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COMPUTING IN LOGARITHMIC SPACE, John C. Lind

ABSTRACT
The set logspace, of logarithmic space computable string functions

is defined. It is easily seen that logspace = polytime, the set of

polynomial time computable functionse. logspace is shown to equal <,

the smallest class of recursive string functions containing concatena=
tion and the equality function, and closed under explicit transform-
ations, substitution of a function for a variable and two restricted
types of recursion on notation. The first is called recursion of con-
catenation and only allows top level concatenation of the value of the
recursive call. The second, called log bounded recursion on notation,
will only define string functions whose length is bounded by O(log n)

on arguments of length n. Some additional closure properties of logspace

are also described.
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INTRODUCTION

It is useful to be able to prove that a certain well defined class
of recursive functions is identical to the set of functions computed by
a particular type of abstract machine. Such a result provides a machine
independent characterization of the functions computed by those machines.
In addition if the means to define the type of machine includes some
limitation to its computational resources, as is often the case, then
an upper bound on the computational complexity of that class of functions
has been achieved. For example, R. W. Ritchie established [R] that the
class 82 in the Grzegorcyk hierarchy [G], which is the smallest class
of number theoretic functions containing addition and multiplication and
closed under limited recursion and certain substitution operations, is
identical to those functions computed by a Turing machine which uses an
amount of space bounded by O(n) on inputs of length n.

In the case of functions computable by a Turing machine which uses
an amount of space bounded by O(log n) on inputs of length n, there is
additional motivation for such a result, It has been shown by Cook [C]
that any recognition problem decidable by a polynomial time bounded none
deterministic Turing machine can be polynomial time reduced to that of
recognizing satisfiable propositional fomulas, where polynomial time
reduced means that the translation algorithm can be computed in determin-
istic polynomial time. In fact a large class of decision problems can
play the role of satisfiability [ﬁ]. Such problems are called complete
in non-deterministic polynomial time. Since it is easy to show that
Turing machines using logarithmic space operate in polynomial time

(Theorem 1), logarithmic space reducibility is a refinement of polynomial
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time reducibility. Neil Jones has discovered two decision problems

which are complete in non.deterministic logarithmic space, In addi-

tion he states that all the polynomial time reductions he has examined
in [C] and [K] are alsoc logarithmic space reductions [o1]l. Thus a
machine independent characterization of deterministic logarithmic space
computable functions would provide a programming tool for the description
of other logarithmic space reduction algorithms.

The main result of this paper is to show that the set of logarithmic
space computable functions is identical to the smallest set of recursive
string functions which (1) contain concatenation and the equality function, and (2) are
closed under explicit transformations, substitution of a function for
a variable and two restricted types of recursion on notation. Bennett [B]
and Jones [J2] have used recursion on notation to establish results
about rudimentary functions. By restricting the form of recursion on
notation so that we can only either combine the wvalues of recursive
calls by concatenation, or define string functions of length bounded by
0(log n) on arguments of length n, we can maintain logarithmic space
computability and still be able to describe all logarithmic space come

putable functionse.
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TERMINOLOGY AND NOTATION

The following definitions make precise the notion of character string
function which most of the functions discussed in this paper are. An
alphabet is any finite none-empty set of elements called characters or
symbols. A string X over some alphabet £ is any finite sequence,
X = 848j000a , of symbols in Z. The string containing no symbols is
called the empty string and is denoted A. The length of a string
X = a8 8jseea oOVer Z is written |x| and equals n the number of symbols
in x (the notation JAl will also be used to denote the cardinality of
a set A, but the meaning should be clear from context)s A is the only
string of length 0. The set of all finite strings over £ including A is
denoted E.*.

For any n 2 1 the set (Z*)n is the set of n-tuples of strings over
% . We will write n-tuples of strings with their components separated
by blanks to suggest the convention which will be used to code them as
input to a Turing machine. The n-tuple x1 Xy see X, will be abbreviated
as :_(: throughout this paper and by definition has length l')-(.;l- [xll +
lle + ase +[xnl +n - ls We will also uge the abbreviation E to

represent X see xn the last n=j+1 components of x_n.

3 41
*.n
An n-place predicate over 2 is a subset P of (£ ) . We will say
— s _— *

P(xn) is true if X &€ P and false if X € (2 )n-P. The following
2-.place predicates over any alphabet £ will be used extensively throughe
out this paper. Let X = alaz...an and y = b1b2'"bm be arbitrary strings
over 2. The predicate xBy (read x begins y) will be true iff mn
and ai = bi for all 1 €1 % n, le.ee X is composed of exactly the same
symbols which begin ye Similarly XEy (read x ends y) is true iff m=n
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and a; = bi+m 4 for all 1 £ i €n, {.e. X is composed of exactly the same

symbols with which vy ends. In general XPy (read X is=a=parte-of y) is

true iff m = n and there is some 1 € j £ m such that a; = bi+j 1 for
all 1 £i% n, This means that X is composed of eXactly the same symbols
and ending with b

which occur in y starting with b 1° If XBy and

i jan-
m = n then x is the same string as y and we write X=y, which is the
equality predicate over any alphabet S
Fonsl

An nevariable function over £ is a subset f of (£ ) such that
5§ ;c: y € f then for any other ;(: zZ £ f with the same first n components,
y=Zeo We say that y is the value of f at x_n which is written f(;:;) = Ye

* *

That f is an ne-variable function over = will be denoted f: (S )n.. = s

A characteristic function for an n-place predicate P is an n-variable

function p over the same alphabet = as P such that p(-ﬁ;) - A Yff P(x—n)

is false., If P(?c;) is true then the value of p at ?n- is any string over

Z not equal to As Notice that every n-variable function is a characteristic
function for some neplace predicate and that every pr_'edicate has many
characteristic functions. Whenever it is necessary we will associate an

¥ *
neplace predicate P with its standard characteristic function cP:('E. 3" - &

such that given an enumeration of Z, whenever P is true p has the value

crl, the first symbol in Z.

The concatenation function over any alphabet = will be the 2-variable

function con over £ such that if X = 81850008 and y = b1b2"‘bm are

#
any strings in £ then con(x y) = 81850008 bibyeesb o We will almost
always abbreviate con(x y) as xy (in order to avoid confusion,multiplica=

tion of numbers will always be written X « y)s Note that XA = AX = X and

*
that concatenation is obviously associative which makes £ {nto a monoid,.
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Some of the character string functions in thig paper interpret one
or more of thelr arguments as the representation of a non=negative
integer. We will agree that such functions will be over alphabets
containing the symbols 0 and 1, and that non-negative integers will be
represented in reverse binary notation where the least significant bit
appears first. If K is some nonenegative integer then ﬁ{denotes the
reverse binary coding of Ke In addition we will use the notation s>
to be the non-negative integer for which the string s is a reverse
binary codinge

Some miscellaneous conventions follow. We will be using the numeric
function 1og2n on non-negative integers with the understanding that if
.n = 0 then logzn is defined and Iog20 = 0. The notation (x] will mean

the smallest integer greater than or equal to Xe.
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DEFINITION OF logspace

In order to formally discuss a Turing machine computation which may
only require a number of temporary tape squares less than the length of
the input, it is useful to define a special class of Turing machines which
have a separate work tape. One such configuration, which we will call a
work tape Turing machine, has the input placed on a two-way read only
input tape, intermediate results written on a two«way read and write

work tape,and the output appearing on a one-way write only output tape.

input tape § J { P IV § P { 04 ¥ 0 3 ¢ BB 00§}
€ R>

work tape llTlllllLliL‘_7lillTlll

finite

control

output tape | | lllwl_.lj]T (NN

We will assume that by convention the finite control for a work tape
Turing machine is designed to never move the work tape head to the left
of the initially scanned square. Such a restriction does not change the
computations which can be performed by a Turing machine [H, p2.hi].

Formally a work tape Turing machine (henceforth written WITM or

gimply machine) M is an ordered 7-tuple of sets
M= (I, W, vV, Q, QO’ F, &)
where I, W and V are the finite sets of input, work and output tape

symbols respectively and Pi and By will be the input and work tape blank
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symbols respectively; Q is the finite set of control states; qD € Q is
the start state; FE Q is the set of final states; and

52 (Q-F)xIxW - Qx{-1,0,+1}xWx{-1,0,+1}x(Vy §2})
is the transition function. For convenience of notation

8(a,1,W) = (ST(q,i,w), IT(q,i,w), WS(q,1,w), WI(q,i,w), 0S(q,1i,w))
where ST:(Q-F)xIXW = Q is the state transition function; IT:(Q-F)xIxW =
$-1,0,+1% is the input tape transition function; WS:(Q-F)XIxW —> W is the
symbol written on the work tapes WI:(Q-F)XIxW = {=1,0,4+1} is work tape
transition function; and 0S:(Q-F)XIxW — (Vy {) is the symbol written
on the output tape where A means no symbol is written and the write head
is not advanced. It is agreed by convention that V does not contain the
output tape blank symbol, i.e. M cannot write blanks on its output tape.

When a WITM M is placed in an initial configuration,the input tape
contains a finite number of non.blank tape squares, the input tape head
is scanning a square somewhere to the left of the leftmost non-blank
input square, the work tape and output tape are entirely blank with their
tape heads placed in arbitrary positions and the finite control is in
the start state of Mes The input to a WI'M M is the string over the input
tape alphabet composed of the symbols appearing on each square of the
input tape beginning with the square to the right of the initially scanned
square and ending with the square just before the nth blank to the right
of the initially scanned square where n is some constant depending only on M.
We will interpret the input to M as an n-tuple of string over I-{pi}
where the components of the n-tuple are separated by occcurances of the
input blank symbol Pi' It is agreed by convention that a WITM never scans

on its input tape to the left of the intitially scanned square (which
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must be blank) or beyond the n-th blank to the right of the initially
scanned squares
Beginning with an initial configuration a WITM M makes a sequence of

steps or moves determined by 8 the transition function of M. Each move

involves reading the current input and work tape symbols scanned and
using this information together with the current control state to assume
a new control state, write a new work tape symbol on the square scanned,
move the input tape and work tape tape heads at most one square in either
direction, and possibly write an output symbol on the output tape moving
the tape head one square to the right if a symbol is written.

