ cution fragment of D C. . s proved in 

Lem.ma 19 C" · 2c ofv ifyin (3b) fo ,r = ReceiveReporl. minli7l.k(J) is mcha.nged 
in • Thus S,,. ( ·' ) = S 11( } for ~n J: -I- D C . 

{3a) Cfl.:ie 1: in bran cl (p) #- (p, q). 

GRS-A: By DC-A(a), (p q) =fi Ci'Jre(f). By DC-~ (g), dcstatu.s(p) = find!. The 
pr dic.:a.te is vacuously true. 

OHS-B: nly h addition of a REPOR me ·ag aft cts t l is predica . h 

.a.r u en is very imilar t , tl a in ;r = R.eceiv Te t( (q p) I ), Case 2 , of (3a). 

GHS-H: By cod (in p1'oc dur Report(p))

chang a:ff.~cts the res . 

Ctz$e 2: inbrant;h(p = (p~ q}. If 1l.'Jfat'U3(JJ) = cl or w ~ be twt(p), the no 
chang affec s any p ··dicate. Supp se n~'ltal'll.S(p) ¥: find and w > b twt(p). 
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GHS-A.: By DC- {a), :mbt.re (.p) 'F {p}. By GHS- A(a), ti.sta.tu., p) "f sbeping, 
so he predicate is vacuou. ly ru . 

GHS-B; Let (P . t·) = be~tiink(.p) i ·"'· If l.statu.s((p· r) = br h, h nnochange 
atf. cts h.ii predica. .. S pp l.statu.3((p,1·)) # branch. As shown in (3b)/(3 ) 

laim 35 of Cas • lb. be~~tlinl..i_p is h tn:inim un-weight externa] link. off- Thus 
lstatus( (:r. p}) ;i- rejected by T R-B an jf Lsta us( (r. p)) = bn-i ch h · here is a 

ONN • T "n q7.1,e:u.e( (r.p) ). S h · pr -'di a js vacuously t.ru ~ f, r th NNECT aidded 

r.o '1~" ·-ue( {p r) ). Ti h is a 1 f over co NE in q11. v.t!( ('1' l) ), hen the preclica 
js ~ usly true b caus of h n w ONNE T in qtt.l!u.t:( (p, r} )-

RS-C: Le (p, r) = bcstlink(p) in 1
• Si c b-~8tlink(p) is e."C 1 (as sh ,vi'l 

i (3b)/(3c)) 110 .itEJECT is in quern. (fr, r)) by AR-G. Also "nc: · ii is :...--t rnal. 
l tatU8,( (p, r)) #'- r j ed by TAR-B. S ppos a. TE T is in qu uc( (p ., r) ). By TAR
D, -te.stlink(p) = (p, r), and by GHS-H, nsiai·us(p) = find which con radicts the 

assumption for his case. Also si c U c link is external, no f'lN"D is in queue{ (p t')) 
by DC-D(a). 

No ha.nge affect th 

eiveChang Roo ({q p)). 

(3b /(3 -) Ther-e are wo c -. Firs w prove sonl ... facts true in bo h .es. 

Clr.1,im.8 about 1 
• 

l. CHAN R. Tis a he head r q-uc-ue((q.p}), by Pl." ndition. 
2. minlink(f) #- nil, by Clai 1 and CO -C. 
3. rootr..htz.fl,gf!d(f) = fals ~, by Claim l an 1 0 LC. 
4. p E ;subtre:e(q) by Cl ·m 1 and CO r_c_ 
5. minnode:(f) E .~1.,1btref:(p) , by Cla.ii l and CON~C. 
6. n.le'Ud(mi7uiode(f)) = level(! , 1 · NO -D . 
7. tes~et{f) = 0, by C la.i 2 and GC-

- m 'nlink(.f) is h minim.um.-w · na.l link off by Claim 2 and OM-A. 
9. minnode(f) i · up~ o--d te by d and DC-:N. 
10. p is up~t da e, by Claims 5, 7 and 9. 
11. - o REPORT mes ~ -· is b aded ow d m,w-roo f) by lai1n 2. 
12. o REPORT m. · 'ag is headed ward p, by Ci · s 4 and 11. 
13. dcsiatu~q- p) = unfind, by Cla.i . 7 and 12 and DC-I(b). 
14. findcount(p = o. by J "m. 13 and D -ll(b). 
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15. All children of p a:r complet d, by Claims 10 and l and DC-K(a. 
16. Following bt:-ll1.linksfromp lea.cl a.long edges i Aubt:ree(J) to the n:u i 11m-w igh 
met rnal li k of ~~-ubtree(p) . by Claims 7, 10 and 15 and DC-I((b _cl ( ). 

C a.s e 1: l$t'".i.t1,M( b estlink (p)) "'F branch in '. 

1 . lsta,tu.s. be&tli.nk(p) /-. branch by ~sw:np ion . 
18. bc.,t.link(p), is no in .ni,btree{f) by Claim 17 and TA -A(b). 
19. b tlink(,p = minlink(f) by C mm.s 5, • 16 and 18. 
20. n8tatus q ¥, sl eping, by Ch.im l and GHS-. (b). 

21. awake= t, · • by C laim 20. 

Claims about 

22. ~t4twi'(be tlink(p)) =branch.by code. 
23. ON" ECT is i q-ueue(be&tlin.k(p)), by cod 

24. MS F do not chang" hums 22 · d :23. 
25. be.stlink(,p = m,inlink(f), by Claims 19 and 24. 
26. rootcha.nged(/1 = tru , by Clai A 23 and 25. 

ChangeRoo1, f is , n.a • d in S (s') by · !aims 2 3 and 21, for all .r =;6: CO 
The ffects of CliangeRoot(f) RI' mirrored in S ( ) y Claims 22 2i) -c d 26 for 
x = TAR; and b_• Claim. 26 for z = DC and rv~OT. ,r is enabled in Scol,,{s' by 
Claim 1; i .~ ff. c s are ·1·.rm·ed in ScoN(.s) by Claims 6 and 19. 

Oa.se 2: l.s at-us(be.id.l:i:nk(p)) = bran h ins'. 

Mor Oiai.'f(WI abotd ~·' _. 

27. lsta.t-u. (be-'!tlink(p)) = bran l, by assumption. 
:2'8. lstatu. ( m.inlink(f)) #- bran h, by Chu 3 and TAR-H. 

29. bestlink(_p) i m .subtree.(/ , by Claim 27 and 2 d T R- (a). 
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30. p # minnodi( /), b Claims 10 d 29. 
31. be.stlink(_p) = fominlink f), by Claims , 16 and 29. 
32. nl v l(p = le.vel(f), by laim 10 and GHS-I. 

Obviou ]y, all cl rived and non-derived) v ciables ar nnchan d :x:cept 

cqii;ett.e8. Thu s. Sz:{. ') = z(s) for all - '¢: CO"' . r. is :t:"labl"d in S 0N(.s 1
) b 

Claim l; its effects ar rnirr r din Sr( ) by Claims ,30. 31 and 32. 

(3.a) GBS- ; By CO 
sleeping i - ' , so he pl:'ctli 

By GHS-A a). nstatiu(p) #, 
· Yacuous1y t in . 

GHS- ! - ssentia.ily th SB.Ille argum , fl.Si in .r = .Rece.ive.R(:port({q,p), w) C 
2 of (3a)_ 

GHS-C~ Es en iall · h same ai--gum l · as in r. = Rec. iv R port ( (q p) t11 ), Case 
2 f (3a). 

o ch ge aff. c s the re _ □ 

Co ollary 26: PaHs is tru jn every r a.clH1ble ta e of GHS. 

P oofa By L - as 1 and 2 . D 
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4.3 Li 

We shmr,,• path in the lat ice along which liveness p p ti> . are preserved. 

Th pat ii;; HI, COIi-I, GC, T. R, GHS. In showing · 1 dg ·om GHS to TAR 
i is useful o know some Hvc s relationships b w en GC ., d DC, and hetv,reen 

C01VI and Ol\. 

he :r ason. for consid ~ring liveness rel tionship in oth . 1· par s of he la tiic is 

tu take • dvan age oi th m r > b . rad form.s of b · algorit.lun. For instan • h 
cs~.c1.11c·:e of hm,;•ing that l GHS algorithm. ill talcs eps leading to be simu!a ion 
of Oo-mputeMin.(f) in TA.R is he same as · howing ha D tak s step" l ading to 
th simulatio f ComputcMin(f) in GO. (Th e s eps ar be o v rg cas of 

a k to h col:'e.) DC i · n lu tered W'j h vadabl - and a.c ions 
ha 3.l'e not ·vant to this argu.111- · • unlike GH S. Thu. w - :mak he argumen 

fo1· D to GC. and then p ly Le.mma. T for th - GH S · o TA.R situation. 

For th r ason, we sho~. ha he progre-Ssioi: of l-IANGEROOT m sag . in 
CO lea f Cha,ngeRoot(f) i OM, nd, ha th o em n 

of ON N"ECT messages uve,· links in co_ 1 ·ad . 0 Absorb and M rgc in co~~tJ. and 

h apply Lemma 7. 

.3.1. co uitable for H1 

he main id h 1· is to · how ha as long as t.h • - e.x1s, wo clistin t ubgra.phs, 
pr-0gress is mad · , h hear of th a..rgmn nt is shm ·. g ha some fra.,. oJ th 

lowes lev an always tak a. p. his l'. qui !l a lobal argu:m n ha.t considers 
all tht! fragments. 

LePlil.lna 27: COM is eqr..ait; ble for HI via M 1 _ 

Proof: By Co:I' llary l (Ptfl o 1 ) /\ PcoM is rue m ev cy r - c.hable state f 
Pc:o 1· Th , in h seque w will 5 he I and COL , pr di a 

For · ch locally-con roll d a tion 
tabl for rp via M l. 

of HI, wen ust how that COA1 i · qui-

i) r.p i a:r (p) 01· o InTree(l),. Since r.;, is enabl .d in 1 (s if and o ly 
if i is also na.bled in ,' and since A .1 ( , <f') includes cp. for any state s, L truDa 5 
show th(!I. C01 If i :-quitable for ,op via \4 1 • 

ii) r.p i ornbine( 
Lemm.a. 6 "mplies CON!· 

co !\,1 is pro T" SlV 

for i.p via M1. 
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L t 'Ii' ,p be the se of all pairs s, 1/>) of reac:bab] a of CO i ·1 and inter-
n.al actions tp of COM cna.bled in s. Fo.r reac.hal le ~ atu l v.,..(s = (x y, z) 
wL c.r,~ x is ·he m.unb r of fragmen s in s. y is h umber of fragment / with 
root hangt!d(f = fals in • and z is th· nuinb r of fragments f wit.!: 'tninlink(f) 
= ail in -. (Two triples ar comp. d lexicographically. 

( l) L s bear ac.h~bl sta. of CO ;J in Ev,. We now d 

a.c i ri r/,, is enabled ins wi h ($, w) E \Ji' . 
1s.tru · ha som 

Claim.s: 

1. a;wake = trne i S1( ,), by precondition. 

2. ' -./- F' in St (s) by pr <:ondi ion. 

3. a.wake = ru 1n R by Claim 1 and d fini :ion of 1 • 

4. The,; ·is / and g in fragment.~ ·uch that .5ubtree(f) = F and 8ubtree(g) = F 1 

in .s by fa.im 2 and de!ini ion of 8 1 . 

5. f # g in . by Clai 2 ·m.d 4. 

L t i = i.run{level(P) : /' E fragm, nt.s} i . {By Claim 4 fragm,en.f.,; j5 not 

empty i , so / is denned.) L L = {f' E f'ru.g11umtlJ: level(f') = /l. 

Cilr$ 1: There exists f' E L \vi h min.link({')= nil. 1p = Comp·at Mi.n(/1), 
\Ve nm sl w tp is enabl d i s. By Claim 5 tl ini:mum-weigl t x urn link (p, q) 
of/' i: . By choic of J, le'Vd(/') ~ level(fragment(q) bviou.sly (s, ) E ,;r, ,,,. . 

Case ft: For all f' E L, n1,folin.k(J') #, nil. 

Ca-, . 2.1: There (_, ·i, s f' E L wi h rootcha.n.ge.d(f') = false. L 
Change.Root(f'). 1 is a.bled in by Claim. 3 and th - ,u,Hminption for Ca.s 2. 
Obviously { , 1 1 , E 4' r.,p• 

0 c 2.2: For all /' E L, rootchange.d(/1
) = rue. 

c.fl,., 2 • .!!..1: Tfo .. 
frt1.fT(fien ( taT!}et( minlink(g')) ). 
A b,:;orb(f', g'). Ol viously rµ is 

fragm., . g' E L with le.Ttc:l(f') > l, wh f' -
(By CO !- G , f' is uniq · , defined. ) L t -rp -
abl d in .s, and ,1,, E ,i, ,.,. 

Ca. c e.£.2: Th r is no fra.gi D g; E L such ha le11cl(f') > l. wh 1·~ f' = 
fragment(targ minlink(.q1

))). ick any fragt1.1P.nt / 1 such ha lev l(_f1 = l. o 
i > 1 de:fin /i to be fragmcn.t(target(-mi.n.linl.t(f;_ 1 ))). 
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6. /; is ui i 1ucly defined, fo all t 2: l.. Proof: If i = 1, b;• d"finition. Suppo · it is 
, · for i - l > 1. T h i is true for i b O::tvl-G, sine rnin.linl..{.f;) i w }-defined 

and non-nil. 
1. minli.nk(J. is th minimum-weigh ex · al link of/,, for all i > 1, b . COf -A. 

