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U:CTUU I 

MULTIPLICATION IN BI1'utY 

U • lOllQO 
V • 111111 

• 

101160 
101100 

U XV• 101011010100 

---------------------------------------------

er • •~·. ,!dd and shif,t multip~i~ation algorithm 

T (U,V) • ti• (nmber of ba,ic operationa on 
· a digits) to multiply U and V by 

method a. ' · 

T (n) • max (T (U, V) I .t(U) ... .t(V) • n ) a a · 

a .. rk: 2 
T (n) • O(n ) 
a 

----------·----------------------------------



,lf ··.I I •i [ 'iJ2 . 
.. 9t•2 + •2 

·• ·f '•"«1 :r 
·n/2 

• 'llei2 . + y2 

· .. s.-tltl - ·•· ;tJV~> + t#ille: .-.1, -...r,-, eltlf1! ~· 
"P . a·• •·••l" ... c . . 
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P • Hatter recursive algorithm using only three 
half length multiplicatiotta 

0 (Ul + U2)•(~l + V2) 

0 u1v1 

© u2v2 

--------------------------------~-------------• 

------------------~-------~-------------------
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Turing Machine 

TWO-WAY READ-WRITE HF.AD 

FINITE 
.PROORAM 

----·---·----·-------.-----------~----------------
F.LOICHARTS FOR TM'S 

f=:l 
~ 

" e I: - ( tape 
symbols} 
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!lJl a T.M., 

x an input word. 

T (x) = 
~ 

T = time 

number of instructions executed by !lJl 

on x if !lJl halts; 00 if !lJl doesn't halt 
on x. 

number of tape squares visited by 
head of !!Jlwith input x if !lJl halts; 
00 if !lJl does not halt. 

output of !lJl on x, if any; 

co if no output. 

S = fil>aCe co = .function 

Church's Thesis: 

The effectively (mechanically) computable 

functions and the Turing machine computable 

functions are the same. 

Extended Church's Thesis: 

If a function is computable in time Ton 

any reasonable computer model, then it is 

computable in time~ polynomial (T) on a 

Turing machine. 
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Infinitely-often Speed-up Theorem: 

(M. BLUM). Lett: N ➔ N be any computable 

function. Then there is a computable function 

C :N ➔ (0,1} such that 
t 

given any~ computing C one can 
t 

construct an~' also computing C 
t 

with the property that 

~(x) > t(x) and T~1 (x) < constant 

for infinitely many x EN. 

numbers of 
steps 

input x 

--- --- / 

/"' 
I I 
I I 
( I 
I f 
I 1 
I 
/ I 
I I 

I \ 

T~, (x) 

~' is faster than~ infinitely often, 

~• is faster than~• infinitely often, 
etc. 
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Let 9
0
,~, ••• ,!IR

1 
be an orderly li■t of 

of. all Turtig lllllchine■ C••y in order of the 
■ise of their flowchart■). 

Let q,
1 

abbreviate , , 

" 

Um.yer■a-1 MM!ht* Thtft•u 

· ti> 
1 

(x), regarded u a function of ~ 

1 and x, 1• C011pUtable. 

---~-----~------------~---------------------

PADDIS LIMHl: 
.ti ff, 

Given any progriat, one can i,act it vtth 

inatructiona which it never uiles. Thu■,· 

we obtain 

a new program with the saae behavior 

•• the old one. 

More fotMlly, 

----------------------------------------~-----
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Universal Machi• Tlla.) 

(2) 

(3) Say t;,
8 

• ct. flln for any e'EPAD(e), 

' 
.: ,.-'•! JiJ .~ < _, :;1?. ''._:·_:;·:t(:< . 

. So -~-"','· by a1.,. t~~illl ,'l .th•' 
, .•~ 0, \. • -~ i \ •' ·• ' • • C 

input ia in PAD ( e), aDl if 10 ilaediately 

print output O. 
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20 Def, A computable t: N-+ N ia .ll!!!!•honeat iff 

3 ,.. 
t E TiM(t} and t(x} ~ (x). 

£2£:. (Coapr•aion Theorem, ll&'ttaRld.•••tM~} 

ror any t~hoDltlt"I, ct E 'Ume(t4} - Time(t}. 

