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Ab tract 

cntenrc.-, arc far more ,'.11nbigunu lh ,n, on might h i,·c thoughL 1l1cre nm) be hundred .. perhaps 

thousands or syntactic parse trees ror ccruiin ~·cry n:mirnl scntcm:cs of English. 'll1is f ct h:1s been a major 

probk·m ccmfrnming namral 1 ngllagc pwcts ing because it indical thaL it ma_ reql1ire .i long time lo 

c·:m m;ict a li l of illl 1.hc parse tree .•• nd l\mhcrm re, it isn't dear wh L l do with the list once il l1as be.en 

c nst.ructcd. Thi lis.l may be oo numerous lhat it is probably not the most com cnicnt representation for 

cJnununk:atiun witlt lhe crnantic and plagmatic processing modules. tn I.his paper we propose some 

me(hou for tlcating wii.h ~Ynl,1cLic ambiguity i11 \ a;-s t.hat take , dvantag,c of c:cn.1111 rcgul. ritic ~mong lhc 

ahcmati\'e parse t.rc . The e regularities wit! be cxprc scd a 1ifilill: rnrphi1ntioJJ_ of r\ r networks. ;:md also 

as ·ums and · ro<lucts of fomrnJ power series. 

\Ve wm :suggest some \ ays U1at pm Lica1 proccs or ca11 wke .idvamage of mi modularity in order lo 

dcnl more cmckntl)1 wili1 c:omblnatorcc ambiguity. In particular. we will show how a processor can efficiently 

compute the ambfguit_ of an inpul sc-ntence ,(or any portion thereof). Furthe-nnorc. we , iU show how 10 

compHc ccri:ain grammars into a Ji mt 1..hat c.an b~ proccs cd more efficiently. ln some case . including the 

every wa amblguous' grammar (c.,g., conjurn::Liori , prepo:!.i ional phr.ise . noun-noun modifkation), 

processing time wm be rcduc~d from O(n3} to (n). Fit1,dty, we will show lul\ lo unoompilc ccrt.1fa highly 

oplimizcd Prnmmars into a form suimble ft r Lin.,ui-stic analys,i . 

Keywords; natural language, parsing ambiguity 
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M) t p..u~1 fillll the ~cl of p;.1n;c r ,; b ' lartin , iU1 the empt , t and atlding lo it a.ch time thc;1 

find an \·possibility. We m ke the ob 1.;rrntion that in c:rnain immions. iL would be mu h murc cfficicnL to 

v.ork ln the other direction. st;iniog from the univcr~l , ct {i.e .. the set nf ,ill binary tr<.:c ') and ruling tre out 

\I.hen the p.irscrdccidcs Lhal lhc cann L he parses. hiling-om is c, icr when Lhc !\CL nf pa c lr~· i · dns.crto 

lhc utiivcl'Stll L .ind rutiug-in is ea i r wh~11 1.he • t of parse i..rec • is doser m U1e empty c:t Ruling-out is 

p.uticular1. suitC'd for .. ~ ?l.1" amhj~J!OIJ.f constructions such a prepositional pl1rascs whkll have jus.t ~ 

mr!ny pm-sc trees as the.re arc binary trees over Lhc tcmlinal clcmems. Sinc,c every tree is ii p rs<:, lhe parser 

dJc n"t have to rule :my of Lhcrn ouL 

Jn some sco.sc, lhis is .i fonm1li1,alion of an ldca th.al has been in the litcrawrc for some time. That i • it 

lrns been nmkcd for lm1g Lime that th ·ort.s of v I J' ambiguous onstruclion are vi.:ry difficult for most 

p. rsing algorithms b ll (c pparc ntly) nm for p op]c. 'll'1is observatio11 ha led some researrhcrs tu h. pothcslz.e 

ddilional pa ~1ng mcch nb;ms. such a p :C.Udo-auachmenl [l: pp. 6.5·71]1 and pcrmancnl predictable 

ambiguity [14: pp. 64-65]. so that. U1c parser could ••altach an ways" in a single t p. Howc.-cr. 1.hese 

mechanisms ha\'C always fa.eked a proci.sc int rprct.'.'llion; \ c will present :i much more forma] \. a. ofcoping 

with .. eve . way ambiguou · 'grammars, defined in term' of Caw/an mtmbcrs [8: pp. 388-3 9, pp. 531-533]. 

Certain con tru-ction . including tl1c •·ever. way ambiguous" grammar. wm oo trcalCd as primitive 

objccrs (modules) which can be combined in \'Jrious ways lO produce c.ompositc constrncLion such as lexical 

<1mbiguily which arc al o ,rcry ambig11ou • but not quilc .. c er}' way ambiguous". Compmite cm1sLmction.s 

will be nnalyz-ed as line r cnmbinalion..c. of primitive comp ncnts. j;n a sen c to be made precise i.11 terms of 

furma] power s ri,e . Equhdemly in • • notation, compos[te networks can be analyzed as ~ m 
p;im)k.1 wmhiu. c\ons of primiti e ne-tworks. This approach has b1X11 slrnngty influenced b, linear s s-tcms 

thoorv. a lassie engineering notion of modularity. 

We will suggest ome ways that pr.ictical processor c.m take ad ant.1ge of this modularity in order to 

deal more efficiently wiU1 combinatoric ambiguicy. In panicular, we will show how a processor can cm i.cndy 

compute l!l!:! ambiguity of an input scntenc,e (or an. portion mereof). urthermore, we will show how to 

ompik certain grammars inlo a fonn lhac can be proces"Sed more effiricntly. In ome cases. indudi11g the 

•·every way ambiguous gmmmar", proce iug time will be reduced. from O(n3) co O{n). Finally, we wiU how 

how to uncompile certain high1 opiimized grn.mmars inm a fmm suitable fo:r Jingui lie a11a1ysis. 

] . TI1,; iciM of ~udo--altaclim~nl V.11.S first pP'PJ~ed by MarcLJS J>li,ale oonm1Lmic::mon), !hough i\ arcus lloes nol occepl th.e 
formulation in (1). 



Sc-crio'll /' 

1. 1 t ibigui is a ractirnl Problem 

Sentences .ire fo.r 1111.)r ambiguous Lhan one mi<>ht have hougiu. ·n1 re may b~ hundred perh . ps 

thous.111ds of syntaclic pars(: ire . for ccn.1111 very 11' mr;1l ntcnccs of Engtish. Ftir cxm pie co11 ·idtr the 

following ·cntcncc wilh two prepu ilinna phra : 

(1 Put the block in the box un the table. 

\\hich has two ilucrprcunion : 

{ a) PuL th~ b rk [in the on the ab1c]. 

(2b) Pul [lJic block Lil the box] on the table. 

The c syn111cLic ambiguities groi, "combinatorially'' wilh the number of prcpt1sitional phrases. For cxmnp'le, 

when a third 11P i a d d ro the scmence abo c, there arc five interpretation : 

(3a) ul li1e block !tin the box 011 lhc t blc] in t11e kirchen]. 

(lb) Put the btuck [in the ox [on l:h~ uibl.c in the kitchen]]. 

( c) Put l[the block tn the ox] 011 the table] in lhc kilchen. 

d) Pur [t11c block [in the bo · n I.he table)] in the kitchen. 

(Je) Put 1.hc block in the bo J [on Lhc uibl~ in the- kitchen]. 

\Vhcn a fourth rr is added, there are fourteen trccs. and so on. Thi un of combinatoric ambiguh. has been 

a major problem ,confronting natur.d Janguage proc ssing because it indica:tc:s that it may re-quire a long time 

to con ·truct a list of all the parse tree and furthennore. it i n't dear what to do with the list once il ha 'been 

con'ltruclcd. This 11st may be so numerous tlm it is probably not the most con cnrcnt r present lion for 

communication ich. the semantic and pragmali processing modul , ln thi paper we propose some 

method for dealing with ynt:aclic mbiguity in wa s tl. t take advantage of certain regularities among I.he 

allernalive pai-se trees. 

ln particular we observe Ilia numerating 1.hc pars trees as bo\1c m·ssc lhe very important 

generalization that prcpo itional phrases are .. erry way ambiguou ", or more prcci ch• the I of parse trees, 

over i PPS i the same as tlle set of bhmy u-ee- that can be con tructcd over i lennin:d elements. 

example, that there arc two possible binm· tree over three elemenl<i. 

(4a) [ •.. block ... [ ... box ... table: ... D 
( b ll ... block ... box ... J .•. iable ... 

Lice. for 
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i; irrcspomfo1g co (2a and (2b) ri,;spccti•.d11
, .rnd llm then:: .ire fi\'e uinary ll'cc uvcr rour clcmcn~ 

c,,_m ponding co(: a)-( cJ re ·pccUvcl;· (~ c Figure l). 

111ese ··worst. case"' sccrrnrio occur rrry often in pr.1~tice, ;i indtc.-itcll by our c:~pcric-ricc with Lhc EOSP 

parser [l l] 011 the , falbt tr.-i orpu [Hl].2 Almost 2% or 1.hc I\falhntr Corpu h.1s 300 or morr interpret lions 

.!:cording ro EQSP. The sentcm:es arc given below with lhc nu mber or parse trees. otc that the first sentence 

b almost :i r.huu~arid wa, s ambiguous. 

958 In as much as alloc,Hi ng costs i:s a cough job ] would like LO h,ivc Lhe tm 1 cm;ls rcl.ilcd lo each 

product 

692 For each plam give lhc ratio of 1973 to 19 2 figures for each type of pru<luction cost and 

orcrl1 cad cosL 

654 Im you h.a,1c a model to maximize co1mibutiori to t11c rompany ubjecl lO production and other 

constraints? 

556 Give actual and budgeted operating co IS for all planES, imd actual and budgeted management 

salaries and inte1 t costs. 

512 LVC me a bre,1kdow1JJ of difference behv en \ist and average quoted price or each product for 

1972 :md 1973. 