Proceeding formally, an instantaneous description (henceforth ID)

of a WITM M is the ordered pair (k, X) where k is the current position
of the input head numbered from the left end of the input and of = rqfs
such that, if W is the work tape alphabet thenr,s & W* and T & W.
rés is the entire (necessarily finite) contents of the work tape scanned so
far and q is the current control state of M and @ is the symbol on the
square scanned by the work tape heade. The IDof any initial configuration
for any WITM M is (O, qop") where d is the start state of M and P,
is the work tape blank symbol.

A computation of a WITM M on input x € I* is the finite sequence of
ID*s id

id eeey 1dN SLICh that:

0? 1*
1. 1d0 = (0, qOPw) the ID of the initial configuration and

2. Letting xj denote the j=th symbol of X numbered from the left
end of x with xo - xlxh-l 'Pi the input blank symbol, if

*
id = (3, rd‘lqd'zs) where r,s € W , @, € (WuiAp) and T, € W then




-13-

1f WI(q,% ,@,) = 0

j’
then idk+1 - (j+IT(q,xj,Ub), rG}ST(q,x

T, S (q,x,,T,)s)

j’ j’

1f WI(q,x,,0,) = -1

j’
then 1d, ., = (J+IT(qy%,@))s rST(q,X ;@) WS(q,X,T,)s)

1f WI(qsX @) = +1

j’
then idk+1 = (j+IT(q,xj,¢§), rdiws(q,xj,Gé)ST(q,xj,¢é)unA(s))

s if sgA
unA(s) =
?W if S-A

where

extends the worktape representation with a blank if necessary.

A halting computation of a WITM M on input X is a computation

ido’ idl’ seey id such thats

N
- id-N = (i, rqfs) where qf'ﬁ F the set of final states of M and
2. For all k< N, if idk = (j, rqs) then q £ F.
The time used by M on input x is denoted tﬁ(x) and equals Ny, the length of the
halting computation of M on input x. It is undefined if M does not halt
on input X, i.esyif there exists no halting computation of M on input Xx.
The space used by M on input X is denoted sM(x) and equals the maximum
number of worktape square scanned in the halting computation of M on
input x. It is undefined if M does not halt on input x. If ido, idl, sos, idN
is the halting computation of M on input x then
SM(x) = OEgNi!rs! such that idk = (j, rqs), r,s € W* and q € Q}
The output of the halting computation of WITM M on input X is the

string over the output tape alphabet V of M composed of the noneblank

contents of the output tape when M halts. If ldgs 1dys eee, 1dg is a

halting computation of M on input x then define
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Outpu%(x) = out(ido)out(idl)...out(idN_l)
where if id, = (j, rq@s) then out(idk) - Os(q,xj,cr) the value of 0S,
the output symbol function, at this step in the computation of M on
input x.

Since by convention a WITM M will scan only as far as the n-th
blank to the right of the initially scanned input square for some n
fixed by M, we can view M as computing an n-variable function over
I'iﬁ{i’ its input alphabet without the input blank symbol ﬁi. On input
= xlﬁixzﬁ"'ﬂxn (which henceforth will be written ;(: =X, X5 ees X

*
to conform to the string notation for n-tuples) where each xj & (I.gﬁii) -

% ¥*
M computes the n.variable function s ((I- 3 el ¥ such that for
i

all x_ over I-ipi'i

.- Outpusq(;(:) if there is a halting computation
EM(X ) = of M on input x
n n
undefined otherwise

Note that any of the xj's in ;:: may be l,in which case there will be

two adjacent blanks in the input to Me If M halts on any input ;:;

over I-{P; then M computes a total function. The restriction that a

WTTM M interprets any input it starts on as an n-tuple over I-{‘Bii for

some fixed n determined by M is not critical since none of the functions

we will consider in this paper have an unbounded number of arguments.

The addition of endmarkers to the input of M would eliminate this restriction
but that technique seems unnecessary.

An ne-variable function f over some alphabet & is WTIM compu table

iff there is some WITM M with input alphabet I € sy {pi's and output

* *
alphabet V € Z such that M computes f:( = )n - = .
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We now define logspace as the set of total WTM computable functions
which use an amount of space bounded by O(log m) on inputs of length m.
For definiteness, an n-variable function f over some alphabet Z is a
member of logspace (written f & logspace) iff there exists some WITM M
which computes f and some constants 1(1 and K2 fixed by M such that

SM(X_D) = Ky » logzr}-c;-| +K, for all -:c;. over 2.

Note that ;c:: interpreted as a character string input to a WITM has length
l;c:l = |x1| + |x2| i wwier B 'xn‘ +n - l. Similarly polytime is the set

of total WIT™ computable functions which use an amount of time bounded

by a polynomial in the length of the input. The n-variable function £

over some alphabet Z is a member of polytime iff there is some WITM M
which computes f and some polynomial p fixed by M such that t)i(x_n) < p(lx_nl)
for all ;c_n over Z.,

Theorem l: logspace £ polytime

—

proof: If f € logspace is an n-variable function over some alphabet
Z then there is some WIT™ M which computes f and
s (X)) < K; o 1og2[§_n| + K,

for all ;r: over 2 and constants K, and K2 fixed by M.

1
Let 1d0, esey idN be the halting computation of M on some input

B

'
x over Z. The ID's ido, eeey idN must be unique, for if idi = idj

for some i € j,then because ID id depends only on idk and the fixed

kel

input ;t: according to the transition function of M, an inductive argument

- -* i = ‘.. ‘ i =
shows id1 idj ldi-a-m idj.;.m for all m £ N-j Since j = N, j+k N

for some k therefore

idi.;.k - idj...k - idN = (£, rqs) some q & F,
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But i+k £ j+k = N which contradicts the condition in the definition of
a halting computation that 1dN be the first ID which contains a final
states, Therefore since i1 and j were arbitrary above, idi ~ idj for
all 1 £ je

Let A be the set of all possible ID's of M on input 2;.

A = §(2, rgs) such that (Osf.‘.]?t:hl) A (4d€Q) A (|r5|£sM(;;))}

)
(Al £ (x| +2) « [a] « 5,(x) . Tl Rl

— by log,|W| (K, « log,|X |+ K.,)
< (x| +2 .ol . ®, o log,y[X [ + Ky o (2 219 Ry 21%, 1+ Ky

. log, |l K

o — —_— 2
(x| +2 .lal . K, o x| +K,) (x| oWl

2 e
2 o([x D
for some polynomial p of degree rKI ° logZIWf] + 2 . Note that
{1dg, eeey 143 SA and that id, 4 id, for all i 4 j implies that
,{ido, cvey idN}’ - N 4 le Therefore
s & i

(X ) = N & ]{mo, Sy idNS, < (Al p(lxnl)

and since ;; was arbitrary we conclude that f ézeolxtime for the same

WITM M.

Corollagx 2y 1IFf £ E:logsnace is an nevariable function over some
K
alphabet € then there exist constants K, and K, such that [f(xn)f < ';;] L, K,

for all ;; over Ei.

proof: By Theorem 1, f € polytime hence there is a WI'IM M which compu tes

f and a polynomial p such that
— < . —
tM(xn) < p(,xnl) for all xn over Z,

For any polynomial p there exist constants Kl and K2 such that
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K

p(z) L z * + K2 for all z (let Kl be greater than the degree of p and
K
let K2 equal the maximum value of p(z) before 2z 1 dominates p)e

Therefore

K
[£G)| = foutpus, GOl £ 6, G < p(| XD < [X| | + &,
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DEFINITION OF &

We now turn to the task of defining a class of recursive string
functions af which will be shown later to be equal to logspace, the class
of logarithmic space computable function. A standard inductive definition
of :ﬁ from the base functions con (string concatenation) and c_ (the
standard characteristic function of the equality predicate) for any
alphabet 2., and the following functional operations will be used.

* -
A function £f:(£ )" = = ig an explicit transformation of the

* n ¥

function g:(Z )" = Z if

f(x) = 2@ )
where each of the 3, is either some xj in g Or a constant string over
Z. It can be shown that f is an explicit transformation of g 1Ef £
can be obtained from g by a finite sequence of substitutions of a variable
for a constant, interchanging two varilables, identifying two variables
and adding a redundant variable [w, p16].

* . %
A function f3( < ™" 1 2 is defined by substitution of a

function for a variable (henceforth simply substitution) from functions

g (=)= 5% and m(£9" > s* 5

FOy1 T 1% = 86 G TR0,

Explicit transformation and substitution can also be extended to
operate on a predicate by applying the above functional operations to
a characteristic function of the defining predicate to arrive at a
characteristic function of the defined predicate.

* *
A function f: (S )m'1 = 3 is defined by recursion on notation

= * * *
from functions g:(E )= £ and h: (= )n+3 > 2 if f satisfies
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f(x N = g()

£(x_ y©) = h(x_y ¢ £(x_¥))
where @ ranges over symbols in 2. Note that for any arguments _}E; y
in E_*, f(?r: y) can be effectively determined given y = q‘lq‘z...q‘m in
m+] steps by evaluating f(;r: A, f(;c: ¢1), f(;:; d‘ld‘z), esey and
£, Geeet) = £ ¥).