--.rk: Lota of tiaa-honaet fens. 

j!,._rj;: ,"· • 

floa2x1, x, 2•, 22• 

closed under+, •, exp, compoaition. 
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Honesty Theorem (Mccreight, Meyer) 

For every computable t, there is a ti•­
honest t' such that 

Time(t) • Time(t 1 ) 

SUlllll&ry : 

that 

!~,- ~~~.~·~ , L ,· 
. ...,,.. .. 1:-.,.-.,. ··,:·:. ., ! 

For arbitrarily ~•ra• t. t• it~.,..._ppen ---~ 

----------------------------------------------



..... .,! .hr • ., ....... f,. tlriee· - atua··t. 
u-<f) • IJ:aa(L),. 

-: U111111.(t) • Lima (2t) • pero ti-, 

M t • loglog. 
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~ iei: f be a coaaputabUt luilction. A 

sequence t
1 

• t
2
,... of funclioni is a (space,) 

complex\tX ssguep;e for!. iff 

(1) , If q., = f, then S ::2: ti, ai~~t every· 
e e , 

, , where for some i, 

am (2) For every 1, there is a cp = f 
, ., , ... ,, ___ ,. - . . C 

such that 

t
1 
~ S almost everywhere. 

. e 

-------~-------~----------------~------------

Def. A sequence of fu\'lltlim:
1

, 

. P1•P2•• • • 1.- _~n W,a._&_"9~~tl Q.1¥8 15@, 

. (.fo~_.aJ~•) 1,.f 

(1) P~+£:~[½,•_P4 ,~• au i~"-· ,, . 
, ,·., (" ' 0 ,, • ' • • ' ' •,~ ,.; ' •• 

am (3) ... pi (x) is a computable function of :l am x. 

-------------------------------------------------

·l 
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Theorem (Meyer, Schnorr) Every computable 

function has an r.e. complexity sequence. 

Every r.e. complexity sequence is a 

complexity sequence for some 0-1 valued 

computable function. 

Example: 

Let t.(x) = 
1 

So ti+l = log2ti almost everywhere. 

Cor. Almost everywhere Speed-up 

(Blum) There is a 0-1 valued computable 

function, c, such that for any T.M. computing 

c there is another T.M. computing c which uses 

exponentially less space at almost all 

arguments. 
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LECTURE II 

E • finite set called the alphflilj,et or 

vocabulary,. 
. . 

an element ct EE ts called a letter. 

* E • set of ~l.l Ji•te se,quellCe of 

letters, 
,- ..... 

* an elwut; xE I;_ :La called a worg, 

------------------------------·-----------

Binary operation concatepatipp. written " • " 

* on E 
, . 

. ;1t~Y-•· 'M;¥: • ..• J'd x to.1.l,ONd by word y. 
' ·•··· . ' - ',:• ·, :·· . '. 

Epple: 001-01 • 00101 

A (x) • leqJth (l'lli:Dber of occutre•• o.f letter) 

of the word x • 

.&(001) • 3 

.&(x•y) • ~-- + ~y). 
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* A EE acts as an identity element under 

concatenation. 

>'< 
for all x E E , 

,'( 

Remark 1: <E , • > is the free monoid 

generated by E with identity A. 

Remark 2: Remark 1 is irrelevant. 

Remark 3: A is introduced as a technical 

convenience and could be eliminated in what 

follows at the expense of some minor 

awkwardness. 

-k 
A set L c E is called a language. Extending 

concatenation 

way: 

to languages in the usual 

1 
. def. L•M, a so written LM = 

(x•y I x EL and y EM} 

Example: ( 0} • ( 0, 1} = ( 00, 01} 

(0,00} •(1,01} = (01,001,0001} 

{0,1,A}•{0,l,A}•(0,l,A} = all binary words of 

length~ 3 (including A). 
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n 

0 
A • (>..) 

••••••••--------•••••*•''-~ l iii a.i.: .............. ~ 

■IFffr· .. ~~ .... ._.~. ~. 
4 

(0,1) • all binary words of l ... tb 

(0,1,A)
4 • •11 btn.iff11l!i1Wf,1'ot>li...fllla1'.!t'.\. 

! :4 
(((.(0,1) 2) 2) 2/. ,(0,1} 2 . • all bfllllrf word• of 

leJ:Wth ·16. 