510 'lnc intent of rny qu~cion i \0 find oul if you know if your account.i11g me.I.hod can relate the 

changes in sales to chang in }IOllr ex nse sm.ict11rcs. 

322 Dibplay the difference beLween lis.E price and .ictual c.osis (direct + overhead divided by list 

price for plant for Lile past four _ ears. 

382 Wh.it wa the number r unit~ uf producr 2 produced at plam 2 in 1973 limes the unit price of 

product 2'! 

The c ntcnce show lbat syntactic constraints are not al ays very restrictive. lni fact has been a 

major problem confrnnting na1m. I language processing because k indicates rha[ il may require a Jong time to 

on 111.1.cl a 1i t of all the parse tree , and furthermore, h jsn'l clear whac io do ilh U1e list m1cc it has b1X11 

consl.l7.lctcd. ·n1c: Ji t cf parse m:c can be o numerous I.hat ir is probably not the most fficient repre

sentation for communicaiion with the semantic and pragmatic proccssiog modules. I\ list repr~ntauon fai ls 

ro take advamagc of renai11 gcneralilati,ons among the ah:ema[ive parse trees especial!;• the ''every way 

ambiguous" generalization. 

2. :\falhmra ta!h~rcd apprm:llmltel)· 500 ~ntcnras ln an a: p~riment which footed bu incssm n Into believing mat 1J-u?) were imeraciin,g 
with a romputc:-r when the)' were :lctual1,· cmnmunirnti n \\ i[h a p~n in an :JDO!.her rornn. 



Stcllon I 

ir;i. •• I in:iry Tree O ·cr Four Terminals 

Ov r four 1cm1i1111 it i po iblc u cons-tn1 L Jive I inary tr 
solid lines. 

·111csc five trL'IC..~ arc illustrmcd bcl n in 

... .,,,. ... ..,. ---.. 

◊-:_~ ·~-
!he block i11 the box on lb 1:i.b!c in lhe :kilchcn 

4 
the bloc · In the box on the Uble in lhc kitchc[I 

◊-~--~~---
the blo::.k m the bo,, on lhe table in the kitchen 



he ''every W' 1}' am iguuu · gen r,1li1_,: 1i m rs mis ·c by mo ·1 p;.u. ing algorithm currently in practice 

in Cl u ding our own. L:Q P. 1 he ·c al •ori th m-: :ill con ·truct the _ ct of possib]e pa rsc rec b ;· i..ini 11 from the 

mpty set ,md adding to 1 ach lime lhC'y fmd a n w sd of. m hscs. We make th uhs rvatiun chat chcrc are 

cert.1i1J s.itual..itH'H, , ht-re iL wot1ld be much more efficic~1l to work in Ute uthcr !ircction, . t· nh1g from Lh 

univcrs;i.l !>Cl and mling ire s oul when th pars r clcddcs that they cannot e pars . Ruling-lllll is c ·icr 

wh n the L of p· 1 • trc s is closer to the unir rs.11 .t and rulin~ ·in is • sicr when 1.hc ~c o parse trees is 

closer to the crnptj' • t Rulin°-out i panicularly ·uitcd for "ever wa_ ambiguous" gramrmm. lik. rrs 
·ccm e tl1crc arc no trc to exclude. Similarcamm nLS hold for oLhcr ··c"cry, ny mbiguous"' cunsLruCLions 

such as acljuncl.\ onjun . t!. noun-noun mudificalion. and slacked rclali c clauses: 

·me c 011.s1.ruclion • whlcl, .,.,m be trc.,tcd as primith'c object • c.in b 1..-ombinc<l in vari,ms ays to 

pre duce com po ice con true lions uc:h !cxicill ambig11it \ hich ma. also be \'Cf)' ambiguous, but not 

nee arily "c\'er way ambiguou •. Crnnp-0::iile constructions can be an.aly;,:cd a linear ombinations. of 

primitive compon ms. Lexical mnbiguit., for e ample, will be nalyzcd as the sum uf its cnscs or in flow 

graph lcmtino ugy [13), as a parallel cmmccllon or i senses. true ral ambjguiLy, 011 1hc other hand, will be 

an:ilp.cd as the pf duct of L comprmems, or in now graph termi rn1ogy as a cries conneccjo11. For example., 

I.he sentence 

(5) Was the block in the box on lhe table? 

is structural!;' ambiguou • The "box' can be associated with cith r the 'block" or lhe "table·. We will 

an~ly1.e thi scmcncc as a product of two polynomia1s, me 1rsl corrcs; onding to tJ1c subject noun phrase and 

1.h-e ~and corr;" ponding lO the complemcnl noun phrase. l11c standard dcftni ion of polynomial 

multiplication corrcc1ly accounts for the two p ib1c auachmcn or "box". We prefer chi linear ystems 

\'iew to heuri Lie search tratcgie (e.g. [6D, b{'Cau linear systems can capture generalization that ho1d across 

ahcmati e intcrprctalion whcrea sc r-ch stratrnic tc-nd to prob only a sit1glc interpret tion context) at a 

time. At !he cry least. our .approach is ao improvement o\'cr ,enumerating each tree indi idual · ., which 

consumes c poncmi, I time in the worst case. 

2. Form.al Pm 1er cries 

Tifrs section ill make the linear s ·stems analogy more precise by relating context~free grammars to 

formal power scri .s lpolynom·a1 ). Fonnal power crie. ar . a well-known devic in the fonnal anguagc 

litcratmc , e.g. [15)) fi r de\' ]oping th algebraic prop(mic of come-•tafree · ram.ma . . 1; e inlr duce them 

h rem mbli ha formal basi for our upcoming discu ·ion ofp.r csslng issues. 



Formal Pon-er Smi!S 

T , power series for grnurnrnr {6a) is (6b). 

6a , P John I NP and NP 

{6b) NP = John + John and John + 2 Juhn and. John and John 

5 J1 hn and o!rn nnd John .ind John 

+ l John ,md John .md John and John and John + ... 

Secrlon 2 

:acll tcm1 nn ist or a s!;Jil or~ gcncrntcd by Lhc ,gm.mm. r , nd an ~mhiguitY c.Qc1Iku;.n13 which cm.mt !, w 

many ways Lhc sentence can be gcncrntcd. L·or c. ample. the sentence' John" has one pars tree 

{7a) Uuhnl l tree 

because tllc I ro-th cocmcienl uf the power seri sis one. irn.ila:rl_. chc cmcncc "John .:mtl John" al:s lrns 

on IJe, bccau cits cocffidcnl is ~lso one. 

(7b [John and John] 

and .. John and John and John'' has two because its co fficient is two, 

(7c) [John and John] and Jolml. [John and {John and Jolmll 

and '"John and John and John and Jolm 'has five 

(7d) [John and UJuhn and fohnJ and John]] [John and [fohn and [J ha a11d fohn]Il. 

li[[John and fohri] and John] and Jobn]. UJohn ,rnd [John and Joh11)] aridJohn1 
IIJchn and John] and [John and Johnl] 

i tree 

2 tree.s 

5 trees 

and so on. 'lne reader can V(!rif y for him elf thac ''John and John and John and John and John" has foun:cen 

trees. 

1me lha.t lhe power series encapsulates tile ambiguity response of l:he system grammar [O au possible 

input sentences. [n thi way, I.he power cries is analogou to the impulse re ponse in e1cc1.rfoal engineering, 

which encapsulates the response of the ysu~m (circuit) lo all possible inpuL frequencies. (Ambiguity 

coefficients hear a su-ong rcsembla.1.1ce lo frequency coefficients in ouricr an;:ilysis.) AH of i.hcsc transform(.ld 

representation systems e.g. power eries. impul response. and Fourier ~cries pro idc a co pleoo 

3. The formal hii_uage- literature [5, 15] usi:s: ll'1 term ~Wl'11"1l1 i.riste.ad ofrunhi uily C1:1ellicien1. 



. W· Sl 1io11 l 

dc!'ieriptiun ur lhc sy tern with no lo of in formali n (,md 110 hcuriSllc appmximaLi 11,;; (e.g .. s a h st.rat ic 

[<,]). ' I ransforms arc often very useful becmsc they provide a diffi--rcm poin of view. ' c:main observation 

are 11nrc ca'i'ly ecn in me mm fonn ·pri :Jrnn. in tli1c original pa e, and vice versa. 

'I hi.- paper wi l d1scu several wa. s to g~nernlc 1..b po'I er scric•. lniliatl. lcr us con ·idcr :mccc ivc 

appro:ximation. Of an I.he tc,chniqu s to be prcscmcd hNc, succcs i ·c • pproximation 1110s1 close!)• rcscmhk 

chc .ip m.: ch t.1 ·en by most cum'..'n[ clla1l parse, inc1L1 hng ro. P. 111c alt nrntivc apprmch take :'..l<l antage 

of certain r g1.1larirics in the power scri :,; in rdcr cu prt duce the same n:-suhs more c.nicicmtl. 

uce ivc ap1 roximation wor s ,r follows . .. ·trsL we r.ransl:ue grammar{6a) i11W 1hc quation 

(8') !P = Jolrn -1- NP· m1d ,, NP 

where .. +' co.n11CCLS tw \ ay of gene , ting an NP and··. ·· conc,ucn;ucs lv o parts of n NP. I 11 some sense, we 

want tn ' 'solve'' I.his cqumion for r P. 111is can e aceom lLhcd by r fin1ng succc ivc .ipproximi! tions, An 

initial ::ippro:,;imaLion 11'0 is formed by la tng lo be lhc empty language. 

(9a) i O = 0 

111cn we fonn the next approximation b. sub titucing lh pre ious. approxima tion into equation (8). and 

-s_irnplifying according to the u ua] mks f algebra (e.g. :urning di Uibutivity. associativity,5 idcntit. 

ckmcru, and zero e1cmcn(), 

(9b) . 1 =John+ NP0 • and• NP0 =John+ 0 ·and• 0 = John 

\ c c:ominuc refining the appr-oximation in this ay. 