We will actually use the following two restricted forms of recursion

on notation. The first will be called recursion of concatenation where

h takes the special form h(i VA 2Z) = (z)h'(;:—n vy @ e In other words
f(i&)n+1 =y 5.* is defined by recursion of concatenation from functions
g:(f-*)n -» 2.* and h':(ﬁf)m'z — =¥ if f satisfies

£(x ) = g(x)

£(x_ y®) = £(Gx_ YW (X y @
where € ranges over symbols in Z.

The second special form of recursion on notation will be called

log bounded recursion on notation (henceforth bounded recursion) where

the length of the defined function f(;; y) is bounded by 0(10g’;c; yI).
For definiteness, f:(‘i.*)n+1 o Z* is defined by bounded recursion
from the functions g:(i*)n - i* and h:(Zw)m’3 - ?.'.* if f satisfies

£(x, A = g(X)

f(x y@) = h(x_y @ £(x_ y))

,f(-i; yj < K1 . logzlx—n y' + K2
where again € ranges over symbols in 2 and Kl and K2 are some fixed
constants.

,_-f. is defined to be the smallest set of functions containing con-

catenation and the equality function, which is closed under explicit
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transformations, substitutions, recursion of concatenation and bounded
recursion, Formally f& & iff there is some alphabet Z and a finite
sequence fI’ f2’ cesy fn of functions over Z such that f = fn and
every fi is either con, the concatenation function over Z; or )
the standard characteristic function of the equality predicate over Z;
or fi is defined from some previous function in the sequence by an
explicit transformation, substitution, recursion of concatenation or
bounded recursion.

We will say that an n-place predicate P over some alphabet Z ig
in & if some n-variable function P over £ which is a member of X is

a characteristic function for P, If there is no ambiguity we will often

write the predicate P where some characteristic function of P should

appears
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PROOF THAT £ < logspace

The following lemmas establish that logspace contains the concat=
enation function and the equality function and is closed under explicit
transformations, substitutions, recursion of concatenation and bounded
recurstone Throughout this section we will only give sketches of how
a WI'TM might operate and assume that the reader is familiar enough with the
construction of Turing machines te fill in the laborious details of
how to actually constrwota set of states and the octuples of a transition
function which yield a WIT™M which operates as described. Appendix 1

gives more detailed descriptions of some particular submachines used,

Lemma 3: coné& logspace, where con is the concatenation function over
some alphabet p

proof: Actually we will show that concatenation can be computed in
unit space.

We must exhibit a WITM M which has output con(x ¥v) on input x y
for all x,yéz* and s, (x y) = 1.

Let M have input alphabet < ¢ {Pii (where ﬁi is the input blank
symbol) and output alphabet €. It can be easily seen that M can be
constructed to operate as follows on input x y:

l« M copies X onto its output tape symbol by symbol as it scans

X on its input tape using no work space.

2, M ignores the ,Fi between X and y in the inputywriting nothing

on its output tape or work tape.

3. M now copies y from its input tape to its output tape symbol

by symbol using no work space, When the first blank after

y is reached,M halts,



M clearly produces con(x ¥) = Xy on input x y never writing on its
work tape, Therefore M computes the concatenation function over 2 and
%
sM(x ¥) = 1% Ky o logzlx vl + K, for all x,ye <

where K1 = K2 += 1 and we therefore conclude that con & logsgace.

Lemma &4: ¢_<€ logspace, where c_ is the standard characteristic function
of the equality predicate for some alphabet £,

pProof: We must exhibit a WI™ M which has output c.(x y) on input x y
and s, (x y) & Ky e logzlx vl + K, for all x,y € E* and some fixed
constants Kl and KZ'

Such an M with input alphabet Z y zﬂi.?s and output alphabet < ang
work tape alphabet iO, Iy 85 1, Ay B, Ci (the symbols D and 1 are used
for marking positions while copying or comparing for equality, see
Appendix 1) can be constructed to operate as follows on input x y;

le M places an A marker on its worktape and then writes the
reverse binary representation of |x] on its work tape (see
Appendix 1) using rlongxn + 1 squares,

2, M writes a B marker and then copies what is between the A and
B markers on the other side of the B marker (see Appendix 1)
placing a C marker at the end.

3. M now returns the input head to the first blank before x and
writes O's between the A, B and C markers. (M will use the
space between the A and B markers to store the reverse binary
representation of the current position of the symbols in x and
y being compared for equality and the space between the B and C

markers as a counter. The string currently written on the work
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tape between the A and B markers will be denoted AB and similarly
for BC.)
4s M now does the following:
as M advances the input head and if the symbol scanned is a
blank M goes to step 5 below. Otherwise M remembers the
symbol being scanned internally (see Appendix 1) and adds
1 to CAB) (see Appendix 1).

be M then scans to the blank between X and y and advances
symbol by symbol through y adding 1 to {BC) after each
advance until {AB) equals (BC) (see Appendix 1).

cs If the symbol being scanned in y on the input tape is not
the same as the symbol remembered by M in the corresponding
position in x then M halts having never written on its
output tapee.

de M zeros BC and returns the input head to the first blank
before x.

€e M now advances symbol by symbol through x adding 1 to {BC)
until {AB) equals ¢BC).

f« M then zeros BC and continues with step 4a above.

5« If M has not halted during step & then XBye In order to see if
y has the same length as X, M advances through y symbol by
symbol adding 1 to {BCluntil {BC) equals (AB) ({AE) = %[ after
step 4). If the next imput square is not a blank then M halts
without writing on its output tape, Otherwise, M writes 61, the
first symbol in an enumeration of Z, on the output tape and halts.

M clearly computes c_(x y) and since no square to the left of the




w2ba

A marker or to the right of the C marker is ever scanned and X y was
arbitrary above
s (x ¥) £2, rlogzlxﬂ % 5
£ K . 1og21x y| + K, for all x,y g i.*

where K1 = 2 and K2 = 7, therefore c_é logspace.

The following four lemmas serve to prove that logspace is closed
under explicit transformations, substitutions, recursion of concatenation
and bounded recursion. Each of the proofs is very similar in nature
and we will be detailed only about the new aspects of each successive
construction.s The convention the XY denotes the string contained between

the worktape markers X and Y will be continued,.

Lemma 5: logspace is closed under explicit transformations.

proof: Let g & logspace be an m-variable function over some alphabet
Z computed by WITM Mg - (Z v {ﬁig, W 2.0, s Fs $) such that
SMg(ym) < C1 v 1og2lym, % C2 for all ym over £,

% %
Define f: (£ )" —> £ as an explicit transformation of g by

f(xn) = g(ym) where each of the Yy in ¥ is either some xj in X ora

constant string over £, Note that this eXplicit trangformation is

fixed by the definition of f and for some constant C3, ’;;[ £ m, {;t—n’ + C

o

3'
We must exhibit a WITM Mf which has output f(i_l::) on input x_n and
st(xn)é. Kl ® logzlxnl + KZ for some fiXed constants K1 and KZ'

Mf will simulate Mg on the transformed input -3; generating the proper

input symbol for each simulated step of Mg.

Such an Mf with input alphabet £ U iei%’ output alphabet Z and
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work tape alphabet WU QU {9, 1, 0, 1, A, B, c¥ can be constructed
to operate as fellows on input E;:

1. Mf writes an A marker and then m successive coples oflxn‘ in

reverse binary followed by E3 + 1 on its work tape.

Za Mf writes a B marker and then copies AB after it ;followed by

a C marker,

B Mf now writes 9, after the C and zeros BC and AB. The work

tape now looks as follows:

{A}0]0] ... JOJOIBIOJOI ... JOIOfCfq.l
l4——R——>| |€——R——>|

=1 .+ 1&3] < ] .
where R =m xn + CS+ L moe 1og2lxn’ + By
for some CA'

(M, will wse the space between A and B for the reverse binary

f
coded representation of the current read position in the simulated
input to Mg’ the space BC as a counter and the space to the
right of C for the representation of the worktape and state of
Mg with the state symbol occurring on the square just before
the currently scanned work tape square in the simulation of Mg.)

be Mf now simulates the computation of Mg on the transformed input
;; as follows:

is

ae If the state symbol of Mg written on the work tape of Mf

in F then Mf haltse Otherwise Mf simulates the generation
of the transformed input to Mg symbol by symbol counting
each symbol generated on BC until <AB>, the current read

position of Mg’ is reached on BC. This generation is done in

the following manner, Mf generates each successive argument
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remembering internally which one is being generated,

If the argument y, is x. for some j £ n then M_ scans
i j

£
across the input E; starting with the first blank to the
left of Xy until the jeth blank is scanned whereupon Mf
produces xj symbol by symbol. If yi, the argument being
generated, is a fixed constant string over & then Mg
produces that string from an internal representation of it
symbol by symbole In either case since the input to Mg

is a fixXed exXplicit transformation of the input to Mf
it can be generated one symbol at a time using the work
space BC only to count symbols. By convention a WITM never
scans beyond the first blank right of its last argument,
hence (AB) = (BC) before 'BC' > Re.

When the proper input symbol for the next step of Mg is
remembered internally, Mf scans the representation of the
worktape of Mg remembering the current state and work tape
symbol scanned in the representation of Mg. Mf uses this
information to perform the next step of the simulation of
Mg This includes changing the state, writing a new work
tape symbol, possibly changing the work tape scan position
by moving the state symbol, possibly changing the value of
<AB> (and hence the current simulated read position of Mg)
by adding or subtracting 1,and possibly writing on output

symbol on the actual output tape of Mf. (Since a WI'M

never scans to the left of the initially scanned work tape
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square, there is no need to shift the work tape represent-
ation of Mg to the right to accommodate adding symbols to
its left end.)