------...... ------·------------·------.. -----------
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Important example: 

(01) 

= all 

or 

or 

n 
0101•••01 = 

~ 
2n 

=[0,1)2n_ 2n 
(1•{0,1,A.) U 

2n 
(0,1,r.J •ou 

2n 2n 
{0,1,r.) •[00,ll) •(0,l,r.) ) 

binary words of length 2n which do not 

(1) start wrong 

(2) end wrong 

(3) move wrong (contain a forbidden 

local pattern) 

Problem: Given two expressions involving letters 

in l;,A, and operations 

II II concatenation 

II u II union 

II 2 II squaring 

II n II intersection 

II set difference 

is there a way to tell if they describe the same 

language? 

----------------------------------------------
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YES! 

BUT 11> GOOD WAY 11 

----------------------~-------~--------------

. ·Lemma. An expreaaion containing n operation 

symbols deacribee a subaet of 

(I; u >..)2 
n 

Proof. By induction on n: 

If n-o, the expreasion must consist of a aiqsle 

letter or"-• 

If E ia an expression containing n+-1 operations, 

then Eis of the form 

,' ,. <" ~>i!1 . \"..\, : '.' . 
where z,,. 1

2 
are expre88io118 coataiiilllll ~ n operation 

syal,ola. Proof follows 1-84tat,1y. . : . . !, } ! 
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For any expression E, let 

i( 
£(E) c ~ be the language described by E. 

Remark: Formally, E
1 

= E
2 

means that E
1 

and E
2 

are identical expressions. E
1 

and E2 are 

equivalent (written E
1 

= E2) iff 

Hence sufficient to test whether an expression 

describes the empty set. 

To test if £(E) = ¢, convert E to a list of the 

words in J:(E) beginning at the "innermost" 

subexpressions of E and working out. 

See if the list is empty when you finish. 

Difficulty: The list for 

2 2 2 
(•••(((OU 1) Q:;J 

n 
contains 
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bits 

. . --------------------.. -----------------------·---

Theorem 1. There is ·(for any finite~ a 

constant ,tt·)dl•.Jlbl; &. '!!!itg;maclu.ne D such:. 

that 

i. <P -~ ~~~.ftP~t:~~~:~~t 'Lf.tt, _1s, •-'i1'~11-

£~~"1W~~~,011 • nd .r~~J -~-~ <1!;•1·,,·: ~ 
(2) "rg(n) ~f. lllix(1g(x) I t(11:};!-t·:af.1' 

---------------------------------------------
_; 'y~J:.•-:., 5JVJ 

Theorem 2. ' There is a finite~ and a constant 
.· • ' ' ; • ' ' .. ' -·i •. . • '; •. · .... 

k > I iucb that··. -~. 

if D i•::~ T. M. •~c~pfifi" ,.P~~-~~~lt, '.l~~ 

expreaaions over I; describi~ the ~ty 
[, \~; l;.9(~LU(,H.:F :-;;rr.~,; 1 ~, ;· ~<-'.L~!·s,1:::~·, ,2-; : {~) 

;•.~,~,.,,'!~~.t ·:,., n · r.,:r~·- 1.,: 

r -·. i lf! 2w'• > i.Zd,,; < <:, 

--------------------------------·-------------
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To prove Theorem 2: 

(i) Define a relation on languages 

with intuitive meaning that L
1 

is easy 

to decide given L2 . 

(ii) Show that for any LE Time(2n) 

L -< [ E £(E) = ©}. 

(iii) Deduce from the Compression Theorem that 

there is an LE Time(2n) which is hard 

to decide. 

(iv) Conclude that [E I £(E) = ©} is hard to 

decide. 

(L
1 

is polynomial time reducible to 1
2

) iff 

;'r '-/( 

there exists a function f: ~l ➔ ~ 2 

(1) f is computable in time bounded by a 

polynomial in the length of its argument 

(f E Time( po£ ) where p: N ➔ N is a 

;'< 
polynomial and 1,:~ ➔ N is the length 

function). 
1 

·k 
(2) X E L ~ 

1 
f(x) E L2 for all x E ~l. 
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Lemna. Let t: N ➔ N be nondecreasi~, and t(n) 

If L1 < L
2 

and L2 E Time(t(n)), then Ll E 

Time(t(p(n))) for some polynomial p:N ➔ lf 

n/4 
contrapositive. If L1 f Time( 2 ) and t

1 
. k 

< L
2

, then i k > 1 8UCh ·that: L
2 

f Time( 2\f'n ) 

----------------------------------------------

Because 2t(x)/4 1e time•ho1ieet, the compr•sion 

theorem impli• ~ L1 such that 

n/4. 
L1E Time(2n) - Time(2 ). 

