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:~l. h1troductio11 

The use of logic in program \'erificatJon is an o1d idea, as such 
idel1s go. E: rly work by Engrler, Floyd, Ho:lr and S:1hvicki [ E1F,Ho,Sa2] has 
.dread · developed into, a rich field n:i1h many workers. However the 
proposiriorml \'ersions of these logics are rela jvely ne\.\Jj wor'.k in this 
field goes back only to Fischer and Ltdner's 1977 p·tper where they showed 
th.u the propositional version of Pra t's dynamic logic is decidable. Since 
then the field h:.s de,•eloped rapidly, a ,·ery large number of preHminary 
q ae ions ha,·e .1lready been set( led, :md · n tcres ring side areas are 
de,·cloping. In wh:u follows, we shaU Uy 10 gil'C an m·erviel\', stating some 
of th main results and ref erring the reader to the odgina] sources for the 
more difficuU or elaborate proof:.. 

Proposi 1tiom1l fogies of progrnms bear the smue refationship to 
ordinary Hirst order) logics of progra111s that the propositional cakulus 
has to firsl order logic. In particular1 the various proposi1ional logics of 
progrnms are- decidable. ~•Iorccwer first cmler progr~un logics tend to be 

highly undecidable (usuaUy Il !) so they cannot be axiomati.sed 

recursively; 11n Hxiom:Hisabie .logic must be recursiveiy enumerable. By 
contrast 1 1he propositional logic-s do h:ixc nice axionrntisations 
[G«• KP 1Pa, e,V1Hal,HKP] lhat casr some light on the logica~ nature of the 
,·arfous progrnm constructs and the waJ they ·n eract with the usual Boolean 
operations. 

1n Pmp sitional Dyna nic- logic (PDL)1 programs are treated as 
modalities thar opera1,e on prnpcrtil'~ h'l produce o1her properties. Since 
synt.scti any, " property i c. pr ~,;rd as n logic:il formula, a program 
expression ecomes a modal operator on the syntactic category of formulae. 
l\.1odels for such logics are, naturaUy enough, generalisations of Kripke's 

1. Resr·uch supported in pan br _ , F ~rnn1 !HCS 79 0261. 



mm1els for mod~l logic. Thus in dynmnir logic the basic- model of computation 
is the st·stc space. A prognm may be thought of ~1s a me~ms of travelling 
about in th is st~tte space, and a proj)ert}' is something that is ·true or false 
of n 111 individ 1al state. Thus a propf'.l"ty will be realised mnthematicaUy as a 
.s,et of UW'S 1hnse state where the- prnp rt} hoJ s, whe-reas a program 
a is ~1 .ft'f of pairs of stares (s, T} where s j the inirial srate of 
some computation of c.: and t is the final state. 

Onre we h~we the notfon of rnod~l, we- c;-m easily define the notions _ 
of satisfiilbilhy and validity formula is :mtisflable ·r it holds ~t · 

some st.,tc in some mode]. It is ·olid if it holds at every state in e\·ery 
1nodet 11:urr ('.If the log.ks tha1 we shall c-onsider will h.t\'e the finjte model 
1,rn1,ert_ ·. That is 1 if a formula A h;is model .u '1U, 1 hen it h.i s a finite 
model whose maximum size c.m b esl hn,tied by looking at the formula. This 
immediate y gives us a w~y Df deciding st1tisfiability for a given formula or 
these log.ks. ince a form'ula A is rnlid ( true under an interpretations;} 
fff -,A is not satisfiable, ,,•e- also gt~t decidability of the vaHdity 
problem. 

In P [Jl both the l-r "ic pr grn1m, ·1 nd the progra n constructs 11re 
.1Howed h) t e nondeten 1inis1 i •• Thr b.t:..ic p.rogr;uns may be nondeterministic 
in 1he . ~~m:;e that an inith1l s1 ;ur s do~~. 1101 need 10 determine th - fina] 
sta1e. \Ioreo\·e-r, h,·o of thr i)rogr:mt rnn:.-i mets, u and * are also 
nondctc-rministk and com· rt drtcrmi 11i s;1 it· reb1tio11s into nond terministic 
ones. :ve can ge s1u·cial n.·r ions of POL hy imposing determinacy oonditions. 
Ir wr rrquire the l :.sic programs To be determinis ict i.e. to be panial 
funclion.r on the s ate spnce, then wr g<'1 the Jogic DPff . If the program 
constrm:ts ire also required to be ck~trrministic1 then ,\•e get st rict DPDL, 
i.e. SDPD . I 1 SDPDL1 the nonde1erministic constructs ti and * of PDL and 
DP DL are dropped and \\'e replace- t hrm with the deterministic constructs 
"if ... then ... clse-... u and 1'whilc ... dl"l, .• ". It i de-ir 1h·n SDPDL is a 
subsystem of DPDL1 but DPDL i nor a subsystem of PDL. Rather the other 
way around. fost as thr thro.rr or drm-c Hnei:ir ord rs is an extension of 
the theory of .1 U ii near onJe-r~, ,l the theory of de erministk programs is 
an e,,·tolsion of the theory of aU programs. In fa t DPDL proved to be more 
intric.1u· ban POL nnd 'the h:i,;;,ic 1ues1inns. h:w;:- b~cn solved oniy re,c-e-ntl} by 
B<>n-Ari~ 1--folpC'rn ; nd Pnurli [m)l [ l ];11). 

In the Kri ,kc mo kl. for Pnl :1 program is rcprcsen ted as a hi na ry 
reiat~on on th space of stiitc$. Thi. r~~Jnt'~t n!a1 ion is adequ·oe for s,ating 
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the c<lrn•crr,ess conditinns of ,1 pro~r.1111. Thus for instauce the for nufa 
A➔[a]B, whrre A .m<l D ar f, rmulm' :ind « m:- ·1 prngr;~m, says that if the 
;m•c-omlitiC"l11 A holds before 1hc prn~rat11 n hr~ms, then he p0stconditioi D 
wm hold if and whe1 a lcrmi1 a rs. Whl'II o: is rrprcsen ed as the binary 
rda1ion R(l 1 hen A-+[a]B hC1lds in a I mdrl M irf for aU pairs of states 

(~,n such 1hn1 (slt) E Ra, ifs saii<:fi('. A .hen 1 :ui firs B. However, 
we rm y .1lso want to state Cl">nditinns lh·tt have 10 hold as the program 1s 
nuu ing and the notation and se1 rnntics for dynamic logic do not directly 
ul1m\· ns 10 do this. The binary reh11h1n Ra contains information only 
about the initial and fi11al state ; ncl i ~• little like a commuter \\·ho 
drives from his hons o his ,11ac-r of wor.k withou1 noticing what he sees on 
the way. Thus if we do w.rnt o t: kc 1hc i11tamcdia1e states of the program 
into accolmt • then a prog.rnm hnd :ietter be represent d not as a set of 
p:1irs, mt r:ith r as a set of se uenc-e n states, the sequences being the 
traje-c1orie$ of the progrnm as it runs. h1s sort of extens.ion of the 
l.m~uat:r and mC1dels to include · in 1.:-rmcdiate states of a program leads us 
from d~ n:11nic logic into proc~,s lflgic, an :1re:t v,:hich seems to have dear 
po en i.d for :1pplications in llamlkl progrmmning. 

I 1 dealing with prcu:t~">S hl~k, it i!- mm.t u l'-f u 10 see it .1s an 
cl.1horntio11 of dynamic logi!..:. n the [HKP] 'C'rsion of 1uocess logic1 this 
fa~t is C'xplicifly made use C ht.: St~grrb('rg axio1n for PDL [Seg:J are 
rr-tnine :I amJ upplcmented by :txioms tha1 talk .1bout intermediate statesi and 
we get a \'ery smooth complerrnrss theorem. Alns, the decision procedure is 
not (Kalmar) e ementary, bur p1:rhaps nicer bmm I can be found for som of 
1h simpler formulae that Mt mcir~ ]ike those tha actually arise in 
.-tppHcations. 

Anoth~r nice offsho-o 0f PDL ·i dynamic algebra. Therie seem to be 
two principal vt'rsion of dyn~unic alg bra whic.:h <liffer slighdy.1 and \'1.·hich 
.ire due re5peni'"t"ly h"l Ko7t"l1 and PraH. P u t1 [ Pr4] uses hi.s algebrits to 
gh:e m ·dgrhrak · roof of 1hc- complriener.:s theorem for POL. Kozen [Kl] 
~hoes a rrprt"srntation 1l eorem which rchtc toi crerc Kripke models with his 
nhstrac1 tly11amic algebrns1 thereby gcner·dising he 1one. representation 
throre.n, for Boolean algebras. The thf•orem shows in essence that there is :1 
duaH y bet·ween ''non-stand:1r t" Kripke models .ind certain topological spac,cs 
h.u extends. the more f·11nilii1r dmdi y between Boolean a gebras and totaUy 

disconnt"C- ed opologira space~. 

Any survey Jlt'('CS.Silril: renc ts the pciint of \'rC,'i" ,of its author. ,vf!' 
ha,·c ~ken mC'lre- space to results l 11t v,;e knev.· better1 or which seemed more 



in re.sting to us. Howev r, he ht ~cdi(ln, brief ,wtcs~ contains some 
pointC'fs to Hems no, adrqua1"l.' C<ln red hr~re. Wr apologise for any 
distor1 ·on. or omissions of mher pr"pk'~ work. 

§2. The Language, of PDL 

The basic no1ion in dynmnk logic i that of a sw e. Ocher no io 1s 
of dyn:1 nk logi(' are rlerh·ed fo"lm it. Thus we 1hi11k t'>f a program a 1aki11g 
us from r, sta r of o 1r ompu er o :mo her :tate of thr same computer. 
imil.1dy a property is .omcthiug vhkh a tate has or fails IG' lwr,e. 

W h. 1 we stud.· i thr inural.:'ti II hrt \\"Ct"' I prop,--n ii."s ~nd programs in his 
tatr con1ext. Prnpertie. arr "' Xjm' s d by f mmul; t:' nf our logicJ .md they 

will be dosl ... d undC"r the t ooll·.111 prra1i1 11<: ~, V, f\. Programs in 
propositio,!a1 lo i~·s will ht" ron~1ruch·d fn'"'m ~Olnl" hasic programs by means 
of reguhr fl w, h·1 t. 1 y.n1 ac·1 h.: :Illy rr:i1i~N] b} rnl"':rns or the Kleene 
ope rat i(ms U 1 ; l .md * . The fo formal men ni ngs of these coi stli\l cts are 
as follows: et-./3 is the prognm ,;do aj rhrn do {J". aU,9 is 1he program, 
''non-drterminL ti al1y do a or {3". And fiiwlly, c,: is the program, 'do 
a, zero or more time,s" '. Then in a i li ion, if A is : formuJa, then A'? wiU 
ie a program which equal!. "i- . thl·,1 :·kip, rl!it"' a nrt". ,vhere ''skip" is the 
idt'ntity program, ancJ "abort'' is the md prognm. In terms of this notfon 
of ?1 we can define "if A rh 11 :k, n: rise do {J.'' ;1s (A?;a}U(,A?;B). 

imHarly, "while A do a" can bt' cxprc. s1:d :--is (A?ial*~-,A?). The precise 
nmt hematic:1] dt-.fini tions of i hr s.t~ma m i~·s f ; U and * are given 'in 
def in "tio 1 2 .4. U 1less otherwisC' stmed, we sh al confine m1 rsdves to 
regular cons r tctions of ropa1 1s.. 

