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for the degree of Doctor of Science

ABSTRACT

The presence of joints can strongly affect the dynamics of space structures in
weightlessness, especially if the joints are numerous, of low stiffness, or nonlinear.
Analyses of the effect of linear joint characteristics on the vibrations of a free-free, three
joint beam model show that increasing joint damping increases resonant frequencies and
increases modal damping but only tc the point where the joint gets "locked up" by
damping. This behavior is different from that predicted by modeling joint damping as
proportional damping. The maximum amcunt of passive modal damping obtainable from
the joints is greater for low stiffness joints and for modal vibrations where large numbers
of joints are actively participating. A joint participation factor is defined to quantify this
phenomenon.

Analysis of the three joint model with nonlinearities at the joints (cubic spring,
freeplay, coulomb friction) show all the classical single degree of freedom (dof) nonlinear
response behavior at each resonance of the multiple dof system: non-doubling of response
for a doubling of forcing amplitude, multiple solutions, jump behavior, and resonant
frequency shifts. These properties can be concisely quantified by characteristic backbone
curves, which show the locus of resonant peaks for increasing forcing amplitude. Modal
coupling due to joint nonlinearity is also exhibited. Nonlinear effects are emphasized, as
damping effects were, when joint activity is high, such as for low stiffness joints, for high
amplitude vibrations, and for modes with high joint participation factors.

A simple model of a pinned bar truss structure is developed to identify the effects of
nonlinearities located in the interfaces between bays, on the response behavior at truss
mode resonances. A procedure for reducing a more complete finite element model of a
hinged beam truss to a beam-like equivalent is then formulated so as to study with fewer
degrees of freedom yet greater dynamic fidelity, the effect of nonlinear interfaces on the
overall dynamics. Truss mode resonances show all of the same nonlinear response
properties as resonances in the jointed beam model, but tend to be complicated by closely
spaced resonant frequencies and interspersed beam mode frequencies. Given sufficient
information about the truss geometry, the joint characteristics, and the forcing input, the
nonlinearity of the overall response can be computed.

Thesis Supervisor: Professor John Dugundji
Professor of Aeronautics and Astronautics
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NOMENCLATURE

aj, by amplitudes of joint

a,b amplitude vectors

A total amplitude = vaZ+bZ

Cj joint damping

Cip ¢; at peak modal damping

Cps Cq describing function coefficients
Cp» Cq nondimensional describing function coefficients
CL linear joint damping

Co reference damping

C damping matrix

Cr total damping matrix

D nondimensional damping factor
D dynamic matrix of truss bay

EA longitudinal beam stiffness

EI bending beam stiffness

E condensed dynamic matric of bay
f(t) forcing function

feo constant Fourier coefficient

fo1 cos Fourier coefficient

fs1 sin Fourier coefficient

F force

F; joint force

FnL nonlinear joint force

Fs coulomb friction slip force

Fo forcing amplitude

G condensed transformed bay matrix
H transformed bay dynamic matrix
Io reference inertia (mL3)

k; joint stiffness

K; joint stiffness

Kcr coulomb friction stiffness

Kcs cubic spring stiffness

Kgp freeplay stiffness
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q.q
qJ, élJ

q.4 q
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linear joint stiffness

combination nonlinearity stiffness
reference stiffness (EI/L)

stiffness matrix

element stiffness matrix

total stiffness matrix

joint to joint beam length

finite element length

length of diagonal element

locating assembly matrix

assembly matrix for antisymmetric modes
assembly matrix for symmetric modes
beam mass per unit length

mass matrix

element mass matrix

total beam mass matrix

number of joints in system

generic degree of freedom and its time derivative
nonlinear joint dof and derivative

vector of degrees of freedom and derivatives
coupling dof of truss bay

internal dof of truss bay

radius of gyration of beam element
rotation matrix

truss system dynamic matrix

time

transformation matrix

longitudinal translation dof

vertical translation dof

vector in state space form

ratio of longitudinal stiffness to bending stiffness for an element
breathing dof in reduced truss coordinates

freeplay gap width

ratio cubic to linear spring stiffness
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dof
JPF
boldface

-~

eigenvalue

resonant or forcing frequency
continuous beam frequency
pinned-joint beam frequency
reference frequency
nondimensional frequency
generic angle = ot
eigenvector in state space form
eigenvector (displacements)
imaginary part of eigenvector
real part of eigenvector

face rotation in reauced truss coordinates
damping ratio

peak modal damping ratio

degree of freedom

Joint Participation Factor
vector or matrix
nondimensional quantity



DYNAMICS OF SPACE STRUCTURES
WITH NONLINEAR JOINTS
CHAPTER 1

1.1 INTRODUCTION

All large truss structures designed for construction in space, will include complex
joints to allow for on orbit deployment or assembly. This research investigates the effects
of joint characteristics on the overall dynamics of the structure, with the goal of determining
the circumstances under which a structure becomes "joint dominated" rather than simply
being a small perturbation of a linear continuous system. Two key questions which arise
relate particularly to the effect of joint damping and joint nonlinearity, specifically, how
much passive damping can be introduced into the system via linear viscous damping in the
joints, and how nonlinear will the overall truss dynamics be as a result of local joint
nonlinearities, such as locking sleeves, freeplay, and coulomb friction. To answer these
questions, jointed beam and truss models are studied first with linear joints, then with
nonlinear characteristics included as well. Modeshapes, resonant frequencies, and forced
response curves are used to evaluate the behavior of jointed systems. The damping and the
nonlinear effects should be well understood and quantified in order to design the structure
to meet mission requirements, to calculate its response characteristics, and to implement
effective control strategies while in operation.

1.2 REVIEW OF PAST WORK

Finite element models of truss structures with joints often have the extra degrees of
freedom (dof) necessary to represent the bars as pinned rather than clamped elements, and
sometimes include bending characteristics for each beam. Mills (1985) compared various
models of trusses with rigid and pinned joints, and identified bar resonances in the modes
of the structure. Modeling techniques for wave propagation in truss structures with simple
junctions was studied in some detail by von Flotow (1983) and Signorelli (1987). Lee
(1985), and Crawley & O'Donnell (1986) used a simple jointed beam model specifically to
begin the investigation of the effect of linear stiffness and damping in the joints on the



overall dynamics of the system. Modeshapes of the jointed system were presented, and
eigenvalue paths resulting from increasing joint damping were identified, but some results
were unclear.

Linear truss structures have alsc been examined extensively without explicit
modeling of joint dynamics. Noor (1978) and Anderson (1981) have developed continuum
models for truss beams composed of repeating cells, and have used exact dynamic stiffness
matrices to represent each member in order to reduce the model without losing the
dynamics associated with higher modes. Sun (1986) also has studied continuum models
used in conjunction with standard finite element models to develop a global-local approach
to truss dynamics.

Less work has been performed to date on incorporating nonlinear joint
characteristics into truss models with many degrees of freedom. Many analytical
techniques have been developed to lirearize or quasi-linearize single degree of freedom
nonlinear systems (Den Hartog,1940; Timoshenko,1974). The harmonic balance
technique, for example, of quasi-linearizing a nonlinear mechanism, with specific
application to control surface flutter problems has been used by Woolston (1956),
Breitbach (1978). Belvin (1985) developed a nonlinear finite element model for the
transient analysis of space stuctures with nonlinear joints, and Ludwigsen (1987)
investigated the effect of other forms of nonlinearity (geometric nonlinearity and beam
buckling) on truss response dynamics. A describing function (Gelb,1968) representation
of joint freeplay was used by Mercadal (1986) to investigate limit cycle instabilities in the
control of a long deployable mast. Foelsche, Griffin, and Bielak (1987) studied the
transient response of one and two degree of freedom nonlinear systems also using a
describing function formulation, and demonstrated good comparison with explicit time
integration. All of these studies compute the transient response of the system to obtain an
understanding of the nonlinear effects; the research presented here uses the steady state
forced response of the system to evaluate nonlinearity.

) Experimental investigations of joint damping and joint nonlinearity specifically have
been performed, including characterization of a variety of joints with the force-state
mapping technique (Aubert,1983), measurement of loss factors due to joint damping in
scale models of truss structures (Sigler,1987), and verification of modal coupling and
energy transfer in the transient response of piecewise continuous systems with nonlinear
joints (Sarver,1987). An experimental investigation is also currently underway to study the
component mode synthesis method applied to structures with sloppy (freeplay) joints
(Blackwood,1988).



While much work has been done that relates to the general topic of jointed
structures, the study of the general characteristics of multiple degree of freedom systems
with nonproportional damping and discrete nonlinearities is still incomplete. There is also a
clear need to find practical modeling techniques for assessing linear and nonlinear joint
effects in large scale models which have too many degrees of freedom to keep tract of all of
them explicitly. The research presented here contributes to both of these tasks.

1.3 THESIS OVERVIEW

This thesis is essentially composed of three sections: analysis of linear jointed
beam models; analysis of nonlinear jointed beam models; and, development of a modeling
technique for studying truss structures with nonlinear joints. The linear analysis deals
primarily with the study of linear viscous damping in the joints, and is a direct continuation
and elaboration of the studies of Lee (Ref.L1), and Crawley and O'Donnell (Ref.O1).
Undamped jointed modeshapes were identified in this earlier work, but the study is
extended here by the definition of a Joint Participation Factor (JPF) and the study of
damped modeshapes as well. The variation of eigenvalues resulting from increasing joint
damping is also considered in more detail in the present research, in order to determine the
circumstances under which joint damping can be tuned to optimize modal damping. This
may be a critical source of damping in future space structures which generaly have very
little passive damping in the main structure; even if active damping is used to control the
structure, the results are usually improved when passive damping is maximized.

The nonlinear analysis consists of calculating the forced response of a three joint
model with discrete nonlinearities located at the joints, showing the effect of the
nonlinearity and how it is spread to all the degrees of freedom of the system. One degree
of freedom models are first studied to illustrate the characteristic nonlinear response of each
type of nonlinearity considered in this thesis: cubic spring, freeplay, coulomb friction, and
a combination of these. The describing function method of linearization (Ref.G1) is used
in each case to calculate the forced response of the system, and nondimensional parameters
are defined for each nonlinearity. A one joint model is then used to study the simplest form
of a multiple degree of freedom jointed system, while the three joint model illustrates a
more complicated multi-dof system in which joint participation becomes an important
factor. The goal of this section is to quantify the level at which the discrete nonlinearities
located at the joints affect the dynamics enough to make the overall system response
nonlinear: below this threshold level, the system can be considered essentially linear with

10



nonlinear perturbations superimposed; while above the threshold, the system must be
recognized and treated as nonlinear from the onset. Backbone curves are introduced as a
simple and convenient way of identifying these threshold levels of type of nonlinearity.

Three different truss models are formulated to study the effects of joints on truss
dynamics, by progressing from a standard finite element model to a new formulation that is
substantiated at each level by results consistent with the previous model. The first model is
a conventional pinned truss to verify the location and modeshapes of the truss resonances;
the second model is a pinned truss with non-rigid interfaces between bays, which can
include joint nonlinearity at the interfaces; and, the third model is one that includes bending
characteristics for all of the beams in each bay, as well as joint nonlinearity at the interfaces.
Analysis of this last truss model involves the development of a modified dynamic
condensation technique to reduce the truss to a "beamlike" structure which can then be
analysed using techniques developed previously for the jointed beam models. With this
relationship between truss dynamics and jointed beam dypr2mics established, all of the
previously obtained results for beams can be interpreted and applied to trusses.

1.4 CONTRIBUTIONS

Both the linear and nonlinear analyses described above provide new insight on the
global dynamics of jointed structures. The linear analyses are particularly useful in
determining how damping mechanisms located in the joints distribute their effect to provide
modal damping, especially to those modes which exercise the joints most actively. Itis
also possible to determine the level of joint damping that introduces a maximum amount of
global damping into the system, for any given mode. This information can be applied
directly to the design of structures and joints, or to the subsequent design of control
systems for which the passive damping must be known.

The nonlinear analyses of this thesis establish the basic rules of multi-dof nonlinear
response, by illustrating how multiple discrete nonlinearities affect the global dynamics of a
continuous elastic system. The concept of backbone curves is also presented in some
detail, showing the interesting relationship between linear properties of the system, such as
resonant frequencies and JPFs, and nonlinear system properties, such as the shape of the
backbone curves. This is essential to know in order to quantify ronlinear resonant
frequency shifts and response amplitudes, and to determine forcing frequency ranges in
which abrupt response jumps can occur.

The truss modeling procedure presented in this research reduces a fairly large finite
element representation of a truss down to a minimal set of beamlike coordinates in order to

11



study the effect of interface nonlinearities on the global response dynamics. With this
method, the highly nonlinear response of the global truss modes can be computed fairly
easily. A complete understanding of the overall modes is necessary whenever shape
control or pointing accuracy is required. This thesis contributes to the body of knowledge
on dynamics of truss structures with nonlinear joints.

12



CHAPTER 2

FORMULATION OF LINEAR JOINTED MODELS

2.1 INTRODUCTION

The most common way of representing joints in a truss structure is to model them
as either pinned or clamped connections. The next level more sophisticated is a model that
represents the joint as a connection with finite linear stiffness and damping, and going one
step further, the model should also include the nonlinear characteristics of the joints.
Chapters 2 and 3 consider the linear problem; while chapters 4 and 5 cover the nonlinear
problem.

It is necessary to consider these linear models to determine the basic dynamic
characteristics of jointed systems. These systems are fundamentally different from the
simple (pinned or clamped) models in that they depend on the joint locations and joint
properties, and not just on the beam geometry and beam properties. In addition to
providing a baseline data set for subsequent comparison to models with nonlinear joints,
the linear joint model is also important in itself by providing insight applicable to systems in
which the nonlinearities are negligible or small enough to be considered perturbations of the
linear system.

Chapter 2 covers in detail the formulation and analysis of one joint and three joint
linear models, while chapter 3 presents the results obtained from these models. An
eigensystem analysis is used to study the natural frequencies and modeshapes, as a
function of joint stiffness and damping. In addition, the relationship between joint
damping and modal damping is investigated, and the concept of joint participation factor is
introduced. The general characteristics of nonproportional damping are considered at the
end of these two chapters, and the results are summarized briefly.

Appendix A, "Nonproportional Damping", goes over in detail the treatment of
systems with nonproportional damping such as these, which can be solved using complex
eigenvectors, and derives the modal formulation of forced and free response. This
appendix also shows the derivation of some new and useful eigenvector orthogonality
relationships, and illustrates the physical interpretation of complex eigenvectors. Appendix
C contains Fortran listings of the linear jointed models.

13



2.2 FORMULATION OF MODELS

A number of different models are used to study the effects of the presence of linear
joints on beam dynamics. The simplest is a one joint model consisting of 2 beams attached
with a hinge of variable stiffness and damping (see figure 2.1). Each beam is represented
first by one element (7 discrete degrees of freedom, dof), and then by 2 elements (11 dof).
Comparison of the results obtained from these two versions of the same system is
necessary to give an indication of the number of dof required to have confidence in the
output. A three joint model with 2 elements representing each beam (21 dof) as shown in
figure 2.2, is then developed and exercised thoroughly to obtain results that are applicable
to more general jointed systems.

\ i 6
7
Two Elements [ /4 *‘5 ‘JL 7 DOF
/
! 3 5 3 10
2 A ‘f)t 6 ¢ | Y b nad

i | { )| ] I

Four Elements R W7 11 DOF
| 3
22wt
Each Beam Element : C—— 4 DOF

Figure 2.1: One Joint Models
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Figure 2.2: Three Joint Model

Model Characteristics

All models considered in this thesis have some common characteristics which can
be listed as follows:

« free-free end conditions

« elements modeled as beams in bending

« distributed mass and stiffness in beam elements

» massless joints

« damping only in joints (no material damping)

» all joints identical in a single model.
It is important to allow the beam elements to take bending loads, because of the non-zero
stiffness in the joint connections. However, tension/compression loads and longitudinal
displacements of the nodes are not included, because in free-frez systems such as these, the
lateral dynamics will not be significantly affected by this omission. With these
characteristics, in addition to representing a simple jointed beam system, this model can be
related directly to a realistic truss structure, if the beams are interpreted as truss bays with
linear properties, and the joints are interpreted as bay interfaces with possibly nonlinear
properties.

Beam Element Properties

Each beam section, whether adjacent to a joint or not, is modeled as a 4 dof eiement
with translation and rotation allowed at each end (see figure 2.1). Standard finite element
techriiques give the following mass and stiffness matrices to represent this element:

15



156 22L, 54  -13L]

2 2
221, 4L, 13L -3L;

M = = 2-1
e 420 54 13L, 156 -22L, 1)

-13L, -3Lz -22L, 4L§

€ €

2 2

E 6L, 4L, 6L, 21
K,= — (2-2)

¢ 2|12 6L, 12 6L

e

6L, 212 6L, 4’

where,

m = mass per unit length of beam

Le= element length

E I = beam cross-sectional stiffness
Note that there is no element damping matrix, because all damping is assumed to come
from the joints. Also, this element stiffness matrix contains no contributions from the
joints. These contributions will be added into the total system matrices.

Total Systern and Joint Representation

Total system matrices are obtained by concatenating these element matrices in block
diagonal form, and then adding in the joint contributions to stiffness and damping in the
appropriate locations. For the two element / one joint system, these total matrices are:

M, = M 23)

A

|

+
cooccoooo
o Y=YoYoY-YoY-Fo!
YooYt =YY o¥=)
L QF OO
cococococooo
oQFOLOOO
cococococoo
coococoooo

(=N )

(2-4)

and:
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00000000
0000000O00O
00000000
000¢cO0-<00
] J
C=lo0000000
000 -0c00
00000000
00000000 (2-5)

where,

k; = joint stiffness

¢j = joint damping
Total matrices for the larger systems with more elements are contructed in the same manner
as these simply by concatenating more element matrices along the diagonal and adding in
joint contributions at all joint locations.