Ceo Mf zeros BC and continues with 4a above,

Mf clearly computes f(x—n) - g(;!;) on input x—n' and the space used is

st(;;)52.R+3+sMg(§;)+l

22, (m. logzl':*{_n' +C) +44+C e 10S2|.3-7;( + Gy

= 2 —_ = e
Since ’ym, Lm, Ixni + C3 implies that 1og2|ym' < logzlxnl + C5 for
some constant C5 and since x_n was arbitrary above
st(xn) £ K, 1ogzlxn’ + K, for all X over
where K1 - 2 5 W4 C1 and K2 - 2 i C&. e C2 + C1 . C5 + & are fixed constants,

therefore f € logspaces

Lemma 6: logspace is closed under substitution.

proof: Let g,h € logspace be m and n-variable function respectively

over some alphabet E computed by WITM's
My = (2 U 83, W, Z, Qus 90 Foo éé)
Mo = (B YV §BSs Wps 25 Qs Gy Fpy Jy)
such that for all ;r; and 'x: over 2.
Sng(;;) £cy . togyly |+ ¢,
sMh(E;) & C, o 1og2|;:;, +C,
for some constants C C2, C3 and C,.

1? 4
fine f: (g )01 -
Define f: (% ) — £ by substitution of g into h where

f(xi-l m i+1xn) = I"(xi--l. g(ym) i+1xn)'



K
Note that by Lemma 2 lg(ym), £ [yml 3 + K¢ for some constants

K- and K

5 6° hence for some constants K7 and K

8
i calveen Y xR Mon RS

K
— |
= ‘xi-l Ym i+lxn| + Kge

We must exhibit a WITM™ Mf which computes f and uses space

st(xi—l ¥ i4’1:-:“)5 K1 . 1ogzlxim1 ¥ i+1xn| + K, for some fixed

constants K1 and KZ'

Mf will simulate Mh generating the proper input symbol at each
simulated step of Mh. This will involve simulating Mg if some symbol
in the j=th argument of Mh is needed forany j > i.

Such an Mf with input alphabet Zu{pi'i, output alphabet Z and

work tape alphabet ?_1, O 1s Os As By & D} v Wg v 'vih v Qg v Qh can be

o f i X v :
constructed to operate as follows on input 1=l ym i+1xn

) Mf initializes the work tape to look as follows using methods

similar to those described in previous lemmass

fAfol ... Jo[BJol ... §OiCiq |  [Dfq. [l
e T e e N P

<&

where R =

|7

» [

€ Ky o logyx, o vy i+1xn| +¥g

i1 Yo 141%0

for some constant Kg and

s c]_
S =

["1-1 ¥y 1+1"n|

+Cy + 1
2¢) o logy[v| +C,y 41

ZSM(Y—m)+I
g
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- s
S & C1 . 10g2tx1-1 Yo 14%0 + C1 - C2 3 2

(The space AB will be used for the reverse binary representation
of the current read position in the simulated input to Mh’

BC is a counter, CD will Beused for the work tape and state
representation of any computation simulation of Mg and the

space to the right of D will be used for the representation

of the work tape and state of the simulation of Mh.)

Mf now simulates the computation of Mh on input xi-l g(ym) i+1xn

as follows:

a. If the state symbol of M, written on the work tape of M

h £

is in Fh then Mf halts.

be Otherwise Mf begins to generate the input to Mh

symbol by scanning through the input tape of Mf starting

symbol by

with the first blank before x1 and counting each symbol on

BC. If <BC) equals (AB) then M_ remembers the input symbol

f

scanned and continues with step 2e below. If the blank

before the i-th argument is reached then Mf continues with

step 2¢ below.

Ce Mf now simulates the computation of Mg on input ;; as follows:

ie Mf scans the work tape and state representation of
M in CD remembering the current state and work tape
symbol scanned. If the currently simulated state of
Mg is in Fg then Mf continues at step 2d below,

ii. Otherwise Mf uses the state and symbol scanned infora

mation together with the currently scanned input tape

symbol of Mf (the simulation of Mg can read the input
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;; in place) to update the representation of the work
tape and state of Mg’ possibly move the read head one
square and remember any output symbol produced at this
simulated step of Mg'

iii. If there was an output symbol produced at this simulated

step of Mg then M_ remembers it and adds 1 to {BC), If

£

{BC) equals (AB) then M, continues with step 2e below.
ive Otherwise Mf continues with step 2ci above.

de Mf continues to generate the input to Mh by scanning the
input tape beginning with the blank before the i4m-th
argument, which is x1+1, counting each symbol on BCes When
(BC) equals <ﬁﬁ> then Mf remembers the symbol scanned and
continues with step 2e below.

e. When the proper input symbol for Mh has been remembered

internally, M_ scans the representation of the work tape

f
and state of Mh on its work tape and remembers the current
state and work tape symbol scanned. Mf uses this information
to perform the next simulated step of Mh by updating the

work tape and state representation of Mh, updating the current
read position in AB and possibly writing an output symbol

into the output tape of Mf.
fe Mf now zeros BC, erases CD, places qg after C and continues

with 2a above,

Mf clearly computes f(xi_1 A i+1xn) and the space used is

SMf(Xi-I m 1s1%n) S2R+S 454 5}411("1-1 8(y,) 1%
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Since

SMh(xi-l Y i+1xn) = C3 = 1°g2‘xi-1 g(ym) i-;-lxnl s Ca
K
— ;

= C3 ® 1og2(|xi_1 m i+lxn|

+K8) +C,

<K

10 * 198X ) Yy %l + Kpp

for some constants KIO and K“, therefore

e 4 . 'l ———

SMf(xi-I ym i+1xn)"' Kl 1082|xi-l ytl'l i+1xn' o KZ
where 1(1 - 2.K7 3 C1 s KIO and K2 - 2.K9 & C1 e Cz ¥ i\“ + 7 are fixed
constantse.

—_—

Lemma 7:

logspace is closed under recursion of concatenation.
proof: Let g,hé& logspace be n and n+2-variable functions respectively

over some alphabet £ computed by WITM's
My = (Z U 38Rs Vo0 Z, Qs gr Fyo 3

Mh = (£ v igii’ wh’ Z, Qh’ qh’ FhD 5h)

such that for all X_ and X over $
n n+2

Sug("n) € ¢y« logy|X | 4 c,
sMh(xn+2) = Ly = 1°g2’xn+2' + Gy

*, sl %*
Define f: (< )" > < by recursion of concatenation where f satisfies

f(x_2) = g(x )
f(x—n W) - £Cx y)h&; y @

where @ ranges over symbols in =2,

We must exhibit a WITM Mf which computes f and uses space

SMf(xn y) € Kl = 10g2[xn y' + K2
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for some fixed constants Kl and KZ‘
X -0 .,.C T i .

On input xn Yy, where y W i T Mf will simulate Mg on
input ;; and then simulate Mh m times on inputs ;; 1.01, E; PR 1
X qué 43, p—— xn ﬂ;rz...q;_l Q; writing any output produced onto
the output tape of Mf.

Such an Mf with input tape alphabet Z y gpii, output tape alphabet
Z and work tape alphabet Wgu Whu Qhu 20, 1l 0, 1, A, B, C, Dg can be
constructed to operate as follows on input ;; y:

l. Mf initializes its work tape to look as follows using methods

similar to those described previouslys

iaj0Jof ... Jofols] dclofof ... To[oJo]
l€——R— I——R—F! le e

where R = l;; yI + 11 £ logzl;; yl 3 2

(The space AB will be used for the reverse binary representation

of the current read position in the simulated input to Mh;

BC will be the reverse binary representation of the current
recursive position in y numbered from the left end of the
whole input; CD will be used as a counter and the space to

the right of D will be used as a work space for Mg and as the
representation of the work tape and state of the simulation of
Mh.)

s Mf now performs the computation of Mg in place on input ;:
using the space to the right of D as its workspace. Any output
symbols produced by Mg are written on the output tape of Mf.
When Mg halts Mf erases all worktape symbols written by Mg

to the right of D and places q,, on the square to the right of D,
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Mf also puts the reverse binary representation of '§;l + 1 in
BC which is the zeroth recursive position in Ve
Mf now simulates the computation of Mh m times on the inputs
described above as followss
ae Mf increments BC and counts up on CD as it scans the symbols
of the input tape from the blank to the left of xl until
the value {BCY is reached on CD. If M_ is scanning a blank

£

then Mf haltse Otherwise Mf zeros CD.

be Mf now simulates the computation of M. on the input

h
X, QTpeeel, | G where k = (B8O -5 | - 1 as fol1ows:
ie If the current simulated state of Mh is in Fh then Mf
erases the symbols of the representation of the work
tape and the state of Mh to the right of D, replaces
q, to the right of D, zeros CD and places the value
0 in AB. Mf is now ready to start the next simulation
of Mh and hence continues with 3a above.
ii. Mf now gcans across the input counting up on CD until
{CD) equals (h@}. If during this scan M. reaches {8C)
on CD and {AB) equals {BC) at this point then M_ remembers
a blank. Otherwise Mf increments CD without moving the
the input head and if (AB)does not equal oy at this
point then Mf remembers a blank. In any other case
Mf remembers whatever symbol is being scanned. This
serves to simulate the separation of the symbol at

the current recursive position in y from the beginning

part of y by a blank and to allow the simulation
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of the blank following d‘k which by convention is the

furthest Mh will scan on its simulated input at this
recursive level in y.

iii. Mf now gcans across the representation of the work
tape and state of Mh remembering the current state
and work tape symbol scanned, using this information
with the remembered input symbol to update the repre=
sentation of the work tape and state of Mh, update the
current read position in AB and possibly write an
output symbol of Mh on the output tape of Mf.

ive Mf Zeros CD and continues with step 3bi above,
Mf clearly computes f(?; y) on input 2; y and the space used is

_— 2 s —_—
st(:-:n V) £ 3K &« 5 % sMg(xn) + 1:1::::1{3“11(){“ Q'lc’z...(ﬁ(_l Q'k)}.