8. /; i= f;_1 , for all i > l~ by Claims 6 and 7 and definitio , ;f f,. 
9 . If mincdge(f,) cf. m.in,,~i/.9('!.(f,-1) for som i > l, hen f•-t-:J is no amo ""/1, ... /i 

y '1 °ID.S 7 and and i-." 1 h dge-weigh s a. o ally ordered. 

10. Th re are only a finit number of fragm n s, by C · ·~ i-D and th fac hat V( G 
i finite , 

mi.ncdg (f;) = minedg (f,-1). By Ia.i. !, 9 end 10, 

Let > = M rge{J;, h-1 ). 
an i > l such h 
ly i enabl d i - and (s ) ,e -I! . 

(2) Consider a.~t p (s 1 ,1r, } of COM. wheres' is eacha. l and inE.,_. ( 1
• '11') ~ 

X d eE. 

( a) v ( -. ) :$ v ( '), becau h e is no a ion £ CO f ha. inc-.·.-.. ,u,""" be 

numb r of fragm nts· only a Me.rge action inc · s he DUil1.h , of fr;i,l!ln nts with 
minlink qual nil or rootcha:n.9cil q1;1a.1 (al • and it s imultan usly causes h 

( 
1 '11"') E W.,:, - , h n ,p( ) < t.',p ·'). si,nce A b~orb an Merg, de-

•cr a.s r of fr~ gm n s Com.puteMi.n maintain 1 ,, number of fra.g:in 
an.d the nUillber of fragrncnts with rootchanged = fals and decreases h nlllilb 
wi m.inlink = nil. and Ckangc.R()r,f. maintai h number of f ag and d 
creases he nu1nb1..-r ,...-i h rootchang d = false. 

( ) Suppose ls' r.) (i!' -II • ¢• i • 1a.bl cl W $, I , tuld ( l-i 1 
1 ~) E \p 'I". 

still "u bl dins, · ~ he only p 

N0Ut1,Trec(l). no of which disabl 
~s;ibl. values of '::"" a.r Start(p , InTrce(l) and 

rb. By d £.nit:ion, ( • ) E w.,... 

iii.) ((> i I Tree({p q )) . '\ 1e show C O . I is pro 

6 :iJmpii s hat CO qui ta bl for v ia M 1 • 

Le W b he se 
CO d enabl d in 

,,Jl pairs ( s, ) of .I' achable 
such tha · is either an i 
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S cti n .3.2: GC is E uHabl for COlVl 

I L t b at' r-ch, bl,. ,ta of COJV/ in E . 1'Ve 

action ¢ is .,1bl d in -~ with ( , ',/}) E W .,.. . 
= tha som 

1f p, q) E Ff. som · 

-qJ = InTr-c· (p, q)).. 
in S 1 ( ). h n (p q) E -u.btr (fragm.ent(p)) 

(p.q) is t.h mini 1t -W ·igh ~x ernal link of so:cn F 

Th JS more han on· ti-a lD •nt. E-ss ntially he sam a. 

'-P - Combi.n (F,F' e) sho,v hr. Som - AbsoTb f' g'). or MeT!J 
Chang ·Roo · /'), or Co¥1"1,pu.tcMi.n.( f') is enabi din. 

i 

(2) • 5. in ¥J = CoTnbine F F', ), after not.in ha ,r- =/= In Tr e( {p q) ) . 

. 3.2 C is E -quitab1 for O M 

Th n1ain part of the pi-< of is shm.vin that e ent ually v 

81 ( ) .. 
a"l i 

or 

frmn te$t t f), so hat event _ dly Co=pui MfriJ....f can oc: ur. i ion .3.1. 
a glo f'Ll at:'gumen is requ.ir d b ca.us a node mi h ,.,.,. ·t for m.any o h 

fr · uien. s to merge or a.bso un i1 the level of h at h other end of p's 

local minim.U1 -w- i h x rnal link i high ugh. 

L,. mma 2 - : GC j quitabl for COM via ; \,1\i. 

Proof: By Co olla.ry 16, (P' 0 , 1 oS2 ) A Pac is true in every a.ch · bl s ate of GC. 
Th s, .in th s . qu 1 we will us t , l, COJ\.f, and G C pr 1c es. 

For ach locall '- ontrolled actio ({' o CO f., w n'lu t show ha GC is equi

ble for via M-z. 

i), v;, is not Com.pu eMin(f) for ,n f. Since Js na I ·d iu ~ if and only if 
is enabl di S2{s), and inc A 2 ($, cp) includes £ · all , L m.ma. 5 shows tb..., 

GC is q l fo r.p via M2 . 

i 01npu teMin(f)~ v-,r. show GC i progr ·sJv for r.p via. .M2 • L · ma 
hat GC is q_ui -- bl · for via .1'-1 ... 

L t W,;, b h s of w1 pairs ( ·, r.) of reachabl 

actio · · ;r- 0£ GC enabled in . For reachabl 

the fo owing comport i.: 

1 number of fragm s· , 
h num.b r • f fi-agn:JJ :n with roo ich ang d = false; 

1 7 

s s of GC and i t · rnal 

v (s) be q_u.q,dr-upl wi h 



Sec ion 4.3.2~ GC i Equi abl f. r COM 

3. th numb r of fragments witl Tni;,,link = nil; a.nd 
4. h sum of the ntllfl.b of n d in ach. fragm.en 's te.st.set. 

(1) Le b a r a.cha.bl ate of G • in E.,,. So Cam.put Min(/) 
$ 2 (~),. W"' now show ha some ip is enabled i ~ 'Ii i h ( ·, ) E '1'.,.. 

lUl led in 

Le g b the direc d graph defin as follows. Th -r is one vertex of (J for 
, ch element of fragTri.ent.s in . W nm,, sp ·cify th directed e ges of Q. Let v and 

w be two ver ices of Q , on'" onding to fra.gmen s f' and g'. Th re i~ a dir d 
edge from ow int;; if and only jf here is a node pin tc .. f-8e.t(f') who. nm:mnum

weight external link is (p q), JragTnent(q = g'. and lc1Jcll.f1 ) > l .-vcl(g1). W ,vm call 
fragment J' a. ink .i:f j s corresponding vertex in 9 is a .ink. ( should b bvi01: 

hat t • a leas one sink) 

Ccr.J 1: There is a sink /' such ha te. t../j t(.f') #,. 0. Le t/1 = Te.,.tNod. (p) for 
m p E test.set(f'). Sine· f' is a 'ink, t is enabled ins. Obviously ( , lb) E lJt~. 

Ca. 2;· For all sinks f' , t.e.~ is e«., J') = 0 . 

Ca, 2.1: Th· · is a smk f' su h ha 
Com.puteMin(f'). Sine Co1nputeMin f) i 

s. so th n ~... ma! link of/'. 

.,,.if,nli.nk(J') = nil. Let t/J = 
· bl d in S2(. ), there ar a.t ](•a-5t. 

By GC-B, accmin(f') #- nil. Tlu.1.~ 

f/' i d in .s. Obviously ( , ,/;) E ,.., . 

Ca.9e £.2: For all sink /', m..i.nli.nk(P .,!-. nil. 

Ca.$e 2-~-l: Ther 
OhangeRooti(.f' _ Sin 
CQ?1/I-C h r , awake = 

is a si k /' su. h ·ha rootcha.nged(f') = false. Let '¢• = 
CoTnputeMi1 (/) is enabled in $ 2 ( - ), m.inli'1'1ck(.J = nil. By 
n.t . Th1..u; 1b is enabled in · . Obviously s, 1 ) E '\I! _ 

Case f!.,2-2: or all sink J' 1 rootcha.nged.(f') = tt.·uc .. By CO 1-A, the foliowin 
wo cases ar~ xha.us ive. 

Ca:1e 2 . 2 . f!._ l; There is a. sink .f' . uch tha kuel(r/) 
fragm n.t ta.rget(-minlink(f'))). Le u· = Ab.sorb(g' f'). 
enabled i • • Obviously (s, ·¢,) E '1''+''" 

> level{/') whet· g' -

Sine J' is a sink 1s 

Ca. 2.a.2.2.- or all siu.ks f', l ·uel(g' = level(/'). wh. re g' = fra.gm ·n t(Lrget 

(manlink(J'))). Let m = min{ level /') : /' ia sink}. Let J' bti_ a sink with 
l 1;el(f') = m., and let g' = fragm.e.nt target(minlim}.:(f' ) . If g' is a ink, then 

·o h vertex: i {; rresponding o g 1 a. sink is reachabl ( along the direc d dg !'i) 
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Sec ion 4.3.3: T.4.R is Equ:ita.ble for GC 

whose corresponding fr gm t is a "nk with level less han m, contra&c i ur 

c.hoi e of m. . Tl u. r/ i sink. Sin ht ar o ally ordered, by COM~ 
A h · - wo sinks f' and g' a level m ·. u a.t m,in d,ge(f') = -rninedge(g'). 

bviiously · is '.bl ·d in , and ( , '¢ E ii,.,.. 

(2) onsid ~ p {~ ' . '11, s) of GC, wher .;/ i 1·ca 
and EE . 

bl an in E~, (. ', ,r rt. X,..,, 

( a , bviou.sly th ext al <,1.ct1ons of ,G do not change 1 • T fu.c: 
, i h (b) b fow, shows tha v.,,,( ) S: v.,..(s'). 

b) Suppose ( ', .. ) E ' .,,,. If w = TestNode(p). h .n r_omponen. 
and he r If r,- = Compute.Min(!') hen componen 3 of ,1..,. 
deci ases and he 1· • • 5 y he same. 1f r,- = Chang Root(/') hen componcn 2 
v,., decrea.s d h rest sta.y the sam . If .. = MeTge(J1, g') or Absorb f' g') t en 
compo ,t 1 of v~ d crease _ 

cl o ,ic 

□ 

4.3.3 

ion of GC, ob i 

iis Equitable for 

'. and ( ', ) E q, .,.,. Sin 
ly r, ii mi.bled in and 

th o ly 
·,f/;)E .,rp• 

The substantjal, argumen here is that d p s local test~ac -1 t- j . prot 

col ventually fini.·h , , bus si.mula i Te tNode(p) in GC. d a. global 
argu.m t : o show ha.t. h r -"pi nt of p 'l'E::,;'r ag v n ually respon to i • 
w Dl , t ·how hat th level of he recipi nt s ·a.gment eventually i~ la ·ge , ough. 

This proof i where th orn.pone.n of h SP.t '11' in the definiti of pro~siv 
i~ it~ ~d. The receip TEST m 
:r qu ued and h . t t is unchan.g 

ag · win ..,.enerally mak pr gr s:s, bu if i is 

uo func ion on s a can decrease; thu.5 1 w · 

ex: Jud ·uch a sta e~a, Mon pair from IP. 

enu:na 29: TAR is equita.bl for GC irja Ms. 

P o f: By orolla.ry l , (Pc; 0$3) /\Pr n is rue in cv 
Thus, in the seqa ·I w will u e th · HI COM, GC, and T 

of T R. 
i at 

For each locally-co troll d a.c ion of GC, w mus show llia • TAR i qm able 

for ,p v.i:a Ma. 
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Section 4.3.3: TAR i~ Equi able for GC 

i no Test ode( p ) fo - a p . o r nTuee(l) m.· otin Tree( l) for 
S ince r.p js en.a.bled i • if an<l only if rp is enabled in S 3 ( ) d 2ilnc k(., r.p 

d cp, for all , L e.n:u:na 5 im li - ha. TAR i eqw ab1 for 1.p via )\-1 3 • 

ii) tp is Test od (p) . W, _ show TAR is progcJ"essiv for via . . M ; Lemm 6 

iinpl:ies that T- R i •qu.iitabl for v, via. M 3 • l n th w rst as , w have to wait for 
the levels a. · h corr ct relationship. T h:i t'Cq i $ a ••global" argwn.en . 

L.: 4' b h set o f all pairs ( f 1· achabl tates s of TAR and intemal 

- ·tio1 ·,. of TA . .R enabled in • t h ha.. if .r = Rec;eiveTe.st((q,r} l, ), h · ll s 
h lcv,el(fragm,ent (r) m or than on,e messag i ta,.-queuc,.( (q t· ) ). 

Fo r ·a hable s ate le v ( ) b a 10-tuple of: 

h num.ber of frag;mcu b' m • 
2. tbr:- nu b r of fragments/ wit_ rootchan9 ed(f) = false in s 
3. l · number of fragmen sf , "th rninlink(f) = nil i . 

4. h nllJllbe of no q ch that q E t · t . fragm nt q) in 

5. the nun b ·r of links l such that "th ~1- l.stat-us(l) = unknown, or els ~fo.tu;S l) = 
bran.ch and thcx i!j ort pro ocol m.e.ssa fo l, in , 
6. he n'l,llllber of l inks l such t:h.at no ACCEPT or R.EJE T ·sa.g is in tarqueue(l) 

i.n 
7. the number of li k l such hat no Tt:; Tm ~sag is in tarqueu.e(l) ·u , 
8. t h e number of mes.sages in ta,·q'1.L~iit:q((q,r)), for all {q.r) E L(G), ins. 
9,. th n ber of messag,es i11 ta.rq,i.cueqr (q r) ) , for all (q ·r} E L(G), i 
10. h number of -·ssag s in tarqueuiJr( fo 1•) ), for all {q r} E L( G ), hat are 
b hind a TE T messa.g i.n ,5 . 

l) Le ..; · a rea.chabl st.a. of T .4.R in E1,p. -v,,r ho·w ha. here exists an 
it t.ion V.J enabl d in such ha. ( . , ) E 4"1.,... 

L l = min{levd(f); f E frag-rnen:r!s}. 