The special feature of l_ ·n- mi· k1~ics L the bo.,· operator whi b 
,e-qu:ds.1 rough y, Oijk tra's weak st m, ral prC'cnndidon. The box opcrn or 
opera c-s on forn nlae A and pr du c new formub,r- [o:]Aj where the progn m a: 
is also rnriab] . Since w ano ,. no11-d1.~1rrministic programs, here is a 
choice. ~e take "the Staie s ~a1Lrki- the formu ;1 [a]A" to me.an: errry 
tennim1ting computation of a\ which begin at 1he st· te ·s, results in 
concJ'tion A holding. The dlnl constrnl'. <cr>A, \·hich can also, be defined as 
7 [a]-iA, mr:m~= f(Jme computation of a: which begins :u th state s1 

t-ermin., tes wi h condition A holding. 

No,· we give precist, def ni1ion of 1he b; sic notions of PDL. A 
reader famil'ar with POL may kip or skim on:r thes but w recommend som.e 
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:tUf'ntion o he note foUOl·dng drfinilion 2.2 · nd to the comments a1 the 
rud of clrfi 11it ion 2.4. 

Dtfinilirm 2. /: The sym ml~ f PDT (ab, DPDU include .t omk progrnm 
synbols. .1 1, ... )an, :itomi prnp~>. ii hi1J:1I ~ymhol P 1 ,. .. ,P iw and U 

, ; ' :t , ? I A ' V -, J I[ , J l ( ' ) • ( I ). 

'I' - I., 'l l 
~ - I' 1~•·•,• nl• 

Definirirm 2. 2~ V·le define program rxpn's.ri<ms a and formulae A 
by $i mu ltanrons r,ecursma. (Progrnm expressions ,dU be called just 
programs) 

W Each ;1i 1s a progrnrn. Each Pj is a formula. 
(ii} U A1 8 ~fft" formulae, o are- (AvB), (AAB)~ (,A). 
(iij) If a 1 fJ are programs 1 so ue (a;B), (a:UP},fo*) 
( i,·) If A is a formula ,tnd a is a progrnm 1 1 hen [a:]A and <o:>A 

are formube. 
( ·) If A is a ~ rmu]u then {A?) i a pmg,rmn. 

I\ Mc: The prngrams crr,1 trd by c"1ml it h u ( v) ,ibcwe are caUed tests. We 
shal] , sr 'tht' l'onvention that s. lamh,. for thr rnth-fonctional connective~ 
;md :!I r r he Engiish "iUlJll't•s", h ~ymho) - ) ,1,· ·n be 1sed for "is 1m1pped 
inl ". Ll"tt~rs a:, fJ ,etc. will stand for pwE:rams and A, B, etc. for 
rormul·1e. 

Definition 2.J: A nodel. M for POL consists of 
( 0 · llOnempty UJl}\'Cr!;t"' W 
(2) for f itch ~uomic 1m11msitimwl symbol Pj a subset p(Pi of \V, 

and 
(3) for each ;1i in I ~1 uhse1 Ri of W " 1

• 

~ o ,. we define the eman irs of PDL The semandcs assigns to ench 
pro~r:m1 expreRsion Qr ~ binary rr.:/atio,1 a on ,v and to each formula At 
mnl st!lte s E '\\\ a rrrrth 1·al11e. Jnrui k J)·, (5. t} . Rtt should be 
read, "f he progrnm a rn n take u from he st:11 t~ !l to the state t". If a: is 
de·terrni nL tic I then t is uniqudy de1 ~nninc.d by &, M )sl:=:A js re;1d, "the 
formula A holds at the st; e s of 1he modcJ M". 

Dt~fit1itlon 2.4: Gh· n :1 mnch~I M1 a srntf s, a formula A and a program 
a I we drfinc Ro: rm I M 1st=A, by simultnne us re ursion, ~,s folknvs: . 
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(il M sl=Pj iff s e p(P{ 

(ii) M SFAvB iff M, l=A or M ,sl=B. 
(simUarly /\ and -i) 

Wi) M 1s~[a:JA iff for all 1, (. ,U ,, R
0 

~ M,tl=A 
M SF<a:>A jff for some 11 (st) i Ro: and M d=A. 

( kl If a: - M· th n R = R·. · l a . 1' 
1
( ,.-) Ra .p ; (Ra) g(R,al 

= r<s, t) I ( 3u)((s,u) e R A (u, ) e: RJQ n. 
a "' ( ,·n Rau~ = RQ" UR~ l 

( \·ii} R,a* = retlrxi \'t" I r·rnsit i\'e dosure of Ra:. 
( ,·rn) 1 f a: - (A?) then RQ: = IC Is) I M ,sl=AI. 

Final1y, we let 1 Ml=g iff for uU t W1 M 1sl=A. 1(g stands 

for "glob·d' .) If r is a ser af formulae 1 then M 1s1=r ff for aU A in 
I\ M,sl=A. Simil( rly Mi=:gr. _ m,· wr. get h\·o notions of 
consequence. 

r1=A iff for aH M ,s~ M ,si=r implies M ,sl=A. 

r1=gA iff for an M I M Fil im1 lie s. MFgA. 

The formula A is said to he Mlid iff ·t hoJds at aU states in aU 
models, fff li=A fff ¢1:=:gA. 

local consequence and 11:loba rnnsel1uence coincid if r is em1,ty. 
But ir r is nonemptrl then 1ora1 Cl'ms,.:quC'ncr is stricter. E.g. we do not 
have P l=[a]P s · nee running the program ,tt mar destroy the f ::tct that P 
holds. Hm\·e,·cr with global co11sequc1u:e-, 'WC <lo have PFg[a:]P. ln §6 we 
are concerned with glob· I conseqnenc • which is the n:Hurnl one for partial 
correctness. However, theorem 7.1 ; pplies m both kLnds of consequence. 

§3 .. Dech.ion Methods a11d Co,1nplexity 

Propogifional dynmnic logic bc~in histodc; Uy with Fischer and 
l.adner's: paper [ FL] where they dr i 1h~ PDL1 show th:st it is -decidable, and 
establish upper and lower ounds.. The- 1.h.~dsion ml 1 hod consists of the 
refinemem of ·, tec-hniguf" knl">wn lunont; modal logi ians as rn ration. We 
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shall ghc ·1 ~ rief accm nt of hi~ 1rdrniqur in n11r prtsent coat xt ,·here 
progrnm. ;1,r pr . rnt. 

Let A be ;1 formuJ;, of POL. Suppos now that A is satisfiable, that 
is to s:ty, A h. s a model. '\: e would ikc to ask jf A has a finite model, • nd 
if so, h w ig ha model. might be. Clear]) ) ff we know how big he model 
might he, hen we can finci Tht~ m ,dd hy brnrr fr1rc ,, i.e. by simply 
e,archiug through alJ models o ·1 cerrain size or Jes . 

The e . is ence of a finite model for n satisf'able formula is 
obt.tincd in the foUO\\ling \\'ily. Gi\'en a formuh A let FUA)1

, the 
Fische-r-Ladner closure of Ai be the Sl~1 of ; U form 1la that are re!rvant 
1o the ~errrn n tics of A. If we were tudying jlfO 1osi iom1l logic1 the 
corresponding set would I e the s t of all the t:11bformulae ,of A. ln the 
pre-sent con1,ext it ·s the .n ·dles1 !>.et .' such 1hat 

( ') A E, 

(ii) If BAC E S then B, C E S. Sirnibrly for V, -,_ 
(iii) If [t3';..,.JB E sl then [/5][..,.]DJ [-y]B € s. 
(h·) u rn:u-y ]B E sl then [jSJ B, [-y ]B e: s. 
(v) If rn*JB t: S1 then B [t1J[a*]B e . 

It can be show, that 1 h sjz:e of S is no greater than the length ,of 
A which we wiH alw;1ys tak" to e he- number n of symbol,s in A. Now given a 
model M of A define ,m equiH1l nee re\alion : on \\ by .letting s ·= t iff 
for all B € S1 M ,sl=B ... M 10:::B. 

Clearly the relation = def111 d thi.s way has :u most 2n equi,·idence 
c asses. l et \\T/= be 1he e of equiraknce '('lass.rs of W under =. Then 
Fischer and L 1dner s.how how to c:on\'cr1 the mndd M of A into a new model 
Al/S whose stat space is ,vi~. Wt' immt'c 'ia ely gr 

Lemma 1. / ; lf a formul. A of PDL is . :ttisfiablc1 then it has a model of 
size ut I mst 2" wher n is lhe lenglh of A. 

, I i not hard to hew.· 1 hu r gfren a model N of size k. we can find 
o it jn iu c polynomial ·a k and 1h length n of A, if " gi en formula A is 
satisfied ·a N at alJ. Thus w get 1he immediate coro lary. 



9 

Throrrm 3.2 (Fischer-Ludnrr): The ~,11isfiabi1ity (\·ilidit:), problem for 
POL is c ecidab e in NDEXPT(n) (non~cl t m i1 j r-ic exponentia, time) ,,,here n 
is the ],ength of the formul.1. 

Proof l'wndc1ermi'1is1ic, beca.u e we haYe to g11rss a model of size :$. zn 
and then he k if it w rks. Howe.Ya, Pratt [Pr2] was able to eliminat thr 
gucssing gam.e and we get, 

Tlr,•,or,em J. J (Pratt) : PD i . de1.:i<iaMt 111 DEXPT( n) where n i.s the length 
of t hr formula. 

In 1he same pi1per, -ischcr am Lmh er "lso ga,·e ii low,·r b('lund for 
the ccunp,1ta1i,on:d C<lmplexity of PD . 

Theorem J.4: {Fishcr-I.adnrr): There i ,,l t.·nm;tan1 ) 1 uch 1hat the 
sattsfiabm y (\'alidity) prnt lem for POI. i'.l not · m~mber of DTI~E (en) 
whe.rt" n is the- length of the formul.t, in numhi:-r of s··ml1o)s. 

Proof Se,e [FL] theorem 7 ..... (The lo rer · ouud gh·en there /oO'ks differen 
since the Jrngth of a formula i mC'a. u red, no in the number of symbols, as 
in l.2 .abm,•e 1 Hf in the- numbt'r of hirs.) 

In view of Pratt"s imJ)rovemrm (theorem _\. 3} of the upper bound, 
th""orem l4 yie d :1 complete charm:1 risation of the time complexity of 
POL. 

s4. Axiom a isa. tiou 

In heir paper [FL] \\-here Fist:hcr and Lmlner defined POL and prm·ed 
hat ·, was d ddable, they left open th qur tion of axiomatisation. Of 

c,011rse1, if .a logic is decidable, then it has some recursiv,e axiomatisation. 
HO\ ·en:r the uestion wheth r ther" i~ a nin· axkunatisation with axiom 
sclu•me.r ,..,·as not clear and resu1t5 of Rrdko R] cast some doubt on the 
exi.stence of such an 1 xioma1 isation. C'C' also [1 ., 1]. 