1(9c} n,2 = John + NP1 •and • i,.'P1 = John + John and John 

. This needs a quali'lica1ion. It i~ true 1l:1:1l the p(ll,';•er . rie-s pro\ id :i complcic d~ription of 1h arnbiguhy response lo any inpul 
• ntcnr llow ·er. 1m po •~r reiics repr niation ma} be J01.i11g me lnfom,:ulon tlul Yii'ould be use-rut for parsm la. J)ill'licular, 
there minbt be mm C3S '1'.hcrc l1 ~ lmposs'b!c to CCO\' r the porsc Ir ' i'Xi!Clly l!S we will , thou!1,h this may no be. too scriOU$ a 
prooJem for m."1.ny rnttit:1l n1 pUcation 11rnt is. il is oftc possib!c I.O ri:-.co,·~r most (If nOI :l.111 of I.he:- structure. \li'hich mar be ade.quale 
for 1run;· applications. 
:i. the e1rcful r~ader nuy corrcrily object to tliis. ~mptimi w~ rnclrn!c it Im for c~1Jo1.~to . convenicnre. 3" it gremly sm:iplil'iei. 1.ll 
dc-rh•3tlcm.Hhoug.h it sl10ulcl be no\oo that many of the ~llS rould be d!lri, d •.a.iLhtM lilt: ;i.. umption_ Furthermore. this, umption fs 
\ \icl for rotJntin_ ambisuitr, 11ut i.. IA· Bi• I I = IAI * IB ·· Cl. ,~hcra ,\, Band :ire sets of trees and (Al coot the number of 
membcn, o A, and t is in eger multiplication. 



I on11al l'i:n1 ~r Series ·JI· 

(9d NP1 ;::; Joh11 + , 'P.2, n XP2 
= John + (John fol n ami Juhn) • and · (John John nd John) 

= John + John nm.I folm I-- John and John and John + John and J hn and John 

+ John ilt1d John Jnd John and John 

= Jolm + John and John + - Jolln an<l John and John 
+ John nd fohn and John :.incl John 

Sr,1io11 1· 

. 
:rcnLuaU • we have NP cx1 re cd as ari inlinil ly long potynomial 6b) ab<we. l111s cxpr~ ·iun can be 

sim lilkd b. introducing a nc"u. tiun for c:q1oncntiali n. l x' b an abbrcvi:uion for rnu1ti1 l} ing x · x · ... · 

):, i times. 

10) 'P = John + Juhn and John +- _ John , and Jobn)2 

' 5 John {and John} , I John (and Joh11}4 

Note that parenthc es arc int rprL?tcd different] in algebraic equations !han in contc. l-frcc ru . ln context· 

free ruk . parcnth es denote optionality. ,. here-a in equations they dcnmc prcc.cdcncc refations among 

algebraic operations. 

]. CntaJan umbers. 

Am bigut y coefficients take on an impon.m l p ractica1 sign ific:ant:c when w can modd lhcm di rccdy 

without resorting l< ltCC sivc, ppro, imacion ns above. This can •:lt in subsmnlial time and pace s.a'i'ings. 

in certain special ca ,,cs where there are much more efficient way to compute me coefficfon • than ucccss·ve 

approximation (cl1 art parsing). Equation (10) is such a special case: me coemc:lcuts follow a well-known 

combinatoric .. rte: called Lite Ca1afa1z urnbrrs [S: pp. 388-3 9, pp. S3l·SJJ].6 1l1is soction will describe 

Catalan numbers and their relation to parsing. 

The first fc Ca ]an numbc are: 1, , 2. 5. 14 42, 132, 469. 1430, 4862, ... They re gene .i,ted by the 

closed fom1 expr ion:' 

6 This ract fi p.ointe<l oul lO LIS by V, Pratt ~' suspect that it is: :i i: ncraH,· v.cll·tn "-'ll ~lt in 1l1e ramul ·1ruiguagc 
oom1111.mi1;-. thous)l It origin is unc?car. 

i . (~) is known as a birrcmi I ccej]icl~11f. 1 is cqui~alenl to bl(a~ b)!' where a! is, equal 10 the product o ~n inlegm ~tw~ea land a 

rnnomial cocfficicn arc \ 'Cl)' c:ommon in oombimi.tmi~ 1h r~ Lh ) arc Int rp •tcd • Ille number or · a}S top · b oojcc~ ul or a 1 
ofl! rlbiects. 



Thi:s fi nm1l. can~ cxpbincll in Lcrms of p:1rcnthe h.cu ~xprc~i 11s, \ hicl arc cqui\'alcnt co lr,ccs. at n 

the nlimbcr of way to arciil11 1.i1.c a fom111la of lcugth u. ·mere ~re lw conditions ,m pmcnthc i1...1Lion: (a) 

U1cre must 1c :imc number of flP n mid cluw parcnlhcsc:. ,Hld (b) the must b pn pcr!y nc. l~ · ::m l.h:.il au 

open parcn1hcsi pr~d~11 ils mat hing ct~;c p.ircnt11c l . The first lcrm cmml.S Lhc m1mhcr of sequence of 

-U parcnthcsc . mch t.l1al I.here arc the ·imc m1mbcr of opens and clos . TilC second Lenn suhtracl5 out c.as.cs 

viDlaLrng cnndiLion {b). ·mis cxplanalton is cfahoratcd in [S: p. SJl]. 

It is ,·cry useful to know lhat the • mbiguit. cocmdcnts, re Onalnn numbers l,ccmisc this obscrwnion 

cnabks us lo replace cqu Lion (10 witli (12),, here C [i den lCS the j".h Catalan nmn er. All summation· 

range [mm O lo co unless nutcd otherwise.) 

(] ) • P = L Cm 1 .Tohn (and Joh.n)1 
i 

The ith Catalan number i_ 1.he mnnb .r of hi nary trees thaE cm1 be constructed over i ph.r cs. Tilis model 

correctly prediccs !QSt'J' bch, rior wilh prepositional phras.cs. llrnc i,s, the EQSP parser [ll] found cxaclly the 

0 calan number of parse LrC('S for each sentence in tll(l. followlug sequence: 

l It wa me number. 

l It w, :s the number of pro ucts. 

It w the number ofprnduclS of products. 

S ll was che number ofpmduc ofproduC'ts of products. 

14 h was the number of products of product of products of produ:c~. 

These predictions continue lo hold with as rnan;1 as nine prc1>ositional phrases {4862 parse trees). 

4. TaMe Lookup 

We could improve EQ:SP s performance m PPS if we could find am re efficient, a~ to compute Cat..11an 

numbers than chart parsing, U1e melhod curre11Lty employed b EQSP. ct us propose two ait.crm1tivcs: table 

lookup nd e .1luating cxpre. sion (11} di.reedy. Both arc very efficient over practical ranges of n. say no more 

than 20 phrases or so.8 [n bo1h r.a .e the mbiguicy of a cmcnce in grammar (6a can be detennined by 

counting the number of occurrc11ccs of ··and John" and Lllcn rcrrie ing lhc CaLalan af chaL number. These 

&. Th(l cable !oolup sd1erne 01.l!]ll lo h1ui! a wa lo handle Lhc: lhcorelic!l possibility thal lhere are an unlimited number orprc~tiomll 
phra Th~ mbli: lookup routine: wtll employ 3 m i-e Lrod.illonm parsing, :ilgorit.l:un e.&,. .:arlcf~ A!gorilhm} v.l'l~n Iha m.ilnbcr of 
phrases ill lhe il1pul >1."'1:1.U:nct . 110 stored i11 lhe la.bl 
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approaches bmb mkc Hncar time (o er p~~ctical r,mgcs or n),9 wh~rc-as chart parsiug requires cubic time to 

r:1rs1: scntcnc sin lhc c grammars,, signifkam improvement. 

So far we lrnvc shown hm lo comµutc in linear time th r1umbcr or amhi:um1 inrerprctatiom; of a 

s~mcnccs i11 an "c\'Cr1' wa1, ambiguous·• gnimmar. I Iowcvcr, we are really imerc-tc<l in llnding pnrs.c uccs, 

nm just I.he numb~r of. mbiguous intcrprct.iti ns. We could c. u:nd the c::il I~ lou up algorilhm lO find trees 

r:nhcr 1han ,1mbiguilY coefficient. .... hy rn difyit-,g the whlc to store. lii:: instead uf numbc . . For parsh1g 

rurposcs. Cat . can be thollghl of as a poimcr m the ·th cntl)' uf the L:1btc. ~). for .:i ·cntcnc in grammar (6a) 
I 

for cx:unpk, the machine could counl the number of occurrences o ··and John• and the11 retri.C\'C U1 table 

entry for lhal number. 

0 

1 

{[John]} 

[John and Johnl} 
{[J hn .md Jnhn] and John] , [John and [John and JohnJH 

The t.able would be more general if it did n □t pttiry the 1 xical it.en, at the lea es. et us rcp!ac:c the I.able 

abo e wilh 

o IM} 
1 {[xx]} 

2 {[[x x] :-.]. [x [x x]U 

and assume die machine can bind the .:l m me appropri ate lexical it.ems. 

·n1crc is a real problem wilh this table lookup machine The parse tr-ecs m;iy not be exactly com~ct 

because lhe p wer erics computation a sumed I.hat mu1tiplication was associative. which is a11 appropriate 

a ump tion for counting ambiguity, but h1appropriatc for consm1cting trees. For exam pk~ we observed that 

preposition.ii phra~ ~nd conjunction are both .. every way ambiguous" grammars because thejr ambiguity 

cocffici nts are Caulan numbers. Howcw~r. his not th ca~ that they generate cxaclly lhe same parse trees. 