CtuJ 1: All fr-ag- · s / a level l lm,, roo changed( f) = n.t . Then som 
A bi,orb( f g) or M rge.(f g · i s eni;11..bl d in s, a.s argued in Le ma 27. Case 2.:...1 f: r 
rp = C o m.bin•. L enabled actio 

Ca., e ft: level(/) = l ru d roalcha.nged f) #- ru , for some f E fragments. 

Claim.ii abou.t .s: 

1. p E tc 1. et(fragment.(q)). b • precon of tp. 
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S ction 4.3.3: TAR is Equitable for G 

·2. ~wak = n.1 , by laim l and G - d 

Ca-.,e £. l: minlink( f) ,I:.. nil. Le - Chang Root(f ). By Ciai 2 and , 

ion for C :?:.1. is n.abled in ~q-

Ca.se 2.2: m.inlinJ..1.f) = nil. 

3. Either th :r is n xt · ual link of/ oi· accm.in f) -#, nil, by GC-B and assumption 

for Case 2.2.1. 
4. fragrnent(p) ,:f, .f ~ Claim 1 and assumption for as.e 2 .2.1 .. 

• 11.1:::cmtti{/) ,# nil, by Claims 3 and . 

Let yp = Oompute.Mi'ftl._f) . I is enabled in by Claim - ar d assurnp i £. · 
Cru 2.2.1 . 

t " t(f . 

Oa.se 2.£.2.1: te-.,tli-nk(q) = nil. Let ~ - = Se-ndT -.,t.(q . It l 
su p ions for Cas 2.2 .. ..;.1. 

abled in by 

Ca 2.£.fL2.- tc..!jltlink(q) #- nil. By TAR-C(a.) testlin.k(q:) = (q r} for som r. 
is a pl'oto I mccAs · _, for (q r) by TAR-G(c) So th •pis som message at th 

h ad of a leas on f h ··i.· q eues comprising tarqu.esu.e( (g, r) and ta.rqueue( (r, q)"l. 
1 •as one o-f the followin is na 1 din ReceiveTe$t{ k, l'. ' ), R~eive.Accept(k), 

Chann lS end,( k ,n Ch.o.nndRe ·n{, 1.· m. where ,k .i itl r 

m E /III. 

Suppose in ' adi tion · ha there is cuabl din such tha 
W . ha, is. by de:fu:i.iti 1 of ll ,,:-, the only me s g i , tarqueu-e( (q r)) if any) is a 

TE -r(l' , c') in tarqueuer((q,r) ,wi h 11 > level fragm.en:l{r))· and th only m.essageln 

tarq11. u,c( (r, q}) {if any) is EST( l", c" in taT"qu ·-uc:9 (r q)) wi l" > fra9-mcnt( q)). 

Suppo · he protocol messag fr frt,"'·} is a TEST(l',c'} tarquriuc({q,r)), 
with l3t(Lt--i •((q r)) -=/= r j By T. R- b). l' = le11 l(fra.gm nt(9)). Sin 
fra.gment(q) = f, /I = l by ~ 1oi of J. Bu I' > lcv l(fra.gment(r)). by defi ·_ 

d finitio o,f 1. 

Suppose theproto ·ti g for (q,r) is a TES (l" c'') in tarqueue((r,q) , with 

l.,tati_1.3( (r. q)) = rejeC't TAR-E c). l" = lc·uel(/'f"'agm.en.t( q) . Bu by definition 

of 1 , l" > let1 l(fro.gm nt(q )). 
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Sec.io .3 .3 : TAR ·~ Eq it~tblc for GC 

(2) Lt. f. \,r_ -) be a step of TAR. ''"hel'.' 1 is reachable and isin E~, 1.r.) 'J 
XI.;:>, and - E E,;,. 

a) If ( · ' ;r) 1¢ 4'..,,, · h n ;- i "th"r In.Tc. (l) ot/n'Jlre. •(l). or Siart(p ; or 
lse w is R ecei-ve Tea:t,{ (q, r-), l, c) and in s, l > level( fragment( d) and h -·r i ouly 

one mess.age in tarqueue,.( (q, 1'") ) . In all cases, no componen of v is changed, so 

U ( ) = V ( ' ). 

b) Suppose (.s', ,r) E ~ . We show u ( ) < v (s' . 

• Suppose';';" = Cha.nnelSend( l. n:,, • Com.po.nen o:f v.,,. decreases and componen s 

1 through 7 do not change. 

• Supp ?r = Ch(J,-r~Ti ·lRc:cv{l m). Con1pon n 9 of v..., decI"eases and compon nts 

l bb.r-ough S do • ot - ;i.ange. 

• Suppos ~ = SendTe.st(g). L fo-, r) be the m.inimum--weight link of q with 
l:$tatus unknown in.'. B)i precondition. t .tli.n/i:i q) = nil in 1

• By AR- D, 
there is no protocol mess.age for { q r) i ' so h ru is T E:!5T m 55.ag in 

tarqueue{ (q. t•) ) in ;/ . O:itl.(! is - cl d iu 8. Thus ompon · a . 7 of v~ decreases 
and com.poncn s 1 ugh. 6 do no henge. If · here is no link of q with btatu.s 
unkno , h q is removed from tesbd(fr.a!JTTiefl.i q)) . Thus component 4 of 

Vr;, d rease and om nen l luough 3 do no c.ha.nge. 

• Suppose r. = R cc d1te Te-,:1.( (q, r) • l, ) and in 8' ei her l ::5 le'V l(fragnrn n -t ( r)) or 
there is or ha;i1. on m ~sag in ll CLrq-ue-u..e,.( ( q. r·) . 

C a5 1 : l < le'V el( fra.gm. en i ( r ) and eit he-.x c # CO'rc(fragmcnt( r-)) or te., tlink(_ 1· ~ 
(r q) in ' 

1. ES ( l, c messaa · is i tCTlfU tu(:( ( q, 1·}). by precondi ion. 

2. c # c.ore ( fro.gment{r ) or te.stlink(_r ) ./- (r, q) . by assumption. 

3. lf c #, co re ( fragment ( r)). then l.s ta l-u,s ( ( q, 1·) ,f. .rejected. by T R-E( ) . 
4- If testlink(r ) =/. (r,q}, then there is no p1·otoco! m ~ ag f, (r,q). by TAR-D. 
5. lf ie.'ltlink( r ) # (r,q} h n. l8tatU3((q,r>) ~ rejec ed, by C.i.aim 4 and definition. 
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SectiQn. J. 9. 9: TAR i~ Equit.uM~ for GC 

6. The TEST(l,c) message in tarque·ue((q,r)) is a. prot col m ~sa for {q,r)T by 
Claims 2, 3 and 5. 
7. tes.tlin.k(q) = {q, t'} by laim 6 n:nd TA.R-D. 

. The _ is no A EPT or R • Jr-.; T e.~s.ia"~ in tn.,-qi e~L.e( {r, q)), · y Claims 6 and 7 

and TAR-C(e). 

If lsfottt.s( (q r)) is changed n·om unknown to l'.'ejected, then component 5 of 
o,.,, cl rcas~ and co 1ponents 1 t.hrough 4 are unchanged. 0 herwise, an _ .c EPT 

r R.EJ" Tm ag - is add cl , tarqu.i::·t.rn,({r q>) i ·, a.using compo 6 of u"" 
decvease by Claim 8, while components- l through 5 sta.y the same. 

Ca.se 2: l < l -ue"lf..fragm. ni(r)) 
(r q) in -1

• 

d - core(fragmen-t(r) an tutlink(r -

L TE s ( l t:: ib' in tu.rqv.~ t.1.e( ( q. 7•)) 1 by precondition. 
2. = con .fragm, ·ri,t(r)) by assump ion. 

3. tcstlink(r) = (r,q), by assumption. 

Ca.st! ll.1: There Is n link (r ) , t # q, 'I.vi h l.sta.tv. u:nknov."Il in s'. Then q 
is I" m v d from ie.st!url(fragment(q)) in - ·au i mponent 4 of v.., o decrease 
while components 1 t.ht-ou h 3 do no cha:ng · . 

Case. 1!..2: TheI is L link (r, t), t -# q, wi.th lst.atu.3({1·, t)) = unknown m. s'. 

4. Ldatu.s( (r q)) =f. rej c ed. y Claim 3 a.ud TAR-1 . 

By C laim 4, Cases 2.2.l an l 2.2.:2 a.ix~ x.hau.stive. 

Ca;ge 2.!Ll: .l.;,l!atu.,g (r,q)) = unknov.rn ins/. I is ehangcd tot' j-c ed in~. 

causing com.po ·n · o f v,;, to dect>ease and components 1 tbrou,gh 4 to a.y h 
ame. 

Ca:1e 2..2.2..1: The '1' • S'T{ l ,. c) message in fo.,-.queue( (q, r}) is a proto 
for (r,q). 

5. , he ES ( l, c) message in ta Tqueae ( ( q r)) j h · only pro ocol :m.essa.g for ( r q) 
by TAR-C( ). 
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Since the only protocol message for (r. q) is removed in s, component 5 of Vv, 

cl co 1po c ' s lu'ough 4 ay t.he a.me. 

Ca e J?..2..2.£: Th TEST(!, e) m, -~cig ·· ·· t,1.rqu 1,c((q,r)) is not a pr tocol m.cs-

-ag for (r, q). 

'6. ls:tatu.s( (q, r ) ) # rejected, by assu:mptions for Case 2 .2 .2.2. 

7. Ther is -r( l' , c' message in tarqti. ~ ·it •( { r. q) ) and Ldatus( ( r q) ) = unknown, 

by Cl ·n l, 2 3. 6 <ll-i.d TAR-P. 

Bu Claim. 7 con radicts the assumption for Case 2 .2.2. 

Oa:se 9: l > ltJ,vd(fragm .'li.t ( ,,.)) iil,,lld h ' i"e i znor t.ha.n 
i ta.rqucue,. ( (q r>) forgueU,e,-( (q r) ) in i/. All 

eith or (r, q) . S"n by R-D an 

on message 1:n 

· pr col m 
TAR-C ( ) h sages for he san1e link 

is nevei· mo1· than pro o ool m ssag for any link. his TEST( l. c message 1 s 
EST( l 1 c) message is put at the end of ta rqueu e,.. ( ( q , } )' in s, 

··n 10 and nor changing componen s 1 · hxough 9. 

U o ,ly o e. Th 
decreasi po 

• Supp r. = Rccei71CAccep:t . (q r}). Since r is removed fro.m. te:Atse:t(fra.g. 

men(r)) . componen 4 , f ~ d ·a.sci. ""hil · om hrough 3 stay 
th sain 

• Suppo- w = Rt"::cei-u Rejecti (q, ) . If th ar no moi: unknown links, hen. 
r is r moved. from test.set jTag-me.n ( r )J d ·creasing component 4 of v and .not 

changing component ougb. 3. Suppose here is another unknown link. 

l. REJE ~T is in tn.rq·u.cuc {q, r} , b • pH?condition. 

2. Th is H. link {r, t) , t 'i= q , wii:h l.d.a,tu.~ {t· t)) = unknown, by assu:mption. 

3. te~ tlinkt_r) = (r. q), by Claiiu 1 < d T. R-D. 
The R.EJE i11 tn.nr~ ,1u:({g, r)) i be only protocol ni ag f. 1· (q, r), by Clau:n 

3 d ~C (c ). 
5 . l,:s,t(l't,t~( (r q)) -#- rejected, by Claim 3 a1 ,d TAR-K. 

By Claim. 5 lstat1tJt (r q)) ;' rej cted. If lsta.t'lJ.3> (r q) - nl·no . n in \ i is 
changed o r d c ed in s. lf ls fotu.s( ( t'. q) ) = b ::i.ch in '. hen i stays branch in s, 

but there a:re no or · p o · ocol messages for ( r, q) in by Claixn 4. Thus component: 

5 of v,.., d - whil ·mnponen s l ht' gh 4 stav the same. 
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• Sup1 ose ':T = Gom,pu.teMin(f). Component 3 of tJ,p decreases and compo ~ 

l and 2 are unchang d. 

• Suppoo "= Chang Roa J). Com.pon ,t ~ of v decreases and compon nt 1 

is unchanged. 

• Suppose Ti= Merge(f, g) or Absrrrb(f. g) . Compo 1 of vii' de as s. 

(c) Suppose (.s',w) ~ '1' , 1s enabled in. ' and ( ' ) E 4'~. The 
l/} is still enabled in s and ( , lf. ) E 'i ~ since th only possibilities are: r. = 
InT-ree(l) N('JtinTre.e.(l), or Start(p) OT ]s -r, = Rc.c. i.·iu:Te ·t({q ·r) l, c) and in .s', 
l > levd(fragm~ni:(r) and th r is o ly on tarqiL 1tc,. (q.1•)). 

i iii) t,p is b Tr ( ( p ,q) ), . W. sl ow T & R is progr ·::.siv" for <p "'-i Mai Lemm 
6 in1.pli ha TAR i equi able for viia M 3 • "'1 sunply show hat if (p, q > = 
minlink(f), bu l.c-ita.t'IU( {p, q)) is no y branch, hen even: ually Ohange:Root(f) 
,v-ill occur. 

L t qi.,., he all pai { s, ' of c achable states n-nd. actions zy enabled in s such 

ha one o f he following is ru : ( L / = f1·agmen.t (p i . ) 

• (1), q) = m.i.nlitik(f) in • and 

Forro 
is eua.bl di tbcrwise. 

= Chang eR oot ( f ). 

be l jf (p, q) = minlink; f) and Ghange:Roo't,{f) 

( 1 Let -- b · ~ at of T A.R in E..p. We show th~ t the'.r c:1::is s an 

a tion I.P enabled ins su tt that (s. $ E 4'.,:, - L / = fragment(p) .i.o . 