Use of Symmetry

Degrees of freedom common to two elements are not recognized in this total
representation. In order to take this into account, the total matrices are premultiplied and
postmultiplied by a rectangular locating assembly matrix, L, which yields global matrices
of reduced order. If the system and loading is symmetric, the assembly matrix, Ls, can
use the symmetry property to reduce to an even more compact form, by constraining
symmetric dof to be equal (q1=qp for example). Similarly, in the case of antisymmetric
loading or for the study of antisymmetric modeshapes, the assembly matrix L 4 is used.
These matrices are shown below for illustrative purposes, using the one joint model.

1 0 0 0 1 6 0
0 1 0 0 0 1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 1
Ls=1o o 1 of La= 10 0 o
0 0 0 - 0 0 1
1 0 0 0 1 0 0
0 -1 0 0] 0 1 0

17



The global system matrices are thus:
- for symmetric analyses

M= LML,

K =L{K, L

C=L{C,Lg (2-6)
- for antisymmetric analyses

M=LlML,

K=L,K.L,

C=L,C.L, )

In the case of the one joint / 2 element model, the geometry matrix reduces the system from
the original 8 dof to 4 dof assuming symmetry, and from 8 dof to 3 dof assuming
antisymmetry. For the three joint / 8 element model, the reduction is even more significant:
from 32 dof to 11 dof (symmetric), and 32 dof to 10 dof (antisymmetric).

2.3 EQUATIONS OF MOTION

Once the system has been discretized and reduced in the manner described above,
the global equations of motion can be written very simgply using the resulting matrices:

Mq+Cq+Kq=F (2-8)
In this set of equations, q is the vector of displacements and rotations remaining after
reduction. After solving for q, all of the original degrees of freedom of the total system can

be found from:
qr = Lq (2-9)

Before proceeding to the solution, these equations should be nondimensionalized as
described in the following section.

Nondimensionalization of Equations

Each global matrix can be written as a factor containing all of the dimensional
quantities appearing in that matrix, times a matrix of nondimensional numerical terms. The
coordinate vector q also must contain only nondimensional rotations and translations. This
process yields the following entities:

18



- 3 ~ L, 3 matrix of nondim
M=I M, where [y,= mL" and M=|—
0 L mass terms

. L | matrix of nondim
[
C=C,C , where Co=,/EImL and C = —

0 L damping terms

_ EI . L matrix of nondim
K=K,K , where Kj=— and K = — .
L Le stiffness terms
and

q,/L, QL. ]
q Q,

q3/Le Q3 Le

The nondimensional factor (Le/ L), which represents the ratio of element length to beam
length, is included in the nondimensional matrices so that the dimensional factors, I, Co,
and K, can be written in terms of the physical quantity, L, rather than the model-specific
quantity, Le. It will be seen later that these factors are also useful for nondimensionalizing
the nonlinear problem. In the load vector F, the Qy, Q3, ... entries represent forces, while
the Q,, Q4, ... entries represent moments.

Dividing the matrix equation through by I yields the following nondimensional equation:

l\7lii+moé(i+m3ﬁq=liF (2-11)
‘0
where,
K EI
@, = _I_° = — (2-12)
0 mL

Note that @y is not a natural frequency of the system, in that it has no direct physical
significance; it is just a convenient frequency to use as a reference.
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2.4 SOLUTION OF EQUATIONS

If this system of equations had no damping (ie., C = 0 ), or proportional damping
(ie., C ~ combination of M and K matrices), the modal solution would be a straightforward
eigenvalue problem. However, nonzero joint damping results in nonproportional system
damping, which, as explained in Appendix A, can be handled using a modified form of the
equations. This involves transforming the n second order equations as written above, into
2n first order equations. Complex eigenvectors as well as complex eigenvalues are then
required to solve this transformed system, and to write the response formulas. Without
going into detail on this solution procedure, which is covered in the Appendix A, the
important steps are summarized below.

The equations of motion of the system (eq.2-8) can be rewritten in state space form
as follows:

0 I 0

X - (2-13)

k= i
-M F

Mk -Mc

If we define matrix A and vector x as:

0 1 { q }
A= and x = . (2-14)
Mk -McC q

the homogeneous equations of motion become:

Xx =Ax o Ax = Ax (2-15)
An eigensystem solution routine (EISPACK) is used to find the complex eigenvectors, ¢,
and corresponding eigenvalues, Ay, for this system. As explained in Appendix A, only the
right eigenvectors are necessary to diagonalize the system in this case, since C is a
symmetric matrix for all physical forms of joint damping (linear and nonlinear).

The response of the system to a harmonic forcing function, F = Fy sin at, is, to

first order, a harmonic response at the forcing frequency:

x=asinwt + b coswt (2-16)
The steady-state response amplitude vectors, a and b, are functions of the forcing amplitude
vector, Fy, and can be written as a sum of contributions from each mode for linear
systems. Chapter 3 studies linear jointed systems using the free vibration modes and
frequencies to assess the effects of varying joint stiffness and joint damping. Chapter 5
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presents in detail the solution procedure used for calculating both linear and nonlinear
forced harmonic response of jointed systems.

2.5 ACCURACY OF MODELS

The accuracy with which a finite element model represents a continuous elastic
system is improved in general by increasing the number of elements used. This essentially
allows the model to flex in a smoother, more ‘continuous' manner that is closer to the
actual deformed shape. In terms of the modal information that one obtains from a finite
element model, it is also well known that the lower modes are more accurate than the higher
modes for much the same reason. In other words, for a given model, one can have less
and less confidence as one goes to higher and higher modes.

Some early work on jointed beam models (Lee,1985) had produced some
surprising results, which are actually a result of an inadequate number of elements in the
finite element model. To determine how many elements should be used for a good
representation, two simple one joint models were developed: one with 7 degrees of
freedom (2 elements), and one with 11 dof (4 elements), as shown in figure 2.1, for a joint
stiffness k; = 0.3 EVL. It is assumed here that the 4 element model is more accurate, and
that the modes of the 2 element model that agree with those of the 4 element model are
those that one can feel confident about. The natural frequencies @ = @;/ g, obtained
from these two models are listed below (omitting the rigid body modes):

2 Element Model 4 Element Model
o 2.43 2.42
(o) 17.54 15.51
3 28.71 23.46
@4 70.08 55.82
@s 93.97 71.77
¢ 135.56
[y, 180.27
g 249.23
o 280.85

Table 2.1: Resonant Frequencies of One Joint Model
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Comparison of these columns shows that the first three natural frequencies of these two
models agree within 20%, while the rest are further off. Although this is a somewhat
arbitrary cutoff, a good rule of thumb from this is that roughly the first half of the modes of
a finite element model are reliable. In this case, one can have confidence in approximately
the first 3 modes of the 7 dof model, the first 5 modes of the 11 dof model, and by
extension the first 10 modes of the 21 dof 3 joint model. The results presented in the next
chapter are all obtained with this rule in mind.
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CHAPTER 3

DYNAMIC CHARACTERISTICS OF LINEAR JOINTED MODELS

3.1 MODESHAPES OF JOINTED BEAMS

The eigenvectors of the jointed beam models described in chapter 2 are presented
graphically in this section to illustrate how the presence and characteristics of joints can
affect the modeshapes and modal vibrations of the system. The undamped modeshapes are
considered first, then the damped modeshapes which are obtained from complex
eigenvectors.

Undamped Modeshapes

If joint damping is set equal to zero, the eigenvectors of the system come out to be
real, so they can be interpreted directly as modeshapes. These can be represented
graphically using the displacements and rotations at the ends of each element to calculate the
shape of the intervening beam sections. The most striking illustration of the effect of joints
on modeshapes is a comparison of undamped jointed modeshapes (joint stiffness k; small)
with undamped continuous beam modeshapes (joint stiffness k; infinite). This comparison
is presented for the three joint model in figures 3.1 (symmetric modes) and 3.2
(antisymmetric modes).

In all instances, the change in modeshape due to the presence of a joint is caused by
the fact that the joint represents a local minimum in bending stiffness. This results in a
sharper bend at the joint than in the beams on either side. This is especially pronounced
when the region is highly stressed, for example when the joint falls near a peak of the
continuous modeshape. In fact, the peak of the jointed modeshape is "pulled into" the joint
whenever this happens. It is interesting to note that this cusp shape occurs at either one or
three joints for the symmetric modes, and at zero or two joints for the antisymmetric
modes. Note also that the joints are more sharply bent in the higher modes.

The nondimensional modal frequencies @; of the jointed system, which are listed in
figures 3.1 and 3.2 above each mode, are always lower than the corresponding frequencies
of the continuous system. This is simply because the presence of joints makes the system
more flexible and thereby lowers the overall stiffness in all modes.
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Damped Modeshapes

Damping in the joints may be one of the most significant sources of passive
damping for large space structures. To understand the relationship between joint damping
and overall system damping, it is included in these jointed beam models as a variable
parameter. Non-zero joint damping yields a nonproportional (but symmetric) damping
matrix, which may be handled by reducing the equations of motion to a set of first order
equations and finding the solution in terms of complex eigenvectors, as described in
chapter 2. Because of this formulation of the problem, the resulting eigenvectors have the
following form:

q displacements T}
*=43. . = (-1
q velocities Ay

The first half of this eigenvector is thus the part that can be interpreted as a modeshape.
This is a time dependent modeshape because y is a complex vector (see Appendix A).

Writing the corresponding eigenvalue as:
A=0+im (3-2)
the modeshape has the following form:
modeshape = e™ [ wgcos ot - y; sinot] (3-3)
where
Yy = real partof y

o (3-4)
imaginary part of

Vi

Unlike standard undamped modal vibrations, the modeshape here changes its spatial
distribution as well as its magnitude during each cycle. As one might expect, the relative
magnitude of | compared to Yp is related directly to the amount of joint damping: the
more the joint damping, the larger the imaginary part of the eigenvector.

Figure 3.3 shows the real and imaginary parts of the complex eigenvectors for the
symmetric modes of the three joint model. Figure 3.4 shows the antisymmetric modes.
Note that the y-axis scale is different for the real and imaginary parts, the purpose being to
illustrate the shapes rather than the magnitudes. The real parts of these complex
eigenvectors are identical in shape to the undamped jointed modeshapes. The imaginary
parts have more comiplicated shapes, that get more convoluted for the higher modes.

A better illustration of the effect of joint damping on the modal vibration of the
system is to show the time variation of the modeshape over the course of a vibration cycle.
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This is presented for mode 11 of the three joint model in figure 3.5. Only the first half of
the cycle is shown, because the second half is symmetric in time. The most prominent
difference compared to an undamped vibration, is that at the quarter cycle point (0t=m/2)
the shape, instead of being zero, is exactly that of the imaginary part of the eigenvector.
Qualitatively, the cusped shape tends to delay the snap-through of the joints through their
zero deflection position.

Another way of presenting modal vibrations is to show the vibration shell inside
which all vibration of that mode occurs. This is shown for all of the three joint model
symmetiic modes in figure 3.6. When the effect of joint damping is small, as it is for mode
1, the vibration shell looks very similar to that of an undamped vibration: there are clearly
defined nodal locations at which the displacement is zero throughout the cycle. For modes
that are strongly affected by joint damping, however, such as mode 11 , however, the
nodes are blurred and in fact cannot te clearly defined because they change location during
the cycle.

Effect of Joint Stiffness and Joint Damping on Modeshapes

All of the results presented above were for a joint stiffness of k; = 0.3 EL/L, which
is fairly low. As joint stiffness is varied from zero to infinity, the modeshapes vary from
those of a pinned structure to those of a single continuous beam. This range of variation in
shape is represented fairly well by the cases shown in figures 3.1 and 3.2.

As joint damping is increased from zero to infinity, the modeshapes show the same
variation, because joint damping tends to tighen up the joint and ultimately lock it, when the
system is vibrating, in much the same way as an increase in joint stiffness would. While
the real part of a highly damped mode tends to approach that of a continuous beam, the
magnitude of the imaginary part increases and therefore has more and more effect on the
nodal locations in the vibration shells.

In summary, the effect of jcints on the modeshapes of the system is to make the
shapes cusped at the joints (especially for low joint stiffness and for the higher modes), and
to blur the vibration shell nodes (especially for high joint damping). These effects are not
all that strong, indicating that modeshapes are determined primarily by the distributed
characteristics of the beam elements and are only moderately affected by the localized
characteristics of the joints. The natural frequencies and modal damping factors, however,
are very strongly influenced by the joint characteristics, as will be shown in the following
section.
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3.2 EIGENVALUES OF JOINTED SYSTEMS

Each eigenvalue consists of a resonant frequency of the system and the
corresponding modal damping. Both parts of the eigenvalue vary with joint stiffness and
joint damping, and it is this relationship between modal quantities (eigenvalues) and joint
properties (k;j and c;) that is presented here. The natural frequencies of these jointed system
can only vary in a range limited on one side by the corresponding pinned frequency ()
and on the other side by the continuous beam frequency (®;). The modal damping due to
joint damping, however, has no immediately obvious upper limit . It will be seen in this
section that in fact modal damping does have a maximum for any given mode.

Effect of Joint Damping

A simple way to illustrate the variation of an eigenvalue is to plot its path in the
complex plane. A change in joint stiffness, with zero joint damping, will move an
eigenvalue along the imaginary axis only; a change in joint damping, however, will move
the root into the left half plane. The paths obtained by varying joint damping from zero to
infinity describe fully the effect of joint damping.

Figure 3.7 shows the root locus diagram obtained for the one joint model with this
technique. All paths are upwards loops in the left half complex plane, starting on the
imaginary axis at the undamped natural frequency of the jointed system with given joint
stiffness, k;. Each loop ultimately ends up (for ¢c; — ©9) at the continuous beam natural

frequency (o).

This path shape, which is the same for all modes, is important because it means that
there is a maximum amount of modal damping achievable for each mode. The peak at
which maximum modal damping occurs corresponds to a different value of joint damping
for each mode. The lower modes, which do not exercise the joint much, require a large
amount of joint damping to reach the peak. The higher modes require very little joint
damping to reach their furthest excursion into the cc:.plex plane. Note that maximum
modal damping, which is measured by the angle between the radial to the peak and the
imaginary axis, actually decreases for the higher modes, even though the loops extend
further into the left half plane. This angle is the true measure of the effective damping that a
mode experiences in the actual physical system. The greater this angle, the sooner
vibration of this mode will die out in the response of the system.
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Effect of Joint Stiffness

Figure 3.7 is obtained holding joint stiffness constant at k;=0.3 EI/L. The effect of
changing joint stiffness is shown in figure 3.8, in which all 3 modal loops are plotted for 4
different values of joint stiffness: k;=0.3, 1.0, 3.0, and 10.0 EI/L. For a given mode,
the loops all end up at a, but they start at di ‘ferent locations on the imaginary axis
corresponding to the undamped frequencies at each joint stiffness. The loops all seem to
scale down proportionally for higher joint stiffness, so that the relatve shape of the curves
remains roughly the same for one mode compared to another at any given stiffness.

More importantly though, it is clear that the higher the joint stiffness, the lower the
maximum achievable modal damping. This relates to a fundamental concept: a joint has to
be exercised in order for its local damping to be introduced into the system and act as modal
damping. In this case, it is clear that the stiffer the joint, the less it will be exercised. Also,
note that for higher joint stiffness, it takes more joint damping to reach peak modal
damping. This brings forth another fundamental rule: the less a joint is exercised (whether
because it is stiff or because it is vibrating in a low modeshape) the more joint damping is
required to achieve max modal damping.

Effect of Joint Participation

Results from the one joint model above illustrate how joint damping and joint
stiffness affect the shape of the root locus diagram. There is, however, another important
parameter in the problem: the number of joints that are active in a modal vibration. This
effect is clear in the full root locus diagram for the three joint model. Figure 3.9 shows the
symmetric modes; figure 3.10 shows the antisymmetric modes.

These figures show the same upward looping root locus paths for all the modes as
was seen for the one joint model. However, in each figure, the root locus paths can be
grouped into two families. By inspection of the modeshapes that correspond to each path,
it is clear what distinguishes one family from another: the number of joints actively
participating in that modal vibration. Thus the symmetric modes have either one joint
participating (one joint family), or three joints participating (three joint family). Similarly,
the antisymmetric modes consist of a zero joint family and a two joint family (the center
joint is never active here). This is somewhat approximate, in that even for the "zero" joint
family, there is some damping introduced through the joints.

Results of the three joint model show that the following principles, as mentioned in
the paragraphs above, hold in general:

» the greater the number of joints participating, the higher the modal damping achievable;
« the more the joints are exercised, the more the modal damping achievable;
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» the higher the mode, the more the joint damping required to achieve maximum modal
damping;

« and the greater the joint stiffness, the less the maximum achievable modal damping and
the more the joint damping required to achieve it.
In an attempt to make these rules more rigorous, a Joint Participation Factor is defined and
used to quantify these relationships in the next section.

33 JOINT PARTICIPATION FACTOR

The goal of this section is to formalize the idea that the amount of modal damping
that results from joint damping is closely related to how much the joints participate in modal
vibrations. It is reasonable to expect that the greater the strain energy in the joints, the more
this energy can be dissipated by joint damping. A Joint Participation Factor (JPF) is
defined to quantify, using the geometry of the jointed modeshapes, how much bending the
joint undergoes. This also helps to explain how much joint damping is required to achieve
maximum modal damping.

Definition of Joint Participation Factor

As mentioned above in the section on modeshapes, a joint tends to be bent sharply
in the jointed modeshape when it is located near a peak in the corresponding continuous
beam modeshape. This cusped shape at the joint indicates that it participates strongly in the
modal vibration, because it is exercised through a large angle over every cycle. Because
the joint represents a local minimum in bending stiffness, it will bend more sharply than the
beams on either side of it, especially when it is in a high stress region. When a continuous
beam takes on any given modeshape, the bending stress changes along the length of the
beam, from zero at the nodes and free ends to a maximum at each peak. It follows that a
geometrical measure of joint participation can be found by calculating how close each joint
comes to a peak in the continuous beam modeshape.