A set of nxioms for P . l r, ~- sug,ges1ed by egerberg [Seg] and proved 
co nplett- 1 indt"pcndently, hy G.\bbar (Cir] and Pi rikh [Pal]. We give below the 
•re-suhi ng axiomat · sys rm. \ 'e arr 1 mu ini [o:) us bas.it:. <a:> is an 
abhre\'·;ukm for 7(0:]..,_ In l D··( 10) bl'low .o is an arbhrary program und 
A is an arbi1 rarr formula. 
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( n A II (or enough) t:u:,toJogtt"~ from th propnsition:11 cal ulus. 

(2) [tt]CA ~ Bl ➔ ([a]A ➔ [a)B) 

(JJ [aU~]A ... [a A f\ [~]A 

(4) [a;B]A ..., [cr][.B]A 

{5) [a:*]A ... A A [£1']A 

(7) Ht d1 ction) A A [a:l:J(A ~ [t;t]A) ... [a*]A 

Ru1es of inference: 

A A-+B A 
(mp) -------------------- (~c-n) -------------------

B [a]A 

Tht'orem 4.1: (Gabh·,1 ·-P;uikh- 'egcrberg) A fonnuh1 A of POL is valid iff it 
i~ pro,·able in the sy tem abcwe. 

Proof:. For a particularly cusy 1Cl follow proof, see [KP]. Pratt [Pr2] gives 
a Gentzcn i:tyle sys em for POL. 

l c: n be. shown [Pa .. ] tlrn the con\·erse operation « --> a- 1c,m 
he ·•ccomodated if the :ndom 

and 

arc included. The semantics of«- .;re gi ·en by: 

Tests ·ue not : rm·ided for ·n 1h · ..1xiom gh-en :1bol'e1 but they can he taken 
carC" of wi h the ·sdditional a. iom" 

(9) [D?JA (B .. Al. 
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§~. Re.st Its 011 PC.As 

The pnrtia correctnr~~ ass rdou ( PCA} {a: 1B, expressed in PDL 
as A-{t1t]B means: "if the pr cnnc.l'tion A h,>ld~ when a. bt:·gins 1 then he 
po t-condition B hold!: ff aml , ·h n a 1t ... rrniua1cs." In other wordst 
M l=Ala-~B iff Ml:=gA-.[a:)D. (We do not ueecl 11 say ~U=gAla;B 1 since it 

is part of rhe semantics of A a:lB that it holds throughout th model.) In 
the ec ion oa PCA's helow 1 test ;1r restricted to be program-free 
fornml. e A. . lore-over, the formulae 1hat occu in ihe stcttements of 
theort"ms are ats program frr . I.e. they ar~ fonnul.te of the 
proposilional cah;ulus (PC from now on). If r is a set of formu a , and 
A is a s~ngle formu ~•, then rF

1 
~A nc~rn 1hat A is a tru h-functional 

consequence of r. If r is em1 t111 hen t= ,cA means that A js a tautology 
of PC. 

Clenrly questions nb,mt (p.roposifiomtl) PCAs are questions in PDL, 
hut sin they ·ue que'Stious of a special type onie ma · hope for extra 
information or ieomparnti\'e ease or decision pro edures. We sh~ll be 
interested in · he questions: { 1) ,, hen do a finit number of PC As imply 
·mother? and (2) '\ hat is the comput:uio□a1 cm 1p~exity of decidi.ng su h rm 
implication? \Ve gfr infornn1ion abom ·uch questions for the case· of (i) 
a si ng.lc program1 (H), sever~tl ]001r frce · programs, and (iii) arbitrary 
reguktr programs ,,·ith program-free f •::,t • 

Definition s.1~ Al la:i lB , p••,Ak o:kink FAlalB iff for au 
models M, if Mt=At a 1}B1 for Vi ~k1 th n Mt:. fcx,i'R 

Tlrcorl'm 5. 2: Thr set of xpr ssion. 
(Al {a 1 IB1 , ... ,Ak rcz k I Bk ,A{,a tB) su h h:11 

At 1(1' 11B1 r•·,Ak ak~Bk l:fAl·~~B is a con1ext sensitive language 
CC L). 

Proof See [P,4]. 

It can be shown th:11 if C is any truth fnnctioniJl cmnbinauon of 
A 1 la 1 ]D l , ... ,A 11 rc.nlBn hen the qurstion "is C satisfiable?' is stm 
in CSL. Moreo\'er, 'if a is star-fret'\ then the problem is in 
(NP) nm ne;1 r ~pace). 



Tht•orrm 5. Ji In theorem S.2 if 1he prn,p.r~uu. "i are *-free 
U op- frcf'), thrn he pr('lhlem is NP-rrnnpkt~". 

I i known ([St] p. <lO, rem;1rk 4.14) Iha he inequEvalence of 
regular exprrss·ons is ~1g-lin t.'OUlp l' in CSL L t a = ,tJ meun lhat ,OI 

and fJ ~ re equitak-nt rrgnlar expn , ,ions, i.e. the Janguages La and 
L~ ·ire equal. Then a :a: fj iff P:trlQl=P)~:Q mtd P1a',Qt=P[a:jQ 1 hence 
the PCA problem is also log-Iii l'Ompletc in C L. Thus the bound of 
theorr,m _-.2 is bes possible. 

'\\ e nt)\\' consider rhe case where. 1 he a i' ~ all equal tt, This 

simple ca.,· h·,s omc jlkt~ drnrai.:tr.: .ri :uion~ If Ai,Bi.,A,B are formulae 

of PC\ we write (A[,Bl), .... (AkJ11} t=(A,B) for 

('Va)CA1 :a)B1,··· Akla1Dk11:=A:a:m). 

Y e stilte th following lrmnrns without proof. One of the lemmas is 
wrU known. The <Hher also probably ()CCurs in the litera ure. 

Lrmma A: let T1 1 respec1i\·elr, stand for he 1rutb va ues true and 
false. If 'P is ·my formuJa with propositional \·ari.ables. P11 ... ,P ll. 
f hen ,r/; is equi ·a lent to 
(rp(P1 , ... 1P n-i T)11.Pn)v((</,(P1 ... ,P n-i ,l)A,Pr) 

D<'finition 'i.4: The propo itionill function cl>(P:i,···iPk) is monotone 
jff cl, c·m nevrr go froru T to l rhe1 some l goes from l o I the 
ot ht-r P • being fixed. 

lemma B; 4, is monotone iff ,ct, is identically or identk~Uy 1 o-r can 
he c,;prrs~eri using /\ and v onl). 

Proof The proo is ei sy l sit1g emma A abm1e imd induction on n. 

Drfiniriorr 5. : Thr Floyd-Hoar ruk~ for ; single· program are: 

where ? 1s v or A. 
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Th , xiorns are l{alB and la T. 

Notational R1."'mark: For theort~m 5.6i lrt the- forn ul:te 
A 1 .,.,Ak 1B1 , .. ,Bk 1A1B of the PC be constructed from the propo-si1i0inal 
Jene rs P 1, ... Pm· A'1 etc. :m~ c1b1 ·tined from Ai e c. when. each Pi is 
replaced e,·eryu·here by a new Qi. 

Theorem 5. 6: 
fa) Thr Floyd-Hoare rules ahon! arr complete, for prm·ing assertions of 

the form (A1 .Bl)i . .. ,(Ak,Dk) l=(AiB)• 
(b) ( i), ( A 11,8 1) , ... ,(Ak ,Bk)1 l=(A,B) iff 

(ii) h re js a monotone 4'· s,1ch 1hat A !:=pc 4,(A ir··,Ak) and 
cp( B 1, ... , Bk)~pcB iff 

(im 1= , <(Ar•Bi' )/\ ... A(Ak ... nk·n ... (A➔B'). 

(c) The et of aU true ass .nio11s of the forrn 
1

( A1, Bl), ... ,( Ak ,Bk) ti( A Jl} i. ~P-1.~ompte e. 

Proofi St-e [Pa4] 

§ G. 011 Models for PDL 

P'Dl afks th i:ompaclm·:;,~ prnr rt~. It i posjbie for an 
infini e s1.."t r to (semifntically) m1pl) ·, fonm la A "\'en 1hongh no finite 
subset of r does. An example i r = 1P, [a]P~ [a;a]P, .... , [a"]P,.,l 
Then f F[a*]P. But no finite $Ubs<'t of r im1 lie [a*]P. (A slighd ' 
more coms licated argument , hows that t=g is also incompact.) Fischer and 
Ladner ha,·e ust'd a mtralion technique in 1hrir de .ision procedure: which 
iin·s us . omc- information ahom fin it(' models, l u non about jnf' n 't,c 

onc-s :nd incl°'uupa~·tnC'ss n :,kl~ ,~u, l;1.urr hardrr. The reas(ln is that as 
is ~h ,wn · n [rt]) e\:rry co11 :,;i!"- ll~1u fomml.at ·uni he 1re every consistent 
fin .itc sC"t of formul,:1e1 h:is .t finite moclt"t A c,on istrnt infinit,e :se1 of 
form tlae (i. . one f om ,vhich .t con r·uHc k• 1 .moot be proved) wiU 
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h, ·e the roper __ r that C"very fiuhe suhsrt has ·1 modet However, the set 
i. self m:t~ r• may not h·n·t> a inodC'i. 

A second com l"ciltion is ~1s folkiws: 'uppo e f.11 [i M2 .ire wo, 

models with the same set W of sta es and such h.it for an s e W) for al 
for nulae A o ~ PD , M 1 ,sl=A iff M 21 l=A. re Ml I M2 isomorphic? 

Thr a nsw r turn mn to i C' "no.'' 

f C'lr f'xam ple. lr1 W = :ol l ,2, ... (I):. Le I M l il=P j iff 
M ._i'F P j iff j < i. M 11w l=P j and M 2,(a)t=J> j for all j. ). ow I.et 
Ra in Ml he 1hc set 1(0,j) I j<~ :md in M the set :m,j) I j,<a>i. 
Then M I if 'I are not isomorphic but have the same formulae ho,lding at 
the same st a tt-s of \\. 

'In Defini i.l'lrl 6. l bclc)w wt drf m wo m ion · of equh'illenc,r 
,eh ·ef'n tl'h d I., Cin ;1ddition 10 is11morphism) ;iud provide canonical 
e c-mcnl!- in thr eqt i\·,d nee ·I,~-<'!, for r.1ch kind of equh•a!enc•e. 
R oug;h]y, in a can011 ical mode thrre i!- no cl 1pJica I ion of states and e, ch -
Ra is "a .. large as pos~i k" withmn clrs1roving he semantics. A 
r:u · kal Im: d model is • c.inmli al model \·ith the additiom,l property 
th. t it hns :ill 1hr sta1rs thar it "mighl'' hm·C'. I. . if a 'ix ssib]e 
. ate" i ·uhi r.1rily losely a)lpro·-ima rd by st~1tes alrfady in the model, 
t hr n t ha po~ 1hle state is ,1] ( · hrr<>_ Thus a l ':I II uical dosed model 
t·o re pom.ls: 10 a lo.s d et of real numhers whirh contains aH it l,im·t 
poirns. Dextrr Kozen, (KU h.ts alx') Jiointe l nul that such notions are 
f$s nthUy topolog.ic:il in nature. Jf ,vl~ rnn~idcr 1hc top('llog}' i(sce also 
[ Pa5]) 01 \ inLh crd by 1he f-nnily of an srt. U A := fs e W I M ,s~A}1 

rhcn if M i c.111onir, I thr1 1his l pol gy is Jlall'~cimff and if ·1 is 
canonka I do!-ed then M is ! r oA~ .. I subspac-r of 1 l · elow. HO\:i.:e\'er, 

M is not comi,ac sine: ) as we not d ht>fore 1 he logic is not compact. 