9. The linear iimc resull dep•nds on lhc a,<:;,<.-ump1 1'l11 that ta.Ille lookup (or clos~ form cornputaiionl ca□ ba ~rfomtNl rn a:msmm cimc. 
Thi:. m11! be a fair a:ss11m1,1tion o~ er praci.i0l1 r.mti.:s of n, bLIL il is not 1rue In !! nernL 
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NcvcrLhclc,s we prcs~nt the l3. le lo kup p ct1dl1-parscr her because iL seem~ to be a speculative new 

approach with cu 1.sidcrnble promise. lt is 1ftcn more cflkicnL U1,.m a real pal'~cr. al d Lh tr cs that it finds 

rnay be just as useful a the corrrct one rar many prnclka1 pllrpuscs. for c:,;ampk. many . pecch rccugniliou 

roj,ccts cmp1o1 a parser to filter out ynt~cticaHy im1ppropdatc hypm.h s. However. full pars~r i nnt 

really nccc a • for thi task: a r ognizcr scu::h 1.hi:s table lookup p.s udo-parscr may be pcrfcclly ad~muc for 

Lhis task. 

Furthermore. it is ,oflcn po , Ic to rec vcr !:he corrccL Lrec frnm the oulpul of U1c pscu a-parser .. ln 

particular. the uH'fcrcncc belwcrn prepositional pbr11scs and conjunction could be accrn.1rncd for by modifying 

the interpretation o th PP category label, so that tl1c trees would be interpreted corrccl10 Clcn though lhcy 

ar not ex,ac:tly corr Cl. ln short. tlle tabI~ lookup pseudo-parser is worth exploring even 1.l1oug.;-, the results 

arc not alway conccc. The rcsull:S are dos enough for many a.ppli arions (e.g .• spe-cch recognition) and U1e 

mi takes can on.en be correcLed. 

The- rn.ble lookup approach wor s for pri1niti,,1c grammars. TI11:~ nen two section ill show ho lo 

dccompo$C compo ilc grammars into scric and para11c1 combination ofprimiUv grammars. 

(Da) 0 =al. 02 series 

(lJb) G = G 1 + 0 2 parallel 

5. Parallel D composition 

Parallel decomposition c.10 be very useful for dealing with lexical ambiguity, as in 

(14) ... rn total . ilh products near profhs .... 

where "total'' can be taken as a noun or as a l'CJb. as in: 

{!Sa) 11'1e .ccountant brought the daily le to total wilb products near profits organlz.cd af.-cording to 

the new law. noun 

,(l5b) The daily sak were ready fi r Lh~ acc-ountam lo total with products near profits organized 

accord i n:g lO me new law. verb 

TI1e anabsis of these s.entcncc:s will make use of die additMry propert of linear s.ys.lem:s. TI1at is, each 

case (15a) and (15b). wm be treated eparatcl_. and then the results will be added together. A umiag .. tom1" 

· a nou11, there ar lhree prepositional phrase contributing Cat 3 bracketings, and assumjng ic. i a crb. tl ere 

arc two prepositional phrases for Cati ambiguitic . Combining lhc [WO caJi'eS produces Cat 3+CaE 2 == 5+2 

= 7 paISes. Adding another prepositi nal phrase ,,ieids Cu~+Cat ~ = 14+5 = 19 ambignilics. (EQSP 
.. :J 
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b.::::h, vcd .1 • predicted in both caS<!s.) 

'l11i bchavi r is gencmfo·.cd by the fi U v.ring power series: 

\\ hkh i the um of the L·wo cnscs: 

07b) lO . L Cati {P Ni 
i 

Sn.-ricnS 

verb 

Tl-fr ob rvation car1 be incorporau::d into th wble lookup pseudo-parser ouLlincd above. Recall that 

Cat l is irucrprctcd as lhc ith index in a I.able containiug all binary trees dominating i 1-c,wcs. imilarJy, Cati + 
Cati 1 will be interpreted .as ~ll instruction to "append' the ilh enl , and i + l si en try of Ute table. 

(18) (ADD·TilEES (CAT· ABLE i) (CAFfABLI!. ( + i 1))) 

(ll1is can be implemented efficiently, 11ivc11 an appropriate rep.rescnration of sets of ~ .) 

ow suppose there were an oracle Lh. l disambiguarcd the \lord ''total". How could we h1corporalc this 

infommtion once we h,n-e :ilrcady parsed the input sc r1tcncc and fou od that it ~ as the sum of two Catalans? 

The parser can shnply sublm<:l out I.he- inappropriate hHcrprctations. lf thc urade says lhat "total' js a verb, 

!.hen {17a) \llould be subtrncled from Ille combined sum, and if the orade saiys , tha:c ·•mt.w' is a noun. then 

(l7b ou]d bes btractcd. 

,unhcm1ore, upposc that we wanted to c\·alu.ite the usefulness of a pa.nkular oracle. or cxampfo, 

suppose that there as a semantic rm.nine thaE oould di ambig\1atc ·•total". but mi semantic routine is very 

e:q:iensh e: to execrnc o th,t we don't wanl lO run it lmlcs we arc very sure [bat il has ad irabk ao t/b-cncfit 

ratio. We need a way to estimate Ille us,cfulncss of the semantic routine so that we don 't waste ti.me working 

on sci 1 ntic constraints when. they won·t help ery much. Titis anaI~sis provides a very simple \ •ay to 

estimate the beDcfit of di amhiguating .. mtal". 1f il tum om to be a \'erb then (l 7a i:rees have been ru?ed 

out, and j t it turn out a be a noun, L!1e11 (l 7b) i.recs have been rnlcd out 
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6. em•. Drcom o. itiOJl 

Suppose we have , non-l iminal w ich is a . cric combination of two other non-1crminals.. NI", nd VP. 

By jn;;pcclion, ~1c pn , er c 1cs of sis: 

( 19) S = NP - VP 

1 hi result i easily verified wl,cn there i an unmisrokablC' di, idiri~ point bctwC\!n lhc ubj1;cl and the 

prcdic. L..:. For example. I.he \'erb "i .. scp, me· lhc PPS in the. ubjcct from tho e in Lh predicate in (.Oa). but 

nOl in 1(20b). 

(_O ) 'Ille number of producLs over sales of ... rs near lhc nu nbcr ofs;ik under... cleady divided 

(20b) ls 1.h number of products overs.: lcs of ... near th num er of sates under ... ? uot dMrly divided 

fo (20.i). the tot., I n umber of p rse· t rct!i is the product of the numb r of wa}' of pm-sing the u bj cc t ti mes the 

number of way nf p,u iwtg lhc prcdical,c. Both lhc imbjcct and the predicate prodw::c a Catalan number or 

parses. arid hcnc the rc ·ult is the produce of two C,.11:.ahrn numbers. which was vcrmed b. EQSP [II: p. 5Jt 

This result an be formali7.ed in terms of the po r sen : 

which i formed by ta ing lhe product or I.he two ~ubcases: 

22:a) i L Cali (P i 
i 

,(22b) is ~ C tj (P 'j 
J 

subject 

predicate 

TI1e power series say thaL lhe ambiguity of a particular senlcocc is lhe prodt1ct of Cati and Cat j• where 

ii the number or PPs before "is" and j is l:he number aft r "i . ll1i coutd be incorpom d in 1.he table 

lookup par&er as an i11s!.rUction Lo "mulLiplf · I.he ith c11 ry i11 lhc table ·mes the jlh ent • . 1uJ iplication is a 

cro ·product operation; L X R general I.he set of binary trees who e left sub~trcc l is from _ and whose 

right sub~[ree r is ft-om R.. 

{23} • X R ;;;: {(I r 11 E L & r E R} 
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rllti i · a form I drfi11itiun. For pntctical pmpmc-s, it 111ay be more ll rul for lhc J ar~r m utpul che li tin 

the factored r orm: 

{.A) (~I 'L1'11"1 .Y·TIWf~ _,\ 'FL\UIJ;. i) (CA'r•TAl:llEj)) 

which is much more conci~ tb;-in a Ii t of trc . lt i. possible. fl r example, lhaL semantic proc~ing can take 

advamagc af facrnring. capturing a s m.imic gcncrnfo:ririon U1ut hold across all subj ts or nU predicates. 

I maginc for example, that there is a scman(ic ,1grecmc:nl m1slrnim bcn cc11 pm.lk.ucs and argumcnc . t ·or 

example, subject and prcdic<1tcs miglu have to agree on the feature ±human .. Suppose that we were given 

5enlCnccS, when~ 1.his constrain t was \'io1mcd by an ambigmms. interprcta1.ions or the scmcnre. [n llds case .. il 

would be more efficient lO cmp!lly a fcatur1o: vector scheme [3] whkh propagate· lhc feature in fa\.torcd fon:n. 

·n,, tis, it com ulcs a feature vector for 81 union of n po '"ible- subjects, and a vector for th union of all 

possible VPS, and then compares imcrscc:-1.S) lhcsc vectors Lo check if lhcrc <ire any interpretations which meet 

I.he conslrn.i Ill system su h as this " hkh keep the parses in factored form. is much more c ffident than 

nc that nrnhipli.cs them out. E en if scm. ntics cannot take, ad\1~mt.'lgc of Lbc factoring, Lhcr-c is 110 hann in 

keeping I.he repl\.--sentatl:on in .f.'lt'lor d form. because it is lraig.h fon ard to expimd (24} into a list of trees 

though it may be somewhat slow). 

Thi example i relatively 'imple bccau c "j ., help the pa r detc,minc the value of i and j. ow Iet 

us return to example (20b} where "j ' tl not separate the two strings of PP.s. Again, we determine the 

pnwer cries b~r' multip]ying the two subcases: 

(25) is ( ' ~ Cat1 {P i ) ( ~ Cal j (P j ) = is 
l J 

L I Cati Catj p ,y+j 
i j 

Howe rcr rhis fonn is mn so usefu 1 for parsing because the parser cannot easily determine l and j, the 

number of prcpositiona1 phrases in me sul'!jcct and the number io I.he predicate. It appears the parser will 

11:1 e to compute the product of two Catalans far each way of picking iandj. whkh is somewlH1t expcnsivc.10 

Fonunatc]y the Catalan funcucm has some pe iaI properties so that it is pos-sib1e algebraica.lJy to remo¥e: the 

rcfcrc nces ro i and j. In Lhe next section we m sh ow ho this expression can be refonnul. 1cd in terms of n. 

th total m.nn ber of PPS. 