Define the Joint Participation Factor as follows:
all

1 d
JPF = — D (1 -—) (3-5)

where,
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N = number of joints
= distance joint to nearest peak
A = wavelength of sinusoid that most closely fits modeshape
(Dugundji, 1988)
Note:
* a JPF is defined for each mode

* JPF = 1 means that all joints are participating in that mode to the maximum extent
allowed by their stiffness (joints on peaks)

* JPF = 0 means that all joints are on the nodes of the modeshape

The JPF is a convenient way of explaining the sharpness of the cusps in the
modeshapes of a jointed beam model. It should also help to explain the 0, 1, 2, and 3 joint
families seen in the root locus diagrams presented above, and it may be a means of
quantifying how much modal damping can be introduced through the joints. The problem
with this definition of the JPF, however, is that it is not a function of joint stiffness, even
though joint activity does depend on joint stiffness. The JPF should therefore be used for
comparing one mode to another at a given joint stiffness. This can be evaluated further by
presenting the numbers obtained for the three joint model.

JPF's for the Three Joint Model

The continuous beam and jointed modeshapes for the three joint model are shown
in figures 3.1 and 3.2. In order to calculate a JPF, it suffices to know where each joint
falls on the continuous beam modeshape, which can easily be found analytically for this
model (Ref.D2,Y1). The resulting JPF's, as well as peak modal damping values, Cp (see
Figures 3.9 and 3.10), and joint damping required to achieve the peak, c;p, are all shown
below in table 3.1. The data in this table is also presented in the following graphs:

* Figure 3.11: JPF vs mode number, and {p vs mode number

* Figure 3.12: Cp vs JPF, and {p vs number of active joints

* Figure 3.13: ¢;p vs mode number
These will each be considered separately.
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Mode Active
Number Joints JPF 4 P Ep
1 1 0.67 0.31 2.0
2 2 0.54 0.32 0.8
3 3 0.86 0.40 0.5
4 0 0.18 0.03 0.3
5 1 0.48 0.07 0.3
6 2 0.49 0.12 0.2
7 3 0.81 0.21 0.15
8 0 0.18 0.01 0.1
9 1 0.52 0.04 0.1
10 2 0.52 0.09 0.1
11 3 0.85 0.18 0.08

Table3.1 Joint Participation and Damping Factors

Figure 3.11 shows that the JPF does increase in value when going from a zero joint
mode (mode 4, for example), to a one or two joint mode (modes 5 and 6), and then to a
three joint mode (mode 7). However, it cannot distinguish well between a mode with one
joint participating strongly (mode 5) and a mode with two joints participating only
moderately (mode 6). The fact that the one and two joint modes have almost equal JPF's is
bothersome, but it is essentially a result of the simple geometry of this model. In a large
system in which many joints are distributed in a more complicated modeshape, the JPF
would still be a valid, if approximate measure of the number of active joints.

The second graph in figure 3.11 shows that the maximum achievable modal
damping Cp plotted as a function of mode number, has approximately the same shape as the
graph above it, but in this case, there is a clear difference between a one joint mode and a
two joint mode. Modal damping is clearly higher for a mode with 2 joints participating
moderately than for a mode with only one joint participating strongly. Maximum modal
damping increases even when it is not indicated by the JPF.

Figure 3.12 shows modal damping {p plotted versus JPF. Except for modes 1, 2,
and 3, this figure indicates a roughly linear relation between {p and the JPF. Itis
interesting to note that if {p is plotted versus the number of joints active for each mode
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(i.e., mode family), which was determined by simple visual inspection of the modeshapes,
the linear relationship is more clear. Here again, however, modes 1, 2, and 3 fall above the
relationship.

Figure 3.13 investigates the question of how much joint damping is actually
required to achieve maximum modal damping. This graph clearly shows a rule that was
mentioned above: in the higher modes, in which the joints are very active, it takes much
less joint damping to maximize modal damping. In fact, fitting a curve to this relationship
yields an inverse exponential of the form:

-13

Ej =20n (3-6)

where n = mode number. These numbers will change, however, for other joint
stiffnesses, because, as shown in Figure 3.8, when joint stiffness is higher, it will take
significantly more joint damping to achieve maximum modal damping.

34 COMPARISON OF NONPROPORTIONAL TO PROPORTIONAL DAMPING

If joint damping is known or assumed to be small, it is tempting perhaps to model it
directly as modal damping by specifying a value of { for each mode that represents the
damping coniribution from the joints. This value would be obtained either from
experimental data or more approximately by rough estimation. This approach may be
misleading because in addition to yielding inaccurate eigenvalues, the trends in predicted
root locus behavior are wrong.

To demonstrate this, the undamped eigenvectors of the three joint system were used
to transform the mass, stiffness, and damping matrices into modal form. While the mass
and stiffness matrices are diagonalized by this modal transformation, the nonproportional
damping matrix containing joint damping terms is not, and in fact becomes a fully
populated matrix. If only the diagonal terms of this damping matrix are kept as an estimate
of the damping ratios  of each mode, and if these are used to calculate damped
eigenvalues, one obtains root loci as shown in figure 3.14. For increasing joint damping,
the root locus starts on the imaginary axis and loops down to the real axis like a classical
one dof system. This path predicts that increasing joint damping lowers the resonant
frequency and increases modal damping until the mode becomes overdamped. Both of
these trends are incorrect, as is seen from the upward looping root loci described
previously and shown also in fig.3.14 for comparison purposes. The correct trends due to
nonproportional damping can, however, be obtained by keeping all off-diagonal terms of
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the transformed damping matrix when calculating eigenvalues. While properly chosen
values of modal damping can accurately represent a given value of joint damping, it is
important to recognize that these modal damping ratios must be recalculated at each
different value of joint damping, because otherwise the predicted trends are wrong.

3.5 SUMMARY AND APPLICATION OF LINEAR RESULTS

The linear analyses presented in this chapter have yielded a number of new insights
on the problem of determining how the presence of linear joints affects the overall
dynamics of the system. The results are applicable to much larger systems than the models
that were specifically used to derive them, but they must at this point be applied in a
qualitative manner. Chapters 4 and 5 investigate the nonlinear problem, and chapters 6 and
7 specifically address the problem of modeling complex (and nonlinear) truss structures.
The most important conclusions from the linear analyses of this chapter are summarized
beiow.

Introducing passive damping into a system by increasing damping in the joints
works only up to a point. Beyond a certain level, increasing joint damping tends to
decrease the mobility of the joint so much that it effectively inhibits the global damping
effect. The maximum amount of modal damping achievabie is different for each mode, and
is roughly proportional to the number of joints active in that modeshape. In terms of
applying this to a realistic structure, one could perhaps design the structure from the
beginning to have joints located near the peaks of the modes that are most critical to damp.
A more practical application, if the structure is already designed, is to use this type of
analysis to pick a level of joint damping that maximizes modal damping in some selected
mode. This is, in effect, a way of tuning the joint damping to the structure.

Picking an optimum level of joint damping is complicated because it depends on 2
number of factors. In general, it takes less joint damping to damp out a high frequency
mode than a low frequency mode. In any given mode, however, it takes more joint
damping to achieve the peak for higher joint stiffnesses. Conversely, lower joint stiffness
allows more modal damping to bte introduced by joint damping, because the joints are
exercised more actively when they are not very stiff. The disadvantage of low stiffness
joints, though, is that the structure is more flexible and has lower natural frequencies,
which may be undesirable from an operational standpoint.

The concept of a Joint Participation Factor is defined in this chapter and shown to
be a useful, if somewhat qualitative, measure of the activity of joints in each mode. JPFs
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may actually be more meaningful for more complicated systems in which it is not as
immediately obvious how many joints are participating. It suffices to know the locked joint
modeshapes in order to calculate JPFs for any system. If these modeshapes are not
sinusoidal, one must also be able to locate peaks in strain energy (maximum curvature) in
each locked joint modeshape. The definition of JPF still holds even for structures with
numerous unevenly spaced joints, as long as the joint locations are known.

In conclusion, the results of this linear analysis can be applied to realistic space
structures to determine how much modal damping is attainable in each mode, and to pick an
appropriate level of joint damping that will maximize (i.e., tune) the damping of a given
mode without significantly affecting its frequency.
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CHAPTER 4
ONE DEGREE OF FREEDOM NONLINEAR MODELS

4.1 INTRODUCTION

More than just the presence of joints, it is the nonlinearities in the joints that can
strongly affect the overali dynamics of a structure. When joints have linear characteristics,
their presence is manifested by distinctive modeshapes and damping properties, as seen in
Chapters 2 and 3. If, in addition, the joints in a structure have nonlinear properties, such
as freeplay or friction, the overall dynamics of the structure become nonlinear as well, and
this can be a dominating effect when the response amplitude of the structure is large and
when many of the joints are active in the vibration. The goal of this chapter and Chapter 5
is to investigate the effect of multiple locally nonlinear mechanisms on the global response
of the continuous elastic system in which they are distributed. More specifically, the
objectives are as follows:

» to develop a procedure to consistently model any joint nonlinearity and introduce it
into simple linear finite element models;
» to study the forced response of one degree of freedom nonlinear systems to obtain a
baseline for later comparison to multi degree of freedom response;
« to understand how a local nonlinearity can spread its influence to the global dynamics
of the system,;
* to determine a measure of how nonlinear the global response is, and relate this back to
the nonlinear characteristics of the joints;
« to indicate how the results of this analysis can be formulated and applied to realistic
large truss systems with nonlinear joints.
To accomplish these objectives, in Chapter 4, the describing function method is described
for characterizing a nonlinearity, and is applied to calculating the forced response of a
single degree of freedom model of a cubic spring, freeplay, coulomb friction, and a
combination of these. Chapter 5 uses this same characterization, but locates the
nonlinearity at the joints only of a multi degree of freedom system. A one joint model is
used to identify the fundamentals of nonlinear behavior in a multi degree of freedom
system. A three joint model illustrates the fact that joint participation strongly affects the
nonlinear response.
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Appendix B shows the detailed derivation of describing function coefficients for all
of the nonlinearities considered in the analyses of this thesis. Appendix C includes listings
of the Fortran code used to implement these nonlinear models.

42 CHARACTERIZATION OF NONLINEARITIES

Large space structures, whether deployed or assembled, will have nonlinear joints
because they will by necessity contain mechanisms such as sliding sleeves and mating
surfaces in order to be activated successfully in space. Joints designed for deployment
often have overcenter locks or spring-loaded sleeves, either of which will result in
nonlinear spring properties for the joint. Manually assembled joints are potentially even
worse because they must be designed to be assembled and disassembled in pressure suit
gloves. This often results in finite tolerances for ease of assembly, and friction between
contacting surfaces. All of these nonlinearities, as well as a combination of multiple
nonlinearities in one joint, are modeled using describing functions in this chapter, and then
used in jointed beam models in Chapter 5.

Describing Functions

The describing function technique consists of calculating approximation functions
to represent the nonlinear elements in a system, resulting in coefficients that are functions
of the input signal characteristics. Because of this dependence, this is called a quasi-
linearization, which can be far more powerful than most linearization techniques since it
keeps the essential characteristic of nonlinear systems: the farm of the output depends on
the specifics (amplitude and perhaps frequency) of the input. In the special case of a single
sinusoidal input to the system, describing functions give results identical to those obtained
from a harmonic linearization that keeps only the first harmonic (Ref: Krylov and
Bogoliubov). Higher harmonics can also be studied using the dual input describing
function formulation, or more directly using the harmonic balance technique. However,
the describing function technique is more versatile than harmonic linearization, because it
can easily handle other forms of input signal, such as a constant dc component or a random
signal. In addition, describing function coefficients are tabulated for all of the most
common nonlinearities that appear in physical systems (Gelb and Vander Velde,1968).

Gelb and Vander Velde present describing functions primarily in the context of
control of nonlinear systems and develop the formulation using statistical and mathematical
reasoning. One must first assume a form for the input signal that is fed into the model of
the nonlinearity represented by its describing functions. In closed loop control, the output
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of the nonlinearity is then fed back to be combined with the input signal in some manner.

In the analysis presented here, however, closed loop control is not being studied but rather
the open loop dynamics and forced response. The input to the system is thus known and it
is the solution (i.e., the state) that is assumed to be harmonic in form and that must be
calculated using describing functions to represent the nonlinearities of the system. There is
also a "feedback" process here, though, because the solution depends on the describing
function coefficients which depend on the amplitude of the solution. Clearly, an iterative
process is needed to find a self-consistent solution that satisfies the equations of motion and
correctly represents the nonlinearity.

Describing functions are good for investigating the performance characteristics of
nonlinear systems, because the trends in behavior can be seen without having to perform an
exhaustive variation of parameters search, as one would normally have to do with most
linearization techniques which yield a single solution valid only for a single specified set of
conditions. Describing functions are especially useful when the nonlinearity is invariant
and separable from the linear part of the system. If both of these characteristics hold, as
they do in the case of truss structures with nonlinear joints and if the input to the
nonlinearity is essentially of the assumed form (harmonic), then experience has shown that
the describing function formulation should yield an accurate solution (Gelb and Vander
Velde,1968; Foelsche,1987).

Definition of the Describing Function Coefficients

In its simplest form, the describing function formulation corresponds to calculating
the first harmonic in a Fourier series expansion of the nonlinear joint force, where the
Fourier coefficients are kept as functions of amplitude and frequency. Thus, if one
assumes a harmonic motion of the form:

q= A sin@Q 1)

where @ = ot, then the nonlinear force F ( g, q ) can be expressed using only the constant

and first fundamental terms of a Fourier series expansion, as

F(qq)=f_+f,sing + f, coso

(4-2)
where the Fourier coefficients are given as
2n
1
f, = — j F(Asin g, Awcos @) do
2
‘ (4-3)

50



2n

f, = l JF(Asin(p, Awcos¢) sin¢ do
e 44
n
f, = l I F(Asing, Awcos®) cos ¢ do
o 4-5)

It is convenient to recast these expressions in terms of amplitude and frequency dependent
centershift, spring, and damping coefficients by making use of the relations

sin @ = a and cos @ = 4
A A®
(4-6)
This results in the describing function representation:
F(q,q) = ci(A0) + c (A q + c(A0) q @7
where,
2n
Co = —L J’ F(Asing, Awcosg) do (4-8)
2w
2n
c_= -3- F ( A singp, A @ cos¢p ) sing do 4-9)
P A a
2n -
c = —1- F (A sin®, A wcos¢p ) cos¢ do (4-10)
! nA g

Since all of the nonlinearities considered in this thesis are odd functions of q, the centershift
coefficient cq is zero and will thus be left out from here on. The coefficient cp is the
"phase" component of the nonlinearity since it is in phase with the fundamental harmonic,
while the coefficient cq is the "quadrature” component of the nonlinear force. It follows
from the definitions that a nonlinear function that does not depend on the velocity will have
a zero quadrature component, g, and will thus lead to a nonlinear force term that has no
damping contribution. If, however, there is a dependence on velocity then the nonlinearity
will add damping. This also corresponds directly to frequency independent (cq=0), and
frequency dependent (cq#0) nonlinearities.

For the more general form of the assumed response,
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q= asinwt + bcos wt @-11)

the same describing function representation applies, but now the amplitude A in the
coefficients is replaced by A =+a? + bZ. Placing this general form of the response into
the describing function representation leads to the appropriate expression for inclusion into
the equations of motion of the system.

Describing function coefficients are easily evaluated and available for a wide variety
of common nonlinearities. The describing function coefficients for all of the nonlinearities
considered in this document are derived in Appendix B, and given below in the one degree
of freedom response section pertaining to that specific nonlinearity.

43 FORCED RESPONSE OF ONE DEGREE OF FREEDOM MODELS

The forced response of a simple nonlinear system is a means of detecting and
characterizing the nonlinearity present. In order to recognize and understand the different
types of nonlinearities considered here, each will be studied as a one degree of freedom
system subjected to a harmonic excitation.

The equation of motion for harmonically forcing a one degree of freedom model
with nonlinearity can be written as follows:

Mq + C,q+K q+Fy =F @12)
Here, M, CL, and K|_ are linear scalars (not matrices), and Fy has the form given by the
describing function coefficients for the nonlinearity. The assumed form of the solution
must be the same as that used above to calculate these coefficients:

q = asint + bcos wt (4-13)

If the forcing term has the form:

F= F0 sin ot
(4-14)

the equation of motion can be separated into two parts, by inserting the expressions for g,
q, and F, and balancing the sine and cosine terms:

sin equation: -Ma’a -C_,ob +K; a +(cpma -cqb) =F, (4-15)

cos equation: -Mo)zb +C wa +K; b +(cpb +cqcoa) =0 (4-16)

Dividing these expressions through by K and defining:
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C
4 _
> < q KL , 4-17)

one can write the following nondimensional equations:

F
o= ) ~ _ %o (4-18)
(1 Q+cp)a (2C$'2+ch)b—KL
(1-Q2+Ep)b+(2cg+8qn)a=o 4-19)
where,
K
Q-2 @, = [~£ , and § = ——==
, 0 M 2 /KLM'

This is a system of two equations in two unknowns, a and b. Since Cp, and ¢ are
potentially complicated functions of amplitude, A = VaZ+b2 , these equations are nonlinear,
and thus cannot be solved easily in general.

Solution for One Degree of Freedom Models

For the particular case of one degree of freedom models, this set of two nonlinear
equations can actually be manipulated very simply to give a solution for the total amplitude
A, ignoring for the moment the component amplitudes a and b. To obtain this expression
for A, the equations above are squared and added together to give:

2
F
~ ~ 0
(1-02+c )2 A2 +(2Q+c Q)2 A2 = (K_) (4-20)
P q K
or,
F 2
K
A2= L 4-21)

(1- Q2+ ép)2 +(2LQ+ qu)z

This relationship between A and Q describes the forced response of a single degree of
freedom system. Itis interesting to see, by comparison to the well-known linear response
formula, that ¢}, and € q are simply additional spring and damping terms in the amplification
factor. These terms are in general functions of A, so this equation must be solved
iteratively to find response curves. Many solution techniques are available that, given €,
will find a solution A if there is one; the difficulty is that for some frequency ranges, there
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are multiple solutions, which can be found by trying many different starting values for the
iteration or by knowing something a priori of the desired solution. Figure 4.1, for
example, shows a typical nonlinear response curve. For low frequencies and high
frequencies, there is just one stable solution that is very close to that for a similar linear
system. For a range around resonance, however, there are three possible solutions, two of
which are stable and achievable vibration amplitudes. Resonant frequency is still defined
as the frequency at which a maximum response amplitude is attained.