Clai.m.:i about !I: 

1. awak = ·rue, by precondl io of ..p. 

2. (p, q) E .m.btree(f) 01· (p q) = minlink(/), by precondition of t,p. 

3. answe1·ed( (p. q)) = fals • by precondi ion of . 

4 . lsta.tiu( (1), q)) ¢ r j ct ~d, bv Claim 2 ai d TA -B. 

By Claim 4, h foll w-ing wo cases are exhaus h·c. 

175 



S io .3.3: TAR is Eq1-tit., bl r GC 

Cu.se 1: l:ita us( (p. q} = branch. Let 'lj.1 = In Tree( (p, q) ). I i~ na.l l d in . by 

Clahns 1 and 3 and assump ion :for · his c.ase. and. (s. it,) E lJi~. 

ca.~ 2.- ~ta.t~({p,q)) = unknown. 

,;;;i . minlfok(f} = (p, q}, by Claim 2 d T R-. (a). 
6. rootch~nged /)=false, by Claim 5 and TAR-H. 

Le = C11.angeRoot(f). I is nabled in by Claims 1, 5 

(2) L t (,!/ 1'I" 6) b • o. 5 ep f TAR wh ~ 
X a.nd E Er,:,. 

d6 cl(·,')E 

{a} Suppose (.s', Tr ~ w...,. e show bat no po si ill y f< r ':" an affect wb tl 

or not Change.Roat( f) i 
shows tha u (s) < •ti.,,.( 1 

_ 

d, i. . v.,..( ) = v..,:,( ·1 
}. This o .. her w:ith (b) below 

Cr;, e 1.- ChangeB.ooi(f) is enabled in '. _ o ac iOil s-c.s aw(l;kt1 to f~ - No 

aiction (o' her than Cko.,,;,gcRoot(f)) sets rootcha.nged(f) to false. No action sets 
m,inlink{f) to nil. fr 1 ain. i frag-men:ki b causer. is n .o Ab:iorb(g,f), Merge{/. g) 

or Merge.(g, f), for axv g, ~ii c. rc,otchang d(J) = false. 

CCM !!,: rooichanged(f is .not abkd in ; . By pr onc.li ion of rp, awake is :rue 

1n .s'. 1£ rootc.h.anged(f) = tru~ ·11 j then h same is rue ins, because he only 

act:ion hat sets i to false i~ ti M r!} e h t c.reat d /. ff ni in.link f) = n:i l in s.', th.en 

(p q) # rninlin.k(f ,, S; ven if m.inlinl.if becomes nonnil (by Oatt1.pi1:teMil'~f)), 
remains 0, 

(b,) s PP S" ( t 1r E q,..,,. Since (s1 r.) (J. x<;> 1r :f. ltiTree. ((v q) ). Thus 
minlink(f) = (p, q) io "1 and r. = c,~anoeRoot(f). Obviously v,.. goes from 1 0 

0. 

(c) Supp ( ' , -1r) ¢ ~ , t/; is enab] d -' and ( , , 7p) E '1'.,,,. The sam. 
as in (2a). Case 1. applie~. 
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Sec "on 4 .3-4; DC is Progressive for an Action of GC 

iv) y> is I o In'I'ree((p q ) )+ \ sh w ha TAR i :p1·og1~sive for <p ,,_.,a 
Ma· Leillilla 6 implies tha TAR :is qui able fot" v:, vi .,1\,f 3. The goal is -o .show 

tha if q E nod 8(/7"l.r.frt.,~cn.t(p)) and p q) (/. s.11;bt:re.e.(fra.gment(p)). hen en milly 
l ia,i1t.s( (p, q) ) = l"ejected. Th1s reql.lll'es a global argum.en , as fo Te~t.Nod (p) 

St-?: i tld bf: hH: s:oi • unkn wu. link will never be tested un il only on 

fragxn.ent n ~mwns. 

Let ;J;I <iP be "'1trut ad ( 1,) U {( , NotlnTrc.e {p, q))) : r ad bi , NotlnTree( (p q)) 
enabled in s }. 

Le v s) = VTutNad (p)(s) for all reachable s a es 6. 

L e ~ be he same as for T estNodc(iJ). 

(1) L t b a r 
a lOil ' nab'I. d in SU: h tha 

exists~ 

lrin,t'Uoll( (p, q)) ./- branch, by TAR-A( a). If !status{ (p, q)) = rejec ed, then l 
1p = Not1TJ Tr-E!~ (p, q) . 

Suppose btatu.s( (p. q}) = nn.know:n in s. The rest of he argu.m.en :is ju.st like 
hat for TestNode.(p) e.xccp for th~ following -ascs . 

Cas 2.J: ChangeR, t;Qi, f) i:s e-na.bl~d ·n ~ b •c,ll.J -. ¢'W'a.ke = --u by 
dition of t.p. 

p ·co -

~ show ha Comp-u,teMin(J) is enabled in .s bv showing that 

thcr a.re: a l t wo fr gm n s as follows. H here is only one fragm.en , hen / = 
fmg~ent(p). and p ~ testset(f) s:m we ass:wne teJue.dJ) = 0 . B u:t since we also 

assume ls.tat~ {p, q)} = unknown, TAR-I. gi.·1.r s as .::ou ra,dkti n. Thus, ther is an 

external linl: off, and by GC-B, a.um.in. .f') #- nil_ 

(2) Lik Te.8t.Nodc(p . n.f er noting that rr cannot b NotinTree( {p. q) ). □ 

4 . r,ogressive fo l" an. Action of G C 

The main idea is t ha REPORT · •I h_i 

i ! ,al to n - fr gm. nt. 

L em:l.Ina 30: DC is pr g ive for Oomp'tlt.e.Min(f vi:. M.1 • 
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Section 4.3.4: DC is P1· g:rcssive for an Action of GC 

Proof: By Corollary 20 ( Pb 
Thus i ucl w - will u 

o S 4 A PDc is true in every reachable sta e of DC. 
h HI COM, G d DC pr die~ es. 

Le 1Ji' be these of all pairs (s, ) of reachable states .9 of DC and actions TjJ of 

DC su · h t.ha in , a REP RT w) i ~ in o dctpi tt~( (q: p)) and dtl:1. q · a. r.lrlld f 
p, or else dc3-faltt (p) = unfin.d and p = mw-root(f)· and E { ClH.r.r~1ielSc7i d( (q, p), 
REPOR' (w)) Cka1melRecv(,,(q p). a POR'l' ' w)), Rec:. i11eR port((q p},w)}. 

Fm- reachabl sta. , let v ( ) b a qua.du"Uple wi h he following oomponcnts: 

l. Th -· numb r of D d s p E nod~(J} with dcBtatu.s(p) = find. 
2. The numbe:- of REPORT messages in dcque"T.Hl'q ({ g p})' for all (p. q l E 8Ubtree( n 
~uch t.hat either q is a child of p or else p = rnw-roo(f) and dc.siatu.!'l(p) = unfind. 

3. The number of llEPOR m ag in dcqt.r.CtH!qp( ('7 p)) f, all (p. q ) E _,,ubtr •e /) 
such that ithel" q ·s a. chUd of p or l<;; p = mw-roo-«.f) and dc8ta.t-us(p) = unfind. 
- . The um b of 1'-t. • po · llle5 ages in d cq·u. u e;i ( ( q. p) for all lP q) E subtree( I) 
su.tili hat ei l r q . El. child of p or else p = m.waroo(f) and dc~ta:tu (p) = unfind. 

(1) Let · 
io t/, nabl din 

£ DC in E'F'. W show that there exists an 
.w) E q;-.,,.. 

1. minl~nk(.f = nil, by preconditjau. 

2. a f;m.in(f) # nil, by precondi ion _ 
3. tc.:,t,:rnt(J) = 0, by precondition. 

here is ,8J1 external link of /, by Cla.i 2 and G C-A. 

5. l o FIND message .is in ,ubtr~e(f , by Claim 3 R.11.d DC-D(c). 
6. ff dc&ta~(p) = find h"I i REPORT= ssage is in . .su.btTe (p) ht>.aded ·award p 
for any p E node:!,(/) by 'la.im 3 and D -I{b . 

Suppose a REPOR ( w} is in some t.tc.q~, •ii. { (q p)) ai1d q is a child of p. By 
D -B( · ). inbrancf1,(p ,f. {p, q). bvious1y, (p, q ~ 07" - ( f), so by D -A(g), 

dc~tat-us(p) = find. By lai tJ and DC-0 th~ REPORT{w) is he only message in 
dcqueue({q)p}). Hi i:s in dc:q""' -u. ·q({q p)}, l t T/J = Cha.11.ndS n&({q,p), a: (t.1 )); 
if i is in dcqsuem.;,w( (q, p) ), let l/,• = Channe.lRec-u( (q p), R p l'lT(w)); if it is in 
dcqueu~p((q p)). let r,b = Receive.R port(w). Obvim1.sly, v, i"' enabled in a. and 
( ¢,) E s~. 

S tppo no REPORT is in any dequeue( (q p) wi h q a child of p. By Claim. ,f'J, 
de 1.atu..~(p) = unfind for allp E tuld (/). hen by Claims l 4 and 5, a RE OR (-u) L 
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S tio 4 .3 . : DC is Pro 'P sive for an Action of GC 

• clcqu ·ue({q,p)}, \ h · · (p. q) = core f) and p = ,nw~root /). By Claim 5 and DCm 

0. he REPORT w} is h only mes.sag in d~q~, u ( { q, p}). H it is in d cqueueq ( {q p >) 

let ¢ = Ohanne:lSend(<q,p),REPORT( ) • if it i in dcq-urn -,w((q,J.i)) 1 tp = 
Cha.nndRc.e"t) (g.p}. · • on.T( w)); ifi !$ tl'l dcquetU!·p{(q . p)}, let = Receive:Report w). 
Ob iously v,, is enabl:m in , and { , ,J.,) E 11',;,. 

2)Ld(.', .. , · )bt::a.s cp f'DC-where ·'isreac:habI andisinE.,p,(s',;.) ¢" 
w:i I E E,..- , -. not · th follow.in claims ~bou .:r/. 

1. te-,t.set(f) = 0, by precondi ,ion. 

2. m.i nlink( f) = n · l. by precondition. 

3. _ o Fl P is in .:911.btret: f b Clain:l. 1 and DC-D c). 

(a) To show- v,,:,(s) !5: 1,a>(s') we show · h v.,_.,(s) = ,.,( ') if ( ',1r ¢ 'it._,; this 
og th.er with part (b below gives he result. Suppos { ', w) ¢ ~.,.:,-

T estNod~(p) is ot. " -1 le:d, fu1· p E node-,(/) by Clai Clia.-tir!J RnM.(f) 

M c.1·9 · f g) M rgt!.(fl J) an AlMo,rb(g, f) &T no enabl · d for- !I E fragm. "71'.M, 

by Chim 2. R~ ei:rmFind (p, g) ), Aft,crM rge(p q , Cka.nne.lSend( (p, q) FIND 1, and 
ChanncZR ec-u( (p. q). FIND} are no enabled, for p E node~(/). by Claim. 3. Thus ,:,;- is 

none of he a.bov acti 

If rr = Chann lSend( (q, p) R · ott ( 1,t ) ot" Oht:1.-n.-n. lR av (q p) fl, P R"r( ) f. 1· 

(q,p) E ~ubtree(f . then v . t 1,) I;! ilf~. 

Suppose = Receit1eReport((q,p) w). 

C(Uje. 1: p is a child of <J· 

dc11 ta;tu.5( p) -= unfin.d. o h 
inbTandt(p) = (p q) . By DO-B(b}, 

h · r,emowtl of h m age. Sine 

Ca!!Je .2: (p,q) = core f) and pf,, 111:t.rM'"OO f . B~ DC-. (a) inbranch p) = (p. g}. 

The only eff (! i. tha i hei· th message i s requeued (if dcstatuA(p) = fu1d) o h 
~img ~d (if de. taf:u,q p} = unfind)• in both ases v,p is ang d . 

Ca,se !J: (p, q) = ·oTe(f) p = m·uM-'Oo (f), and dc<J a!-u,s(p) = 611.d. he only effect 

is l a. h · sag is requeued. so v is unchanged. 

Supposer. = Mc'f'g ( g , h). By pt:econdition, minlink(g) = =inlink(fi) i, nil i 1 
1 S / ,I: g and / "F h. Obviou ly · uncll< ,; _ 
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S • ion .3.5: CO i:,;. Pr gresiv for Some Ac ions of CO 1. 

Su p .,. '11'" = Ab.,orb(g, f1). By precondition m.i1,link(h) #= nil in 1
, so / # h 

by Claim 2. If f ..J- g, then obv"ousl:ir v is unchanged. Suppose f = 9. ~ 1 · 

he proof of condi ion (3a.) i Lemma 19 fo viii) n- = Absorb, Cas. 2, no REP T 

1nessa.ge !S headed toward minnode(h) an d. sfo.1hi.,,,(1·) = unfind for all r E natles(h) 

in .s1
• Thus v';" do n t ch ge. 

The rei:naining ac ion · ( no · n above) obviously do not a:ffec v.,,,,,. 

{b) Suppose (s ',1r) E ~.,... \ 'e shoi.v rJ\.p( ) < v ( ') . f r. = Cltan-nelSen.d(_l,rn), 
mponen 2 of u decreases and co:m.p nent l is un, il.Ilg •d. H 'lj} - Cha,£nc.l~ 

11, ·1J(l. 7n) oomponen 3 of v.,,, deCT1eases and comp nen s 1 d 2 tu- 1,.1.J;l,=,.,q,1.i:;:Cd. 

S PP · 'tp = R 'CC';,"!) R ·p Ort( ( q, p), 'W). 