Definirirm 6. /: Ci\'cn m<l-drl~ 11• M of PDL1 

(il M ~ M ... iff Vs e \ l VD, 3, e ,, 2; M 1, l=B iff M2,,tia:B. 

W) M 1 ;; M iff M I ~· M _ :md M 1 ~ Ml 

( iii) M ~ MI iffVs e ,r 1 ,3 e w2, vn, 
M 1,s1=n iff M ._ 1tFD. (The suhs-rripl ~ ~rnnds for "strong". The 
lifferc-n ~, b 1wren (i) ·rnd (iiii is th;n ln (iii) the.- state t depends only 

on thr ta e ~-l 
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Thcor,C'm 6. 2: (M 1 =:;:- M 21 M 1 is isomorphic to M 2) 

=> (Mt ;'s M2l => (M 1 =-M). 

Proofi Triviat 

t one of 1 he re\'cr. e impli(,nions hold. Thu · the equh'a,ence 
dasses for =s, =\ are not ~ingle1ons (modulo is0morphisrn). However, we 

can find can,nnii.:al elemrn ts of them. I. . in ral'h equfralence c'lass under 1e 

or s 
5

, there is a "nicest'j element 

Definition 6. 3: M is carronical iff 
(la) Vp 1 q e W

I 
p # q => (3D)(M ,pFB /\ M ,ql=-,tB). 

and Ob) v'$l, q E w, (p,q) f R,, iff vn, M p l=[a]B :) M,q l=B. 

M is cmtonical do.red iff 
( 2a) it is canonical an 
( .. h) Gfren M',th ff for aU B 3p such 1ha1 M'_q l=B➔ M 1P 

1=01 then 3p
0 

such t·hat VB, M ',q l=B-+M ,p
0 

~B . 

• ote 1haT thC'- "only ir' h.tlf of cnndi1ion lb abm•e: holds in .111 
morlirls t)f PDt impl,' be~·.msr of thr ~-~m:rn1irs of [u]. Howe,·er, in canonicr1t 
modC"I., the R. m, "packrd fntl" so rhat 1h 01hcr <lirection holds as ,\·e.U . 

• 
The proc<'s of filling our the R,

1 
will t1hr::r)'S. produce a filied out model 

wichou changing th sr-1n;unil's . . ow if lhe . 1ates hat satisfy the sam · 
formulae arr idC'ntificcli tbrn Wi:-' g.c1 a canonicul m d 11 in which ,ea h state 
still saiisfif"$ the sa UC' fomml~it•. Thi prows p: f1 1 of heorem 6.4, 
next. /\ c.monical closed modrl has an rxHa prop1:.~rry. If M is ,canonical 
ckt~cd and th.e-r(" is a "pos!:-ibl statr' ' s, and M h.,s arbitrndly dose 
appro.r.imations to s1 then M contains a copJ of s. hence the word 
"dosed", whi h c·m be gfren a topolog,iral meaning. 

Thrr,rtm 6.4: 
(I) VM 3!M \ M' i r,111011ic:tl ,md M ~ M '. 
( .J VM 3!M I M.' is l';rnoni al rl'1~nl and M :: M '. 
0) 3! uninrsal Mu c:anoni :11 t·losrd sud1 1hut for all M1 

3!8 : \ r --) W u 
. t. VB, M ,pl=D iff M u,O( p)l=-U. (Herr 3! means: there is 

a unique .. .). 



Proof ee the appendix. 

In the theorem brim,\ 
drn:ed sc s of formul:1s ,of PD 
§l. 

Tlu.'or,:m 6. J: 
(il Ml = M2 
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ranges ov r finite Fischer-Ladner 
M /, is th r~1ctor model, as defined in 

j ff UU 'v'S , M I /S - 1 JS 
iff (iii) 'vS , M 11' \ M /·' 
iff (i\') vs , M 1; ;_ M /".S. 

Proofi See [Pa4]. 

§1. DPDL and POL: 

DPDL has thr buguage :ind M'trrnnric of PDL but the class of 
modf.']s is r,estricted b_ ' the requir~ ncnt that .itl mmnjc programs ~re 
derrrministk. I.e. ench Ra i.s ;: parfrd functk1n. The filtration . 
technique, used in [FL] for POL foils for DPDL which js therefore less easy 
h um!rr!-1:ind. The rea~on i~ 1hat ir on !;1i,rt~ with ,l model M, v,·hich is1 

iu fal:I a modeJ for DPDJ 1 .ind 1h('11 Joi wrisi•.~ out a congrurnce- relation of 
a f..t1it:1hk k ·m1 1 as i don · ir1 [ · · ]. [ [>;1_] for )>DJ , onr need not gr1 ~l 
fini!e model of DPDL R!Uht•r one can l' ml up itkn1ifyins distinct ini~ial 
s1:ur in \\' and he n:•,ult i:a. lhat .111 ;11ornic pr1p;r,m1 which 0was det rmi1 i~li · 
i I M m.}, I e1,:ome non-tlrtcrminii;;1il: in lh<' acrnr model. Thus DPDl is not 
,•w;ia ro study 1han PD I l ut morC' ctimplcx. Wr subst~mtiate this argument 
in this ""ct inn l y po"ming NII ~• 1 r, m,lalil n f rnm POL to DPDL ,,·hich yie]ds 
a lower 10und for the co111plc:1iit~· ,f th~, fotrcr. 

Notation: For thi.s ~rcticm (1nly 1 jf A i~ a formula of POL then A' is 
· htained whe-J1 c,·cr) progr.1 m ;110m ~'i is replac d by ( a jib*} where b is new. 

:,,Jot tha the mup A -> A' i computable in Hnear tLme and le.ads 
to a Ji near growth in Jeng th. 
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Th,•onw1 7 /: rt=A in PD nf r ' . . ' in DPDr. 

Proof The proof gi"e.n in [Pa4] co111·1ins a mi t,At. For a corrected proof., 
ser thr -'1,pcndix. 

Throrcr -. 1 a on· i. no drpcncl~n on the c'l.:1ss of programs be'ng 
reg ,tur. l :,ppHes equ,1ll;i, rr.H to context free (recursh.•e) progrnms 
or ,even larg r da se,s <)f programs. .. 

Stnce th orem 7.1 rrcJm:t'"~ POL fo DPOL, the lower bound for PDL 
([FL] tbenrl'm ..... ) autom:nk:11l;i, e('.:0111.r.- ,l I Wt'r bound for DPDL. 

T!1rorcm 7. 2= There is a cornmmt c > i uch that the s, isfiabiHty 
( ·alidit_ ·) probl,em for DPDL ii; not ;1 member of OTIME (en) ,,·here n 1s the 
length of the formuln, in numb r of symbols. 

Proof This is an immediate coroUarv of theor~m 7J abo,·e and [FL] 
theorem 5. 21 which is ex·l tly likr thenrcm .2 except that i is about 
POL. 

Tht·or m 7.J (Dc-u-Ari-Ilalpun- rnudi}. hr rnlilli .· pr blem for DPDL is 
drei<lahk in iimr detcrminisik t'Xpo11r111ial in -hl· knglh of the formula. 
1 loreowr I for a for nula A of 1eng1 h I jf A is ·sat isfii.1 lie,, then it has a 
m del of ~ize at most 4n .. n! . 

F jnaHy, whifo , ver · fl rrnula 11 h(• 11 ta1 ion of POL that is valid m 
PDL1 is also ,-. lid in DPDL1 deterministic progrnms a: s;1tisfy the 
,1dditional formulae 

( 10) <o:>A ➔ [a]A 

whrre A is ; rhiuary. It ha~ heen sh~ wn by 1. Halt ern [Hal) 1hat adding 
., ioms ( ]0) wher,e a: is .t primitin J>rngram yield a complete 
axion :1ti ··uion for DPDL.. Hi arg-um u to .how this :is ,qui·re l:iteraU ' 
thorny. S e [Hal] o a1 preda c this pun. Another 1 indepen i nt proof, a1 o 
appears in [ ] . 

Tlrt'Orl'm 7.4 1(Halpern- ·1lic\'): ny ~ ·,111pkt~ axiorna1 isa1iou for P DL be omr~ 
a co, aplr e- a:doma isation for IOPDL if 1hc axiom srhcme 
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<n>A ➔ [a]A 

is ,dded where a ·s an arbitrary ;1tom1r prog am and A is an arbitnry 
formula. 

\ e ou!d also lefine a . trir Yer~ion of DPDL where not only the 
atomi proiram but also o her prt"igrami: :ire de ermimstic, i.e. , here U and 
:t are elim 'na ed in favour o "il..lhC'n .rLe .. " a, d "while ... do .. ". We do 
not han· · ny edfic information 4 houl trkt DPDL, except wha we know 
about it a a subsystem of DPDL 

§8. rrocc s Lo, ks 

Procr. _ log.ks in th 1.·onh . 1 ;,f tlymunir logic o ·cur first in [ P.r 3 
where Pratt u fined se-.·erili pron.'1--:. counecl ins. rn '.lllg nen the box and 
diamond of dynamic iogic. Au example of such a conne th·e is 1l1roughouf1 

\ni teJ LU Thus if a is a program, A is: a fomml;-s and M is a model, 
then LUaA h◊ld:.- at a state s if rhr proper r expressed b A hold·s 
1hrou1;thout ('\'Cry .. ·e utirin of n 1hat l rgin5 a s-. ~ow clearly this roper1y 
of o c: ,un, t bl' ascer ained m rt:l: hr looking :n The inary relation R,a: 
wh"ch krww 01 I~· about hr i11i1ial ,111d final sta1,c of any execution of«. 
Tt he abk· to t.ilk ;,bout ,onnr rh',·s lik w at all, et must , e 
r pre. rn T rd , no as binary rda1 iorl 1 bu1 m, ·t $e1 of lrajtcrories, a 

I rilje or=- b iug a ompl 1C' lis of Talcs during any mu• execu ion of a 
J rngram . 