Computation of Backbone Curves

The forced response of a system is often represented by a family of curves of
response amplitude as a function of forcing frequency, plotted for a set of values of forcing
amplitude. For a linear system, each doubling in forcing amplitude results in a doubling of
response amplitude, which corresponds to a set of equally spaced curves on a log-log
graph (see figure 4.2). The response amplitude shows a peak at each resonant frequency
of the system. For a linear one degree of freedom system, there is just one peak and this
occurs at the same frequency for all levels cf forcing.

The response curves of nonlinear systems show two major differences when
compared to linear response curves: first, a doubling in forcing amplitude does not
necessarily double the response amplitude, so the curves may no longer be parallel; and
second, the frequency at which peak response occurs (ie, resonant frequency) may change
for different forcing levels. To represent these effects in a simple manner, backbone curves
are used. A backbone curve is essentially the locus of resonant peaks of the system for a
range of forcing amplitudes. It is actually found by setting the system damping and forcing
to zero, and calculating the relationship between response amplitude and forcing frequency
in the vicinity of each resonance. This gives a good approximation to the locus of resonant
peaks because the resulting curve is the line to which the response curve would collapse if
the forcing were reduced to zero, and is thus the centerline of the family of response peaks.
Rather than plotting the whole family of response curves, the most important information
about the characteristics of the nonlinear response can be represented simply by the use of
backbone curves.

To be more specific, for the generic one degree of freedom system described above,
the backbone curve is calculated by first setting the system damping equal to zero, because
it is not the location of any specific peak on the locus (this depends very strongly on
damping), but rather the shape of the locus that is being calculated. With no damping
present, the response is in phase with the excitation, so that the assumed solution can be
written:
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q = asin ot (4-22)
and the equations of motion, for zero forcing, reduce to:

1-Q2+ Ep =0 (4-23)

The procedure is then to calculate Q for a range of values of the amplitude A. In this
simple one degree of freedom case, even though ¢ p is a potentially complicated function of
A, the equation for the backbone curve is:

Q' =1+¢, (4-24)

Note that for the linear case, C. p = 0, resulting in a backbone curve which is a straight
vertical line at wg as shown in figure 4.2. Backbone curves corresponding to nonlinear

systems show deviations from this straight line that are more pronounced for stronger
nonlinearities.

Location of Damped Resonant Peaks

A backbone curve is essentially the locus of resonant peaks for a system. This is a
graphic indication of how the system behaves with increasing amplitude, but it does not
identify the location of a specific resonant peak for given values of forcing and damping.
To determine this, one can make the approximation that the location of a resonant peak is at
the intersection of the backbone curve with the appropriate response curve. Thus,
substituting the backbone expression for Q ( equation 4-24 ) into the response equation (4-
21), one finds:

F0 / KL

A = —F—o R
2§,/ 1+cp + Cq

This is roughly the static deflection of the system, divided by an amplification factor that
reflects how nonlinear effects (C p) affect linear damping (), and how nonlinear damping

(4-25)

(5 o) is added on. This can be considered a quasi-linearized equivalent damping term:

2§eq= 2C,/1+Ep +5q (4-26)

Substituting in particular expressions for ¢, and C as functions of A, a peak resonant
amplitude can readily be found.
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44 CUBIC SPRING MODEL

A one degree of freedom cubic spring model (see figure 4.1) is a nonlinear system
that has been studied extensively in the literature, usually presented in the form of
Duffing's Equation. Solutions can be found using many different approaches; those that
calculate the first harmonic of the forced response yield results identical to those obtained
here using describing functions. As defined above, the describing function coefficients for
a cubic spring nonlinearity are : (see Appendix B for derivation)

3 2
Cp = Z KCS A
4-27)
c =20

q

In this expression, Kcs is the nonlinear spring constant for the cubic spring joint. In other
words, the restoring force due to a generalized displacement, q, of the joint is:

3
F(@ = K q + Kg q (4-28)

Using these describing function ccefficients and the methods described above for
calculating nonlinear response and backbone curves, the following results were found for
the one degree of freedom cubic spring model.

Figure 4.3 shows a damped response curve for Kcs/Ky = 0.5 and Fg =1, and the
corresponding backbone curve. This is not presented in log-log format here. Figure 4.4
shows details of the a and b curves that are used together to get the response curve of figure

4.3:
A = Ja 412 ) (4-29)

It is the complicated shapes of the a and b curves that result in the multi-valued range of the
response curve, which is responsible for the jump discontinuities observed in cubic spring
forced response.

Universal Formulation of Cubic Spring Model
The response of a cubic spring system can be presented in a more universal form by
separating out the influence of the nonlinear stiffness coefficient, Kcs/ K.

K
Let K= =5 (4-30)
KL

58



CUBIC SPRING — 1 DOF

ZETA = 0.1, MO =

"
.r
s
1}
<
0 T T T T 1 T T T T T T T T T
0 0.4 0.8 1.2 1.6 2 2.4 2.8
Ff&?uency W
F-\'sx.ut 4.3: _To"!'a;\ Cublc S?n‘n.s RESPoV\.Sc Ah\‘:\\
2
1
0
‘a. -
d
—g 0
oo
Té i
Y
§ -1-
& _
<
g
IR
v
3
-3 T T T T T T T T T T T T T 1
0 0.4 0.8 1.2 1. 2 2.4 2.8

~

Frec,uen oy @

Fl‘g_\‘u-"cl'l."l: comFonen+ ResPonse AmPll'-luAes (Q'* B)
59



The equation for the backbone curve indicates that for high frequencies, the curve tends

towards a linear asymptote of slope proportional to \jl/_x By including a factor of \j—; in
the response amplitude plotted as a function of frequency, a single backbone curve will be
sufficient to represent all cubic spring response. Similar adjustments of the forcing and
damping terms will thus yield a response plot that is applicable for any value of Kcs.

The original cubic spring equation of motion is:

w . F
q+2§c00q+cozq+lcm(2) q3=ﬁ°sincot (4-31)

Define the following quantities:

a=qw/; A A\/;

~c
= _F f D=2
F—--Iz;l( ~

Using these expressions, the equation of motion becomes:

1 = 1 = ~ 3 ~
—?q+2§—q+q+q = Fsin ot (4-32)
0)0 mo

There is now no explicit dependence on K. Using a solution of the form

q = asin®t + bcos wi (4-33)

this equation can be solved using the techniques described above for a single dof nonlinear
equation, to calculate response and backbone curves. The resulting graph, which is shown
in figure 4.5, can be used to find the response for any cubic system, given its nonlinear
spring constant Kcs, the forcing amplitude Fy, and the damping {. Simply calculate the

non-dimensional parameters X, F, and D, then find the appropriate curve on the graph.
The D cross-mark indicates the location of the peak and jump frequency.
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ci:qx/: A:AJ:

E ~

=2 J; D = g
K F

to obtain the following non-dimensional, universal form:

Tl

~
~

1 = 1 . .3
—q+2{—q+q+q =Fsinwt

Fiqure 45 ; gne Degree of Freedom Cubic Spring Response
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4.5 FREEPLAY NONLINEARITY

A freeplay nonlinearity is characterized by two parameters: a gap dimension (3),
and a stiffness outside of the gap (Kgp). This nonlinearity is similar to a cubic spring in
that it is a hardening system; the difference is that the slope of the function, instead of
being smooth as it was for a cubic spring, is discontinuous. This has no effect on
calculating the describing function coefficients for freeplay, however, which are found to
be (see Appendix B):

c, = Kpp ( 1-%\|{+-11:sin2\|!) = Kpp g,(A)

c,=0 (4-34)

where

-1

A= —‘; and v = sin (4-35)

1
A

for amplitudes of vibration A that exceed the gap size. If the vibration occurs entirely
inside the gap, the nonlinear term is zero (cp =cq=0).

FREEPLAY — gp

F \M\c."\'\ own 3?

2
Amglitude A

o

3

Using these describing function coefficients, the forced response curves can be
computed as described above for a generic nonlinearity. Figure 4.6 shows a one degree of
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freedom freeplay response. Although it is not convenient to make this graph as universal
as the one presented previously for the cubic spring, here one can plot the nondimensional
ratio of response amplitude to gap size. Thus, in this case,

- ~ F
A=£‘- and F- 2
5 K, 5

This yields a curve that is valid for any gap dimension. There are two important
frequencies in this response. The first is the resonant frequency of the system without the
nonlinearity (g). When the response amplitude is small, for example for low forcing, the
gap dimension is not exceeded, so the system resonates around this natural frequency.
When the amplitude gets large enough, however, the gap dimension is exceeded, and the
system shows resonant behavior around the second important frequency, the natural
frequency of a system with stiffness (Ki + Kgp). Just like the cubic spring, this
nonlinearity has two possible steady-state response amplitudes between these two critical
frequencies, so jump discontinuities can occur in this region. No matter how small the gap
dimension is, there will always be this multi-valued frequency range.

A freeplay nonlinearity is described by two parameters, Kgp and 8. The effect of
the gap size § is clear, since this has been separated out as a multiplicative factor for the
response amplitude A in figure 4.6. Thus, for a gap size of 2, simply multiply all of the
curves by 2, which shows that for a larger gap size the amplitude must be corresponding
larger before the response switches from resonance about the lower frequency to resonance
about the higher one. A different value of Kgp would change the location of this higher
frequency, the upper asymptote of the backbone curve, since this is located at ® =
woV1+Kpp/KL , but the overall shape of the curve and the corresponding response curves
would be the same.

4.6 COULOMB FRICTION NONLINEARITY

A system with coulomb friction exhibits softening spring characteristics, because it
has fairly high stiffness for low forcing when the friction mechanism is sticking, and then
the stiffness decreases as soon as the mechanism slips. Nonlinear damping also results
from this, because dissipation occurs when there is slipping. Consequently, the second
describing function coefficient, cg, is nonzero in this case. A simple coulomb friction
nonlinearity is characterized by two parameters, the slipping force Fg and the stiffness of
the system prior to slipping Kcp. As shown in Appendix B, these parameters result in the
following describing function coefficients:
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1 1 1 . ~
< KCF[E+E¢+-2ESIH2¢] = Kcp 8,(A)
4K 1 1 K ~
= —==(1-=) = —= g(A) (4-36)
or A A o 1
where
~ A A .1, 2
A= = — and @ =sin (=-1) (4-37)
Fs/Keg  Ag A

if the amplitude of vibration is large enough to induce slipping (i.e., A > Ag). If no
slipping occurs, the system remains linear, and the effective stiffness is Ki + Kcr.

COULOMB FRICTION — gp and gq

S

4 94 —_—

Functions gp and 94

2 B 4

The forced response of a coulomb friction nonlinearity is shown in figure 4.7. In
this case,
Fo

K, As

A:i and f’:
AS

to factor out the effect of the slipping force on the response curve ( Ag = Fs/ Kcg ). There
are again two frequencies of interest in this response. The first is the natural frequency of a
system with stiffness K + KcF, because for low forcing (i.e., A < Ag), no slipping
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occurs, and the system resonates around this frequency. When the forcing is increased and
slipping occurs, the peak frequency decreases towards the natural frequency of the original
linear system, Wy (Stiffness = KL). The peak amplitude is also very strongly damped by
hysterisis. Note that, although it is not present in this figure, a frequency shift of this
nature could also result in a multi-valued range for the response, but in this case it would be
for frequencies below wg rather than above.

Just like for freeplay, this nonlinearity has two parameters that characterize it , Kcr
and Fs, and the effect of only one Fg has been factored out for this graph. To obtain the
response for another value of Fg, simply calculate the new value of Ag, and multiply the
graph by this. A lower slipping force gives a more abrupt change from the high frequency
towards (), and thus the nonlinear effect is emphasized. The value of Kcr changes the
location of the lower linear portion of the backbone, but does not change the general shape
of the curve. The upper asymptote of the backbone curve is always located at wy, for all
values of both parameters.

4.7 COMBINATION OF NONLINEARITIES

The last type of nonlinearity considered in these models is a combination of a
coulomb friction element inside a gap (see diagram in figure 4.8). Besides being a more
realistic representation of a structural joint, since this type of behavior is often seen in
deployable structures (Mercadal,1986), this combination also illustrates how describing
functions can be used to represent even complex mechanisms. The usual principles of
superposition do not hold here, both in terms of calculating the output from a sum of inputs
and the output from a sum of nonlinear elements. However, describing function
coefficients that represent the combination of nonlinearities can be calculated and used in
the usual manner.

For the combination of coulomb friction and freeplay, there are three parameters
that quantify the nonlinearity: the gap size J, the slipping force Fs, and the slope KnL.
There are three ranges of response amplitude, defined by As=Fs/KnL, and 8, that must be
considered. If the forcing is so low that the system never slips, the effect of the
nonlinearity is just to add stiffness Ky to the system. If the amplitude is high enough to
slip but not so high that it exceeds the gap dimension, the describing function coefficients
can be written using:
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Figure 4.10 shows g, and g4 plotted as a function of A. Since these functions are
dependent on Sfor A> Ag+9d, curves are plotted for a number of different values of 5.
Note that there is no damping added by the nonlinearity in the first of these three ranges of
amplitude ( A < Ag ), because there is no slipping; in the second amplitude range ( As < A
< Ag+9), nonlinear damping reaches a maximum at A=As+6; and, in the third amplitude
range ( A > Ag+9d ), nonlinear damping actually decreases with increasing amplitude.

The forced response for this combination of nonlinearities is shown in figure 4.8.
In this case, As = Fs / KN, is again used to factor out the effect of Fs on the response by
plotting A=A/ Ag to represent the response amplitude. The backbone curve here is
composed of three sections corresponding exactly to the three ranges of amplitude
described above. The first section, for the lowest amplitude range, indicates linear
response at the natural frequency of a system with stiffness Kp +Knp. In the second range,
above the slipping amplitude Ag, there is a peak frequency shift towards g, similar to that
observed for a system with only coulomb friction. This range also has high nonlinear
damping. But, once the gap dimension is exceeded, above Ag+9, the backbone curve
shifts back toward the higher natural frequency as the effect of both the coulomb friction
and the freeplay become relatively small. Damping in this range decreases very strongly,
as shown for example by the high response at resonance for f’=6, in figure 4.8. For this
nonlinearity, as for all nonlinearities considered in this chapter, the backbone curve is a
simple graphic way of representing how a nonlinear peak response changes with forcing
amplitude.

This nonlinearity is more complicated than any of those considered previously, in
that it is characterized by three parameters: the nonlinear stiffness KNy, the slipping force
Fs, and the gap dimension 8. The effect of slipping force has been factored out to a certain
extent by plotting A = A / Ag, however this is not a simple multiplicadve factor in this case.
Figure 4.9 shows backbones curves plotted for a number of different values of As.
Because the slope of the curve is different where it breaks away from the linear portion, the
backbone curve can go further toward wy before hitting the edge of the gap (A = Ag +d)
for smaller values of Ag. In other words, the nonlinear frequency shift is more pronounced
for smaller Ag or lower Fg, if gap size is held constant. Figure 4.10 illustrates the effect of
varying gap size with slipping force held constant. As soon as the amplitude reaches As+
d, the backbone curve deviates back toward the higher frequency, so the smaller the gap
size, the sooner this happens, and the less pronounced the nonlinear effect. The value of
the third parameter for this nonlinearity determines as usual the location of the upper limit to
the frequency range of the backbone curve; this occurs at ® = Wy VKL+KnL.
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4.8 CONCLUSION

This chapter presents the forced response of a number of nonlinear one degree of
freedom systems, using describing functions to characterize the nonlinear joint mechanism
and backbone curves to quantify the resulting nonlinearity of the response. The response
of a cubic spring nonlinearity, which has been studied extensively in the literature, is
presented here in a universal formulation that is valid for any cubic spring system. The
response of three other types of nonlinearities, freeplay, coulomb friction, and a
combination of these, is also investigated using the same techniques, which can in fact be
applied to any nonlinearity for which the nonlinear force function, F(q, q), is known.
Some rules that are directly applicable to structural joints containing nonlinearities such as
these, can be stated as follows:

* a cubic spring nonlinearity shows a resonant frequency shift from the natural
frequency of the underlying linear system, to an upper frequency limit determined
primarily by damping; there exists the possibility of multiple solutions in this entire
range;

» the nonlinear effects of freeplay are reduced by minimizing the gap size, but the
possibility of multiple solutions always exists over a range of frequencies with
lower limit at the linear natural frequency and upper limit at a resonant frequency
corresponding to the stiffness outside the gap;

* coulomb friction can add a significant amount of damping to a system, and also
induces a nonlinear frequency shift towards lower frequencies (softening system),
which is most abrupt for low slipping force;

* a combination of nonlinearities, such as coulomb friction inside a gap, can yield a
complex response in which increasing gap size and decreasing slipping force both
tend to emphasize the nonlinear effect.