Ca e 1: q is a clw.d of p. By DC-B{a) inlrra,nch{p) # (p, rJ)- By 
de -ta~(p) = find. If findcoun(.p ) = l in ·' then mpon n t 1 f v._., 
Otherwise, oomponen 4 decreases and companen s l hrough 3 ai: ~ n an,g d. 

CtMe. a: q is DO a child of p, p = 'm/U'Jart)Ot(f). and de · talu.,:(p) = unfind. So 
(P, q) = core(/). By DC-P, w > be twt(p). Bu: his con raclicts (8 1 7t-J t X-.:,. 

( ) Supp · ( 1 
~) ¢ u<r• ti: is en.a.bl din ' and ( ', JP) E if.,,. '\ •- show h 1p 

is s · ill ena bl d in f d ( ) E 1J.t • Sine h &· F O v-uJi,y to 

disabie 1/_,. 

It remains o show that (.s, t/J) is s ill i 1:.1' • 

0 e p i le \Vay ( , w) ould no long in \(, is if b p i ion of m.w•'root(J 
changes i. . if r. is Me.Tg (f g ), M rge(g, J , Ab801·b(f g), rn: Ab8orb(u.J ), fm.- some 
f agment g. B b_ Cl i 2. mi-n~li~k(f) = 71,il_ Thus "tr cann t he Merge(/, g • 
Me.rg(!.(g f , oi;- Ab~ orb(g, f). Suppos ,, = Ab.rnrb(/,g). Le core(/) = (p, q), p = 
m.w-root( f) ru d q b · dp i of core.(J) lo - t to t"rg · t( minli~k(a ) in '. 
Tb .miu.im ·igh ·x e.inw link off h· s smaller weight han miTilink(g ), which 
by 0£ -A is h m:ini1mun-Vveight external. link of g. Thus rn.w-Toot(J) does no 

change after Absorb(!, g). 

Another way is if h po ition of c.ot-;>,;(f) .,.; g .. Tl 0

!'; n ] · hap !!'; if r. is 

Me.rge(f g) Merge(g, f) or .Ab."Jorb(9 /) which we -howed is impo5sible. 

bird '-vay is if dc3tatwi(p) changes from unfind to find where p = m.w

roa'(f). This only happens if " = ReceiueF ·nd (q. p)) for som. q. Bu by C ailu 3, 
no FIN"D is in ~ubtr e.(f) and by D D(a.) n r-"l D c, b i <;l,fi ct rn.al link. □ 
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cUon 4.3.5~ 'OlV i Prog1· ·i · f . Some Ac io . of CO.A,] 

4.3.5 1 0 i Prog1r·essi e for orne Actions of COM 

sh w that CO 1s ssive for Mcr-g and AbJ.orb, w jus show h 

o_ NECT m . ~ ,,, on he -minJink 1'na.k s i acr .. . F1 r ChangeRoot,,, we show 

ha. he chain of CHANG ,l"l.OO'l' messag ~ l u.ally rea. h s h m:innodc. Th s 
argi.nn :• t are all Io al o c fragmen . 

L 1nma 31: COJ. • .is pr gr -· ive for Merg tf g) Ab3orb(/,!J .u1d Cl,angeRool:(J 
via \,f . 

P1·oof: By Corollary 24. ( PooM o S, A P. o i. tru 
CO • . Thus in he sequel..,.., ,vill use he HI, COl\1, 

in everv r a, h: bl · s a e of 

d O - predi Cates. 

i) is Merge(fg). 
pairs (s. tp) of rea.chahl 

su ·h, hat ' E { ChannelSend 
Merge (f 9)}. 

= minedge(f). L W be the se of all 
0 ~ and a ions 'I/) of CO e:nabl ·d i .s, 

ONNE T(l) • Ch.a.nnel.Rt.e!.V (q p), CONr,,.'EcT(l) 

f' 1"" · e•achable state s oI CO let , cp(s) = x y), wh · :£ is he number of 
messages in cqueuev (q,p) in and y · h m.1mber of mEIBSag •· in '-"1'lteuegp((q.p)) 
in . 

(l) S 
enabl di 

is a. reachable s a of CO in E.,. . We show that her is a 1/) 
( ) E W • 

Claim~ about 

l. f "#- g by p e ndi i 11. 

2. 1Tt,.inedg (f) = min dg~(9) = (p q) condition. 

3 . rootcka.nged(f) = rn by prP. · ion . 

4. rootcha.ngc.d{g) = rue, by preconditi n. 
5 . 0 •• E T l) mess e lS 1Il cq·ue-u k), f i[' C.'C crnal link k of J' by b.u 
3. 
6. co • ·E T(l) mes .age is in cque·ue (p. q) ), by Clai 

7. A Co E T(m) m ~ag · is in cq-u;eue(lc), for som 
2, 5 and CON-D. 

x en al link k of g, by Claim 

A CONNECT(m) in ag is 1 cqu 1, ((q p)), by Claims 2. 6 and CO.!.r-D. 
9. I = le'!Jel(l) by Claim 5 and CO. -D. 
10. rn. = levd(g), by Claim 7 and CO -D. 
1 . li!v l J) $ l vd(g , b_ Claim 2 and C If-A. 
12. l ~,d(g) $ l -,,e.l(f), by Clajm 2 ~ d C M- . 
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S ct·,ou 4.3.5: CON is Progr · ·v · fo1· Some Actions of COM 

13. le·uel(f) = levd(g ), by C1ai.rns 11 and 12. 

14- t = 1n by Claims 9 10 and 13. 
15- GER:OOT message is in cque-u,~{(q,p}) by Claun l a:nd CON-C. 
16. BC'I' message is in cqur:ut!((q p}), by Claims 7. 8 and CO. r-D. 

If c · •N •, C (l) i in cqueue9 ({q,p}), h n let - ChannelSend (g p}. o -
~'E T( l) ). If co E T(l) i. in cquceue'TP({q, p}) h n l t == ChannelRecv( (q p), 
CONNECT(l). If E T(l) 1 .~ cq'!.eite;,((q,p) , hen l tp = Me.rg.e.(f.g). I is 

easy to see in all cas s ha -tJ., i - 1abl d :ins and ( . ¢) E ']l',p• 

(2) S 1p o • ( 1 
,r, ) i a. step cf 

and E E,.p. 

c-) Th· only ti ns l a. , ca i r. e tJ.,.. are Oo-mputeMin(g ). and Cliangc-

Ract(,g ) . (E · though Chn.nn.elSe.nd( (q p) m would increas y, i would 5imu1t -
n ~usI, ccr as· x.) By Claim 2, ComputeMin(g) is no enabled in '- By Clai 4 
Ch.any Rcot(9 i~ n t -. - bl · d i_ 

(b) Suppose s' 1r) E 'It . Since (s' ,r) ~ .,,,., r. './- Miirge(f, g). Ob io ly, th 
other ""ro choices for VJ decrease v . _ 

( c) Supp :L --', r.) ¢ \fr.,,. • i:,; enabl '-d in .-.' ,uid (. ', ) E 'M • We sh w ,/J is 
a.bl · d i ond ( , ti,) E '1' - • li I = Cha.n.n lSe'f1.d Cha.tuu~Ulccv, then i ca:n only 

by oc tu:ring;. If ..p = Merg {/, g) thea. sino · - E Er.p, ti, i - ill abl d 
in a.:.-gurrieut in part (1)). In all cas s, (s, V,J) E 4'..,,. 

ii) i bsorb(f g). Le (q p} = m,inZink g . L t q;,: - -t of all 

pai1"S ( • r ) of reachable sta g of CON and ac.Hons t!• of CON enabled in 

_ u h hat E { Cl,.a.n7' dS,:nd((q p) o · T(l ) C11ann -lRr:: v((q p) 
Ab..,,orb (f, g )J . 

Fot· J: a.cbabl ~. stat , of C'Ofli.T, 1 t = (x, y) whei-e :r is "he num.ber of 
S ?. r.•r1,t!:ni!!q( (q,p)) . m. b rof sa "c;;i ~qu~-t.t._qp((q,p)) 

lll 

(1) Supposes is a reachable stat of COA in E . 
eoa.bl d in s such that ( · 'I/)) E W -

e show tha there is & l/; 

1. k'!Jd(g) < fo'Uel( /) , by pr condition. 
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Sec ion 4.3.5: co. r i P ogr ~iv for Some A lOilS f co~vr 

2. (q p} = m.inlink 9) by assump i n. 

3. / = fra.gmt:nt(p), by pre ond.ition. 

rootc.hangfld.(g) = , , by pi.e ond.ibon. 

5. A CONNECT(l) m BS~~ is i r.:qucuc{ k) where k is an xtemal link of !J by C1ai:m. 

4. 

6. A ( l) m sage h, in cqueu.e{ {q p) ), by hii.ms 2, 5 d C -D. 
7. No message is in cqu u ( (q, i )), by lai 5 ax d 6 and C .i - C. 

If is in cqueueq({q p)), then le - Cha.1PH~lSend((q p) ON-

NEC ( l) ). CON •Ee (l) is in cq:ueu.e-,p( (q p)), hen let T/; = Cha.nnelRecv( {q, p}, 
CONNECT([). If CONNE .,;:(1 i in C<']'t.Lcuc,.((q p)). hen let if,= Ab o'f'b(j,g). In all 
cases, 1. 1s easy o see that 1/,, is en bi d iu · d s E W . 

(2) SuppO!, ( ', ~. ) i. a t 
ruid a EE,;,-

' is reachable and in E.., • (,:;.' • 7r) i;l 

( a.) The ouly - ctiorn; hc1- , c.- in,~•~,....,,« ,.;,, · • 0(1tn.p1.1:teMin(g) and Change• 
Root(g). Even hough ChannelSend((q, p) m) wo ld incr · would si.m:uJta
:neously decrease x.) By Claim. 2 . Com,puteMin.(9) is no ·nabl m ,, _ By Clai 4, 

Chan _geR oot( g is not enabled in s r. 

( S ppo~ ( ' ,;r) E 4' .,,,. Sino ( ', 1r) ~ .,. r. '# Ab.!orb(f g). Obviously the 

oth d ~ 

( c) Suppose ( ', 1r) ¢ W' ~. • enabled in ' and ( .s', • E 'ii !P· show 1/; is 
enabled in.sand s, ) E ~r.p- If¢,= ChannelSend o Cha:n.nelR.ec.v, hen i can only 

be disabled by oocurring. If t/J = Ab.'lorb(f,g , then since E E"', 'l/J is still en bled 
in .s (by he a.rgtunent in part (1)). In all cases, (s, ,./.'} E '¥,p by definition. 

iii) 'P I bang:eRoo {f)~ Le '11 be the set of all pains s. ) of r ach-

abl s a; es of CO - and ac ions l/J of O enabled in , such ha ,b E 
{ Recefo Clw,ngeRoot( {q p)} Clrn.nn lSe.nd( (g p}. CHA EROOT), OhanndRecv ( (q p}, 
CHANGEROOT): p E nodes(/)} U { C1iangeRoot. /)}. 

or reachable state .s of 
is no 
there is a 
ji,;; 

sage h 
Ell.00 I 

Q_ • le v,p(s) he a dple defined as follows. 1f there 

ub rec f) hi ~. t •n v ( · ) is (0. O. 0 ) . Su po ·, i 6 , 

CqT.t.cU ( (q, p)) wh . J)' E nod,:::s(f ) - T ,,,..(.~) 

1-
h 

h pa. h in .'l'?W:t:r-e (f fro p a mi:r1.nod~(f) in ( c g 

l 3 



S ion 4.3.5: CO. i P ogresiv for S _ c ions of COltlf 

2. he numb ,r f H N ·EROOT m !.Sa -·s ·n cqtJ..eue_ ( (r. :1)), for all t E node (f) i 

; and 
3 - the number of 11;, , • OOT messag in qne~ert({r. )) f. r all t E noded_f) in 
s. 

(By C N-B and C O :r_c. h - -· i only on CH NGEROO n essage in -ubtr ·(J). 
By CO?vl-G, HI-A and HI- B, here i. n unique path in ,-1.1.btr e(/) from. p o 

min.node(/). hus v,..,( s) is well-d fined.) 

(1) ·e show hat ifs is a reachabl s ., t of CO m E..,,, · l n t.h 't'e is a 

abled in _ h tha 1 ) E ~ . 

ClaiTn.S about s; 

l _ root-t:.hange.d( f) = fols 
2. minlinJ..--{ f -/= nil by pr 

If lnode3(1 I = l (i. -, $ubtrec{f - {p}. for some p), then 1 _t 1/,J = Change~ 
lloot(f). Obviion ly rp is b d · and(, . 1

) E \J!,p. r ow pp lnode&(f)I > 1. 

3. minnode(f) 'F root(f), by Claims l and 2 and Q_ -B. 

Exactly on H NGEROO't a in cqueu. ( (q p) ), o · i.01: ~ {p, q) E 
ubtree(f), by Claim · 1 and ? and CO:--.l-B . 

5. (q, p) -/- core(/), by Cini and C _ -C. 
6. No CO?l,.'NECT message i in cqucu ( {q, p)) by C laim. 5 and C01 -E. 

If h Ii · • R. O essage is in c (lt~cue1 ( { q .]J)), h" l ~ w = Ohann•el-

S r.nd( ( q, p), CRANGER.OoT) - If th CHA GEROOT message in cq•ueucq:,,((q p)), 
hen le 1P = Cha.,inclRec (q,p) CH,\ , R OT . ff he CEANGEROO'I'. m g i 

in cqueue,,( (q p}) th l 1 = Receive han_qcRoot(_ (q, p} ). In all three cases, r/• is 
enabled in .s because of Claims 4 and 6. B. cfinj io1 , ( ) E \J!'P. 