Since 1og2 is a non=decreasing function

% ? < -
{222‘3%("!1 Sy h By 1°gzl"n e Ty Tl + €4

$C3 . logzlx_n y\ + Cqy 4+ C&'

Therefore since xn y was arbitrary above
st(xn y) £K, » logzlxn yl + K, for all x_y over =
where Kl = 3 x C1 3 03 and K2 w 3o C2 ¥ C3 + Cl; + 3 are fixed constants

and we conclude that f & logspace.

Lemma 8: logspace is closed under log bounded recursion on notation,

proof: Let g,h € logspace be n and n43-variable functions respectively

over some alphabet 2 computed by WITM's




=35-

Hy = (Z v g3, Wgs 3 > 9g» Fyo ';g)

Mh = (Z 7] {piag wh, z, Qh! qh’ Fh’ Jh)

such that for all ;r: and X over &

n+3
— < -
Sy (xn) < C1 . logz'xnl 4 C,2

sMh(;C;;) < C3 . 1°g2'?+3-| * CA'
Define f:( 2"*)n+1 — 2* by bounded recursion where f satisfies
£(x_ A) = g(x)
£Gx, yO = h(x_y @ £(x_¥))
e v = c5 . tog,|x vl + ¢,
where @ ranges over symbols in Zz,

We must exhibit a WITM Mf which computes f and uses space

P, & =
st(xn y) < K1 ® 1og2|1-:1_1 yl + K2 for some fixed constants Kl and K2.

On input a Yy, where y = Q'lq*z...ﬂr s M_ will simulate Mg on input

f

3-{; and then simulate M, m times on inputs x A T f(x N,

x Cl'1 T, f(x 1), x d‘cr @ f(x 4'10') — xn sy R 3 T f(:-:n ¢...G‘m

1 12 m= 1

writing the output of each successive simulation on the work tape of

1

Mf and finally copying the output of the last simulation onto the output

tape of Mf.

Such an Mf with input tape alphabet Z v gpii, output tape alphabet
Z  and work tape alphabet W U WU QouQu $hy Ly Oy Ly &, By §, By B,

can be constructed to operate as follows on input xn i

| P Mf initializes its work tape to look as follows using methods

similar to those described in previous lemmas:

_Jajo] ... JolB] {cjof ... 10}D] 1] ]qugj_

{€&——R—>| |<R>l l&~—R—>| 5> (€S>

-1
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€ c

here S = ‘l;’yl .
w n

+ C 1

5 *
?.C5 . logzl'n'(: yl + Co + 1

= (x_ 1
>Qr::;=m§\f X, @Teeeq)| + 3

since 10g2 is a non-decreasing function. Also
" r—
S$£C, . 1og2]xn yt # 0+ G 4 2o

In addition R was constructed such that

e_
re | o]] + 44 I

v

Tx—nyl .t..si

<
> ,;'K:Yl+4+sl

\'

1|';:: yl 3 g Ufzfmilf(;t; ¢1¢2"’¢k)li|
= & k€

N

04kEm
since 10g2 iz a non-decreasing function. Also
< —
R _1og2|xn y| +54+s

< (C5+l) . 1«::gzlxl_l yl + C5 + C6 + 7

max {,xn q-la-Z"'qI(-l (Tk f(xn qiq-z."q;{_]_)lg +* 2

|

(The space AB will be used for the reverse binary representation

of the current read position iIn the simulated input to Mh. BC

will be the reverse binary coding of the current recursive position

in y, CD will be used as a counter, DE will contain the output

generated at the last recursive level, EF will contain the output

belng generated at the current recursive level and the space

beyond F will be used for the representation of the work tape

and state of the simulations of Mg and Mh.)
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s Mf now simulates the computation of Mg on input E; as follows:
ae Mf scans the representation of the work tape and state of
Mg written to the right of F remembering the current state

and work tape symbol scanned. If the currently simulated

state of Mg is a member of Fg then M_ continues with step

£
3 below., Otherwise Mf uses the state and symbol scanned
information together with the currently scanned input tape
symbol (the simulation of Mg can read the input ;; in place)
to update the representation of the work tape and state of
Mg, possibly move the read head one square and remember any
output symbol of Mg on this step in the simulation,

be Mf then scans across EF locating the first blank square to
the right of E and writes the remembered output symbol for
this step of Mg where if no output symbol was produced then
M_. leaves the blank.

£

S Mf continues with step 2a above.

3. M_ puts the reverse binary representation of ,E;, 4 1 dn BGy

n

be Mh now performs m levels of recursion on Mh as follows:
a. Mf increments BC, the recursive level, and counts up from
O on CD as it scans across the input tape until the value
<Bc>is reached on CD. If Mf is scanning a blank then Mg
continues with step 5 belows
be Otherwise M. sets {AB) to 0, copies the output of the last
level of recursion from EF to DE, erases EF and the space beyond
F and places q, on the square after F.

Ce Mf now simulates the computation of M. on the input

h




;; q&qa...ﬁi_l T f(§; QEGE...VL_l), where again y = QYQQ...Q;
and k = <BC) - 'E;I - 1, as follows:
ie If the current state of Mh in the work tape representation
beyond F is in Fh then Mf continues with step 4a above,
ii. Otherwise Mf begins scanning through the input from
the first blank square to the left of §; counting up
from 0 on CD. If {BCY is reached on CD then M, continues
with step 111 below. If {AB) is reached on CD then
Mf remembers the symbol being scanned in the input and
continues with step v below,
iiis If {BC) = <AB) then M. remembers a blank and continues
with step v belew. Otherwise Mf increments CD without
moving the input head and if <CD) = <AB> then Mf remembers

the symbol being scanned and continues with v below.

Otherwise M increments CD again and if {eop = AR

then Mf remembers a blank and continues at step v below.

This all serves to separate q}“é"'q;-1’ q, and

f(xn GEGE...Q;_I) with blanks as is required for the

input to Mho
ive Mf now proceeds to scan through DE which contains
f(?; Q;ﬂi...ﬂ;_l) the output of the last recursive level

continuing to count up on CD again until <AB> is reached,

whereupon Mf remembers the symbol being scanned in DE

on the work tape. By convention Mh never scans beyond
the first blank to the right of its last argument, hence

{cpy = {AB) before DE is exhausted.




=39-

Ve Mf now scans the representation of the work tape and
state of Mh remembering the current state and work
tape symbol scanned, using this information with the
remembered input symbol to update the representation
of the work tape and state of Mh’ to update the current
read position in AB and to remember the output symbol, if
any, which was generated at this step of Mh.

vie Mf then scans across EF locating the first blank square
to the right of E and writes the remembered output symbol

for this step of Mh if one was produced. M. now

f
continues with step 4ci above.

5. Finally Mf writes EF onto its output tape and halts.

Clearly Mf computes f(§; y) on input ;; y and the space used

(letting @ range over symbols in £) is

st(>‘<; ¥) % 3R 4 28 27 4 sMgG;) + z:g:; gsMh(x_n z @ £(x_ 2))% .

Since 10g2 is a non-decreasing function

;;; EsMh(i z f(-zi z))i & Cy e 10g2|x_n y! + C&.'

Therefore

— = s —
st(xn ¥Y) S 3R 4 25 4+ 7 & C1 . logZIXn y, +Cy Cy logzlxn yl + Cl;

S Kl e logzlxn y' + Kz
where Kl - S.CS 4 Cl + C3 + 3 and KZ - 5.C6 + S.C5 + C2 & Ca 4+ 26 are

fixed constants. We conclude that f‘e,logsgace.
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Theorem 9: f & logspace
proof: If f €£ then there is some alphabet £ and a finite sequence
£1» £35 eeey, £ of functions over Z such that f - f and every £, is
either the concatenation function over £ or the standard characteristic
function of the equality predicate over < s OT fi is defined from some
previous functions in the sequence by an explicit transformation, suba
stitution of a function for a variable, recursion of concatenation or
bounded recursione

By Lemmas 3 and &4 logspace contains the concatenation function and
the equality function over 2, and by Lemmas 5, 6, 7 and 8 logspace

is closed under explicit transformations, substitutions, recursion

of concatenation and bounded recursion. Induction over the fi yields

that f € logspace.
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ADDITIONAL FUNCTIONS AND FUNCTIONAL OPERATIONS FOR &

Our neXt major goal is to show that every logarithmic space computable

function is definable in terms of the base functions and functional operations

which define £. This result will establish the equality of logspace and f.

Before proceeding, it is useful to prove that af contains the following

auxiliary functions and predicates, and is closed under certain additional

functional operationse.

Lemma 10: 2: contains the following auxiliary funccions over an arbitrary

alphabet E; where we will let 61 denote the first symbol in an enumeration

of i
(1)

(2)

(3)

The identity function e(x) = x,

T *
constant functions cy(xn) =y for any y € £ , and
projection functions u?(E;) = xi.
Certain symbolic functions:

q Ex =X
notA(x) = {
A if x £ A

A if X owmX
lastchar(x) = o
T ifX =y for some y& S and € € =

x irs4d A
s(Xyz)x{
y ifz-;l

Certain numeric functions over alphabets which contain the symbols
0 and 1:

A if % w A

I

ones(xX) =
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ones(x) produces a string which is the same length as X and
is composed entirely of the symbol l. In general we will

define the n-variable function onesn(gg):

onesn(E;) = ones(xl)(1)ones(x2)(1)...(1)ones(xn) FE. (IR |

e’
|%_|

plusl(x) = <Xy + 1

plusl(x) produces a string which is the reverse binary repre-
sentation of my+l if X is the reverse binary representation of me
Similarly, monusl is self explanatory
monus1(X) = (x) = |
(where 2 indicates monus, proper subtraction) and
len(x) = r;]
the reverse binary representation of the length of X,
(4) Certain functions which interpret some of their arguments
as numbers equal to the length of that argument:
A i x] 2 (v

shorter(x y) =

‘TI if |x| % ¥

skip(x y) = the substring of y remaining after the first
|x| characters have been deleted,
proof: Throughout this proof @ will range over symbols in :E.
(1) e(x) = XA an explicit transformation of concatenation.
cg(E;) = e(y) and u?(E;) - e(xi) are all explicit transformations
of e.