In addition to illustrating how these simple rules for joint design are obtained, this chapter
also demonstrates that describing functions can be used to characterize nonlinearities of any
kind in a consistent and easily implemented form, and that backbone curves are a simple
graphic means of representing the nonlinear characteristics of the response. With these
fundamentals established, the next step is to proceed to the analyses of Chapter 5, in which
multi degree of freedom, one joint and three joint structures are considered.
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CHAPTER 5§

MULTI DEGREE OF FREEDOM NONLINEAR MODELS

5.1 INTRODUCTION

Linear models of multi degree of freedom jointed beams were considered in
Chapters 2 and 3, with special emphasis on determining the effect of joint stiffness and
joint damping on the overall dynamics of the structure. This yielded root locus diagrams
for eigenvalue behavior characteristic of joint damping, and introduced the concept of joint
participation in modal vibrations. The steady state forced response of one degree of
freedom nonlinear models was studied in Chapter 4 for a variety of common
nonlinearities. Describing functions were shown to be an effective means of representing
nonlinear joint characteristics, and backbone curves were found to be an efficient way of
identifying specific nonlinear behavior.in the response of simple one dof systems. These
chapters have yielded interesting and practical results that are directly applicable to the
design of jointed structures, but more importantly they serve as a baseline for the next step
in this analytical investigation: determining the response of multi degree of freedom
jointed models with nonlinearities located at the joints. The same one and three joint y;
models as those developed for the linear analyses of Chapter 2, are used here with the same
joint nonlinearities as those considered in Chapter 4, added in as extra stiffness and
damping terms in the finite element formulation. In addition to studying the response of
these simple structural models by considering each degree of freedom individually, a modal
approach is also presented in this chapter. This has the advantage of illustrating nonlinear
modal coupling, as well as presenting other nonlinear global response characteristics that
are also evident from response curves in geometric coordinates. Results of this chapter are
fundamental to the understanding of multiple degree of freedom nonlinear behavior, and
will also be essential for interpreting the nonlinear response of truss structures.
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5.2 DESCRIPTION OF MULTI DOF MODELS

One Joint and Three Joint Models

The multi degree of freedom (dof) models used in this chapter are identical to those
described in chapter 2, except that discrete nonlinearities are included in each of the joints.
A one joint model is used again to study the basics of multi-dof nonlinear response, while
the three joint model is representative of a more realistic structure and illustrates the effect
of joint participation on nonlinear response. Figures 5.1 and 5.2 show these models.

)

£

Figure 5.1 One Joint Model

o W o S
W W W

Figure 5.2 Three Joint Model

Each bar of the one joint model is a single element with distributed mass and stiffness;
each bar in the three joint model is represented by two elements in the finite element
formulation in order to improve the accuracy of the higher modes of the system. Only
symmetric forcing will be considered in this chapter, in the form of translational forcing at
the central joint, so only the symmetric modes are excited. As a result, it is sufficient to
perform the analysis using only half of the degrees of freedom in each case, because the
other half of the dof are correspondingly either equal or opposite. This reduces the one
joint model to four independent degrees of freedom, and the three joint model to 11 dof
(see chapter 2, figure 2.1 and 2.2). The small box above each joint in figures 5.1 and 5.2
represents a generic nonlinearity: cubic spring, freeplay, coulomb friction, and a
combination of these are the nonlinearities that are explicitly considered in this chapter.
However, any nonlinearity for which a describing function can be formulated, can easily be
represented using the techniques presented here.
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Formulation of Nonlinear Joint Terms

For each type of joint nonlinearity , all of the joints in the model are considered to
have identical characteristics. The nonlinearity in all cases is assumed to be exercised only
when there is relative rotation on opposite sides of the joint. In other words, the cubic
spring for example is not fixed to an outside ground, but rather attached at either end to the
bars on opposite sides of the joint (see figure 5.3). One consequence of this is that while
the amplitude of vibration of the nonlinearity is twice that of the rotational degree of
freedom at the central joint because of symmeitry, this is not the case for the amplitude of
the side joint in the three joint model. The side joint can experience unsymmetric motion,
and the nonlinear amplitude in this case is the difference in amplitude between the rotational
dof on one side of the joint and that on the other side. In any case, it is fairly
straightforward to calculate a nonlinear joint amplitude for each joint.

Joint 1

q7

q6

131

Adnl = q7 -46

Figure 5.3 Joint Forces

Describing functions are used in this analysis to characterize the nonlinearity, just as
they were for the single degree of freedom nonlinear analyses of chapter 4. As before, the
nonlinear force at each joint can be written:

F

NL = cp(A,co) a, + cq(A,o)) qnl 5-1)

where n; and ng are as defined in equations 4-9 and 4-10. Here the amplitude A refers to
the nonlinear joint amplitude as mentioned above, and ® is the fundamental vibration

frequency of the system (the forcing frequency in this case). Correspondingly, the variable
qn represents the nonlinear "degree of freedom", which is the difference between the
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rotational dof on either side of the joint. Because there is damping in this system, this
assumed solution must include both a sine and a cosine term, as follows:

g, =a,sinwt + b cos wt (5-2)

Substituting this expression into equation 5-1, yields the following term that represents the
nonlinear force contribution of one joint to the equations of motion.

FNL= (anlc:p

'bnx"’cq) sinmt+(anlmcq+ bnlcp)cosmt (5-3)
The principle of action-reaction requires that this force be applied equal but opposite to the
degrees of freedom on either side of the joint. Thus, joint 1 in the 3 joint model (see figure
5.3) would yield a nonlinear term that adds to the equation for dof 6, and subtracts from the
equation for dof 7. This term is a function of both the q6 and q7 amplitudes, and is
therefore a source of coupling between the multiple equations of motion of this system, as
well as a source of nonlinearity. Each joint contributes terms of this form that are included
in the appropriate equations of motion after the linear terms of these equations are

established. Derivation of the complete set of equations is detailed in the following section.

5.3 SOLUTION TECHNIQUE FOR MULTI DOF MODELS

Definitions and Equations of Motion

The solution technique for multi degree of freedom systems is similar to that
described for single dof systems in chapter 4, except that the system variables are now
formulated as vectors and matrices rather than scalars. Thus, the assumed solution is of the
form:

q = asinwt + b cos mwt 5-4)

where (q is the n-dimensional vector of the system degrees of freedom, and vectors a and b
are the sine and cosine parts respectively of these responses.

The n equations of motion, each one referenced to a particular degree of freedom,
can be written very simply with this notation:

Mg+Cq+Kq+Fy =F (5-5)

Here M, C, and K, are the n by n mass, damping, and stiffness matrices of the linear part
of the system. Fn is a vector of nonlinear terms that are added only to the equations for
the degrees of freedom adjacent to the joints, as described above. F is the forcing vector
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that in this case has a nonzero entry only for the equation representing translation at the

central joint:
0
0
F = go sin ot « translational dof at central joint (5-6)
0

To solve these equations, it is convenient to separate them into n sine equations and n
cosine equations by balancing the appropriate rerms in each equation of motion, after first
substituting in the expression for q from eq.(5-4). This yields the following rearranged
equations:

sin equations: (K - coZM) a-oCb+F, =F 5-7)

cos equations: ®C a + (K-w?M) b + Fy. =0 (5-8)

where Fnis and Fnp ¢ are the sin and cos parts respectively of Fyp. If a new vector x is
defined as:

x = {ﬁ} (5-9)

this set of 2n equations can easily be rewritten in the following form:
f(x)=20 (5-10)

Here f(x) is a vector of 2n nonlinear and coupled functions, such that the solution of
equation (5-10) cannot in general be found analytically. There are numerical methods,
however, that can be used to identify solutions if they exist.

These equations can be non-dimensionalized using the same factors as those
described in the corresponding section of chapter 2. The nonlinear terms become
nondimensional as well, using the following form of the describing function coefficients:

- Cp - Cq
Cp— fc- and Cq = —I<—0 0)0 (5-11)

Note that these definitions are slightly different from those used in chapter 4, because the
nondimensionalization is performed with reference to Ko = E I/ L, the beam stiffness,
rather than using K, the linear spring stiffness of the one dof problem.
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Response of Multi DoF Models

For all of the nonlinearities considered in this study, and for both the one joint and
the three joint model, the set of 2n nonlinear equations shown above is solved using a
Newton-Raphson iteration technique. First, rewrite the expression f (x) =0 in expanded
form as:

of
fx) = f(xp) + ['a';] dx =0 (5-12)
X0
where
X, = solution guess

dx = correction increment in x

of
[ﬁ] = Jacobean of system derivatives evaluated at x,

Xo

Turning this into an iterative routine to find a solution, one can rewrite this as:
-1
of
Ax = -|—| f(x 5-13
- ) (5-13)
Xo
Assuming the Jacobean is invertible, the Newton-Raphson method is to pick a first guess
of the solution, Xp, evaluate f and invert the Jacobean matrix at xg, and calculate a

correction term, Ax, for x. The next guess for the solution should then be:

X = X, + Ax (5-14)

which, when substituted into f and into the derivative matrix, should yield a smaller
correction Ax in the next iteration. Continuing this iteration until Ax gets sufficiently
small, yields a solution that satisfies the original equations.

Note that this iteration does not always converge, especially when the initial guess
is too far off from the ultimate solution or when the derivatives are changing abruptly,
which often happens with nonlinearities that have discontinuous derivatives. In regions
where convergence is difficult, a relaxation technique which consists of taking only a
percentage of Ax as a correction for each iteration, is more likely to converge. When the
iteration does converge to a solution, it will satisfy the equations, but there is no indication
as to whether this solution is unique or not. If other solutions exist, the only way to find
them is to start with different initial conditions for the iteration.
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The task of choosing these initial conditions effectively can be eased considerably
by knowing something of the solution ahead of time. For example, for the forced response
of a cubic spring nonlinearity, an exact analytical solution of the undamped one dof case
shows that there are regions having only one solution, and regions having three solutions
(see chapter 4). With this knowledge, and an idea of the expected shape of the curve, a
routine can be set up to find all of the solutions of interest fairly quickly. In general, for all
of the nonlinearities considered here, to find the steady state response amplitudes over a
range of forcing frequencies two separate sets of solutions were searched for: the first set
was obtained simply by starting with zero initial conditions, xo=0, at all frequencies, and
iterating from there to the closest solution; the second set of solutions was obtained by
taking as a starting guess the solution resulting from the converged iteration at the previous
frequency. This second set is simply a way of marching along the upper branch of the
response curve step by step until reaching the jump frequency (if there is one), at which
point the iteration will no longer converge or will jump down to the lower branch. In some
cases, for example wherever there is just one solution, the result found is the same for both
sets of initial conditions. Altogether, this approach identifies both stable branches of a
hardening spring system. The third set of solutions for a cubic spring system, represents
an unstable branch that would not be seen in actual physical systems, so no effort was
made here to find it.

Backbone Curves of Multi DoF Response

The backbone curve concept for muiti degree of freedom systems is identical to that
defined for single degree of freedom systems in chapter 4, but the computation is
somewhat more difficult. Backbone curves and response curves are presented for the one
joint and three joint models with a variety of nonlinearities in later sections of this chapter.
As before, a backbone curve represents the locus of resonant peaks for a variation in
forcing amplitude, on a graph of response amplitude versus forcing frequency. Each
resonance for each degree of freedom, in a multi dof system, is characterized by a
backbone curve. Wherever the backbone curve is straight vertically, this represents a range
of linear response. The more the backbone curve deviates from a straight line, the more the
response is nonlinear. This deviation represents the frequency shift characteristic of
nonlinear response, and identifies the frequency range for which multiple solutions and
hence jumps in response amplitude can occur.

In general, for simple nonlinearities, each backbone curve is constrained by limit
frequencies, which are the natural frequencies of linear sytems that correspond to specific
configurations of the nonlinear system under consideration. Thus, for example, for the
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three joint cubic spring model, all of the backbone curves start (for low forcing amplitude)
at the natural frequencies of the linear system with no cubic springs at the joints. For very
high forcing amplitude, the cubic springs add, in the limit, infinite stiffness to the joints, so
that the backbone curves asymptotically approach the natural frequencies of the
corresponding linear system with clamped joints.

Backbone curves are computed starting from the same basic equations of motion as
those used above to find the multi dof response curves. Since the backbone represents the
centerline of a family of response peaks, it can be viewed as the limit as forcing amplitude
goes to zero of the response curves with no damping present. Once forcing and damping
are set to zero, however, another modification must be made to the Newton-Raphson
iteration, before being able to calculate a backbone shape. Instead of being given w and
calculating the unknown vector x of response amplitudes, here the procedure is to set a
value for al, the sin component of the amplitude of the first degree of freedom, (from 10-3
to 10+3) and to subsequently calculate @ and all of the other response amplitudes. So for
this, redefine x to be:

w
x = {2 (5-15)

an

and consider the first equation to be an equation for . The Newton-Raphson iteration can
thus be performed as before, and the resulting graphs of the log of the absolute value of
al,..an plotted versus forcing frequency w, are the backbone curves. In order to obtain a
backbone curve in the vicinity of each resonance, the first guess initial condition for  is
chosen in turn to be each linear natural frequency of the system. The backbone and
response curves obtained for the one joint and three joint models are presented in the next
sections.

Solution Using Linear Modes of the System

Many multi-dof structural dynamic analyses are formulated in terms of the normal
modes of the system. This is a linear concept because the formulation assumes that the
principle of superposition holds, which is not generally the case for nonlinear systems.
Many analyses also assume that the system has either no damping or proportional damping,
so the modes can be calculated as real eigenvectors. If there is nonproportional, but linear,
damping in the system, complex eigenvectors can be used to solve the equations of motion
in a manner that parallels exactly the modal approach with real eigenvectors. (See
Appendix A.)
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For nonlinear systems, a modal solution, whether with real or complex
eigenvectors, is not rigorously exact. If the nonlinearities are small, a modal approach may
be used to approximate a solution for the response of the system. In this case, one may
also be able to get an estimate of the amount of modal coupling that occurs because of the
presence of these small nonlinearities. In this chapter, a modal solution will be performed
in order to illustrate this iinportant nonlinear effect, nonlinear modal coupling, which is not
evident from a direct solution for the response of the degrees of freedom of the model.
When the effect of the nonlinearities becomes large, however, the modal approach is no
longer valid and spurious solutions may result.

In order to implement a modal solution, first rewrite the equations of motion of the
system (equation 5-5) as follows:

Mq-: Kq=F-Cq- Fy (5-16)

The left hand side of this equation can be decoupled in standard fashion using the real
eigenvectors (¢,) and eigenvalues () of the undamped linear system defined by the M

and K matrices. The assumed solution is of the form:

q= z &, &, where §s= s™ modal coordinate (5-17)
S

Substituting this expression into equation 5-16, and using the orthogonality relationships:

6 Mo, = 8 b

(5-18)
T 2
¢r I(¢S =8rs mr ul‘
yields the following set of n modal equations, for r=1, ...n:
v 2 T T ; T
mE + WG E = 0 F -0 (XCOE) -0 Fy (519
S

The expressions for the modal coordinates, kowever, can be written more explicitly in
terms of the fundamental harmonic of this forced system:

§ = a sinwt + b_cos wt (5-20)
There are thus 2n modal amplitudes ( a; and b;, for r=1,...n ) that must be calculated to

solve this system. The corresponding 2n equations of motion are found by substituting
this expression for &; in eq (5-19) and balancing the sine and cosine terms in each equation.

This yields the following n sine equations and n cosine equations:
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The terms on the right hand side of these equations, £ and £, are complicated functions
of the forcing vector F, the damping matrix C, and the nonlinear terms Fyp. This is
therefore a set of 2n nonlinear coupled equations in 2n unknowns (the modal coordinates a,
and b,), which can be solved in exactly the same way as the original set of equations in
geometric coordinates. In order to implement the Newton-Raphson iteration here, choose:

X = (5-22)

and obtain f(x) from equation 5-21 above. For each forcing frequency, ®, the solution that
results from the iteration is a set of modal amplitudes, which show the contribution of each
mode to the response at each forcing frequency and which also indicate the extent of modal
coupling.

5.4 FORCED RESPONSE OF ONE JOINT MODEL - RESULTS

] 3

( 1 '{_u N |
2 y |

i symmetric

t

Figure 5.4 Degrees of Freedom of One Joint Model

Linear System

The response of the linear one joint model is included here primarily as a baseline
reference for the nonlinear models that are presented subsequently. Figure 5.4 shows the
numbering of the degrees of freedom in the one joint model. The response of each degree
of freedom in the system is presented in figure 5.5. Although the one joint model has
seven degrees of freedom, there are only four distinct dof in this system because the other
three are symmetric with respect to the center. These four response curves are the ones
shown in figure 5.5. The vertical axis of all of these plots is the logyg of the response
amplitude, which is a nondimensional quantity since all of the amplitudes have been
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shown in figure 5.5. The vertical axis of all of these plots is the logjg of thr: response
amplitude, which is a nondimensional quantity since all of the amplitucss have been
nondimensionalized as described in chapter 2. The horizontal axis is the forcing frequency,
o, referenced to the beam frequency parameter, @ = VEL/mL4 .

Four response curves are plotted in this figure, one for each of the following values
of Fo: Fp=0.5, 1.0, 2.0, and 4.0 EI/L2. The shape of the curves is affected to some
extent by the value of the linear joint stiffness, Ky = 0.3 EI/L, which was chosen to
represent a fairly flexible joint in order to make joint effects more prominent. The linearity
of this system is obvious both by the fact that all of the response curves are parallel (a
doubling in forcing yields a doubling in output), and by the fact that all of the backbone
curves are straight. These backbones are located at the natural frequencies of this baseline
linear system, which are:

W, = 2.43 ON
El
o =237l ® where o, = (5-23)
3 0 4
= 97 ® m L
(os— 93. A

This set of frequencies is important in many of the nonlinear response graphs as well.
Note that the last frequency s is somewhat inaccurate in value as discussed in section 2.5,

but behavior at this resonance is still iliustrative of multi dof response.
Cubic Spring

The response curves of the cubic spring one joint model are presented in figure 5.6
in the same manner as those described above for the linear case. The cubic spring, located
in the rotational degree of freedom of the joint (q4), is described by one parameter, Kcs,
the multiplicative constant of the nonlinear force term:

3
Fao = Kes 9y

(5-24)
The describing function coefficients for this nonlinearity are presented in chapter 4 (section
4). Unlike the one dof model, the complexity of this model does not allow the easy
factorization of the term x = Kcs/ KL in the equations of motion. The graphs of figure 5.6
are therefore plotted for a representative value, k=0.5.