11 (P:1J] \,·c dcfi1h~l .1 I; 1ip1:t!!,t' .T>APL m s1ro ess ogic which 
i m.·h dC'( P r:I It' pr rss .logi . .~OAPJ w;1 prcwcd decidable by reducing i to 
~·nsJ who.c.- (kci.d, ilhr h;.1d rcn proved by Rabin [Ra]. Hare: [Hl] showed 
tha OAPL was more t'xpn.·ss1n· th.in Pratt's versio1 of process logic defined 
in [ Pr J]. rfowe\·er aparr f rnm the foci th: t the d~is1on procedure did not 
I nk elC'me 11 t ;1 ry he system i 1 SO.A. PL was __ ,1·1t.,ct icaU}· qui e complex. A 
s.i nplcr ,y~tf-11 , u~fog re!:111 IS f)f Han. K arnp t:"l '.-tthie\'e e;.;pressi\'c sim p]icity 1 

w;1~ dcfin d lY . j!-himura [~i]. Tht.: princip.11 m,ult of [ .. i] ·s tha the 
N1!-hi Ill ra . ysiru indudl.'.' 'OAPL. >Ji ... hi11111ra'$ ystrm is further ref,· ncd in 
[ II KP] ;rnc C('l11tple-H·ncs ·,11d dc~·i lahiii 1 ~ rrsul t<;. ~• re r1m\'ed. the system PL of 
[HK.P] i5 n t e1eme1 arilv tk id.1blC' hel' im~e thr rirs order theorv of linear . . 
order ·s rcduci le tr, ·1. Wt ~il't' ! elow 1he "fntax and semantics of PL and 
gh·e the i;et of com leie :1xi m.. _ or cl mils sc- " [H ,• P]. 
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The syntax of PL is obtainrd from that or PD'L by adding three new 
opemtors f (for "first") chop: and .rnf (for "~,1ffix"). \\ e extend 
defo it,i.( n .. . b_- :iddin,g he- ·nndition: 

The- diffrrf'nce in sc-man1ic, i grc:1trr. In a model of Pl, trn1h 
,· .. 1h e of formulae .uc a ;1c-hc-d no ti sratl's, n$ in POL but to finite or 
infini 1 e sequences of :ta te , en lied pjul,s from 110\1.· on. Thus a model of Pl 
onsists of a unh'er.::e of s a c, \, togethrr \dlh an :tssignment of a se1 

Ra of paths to each atomi prognm 0: 1 and : ~er of paths p(P) to each 
.atomic formn a P. In what foHnw~. M is a model and p,g are paths. The 
symbol s1t refer to state~ ;1~ u:-nal. If p1 q f!R 1mths (s0, ... , k) and 

(to,···r.) re~prcti\·dy, {p m ISi be finil I bm q may be finite or 
infinite), then pq is definrcl iff sk = ,0 ;ind in tha ,ra e pq : 
(so,· .. ,sk, t 1 j• .. , • .) • The fong1 h I( p) of p is k, the number of states 
on p minus 1. >l'ou• that l(pq) : U1) l(q). Ve $hall m,r the words 'prefix" 
and '' uff' :'i" rC'spc-ctively1 10 denote ini.tial si'gmeat and final segments of 
path~. \\'(" ~tssumt> Hmt lhl' g.h·<'n il1omic prcd.k. tr-. :rr(" _ tate predic:atrs. le. 
tha 1 ff p 1:rnd q a:I"{' tw ~,at h~ with 1 h(' -"" m ini I i:I I ta tr, then for an 
.itomk P, p € p{r), fff lj € p(l1). This Inst rnndi1io11 wm b'-" called the 
lon1fi rr cond · ion, and model. . : · isf vi11g 1 his ,ronclirion wi l br called . . ... 
loc·al · models. 

Dcfi11ilion 8. I: \Ve drfine the ~em:m-Hcs of Proce~s Logic. 

(i) Ra is given and w defint 

Ra:u,, = R0 UR_a 
Ra:;8 = rpq I p € Ra. I\ q E R~l 
Ra* : tP'J ···Pm I m:2:0 and for an i$m, Pi. E R0). 

( ii) M pFP iff p E p(P) 

h •i) M ,pt=f A iff M 1(so)t=A. 

(No1e th~t {soJ't denote firs1(pl~ ii:. a prefix of p of length 0) 
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. ( \•ii) M, FAsufB tff 3q such 1 h,1 t 
( .i) q i ·1 proprr suffix Clf p ;md M ,ql=D ; nd 
(b} if r is a proper suffi.'l of p and q is a proper suffix or r. 
then M rl=A. 

(\,iii) M 1pl=q\chopB iff 3qi r , u::-h 1h~n p .: qr and 
M lql:=:A ·md M 1rJ:::E. 

Using the gin:n notions of l1 l , wC' Ciln rasily define some ery uscfoi 
;1uxiliar_· 11 lions. Recall 1h;11 T c;,1:md~ M 

11 trur-'', l for "folse". 

Dt•finilfrm 8. ]: 
(i) nA = ls.nf A 
ii) iiA = ..,w-,A 

(Hi) Lo -= -inT 

(M pl=Lo iff p ha~ kn!!t h OJ 
(i\') someA == T sufA 
( v) a HA = ..., s0m e-, A 

hi) fin ::: Lo V somelo 

~ c see now hm\· the notion. of ,~,111 oral logic [GPSS] can e 
i ntc-rprl~ ted in PL. The f.·,1nnft.:t i\'i: ._ :-(i[th, .111, n1.c~xt 1 iHl:d suf corr spond to 
1hr l1 u11 cTht· F, G, , •. m11il t f TJ fr~~mp1H·, •1 ln;:iic). Thns Pl is 
r . pn:~~t\ c-1~ a: ri h as. Tl . l I ah:.~1 rndudcs. Pl)] , ~unJ indeed. Wt' au think 
nf (lm.:all Pf as a sor t of lc;1~t npJ er hound of PDl ·rnd TL. We now state 
:,1-,me drL·idahili y ~nd um.lt!.iclabm : re~ulls foJI' P . 

Theorem 8. J: Tht" ,·nlidi1 y pwl lrm for loc,d Prn css logic with the 
l nnnerr i \"C'S f, ~ 1f. and chop is dcdtk1ble but not elementary. 

l'ro(I f The proof f par oi thi rr,ult lw alrt~ady api)eared in [ HKP] J 

wh('n' lht tkcidahility of P . without rhop ·s pm\·cd l y reducing it to SnS in 
I hl~ s,1111t~ \\·:1y :1s ~OAPI . hr rxr 'ti!>lf!ll u, include chop is s· raightforward. 
The n(111-clrmcn t:1ri r) of Pt is shown , l) m-i ng it rn de$cribe the computHtions 
of T trin& m:11 . .'h ine. wi1h a bounded (but ,·c-ry :1rgc) · mount of t, pe. 

Thrnrl'm R.4= The ,· .. didI y prnl 11:'m for Process. logi 'Jl..'itfu:ml th locaHty 
comHt ion is undecidable. 

Prnof This 1heorem is pr \·~cl by sho,~ing tha the problem of the 
sa 1 isfia hi Ii t y of equa rj4..'ms brl WC'e'1 regular express.ions wi h variables for 



langnages1 is u11deddableJ aml then hl1wing how to reduce th~s probiem to 
the satisffobiiit · problem for ( non-lrK'itD Process logk. For deta ·1s1 see 
[CHMP]. 

DyJ : mic algebra is an al · d .rnk abst me lion of the standard K ripke 
rtmdd emant'cs of POL lt plays t':a .tly (he same role in POL as Doolean 
algebra in classical proposition.l1 logie: it provjdes a cleaner level of 
abstrnc,ion, indrpendent of the- ,•;igarie.s of synrnx. Theoretki1, computer 
science pm,·ideis many e. amples of dynamic algebras besides Kripke models; 
see [Pr5]. 

Dynamic · lgebr~ s wNe firs, i ntroduccd in [KI] and subsequently 
:studied by Pratt (Pr4,5,7], R i em ,m and Trnkows [R Tl] N,emeti [NL and the 
author [Kl-5]. A suney of these results foUows 

D'l~fi11llio11 of dy1zamfr tilgebnu 

P Dl has two sorts, prnprisj1 ion ·m<.1 programs. Acoording y I a 
dynnmk algebr.1 js a h\"O-sorwd ale:rbr,!ic s.trucrnre U{,B~<>), where: B is 
a Boolc.m al gel rn; I{ is • Klu·11,· tlgd,m or ·1lgebra of reguhu e\·erus [ C] 
,,ti Ch opcr.stors. ; ) u, * l .0,, ).. (identity) 1 and ~ometimes - (reverse)1 and 
<> is a "scahir multiplkation" I{ B-+B. 

There ar se,.·eral poc;sib]e rlt!'finirions of Kleene algebras (see [C]). 
As the axioms ,,,e ,; m use app ar el s.t\\ ht~re jn 1 his vohlme [K2] t we wm 
restrict our~ lve. tn some e:i. :m1I1lc.: 1 he family of an binnry relutions on a 
s,et S1 where U is et union, ; i.- r,elationa\ com1msi1 ion1 0 is the null 
~et ). is the itlen i ty N~la1 ion 1 and * b C'ncxil: trn nsiti\'e closure; thr 
famil)' of reg1 lnr ~ets m·er ~O,] I* 1 whr c ; j$: rnncarena ion and ). is the 
~f.'t cot tai 1ing only the nnU ~1 ring of 10, l l : i any Unokan .iigebr.L1 ,vhere )I: 

is L ; is A m1d £t*= 1 for all o: · and i iH' sl rnc·turc: ML . consisi ing 1C1f 
the ext ndrd natural numh~ r~ I u:• :, where U .1?,iVf!,, 1ht: minim.um of two 
nmnbcr., i is addirjo1 i lhl· r k~-111· ·,l,~d r;1 ~OIi . n111 }. is he number ot ~hr 
Klcene ·1lg.t~br;i ~onmmt O ts "\ and a:I = 0 C'lr .tll ,a. The tast struc ure 
appears m Che study of shor1es;t p;i h prnhlC'ms [AHUJ. Other cxamp]es appear 
in [Pr5]. 
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The axioms for scalar muhiplic:nion O are jus the Segerberg 
;1xioms for P DL1 with the exccp1 ion that Segerbcrg indr:1crion axiom 

is replaced by the stronger *- o uim,ity condition 

('•:-cont} <a*>X = Vu<a 11>X 

which says th,n <a*>X is the _uprcnmrn of 1hr counrnt le cotlect'on <a">X 
, ·it h resp rt Io 1 he n;Lh1.ral orderinA i on I hl· Doolc:111 algebra B. 

The definition abon"' is 1hr origim11 dC'rini1i.on of dynamic r1lgebras 
th.it .appe·ared in [KJ], hew ,·er Pralt [fr4,5,7] Inter adopted a mor general 
definition of dynamic al.ge ra in whi h J{ was not required to satisfy any 
axioms at aU and <> w.s.s nol rcquin·d to satisfy thr *-continuity condition, 
tut only the induction axion. In f1thcr words 1 Pr.:itt;s definition sttys · hat 
a dynmnk algebra is simply :1 two- ·ortcd .1\g~"'bra sa1isfying the Segerberg 
:1xion . In the interest of ronscn·:ttion of 1 rrminology I we shal1 for the 
pre sen f adopt Pratt's terminol,ogy amt u. t' 'dynamic algebras" to r""f er to 
this \ ·icl r class of models and n1 ll ht1se 1uo-drls satisfying the origina1 
d finitz n ;1bm·e •-conrinuor1s. 

fo a nnnstandard K ipke model, th *- ontinuity condition does not 
imply rha1 <o:*>X = Uu<an> • 111 gfnnal, _ im:\• th · ct Un<a11>X I rny 

not be ;Jn elemr11 of B; 11 ~ :i~s. r·ithrr Iha <a*>X j_ the smallest element 
of 8 containing ~ n the set <a 11>X. All dy11:imic algebr .• ~s arising in 
practice, ~ndnding and especfally I he standard Kripkc models, are 
* - ~on inuous. A proof 1ha1 -~~cont implies ind c.m be found .in [Kl] and a 
non-*- r ntinuons dynami1.: algc-bra i gin"n in [Pr5]. 