(2) Suppose . '• r.,.) s a cp f C O l such that _, is r ach bl· 

( I 7r) t x...,, and e Eo,;,. 

d. E _ 

(a) W show bat if(s1 ,1t') t '-I' , hen <P 

it implies tha v..,t.s j $ ..,,( ' . 

- ...,( ·'). og ·th• ,vith b) below. 

Since minlink(f 'F il i '. 1T ::/: CompttieMin(f). Sine rootchan9 tl(f) -
fals in ', -ir -/- Merge(/, g) Merge-(9,f), or Al>sorb(g, f) for an g. 

1 



S cti 4.3.6: GH S i E 1ui able for . AR 

Supp sc Tr = Absorb(/. g). ir:st w h w that -m.innode-(f) is unch " d. By 
CO f-A, kv l(h) :;:: le1,el I). wh :r h = fragment( a.ry t( minlink J))); by PI"" n
dition of b.,orb(f g), h #, g, and bus wt(m.inlink(f) < wt(minlin (g)) . • lso by 

C01VI-A 1 m-inlink(g i the min.iinum-w igh external link of g. Thus rninlin/.,(f) do 
no chan,.,. . S cond. w sho, 1 a 1 o HANGEROOT message is in subtre g). By pre

condition of A /,aorb(f g) rootcha.ng d(g) = true. Then b .: 0 L no CHANGER.COT 

message is in tiu.htree(g). 

N value of r. • such ha 

If Tr = Ck.an.n [Send{ (q p). 
cnc,,.u,.-s while e fir remain 

,'GEROOT) hen h s -co d component of ,;; d 

ChannelR c,.i (q p), HA "GEROOT 

de reases whil h :first two remain h alil · -

Supp .: -,.- = Rt!edve.CJuingeRoot((q,p)). By CON-C and C -B here is ex
a ly on TI NGEROO"r mc.s~a"'u · subtree(/). Sin ( -, , ) ¢ ~ ""' p :f. mi.nnode(f). 
Thus, he :firs m.pcm'-'nt o , ( ') j a: least 1. h firs omp of - decreases 
by 1 in s, by definition of tom.inlink(p). Thus v,p(s < v,..( •1

). 

-,r) '1. 'M,..:, , , is enabl d in ' · 
no'. l · d (.s- ) E w . 

Suppose "P = ChaT1.gcRoot(f) -

Claim~ a.bout 1
: 

l. rootehct'n,gcd(f) = fa.I , by pr onclition of 
2. rrtinU-n.k(f ,f,. nil, by pr condition of l./). 

3 . ubt-.c( I) = {p}. by recondition of tJ_,. 

( 
1 t/,) E >i!'...,,. \i\ sh w ¢, is 

4. N cu GEROOT l sage is iu cqueue({q p)) for any q. by Claim 3 and CO - . 
5. C:oT1iputeMin(f) is not enabled. b • Claim :2. 
6 - M urg ·(J, g) M ~rge(g, f) and A b.sorb( (J, f are no enabl d foi.: any g by Claim 
l. 

7 . ReceiveCha.ngeRoof{{q,p) ) is not n 1 led fo1· any q, by C aim. 4. 

By laim.s 5. 6 and 7 r. i 1.10 action , ha can disabl 'l/J; h _n , "'P i nabkd in 

y d fini iu , . ., ¢) E W --

1 5 



S n .3.6: GH S is Equitable for TAR 

Supp se t/) = .Receiv Cfiaq,gc.Root.( {q p} ), Chann.elSend( {q. p). H NGER.OOT }. or 
Gliu.•11/Fl m . c-v (g. p), CRA NG ERO OT . Th O ly a tio tha. can disabl i 'I./.) • S l -
Thus ·i,/J is abl tl in .s and (s. ) E \Ii'.,.:,, 

.3.6 GJ=IS is Equitable f'or AR 

Th in er s· ing arguinca !; a.r for bowing G HS i s eq ui .a bl for Send Te.st( p), 

d for Oliang Ro-otf.f) when u.btr (f i si 1gleton nod . For S -n.dTt1d(p 
_ l,ow , ha t , I IA E-find rnessag even ually t- ~ s .P· The big effor is for h · 
CJ1.,1,Yigc.Rt"J,>t(f) - We m.ust show that even ·ually very n.ocl · wm be awakened, ei h r 

by a Sta.rl a.c i • or by th .receipt of a o NECT or TEST ·a e. Thul requires 

a iTlobal ar:gu.m n about h gr ph .. This is another place in whi h t.h state 
con."lponen:t of q., in the d efi.ni ion of paroges · i n d d , sin e it is possible for a 

me sage to be requeued leaving he state u.n hang d -

Leiun.""J.a 32: GH Sis equitable for T~4R via .1\..1: r ,..\n-

TAR via . \..1T R.• Fir-st , a point of nota ion~ 1 
onym foi· Receive Connect( (q p), l) if m = 
Jnit.ia:t.e (q, p). l ~ C , st) if m = [N]TIATE( l , c. ct) e C. 

ally- n trolle<l action 1.p of 

efoc {q p), ,n) be a syn.

·1' l) a synonym for Receive-

By Corollary 2 ,6, Pbns is true in every rea.cha.ble state of GH S. Thu.s, in th 

sequel v.re v.,j_ll use the . I , COM. GO, A ,. DC, 0 , CO:.. and G S p:l"edica. · s. 

i) 1.5 InTree{l) or otln'I'ree(I). By Lemm 5. = are done. 

ii) rp is ha..nnel end{{q p)!m.). , re show · ha ,GH S · progr ~sive or 1.p 'l."ia. 

,.;\,( T; R · L nun:a 6 gives h Iesul . 

of GI-IS and a tions 
-,JJ of GH S enabl din iS such that m 1 is the message at he head of «mm, q (q p)) in 
s, and 1/1 = Oha:ntu:lSen,d( (q-, p) m' . 

or reachable st ate s. let u { s) be the m.unber of messages in queue!l' ( ( q, p)) 
ahead of the messa c at th h ad of t.arqueueq( (q. p)) _ 

Verifying the progr ss-iv co ditions is straightfo 'il'aJ,'d. 

iii) is Chann !Rec 
via M:r.- l?· L~a 6 g iv• h reaul . 

l 6 



Section .3.6~ GH Sis Equi . bl fr TAR 

st of all pai.r-5 ( ¢) of r achable sta ~ - • f GHS and a ·o s 

enabl d in .s sucl ha. m' is b a h h ad of qucue9 p( {q, p) 

Jll = ChannelR cv( (q p), m 1 
). 

For" reachable st t s. (~)beth numb r o.f . ssages in queueq:,,((q p}) 

ahead f me:ssao- at "he of ta-r,Ju ue17p({q .. p)). 

V rifying the progr ssi.v co ditions is s aigh! forward. 

i ) ¥' i Re ei . 
R e ject ( {q~p )) . 
gi vcs the r•esul . 

s t ((q p ) . I c) . ecei ccept( (q p )) or 
is progressive fo.r 'P vi M r;tR• 

Re ·v -

Lemma 6 

e 4' be hes t of a.U pairs .s. ~) of r a ha.bl~ states of GHS and a i n -
¢ of OHS ab] din such ha rn' is h m ·age at tl h ad of qu.eu p((q p}) in 

and 1./, = Receiv (q p) 111 ) •. 

For reachabl s 
ah.ea.cl of the messa 

( -) b • b number of Ill sa, - 1 q'ILe-t.ep (q, p)), 
of tarqv.euep( (q, p)). 

rifyi progressive conditions is straigh fonva:r 

v) is SendTe.st(p). We show th t GHS is pz:ogz: ·~ii' fo r;;, via MTA.R• 

L ,m a 6 gi h r 11 . 

Le , --Jf,,.; b h of • l pai ( , 1T) f a l able s · at s s. of G HS and ac iom, 1/J 
of GH S enabled ins such tha one f h f. 11 'wing i tru ~ (L t f = fragme.nt(p).) 

• CONNECT(l) is in qu.eue((q, d ), wh · (q, r) = cor~(f) and p E ubtr (q). m is 
any messa.g in queu ((q,r)) th-i ·s 11ot b :i.i d the ONNECT(l) ins, and E 

{ Ch.arm lSe.nd( (q r), m), OhannelR cv( (q, 1·), rn), R,:cr:ivc (g, r), m )} . 

• I f,,\ E(l c fu d) m ssa e ju qu ue( (t u.)) is headed oward pan m i ai:1,y 

messag in queue( (t, u} h· 1s u b hiu h JNITl (l c find in . and E 
{ OhannelSend( (t, u) m), OJ~annclRccv( (t, u) m). R c.civc( (t, u). rn)}. 

For reachable rt.a s, v""(.s) is a 7- upl wi h following componen s. 

If no CONNECT is in q-ueue({q, r)), wher-e (q :r = cor (/) and p E ,1ubtr ~(q) in 

s, hen co.mponents 1 h:rough 3 ar o. Suppos . By CO_J-D and N-E 

h r is o y on co T messag in q·ueu ( (q r) ). 

1 j 



Section .. 3.,5; GH S is Equi able for TAR 

1. Th numb "r f cssages in q-ueiH:q( (q i•)) hat a.re no b ,hi ~ the CONNE T . 

2. Th number of messag"S i queueq,..( (q. r)) t.ha: - '· 11 t ehind th 
3. The numb er of me -a.s in queuer({ q, r) ) ha ,u:-e no behind h 

If no lNITlATE(l ,find) is headed toward p, h n ~ompon n. 4 h.rough 6 ar 

0 . By D S there j5, a,t r-r os one such messag . Suppose su h a m ~sage is in 

qu. 1.r( (t u) . 

4. The nlllllb r of · odes on the path in ubtreel/} from u to p, in lud..ing th 
· dpoints. 

-,. The number of Ill ssa 

find . 

queue,( (t, u}) ha ru· · t behind the lNlTlATli;( l , 

6. The tunber o f messages in quc1~ t: , .. ( ( t. , l.l}) th.at are not behind the L "1 'l ATE ( l, c, 

find). 
7. h 1u1nb r of m ssages in q-?Lette 11 ( (t, l-') th· t ar • no behind he INlTI ~ (l c, 

find). 

(1) Let s be a r eachabl ·ta - f GH S in E...,,. Thus, p E te8f4 t f) ;:u:i,d 
tc~tfrnk{1.:>) = nil. By the definition of test.get(/), ci h · a •TND mes.sage is hea.d cl 

w · d p i , 1.om queue (q r}), or a ONNECT m - c1.g • i in queue{{q r}), wh r -
(q r) = co·n: f) and p E subtre (q). In ei h r , l m b~ th~ message a h 
h ad of queue( (t, u)). Let lb be Cfu:1nnclSe'l',1,(l((q r). m) if rn is in queueq((g r) ); l t 

W lo~ ChtLn'nelR~trn( (q r), m} if m is in queucqr ( (q. r) )~ let :t/; be R et:ei'IJe( (q, 1·). rn) if 
n ·sin queu. ..,((gr)). ObYiously -d• is nabl l in d ( ) E w.,,,. 

(2) L ( ' ,:r . ) be a step of GHS, 'b r a. ha.bl , dill E ., (-',r. '1' X-.p 
an l · E Er.,;,. 

(a) Vil · show ha if (.s' -;:- ~ 'I' th v.,.,( 1
) = v ~(.s); toge her "',i h ( ) b 1 , , 

his is enough. ~V on~id ·r all h · ways tha: v.,,, could chang . 

an a oi-.: ECT b dded to qu ue({q,r)), with (q r) = core /) by -:r? By 
CO~nI-F, (p q) E subtree(/ so by AR-A(b), lstatu.5!((q,r·}) = b:ra.nch.. Yet by 
insp t.ing t,h · C".Od ·• w<:;: see hat CON"NECT is only added o a qu u if· s l,,ta.tu.i! is 

no branch, or if h sour • nod i s) ping in hich cas GHS-A(c :implies that 
he lstat'IL.3 is no branch. 

Si c \ · •v as wn d { ' :,- (/. W no c N N El T can be re.inoved fr m th i- 1 -
vant queue. 
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Sc tion 4.3.6: GH S i~ E w able for T R 

tity of' fragment p) <"..h 
di ion of <p, min.Ji.nk(f) = nil in s' by G 
M m·gt!l9, f is enabl d in '. 

gc't Sine_ p E f.ctt-f.s i~t f) by he p:re on

- ' . Thu no Ab_orb(g,f). Merge(f,g) or 

Th r of messages i1 th an1e queue as h r l van.t CONN"E T &sage 

but n t behin 1 i c.annot hange b - a.uRc r.h" queues are FIFO and (81, r.) it~- ) . 

. t L, 1 !ATE message b ad l<:rl? The only way it is if eith r 

a. co N"ECT messag in quf!tt~ (q, r)) "\vi h (q, r) = con:(/) and p E .aubt-ree(q) is 
1· c iv d o if he same JNITI TE sag· head d owardp i5 1· • iv d. Since ( '• w) ¢ 
41.,., -.r is n i her of hese a tion · .. 

Can t.hc pa.Hi from 1.1 top change, ,;.vh r an LNI lATE( r. c,find) is in qucu~( (t u.)) 
h , a.rd p? By defini ion of h d d l:.owar<l and HI-A an 1-B. there is a 

unique pa. h from u p jn .s 1
• Sine HI-A an H -B a.re aJs t,-.ue in ar:i. m th 

minimum spanni g i unique (hv L em:ma 10 ), h "' \.Ullque pa h. from 1,1 o 
p eXJ.s s 1n ,·. 

• q_1,1 uc as the releva:n I.NITlA'rE Th nUlllbe of mess gs in th• s _ 

bu n behind i can.no chnnge, beca h qu ues are FIF (an (-" ', r.) ~ 4' ) . 