This response is clearly nonlinear, a fact that is evident from the shape of both the
backbone curves and the response curves. Instead of being straight, the backbone curves
start at one frequency, then curve over and straighten out at a higher frequency. Since the

cubic spring has very little effect at low amplitude, the startoff frequency for each backbone
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curve is the corresponding natural frequency of the linear system with joint stiffness

K1 =0.3, as listed above. At high response amplitude, the stiffness of the cubic spring
tends to infinity, and the upper limit frequency for each backbone curve is thus the
corresponding resonant frequency for a linear clamped joint system (Kp=e<). These are:

w, = 5.61 coo

w = 43870 (5-25)

Again, the last frequency ws is inaccurate in this 2 element model.

The response curves of figure 5.6 are most strongly nonlinear in the region around
the first resonance, because this is where the response amplitude is the highest for all
degrees of freedom. This nonlinear behavior is manifested by response curves that come
together rather than staying parallel. There is also a frequency shift in the location of the
peak response, as indicated by the shape of the backbone curve. Associated with this
frequency shift is a multi-valued region, in which two possible values of response
amplitude are allowed. This indicates the possibility of jump behavior in the response,
which does in fact occur in classical hardening-spring fashion for each response curve.
This jump occurs at exactly the same frequency for each dof, because when the nonlinear
dof (g4 in this case) abruptly jumps in amplitude, all of the other dof must jump as well to
maintain a self-consistent physical system. This is an essential feature of multi-dof
nonlinear response, that the behavior of the nonlinear dof is reflected directly in the
response of all dof, simply by compatibility.

All of these nonlinear response characteristics are clearly shown by each of the
response curves, but the essential features are summarized in the form of the backbone
curves. Note that if the response amplitude gets high enough in the region around any
resonance and for any dof, the behavior becomes nonlinear. In the example of figure 5.6,
only the first resonance, for all four dof, shows nonlinear response for this set of forcing
amplitudes.

Freeplay
Figure 5.7 shows the response of a one joint model with freeplay in the joint. The
freeplay nonlinearity is defined by two parameters, , the gap size, and Kgp, the additional

stiffness of the joint when the rotation exceeds the gap dimension. These parameters were
chosen to be:
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K =03,  Kg=30, and 8=10

for the graphs presented in figure 5.7. The describing function coefficients for this
nonlinearity are shown in section 5 of chapter 4, for the one degree of freedom freeplay
model.

The backbone curves for this model are similar to those for the cubic spring
nonlinearity, except that there is an abrupt break from the startoff frequency rather than a
smooth transition, and the upper frequency limits are different. The lower frequency limits
are the same natural frequencies of a linear system with Ky = KL, as listed above. The
system deviates abruptly from these when the joint rotation hits the edge of the freeplay
gap, which occurs when g4=8. At very high vitration amplitude, the joint tends towards a
linear stiffness of K +Kgp. Consequently, the upper frequency limits for the backbone
curves are the natural frequencies of a linear system with joint stiffness Ki +KFp, rather
than those of the clamped joint system.

The response curves of the freeplay model show all of the same nonlinear
characteristics as those of the cubic spring model: superimposed curves around resonance,
frequency shifts, and multi-valued regions. Itis interesting to note that because of the
frequency shift, there is also a shift in the location of a zero response for example for the g3
dof, below the first resonant frequency. Thus, it is possible that increasing the forcing
amplitude may actually lower the response amplitude at some frequencies. It is again only
the first resonance that shows nonlinear behavior here, because the response amplitude is
not large enough at other frequencies to exercise the nonlinearity.

Couiomb Friction

A one joint model with coulomb friction in the joint has the response shown in
figure 5.8. The coulomb friction nonlinearity is characterized by two parameters, as
described in section 6 of chapter 4: the stiffness of the joint prior to slipping, KcF, and the
threshold force at which slipping occurs, Fs. For the example presented here, these

parameters have the following values:
K =03 K= 1.0 and Fg= 1.0

'This formulation of coulomb friction results in the describing function coefficients
presented in chapter 4.

The most prominent difference between coulomb friction and the nonlinearities
considered previously, is that it represents a softening system rather than a hardening
system. This is because, for high amplitude vibrations, a coulomb friction mechanism is
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slipping during most of each cycle, so the average stiffness is correspondingly less than if
no slipping occurs. The resulting resonant frequency shift with increasing response
amplitude is therefore towards a lower frequency. This can most clearly be seen by the
shape of the backbone curves, which start at a relatively high frequency, the natural
frequency of a system with joiﬁt stiffness K +Kcf, and then tend towards the lower natural
frequency of a system with joint stiffness K.

The response curves of figure 5.8 are significantly nonlinear in the range around the
first resonance. The curves are not parallel in this region, and besides having the resonant
peak shifted towards a lower frequency, the peak is very heavily damped by the nonlinear
damping effect of coulomb friction. Because of this damping, there is no evidence of a
multi-valued region here, but it is conceivable that a careful choice of the parameters could
yield such a region.

Combination Nonlinearity

The combination nonlinearity is the most complex of those studied because it
combines both freeplay and coulomb friction behavior. The nonlinearity is characterized by
three parameters, as explained in chapter four: the gap dimension, J; the stiffness prior to
slipping, KNr; and, the slipping force, Fs. These have the following values for the
response presented in figure 5.9:

K, = 0.3 5= 1.0 Ky = 3.0 and Fg=10

Describing functions for this nonlinearity are also shown in chapter 4.

The backbone curves of figure 5.9 are very similar to those described for the one
dof combination nonlinearity of chapter 4. The startoff and final linear frequencies for
these backbones correspond to the resonant frequencies for a system with joint stiffness
K_+KnL. The notch in each backbone curve is influenced by the choice of parameters as
described in section 4.7: the greater the dimension d and the smaller the slipping force Fs,
the greater the deviation of the backbone from linearity. Note that the response peaks
follow the backbone shape, and, at least in the case presented here, show no multi-valued
region. Damping is very high in the notch region of the backbone curve, but then
decreases rapidly for response amplitudes above this, because nonlinear damping becomes
less and less important.
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5.5 FORCED RESPONSE OF THREE JOINT MODEL - RESULTS

The results of the three joint model are presented in the same manner as those of the
one joint model, but in this case there are 21 degrees of freedom, of which only 11 are
independent because the other 10 are symmetric about the central joint. For each type of
nonlinearity, the response of all 11 dof is presented in the following sections.
Corresponding to the increased number of dof, is an increased number of resonant
frequencies for the system. There are 11 natural frequencies that result from this model,
but only the first six are included in the graphs of this section. As before, response curves
for a number of different forcing amplitudes, and backbone curves are calculated.

There are a few fundamental differences between the response of the one joint
model and that of the three joint model. The greater number of degrees of freedom results
in a good representation of the first six modes of the three joint model, while only one or
two of the modes of the one joint model is accurate. In addition, the added complexity
allows the side joints to be exercised in an asymmetric manner (asymmetric left to right),
which is more general than the symmetric motion of the one joint model. Because there are
three joints in the model, the concept of joint participation also becomes important. This is
a concept that was defined in order to interpret the linear model dynamics presented in
chapter 3. It is clear from the data presented in this section that joint participation strongly
determines how muct: the nonlinear joints affect the overall nonlinear response of the

system.
i 3 5* 3 10
‘ [ — i | iﬂ-} *l I i_‘ I | | 1
2 4 6 7 q i I
i @— symmetric —————§»
Figure 5.10 Degrees of Freedom of Three Joint Model
Linear System

The linear response is presented here for the three joint model, to serve as a baseline
for comparison purposes when subsequently considering the various nonlinearities. The
curves in figure 5.11a, b, and c, are calculated using a joint stiffness of Ky =0.3 EI/L,
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which is the low stiffness limit of all of the nonlinear joints (this represents the case in
which the nonlinearity of the joint contributes no additional stiffness). As before, it is the
log10 of the nondimensional response amplitude of each degree of freedom that is plotted as
a function of the frequency ratio, w/wy. The response curves in these graphs are obtained
for the following values of forcing amplitude: Fo=0.5, 1.0, 2.0 EI/L2. As expected,
these curves are all parallel, thus showing linear response characteristics. The linear
resonant frequencies are marked by the presence of straight backbone curves, the first six
of which occur at the following frequencies:

o, = 0.67 w,
W, = 3.06 w,
o, = 16.03 o, (5.26)
@, = 24.03 o,
w, = 56.63 ®,
0, = 7293 o,

These frequencies are significant for interpreting the nonlinear response of systems with
cubic springs or freeplay in the joints. Note that the seventh resonant frequency for the
system, discernible as a peak in the response curves, actually occurs in the frequency range
presented in these graphs, but the backbone curve is not drawn in because the seventh
mode is not considered accurate enough.
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Cubic Spring

The response of the three joint model with cubic spring nonlinearities at the joints is
shown in figure 5.12a, b, and c. Each graph presents three response curves and the
corresponding backbone curves for a degree of freedom of the system. These graphs were

computed using the following parameter values:
K, =03, K= 03, F,= 05, 1.0, 2.0

As for the one joint model, when the amplitude is large enough, the response curve can
have all of the classic nonlinear characteristics: regions of multiple solutions, response
amplitudes that are not proportional to forcing amplitude, and resonant frequency shifts.
These nonlinear characteristics can be seen easily in the shape of the backbone curves.

The backbone curves for this model have shapes that are similar to those obtained
with the cone joint model. They all start for low response amplitude at the naturai
frequencies of the system with linear joint stiffness K;j = K, indicating that the nonlinearity
in the joints has little effect in this range. At high response amplitude, however, the cubic
spring nonlinearity in the joints contributes greatly to the joint stiffness, and the backbones
tend towards the clamped-joint resonant frequencies, which are listed below:

0, = 1.39 @,
W, = 7.55 ®,
o, = 18.83 coo
(5-27)
@, = 35.04 ®,
Wy = 62.02 ®,

(.011 = 97.69 0)0

The most significant new aspect of these backbone curves is that it is very easy to
distinguish between those corresponding to modes with one joint participating and those
with three joints participating. This concept of joint participation was defined in chapter 3,
by quantifying a relationship between joint locations and continuous beam modeshapes.
The dynamics of the linear model indicated that the closer the joints fell to the peaks of the
unjointed modeshapes, the more they were exercised during vibrations at that modal
frequency. It was also shown that symmetric modes tend to have either one joint or three
joints participating in the response, while antisymmetric modes involve either zero or two
joints. These concepts carry over very clearly to the nonlinear case. Of the six symmetric
modes shown here, modes 1, 5, and 9 are one joint modes, and they tend to have fairly
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straight backbone curves. Modes 3, 7, and 11 are three joint modes and tend to have
strongly nonlinear backbones. In fact, in terms of total frequency shift, mode 3 shows the
largest change in frequency, not mode 1 as one might otherwise expect. The amount the
joints participate in the response at any given frequency very directly determines how
nonlinear the response is at that point.

All of the backbone curves presented here for the cubic spring response have a
fairly regular shape, except for those of the sixth degree of freedom, 6. For this dof,
modes 3, 7, and 11 have a peculiar shape on the high frequency side of each backbone. It
is unclear why these backbone curves dip down towards zero, but it is apparently a real

part of the model.
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Freeplay

The response of the three joint model with freeplay in the joints was calculated for
the following set of parameters:

K =03  Kg=30, =10

The results are shown in figure 5.13 a, b, and c, but here the backbone curves are plotted
without the corresponding response curves. Even though this representation does not
contain as much information as the full graphs presented for example for the cubic spring
system, it is significant that most of the important characteristics of this nonlinear response
can be obtained from just the backbone curves. Backbone curves for the freeplay model
are similar to those for the cubic spring model, except that the change in slope at the low
frequency side is more abrupt, and the limit on the high frequency side is the resonant
frequency for a system with joint stiffness Ky = K +Kpp rather than the clamped-joint
frequency. Itis again very clear that the three-joint modes ( 3, 7, and 11 ) are significantly
more nonlinear in response than the one-joint modes ( 1, 5,and 9 ).

The backbone curves of figure 5.13 show clearly the frequency ranges in which
jump nonlinearities can occur (regions between the lower and upper limit frequencies of
each backbone). In addition, one can read directly off the curves the level of response
amplitude at which nonlinear behavior begins for any degree of freedom at any resonance.
Given a level of response amplitude, one could also roughly approximate the response
curve, simply by drawing a norlinear branch or a linear peak at every resonance,
depending on where the corresponding backbone curve is crossed. This representation
emphasizes the usefulness of the backbone curve concept.
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Coulomb Friction

The response of the three joint model with coulomb friction nonlinearity in the
joints is presented in figure 5.14 a, b, and c. The joint parameters were chosen as follows

for the computation of these curves:

K, = 0.3, K= 10, Fg= 1.0

Again only the backbone curves are presented, showing that this is a softening system
since the resonance shifts towards lower frequencies for higher response amplitudes. In
this case, the backbone curves start off at the higher natural frequencies of a linear system
with joint stiffness Ky = Ky +KcF, and then shift down towards the resonant frequencies of
the baseline linear system (Kj = Kp). There is also a large amount of nonlinear damping
that is introduced by the joints at high amplitude, resulting in strong damping of the
resonant peaks. This damping effect, however, cannot be determined from the backbone
curves alone. The modes with one joint participating and those with three joints
participating are again easily distinguished by the amount of deviation of the corresponding
backbone curves from linear response.
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Combination Nonlinearity

The combination nonlinearity was chosen to have the same parameters as those
used in the corresponding one joint model analysis:

K, =03, Ky =30, 8=10 Fg= 1.0

The resulting backbone curves are shown in figure 5.15a, b, and c. The backbone curves
have the same general shape as for the one dof and one joint models with this nonlinearity,
but they are located at the resonant frequencies of a linear system with joint stiffness K; =
K +KnL. The more pronounced nonlinear shape of the backbone curves for modes 3,7,
and 11, is evident here again showing the effect of joint participation.

This nonlinearity is interesting in that it is the most complicated mechanism of those
considered here and also the closest to a realistic joint. Because both the coulomb friction
and the gap nonlinearity involve discontinuous derivatives in their definition, this
combination tends to have many regions where convergence of the Newton Raphson
iteration was difficult to achieve. A 50% relaxation technique (correction = 50% Ax as
defined in equation 5-13), however, was successful in achieving convergence for all of the
response curves.
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5.6 MODAL ANALYSIS OF JOINTED MODELS

The three joint model is used to illustrate modal response and modal coupling of a
nonlinear jointed system. The one joint model described previously has too few degrees of
freedom to adequately represent any more than the first mode of the system, so, while it is
useful for illustrating multi-dof response, it cannot be used to study modal coupling. The
three joint model has 21 degrees of freedom, resulting in 2 rigid body modes and 19
flexible modes, of which 10 are symmetric and at least the first five should be fairly
accurately represented. The linear and nonlinear response of these 10 modes will be
studied in this section.

Linear Modal Response

Figure 5.16 shows the modal response of the three joint model with linear
characteristics in the joints. Each graph shows the amplitude of a single mode plotted as a
function of forcing frequency for a number of different forcing amplitudes. A log-log scale
is used here as usual in order to conveniently cover the whole frequency range of interest.

Damping is introduced into this system in the form of linear viscous damping at
each of the three joints. As was shown in chapter 2, this yields a nonproportional damping
matrix, so that an exact modal solution can be performed only by using complex
eigenvectors to represent the modes of the system. This approach was used in chapters 2
and 3 to study the dependence of eigenvalues on joint properties. In this section, however,
real ei gcnveétors are used in the modal formulation because :hese are what are most
commonly referred to as the modes of the system. In this case, nonproportional damping
is a perturbation that renders the solution somewhat inexact, and that reveals itself primarily
in the form of modal coupling.

Figure 5.16 illustrates this modal coupling due to nonproportional damping, by the
fact that most modes, especially the higher ones, show perturbations at other natural
frequencies in addition to the one major peak at the natural frequency of the mode in
question. If the system were linear and had proportional damping, there would only be one
peak in each modal curve. The important thing to note, however, is that these perturbations
are small, and in fact become almost insignificant in comparison to the modal coupling that
occurs due to nonlinearities in the system.
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Nonlinear Modal Response

The modal response of this same three joint system but with a cubic nonlinearity at
each joint is presented in Figure 5.17. At both the first and second resonant frequencies of
the system, there is very clear coupling as evidenced by stong nonlinear response in all 10
modes at these frequencies. This modal response is very similar to the cubic spring
response of the individual degrees of freedom presented earlier in this chapter. Each mode
follows a classic cubic spring backbone at each of these frequencies, and shows a
consistent jump in amplitude prior to the clamped joint frequency. The one situation in
which a higher mode couples to a lower mode, mode 2 coupling to mode 1 at the second
resonant frequency, yields a surprising shape in mode 1. This shape is not predicted by the
cubic spring backbone, but does show a jump at the expected frequency.

At and above the third natural frequency of the system, the modal response is
essentially the same as that shown in figure 5.16 for the linear response. This is because,
as can be seen in figure 5.12, the response curves of each degree of freedom never go high
enough to be on the nonlinear part of the backbones at these frequencies. If the forcing
amplitude were significantly increased, there would no doubt be nonlinear response at the
higher resonant frequencies and modal coupling would correspondingly result.

Accuracy of the Modal Approach

This form of modal solution, which uses real modes to represent the system,
becomes less and less accurate if the nonproportional damping or the nonlinearity in the
system become large. In an attempt to identify how inaccurate the modal response is, the
results shown above were transformed back into response curves for each dof of the
system, and compared to the corresponding curves obtained earlier without using modes
(section 5.5). Figure 5.18 shows this comparison for the linear case with very slight
nonproportional damping. The discrepancies in these curves are due both to this damping,
and perhaps more significantly at low amplitude to roundoff error and convergence margins
in the iterative processes of both approaches. In figure 5.19, the same curves are shown
with nonlinearity present in the system. There are again significant differences in the
curves, especially at low amplitude, but the largest differences in absolute magnitude now
occur at the top of the nonlinear resonances, just prior to a jump. This is where the
nonlinearity has its strongest effect and where the modal approach is therefore least
justified.
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5.7 CONCLUSIONS

Conclusions obtained from the analyses and results of the jointed beam systems
presented in this chapter, can be summarized as follows:

« Joint nonlinearities of any type can be represented conveniently and efficiently using the
describing function method of characterization, as long as one is interested in only the
first fundamental harmonic of the response. This quasi-linearization technique is
identical for the one dof and the multi dof models considered.