(2) Define notA by bounded recursion from cg., and c3'

1 X
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notl(l) = Cg—l = q{

notA(ys) = ci(y T notA(y)) = A

[notdn)] = || =1

3
Define lastchar by bounded recursion from c% and Uss
lastchar(A) = cgg PN
lastchar(ya) ug(y g lastchar(y)) = T

’].astchar(y)l £ |o] =1

The switching function s is defined in three stages. First
Sy is defined from ci, ul{ and lastchar using bounded recursion
and substitution such that

A ify= X
Sl(x Y) = {
lastchar(xX) ify & A

1
sl(x’k) - cl(x) |
51(X yaT) = lastchar(u?(x ya sl(x ¥))) = lastchar(x)

lsl(x y)‘ = llastchar(x), <1

Then Sy is defined from cl, u?, ug and s, using recursion
of concatenation and substitution such that

A ifx = A
SZ(XY)w{
y if x4 A

52(x A = ci(x) -
3 3
$,(x ¥0) = s,(x y)sl(u3(x y @) u(xy ®)
- 52(x y)sl(ﬁ' %)
Finally since one of z or notl(z) must not be equal to 3,

s can be defined from concatenation, notA and Sy using
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substitution and explicit transformations:
s(x y 2) = 5,(z X)s,(notA(z) y)
(3) Assume for the rest of this proof that 2 contains the symbols

0 and 10

ones is defined from cg_and cf using recursion of concatenation:
ones(A) = Cas A

ones(y€) = ones(y)cy(y © = ones(y)(1)

Define plusl in four stages. First plussym is defined such that
1 if x4y (xy = 01 or xy = 10)
plussym(x y) =
0 IfXay(Xeye0orxeyael)

from s and ¢ using substitution and explicit transformations:
plussym(x y) = s(0 1 ¢ (x y))
=

Then carry is defined such that
1 if y contains no O's
carry(y) =
0 otherwise
from concatenation, c?, s and ¢ using substitution, explicit

transformations and bounded recursion:

carry(A) = c? o |
carry(yq) = s(0 1 c_(fr O)c_(carry(y) 0))

|carry(y), < ’ccl)l - 1

We now define shortplusl, which produces all of the characters
of plusl except the last 1 whenever the carry propagates all
the way through the input, from co, Plussym and carry using

recursion of concatenation, explicit transformation and substitution:
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shortplusl(A) = cg_u A

shortplusl(yq) = shortplusl(y)plussym(@ carry(y))

Finally plusl is defined from shortplusl, concatenation, s,
¢ and carry using explicit transformations and substitution so

that an additional 1 is appended to shortplusl if the carry

propagated all the way through the input:
plusl(y) = shortplusl(y)s(l A ¢ (carry(y) 1))

If y is not a proper reverse binary representation of some number
then plusl(y) is some arbitrary string of O's and l's. Note

that plusl(y) is the same length as y unless ¥ = ll...11 (a
string of 1's) in which case

|ptusi)| = |y| + 1.

Similarly monusl is defined in four stages from concatenation,
g .0

Cys s and s using explicit transformations, substitution,
recursion of concatenation and bounded recursion:

minussym(x y) = s(0 1 ¢ (x y))

decr(A) = cg = 1

decr(vq) = s(0 1 c=01 l)cn(decr(y) 0))

,decr(y)' < 1

minus1(A) = c%_: A

minusl(yq) = minusl(y)minussym(€ decr(y))

monus1(y) = s(0 minusl(y) ca(y o))

If vy is not a proper reverse binary representation of some
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number then monusl(y) is some arbitrary string of O's and 1's,

Note that 'monusl(y)l = fyl.

The function len is now defined from plusl and cg by bounded

recursion and an explicit transformation:

len(A) = cg =0
len(y®) = plusl(len(y))

[ten(y)| £ log, [v| + 1

where the boundom.llen(y), is arrived at by noting that plusl
increases the length of len(y) by one symbol iff len(y) is the reverse

binary representation of Zk = 1 for some k.

" 1 "
Define shorter from Gas © and ones using recursion of cona
=

catenation, substitution and explicit transformations:

shorter(x 1) = cll(x) - A

shorter(x yq) = shorter(x y)c (ones(x) ones(y))

1
Finally skip is defined from €)» S, concatenation and shorter
using substitution, explicit transformations and recursion of

concatenation:

SK1p(x N = ci(x) A

skip(x y@) = skip(x y)s(& A shorter(x ya))

Since all of the functions defined in this proof were either derived
from the base functions of & using the functional operations for which z
is closed by definition, or derived in EC using the defining closure
operations of £ from functions with earlier such derivations in £, by

induction we can conclude that all of the functions defined in this proof
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are members of I,’-

Throughout the remainder of this paper we will be less explicit
about the exact nature of the definition of a function in £. For
example the projection functions u:;(;;) will be written xi for all n
and the constant functions c?(E;) will be written simply as y for all n.
Also many occurrences of definition by explicit transformation, substitution,
recursion of concatenation and bounded recursion will be left unanotated.
The reader should be able to fill in the details of any definition

claimed to be carried out in Se.

Lemma 11: & is closed under the following additional functional

operations:

(1) The Boolean operations A, V¥, 1, =, and€>; and the substring
quantifiers IxBy, IxPy, dxEy, VxBy, VxPy, and VxEy on predicates
which have a characteristic function in 6‘5.

(2) Substring minimization, min xBy, on predicates which have a char-
acteristic function in i.

(3) Definition by cases.

proof: Let Z be some arbitrary alphabet and let T range over symbols

in £,

" ¥ n ¥

(1} 1f rlz(i )" =» 2  is a characteristic function of the predicate R1

over Z then notl(rl(;::)) is a characteristic function of its

negation -1R1.
* k (1
If in addition r2:(2 )"— Z is a characteristic function of the

predicate R, over Z then r3(>_<; }:) = rl(;:;) rz(;r;) is a characteristic

and R,.

function of the predicate R1 v R2, the disjunction of RI 2
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Since negation and disjunction form a complete set of Boolean
operations, f 1s closed under all Boolean operations.

Ry A Rys Ry > R,, and R ¢>R will be abbreviations for '-u('!R V R,),
R1 v TR, and (Rl-DRz) A (R2—>R1) respectively.

Suppose R is some n-place predicate over = contained in 4{ and
define Q as the n-place predicate over £ such that
Qlx ) v&» Jzsy [ 2.
Let r:(Z*)n-—, 2’_'* contained in #&£ be a characteristic function of
R and define q:(i*)n-vi* by recursion of concatenation
9 7N =& N
ax | v = alx__, Vrx_1 vy
If R, 1 z) is true for some zBy then r(x s z) £ R for some 2zBy and
hence q(x RIELE. A. Therefore q is a characteristic function of
Q and £ is closed under Ixay quantification,
The following formulas demonstrate how azEy, and HzPy quantifications

can be defined from Hsz quantification for any Neplace predicate
R over Z. with a characteristic function in £:

ﬂzry [R(x " z)] =4 Hsz[R(x -y skip(z )"))]

Hzpy E{(x . z)] < Hzsy [awﬂz E{(x - w)]]
Using the usual reduction of universal quantification to existential
quantification and negation we define Vsz, VzEy and VzPy from asz,
JqEy and dqPy as follows:

Vsz[R(x e z)]ﬁ"lasz ["'R(x -~ z)]

VzEy[R(x o1 2] v Jaey [ﬂR(x = z)]

VzPy[R(x - z)]@ -1 JzPy ['IR(x s z)}

Therefore we conclude that X 1s closed under all of the substring
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quantifiers.

Let R be some n-place predicate over zZ contained in 9‘3 and define
mR:(z"-‘)n_’z* as follows:
First define premR as an n-variable function over £ such that
premR(;;:_I y) is the shortest substring z which begins y such that
R(xn__i. z) is true and is y if no such z exists.

premR(x—n:T A) - X

premR(;:E yT) = premR(-:g:I Vs(A o isz[R(x_n:I z)]).
Now define me to equal prc-zmR unless premR(x_n__l' ¥) = ¥ and R()-c'n_ y)

-1

is false, in which case mR(xn-l ) = Ae

mR(xn-l y) = sQ premR(xm1 y) (premR(xm1 y)=y A "IR(Xn__1 ¥)))

Note that mRe éf. and mR(xn-l ¥) = min szE{(xn_l zﬂ. Therefore

Jf is closed under substring minimization.

* ¥*
Suppose f:( £ )" > & is defined by cases
o fl(xn) if Rl(xn)
f(xn) = : a . __
fk(xn) if Rk(xn)
where each fié i, each Ri&,ﬁ and for every ;c: over £ exactly
one of the predicates RI’ seey Rk is true. Then we can define f
in i by
Fix) = s(fy(x ) X Ry(x))s(f,(x) A Ry(X N ewes (s, (x) A R (X))
since concatenation, s, each fi and each Ri are members of f.