The scalar mul.dpli,.:af ion <> ic; :o caUed bec.:n1s hree of the POL 
.i,doms, n: n ely 

<aU~>X : <a>X V <f,>X 
<a>(XV)1 = (Q:)X V (a)Y 

<afJ>X = (a>(<~>X) 



arc remrn1c nt of the <txioms for sc:,d:1r mul1ipiica1ion jn \atector space~ or 
modul ~ \~hh U and V playing 1ht"' rol of addition and ~ ph1: ii g the role 
of mul tiplk, tion of scai.irs. 

Tire propary of sepi1ral;ility 

A dynami · algebra D :: ff 1B~<>) is ·cn!led ~parable if for any 
a, a ' I( ~ (I i fJl there rxi p;; .rn :,;, e D s.nch T mt (a)X ' (/j)X: 
in other words. 1 <listin<:t clen c-nr o I{ an.· di·mnguishrd by their action as; 
sr.d:1rs. A Kleene algebra r ... i: inhat·mly St'ftlmMe ff there exists a 
separable dynamic alge rra ,~Jn•r K . Tile propt·ny of separability turns out 
t0 ,e ,·rr_ · imporrnnt' in the theory of cl~·n:uni~ a1gebr: s. 

~ ot aU dynamic Hlgebra arc scp:1nMc and no,t al1 Kleene algebras 
arc inhe ntly srpa rable (an example of a non-inhr.rendy separable Kleene 
algebra is the ~L exiimple gfren al m·t; s.tc [Kl]). Howe er1 he Kleene 
algebra of any stand: rd Kripke m(')del is inherently separable, since the 
Eoolran al.gel r~• can ht> :rngmrnred to indude .di subset of s ates. 

If we define the relation :::= of i11s£'P"rnbi!itJ' by 

a ::= ~ fff for nll X1 <a>X = <P>,. 

1 hen the relation ::::: is ~t dynamic :1lj!.rbra roug,rurnce, 1·hus there is a 
quotient algebra D/~ = (l{/==):l.~o), wherl· 

and rx,/~ is · he ~-congr 1encc class of Q:. The quotient algebra is 
separable.1 and (K 18 t<>) ·s separahJe iff ~ is · he identity on 'K . 

The ('quationaf rh,•ory of dynamic alr:ebr.M 

If the defined propositional orcrator == is considered an equaiity, 
thrn withou1 l(')SS of genernli y PD ran hl' con.idcrcd :m equational system. 
ln~tead of the .PDL ;1sscrrion X one ~1rriu , tbe equation X = 1 ~ and instead 
of the. Hilt ert-style mks of in[ereu e pi·opo~ecl b~ e-gerberg one uses the 
single rnle of su s:titution of e-qual~ M r·quals. It then follovts that the 

ompleteness of the Seg rl rg S)"Stc-m for PDL is equivr1ten to the 
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coim:itle111:e of 1he eqna1ional 1 hC'Of) of <lymnni..: alg,ehrns and the equational 
theo y of st.111d:1rd Kripkc rnmlf'ls. Thir. is rxplaint--d in more dernil in 
[ Pr4]. In I hat paper I Pra tr argl1ed · 1 h:11 1 he fol.lowing models of ,computation 
gin• c. amples: nf dyn:unic a.lgrhras, ,llld ~1U h.tvr 11hr. same equational theory, 
n:n 1rl · 1har of dynamk :ilgcl ra~= stan l:trd Kriph models, rnnstanda d Kripk,e 
modds, finite Kripk,e mt-idd'-1 now harl modi:-1 1 regular languagest 
trajec1, ry modf'ls, pr,rdir,ITe 1w11~ or111,·r alg.ehras. The ch1ss of 
* -conlinuou d_·namk algchra,;; ::-houll1 hl· indudrd in this Ust as well, since 
i1 ~01 Wins all Kripkr modds ;11. d 1!:- co11tai11rd in rhc d.iss of dynamic 
~1lgehr.,s. Thc-w results ~U) 1 hil1 s ,,. r.:11 exrn n r models of comp,utation1 

~t] though i ntui I h·ely qui tr distinct I nr~ lngic:dly iudfa,tinguishabJe as far 
.1s cq L,11iom, ~m• concerned. 

In [ Pr7]1 Pra, t pron~d a purd~ algehraic resu t about d •namic 
.1 lp;ehra.- 1ha1 g,enrraHzes 1h Fis~hcr/Laclner finite rnodeJ property [FL] and 
admits 1he- comple1eness of I he :('r,.crl rrg :1:xiom of POL as a corollary: 

Theorr.:m [Pr7]. E,·ery f rl.'e ~i:par;iblt dynamic algebra is a subatgebra of .a 
direct prmlrn:-t of finite dyn; mic algt'hrai;, 

In ;11.: t , Pratt's I hMrrrn i!- souwwh:11 s1 rong r I hnt this ,·ersion 
sufficer:. fnr a II pr art ical pur1 os.rs. 

Proof el D = (I" 18 10) be ihc free i:-t~Jiarnble dynamic alge-brn 
on the g,encrn 1 i ng sets B, K. hen D is isomorphic to the term algehra Of\.'er 

B .tnd K. modulo the Segt"rto:..•r~ .1~imr1 ~- .111d the relation ~ defined in the 
. ' 

prrn0m . • ec 1011. 

If X ts an)· trrm owr fl anci K1 constru t a finite dynamic algebra 
DX as fr1l!ows : le-t FlC ') drnnte tht finitr er nf rle1nents of B 
rc.'pre.fnlt•d b~ rerms in 1he Fischa/L1dn<'r closure of X (see [FL]) and Jc 
Bx he the finite Boolran sub.ilgd"lra of D, grneralell by Fl(XJ. Let Kx be 

,iie SC or :1U functions a: Bx --> Bx ~atisfring th n·o pmpertirs (1) 

~(YVZ) = a( Y)Va(Z) and (2) a(O) :: 0. D b madr into a dynamic 
< !gebrn by de-fining <a:> y ; n:( n. .-\ls,l, D is scpHr.tble . 

. ow clefin the map f x:D-->D X as. follows: for generators P e B, 
ff p appe. rs i, the term X 1hen fx(P} = pl otherwise fx(P)1 =0. For 
grnerat rs a I K, 



Sinc•t- D, is freely genernted hy B .rnd K, f X extend · uniquely to a 

hnmomorphism fx:D-->Dx. 11 can now be: prm·ed ~· induction on the 
struc1urC' of terms ha1 for any Y E FUX), rx(Yl =- \'j in partku]arl 

fxCX) : X . 

• OW ler ITDx be the clircc product of an these Dx for an 
terms X. D i t-mbedded in TTD •. ,·i:1 thr n ilp f = nr . ,.,.-hich t.ikes Y to 

the $C"qnrm:c nr ,(Y) nnd a: 1(1 ilh'' ~t·4tH~lh.~ nr ,(a). Th map f is 
, . 

r,m {' • Oil(' C'U B ~i11er if n. ·i ~ f(Y}, lhf•n f(Xfl YJ :: () (whNe Xd Y : X-YUY-X) 
and hC'm.·~ f XAY(Xa. '{) = 0, 1h,·refon· XA.'Y = n anti X = Y. U is ah-o 
onr-fme on I sini:e if f(o:) = f(p) hr'n f(<a>X) :; ft<D>X) for all Xi so 
<c.'.)X = <tl>X or aH X by th~ abo\' . argnmcm 1 therefore a = tJ by 
separability. I 

Coro/1,(Jry. The Segcrberg a -ioms for PD are complete. 

Proof 'h suffices rn show 1h:1t the t'l(Uatinnal theory of the class ,of 
dynamic .ilgehr:is coin ide wi I h the, equ ·itional · hro.ry of the standard Kripke 
mode-ls:. The ·nclusion in C'lne Jirec1 ,ion is triviat _ ow suppose the 
equation X = Y hold. in alt st:mdm·d Kripkc mndels. Then it certainly holds 
in .1U finite Kripke .mode.ls. .'ince ,·cry finite dymunic algebra is 
rcJ resented b · :1 finite Kripb.~ rnoch~l~ i, holds in ail flnjte dymunic 
• le bras. as well. Sinc,c eqrnt1i(')ns; an~ 11.rcs(-r,·cc by direct products and 
sthalgrbr .. ,s, it follows from lht· abov1.: 1lu.•orcm 1hat X : Y in any free 
separ.1hle dynamic :dgebr.t ;m thcr for X = Y in an separ.ible dymunic 
algebras. ;\low for anl dynami,~ algrbrn C C/ ::. is separable,. hence X = Y 
in Cl~. There-fore X : Y in C. a 

A, oth r coiro!h1r_· o Prntt 1 theorem is 1h,1t e\"ery free dynamic 
a1t!rbrn "·ith at least one Bonlr:rn gr1wrato.r is separabie and repres·ented b) 
standitrd Kripke model. _ ern("ti [ . ] h;1s remm·ed the r s:triction that there b 
at 1le.m one Boolean g ncrnror. 

The Stone ri.:pre en1:11ion 1heor~m for Dool.ean algebras says that 
c·rrry BClolea n .tlgebrn i ismuorr,hi . ro a Ilookc1 n aigeb.ra of se s. An .:ma log 
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of rhh, restil holds for separab]e tlynarni~· algebras ~md nonstand:1rd Kripke 
model.: 

Thcorcrn [K 1). Every .t'p;ir;1hJ ly11a111ic alf_cbra is i omor:phi to a {possibly 
1Hms.1amlard) Kri ke modd. 