(b) 1 J5 

() No action r. such ha ( ',T/,.,) E \J,.,:; 

· curring si "' h q eu s are FIFO. 
b come disabled m 

i) i ornpu e · (f). ¥,7: . i.ho,v that he hypotheses of Len1Dr~ 7 <:I-I. • 

satis:fi d · o ge the resul. . 

L - A= GHS. B = TAR. C = DC. D = GC. and p = CompTi.tcMin(f) in the 
s ofLcmm:;i. 7. 

( l) If is an · u i 
execu ion of DC. 

of GHS h by Lem.IIIBS 1 and 25, .1\,1' DC( i :l 

(2) Le be a reachable sta e of T.4R. If t,p is --nabl 
a.rguec:1 Sec ioi:-1 4.2 .3 ('TAR to GC) . ,,;, is enabled in S 3 

li · S a.r clin d S3(SrAn ·)) = S (S oc( ·)),sop= is ) . 

(3) Sup l'l ( ', , s) I- R of GHS and I i reach bl . If is no in 
Ar.-1R(8',r. , h n pis no in M 4(Mo ( ·' .. -))by in.sp · ion.. 

1 9 



S ti n 4.3.6: GH S is Equi abl for TAR 

(4) DC is pm~~:.. ·v for p via M.:1, using W" and Vp, by L mm 30. 

(5 L t lb b sach t.hat (t, w E 4',. for so e t_ Possible values of 1P ar ~ 
Chan-rt tSend{l Ft po T w)) C!tannelR.cc l REl>OR.T( )), cl Recei'!JeRe.pori(.l. w . 

Essentially the sam. a:cgum · s - in i-r) . ·~i and i ) show ha GB Sis prog sive 

for tb. 

vii) r.p is ChangeRoot(f) and sub r ,ee(f) · no { p } for any p. show 

· hat l hypo l_ es of Lemm.a 7 are sa :i.sfied to g h t· - f;ul -

Le ~4 = GHS, .B = TAR, C =CO 
hy othcse:s of Le'Inllla 7. 

D = COM", and p = Cho.n9 Root(/) in 

1) H i an <ecx.,a:c:u, .. 

execution of DC. 
by Lemmas l and 25, McoN( ) i 

(2) L able . , ate of TAR. Suppose is enabled in S r,\R. s ). As 
ai·g .2 .3 (TA.R o GC). 'P i s nab d in 83 TAR(s) . As argued in 

Se t:ion 4.'2.2 (GC o C M) ~ is enabled in S 2 (S3 S-r R s))). By the ,va the S s 
ar · dclin d S2(S3(Sr ·n:( ))) = S6( S coN( )) sop= is en.a.bled in S o(S oN(s)). 

(3) Suppose { ', 'll",s) is a step of CHS and~~' i rsea ha ?· . If tp i· not i 
.Ar.ui( .'1' ,), th n pis no in M11 M o f(s'n- · ) by i 

CO - is progl'.'essive for p via M 6 , using (i'i.- a:nd v,. , by L m.m.a 31. 

(5) lf b 5 h ha. ( t. rp) 
Channc.lSe:.7id{l, HANGEROOT) 

Cha-t1,g~Rooi{l). Es n ially h sam 
GH Sis prop- sive for,/;. 

E q,,,, fi r som t. Pos·ibl" valu f 1/; 
ChannelRec.v( l. CHANOEROOT J, · · 1d Recdve
arg:umen s as in i i). "ii) and ~v) sho\\ t t 

viii) ~ is Cha.ngoR.oot(f) subtree{f) is {p } for s01ue p. Wes.how that 

GHS ls pro r ivc fo1: vi., MT.AR- L inw.a. G gi 

Let W"°' be th 
actions 1/J of G HS 

.,P ) of 1·cachable states 

hat non f th foUo-.: · 
of GHS and in ·ernal 

is c: 

• t/; = R.eceiveConnec:t:( (q, r}, l' for some q r and l, and in 

s1 --pi .,.. l 2'.: nlev l(r), Zs:tai!w( (r q)) = unkno and nly 
in '}11. u .-((q, r) ). 

• ~• = ReceiveTest((q r)i l .: ) 01· so q r l and c and in • n.tat"u.&( r ) cJ, 
til' pi g l > nfowd( r) , an only on - m ~ssa.g j5 in qncr, ( (q r) ) . 

19 



S tion 4.3.6: GH S is Equ:itc1.ble for T.i:lR 

• ,p = Rt:ceiv c Report ( { q r} w) for some q, r a d w, and in s, inbra.-nch( r) = ( q 1·) 
n.da Ti {r ) = fl and only one m.essa.ge is in qu tl.Cr {q 1·) ). 

Fm." reachable - ) be the follow-i ng u 1 : 

l. Tl number of fr-a.gm.en m . 
2. Th umbe of fragm.en s g wi h Toot hangcd(.g , = false in s. 

3. Th~ nwnbe:r of fragments g with -minlink g) = nil in . 
4 . 1 u be of nodes g E V(G) such tha q E 1.<1..st.$et.(fragrnent(q)). 

5 . Th suIIllllo1. i v i: all q E (G) of level(fru.gm-cn-t:(g)) - 't1l~uel(q) . 
6. Th summa. lo a.11 q E l ( G) of fi:n.dcoun,t( q . 
7. The number of links (q r) ucb th<\l.t either lsta~({q d) = unl V.'ll or else 
l.!ltatu.s( {q. r} ) = branch and h r i!5 a pr toco1 rnessa e for {q. r) . 

. Tl .n,Uillber of links (q1 r) such ha no ACC · P r ItEJ is in queue( {q, r) ). 
9 . The summation. over all fragments q such ha ANG ROOT is in som.e 
q~ e tte( ( g, 1·) ) { st1-b tn~e(g) of th~ numb er of nodes in he .,5;11 btree( g ) rrom 

1· minnodc:(g ). 
10. The numb of fr..i.gm s g s uch tha. Aft.(J.rMerge(q. ,·) for DC is bl-d fo 
some q E 1H1d~(g). 
11. . he number of messages in qucui?q((q r) , for all (g, 1·) E L(Q). 

12. b. numbe:i· of m ages i.n qw.1.a'11.e11r( (q rj ), for rul {q r) rE L( G). 
13. The n.mnber of m sag s in g~c-ucr( (q, r) for all (q, r) E L G . 
14. The mn:nb r of messag s in q~r.-uc.,.( (q, r)) 'h behl d a ONNECT or TEST, 

for all {g. r} E L(G). 

l) L t .s b a rcad1able st.a c of GH S :in Ei,p. We now demonstrate that some 

ac ti u ,p is .ab] •d i i l ( • 4') E W ~ . 

B · pr ~o itio uf ~. awctke = h·1.1.e, m.it>~link(f) #, nil and rootchanged( f) = 
fa.ls in .s. By GHS-K. n.1Jtat1U1(p) = rue in.~. Bu si a.wake= tru here is some 

o q sQch tha n .. dtt1.-r.i;,.,;( q) # ~1 pi.n,,.. Thus A, h se of all fragm.en s g such ha 

'l"t.iJtatu-, Q) # si ping for some q E :n.ode,•{g}. is -~ pty. Let l be the minimum. 
l vel of all frag:m.en sin A, an l A1 = {g EA~ lc:vid g = 1}. 

Th R:tra e is o !, • a a- ·e f\.IlruysiH a fo!k>w~. For e~u-h asc, we show 
h a.t there i some qu e'U ( ( q, r} ) wi h som • m ' -ag m in i m L t t/J b 

chosen as follows .. 1f som.e message 1711 is at he head of queue,J{q,r)) l t 
= Cha.nm.els nd((q,t·), m 1 ) . If o ::.sa is in q-u.e-u:ey((q r) and some mes-

sage m 1 i th h al of qu ~kt:q ( (q,r), l !Ji= Clan.nel$end((q,r)Tm1
). If no 

message is in qu eue,i( ( g r)) or qu.eue9 ,,.(< q, r) ) , hen at I as one m sage, na.m 
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S ction 4.3.6: GH Sis Equi abl fo T. R 

1s m qu 7J r( {111 r} ); le 1/J = Re.:=eitie( {q p}, m'), whe:i'e m' is h · 

o qt1.e-ue.,.( {q. r} ). 

sage at the head 

For each choice, :,j,, is b"·io sly enabled in .s. Th are wo m~· hods to verify 
that (s, ¢) E 1ll' .,... Method l is o sho ha.t m, is not NECT, TEST O'.I" R POil • 

he if r = Receive( (q r}, m') and m 1 i, E "T . TEST or REPORT. th is more 
than. · m ss.age in q·ueutl,.. (q, ,·) ). Me hod 2 i - o ho,.,,.,• · ha some variabl in 
has a value ~ucll that v ·n if = .Recei-ve{ (q, r), m! ), wh - · Tn1 s co ' EC'T TEST 

or REPORT. we have that ( .1/)) E 4' . 

Ca.~e l: The:r i fragment g E A,, with te.si3et(g) ./: 0. L tJ b same eJemen 

of testset(g). By defini ion ft ~t~c'fl.JJ • Cases 1.1, 1.2 and. 1.3 are xha 

Case 1.1; A CON1'.'ECT(l) message is in que1-'~" i:), wh 
q E su.btree(r) in s. We use Method 2. By CO -F. (r. t 
TAR-A(b ), htatu.s( (t r)) = b~anch. 

(r, t) = ccre(g) and 
E -,ub re (g ). so by 

Ca.,e J .2: . .\n I ITt:.. E(l- c,find) message is in soill.e queue((t·, ) ) he.ad d t m- t 
q i ~ . By !vi • thod l . e ar"' done. 

C~e 1.3: teJ:tlinl-(q) f- n "l i s . By TAR-C(a.), tc tlinl-(q) = ~q r) for S<Jme :r. 
By T R-C(c), there· a. protocol Ul,essag for \tJ r). 

c~r1 J .$.1: Th. pro ocol m. s.a.g is an A E. or R.EJE '1' iu queue( (r q}). By 
~thod l, ar don-.. 

Case J. .3. 2: The pJ;otoc:ol messag is TEST(Z', r.) in que'Ue( ~q r) ). Thus l.,,-ta.t"U.,, 

( ( q. r) ) ./:, r jected. By TAR-E(b) I' = l. If n-s tat'Ull( r) = s.le ·ping 01· l :S nl trel ( ,. ) 
we are done by _ thod 2. Su1>po n.statru(r) -# 1e ping and l > nl vel(r). By 

d fiui i o of Ai r < le1.1el(fragmc1'r.t(,-)) an.cl hus nle,,el(r < ltme.l(fragm,;;n~(r)). By 
NOT -G , · h · - .,i, NOT wY(l c~, · l(fr{i.gn-te r, t{ r)) m ~ -,~~:z;.--c i · in om q,t1.eu ( ( t u)) headed 
town: d 1• iu wl · h eas _ w a.r done by Metl od 1, or Afie'rMe.rge.(t u is enabled 
-£ 1· _ OT. , i l r E -ubfree(-u). In h l t case by G S--L, a N is a · the 

head of queue( (u, t) ); the same argument as in Case 1.1 gives h resul . 

Gi 
Case 2 .1: There is a f: a<>'m 

onn t cl th · is a.n 

F'lND m. s.img i in s u-b t-re e(g). 

t. g in A,J with min.lit:i.k(g = nil. S:i:nce g -=I= f and 

f'l.r".IJ Uuk f g. Si e t ~ui~t(g) = 0 1 by DC-D(c.) no 
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4.3.0: GHS i quih1blc fo TAR 

Supp s dc,9tatiu(q = unfl.n , f all q E node,3(9). B.· d ·fini ion of minlink(g). 
a REPORT m ssage u; fa:,. som queue( (q. 7')) h •~ ward m.w•roo 9). \ d n 

y Method 2. 

Su pose dcstatu..,(q) - d for some q E node.;(g). By DC-I(b) si 
t t., t(g) = 0 R.EPORT me.ssag i11 · otne queue{ {r. t)) it ubtree(q) h ad d 
toward q. By DC-B{a) i.nb1·a.nch. O './- (t, r). ar done by Me hod 2. 

Ca:u~ 2.2: 77 inlfok(g) # nil for all g e A.,. 

c~ .e 2.2.1: Tl r is a f gment g iin A., with rootcho.nged(g = fals . By GHS-
1{ if su.btree(g) = {q} for soro · q, th n nsta.t-us(q) = sl pi g. By denm ion of 
A1, ub ree(g) ,l, {q} fo,r y <J.. By N-B, a, HANGEROOT lil ssag i in om 
queu.e{(q, r) in .s-ubtrec(g). v..r , e do e by ethod 1. 

c~ . 2.t.2: 1'001.cha.nged(g) = IU for all g E .4,. By CON-D a. co NE T 

xn ct.~c i i queu ( minlink(g) for all g E Ar. 

Case l!.!!.t.1: There is a frag,n 

lev l(fragm nt(r)) > l. 

g 1n • , , ith mi.1t-link g) {q r} and 

If n[ v l( r) > l ,.,. Etr • don by M U.1 d 2. Suppose nle·vel( r) S I. s5 • ,tiially 

h sam argum as i Ctu, 1.3(b giv the re u1 . 

Ca £ _ 2 . 2. 2: Fm: all fragm nts g in A, level(fra!Jm.ent( target( miThli.nk (g )) ~ 
l. B. CO. - r l 1:Jcl(fra.gvn, ·nt(ta.-rgd(minlitik g)))) = l for all g E ilr. 

C(l. e 2 .£.ft.2 .1: Tl m-,~ is a. tta!!'tll nt gin A., such that m.inlink(,9) = (g,r), d 
fr(J.9-m. nt{r ¢ A,. B · deli it'o1 f • 1 n.-itatu (1·) = sleeping, and we don 

t thod 2. 