1(1. Earlcy's algorithm and most oth~ canll'XHree parsing algorithms rn::ltrnlly mrk lhu illl.}'. 



Autr>-Omrolttffoll o[Cma!D11 Gra1111,rars S ction 6.i 

6.1 Anto•Com o\ution or :i.tal;m Gr:1min~u:s 

Smne read 111.iy h:ivc noticed Lhat expression ( 5) is in com•t:1!wio11 form. We will ma e use of thi in 

the rcfimnufo ion. mice chm th(! ~ml n series js a rixcd poim under m11<rramoimfuu (c>:ccp1 for a sl1ifl:)-

. . 1 - (. 1 1 2 - 3 14 4 C ; ). - I . If time 1·. mull..1plyiog a al:i ;,in owcr ·enc 1.c.. + + .:.x + :Ji< + x + ... at1 ;,: •.. w1r 1 u:sc 

r duce :m lh r I oh1mi1i1hl1 wiLh Cat lau cocfl.icicnls. 11 The mullipLication is warkc:d out below for the lir t 

few ccm1s. 

1 + X -1- 2x2 + 5x3 14x4 + .. 
X 1 + X + 2 2 + 5x + 14x4 .L 

I 

l + X + 2 2 + 5x3 + 14:i:4 + 
X + :i:.2 + 2xl ' 5x4 -1-

2x2 + 2x3 4x4 + 
5 ·1 + Sx4 + 

+ 14x4 + 

l + 2x + Si + 14 42x4 + ... 

his property c,ail be summarized a : 

(26) ""'C1 Cat. xi ""1 Cat . xl = ~ Cat. :x.0 
-~ 1 ~ J ~ nl 

I J 0 

where 11 equals i + j. 

lmuiti ely. this equation says that ir we hav~ two "cvcrji' way ambiguous" (Catalan consrn.tclions, and 

we combine them in every po ibk way convoimion). the result is an • ever}' way ambiguous' lC'atalan} 

construction. With this observalion. equation 25) reduces m: 

Hence the number of par es in Lhc auxilia Tin ertcd case bl the Catalaa f .one more than in lhc non~in crtcd 

cases. As predicted. EQSP found the following invcn.cd semen~ tu be more ambiguous than their non

iovcrtcd counter-pans (previously discu ·cd an page 12) by one Catalara number. 

ll The pruo imimx!iatcl1· foHo•, s rmm the i-1ransfom1 [lflhe Camtan series [8: p. 3SS]: l B{i)2 = B(z.) - L 
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l W L11 number? 
2 Was 1..hc nurnl)cr of products? 

5 Was the number uf producl.Jii ofprouuclS? 

14 \: as the rmmbcrofproduct ofpnxlL1c nfproducts? 
42 \: as the nu111ber of pro-ducts orprnduc of prod um orpru<lucts? 

1 h \ 1.iS I.he number. 

l h wa:s the num bcr f produc . 

2 H was I.he mn'l1 bcr of ruod um uf pr du rs. 

S ][ w ' lh~ m.11 n c r of products of products of products. 
14 1 t \ .as lh nu mbcr of p rotlum of p roducis of pro u lS of products. 

l·Jo · coultl L11i rc"';ult be incorporated imo the table lookup pseudo-pa ·~ r? Rec. II that the pscudoT 

parser implements Ca at n grammn s by rernrning an index into the Catalan I.able. FM e mple., ifthcre ere 

i PPS, chc panror would rctllrn: (CAT-TABLE i). \ e now extend lhe indexing scheme so that 1hc parser 

implements a series connection of lWO Cm.alan grammars by returning une higher ind x Lhan iL would fur a 

sim ple Catalan g,rumrnar, Thal i . if there were n Pl'S, the parncr would rctum: ( Al·-TADLE ( + fl 1)). 

S~ri~ conn.cctio11s of C:itulan grammars arc very common in every day natura1 language, as illustrated 

by 1.hc following two sentences whkh hav,c rccc·vcd comsi.dcrablc attention in Lhc literature because the parser 

cannot separate the direct object rrom the prcpo iti nal compkmenl 

(28a) I saw the man on the hill with a telescope ... 

(2.8b) Put the block in ll1c box on !he tabie iil rhe kitchen ... 

Both examples l'l aye a Catalan number of ambiguities bocausc the muo-con vol ution of a Carnlan series yields 

~ anmher Carn.Jan scrics.12 This result c n improve parsiDg pcrfonnance because il sugg ts wa store-organize 

(corn pile) tile grammar so Lhat lhcrc will be fov er references to quantities tlrnt arc :noL r(!adil m1ailable. This 

rc-organiuitio11 will reap benefits elm chan paners (e.g. Earley's algorllhm) do nol currenlly achieve because 

the re-orga:ni,.ation i ta ing advantage of a number of combimuoric regularilics, especialh' comolutim.1, (hat 

are not easn~ encoded inm a chart. ff'.tton 9 will pre.sent an c:,:ampic ofthe re--organization. 

] . There is a d[fii ~nee 'betw~en lhes:~ lwo ~nlcnces b~u:se ~put'' subaltcgoriz.cs for two objCt'IS unlike ~roe". Suppa;c we ana.lrie 
··see·· as le:i:.iaillr ambigu<Ju between two sc!l~es. oo~ which s,cl!!cls fore actl. n ·o objcc ~ like ··put'" :llld on which wlccls for e.1actl)· 
ooe ob-Ject as m ··1 i;aw it." Ti1c lirst~ise cam.riblrcs the: same numb r of pill:Sc.', a& '"put" and the i;erand serise conLrib1,nl'!S ~l'l ~dd:itional 
Ca1alan llicl.Qr, 
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16. h. r :using 

Perhaps it i worthwhile tor fommlill chart I r11-si11g in our 1crms in order m ow which of the abo •c 

ri.:sults can be capt :cd by such an appn ch an which c:mnot. TradiLiom1lly ch. rt p.'.u:crs m. intain a chart 

(or ma1rix) • whos enc i , ij contain LI c set of catcgo~y 1 bcls which pan from o iti n i rn pos1tion j in 

th input 1ucncc. Thi is accompli ·hc by (inding, position kin b £\ cc11 i. ndj ·uch tJrnt there i a phrase 

from i 10 which can combine with anm.lu:::r phra fr m 1c to j. 1 11 implc1m::nutiun f the inner loop 1o k 

somclhi og \i kc: 

(29 ij := {} 
loop for k from i to j do 

ij := Mij U Mik * lf~j 

0 mi, Hy, then. a chart pars r i main ainin · the invariant 

Recall thal addition and muH.iplic:ation wci pre\•iou ly defined over polynomials. 'c can preserve the!Se 

definitions if we modify the comcn of th. han. let us replace the set of category lab 1 in Mij with a set of 

facwrcd pol.y[1 mia1s. Tiiat is let M~ dcnot the polynomial describing Lhe ways to pa~c a phra c of category 

x from position i oo posilion j. or example. Lhe notation 

(31) 

indicate that there are two ay · to combine an Panda VP form an from position Oto position 4. 

Thi fonnulation of th chart can be compared wiLh crial amd paraltcl decomposition. .ote that 

MOr · M1f i ~ nliall. lhe same as (M UL11PL -TREES M0f M1]\ im i)arty. adding matrix elem nls 

corrc ponds to ADD-TREES. Hence chan. parsing is more sjmiJa to ~crial and para11cl combinations than one 

might ha\'C su pocted. When !he grammar i factored appropriately chart parsers wm be able to t.ake 

advantage of crial and paral cl dccompositfon discussed above. 

Howe\•er. the examples above mu:i.tratc cases here chart parsers are ineffldenL Jn particular. chart 

parsers camiol take advantag of convolution and i:hc 'e"cry wa.. ambiguou ' g ncraliz lion. Th.1t is 

Earlcy's a gorithm pcrfonn con olution the "l ng ay", by picking each pos iblc dividing point k, and 

parsirig rmm i to k and from k to j. IL is inc.1pablc of r-cducing the c nvolution of rn o utlalan as we did 

a ove. imilarty. Earle_·· algo ilhm i inc.,,p blc of u ing Lhe "c,'Cf}' way am igu ·: •· g ncraliz.alion. That i • 

it requires Otn ) lime lO parse Catalan grammars because there are no conscr. ims an the choice of i j and k. 
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·1 h .~gorllhm ,,..m c,cntually enumcn.1lc all po ·i c value · f i, j and k. We ll&!C t th:u J priJCC'. or uught to 

be able lu notice 1.hc lac of constmims. ;m thus avoid numcr.i ing the ·pile as E rlc. · · lgorithm u . 

I :iualh1• i11 pa ins. \ c have one con trn i c uggcstiun for c:lrnrt rmr c ·. \ e o scnc lhat it is po~ ihle 

w count the number of ambiguou im rpr--tatiun in 0( ,v') time. 111i is an impnn·cmcnt over the ob ious 

alg rithm whi h mulLiplics mt all lhc tree ju la if I.hey \ ere bc1ng printed. ( uch iln e. rmncntial algoritl m 

v·a· acLUaHy impl mcmcd in 1: SP.) ~'c suggest kccpiug ccond matri.x A. whcr , .. hold lhc number of JJ 

way f dcrh ing a phr. :sc of category x bctw ('n i and j. ·111c two matrices. nd · l. ar a Imo l iJcntical, 

c. ·ccpt Lha t A hold· int gers and ~ holds polynomials. Accordingly, addition. nd m 1ltiplication ar d lined 

·lig 1lly different];• on ll1c l o rnalflccs. tn A, they map imegcrs imo int.cgcrs in the Ob\·ious way: in ~ • they 

map polynm .. ials inw po1ynomial as discu cd abm·c. 1o~ U'la.L both m uicc:s, and J 1. c n be ompt.Jtcd 

ilh c-xaclty the same ~cquenccs of mu1tipli ation and ddidons. Hence, ii is pos ·iblc co ,compule lhe 

number o ambiguou interpretations i11 cubic time. 