Proof The C( nstrnctinn is an f .,tensinu or th:1t of 1he Stone 
represrn1atio11 theorem for fll."1o1ean ; l~ehr:L. l C' (I{ ,B,<>) be il separnble 
dynamic .ilgebrn and let u 1 ,. clt>noTe uhrnfihers of .B. The set S of states 
wm be- the the se of uhrnfil1cr of B. for each X ~ BJ he set X' 
wm be- the set of ultrnfihers cont.tining X, and B' will be the set of all 
such X'. Under the :!iet-1hcorr1jc Book;111 algrhra OJ erations, B' js a 
Tionlr.m a Igel ra 1snmorphic ro B ( rhic;; is: j,,st l hC" Stone reprcsenta tion 
t hcMr111). :"-Jow for each a f I{, define 1h<' hinary rda1ion a' on S y: 

1(u,v) i! a ' iff <a>X e n whrnen·r X E '\ nr C'{IHi\·,drntly1 iff X t v 
wht"nl'n'T [a]X t u. It turn ou1 1hat thr ser K ' of .an snc-h ,ex' is .1 
Kkenc :11gebr:i under the u. ual hinm;y rda1'i()n-throrefc interpretations of 
1 he oprr~trc)rS. ; , U and · 1 :11hl I{' is isriuwrphit" 10 l{ • . foreon·rt under 
th<' st:111d,1nl 'ripkP modd i1lll~rpret:11ion of<>, nr,n\<>) is i:l dynamic 
al1p:rhra isomorphic to (L ,Il 1<>L tu general, h0,wrer, the * ove,rntion in 
I<' will no he rrflrxive tran itiw· dnsnrr in the 't fmtry-rela ion 
theoreti .eu. e, hence (K',B' <>) m.iy he nowa:u lard. II 

Dynmnic al_cd,ra.'i which are not .Kripke mridds 

There are cxampk. of drn:m1k at,grbrns, even s.ep,arabie :t:.-continu.ous 
dyrn.nnir :dgehr:ts: which arc nol isomnrphi to :my standard Kripke model 
[K \R Tl K4]. The followin!! t·ntu11erc. ample is from [RTl]: 

Let 8 I r the pt..,we-r .:t>T 1. w. D~finr he function •<a>:B --> 8 
h· 

I e1 IC he rhe Kleene- al.e:e ra C'nerate-d hy <a> under union for U and 
funL· icmal comp0s.iti('ln for i , with <ali!>X - a for aU • i 0, <a*>O = O. 
11 is not J ard o show tha~ (Y ,8 10) j5, :1 !.C"parablt" d ·.munic alg bra. 
~for<'-nn"r i1 is *-t:01uinuous 1 !-lllt.:C' for any a ;md X IO the sequence 
<a 11:>X ·s a chain of ~etl> wh $f' union 1 w, a11cl <a*>X = "'· Howe,·er, 
(K 181<>) is not rcpresentrcl b) :111y : tand:1rd Kripke model, because it does 



no sati~fr the foll.owing condirion: which i cle. rly ~uisfied by tu1y 
t·md.ud modch if Y n js a ·e1 of ]lo lt",m c-1cmc"nts for \\·hich V n Y n 

exists, then for. nv a 1 Vn<a>Y
11 

cxisi~ aml is qu: I to (a.)Vni·n· 
This does not hold in thf u~)l:<>l ~'()n tnu:: ,rc.l ,1bcwe1 which can be seen by 
t~ik ing Y n = ,f4nl and a ::: a. 

This cm.mterexampl does nor wnrk in 1he presence of the ren~ne 
operator - : 

Proposition [R T2] In an dynamk. ul~eb:r~1s. wi1 h - ~ 1f Y n is any set of 

Dookn11 elemrnls whose sup.rcmum Vn)'"n exis1s 1 1he1 for r11ny a:. Vn(o.>Yn 
c-xi . ts and i. equal ro <a>V n Yu-

Pt()o,r C'karly <a> V n Y
I 

t. .m uppt~r hou11d fnr <a>)' ff H Z is anr 

other upper b ::mnd 1 1he11 <a:>\"
11 

~ Z tl.lr :ill n, ~O [Q-]<a:>Y
0 

f [a-]Z 

for ull n, since [a-] is monntone and by one nf lhf - axioms, 

·yn 5. [Q-]<a>Yn $ [onz 

for aU nt ther•efore VnY n :f: [a-)Z. Bu1 the.a by the other axiom for 

. e,·rrthcl('ss, ev .n i 11 I hc- [.m cncc )f - not r,·ery sepHrabte 
*-continuous dynamir ri]g.:'bra is isomMphil' to a standard Kripke model; 
ccnmter('.1<. mpl.es ,m be foui d in [K3,K4]. On the other hand, there are 
c:crtain comlitions under ,:i.·hith dynamic ,ili;c-br;1s are represented by sundard 
Kri11ke mri<lrls. For e ampl ·, rvcry rinile dyrmmi algebra is so 
represenrahle. A harder e:n-unp"IE' is gin·n by 

Theorem [K4 . Every *-continmrns scpn:rahle dynamic algebra over an atomic 
Boolean algebra· is r•epr eined by a ~1andard Kripke model. 



A llf>nh•an span· i~ a 1111 ,lllo;m:al . JJ.1rr 1 h;H is ,compact • nd 
Haustlorff ·me! has a 1a. llf i:1111'~~11 . r1r-. Thrrt· is a well-known du· lity 
1 twren Dookan : lgebras :mll n 1, !ran !'-pa1:e-i;: ,1fo.Y performing the Srone 
rrprrscnt:: 1inn theorem on a D11 lrau ;1h,:,d1r;1 Il t,1 ob ain a Boolei:tn .dgebrn 
D' of subset of a st>t S, if 1he Sl~,~ X' are allowed to generate a topology 
,on S, I hen I he resulting spa t~ is a Bo ,IC'an ·pa e. Likewiset the clopen 
sets of any Boolean sp.ice form a B(lOlt':rn algebra. This duailhy is \'ery 
useful in that ~1 admit· tht~ Jlfrl-pr-ctirr~ and rech1 iques of two branches of 
m:1the1natks. 

Like set-thcorr-1ic nool an ,1l~ehrns1 Kripke model:s (S1K,B) with 
s a tr set ~ ha n .. a n;,1 urnl h."ll (ik,g~ on S, 11an1t'ly th,u generated by the 
ekmcnr~ c,f B. A tu·mptiu~ hi ;t<h1pr tlH• .'lm1t' du,tlity to dynamic ~lgebra 
kads u~ to de-fine dy1111mfc .tp.;n•s .i::-. 1ht\•,1· 1opnlogical Kripke mode]s 
(, ,l{,B) for which ( n (S,m ii- • B1,l)I ;11 1 :-p;u.:1:, ;md (2) ; n elemen1s of 
IC arr dosrcl in 1hr prmh ct 101 nlog_ -. Wr :1rrivc at ,•t duality between 
separ:ih!e dynami · al£ehra :ind dynamil' ·pau .:- l·ompletely analogous to the 
duality be1 ween Boo ean algchrm: and D<l,olcan spaces. 

If D i • sep,m1b!e dynamic algrhrn, kt S D) denote the 
nons1andard Kripk<' mmfrl ol tainrd it the reprrsentatlon theorem. If A is a 
Kripke m(lclel le CTA) demu l~ it~ dynarnk ; 1£..: bra. 

Throrcm [K.]. (1) l D is a scparahlt~ dynamic algebrn then S{D) is a 
drn- mk !>pm.:r. (2), If A is a rly1wmi1..· ~pace 1he11 aAl is a separable 
dynamic a1get r:i. 

Th •orcm [K-l 0) If D is a st:parnblr dy1l'm1ic algebra, then D is 
irn norph~c o astD)l. (Z) If A is .t dynamic space, hen A is 
homeomor1 hie 10 S{QA)) . 

Thi~ dualiry J!iw:s a H.ful u>p1 lo!:'.ic:11 p-,r 1,c:cri"'e to probkmc; in 
dynamic al~ehr:i. For exa1npl , 1h~ · :_ n111innil) cond{1ion for a uynamk 
al!!,rhra ~ay. I hat in th<' corrc-•,pomling no1uamhtrd Kripke model ob ain,ed 
frClm the rr-1,r s~ntal inn th ('l,r,·m, thr H't <ll:lk>X i~ 1he topological closure 
of the sci l'r1<an>X, so ·1h:.i 1ht· ~t't <a '>X - U

11
<a 11>X of "nonstandard 

p im1ts" for a : nd X is irnwhcre !e11 ~t11
• (In rnndnrd models1 since * JS 

renr-xivC' ran~ iri,·e closure, <(£ >X =- u u<n 11>X.) 



F,uther details :ire .:-tw•n rl~ewlwre in 1 his volume [Kl]. 

If dynamk algebra~ 1 :_ lOl1 d1nrnm dynamic alge ras, ~md standard 
Kripke- ln(ldel an" indi:::tingni~hal h- hy e<<ju:1,ti1."lns) n:ha1 dties the uss.mnption 
of *-cont im ity gfre us? Thb qth~·~ I io11 i .mswerrd in the two paJ ers 
[K4/i] . Re,·.lll the relation ~ of iu.,l·p: rnhilijy defined abo e.. If A is a 
ch-n,unic ;1 lge ua I let Al~ denot,e Tht~ ~rp:uahli;- qumieut algebra. h is not 
tnrd to hm tha1 if .4 is *- ·ominu u~ h~~n . o is A/-::::.. 

Theorem [K.4]. Any cou nta le stJJ,m1ble *-rontj1rnous dynamic algebrn ~s 
isomorphk to Al~ for some s ·tndar<l Kripke model A. 

Proof l.e (K,8 10) bt' a ~rp.1rthl · :t _ 111iuncms dynami,c ;tlgebra. ff the 
const rw.: tit1n of thr r"t l"t'S-~' 111 :iii, 11 1 hc~1rt·1u of [Kl] i · carried out, the 
rei:.ult i. ~, (pti.·si.tly noJ1$1;1mbr I) K.ni1lr mri h~I "'i.th 1ht· sam,r dynamic 
~,igrlra n< ,B.,o). lr1 S drn 1tr 1ht. ~C't of Sl.11{'::-, 

In ~pite of ,he fo ~t that <a*)X n«d not he U 1<o:n>Xr the r 
* - L~ontinuit. · condition gmmm ~~es. that <o:;i' >X is he least element of B 
~ontai 1in1?, Un<a:n>X. In the naiurnl w1 ofngy on • (generated by the 

elf'mems of B}, his ~ays thm st' b or 1he form <a*)X - Un<C1:">X are 
.nowhere dense. Therefore1 jf I{ nnd B are both countable, 1hen the union 
of .au such . ts 1 call it ~f, is meager. Thr Daire Category Theorem th n 
implies 1 ha1 e,·ery J onnuH X t 8 intcrserts M; using this fact I it can 
be shown that aU J oints of )..J ,m h drnppe:Li from the Kripk,e model without 
changing the d ·namk : lglbra. 

The resulting Kdpke model 111ay sliU be non andurd, for ahhough 
now <a*>X :: Un(a:n>x, if is ~ 1iH not UC'l' s a y 1hat a:t: b ihe 

re-fie . ivc r.msitil•e closure of a. Jlowcn•r, 1h kmems of K I taken as 
primitin•i genrr.11e a s1:mdard Kriph m~ldrl A, u~ing refl xive tnmsihYe 

closure ins:t~~acl of :t:_ Sinct- <a >X ~ Uu<a 11 >X> 1his process introduces 

no n w Dook:m element~. lT ing 1hi ,u .d 1hr fact that (K,B,O) is 
separ;1hle, it foUow hm (1{ 18 O) ,..., Al~, lhu A is he d sfre-d 
st. 1 d·1rd model. 