Therefore Jf is closed under definition by cases.




Lemma 12 f contains the predicates xBy, XPy and XEy.
proof: The following formulas show how these predicates can be défined
from the equality predicate and the substring quantifiers asz, azPy
and 3zEy:

xBy & 32By[x=;j

xPy & ﬂzPy[xuz]

xEy &» HzEy [x:z]
Since by Lemma 11 #£ is closed under the above substring quantifiers and
equality is in ;f by definition, ;f contains the predicates xBy, xPy

and XEy.
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PROOF THAT logspace € &
We are now prepared to carry out a symbolization of the computation
of a WITM which computes some function contained in logspace using
functions contained in af and functional operations under which ;ﬁ is
closeds Normally a proof that some class of functions computed by a
type of abstract machine is contained within a particular set of mathema~
tically defined functions is called an arithmetization. However, in this
case st is a set of recursive string functions rather than numeric functions,
hence the description of the following proof as a symbolization seems

more appropriate,

Theorem 13: logspace & 56

proof: Let f & logspace be an n-variable function over some alphabet
P computed by WITM

M= (lMu gPii’ Wy, 7, Q, Qg9 F, S)
such that for all E; over r7

SM(x—n) < 1‘(1 . logzlx—nl + Koo

Consider the alphabet £ = [T v {‘35 VU WuQu '{1, Gy $§ over which
many of the functions in this proof are defined., Note that e Z,

We begin by defining a bounding function hM(;:) whose length is
greater than the maximum number of steps in a computation of M on input
;; over f’. Since M computes f & logspace, by Corollary 2 for all E;
over [’

o — K3
<

Eﬂ(xn) = lxn[ + K&

for some constants K and R&. We can define %q within ;f as follows

using K3 - 1 levels of recursion of concatenation,

First a function m over ¥ is defined such that m(x y) is [yl
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copies of x concatenated together.
m(x A) = A
n(x yT) = m(x y)e(x) ae
We now define a function B using a constant number of occurrences of m
nested together by K3 = 2 applications of substitution of a function
for a variable.
B(x) = m(X M(X eee M(X X)aes))
K3-1 nested
occurrences of m
m can be thought of as computing unary multiplication which means that
jm(x x| = lez, ‘m(x m(x x))| = lxlg, and in general
|n(x m(x ver mx x)0ea))| = |xI*
k=1 nested
occurrences of m
Therefore letting
By (X ) = B(ones™(x_))11...11

he

we have defined hM within & and for all a over & %

K
lbﬁ(;;)' = F‘:‘ i Ky 2 tM(x_n)'

Let Q = {qo, Qqs eovy qci and F = ihl, h2’ csey hDg and define the
predicates inQ and inF over X as

inQ(w) & waqo v wsql V ses V Wel] s

inF(W) @ W=h1 v thz Vv eoe V thD

We will need to define the n-variable function over &

insPi (-)i) = leixzpi.-t &Xn

which produces the input string to M complete with input blanks.
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ID's in a computation of M will be symbolized as strings over Z.
This is done straight forwardly by symbolizing the ID (k, &) as Y
where, as before, T is the reverse binary representation of the number k.

The following auxiliary functions defined within 8?' eXtract various
parts of a symbolized ID y which is part of a computation of WITM M
on input x_r; over r’.

Ipos(y) = min wBy[$B(skip(w y)ﬂ
Ipos(y) is the substring of y which is the reverse binary coding of the
symbolized position of the input head of M.
Let eq(x y) & xBy A13dvP(skip(x y))[vgﬂ and define

Iscanl(‘x—n y) = lastchar(min wB(insPi(;;))[-eq(len(w) Ipos (Y))])
Iscan}(;n— y) is the actual character of x—n over r7. at the symbolized
input head position Ipos(y), unless (Ipos(y))= 0 or (Ipos(y)) > ,;::'
in which case IscanZ(E; V) = 2. Since we want to simulate reading blanks
at the ends of the input ;c:, we define

Iscan(x_n 7) = s(Iscanl(-}?I: y) Fi Iscanl(z_c'; v))
where Pi is the input blank symbol.

State(y) = lastchar(min wBy [inQ(lastchar(w))])
State(y) is the current state symbol contained in v.

Wscan(y) = lastchar(min wBy[State(y) 1astchar(w)Py])
Wscan(y) is the symbol following State(y) in y and hence is the currently
scanned symbol on the work tape symbolized in y. We shall agree to
always append a Pw if there is no other character to the right of the
state symbol in y after the state symbol has been moved, hence

Wscan(y) 4 A for all valid vy,
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Wprescan(y) = lastchar(min wBy[lastchar(w)Stal:e(y)Py])
Wbegin(y) = skip(Ipos(y)$ (min WBy[(w)Wprescan(y)State(y)P_\a))
Wend(y) = skip{((min wByE‘;‘tate(y)Wscan(y)Ew]) y)
The above three functions are designed to extract the remaining portions
of the symbolized work tape in y so that

y = Ipos(y)$Wbegin(y)Wprescan(y)State(y)Wscan(y)Wend(y).

We now define three functions which depend in detail on the structure
of M, in particular the octuples which compose é. Since Mv {(31}, W
and Q are finite and the transition function é is defined over the domain
(TMu gpi},) X WX Q it must be finite and we can use definition by cases
to define NextIposM, NextWTM and Outsynh, as will be described shortly.

Ltet § = {OCtl’ octz, scey octh and define the set {Rl, Rz, coay RN}
of predicates over Z such that if

e RAL LR R TR s e e

then R, is defined in £ by

Rj G‘; y) € State(y)=q. A Iscan(;; V)=, A Wscan(y)nwj.

j h|
If the WITM M is well-defined there is at most one octuple in the transition
functions for each combination of state, input symbol and work tape

symbol., Therefore at most one R.‘i is true for any -f; y assuming that y

is a valid symbolization of an ID in the computation of M on input

x_n over P. Since we will be symbolizing computations of a WITTM M that
computes a total function, exactly one Rj will be true at each step of

the symbolizatione.

Let oc:t:j be as above throughout the following definitions.
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fl(xn v) if Rl(xn y)

NextIposM(xn ¥) = :“. :—_
e, ¥)  1f Ro(x_ y)
NextIposH(E; y) is the reverse binary representation of the next input
position of M computing on input E; over I’ after the ID symbolized by

¥y where each

monus1(Ipos(y)) 1if it} o |

fj(xn y) = Ipos(y) if it} it 0
plusl(Ipos(y)) ¥f it} = +1

is one of the above three functions in aﬁ depending on the structure of
5 as shown,
g (kv 1f Ry(X_¥)
NextWIﬁ(E; y) = E E
g v If RUX y)
NextWTﬁ(§; y) is the symbolization of the next work tape and state
of M computing on input §; after the ID symbolized by y, where each
-Wbegin(y)(q})Wprescan(y)(w;)Wend(y) if wia = =]
gj(E; V) = Wbegin(y)Wprescan(y)(q})(w})Wend(y) if wt& e 0
Nbegin(y)Wprescan(y)(W})(qg)addP(WEnd(Y)) 5 w;} T |
is one of the above three functions ﬂ156depending on the structure of
é; as shown and addF(v) = s(v f%,v) adds a work tape blank to the
symbolization of the next work tape if the state symbol is moved to the
right end of the symbolized work tapes. This assures that there is always
some character following the state symbol in a symbolized ID y in order
to insure that Wscan(y) £ A for all y which occur in our symbol ized

computation of Me Since all WITM's are designed by convention not to

attempt to move left of the initially scanned work tape square, no such
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mechanism is necessary for left transitions on the work tape,

G'l if Rl(xn y)

L]
-

Outsym, (x_ v) =4 @ :
G'N if RN(xn y)
Outsymn(g y) is the output symbol written on the output tape by M
computing on input ;c; over f" for the move after the ID symbolized by
y, where Q'J o Bj e (v {XS. Out:symM has the value A whenever some
transition of M does not write an output symbol,

We can now define the function NextIDM such that Nextl%(x_n y)
is the symbolization of the ID which follows y in the symbolized
computation of M on input E; over r7.

NextIDM('}z V) = NextIposM(a y)$NextHTM(§ y)
NextIDM serves to define a trace function IDM(;:: y) which equals the
symbolization of the |y[-th ID in the computation of M on input ':-c:
over 17,

0, G 0 = o5,

In, e, O = Nextln (x_ 10, ¥)) Te=
Both NeXtIpOSM and NextW‘J:M were designed to lengthen the symbolization
of an ID only if a new input or work tape square is scanned. Thus the
length of the symbolization of the work tape and state of M is bounded
by sﬂ(;;) + ls  Also since WIDM's do not scan beyond the blanks at the
ends of their input, the length of the reverse binary representation of

the current input position of M is bounded by ,I;{;] + 1

o, < |15

e Therefore

¥ SM(;;) + 2
SEKy+ D o logy|X | 4 &y 4+ 3)

< (K1 1) & logzlx_n yl + (K3 i 3)
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and IDM(}_{; y) is properly definable by log bounded recursion on notation.

The trace function IDM is now used to define Halts and OutN.

M
HaltsM(;c—n y) 1is the predicate over b which is true iff the Iyl-th 1D
of the computation of WITM M on input x—n over r’contains a halting state,

Ralts, (X y) € Fqp(1n, (- v)) [inF(a)]
OutM(a v) is the output of the symbolized computation of WITM M on input
;c: over [T after |y| steps.