Thm. 2 follows innediately from the precedi~ 

contrapositive if we show 

----------------------------------------------

Main Construction for Theorem 2.-

Lenaa. For any LE Time(2n), there is an 

alphabet~ such that 

L < (E I E is an expression over ~ and 

-----~------------------------------~-----------



•fl;) 11d:ta on &IIJ lwput •Jlf· .._. • ta 
, .... ,, ... ,.~. ·-•·:w' . ' ' 

, 2 ate,.,. aDI 

,c, t~,~,•1111 ~ .. ••••••wt• l • •1*; 
taflll ·-~! . t •· aia.-1:c; • 

,,.. -•,; ;3 ~;'. t.·, 

?\::;•·:i:( ._vo m:JiQ~~':t~ ~ el 3: 
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Let Q be the states (boxes in the flowchart) of 

!IR, 

let W be __ the tape symbols of !D includi~ b E ~ 

· for· _the '.blank tape .symbol, let I be still 

· anc,ther •ymliol. 

:E ~ef. Q u w u {I}. 

--------------~---------·~--------------------

* Comp(x) € :E is. :to be: 
. .,, 

2 n ~ 2 n 
# b • \~ • x b #(tape after one atep)f• • • 

• • • # (tape after k steps) I (tape after k+l steps) I••• 

. ., n .. . - .: ' .. 
Exactly 2•2 + n+-1 symbols between succeaaive #'s. 

J(.Comp(x)) $ 2.$(.+l) ff. N 
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Comp(x) has the property that any four consecutive 
n 

lettersdetermine the letter 2•2 + n to their right: 

····I I I I I · · · · I I···· 

determined by cr1cr2cr3cr4}. This follows from the fact that at 

any step the next move of 9)1 is determined by the state and 

the tape symbol being scanned. 

Comp(x) = (starts right)n 

(ends right)n 

((~ U ~)N - (moves wrong)) 

2 n ~ 2 n N 
starts right: #b • ~ •x•b • # •(~ U ~) 

moves wrong : 

N 2•2n+n-l N 
(~ U ~) • ( U(cr

1
cr

2
cr

3
cr

4 
~ •cr

5
))·(~ U ~) 

F 
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Let Rejects (x) = 

(~ U t-.)N • @:) • Q:; -(1} )•(~ U t-.)N• 

Then 

x EL~ !JJt halts reading a 1 

~ Comp(x) n Rejects(x) = ¢. 

But expressions for Comp(x) and Rejects(x) 

can be constructed in polynomial time in 

t(x), so L < (E over~ I i(E) = ¢}. 

Q.E.D. 

Remarks: (1) Thm. 2 holds for expressions 

using only" • 11
, 

11 U ", "2" and letters 0,1 • 

(2) 
II * II 

If we allow (0,1} to be used in 

expressions Stockmeyer has shown that 

* (E with ( 0, l} l(E) = ¢}. E Time 

2n 

butt Time . z2· .. ] E•log 2n 

for some fixed E > o. 

(3) If we allow only" U 11
, 

11 
• 

11
, the 

equivalence problem is complete in o/lP 

Cdiscussed in Karp's lecture). 

----------------------------------------------



31 

32 

33 

Remark: Most decidable theories studied in 

mathematical logic require exponential time or 

worse. (An important exception being the 

propositional calculus, for which lower bounds 

larger than a polynomial are unknown.) 

Open problems: 

(1) Can the satisfiable formulas of the propo-

sitional calculus be recognized in 

polynomial time? (This is the P ='/LP 

question of Cook and Karp). 

(2) Can a multi-tape Turing machine multiply 

integers (in binary notation) in linear 

time? 

(3) What is the relation between time and space? 

Known: S:ID(n) ~ T:ID(n) ~ cS!JJl(n) 

(c > 1 depends on 9Jr) 

Open: If LE Time(2n) is LE Space(n)? 

(4) Is Space(n) Nondeterministic Space(n)? 

(The LBA problem of Myhill) 



·34 (5) Are linear time 3 tape T.M.'s more 

powerful than linear time 2-tape 'f.M. -• sf 

(6) Can the primes (represeatd in. b1111tt) . . ·. 

be recognised in linear time? 

(7) 
. .. ,. . . . [. . . . . . 

Can·two nxn matt-Res be mt1ltiplied in 

proport:lonai to n
2

•
1 arithmetic 

operations? 

·(u2•t. i• blown to !le po .. tbot·••) 
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