The above result doi', nm hold for I c,111- · -continuous algebras. This 
is the key to the power of *-con1i11uity. et us c.i:tend the equa iomd 
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I anp,uagr Io a tlow qu:mtifo:,11 itiu tH·rr Ii,· : · aull a 10 grt the first-ordrr 
hngna~r L , and cxtrud furthn 10 .lllnw count; b\e conjunctions ,and 

W,(A) 

clis junctions ro ge1 the infi11i1:1ry fir . 1-onJrr languag Le.> <i>" 
-- I 

Lemma [K ] . 

sea 11 en Ct's. 

A and A/~ are rqni\':tk-m with rrspect to aU Lw C&!l 
11 

Proa/ S1raij!htforward iiuh1c1ion ou formula !>truc1Ure. I 

Thcon-m [ K 5]. {i) There is • first-Mder :;fn1 nee I rne in aH standard 
K ri pk e m,1dr Jc; I lrt ,·iolatrd i 11 !-iO nr s:cparal k dymu 1ic algebra. W) The da. s 
of *-con l i11 unus dynamic alr.rhrns ;111J the ,c ;1ss of standard Kiripke mCldds: 
have 1 he i.im1r L thrt1n. ~1,w . 

Prtwf. W An a101n of a lfool ·, 111 ulgdm1 i:- :1 miuimaJ nonzero lemrnt. An 
drmrn X of : lloolcau ;1lgrhr,, is ,Jto.mless if thrre doc-. nM exist an atom 
Y ~ X. An drment , ~ is 1o.1id rn be a11.1mk if no nonzero Y $ X is atomJess, 
or in nthcr word~ 1 if every 111,nz~"rn ·y _ X has ,rn atom Z ~ \. The 
propcrr ics of bt~ing a1 omlr!-. or at Jmic are firs1 - r la exi ress "ble. W r 
constrnc1 an dynamic ;,1lgt'hr:, (I{ 18 1<>) whose- Doolc:m .alg,ebrn .B is a 
suhalgcl ra nf 1he direct product f an atornit DClc11ean algel ra and an 
~•h mlr:-c: Titwilr:m :1l!:t"im1. I( ha .. a program a ~uch that both the atomk 
part :rnd thr ,110m]e-f;;~ par l1f B :m~ prr:-~"n'NI 11mlrr appHca1ion of <~>, 
hut neither par is pres.crn;-cl nuder <6*>. The ·tru ' ture (l{,B,<>) 
t ht" re fr,re \'IOI ,II es 1 he- fir~t - onl,:r proper y "for :, 11~· a, ff <a:)X is 
atnrnle- i:.s whene\er X is , 1he11 <~ '>. · is. a10111les;:, ,.,·hc-ne\·er X is.' On the 

thcr hand, ,rn: ~1audanl Kripke modd has. 1t,i~ proprrty, since <a*>X -
U11<an>. ·, and if an elrnh:n., of a f,1mil"y nf <;,t'I :ir alomJess, then so 

ts heir uni n. 

(iil l et 1/, he any ~t"·mrucr of l ,_,. ·we wish t,o show that . w], ..... 

f/, i~ 1, ;1fo.fird hy somr s ;mdard Kripkr modd iff <J, is stttisfied by some 
* t:l nl iuw,us dynamic: ~ l!'c+,, ,l . C'lnt dirl't ion is trirfal. . O\.\' suppose d> is 
s:111 -. fi-.d l \ ,,l llll' :f:_nrnrinrn ,u. 11\1::11111 · :i lgl·l r:1. IJ\ thl downward . . . 
f.nwrnheim Skillrm lhl'ilr~·m fr,11 111 Ci11 i1 :1 1~ kigit [K~;) 1 ,q, i~ sa1isfied hr it 

cc1l1111 a hit• · t.'.'i nt inuou. dy11:rnm.· :.1 h:d,ra II. n, 1 he te11nna 1 •4' is also 
s:atil- iC'tl h) rhe rountabk =-,.:c1nfi11lnl1, dy11;11nil :tlg,rbra B/-::, ,;md Bl~ is 
srparable, 1hm, l J the Thrnrt•rn of [K4] , Bl~ _... A/::; for some standard 
Kr"pkc model A. Again by lhe LC"nmw 1 .•t F i. 
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H can , I o he hmm 1hm 1hr -rn11 fouicv c ndi fon for Ktcrne 
algeb as gh-es a n:n.mal (:.di h~"'lugh t11fi1 .it!iry) rom p]t It' a ·iomati1.a tion for 
the a Igel rn of reguJnr e,,,·ent ;;,, h h ;1<, he .n sh(lwn that I here is n0 f i ni tC' 
equation~d .ndomatiz.1tion (R] :md tht~ finitary ;1:i,.iomatfz.1tions that have 
been given arf' somewhat unnarnr.tl i1Ud difficuh 10 prove complete [S·il]. 

§ 10. Brief N otrs. 

In a l a~ t"r of this iu, therl! ·ire hound to be omissions. We have 
not di!°:;l~l ss.e-d se,·er.d topics hm we do nm know wen enough or which h,n'e 
ahieildy een llistu, se-d quite adeqmuc}y in other phce .. We briefl · mention 
some of these topics and rekr 1he rtadc-r to the .lj)l:>roprfate sources in the 
li1crn 1UH'. 

Proposirfr:mal afgorit!Jmic lei 1cr: The~~ ;1rr prn11osi1ional \'ersions of 
algorithmic logic., just as PDl is tht" propn~iHona] version of d)·munic 
lo i,c . For tletaHs see" [~Ii]. 

Prababdi.ufc logfrs; If :1 prc,gr:1 1n i~ lll 11· dr1trimnuic 1 it is ,·rry 
1 rmpt i ng to ,1 , . i ~n proba! ilir it" h~ 1 hl· n1 ri 1H'- t x . nrion-. of the progr;1 m. 
Then thr- prohlem arisrs 1 of 'llmpn1ing 1hr prnb:1hiH1ic · for a compicx 
pn)grn m in terms rir t hr prnh;lbilit k s 1lf it. l'Ompom•.nts. Once 1 his i Q one 
in ii Sil tis.factory way, Q lU'SI it Ill.' ~,r l'.'(')nlplr 'IC'UC'~"- a 11d dcdd:d1ility \ ·iU 
aris.e. There i. some srndework in [K6) .ind (Rr] 1 but the subjec is stiU in 
n leveloping st:ne. 

Parolft•I programs= It is no har ! 10 ~(•r 1ha1 1hc- ~cnrnmics of PDL doe 
not ou ilin l~nough informa1inn In tcU us how 1hr program wH1 act \·hen it 
is in er:1cting i1 parallel w11h {11hcr pmc.rams. That i j \\0 programs a: ancl 
fJ may s.at isf y Ra = Ra:, ancl . ·et I a amJ fJ may .i t diff crently in the 
present(' of ancH·her program 'Y with whom they ~ re ~,c ing in parallel. One 
appro:u.·h is tn ·mgment P D1 b~· ·adding, , shuffle open tor. This is done il1 
[Ab]. 

Appendix 

Proof of I h,t {fft~m ti, ,f: ,\ l' uln·iuly h n slwwn (I). T 0 ~re ( ~} · ake aU 
~n a II l k: lly l'oi1sistcu t I rom pll·h· ..,e, of ft rrnulac. .I.e. for any in 
.my modt'I M 1, kt ;;- br 1h~~ . t'I o ftmnnlal' 111·11 htlld in M at s. Let 



V \e the . et of all tht•. ~~ s rom:in~ frfun 1hr~e milFons of models. And \I 

Ill w define- Ra, u I r he rd., I ion Ra in 1 lP r lw hr s:ct 

[( ,n I (VA)([.i]A e ~ => A ( r)j. 

I is l.p1,i, s trai h tforwarcJ to shm, t h:i t M 11,sl=A iff A •I! s. This 

Mu is 1hc required univcr.al mod I. For any 1 lhc 1m p B(s) = sis 
the reqnirt'd m, p. 

FinaUv to se-e ( ... ), the _ 1' lhuc is ju 1 the ubs t ('lf Wu 

co tsis ing of tho~e ~ such hm c-,·cry clement of sis true at some 
st-tte of M. 

Proof of th<'orcm 7.1: Suppose- r1=J i11 POL, then by ubsthuting the 
program .. (aii )*) for the ;1 tomic pro~r:uns ·,jt ,re h;n•e f'l=A' in PDL. 

Howewr, every model of DPDl j al,o a model of POL and hence whatever 
happens in all POL modch 1f r' umsl also happen in all DPDL models of 
r•. I.e. r•1=. ' in DPD . 

Cnn\·cr~dr, suppo~...:· 1h.it ft{/\ 111 Jl I . Then lhcre i a 
kountahlc-) mmld M of PD# iu whkh r h~ ld. ,md A does nnt, sa: ar somr 
~·,: It ~- n~ slandard trrhniqul·'- nm• nu1 1oh(lw tha1 M c,rn be a tree 11odel. 

u1:h tr e 11 dc-lc:; are ob1.1im·cl I y 1111\\'indiug. lo()p ·. This con ens a poss"b)y 
finite modrl wi ·h loops ·,no au iufinitc lft•r mo el which ·s

1 
in some sense

1 

siinplt"r. \\. is, of course, couutabl . ~ ow for each sn s of \V consider the 
states t such r hat (s, t) E: R..- nmuer:H 1 hrm in some o,rder t11.. .. I et 

(. ,t1) £ Ra' ilnd for a11 1i 1 if t1 , n~ l hnrh rxi.,! thrn the pair 
(t n1fn+ ) E Rb. Of there arr no ~n h :-.1;1tc: ti th n R

1
, will 

have no pair )f ah~s who:c fir!-, ck 111rn1 i s.) h is e;,sily seen that 
c- ·1ch Ra' a11 J Rb is deh:nnini._ i anJ 1 a = Ra';b . Thus the progn m 

Ra'; 1::t: r:1krs u to prcd$t>ly rhc p ;ices wh re Ra d~c~, but is made up 

of dt1crmi11i.f1ir atom Ra'' R1r Rrplari11.g 1hc variou Ra by the 

Ra, and Rl , define. a new mode-I M' . u ·h rha M' is a model of DPDL 
and such that if the stat ~;uisfi~· a f m uJ:i A in M' then s satisfies 
A' in .M'. Thus s sati fies r• in M' and dos no1 satjsfy A' in M'. 
He-nee r• 11' A' in DPDL 



A ck nowJcdgem cuh 

\\'.e ha\'e benefited rr1m di,cu~~icms with Georg Gati, Joe Halpen 1 

D:1\'kl HarE'l, Denni~ Kfonry, Rkh ar I Ladner, and Jrrz: Tiuryn. lkd,,l 
thanks are due to Drxter Kozen, who wrole f1.1r u~ 1hc ection on D. ·,rnmic 
Algebras, to Erwin Enge) r \·hn organisrd the Zur i1.~h ::-eminar fo logic of 
program~ in July 1979· 1ci ur 1.:ollc:1gur Albrn ~kyrr1 who introduced us 10 

dynamic logic; · nd o V; uglum Prntr ,,.:ho ·nvrn1t'd the subject of dynamic 
I gk. ::vf ·my o her fric:nds have 'I is ,n rd pa1 i m I: to our first clumsy 
\'ersion of proofs. We th:mk them · IL 
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