6. Aruto-Co1l ·olution or 11it Stc11 ramm rs 

ct us rcmm lO Lile discu~sion of cnm•olmion. ' lllis .ccliun \'HI iHu lratc a second practical example of 

con olLH.io i. Consider tile follo\l ing gr.imm.a.r (" " denotes me empty rring}: u 

,(32) A-a IA 

We .all I.his grammar a unit step grammar because all of its ambiguity cocffici.cnts are 1. 

(33) A= l +a+ a2 + a3 + a + a5 + ... = I a8 

I) 

in olher words the grammar i unambiguous.N Embedded cntcnces are a typical c .1mpl of (32) in English. 

(34) I bcltC\.'C you said he thought yo,u were •.• 

Suppo e for i:he sake of discu ion ·that we choose lo anal. zc adjunccs with a right branchin grammar. By 

conven ion, terminal }rmbol appear in 10\1,,rcr case.) 

(35) ADJS iidj ADJS I A 

11 • 1occ thal !he empt~· bnguagc { } · di.~tlnct from lhc bnguafc of the empt}' ring {A}. In Jlarticular. { } is- the idcnlil}' clement 
under ~ri s connection and { l is the idc11Lit) !em~nt under par.ilk! oonncction. l'hus, {A} · mod k'<i ~ 1 .in Lb~ power sanes 
racprescnlation, wherea. f } is modcted as O. 
J '. mt cp g;ramma~ :ue not e.xactl)' lhc ~ea.~ unambiguous gmmmars. The:imbigmty coefficients ora urnt ep gmmronr are~I 1, 
whcrm~ the ambiguity rocffidenL~ or an unambiguous ~ramaua :ire eill1c-r ] or It 
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J th t 

36 \Viii . ou go lO chc mr comorrm 111 the m )min abuut 10:00 nrt~r ... ? 

ha one parse. indcr ndcm r the numbc.r of adjunc . simihir anal, i of atLlUllC . i adopl!C in rn This 

rnlysi · can also be defended on pNforma cc grounds 11s an cflidcnc approximal..io11. rhi· approximati n 

i1i1 I.he spirit of p udo·att.ach11 cnl Il j.} 

lnc power series is 

ow. how many ambiguities witl there be if II c add a second c aus ~o (36 as in: 

(38) I will ask if you ,•ill gv to I.he tore tomorrow in the morning ahouL 10:00 aft r .. .1 

Some of the aqjuncts will attach ro "go" aud the est m a.Uach to •·as . The number of parse detennined 

by mu1tiph,ring the two u.bgrnmma 

j j 

'lni equation has me same problem a c uation (25): because there is no clear dMding line between 

the adjuncts that auru:h to ·•go' rmd the ones I.hat attach to, ·•a k ... it i nm vcr;• ca y for the parser to dN rmfoe 

i and j. Again. iL might appear that the parser will have to Lry all possible values of i and j, a moderately 

cxpcn iYe pmcess. However. Lhcrc · re some special p:mpcrties of 1.he srep function that enable u ·· to remove 

the rcfer,;:ncc to i and} in equation (39). In engineering jargon, the con\'Olution oft o steps is ai ramp. 'lna:u 

is. the product f two polynomial wilh tep coefficien is a poly11omial with increasing cocfficicncs [8: pp. 89, 

equation 161. c have multiplied out me lirs1 re, lerms be.low. 

1 + X +- x.l + xl + x4 + 
X 1 + X + x2 + xl + x4 + 

l + x+ x2+ x3 4 + ... 
x+ x2 + x~ • lt4 + 

X + x3 :<4 + .. 
X 3 + x4 + 

+ 4 
X + 

1 2x + 3x2 x3 + 5x + 
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ow c-qu3tion ( 9) can c imp lilied so Lil .it chc rcforcnccs to i and j ,trc re p faced , ilh 11, lbe m1al number of 

adjun ts. "llti is much e.n icr for Lhc po ~ r lo deal ilh because for a gi\'cn inpur cnt oc there i single 

value for ,r, whcrca then.: :ire. multiple w1lucs or i and j. 

{4[) L, adj' I atl~; ~ (n I) ~djn 
n 

·n1i a_ 1.hat a suing of n .. 1djuncl induc 11 + I parse lrees, because there arc 11 J,. a to cut me string hi o 

two subsuings. l.5 1 m . uppos.c there wcr-c three matrix clc uses in tead of just two. 

(42) I · i11 ask ifhe will persua el au LO go to the store tomorrow in the morning abom. 10:00 after ... ? 

The number of parses in this case is the co1w1Jlution of three tep . 

Again thi fo1m i ill-suited for parsing bccau c there is no as · way to d tennine t j and k. Howe er it j 

po ib1e to rcmo,•c the references to lh offc11ding \'ar·ab]es. b. taking advant; ge f ome pecia1 propcrtie of 

the step fun lion. In particular, there i a dosed fonn for the convolution of d J tep functions [8: p. 90, 

equation 20]: 

ow we can remove the reference m i, j and k: 

15 Th~ Slrinic.11 be cul be I een an~ two words n-1 pl ces) or ai eith rend (2 µfa-oes) , 
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These examples huw 11ml si.rnuard well-known c nnbinawrics ca11 be u ·ed to dJt n,1i11~ tile nmnbcr of 

arnbigui tie i11 man. common case-. 

i. om1tutin;g the Power eries Di ecUy rrom the Grammar 

rn face. th~ rcsull derived in lhc previous cctlon can be con,putcd dtrcctly from chc gr:umrnu itself. 

Fi , t \ c tran 1 tc the grammar imo n cquaUon in the usua1 \\ ay. Tirnt is. ADJS is modeled • parallel 

combination of two ubgrammars, adj ADJS a11d A. (Rtt'ii1t lha[ is modeled a. 1 ecau e it • the identity 

clement under scric combination.) 

(46a} .\DJS - adj AIJJS I A 

(46b) A'DJS = adj• ms + L 

We can ·imp1ify H b) so tl1e right hand side is e:,ipressed in tc-1minnl symbols lone, wilh n references to 

no11-lc1minal . This is very useful fur procc ~;ng ccaus~ it i much c.dcr for the p;irs.cr to dctcnnine Lhe 

presence or absence or terminal . lhar:1 of non·tcnninals. That i • it is easier for lhc p,wcr to determine, for 

example, ,. hether a word is- an □.dj, l:han it is to decide , ·hcthcr .i substring is an Arns phrn:sc. ·me 

implUicalion moves an references [0 DIS to the left hand side, by sul trac.ting from both sides, 

(4uc:) ADJS - adj· ADJS = l 

ractori ng the left hand sl de, 

(46d} (l - adj ) ADJS = l 

and di vidi og from both sides. 

(46c) lillJS = (l - adj,-1 

Thi !"l' ult js equivalent to the tcp fonnulation (37) ;rn can beel] SC<!n by performing the lon division: 

(46 r- L _ l + adi _ l ..a.. d' + ~dt 2. 
• •t l dj - . ·1 . ... - ' a l 1 d" - a - :luj - a J 

- ·1 + ~~ · + dj,2 + ....a!!l_ - - ~ c1·n - "'"'~ e l d' ~ ... - ,t;,,-; f. J 
- II J lJ 
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TI1c purpu ·c uf thi sc Linn \ •as L\\ u fold1.:d. Fin, ,. c presented a impl ·r J~riv~1Lion of t:hc puwer series 

flr a unit step grammar. c: ndly. a.nd rr-c re imporlllnth•. we h.t c i.ntrodu~d the notion of Jiv tsion. \ 

no have four combination rulcs: 

(47a) scricscom i11ation 'multiplir.mion) 

(47b) aral!cl combination (addition) 

(47c) invcrs of series combi □mion (dh•ision 

(4-d) invc c of parall ] combination (sublra tion) 

cric and pnr::itld combination. arc frcqucnth,• ro mJ in many gr;immars formali.!)ms currcmly employed in 

me literature (e.g. conte t-frcc grmnmars, ArJ\S), anu con· qucnu . lhcy required ,·cry little molivation. 

uhtrm:tion was introduced .is a "niling·our· opcralion. The next section will pro, idc an inLUilioo for 

di i ion in nns uf A s. 

8. ompuHng th . Po,\ler ri rrom the AT 

'This soclion will re-derive 1.h~ power series for lhc uni step grammar dircclly from the A' , 

rcprescnlation b}' tre.'.lti11 the networks as flow graphs [l 3]. The graph mrnsfonnations prcsemcd here are 

diro ti ana1ugous to the algebraic sjmplifications cmpJoycd in the pn......,,.fous section. 

First we translate tile gr.immar into an Ar. 

( 48) ADJS -t adj A DJS j A 

49) JS: 9 
Cat adJ 

-0 
l\lhADJ 

1 
Pop 

> 

Jump 

Thi gmpb can b impUficd by performing ai compiler optim11~uio:n called tail recursio1J (12] and references 

·th rein). This tran fonnation ri pl. ccs lhe fin pu_h arc with a jump! 

Jump 

MnS:9 C:iL arlj -0 9 
Pop 

(50) ;;> 

Jump 
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1 ,iil reel! ion i::orrcsp nd · dircctty tn the 1lgchraic operation of mm Ing the Arns ~.crm lo Jen hand shlc 

facwring om the AD.IS, aod dividing fr m both sid • 

TI1cn we remove 1.hc wp jump arc by · ri s rodu tion. This wp corn:·. , onds l! rnullipl mg by 1 slnce a 

jump arc is lhc T.' rcpr ,cmari ri for lhe identity cl mc-nl un er ries ombin. tlon. 