C(Uj 2.2.2.2.2: ~ r "11 fragm ·· g iu 4 1., fra.gm.en.t(target(minlink(g)) EA.,. 
As argued in L mm.a. '27, C 2.2.2 of v , dfying (1) for = Ctnnbinei there are two 
fragments g and h in A1 such ha min ,dge(g) = m,ined-g (h) = (q r). y AR-H, 

l. tafo.s( (r q) = L,tatu.~ (q r)) = bra ch. By Me hod 2, w are done. 

(2) Le (s1
,..- ) be astepofGHS, wh 

ands EE . 
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Section 4.3.6; GH S i E. ui a.bk fo TAR 

(a) that i:f (s' , -) ¢ qr..,, then u\P(.s) = - (.s'): toge her wi h pa.rt (b) 

below, this gives the result .. W'""' is defined o in de all h s at ac ion pain; tha 
chang h tr,i.te. Thus, if l ', r.) ~ '11 , hen = ·', and obv"ou ly r;,(·) = v,p( '). 

(b) Suppose , ,r) E w _ The breakdo, - of ,cases in his ai·g ;i,nent is essen iall 
h • proof , f the safety s ep si ,.dations in Lemm 2 _ The notation 
'Comp n · 12" in a case m ans ba omponen 12 f v decreases in going from 
s' to , and · ponents 1 hrough 11 <' • unchang d. 

• ,r = Cha.nnelSend((q, r), m). omponent 11. 

• ff = Cha.nn lR.ec-v( {q, r}. m ). C mponen 12 .. 

• 1r = Recei'Ve:Conrz.ed((q, r), l). 

Ca.se 1: ruitatu.,(r) = 1 ping in 1
• If{q 1·} isno h•min.im.u:m.-weigh e; 1--nal 

liuk: of r, hen: component 2. Ot.herwis componen 1. 

Cas 2: 1I . .sfo.t·us( r) -=f- sl epin.g, l = -nlcvel(r) and no co E T is in. q-ueu,e( {r. ,q}) 

in 

Supp,o. L,ta.:hwi( (r q}) = unkno vn. Sine -· ( 1 7r) ,e W anotb r n1 -

q-uc,,c( fo, r) ). By C N-D CO -E and G S-C h · u her message is no a CON 

or TEST. 'o 
T 

S pp l.statu.,( (:1· q)) #- unknown. Sin DC simulat ·~ Aft, rMerge(r, q), nei-
ther AfforMerge{r q) nor Aft .rMcrgc(q., ) is enabled ins. Comp o nt 10. 

Cuc S: 'l't.Statu~(1·) -:;',. sl ping. l = nl ·vd(r), and CONNE T is in !rue:ue( (r q)) 
m s 1 • Component 1. 

Ca ... e. ,4: ™ 1.a.fo .. ,-(r) i=- sleeping and l < nl 'LI l(r) i 1 Con-iponent 1. 

• w = ReceiveI-nit-iate( {q, r}, l. c, s ). By NOT-H(a), l > r-1J,et,d(r). Compomm 5. 

• 'l'f'" = Recciv ·· T. t( (q r) l .. c). Let g = fragrnent(r ). 

Ca .. ~ 1: n.statusS(r) = sl ping .ins'. Compon~ 2. 

a~ 2: n tatiLS(r) #- sleeping ins'. 
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Section 4.3 .6: GH Sis Equitabl fot" TAR 

Ca e 2.1: l < level(g an itb r c :/= cor (g) or testli1tk r) =/- (r, q) m . , a 

A t1 c!:ll, mponen . H R•'JE 'Tis add d h ·n ·· her componen 

Case R.!!.: l :S l -v l(g) c. = ~orc(g) and tc tlit1A;(1·) = {r q) in -' . If h c is no 
link (r, t), ,# q with lstatu.s( (r t)) = 1n1knuwn, then compon n 4. 1f th is such 
a. link. ri co, onen T. 

Ca,/j e t. 9: l > fo ·1J el g) in s'. Sine , .'3 1r) E ~"' he.re is another rn -
queuer( (q. r) ). B y TAR- ( ) and GHS-C th th mes.sag is not ONNECT 01· 

TE T. omponen 14. 

• 7r = Rec. iue.Accept(langl q,r)). Co p, •~ 

• 1r = Recefoe.Reject((q r)). If he e is no link (rt). t # q with l.statiu!((r.t}) = 
unknown, th compon 4. H h r is such a link, h n ·om-ccinc:nt 7. 

•• ,r = R ui'ueReport((q, r} ·w). 

c~ 1" q, r) = co re(g) ,uta:tu.!!( r) ;/a find and U) > be~twt( r) in s'. If 
l~tat'U-8( b-c tlinJ.: r) = br h com.pan.en 3. 0 herwi , co po 2 . 

Ca.s £a: (q,r) # nr (g) in '- If inbmnch(r) = (r.,q). then compo . 13. 
h rwiise, com.pon n 6 . 

ca~e. f!b: (q r) = core(g) and Ti..sfot·us(,·) = find i T . C O ly change is 

a: b RE OICT messag is requeued. e show ha h no oh rm ag in 
q-u.c·i1.e({q,r)J and th (s' 1r) '1, ii' . Firs no tha by CO [-F, (q,r) E ubtree{g. 
By GHS.-B, no co, N Tis in the queue. By DC- , no T.N1TlATE * ,foun. ) is in he 

qu<,.-i.\ . By GHS-E no l ITIATE(*,*,find) is in he queue. B.• T R-E(a) no' ES' 

or RE:JECT is in h q -u. -. By DC-0 n oth ~PORT :is in the queue. By TAR-F, 
no AC EPT is in th queue. By C01 -C, no, RANGER.OOT i!> i h, • u ue. 

Ca~ e 2c: g r) = , ore(). n ta Y- 1·) = unfind. and S be twt(p). Com.pon n 
13. 

• 71" = ReceiveChangeRoot((q, r)). If ~ta-t1,.,(b .. tlink(r)) ,f:. branch, then compo-

1:l 2. 0 h rwise o.mponen 9. 

(c) Suppose ( 1 
, l;l lJi...,, n; -.n bl ·d in ' , and (s' ., w) E g-· • Since ' r.) it 

w.., - 1 Obviously. T./; is enabled m - and ( ·~h) E -Ii' ,p -

195 



S io 4..4: Satisfaction 

i:: ) is M rg ( -t'. g). 

p = Merge(/, g) and (3) as bel w, gh· 

Th sam. a gtl.lll nt as i vii), wi h 
ul . 

( 3) Le b ,. u.ch h ) E liP P f, some t:. P ssi ble ,,tru. 1.1 s of 'tb a.:rc 
Channt-lSer,d(k, CON • T(l)), C1,an'n,ClRecv{k :N 'E T(l) · d Merg Jg). Es-

tially h e argum :1 · in ii), -iii) a:ud iv) .~ 10w hat GH S is progi·~~ ' i '. 

for 'l -

x) rp i~ bsorb('f,g),. use Lenu . 7. Th am· a.rgum.en l'lS in. •ii). ,vith 
p = Absorb( f g) and (3) a."i b lmo,• gives the r u1 . 

(3) L t t/J b s ha ( , I ) E q:," for sol!l t. Pos ·ibl v ues of 1f ai· 

Channr.lS ·nd k 01'\.'NEC'l'(l)), Chann lRr-t:11(k ,co NE T(l)) and Ab.~orb f.g . :s-

. entiallv h -a.m ~ argum.en s "n ii) i 'i) and iu show h GH S is pr r ssive 

for tp. □ 

4. a isfa · ion. 

heore1.n 33; GH solv l f S-T G). 

or m 12~ HI olv,, .Y T(G. By L mmas 13 and 27 aid Theor m 

RI. By Lernm - 1 and 28 and Th rem. , GC :s· is.fi COlVl. 
By L mma.s 17 ~ d 29 and Th<: 1·cin 8, TAR sa i, 00. By enun.as 25 and 
32 and Theor· 9 GH satisfies TAR. Thus ·a isfi s and solv .s" are 

fin d u "ng subsets f:, ·h ~<lulcs GH S so]v - ~~'I T (G). Cl 

kn wl dgmen s 

v\ e thank huda k. S eve Gadand, Michael M ITi • Liuba Sbtira and 
me:mb tt; of the Theory of D~tdbuted Sys ems r · ;arch group at MlT for ,"'3.luahle 
dis '510lll'l . 
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In thi Appendix. we review th asp 

hi pap ·:r. 
ode! from [LT] hat are r levan 
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App c:Hx 

a set of action..s, sso ions. Th a, · i ns are divid din o 

br · , es. input (n1,t'];nd, and internal. a~ io are pr 1 to origina 

in th • a:u omaton s environm automaton mu:!'l · able to reac 
to them n ma what state i i~ i . al actions ( or loeally -

o-r~trolled aic ions) ar _ under the local' co trol of the automa o ; internal ac i:on 

ot observabl by h d ou pu · · ns ax 
tlie e:r;tern..ci.l ac ions of .i4 denote t uw i ion rela ion i of 

(st · r any sta -t/ and i put &C" ion ,r, th 1· • 1~ 

a transi ion ( ' r., ) for smne ) Th .re is an equivalen " · 1 ion part(.A 
par itioning h o p t d m· rnal actions f .-1 .• The parti ion i · 

para; e pieces of th SY' ~- bci g mod. led ,y h automaton. 

in . tR s' if t l ere is a tra.nsi iu ( ' . -:r- • .s) for Som st.a 

An e::c cutinn. of • is a. finite o q leficC o"1"1 1 •.. of <:rnati.n 

s a es and actions such ha O i a ta.rt stat 

all ·, and if i- finite th n e ends v...j h a - a 
, ( i-1, 'it"1 , ~ 11 ) • a. trans:i ; ion of A. fo 

. The s,chedu.le of an u.tion is 

he subs qu n e .f a.c appearin m e. 

\i e of en wan t sp - "fy · d~ ·r db ha-vior using as - o f s hedules. Thus wH 

define an external 1Jchedule .,..,.,Qcl.,dc S to - -nsist of inpu an ou put actions. and a 

s of a h dul · ch 'a.'!:( S). Each schedul ot S i a 6.nit or infinite sequ r. o h • 
ac i n - .f S. lu c: al a.c ions are excluded in order t.o focus on the behavior visible to 
h u sid world. External s h dul dule S i a -~til,.llch ,,fu.l • 'VUJd 1.lti of ex · ernal 

sch du.le module S if S and S 1 hav~ t ~ san1.e ac ions and ch d (S') C ·ch ,d ( S). 

to:nui. a 

a ys emma.d 

an b · composed to form ano h a to.m.aton p resurna.blv mod"'ling 

f smaller "' mponents. Automa: comm1tn1c~1t.c by synchronizing on 

h nJy all wed si tua ions ar--e for h. u pu f o au tom.a on 

to oth rs and f: r several a.utoma.ta o shru· t 

automata. to be composed m ha." no ou, pu actions in comm n 

actions of ea.ch mu di join from all th act ions of he oth rs. _ 

c mp it utomaton is tuple of ta es, n · :f. 
of he s tart state in ach 
net.ion of a component becomes an. ou put a. 
£01· ~ m. r11.tl io:u. An inpu ae ion of h 

of he• om.position, and -imilad 

for every compon n f. r w ' · i an ~ 

on action 1r • each component of 

au oma:ton :if 1T oc u.rr d; if r. i~ not. ,tn 

th co ponding sta e componen d - n > 
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~ pp lix 

~omposi ion is th union of th partitions of tk c componen auto ta,_ 

Giv, an autom t n A and a subs t Il •Of i a ions, we .cJefin,. h au oma on 

Hid 0 (.4) ob the automa on .-1' diffe.iing from . only in that each tion in TI 

becomes in enial ac ion. Thi o a ion useful£ r hi ·ng ac ions ha't rn d ·1 

iJ t pro ess coilllll.uni · a i n in a composi.t • au om.a on, so ha b y ru no longer 

i. ibl to he environ.m •n of he composi ion. 

xccution of a sys em i - fo.i if ach compon i i given a chan o 1nak 
it, y often. Of ou.r!S(,, a process rn.i ,h no . b a.bl · to ak.e a st p "t"Y 

im. i i · giv 1.ance. F rm.aUy a.t d execu ion of , i fair if £ r 

each class C .of pari(A. • h following bvo c:oudi ions hold. , hen no 
ac .ion of he final sta o _ (2) If is in:fi.nit , h · be actions 

from. C a.pp infh : tely ft n in e or- e; a. .s in ;\·hicb no ac, ion of C i.s cnahl d 

app = ia.finit y o'f 

fair execu. ion of A. 
in . No e ha any finit · xccu ion of Ai 1:"efiX if som.e 

T e fa.ir behavior of au oma. on A deno ed Fai·rb ha(. ) ii.i th xternal sched-
ul module with the inpu d ou ;put actions of A, and ,vi. th se of schedul 

) : is th sch dule of a fair ·xe · 1\ • of _4} _ l A problem j ( p cificd by) 
an x- ma! - ch dul module. Automaton A .!lol'!Jc he problem. P if Fairb It. (A , 
is a sub- chedule modul of P, i.E.. h b ·ha i 1· of A visible to th o t;.id wo dis 
onsisten wi h he b hav-ior r ·q_u.ircd in. the problem specific• ion. utom.aton A, 

ati,fie.-$ au oma on B if Fairb h ( ) is a uh-schedule module of Fo.irbch ( B)-

ma Sand Tis ubset of S, hen olT i - dcli.n ·d t 
b th nsisting of iemen s in T. 
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