Out‘M(xn A) & A

GutM(xn VO = OutM(xn y)OutsymM(xn IDM(xn y)) el

p— . %

Since Outsyn‘ﬁ(xn we M {1;, OUtM(Xn y) € [T for any arguments over s
An examination of the definitions of bM, HaltsM and Dm:,M reveals that
for any ;E; over |7

£(x) = Out, (x_ min yB(g, (x_))[Halts, Gx_ v)])
In addition each stage in the construction of b

M

only functions and predicates proven in previous sections to be inf

s Halts and OUEM used

M

and functional operations for which i has been proven to be closed.

Therefore hM’ Halts  and Our\( are all contained in £ and we conclude

M
that £ € f. Since f was an arbitrary function in logspace, logspace c f

has been established.

Corollary 1l4: logspace = L

proof: Immediate from Theorem 9 and Theorem 13.
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FURTHER RESULTS

The following section contains additional closure properties of
i = logspace,

We will need to define the following auxiliary functions in af over
some arbitrary alphabet &z,

firstchar(ld) = A

firstchar(yQ) = s(firstchar(y) ¢ y) Copll

Ifirstchar(y)‘ <1
firstchar(y) is the symbol in £ which begins y.

back(X ¥) = firstchar(skip(skip(x y) y))
back(x y) is the Ix,-th symbol back from the right end of vy,

revi(x A = A

revl(x yq = revl(x y)back(x yo) cTe T
revl(x y) is the string which contains the last |[y] symbols of x in
reverse order.

rev(x) = revl(x x)
rev(X) is the string composed of the symbols of X in reverse order,

Notice that rev & f.

An n+l-variable function f over & is defined from functions g, h1

and h, by two sided recursion of concatenation if f satisfies

(G A = g(x)

£Ge, y®) = by Gy @G Iy y @ Tez
Theorem 15: £ and hence logspace is closed under two sided recursion
of concatenation,
proof: Let f be defined by two sided recursion of Concatenation from

the functions g, hl and h2 contained in x Oover some arbitrary alphabet
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such that
£(x_ A - g(x))
X % % X TeZ
f(xn yo = h (x_y t!')f(xn h,(x ¥ L 9]
Define the functions fl and f2 from rev, g, h.l and h2 using recursion of

concatenation such that fl’fZ E Gf

fl(xn )L) = ‘A
fl(x_n ya) = £, (x_ y)rev(h (x_ y @) Tez

£, N = g(X)
e B g o =
f2(xn ya) £o(x y)h,(x_ vy @) T e
It is clear that f(l-:_n V) rev(fl(x_n y))fz(:nc—!_l y), Therefore since rev éf

we conclude that f @ L.

An n+l-variable function f over = is defined from functions g

and h by backwards recursion on notation if f satisfies

f(xn )\) = g(a)
f(x_ay) = h(x_ay £(x_y)) R
n n n

We can define a function f! by (forward) recursion on notation from
g and h such that

- R

£r(x D) = g(x )

f'(x—n ye) = h(g T rev(y) f(x_rl rev(y))

Notice that f(’-‘; y) f'(;; rev(y)).

If g,h & x and the form of definition by backwards recursion on
notation of f from g and h is restricted by either
h(x_ wy 2) = (Dh'(x_wy) he#,or

| ¢

% y)l < KI o logzl;c; y' # K2 for constants K1 and K,y

then, since rev & aC, the above argument has informally proved that x is

r
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closed under both backwards recursion of concatenation and backwards

log bounded recursion on notation, which we will simply state as:

Claim 16: X is closed under backwards recursion of concatenation where
if g,h' & £ then f satisfies
£(x, A g(xn)
x @ = f(x_ '(x_
E(x_ TY) (x_ y)h'(x T y)

and £ & xo

Claim 17: £ is closed under backwards log bounded recursion on notation

where if g,h € & then f satisfies
F(x_ A) = a(x))
f(x qy) = h(x_ @y £(x ¥))
[eG_ | & Ky « tog,|X 3] + K,

for some constants Kl and K2, and f &£ z.

The n+levaribale functions fl’ f2’ ecey fk over some alphabet &
are defined by simultaneous bounded recursion from the functions

B1s Bps eves & and hl’ hyy see, hk if they satisfy

fl(E; A)

g, (x)

£y (xn A) gk(xn)

fl(xn yT) = hl(xn y @ fl(xn ) wwe fk(xn ¥))

fk(xn yr) = hk(xn ya fl( = Y) coe fk(xn Y))

‘fl(a Y)l < Kll ° logzl;:; y‘ + K21
|fk(?n' 21 IP-5 S 1og2\§<: y| + K

where T ranges over z.




=61a

Theorem 18: iar\d hence logspace is closed under simul taneous bounded
recursion.

proof: Let the functions f,, f,, ses, f, over some alphabet 2 be

k
defined by simultaneous bounded recursion from the functions
81r Boy eeey &y and hl’ h2’ sesy hk contained in &£ according to the form
in the above definition.
We will define a function F over Z U {#E such that
x = X < o x #.
F(xn v) fl(xn y)#fz(xn y)# '#fk(xn v)
This requires that we define the extraction functions Pys Pps eees Py
in £ which obtain each of the k substrings before the #'s in a string
containing k #'s.,
pl(z) = min sz.[t#Bzr]
pj+1(z) = min wB(skip(pl(z)...pj(z)) z)[:w#B(skip(pl(z)...pj(z)) zﬂ
Define G and H in cf such that
G x = X X .I.j X ?
(xn) = gl(xn)#gz(xn)# f#gk(xn)f
H(;I; y w Z) = hl(xn y w Pl(z) PZ(Z) ees Dk(z))-
F is now defined in ;ﬁ by
s _
F(xn A) (xn)
F(X_ v8) = HE_ y ¢ F(x_ ¥)) TEEZ
n n n
C < = % X i e® / x_ #
learly F(xn ¥) \fl(xn y)#fz(xn y)# ..#fk(xn y)it, Hence
|F(Xn y)' _C_ (K}_l + see + Klk) ® logzlxn y[ + (K21 + eses + sz) *
Therefore F & £. For each 1£j4k
fj(xn y) = pj(F(Xn y))
Hence fj e f,. Therefore i and hence logspace is closed under simultaneous

bounded recursione
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Theorem 19: Addition is a member of f and hence is log space computable,
proof: The following construction of add(x y) which has the value of
the reverse binary representation of {X) 4 {¥) is carried out in ¥£.
(1 if Xyz=011 v Xxyz=101 v xy2=110 v xyz=111
carrysym(x v z) = {
0 if Xyz=000 v xyz=001 v Xyz=010 v xyz=100
carrysym(x y z) is the symbol representing the carry when the digits
Xy ¥ and z are added.
1 if xyz=001 v xyz=010 v xy2=100 v xyz=111
addsym(x y z) =
0 if xyz=011 v xyz=101 Vv Xyz=110 v xyz=000
addsym(x y z) is the symbol representing the least significant digit
when the digits X, ¥y and z are added.
carry(x A) = 0
carry(x yT) = carrysym(firstchar(skip(y X)) € carry(x v))
carry(x y) is the carry digit when X and y are added. Note that
Icarry(X | & 1.
Hence carryéi. Similarly
shortadd(x N) = A
shortadd(Xx yq) = shortadd(x y)addsym(firstchar(skip(y x)) & carry(x y))
shortadd(x y) is the sum of X and y up to the length of y. In order
to add the remaining digits if |y| & |x‘
add(x y) = shortadd(x y)s(plusl(skip(y x)) skip(y x) carry(x y)=1)
add(x y) has the va].uew and has been constructed in ;f, Therefore

add é xo
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Theorem 20: Multiplication is contained in Jf and hence is log space

computables
proof: The following constraction of mult(x y), which has the
of the reverse binary representation of (x) . (¥} , is carried
bitmult(x u w z) = (w=l A lastchar(min va[bnes(v)=skip(u
bitmult(x u w z) is not equal to A iff the |ul+1-st product in
of the |z|-th column (numbered from the least significant bit)
standard multiplication algorithm for computing {x) . {y) is a
w is assumed to be the symbol in y such that uwBy.

addcol(x A Z) - 0O

value

gut in Jf.
ones(z)iI)zl)
the sum

in the

1, where

addeol(x u@ z) = s(plusl(addcol(x u z)) addcol(xX u z) bitmult(x u ¢ z))

addeol(x u z) is the reverse binary representation of the Iu]-th subtotal

in the [zl-th column in the standard multiplication algorithm for computing

{xY . {y) , where it is assumed that uBy. Note that

|addcol(x u z)! < 'plusl(...plusl((})...}[
. i

|ul nested
occurrences
of plusl

|TeT |

= log,jul + 1

IN

< 1og2|x uz| +1
and hence addcol is defined properly within Jf.
carry(x 'y A} = O

carry(x y z9) = skip(l add(addcol(x y zq) carry(x v z))

carry(Xx y z) is the reverse binary representation of the carry for the

|z|-th column in the standard multiplication algorithm for computing

{xYy . {y> . Note that



=Gl

|carry(x v 2)| £ |adda(len(y) +ee add(len(y) 0)...)]
~ —_—

|z:| nested occurrences
of add{len(y) #)

emnEd
(Y=l + |7

52.1og2lxyzl+2

AN

IN

and hence carry is defined properly within Z.

maltl{x y A} = A

mltl(x y 2@ = multl{x y z)firstchar(add(addcol(x y z¢) carry(x y z)))
multl(x y z) is the first |z| symbols in the reverse binary representation
of ¢xY « {yD »

mult(x y) = min zB(multl(x y xy))["lawP(skip(z multl(x vy xy))Ewgﬂ]
mult(x y) has the value of the reverse binary representation of <x> o« {v»

and has been constructed within L. Therefore mult € L»



APPENDIX 1

AppendiXx 1 was not writtens. For a description of Turing machines
which copy, add 1, obtain the binary representation of a number in unary
and other simple operations, see any text containing an introduction to

Turing machines such as [H].
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