51) ADJS c2 C:il adj 

Jump 

111e loop can be tre ccd as an infinite series: 

{52) l + ~dj + adf 4 oo} + ... 

where tl e zcro-lh t:crrn correspond to 1.cro itcr:ario11 around lhc loop., the lirsc term corresponds to a single 

1Lcnuion. the !1-ttond tcm1 rn Lwo lrcr.11.ions. and. so on. Recall that (52) is cquivaknt to; 

(53) 1 - adj 

With thi observation. il i po ible t open the loop: 

(54) 0 
l/(J..1dj) Jump Pop 

DJS: .. - ----.:;,;,,i-01-------~-• -► 

Afl:cr one final series reduction, the A.TN j equivalent to cxprcs-sion (Mic), above. 

V(l-adj) 
(54c) ADJS: o---------------0 

ow we can motivate division fo imuitive renn . Dlvisiori is a loop in an AT • 

Hm can division be implemcmed'? e ha e two answers. First, diYision can be implemented as an 

A loop. Altemati ly. we can emploj1 the ta.b?e lookup heme discussed above. That j- we fomm!atc 

divisioll as an infinite um: 

(55) l "°' .i 
I ,r = ,LJ adj 

- auJ ; 
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·1 hen we con truct J l, bl• such I.hat t.bc ith entry comains the ith ambi ulL. c cflkicnt, I 11 other ,. ords, I.he ith 

b:-ali 11 in 1.hc mt k ell 1.he pars, r hoY> la parse i occum:occs of ittj. 'fl1c i.ablc JoukJp h me i mcwhat 

m ,-..,; genera! Lhnn t.he i\ r. loop, b1 cau c lhc lab le .i11owi; I.he i cocniricm tu rnkc on ,1rhim1ry values whereas 

the ,\1 , loop rcstric , 1.hc oeffid nts 10 L For c:.:xamplc, rJ1c at.i!,m grammnr (56a) could be impicmcmed 

\ ~111 a t..-i.blc (561 ). m nm with an Kl J\'.1oop. 

(56 ) A-+ A la 

(56b) ~ Cati a1 

i 

a1alo11 rammar 

table implememm iou 

Howcvc-r tllc table h · Lhc theoretical prnhkm Lh.'.lt it roquir an infinilc nmo m of memory. This i not a 

prob 1 m in. practice inc th c regions of illlc re t a re not th::il Ia r c. h is nll kcl y. for c · mpk. th at a ent nee 

\\ ould conlain more I.hon t, Cnl)' prep itfona1 phra ;,c,. 

· o for e hav discu.sed five primitive gmmm. rs: Catalan nit Step. 1. and 0. and tenninals, and four 

corn o ition rul : :iddition. ubtraction, mulliplic<1timt and division. Furthcnnorc we have ouHincd three 

i111plcmerualio11 tratcgic : ucc :sin! app~ ximalion (chart parsjng). tabk 1ookup, and TN . We have seen 

that it is often possib1c to employ th~ 1001 in order ~o rc-organiz the gr.amm o [h. L lhese 

impkmcnl.atio11 wm perform m.ore cnici ml c ha.\1e identified ccrmin situations where the ambiguity is 

coinbinatori_, and have kctc11cd a re, modm , tions to the 0 rammar that cnabks proces ·ng to procc:-ed in a 

more efficient manner. In parti utar. we h vc observed it i impurt.111t for the grammar lo avoid referencing 

quantities mat arc ot easily determined sud1 as che dividing point between a noun phms and a prepositional 

phrase. 

9'. An E,'atnp-le 

Suppose for example that we were given the follo ing grammar: 

(57a) S-+ W\ ADJS 

(57b S -t V i 'P (PP) ADJS . DJS 

(57c) P- N (PP) ADJ 

(57d PP --1 P p 

(57e} NP-t N(PP)-

(57f) ADJ -:i.dJ ADJ IA 

In thi · cxampk, we will assume no le. ical ambiguity among 1. v. P and 11dj. 
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n. in·,}~ Lion, we 11mlcc th. t :\'P ancl Pl'. re atalan gr,umn.1r · 3111..I that ,\DJ i · a lcp grnmmar. 

( -sa) PP = L Cat 1 (r N)1 
1)0 

(58b) NP== ~ 2, Cati (P N)1 

I 

• Clf(Jfl 9 

'ilh thcs\! ob1.crn1tions. lhc par5cr can procc~ Pt's ·i•s ;'lnd ADJS by counling lhc number of occurrences of 

lcn11inal ymbol and fookillg up I.ho c nt mbcrs in the npproprk1te 1a.bk·s. We now ~ubstitulc (58a·c) inm 

(57c 

(59) 

, nd 1mpliry the can olution oft.he two Cat lan functions 

(60) 

o that 1.:he parser c: o also fiI d \TS b just co ming occurrences of terminals yrn ol . 'ow we simplify 

57a·b) so llrn.t s phrases can also be parsed b;• just counting occurrences ofccmiinal s~ mbo]s. First. u-anslate 

(57a·b) into l11c equation: 

61 S = l'P\ • DJS+ . P(l +Pl") ,\DJSADJS 

and ilicn e,,paad VP 

62) S = rp • ::P (1 + PP} ADJS) ADJS + V NP (1 + PP DIS DJS 

and factor 

(63) S = (. -'- ]) V NP ,(l l'P ADJS2 

1is c 11 be simplified con idcrabt becau c 



and 

o that 

\\1hich has lhc fo11mi ing ATN reaU1..ation; 

N V N 2: Cat1 1 (P i I (i + I} a(ij
1 

1-----0---------4@ 

Jump 

The cnti re cXiampfo. grammar has now been oompi! cd in l a fonn Iha l is easier for parsing. This fonnula says 

that scntcncC!s are an of the- fom1: 

(68), S ..!;. N P , f) V (P t f' adl 

which could be recognized by !he folfo 1ng finite state machine: 

adj 

(69) :S: 
Jump Jump Jump 

urthcmrnrc, the number of parse u:ccs for a given input sentence can be found by multiplying r.hree 

number : (a) the Catalan of the number of P ~•ts before the \rcrb, (b) the .at.·dan of one mere th.an l.he number 

of 1.1 ·s after me ·erb, and (cJ lhe ramp uflhe number ohdfs. F r example the sentence 
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(70) Th~ man un 1.he I ill ~:n 1.h bo. \\ ith i:I telescope ;•cstcrday in U1c rn tnil'lf. 

has Cat t Cm 
1 

• 3 = 6 pars s. That is, there is one wa. lO pan,'t! "1.he man on lhc hil'l", l~ •o ways to parSt.: 

·•rnw the boy with, tckscopc' (either ·'eek~ ope·· is a complcmclilt of .. sec" ,.r in (7la·c or it is arm.rited to 

"boy·• ~s in (7 ld·f) . and 1hree ways to pars~ the adjunct. (they could 01..h auacb L, Lhc .s la.d). or I.hey 

could bnth attach t l11e VP (Tib c), or rhcy could split (7k.O). 

(71a) [Ille man on Lhc hill { :lw the buy v. ith a telescope] [ycswrday in I.he rnormng.]] 

(71b) The 111an on th-chill ff ·aw I.he bny wii.h a 1.elcscopc.J b•cs1crday in 1.hc mornmg.J] 

{71c) ·n1c man on lh\' hill l[s:iw the boy" ith a tde9:opcl ycstt"rdny] in the morning. 

(71d} r,.11e man on 1..hc hill saw [t.hc boy with a lelc-scop ] t cstcrday in l11c morn1ng.]] 

(71c} ·n,c man OJl the- hm [ i,I W [the bo_ with at 1cscopl~] rycstcrda_ in lhe morning.]] 

{'71f) The man on the hHl [saw [lh bo with a tele cope] yeslerda.] in the momin,g. 

A11 and onJy lhcs.c pussibilili re pcrm.incd b tl1c grammar. 

I 0. Le ·ical Restric-tions 

ow supp c there were an or:ide e.g. lex.ical r~crktions) l.hac d i.sambigua:t.ed ome of these 

possibilities. How cou1d c incorporate Lhi irrforrmnion once, cha e .already pars~d the input sentence as 

abo1ve? or example. me verb "sec has two k:xical romlS. a prodkate of two arguments as in. • I s.1w jf• and a 

predicate oo lhrce argm11ccnts as 1n "I saw it with a telescope". ow suppose we had an orac? which 

di ambiguatcd these two possibHilks. How could we take advantage of this infonnation? 

Consider the two argument case first TI1c previou ly a umcd VP granunar (72a) simplifies to (72b) 

witl.1 the two a1gum nt restriction. 

(72a) P - v . ·r (PP) ADJS 

(72b) VP-t NF ADJS 

If we rc-deri e lhe power series For S. e obtain: 

3) 

·n1is equation is the same as (66) cxc~pt that Cat . 1 in (66) bas been replaced wiili Cat .. 11'1c Cat + 1 resulted 
1 . I 1 

from con olving the PP:S generated in abject t ition , ith thos generated in complement posiLirm. Under 

lhe two argumem restriction. it is 110 longer possible o generate any r in comJlcmcnt position, and hence 
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an the PPS must b\; in obji.: l .- iLiun. ·111 re , re CaL
1 

,.,Jys. to put them in o:l)jccl position as we have 

di u~tl. 

Wi1h 1his formula. we sec Llrnt three or 1.hc ix pm.,;; s ,g;h·cn in (7 n me L lhc two argLtmcnt rcslriction. 

nat i . t.her~ is till un l. one way to p::11 .· ··uw man on the bi!I" and Lhrcc , •a s to p.irse t.hc adjunct , by lhe 

amc the reasoning appfo:: prcviom,ly. lio 'C\cr. there arc now nly Cat 1 Wais to parse ··. aw 1..hc boy wlth a 

1. :lcscopc'" \ hcn::as there were Cac 1 WJ)·S before.. ·111c complcmc-m irHcrprctallon · ( Ja·c) hi!vc bC{'n 

c~clud1:d b1• 1.hc tw argument re triclion. 

m ' . upposc the t1radc had -ckcleJ the three .irgumcm form of •·sec". tJ w could we uike advantage 

of tl1is informmion? rn this as.c. U1c po er series fors is the dilTcrcncc bCl\ ccn (66) and (73). 