« Global forced response of a multi dof system is affected by the presence of joint
nonlinearities, in all of its degrees of freedom and at every resonant frequency. If the
amplitude of response is high enough, the characteristics of the response can be
significantly nonlinear in the vicinity of any resonance of the system.

« The backbone curve concept is a good measure of how nonlinear the global response is,
for any mode and any degree of freedom. It is a compact and graphic illustration of
many of the nonlinear characteristics of the response: resonant frequency shifts, multi-
valued response regions (where sudden jumps in response may occur), and non-
doubling of response amplitude due to doubling of forcing amplitude.

« Given the input forcing amplitude, or the output response amplitude, the backbone curves
allow an immediate determination of the nonlinear characteristics of the response.
Conversely, given an experimental plot of output response versus forcing frequency for
a number of different forcing amplitudes, backbone curves can be drawn in by joining
the resonant peaks together, and this should help identify the characteristics of the
nonlinearities present.

« Each backbone curve is constrained by two limit frequencies: a lower limit that
corresponds to the natural frequency of a linear system with joint stiffness equal to that
of a joint exercised at low amplitude; and an upper limit corresponding to the natural
frequency of a joint exercised at high amplitude. Nonlinear response is concentrated
primarily in these regions between the upper and lower limits of the backbone curves.
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« The results of the three joint model presented in this chapter demonstrate that the greater
the number of joints participating in the modal vibration, the greater the frequency shift
of the corresponding backbone curve and the more the response curves at that
frequency are nonlinear.

» Modal coupling due to joint nonlinearities can be determined using the techniques
presented in this chapter, when the nonlinear effects are small enough that modal
representation is valid. If the nonlinear effects become too strong, the modal approach
is not justified and modal coupling is not a very useful concept.

« This modal coupling analysis may be especially useful when a linear finite element model
of a large structural system is already available. In this case, one can truncate the model
to just the first few modes of interest, add in the nonlinear terms (assuming they are
reasonably small), and calculate the nonlinear effects and the modal coupling for these
modes.
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CHAPTER 6

SIMPLE TRUSS STRUCTURES

6.1 INTRODUCTION

While there are some examples of space structures like the simple jointed beam
models of chapters 2 through 5 (camera boom, feed mast, extended manipulator arm...),
most large scale space structures are constructed around a framework of beams arranged in
a truss configuration. The truss structure for any extended space system will either be
deployed or assembled in space, and will therefore contain many complex and potentially
nonlinear joints. These structures are generally composed of square (2 dimensional) or
cubic (3 dimensional) bays lined up to form "beamlike" trusses. This chapter and chapter 7
present progressively more sophisticated models of a two-dimensional truss structure with
nonlinear joints. The goal, as before, is to identify how the overall response of the
siructure is affected by discrete nonlinearities located at the joints. This chapter studies that
question in some detail, while the emphasis of chapter 7 is on a procedure for reducing
truss structure to equivalent beamlike structures, so that the results of chapters 2 through 5
can be applied directly to truss dynamics.

Conventional finite element techniques are used to develop two models of a pinned
bar truss in this chapter. The first model represents the truss as a series of bays joined end-
to-end by rigid interfaces, while the second model allows some motion between adjacent
bays by including finite spring characteristics for the interface dynamics. This locked-
interface model and flexible-interface model are analogous to the locked joint (continuous
beam) and flexible joint beam models of chapter 2. In both of these truss models, the struts
are bars loaded in tension/compression only. Chapter 7 develops a more complete truss
model that allows bending in the struts as well.

For each of the models presented in this chapter, the resonant frequencies are
found, the modeshapes corresponding to the first few resonances are considered, and the
response to a harmonic force applied at the center of the truss is calculated. Although the
truss with rigid interfaces is a linear model only, the truss with flexible interfaces can be
either linear or nonlinear depending on the interface characteristics. To illustrate nonlinear
truss response, cubic spring characteristics will be included at the interfaces.
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6.2 CHARACTERISTICS OF SIMPLE TRUSS MODELS

Both of the simple truss models considered in this chapter represent a six bay
symmetric truss with free-free end conditions, as shown in figure 6.1. The struts in these
models are loaded in tension/compression only. The only difference between the models is
in the interface dynamics, so the development of the bay representation is common to both
models and will be presented in detail in this section.

Af ()

Figure 6.1: Six Bay Truss Model

Each bay in this truss contains 4 struts, as shown in figure 6.2. Each strut is
modeled as a bar in tension/compression, and can therefore be represented by a single finite
element of the form shown.

L It
31 7 8
4

Figure 6.2: Bay Configuration and Bar Element
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The element has four displacement degrees of freedom, and is described by the following
element mass and stiffness matrices (Sun, 1988):

2 0 1 0
0 2 0 1
mL Le T
M=% TR |1 0 2 off ©D
0O 1 0 2
0 0 0 0]
o 1 0 -1
EA L _T
= mm— e R -
K° L L ejo 0 0 O R9 6-2)
0O -1 0 1 ]
where L is the individual bar length, L is the bay length, and Ry is a rotation matrix
defined as
-cos 0 -sin® 0 0 ]
sin® cos 6 0 0
Re = (6-3)
0 0 cos® -sin®
0 0 sin® cos®

which is used to transform from local bar coordinates to fixed reference coordinates.
In order to nondimensionalize using the same parameters as those described in
chapter 2, and more specifically to use the same reference frequency, wo:

El

mL4

0)_

(1 (6'4)

one can define the parameter o, which represents the ratio of longitudinal stiffness to
bending stiffness for a single element of the bay:

2
EA/L. A L
a = 3e=TL§ =(r—°-) (6-5)
EI/L, G

where A is the cross-sectional area and rg is the radius of gyration of an individual bar in
the bay. For given element length L. and area A, decreasing the moment of inertia I (or 1)
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of the bar corresponds to increasing the slendemess ratio and increasing o.. Thus, buckling
may be a problem for structures with high o
Using a, the leading term of the stiffness matrix can be rewritten as follows:

2
1 El L
L 2 L 1 L.

[
With this bracketed factor included in the nondimensional stiffness matrix for the element,
the resulting frequencies are in terms of wy, as desired.

To obtain the mass and stiffness matrices for a bay, four elements of the form
described above are assembled in the configuration shown in figure 6.2. This assembly
process involves first setting up a total mass or stiffness matrix consisting of four element
matrices in block diagonal form. The 16x16 total matrix is then reduced to an 8x8 bay
matrix, by combining degrees of freedom common to two elements. This bay
representation assumes pinned connections between each of the bars in the bay. Nonzero
rotational joint stiffness and damping cannot be included in this model because the bars
cannot be subjected to bending loads. Once the bay mass and stiffness matrices are
obtained, these can then be assembled into a truss model. Since this level of the assembly
process is different for the two models in this chapter, it will be considered separately for
each model.

6.3 RIGID PINNED TRUSS

The rigid pinned truss is a conventional finite element model of a simple truss, and
thus serves primarily as a baseline model with which to compare later results obtained with
less conventional forms of the truss model. The location of the truss resonances and the
corresponding modeshapes are of particular interest for verification purposes, and provide
some insight on the overall characteristics of this example truss.

Formulation of Model

The rigid pinned truss is a truss structure composed of 6 pinned bays of the form
described above, with rigid interfaces between bays. This corresponds to joining bays by
imposing identical vertical and horizontal translation on connected nodes of adjacent bays.
Since only symmetric modes and motion will be considered for this truss, it suffices to
model only half of the truss, with appropriate constraints imposed at the center interface. A
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closure bar, with half of the standard bar stiffness and mass, is also included at the center
to give the last bay shear stiffness. The total set of degrees of freedom for this system and
the reduced set of global degrees of freedom are shown in figure 6.3.

| 5 A 13 17 2/ 25
L.l I 6 |_Jo Lw I 18 L’,’l 26
- 7 5 1 23 |27
’ Lf Li‘ L"’." L:s
4 12 20

ﬁ,q ﬂ.g Tl..,z T':——'—Symmetnb——b

Figure 6.3: Rigid Truss Model, Total and Global Degrees of Freedom

Given the 8x8 mass and stiffness matrices for the bay, the total assembled matrices
of the truss are obtained simply by constructing a 28x28 matrix with three bay matrices and
one closure bar matrix (1/2 eq.6-1 or 6-2). The reduced global matrices corresponding to
the 14 dof remaining after common dof are eliminated, are calculated in the usual manner
by pre- and post-multiplication by a rectangular locating assembly matrix L (28x14) which
describes the relationship between total and global coordinates. This yields 14x14 mass
and stiffness matrices, M and K, that describe symmetric motion of the rigid pinned truss,
and can be used to compute the response of the truss as well as its natural frequencies and
modeshapes.
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Response of Rigid Pinned Truss

The response of the rigid pinned truss is simple to compute because the mass and
stiffness matrices described above fully determine the dynamics of the truss; there are no
interface forces in this model, because the interfaces are effectively locked. The system is
thus described by the following equation:

Mq + Kq=PF (6-7

This is an undamped system because there are no joints at which it is convenient to add
damping, and as usual there are no other sources of damping included in the model.

If the system is forced at its central interface (half of the load on the top cluster, and
half on the bottom) by a harmonic forcing function of the form:

F = F0 sin ot (6-8)

and if the resulting response can be assumed to be composed of one dominant harmonic at
the forcing frequency and in phase with the excitation:

q = asinot (6-9)

then the solution can be computed using a Newton-Raphson iteration procedure as
described in chapter 5. The resulting response amplitude for two of the degrees of freedom
at the tip of the truss (q1 and q2) is plotted as a function of forcing frequency in figure 6.4.

Modeshapes and Resonant Frequericies

The resonant frequencies of this model are found simply by locating the peaks in
the response curve of figure 6.4. At each one of these peaks, the set of amplitudes in the
vector a is then used to draw a corresponding modeshape. The vector a gives the location
of the corners of each bay, so that the modeshape is obtained by joining these corners using
a straight line to represent each bar. Figure 6.5 shows the first 5 symmetric modeshapes
and resonant frequencies for the truss with rigid interfaces.

While the first mode is fairly clearly the first bending mode of the truss, the higher
modes tend to be a combination of the usual uncoupled modes of the system. Thus, the
second and third modes combine the first extension modeshape and third bending. And the
fourth and fifth modes involve the fifth bending modeshape and significant shear. These
modes are strongly coupled primarily because the truss model considered here is relatively
short (3 bays only) and broad (H=L). There is thus little frequency separation between the
different types of modes, and shear motion plays an important role.
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6.4 PINNED TRUSS WITH INTERFACES

If one identifies the interfaces of this pinned truss model with the joints in the
jointed beam model of chapter 2, then this truss model relates to the rigid truss model
described above, as the jointed beam model related to the continous beam model. The
interfaces defined here are used to introduce both linear and nonlinear "joint" characteristics
into the truss model.

Formulation of Model

The development of this model starts with the same bay formulation as that
described in section 6.2 above, but here the bays are assembled so as to allow some
flexibility in the interfaces between bays. To do this, the longitudinal translation degrees of
freedom at adjacent corners in an interface are allowed to remain independent of each other,
while the vertical translation degrees of freedom remain equal. This arrangement roughly
allows the bays to rotate with respect to each other, but without allowing any shear
displacement. Figure 6.6 shows the resulting truss degrees of freedom, of which there are
now 20, assuming symmetry still holds.

l 5 H

191-———symmetmc —_—

/VA\NN

» ——> 15
Figure 6.6: Pinned Bar Truss with Interfaces

The total mass and stiffness matrices for this system are set up in the same way as
for the rigid pinned truss described above. Each total matrix consists of 3 bay matrices and
one closure bar matrix, laid out in block diagonal form as a 28x28 matrix. This is reduced
down to a 20x20 matrix by eliminating common degrees of freedom between bays where
appropriate. The resulting matrices, however, represent a system that allows rigid body
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rotation and translation between bays, so the interface dynamics must be further
constrained, in order to define the system fully.

Figure 6.7 shows the details of a bay interface for this model. The interface
consists of a top cluster of joints, and a bottom cluster, each of which lumps all of its joint
dynamics into one degree of freedom. This is clearly an approximation, since the joints
come into the cluster from many different directions, and each one generally has linear and
nonlinear characteristics. However, there are structures that come close to approximating
this configuration, and in any case, it is a good model for testing the effect of simple
interface dynamics on the overall response.

top cluster

bottom
Clustep

Figure 6.7: Bay Interface

Each cluster in a bay interface is characterized by a linear spring, k, a linear
damper, c., and eventually nonlinear characteristics. It is the longitudinal translation of
opposing corners of adjacent bays that exercises these cluster mechanisms, and creates
restoring forces that tend to straighten out the truss. The results presented in this chapter
are obtained for clusters with translational spring characteristics chosen so as to represent
fairly low stiffness interfaces. In fact, the cluster stiffness k., was purposely chosen to
yield an interface stiffness equivalent to a rotational joint stiffness k; = 0.3 EI/L, which was
used as the baseline joint stiffness for the jointed beam models of chapters 2 through 5. By
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equating the restoring moment provided by the interface in the truss to that provided by the
joint in the jointed beam model, one obtains:

€Dy

L3

and the equivalent bending stiffness for the truss, (E I)1g, can easily be found in terms of o

k =k 2

(6-10)

and other beam properties, as:

2
() -8
(EDpg = E2A|7] = %|T| EI (6-11)
Thus for o = 2000, and k; = 0.3, the equivalent cluster stiffness is found to be
k = 2400 El (6-12)
13

This value will be used for all of the truss models with interfaces here and in chapter 7.

Response of Pinned Truss Model

Before calculating the response of the pinned truss model to a harmonic forcing
function, expressions for the restoring interface forces must be derived and added to the
equations of motion of the system. The magnitude of the cluster force is a function of the
difference in u translation of opposing bay corners, Au:

F. = F. (Au, Au) = k, Au + c, Au + Fy (Au, Au) (6-13)

In this formulation of the model, Au can be obtained directly from the amplitudes of the
translation degrees of freedom of the bay corners. Thus for the top cluster in interface 1,

for example,

Au=q,- qc = (2;-23y) sin ot + (b, - by) cos wt (6-14)
and

Au = - (b,-by) @ sin ot + (a,-a;) ® cos wt (6-15)

The nonlinear part of this interface force can be written in the usual manner in terms of the
describing function coefficients of the nonlinear function, as described in chapter 4:

FNL( Au, Au) = < Au + < Au (6-16)

Substituting these expressions into eq.6-13, yields an expression for Fc written entirely in
terms of the sin and cos components of the various degrees of freedom of the model. This
formulation can therefore be included in the equations of motion for the system:
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Mq+ Kgq+ Fq,q)=F (6-17)

or
a

b} +F.(a,b)=F (6-18)

(K-mZM){

This set of coupled and potentially nonlinear equations can be solved in the usual manner
using a Newton-Raphson iteration technique. The results for the linear version of this
model are presented in section 6.5; the nonlinear response is shown in section 6.6 for a
truss with cubic spring characteristics at the interfaces.

6.5 LINEAR RESPONSE OF PINNED TRUSS WITH INTERFACES

Figure 6.8 presents the linear response of the pinned bar truss modeled with
flexible interfaces. The resonant peaks of this system fall at lower frequencies than the
corresponding peaks of the rigid truss model, as one would expect, since the interfaces
effectively decrease the overall stiffness of the system.

To compare the resonant response of the two systems more rigorously, the natural
frequencies and modeshapes for the first five modes of the pinned truss with interfaces are
shown in figure 6.9. For this model, the first four modes are clearly distinguishable as the
first bending, the first extension, the third bending, and the fifth bending modes of the
truss with little coupling between modeshapes and not much shear deformation. It is only
at the level of the fifth mode that bending, extension, and shear all combine into a fairly
complicated modeshape. Comparing these results to the modeshapes found for the rigid
truss indicates that the additional flexibility at the interfaces in this model actually allows the
truss to behave more like a beam in bending, and to be less affected by the short, stocky
geometry of this particular truss example.
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6.6 NONLINEAR RESPONSE OF PINNED TRUSS WITH INTERFACES

Figure 6.10 shows the nonlinear response of the pinned bar truss with cubic spring
nonlinearity included at each of the interfaces. The describing function coefficients for this
nonlinearity are:

(6-19)
cC =

Although this may not be a very common cluster nonlinearity in its extensional dof, itis
used primarily for illustrative purposes. Any other nonlinearity can easily be modeled
simply by substituting in the appropriate describing function coefficients.

The response of the first two degrees of freedom at the tip of the truss is presented
in the usual manner for three different levels of forcing amplitude: Fo =200, 400,and 800
EI /L2 These forcing levels seem higher than those used for calculating the response of
the jointed beam models in chapter 5, because of the much higher stiffness of the truss.
When these forces are converted to the equivalent form FoL%/(EI)R using the relationship
of eq.6-11, they are then of comparable value.