(74) s = ( ~ ~ Cati P • '); + 1 )
1 

I 

We hop to gcncraUz U1i. app roach to handle S<"kctionaJ re mcoons and agrecmenr facrs. 

JJ. Jm· r e Tnm form 

(hi verse transform arc a. fairly sdfcontained topic which c.an be k·fl for a l'!0011d reading oftllis paper.) 

The previous few scclioos have outlined how jt mighl be possible to use formal power series lo compile 

a grammar inm a fonn or more efficient processing. TI1~s 'Section wm discu~ I.be invcr.:;e proce . 't"'hat is, 

given a compiled rcpr cnt lion of chi! gm.mm r. how can we reco\lcr a fonn suiLabk ror linguistic anah i 1 

Thi cctio11 will prestn a panial solutio11 which we found very u t:ful for analyzing EQSP. 

• Let m consider an anecdotal cxampl.e base<J on our expc icnce ill the ·QSP conju iccion mechanism. 

Deep inside the code, there was a funcdon called :i:Jwlactical!;,~paralfclp which decided , hcLhcr or not to 

conjoin L\ o coru.--:titucnts. Over Ltle yeal's. t.his functimi had m:qu"red so many special case hcuris1ics that it was 

no longer understandable. However, c were ab]e to cl tcnnine i:hc ambiguity coefficient by mnnin.g EQSP 

on the following seq ucncc f conjunclion sentences: 

I It was. 

I It ~ actual pmd ucts. 

2 It was actual producrs and actual produrn. 

3 lt was actual products and actual products and .ictual products. 

5 It was acrual produc~ and acrual products and attual p.rodu ts and acmal pr-oducrs.. 

8 lt l'l'as actual products and aclual produ ts and actual produ ls and acmal pr tlti rs and acrnal 

products. 



J 11 L"Crse l}(mfjorms Scclirm 11 

13 lt was actual producl.'i a.nJ a rnal products and a tu~,] produ IS and ac tual products anJ actual 

prod1..1c nd :icun1 product . 

21 H \ 1a nmml products aud actL1al producl.~ and ctmd products and ac tual pm uc: · and actual 

products and acmal pmducLS and acrnal products. 

To our surpri 1..h am iguity cnrfticit"nlS di rtol follo\l lh at Ian cqucnce a r .. dicled. :,u ralltl!r they 

follow d ,mother wdHrno~ ·n sequence caned ll:1c Fibonacci numbers [S]. n1c Iii ·t few Fibonacci numbers 

arc 1, 1, -. J. 5. 8, 13, _l , ... The tlCXl valw.: is fonn d by ta.king I.hi:! sum f the two pre, iou valu s... or more 

rcciscl)1.: 

(75 fib 1 = ~ib ,0 - l 

Fib == Fib + Fib n n-1 n - 2 

Wr;:. can model the sentences above with the following power rics (igno1i11g lhc word "and'' 1ich 

complicates Lhc analy · in a that arc irrelevant l the currcllt discu ion): 

(76) s = ll was ~ Fib i (actual produc 

We were then able to :re.co er the gramm1ll" frum the power scric because the ~jb< nacci J.ics has a wen~ 

known inverse ran fonn. That is. a pm er seri with Fibonacci coefficients obeys 1:hc following idcmicy. 

(77) """1 e·b i l £ r] , = 2 
1 

1 1-x-x 

The reader can vcriC th t I.bis ide,Hil is correct by performing the long dMsion. We were forruonte in this 

case that the inl'<: r.i u,msfonn for U1c Fibonacci numb~r has a well-known do d form. In g<:ncral. such 

cto ed fonns arc cry difficult to di over {if lit y ,exi ·tat aJl). and for this rea on it can be 1.•c:ry difficult or 

even impossible to lind a lingui tic.ally au::ractive grammar for an arbitrary procc. sor. evcrthclcss, closed 

fonn d:o exist for a large number of imercsting cases. With some practice and a few cduc.atcd guesses based 

on partial knowledge of what. the mac:lline is doing, one c-a:n ucc-cs fully "crack" quite a number of 

constr1.1clioll:s. A il ?ea ·t. tbis ha been our cxpe-rieric{;! with EQSP. 

Returning to the conjunction scntc 1ccs. we now have a clo ed form of the power series: 

(7.8) 'S = [tw· l 
l - (actual prnduc , - (actm1l ,producis}2 
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111is has l.hc fi nm ing xrx rc-atiL.al..io11: 

Jump 

actuill product 

(79) 
ll was 

S: of------:al't: 
m:tu,,I product 

·we obscr c 1hat PQSP mploy a hcurislic , hich prevents c njum:ts from ,maching more than L o phrases 

back. l\ futl m n·heuri~tic conjunction mech;mi .m would pcnnit conjuncts w "fold hack"" a bitrari]y far. ln 

which case the tonjum:tion mcthanism would be a Cata tan grammar. 

In this way. we were able to perform l11c inverse lriHYfonn 011 lhc ambiguity coefficicnlS in order to 

rcco er the 1.mdcr];1ng behavior of the FQSP conjunction mechanism. We re no~ in a position co rewrite 

syntactic.iUy-pura1ldp to b<: more comprehend.able and more cfficienL wichout disturbing lhe external 

behavior. 

12. Con lu ion 

We began our dis.cns.sion with the obscrv lion thal certain grammars arc "every wa.y amMguous" and 

uggcst.cd that this ob ervation could ]ead tu impro 1cd parsing pcrfonnance. Catalan grammars II ere lhe:n 

introduced to remedy the siruation so that Lhe processor c-ould delay attachment decisions until it discovers 

some more uscftd constraints. Until such time. the processor can do liu1e more than note that tlte input 

mencc is "every way ambiguous". V c suggc tcd that a table ?ookup scheme might be an cffccti e method 

to implement such a :pmccssor. 

in some sense 1his approach is. a fonnaliz. lion of a very nld idea. lla't i , it has been nmiccd for a long 

time that il might be advautagcnus to enrich a proccs or with we capability m .:ruacl1 certain ainbjguous 

con Lituems 10 several place in a lnglc ccp. Pseudo-attachment [l: pp. 65-7!] and permanent predictable 

ambiguit [14: pp. 64-65] are two uch proposal . However. lhc/ic mechanisms have a]wa. Jacked a precise 

lmerprer.ation· Ca1alan grammars: provide .:i much more formal way of ooping wW1 "every way ambiguous" 

grammars. 

e then inlrodl!lced ruJ for combining primitive grammars. 1cn as .ataian grammars, into composite 

grammars .. This linear s; terns view ''bundJes up" all the parse lr es jnto a single concise descriplion which is 

capable of tcmng LIS c e.1111:bing we rniglu want lO know about the pars , {including how much iE might co t 

lo ask a pankular que tion). 'llli abs.tr ct ,•fow of I mbiguity cnabl u~ to ask quesuon'S in the mo t 
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c~mcnicm order. nm.I w lo dcluy J~king until il is dci.lr t.hal that lhc pny-l,ff will exceed tl1c co l. This 

ab lt clion wa ·ery ~trungt inilucnc-cd by Lhc notion of ddavcd blndiug. 

We have prcscmcd combination rnt ·~ in thr~ di rfcrcn1 rcp~-semllion system. : power scrk . AT rs, rind 

omc t-fr~r gramm;irs. .ach uf whi l ontribut .d its uwn in igh . Power series arc convenient fi r defining 

the alg_chr.1ic )pcrnU{ 11 •• AT · are most uited for discussing impkmcnrntion i.-suc and contcxt·frcc 

grammars enable me shoncsc dcrivadon . Perhaps the following quotation best summ.irics our moti\'ation for 

alternating among these llm~c rcpr cmatiari y:i;tcm : 

( 0) ''A thing or idc ccms. mcani11gfol, orily when we have St'\'Crol diff, rent cJ}'S to represent iE -

diffcrr.:m per pcctivc and different sod tit.i ~ Then you can mm it ilround in your mind. so to 

peak: howc er it seem aL the morne]] l, you can 

top." ! 12: p,. l 9] 

it :1nmber way~ you nc er come to a full 

In each of these rcprc~ntation schemes, we have introduced ti e primitive grammars: Catalan, nil 

rep, 1, and O and tcrrnim.1ls. :md fourtomposition rules: additinn. subtraction, mu1LipHcation and dMsion. 

We ha\'c ccn tlm iL i ollcn po iblc to employ lhcsc analytic tool in order to rc--organi;r,e, compile) the 

grammar i11to a form more mitablc for processing cffkicmly. \Ve have idcntiricd certain ituaLions where lhe 

ambiguit;1 is combinatoric. and ha\'c skclchcd a few modincacions to the grammar that cnabks processing ro 

proceed in a more diicicnt manner. In p.lrncutar, we ha1,1c observed it is importam for Lhc grammar ma oid 

referencing quantities Lhnt arc not c. ily dct.cm1incd such a the dividing poim bcl\.,,ccn a noun phra e and a 

preposiLional phrase as in 

81) Pul the biock in the box an the table in the kitchen ... 

~ e have sc,cn that the desired re-org,aniz.alion can be ~chie ed by raking ad anta.ge of me fact that the amo

con oluti.on of a. Catalan scri.c produces another Catalan series. This reduced processing lime from O(n3) to 

O(n). imilar anab cs have been discussed for a number of kxic Uy and structurally ambiguous 

construclion'ii, culminating with the example in section 9 where re transfonned a grammar mto a fonn that 

could be parsed by a sing?e lcfHo-right pass over I.he terminal ekmcn Curr ntly these grammar rc

fonnul alio11 s have to IX' p-crformed by hand. It ought rn be p~ible to au tamale th.is process so that the. re· 

formulalkms oou1d be perfmmcd by a grammar compiler. We leave this projccc operi for future research. 
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