The response of this model shows nonlinear behavior at all of the resonances of the
system. The resonant branches have all of the usual nonlinear characteristics: frequency
shifts towards the rigid truss resonant frequencies; jump discontinuities in response
amplitude for increasing forcing frequency; and non doubling of response amplitude for a
doubling of forcing amplitude (coalescence of response curves on the nonlinear branches).
As with previous multi-dof models, the nonlinear branches start at the resonant frequencies
of the linear system with interfaces, and tend toward the resonant frequencies of the rigid
bar model. The interesting new feature of this truss response is the existence of
overlapping nonlinear branches for adjacent resonances because these frequencies are
closely spaced. Even in systems that are not characterized by closely spaced frequencies,
there is no requirement that the upper limit of a backbone curve should fall below the lower
limit of the following backbone curve. So this overlapping behavior can actually exist in
any system, altough it never occurred in the response of the three joint models presented in
chapter 5. This behavior is important to recognize because in the frequency ranges where
overlapping occurs, there are three or more stable branches, which means the system can
vibrate at any one of those three amplitudes and can jump from one to another in a fairly
unpredictable manner.
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6.7 CONCLUSIONS

Two versions of a pinned bar model are developed in this chapter. The firstis a
classical model that imposes rigid connections between adjacent bays of the truss. This
rigid truss model is useful for verifying the location and modeshapes of the primary
resonances of the system. The second pinned bar model allows rotation and longitudinal
translation to occur between bays by including these degrees of freedom in the model, and
specifying the dynamic characteristics of the interfaces. This provides a means of
specifying both linear and nonlinear properties for the interfaces which are assumed to
incorporate all of the joint characteristics in a somewhat lumped form. The linear response
of the pinned bar model with interfaces shows that the resonances of the system are at
lower frequencies than for the rigid truss because of the additional flexibility of the
interfaces, and the modeshapes tend to be more beamlike. The nonlinear response of the
system shows all of the usual cubiz spring response characteristics at the resonances. One
interesting new aspect of this truss response is the existence of overlapping nonlinear
regions in which there may be more than just two stable response amplitudes. The
nonlinear response can become quite complicated for trusses with many closely spaced
frequencies.

The relationship between the dynamics of the pinned bar model with interfaces and
the rigid bar model is analogous to the relationship between the jointed beam model and the
continuous beam model studied in some detail in chapters 2 and 3. The results of the
jointed beam model can thus be interpreted to apply to trusses, by identifying the joints
with the truss interfaces and the beams with the truss bays. One important difference,
however, is that the beams of the jointed beam model were subject to bending loads, but
the bays in these pinned bar trusses cannot undergo bending. To remedy this difference, a
more accurate truss model is developed that allows bending in all of the struts of each bay.
The development and results of this jointed beam truss are presented in chapter 7.
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CHAPTER 7

BEAMLIKE TRUSS STRUCTURES

7.1 INTRODUCTION

The formulation and results of two simple truss models, developed using standard
finite element techniques, were presented in chapter 6. In both models, the bays were
composed of bars in tension/compression, thus allowing no bending to occur inside a
single bay. While this is a good first approximation of the dynamics of the truss and
provides a good estimate of the resonant frequencies and modeshapes, it ignores
completely the beam modes of individual struts and the possible interaction between beam
modes and overall truss modes. To study this aspect of the problem in more detail, chapter
7 develops a more sophisticated truss model that includes bending in all of the beams.

Another objective of this chapter is to develop a method by which the analysis
techniques developed for jointed beam models in chapters two through five can be applied
to study truss structures. In order to do this, the truss is reduced from a full finite element
formulation to a "beam-like" representation in which the truss bays are modeled as linear
sections and the interfaces between bays contain all nonlinear characteristics. While some
approximation is involved in modeling a truss structure in this manner, the essential
dynamic characteristics that determine overall response are kept through each level of the
modeling procedure. Besides yielding a simpler model with fewer degrees of freedom than
the original truss, this reduction process has the advantage that an analytical approach can
be used to calculate the response of the truss that is identical to that used previously for the
response of the jointed beam. In addition, proper interpretation of all of the earlier results
using this model, can indicate at least qualitative trends that should hold for trusses.

This chapter details each stage in the reduction procedure of the truss: development
of the full finite element representation of a single bay; dynamic condensation of all internal
degrees of freedom of the bay; transformation and reduction to only essential "beam-like"
coordinates for each bay; assembly of the six bay truss; and, addition of linear and
nonlinear interface terms. The forced response of the model is then presented for the linear
case and for the nonlinear case as illustrated by a cubic spring nonlinearity.
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7.2 CHARACTERISTICS OF BEAMLIKE TRUSS MODELS

A two dimensional six bay truss, identical in geometry to the truss of chapter 6 and
shown in figure 7.1, is used in this chapter to develop and illustrate the method of
reduction to a beam-like model and the calculation of linear and nonlinear forced response.
The truss has free-free end conditions in order to simulate a free-flying space structure. It
is assumed to be symmetric so that only half of it will need to be considered explicitly when
computing the response to a symmetric forcing function, such as a harmonic force f(t),
applied at the central interface.

AFLY)

Figure 7.1: Six Bay Truss Model

In the original finite element formulation of this truss, each bay consists of four
beams joined together in the configuration shown in figure 7.2 by joints that can have linear
stiffness and damping characteristics. Because the bay is jointed, rather than pinned, each
beam is in bending as well as tension/compression. Each beam is modeled using two
elements to allow enough flexibility for bar modes to be well represented, since these
involve significant translation and rotation of the midpoint of each beam. This finite
element formulation jointed bay results in 28 distinct degrees of freedom for each bay,
and the full symmetric truss would therefore be described by 85 dof, including those of an
end beam for closure. In this form, the full truss model would consist of 25 beams, 50
elements, and 50 joints. Although not very large by industry standards, this model is
larger than it needs to be to assess the general effects of nonlinear interfaces; more
importantly, equivalent models for three dimensional structural systems quickly become too
large to be practical, so a reduced model is certainly worth developing.
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Figure 7.2: Finite Element Model of Bay

The analytical approach of this chapter is to first assemble a conventional finite
element representation of the 28 dof bay, then reduce this bay in two steps to a beam-like
model. The first step is a dynamic condensation of the internal degrees of freedom of the
bay to 8 dof, and the second step is a change of coordinates and reduction to a set of 6
beamlike dof describing the whole bay. At each step of this procedure, the resonant
frequencies of the bay are studied to understand how the overall dynamics are affected by
the modeling procedure. Once the 6 dof "bay element" is obtained, it is used to assemble a
six bay truss. The final and most important task in setting up this truss model, is then to
introduce forces and moments representing the linear and nonlinear dynamics of each of the
five interfaces between bays. These interfaces are assumed to be identical and to model ina
lumped manner the dynamics of a top and bottom cluster of nonlinear joints. The resulting

reduced model can be represented by the diagram of figure 7.3, which looks very much
like the jointed beam models of chapters 2 and 5.

Figure 7.3: Reduced Truss Model
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7.3 FINITE ELEMENT FORMULATION OF BAY

It is natural to start the formulation of the truss model with a finite element
representation of a single bay, since this is a widely accepted method of obtaining the
dynamic characteristics of a structural system. In general, the accuracy of such a
formulation can be improved by increasing the number of elements and enhancing the
fidelity of the model characteristics (mass and stiffness distribution, inclusion of damping,
etc...). For the purposes of this analysis, however, the finite element model presented in
this section is considered to have the "correct” values of such things as resonant
frequencies (beam modes), and at every step of the reduction process, these characteristics
are evaluated to insure their consistency. The purpose of this section is therefore to
develop the finite element model of a single bay, and present the characteristic frequencies
and modeshapes.

Element Characteristics

' 4
‘sz [ —»5
: *

Figure 7.4: Element Model

Each element in the original finite element formulation of a bay has 6 degrees of
freedom, two translations and one rotation at each end, as shown in figure 7.4. The
consistent mass and stiffness matrices for this standard beam element are readily found in
the literature (Winfrey):

156 0 22L, 54 0 -13L]

0 140 0 0o 70 0

2 2 13L 312
M -mL e pr e 0k -0k R (71
e~ 420 L "® | 54 0 13L, 15 0 -22L | ©® 7D

0 70 0 0 140 0

2 2
-13L, 0 3L 22L, 0 4L,
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12 0 6L, -12 0 6L,]

3 |6L 0 4% 6L, 0 12

EI L T € € e €
e 3 (L) .12 0o 6L, 12 0 6L © 72

6L 0 ZLZ 6L 0 4L§

where as before,

2
EA/L L
o= °=ﬁL2=(—°) (7-3)
3 I ¢ I's
EI/ Le
and the rotation matrix Rg is:
(cos® -sin® O ]
sin® cos® O
0 0 1
R = (7-4)

cos® -sinf O

sin® cos® O

0 0 1

This six degree of freedom element is used rather than the four degree of freedom element
described in chapter 2, because of the two dimensional geometry of the bay, which joins a
horizontal translation of one element to a vertical translation of another, for example, so that
both horizontal and vertical translations must be kept.

Assembly of Bay

Eight elements of the form described above are assembled in the configuration
shown in figure 7.2 for a single bay of the truss. Each beam consists of two elements, so
that the bar modes can be well represented. After eliminating common degrees of freedom
from adjacent elements, the bay is defined by 28 dof. Note that rotations are kept
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independent for all beams coming into a single node. This corresponds to a pinned bay,
but nonzero rotational stiffness and damping can easily be added to each joint to model a
more realistic situation.

The mass and stiffness matrices of the bay are obtained by setting up a 36x36 total
matrix consisting of six 6x6 element matrices placed in block diagonal form, and then
reducing this to a global 28x28 matrix. This process was described in more detail in
chapter 2 for the assembly of the simple jointed beam models. The procedure is the same
here except that the geometry is slightly more complicated, and the diagonal beam consists
of two elements that are longer than the rest.

Joint characteristics can be added to the total assembled bay matrices (36x36) in the
same manner as that described in chapter 2. Because the joints are assumed to be massless,
the mass matrix is unchanged, but the bay stiffness and damping matrix are affected. The
bay damping matrix is zero except for joint damping contributions, since no other forms of
damping are included in this model. Most of the results of this chapter are actually derived
with zero joint rotational stiffness and damping (pinned bay), but inclusion of nonzero
values at this level is simple.

Resonant Frequencies

The resonant frequencies of an individual bay of the truss are computed by solving
for the eigenvalues of the M and K (28x28) system described above. The first half of the
modal frequencies are tabulated in Table 7.1, for zero joint rotational stiffness (pinned bay)
and for very high joint stiffness (clamped joint bay) with no joint damping.

An alternate method of obtaining the resonant frequencies of the bay is to plot the
value of the determinant of the matrix ( K - ©®? M), as a function of frequency ®. The
frequencies which make this determinant zero are the eigenvalues of the system. Figure
7.5 shows such a plot for the pinned bay case, with the solid line representing the value of
the determinant, and the x's on the axis marking the eigenvalues as listed in the table above.
It is clear from this graph that all of the zero crossings of det(K-w?M) are values found
above: there are no extra crossings and every eigenvalue is hit. This method is included
here both to illustrate the accuracy of it, and because it will be used at each later step of the
modeling procedure to verify that the eigenvalues remain unchanged by the model
reduction.

Note: The plot of this determinant and of all later ones in this chapter appears to be
very noisy, because the value of the determinant is calculated by an eispack routine that
gives it in two parts: the first part is a number between 1 and 10 (positive or negative), and
the second part is the exponent of the power of 10 that multiplies it. Only the first part is
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plotted, because the exponent can vary greatly (1017 to 10+30 in this case), and it is only
the zero crossings that are important here.

MODE PINNED CLAMPED MODE

NUMBER JOINT JOINT SHAPE
1 5.79* 11.30 1st bending diagonal
2 11.04 12.98 1st bending crossbar
3 12.08 19.78 1st bending crossbar
4 16.17 22.47 1st bending freebar
5 23.32 36.74 2nd bending diagonal
6 42.88 52.81 2nd bending crossbar
7 46.21 56.00 2nd bending crossbar
8 55.58 71.81 2nd bending freebar and
9 57.50 106.23 3rd bending diagonal
10 100.49 116.66
11 108.48 124.40
12 110.55 179.53
13 117.99 216.29
14 134.23 225.68

* all frequencies all nondimensional ratios of W/
Table 7.1: Pinned and Rigid Bay Frequencies

Modeshapes of Bay

The modeshape column in table 7.1 indicates the primary deflection in each
modeshape. Since there are two equivalent crossbars in the bay, there are two pairs of
closely spaced frequencies corresponding to the first and second bending modes of these.
The free bar of the bay also contributes a first and second bending mode that has pinned-
free end conditions for pinned joints, and clamped-free end conditions for clamped joints.

The first four flexible modes of the pinned bay are shown in figure 7.6. In order of
increasing frequency, there is a pattern: first bending of the diagonal, first bending of the
two crossbars, first bending of the freebar, then second bending of the diagonal, second
bending of the crossbars, and finally a combination of second bending of the free bar and
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third bending of the diagonal. It is more difficult to identify primary deflections in the
modes higher than these first eight.

7.4 CONDENSATION OF INTERNAL DEGREES OF FREEDOM

The first step in reducing the truss model to a more workable form is to decrease the
number of degrees of freedom that are carried through to the final model. Only the dof that
couple one bay to the next are explicitly required, so all of the internal dof and all of the
beam rotations can be dynamically condensed out of the formulation. Physically, this
means that if the positions of ail four corners of the bay are given, then, enough is known
of the characteristics of the bay to be able to reconstruct the shape of each of the heams
(i.e., the magnitude of each of the internal translations and rotations). This dynamic
condensation can be performed if one assumes that external loads are applied only to the
coupling degrees of freedom, not to any of the internal dof. This section details the
condensation procedure, and adjusts the resulting dynamic matrix in order to keep the same
eigenvalues as the original system.

Dynamic Condensation Procedure

The first step in the condensation process is to rearrange the order of the 28 degrees
of freedom of the bay so that the first 8 are the coupling dof at the corners of the bay, and
the following 20 are the internal dof. This gives the ordering scheme that is indicated by
the numbered dof in figure 7.7. The corresponding rows and columns of the stiffness and
mass matrices must also be rearranged to be consistent with this reordering.

Figure 7.7: DoF Numbering for Condensation Procedure
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The fundamental equation of motion that describes the undamped dynamics of this system
is simply:

Mq + Kq=F (7-5)

where M, K, F, and q are all as defined in eq.2-10 of chapter 2. Assuming harmonic
motion, this can be rewritten as:

(K-*M)q=Dq=F (7-6)
where D is the dynamic matrix for the system. If q is composed of coupling dof followed
by internal dof, as described above, this equation can be partitioned as follows:

D

cc  Da { qc} { F }
= 7-7)
DIC DII G 0

Because there are no loads applied to the internal degrees of freedom of the bay, one can
solve the lower section of this set of equations for q;:

1
9 = - Dy (Dqe) (7-8)

Substituting this expression back into the top part for q;, yields the following dynamically

condensed set of equations:
-1
[Dcc = D¢ Dy Dye ] dc = F (7-9)

or
E q. = F (7-10)

This matrix E is an 8x8 matrix in which every entry is a function of w, as well as of the
original mass and stiffness characteristics of the bay. E is the new dynamic matrix of the

system; ideally, one would want this to have the same resonant frequencies as the original
28x28 matrix D = K - 2 M. To check this, the determinant of E is plotted as a function of

w, as before to locate the zero crossings. This is shown in figure 7-8. The original
eigenvalues of the system are marked again on this graph as x's on the axis. Careful study
shows that the correspondence between zero crossings and eigenvalues is no longer exact:
there are some extra crossings. A modification of the E determinant is required to obtain
eigenvalues that are consistent with the original system.
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Correction of the Determinant of E

To understand why there are extra zero crossings in the condensed system, the
determinant of E must be studied more closely. From egs (7-9) and (7-10) above, this
determinant is

det(E) = det (Do - Dy Djj Dyo) (7-11)

The extra zero crossings of the condensed system come from the eigenvalues of the portion
of the D matrix that is inverted to perform the condensation, namely, Dy. The eigenvalues
of this Dy matrix cause its determinant to go to zero, and hence when Dy is inverted in
eq.7-11, these cause infinities in the determinant of E. The passage from + © to — & at
these points gives rise to the additional apparent zero crossings of det (E). To offset these
sudden sign changes in det (E), it is sufficient to multiply det (E) by det (D).
A"corrected" condensed determinant, det (E)c, can therefore be formed as,

det (E) = PB(w) det (E) (7-12)

where,
det ( DII) det ( DH)

- det(DHata)=0) B det(KH)

B(w) (7-13)
The B(w) factor is simply a normalized version of det ( Dp ), and sweeps out the apparent
zero crossings from the original condensed matrix determinant E.

To demonstrate the effectiveness of this technique, the "corrected" determinant of
matrix E, is plotted in figure 7.9. This new determinant now looks very much like that of
the original K - @? M system, with all of the correct zero crossings identified and no
others. This then appears to be a dynamically accurate model reduction procedure. since
the true eigenvalues of the condensed system are consistent with the original system.

Note on Joint Damping

If the joints in the bay have rotational stiffness, this can be included in the total
assembled stiffness matrix, and can thus be carried through in K. Joint damping,
however, is significantly more difficult to handle, because the condensation procedure
described above assumes zero damping. A somewhat modified procedure that keeps track
of both the sine and the cosine components of each dof can be used if necessary. The
disadvantage is that there are twice as many equations that must be carried through the rest
of the model reduction, but, since damping will be introduc=d at a later step anyway, the
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final order of the system will be the same. The results included in this chapter are all
derived for zero joint damping in the bays.

7.5 REDUCTION TO MINIMAL BEAM COORDINATES

The second part of the model reduction is to start with the 8 coupling degrees of
freedom obtained from the condensation procedure and reduce these down to 6 beamlike
coordinates for each bay. This involves first a change of coordinates from 8 bay dof to 8
equivalent beam dof, then a reduction by condensation to 6 minimal beam coordinates, and
finally incorporation of another correcting factor to insure that the final dynamics are
accurate.

Coordinate Transformation

Figure 7.10 shows the transformation from the 8 degrees of freedom for the
condensed bay model, to 8 new dof which represent the bay as an equivalent beam. Two
translations and a rotation are used at each end of the reduced bay model, just like for a
standard beam element. A pinching degree of freedom is included at each end as well, in
order to represent the squashing or breathing deformation which is present perhaps in a
truss but rarely important in beams. The advantage of including all eight of these new
coordinates is that the transformation between coordinates is fully defined in either
direction.
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Figure 7.10: Bay to Beam Coordinate Transformation
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The four beamlike coordinates on one side of the bay are defined as follows:
Wl = % (ql + q3 )
u = % (g,+q, )

1 (7-14)
¥ =1 (q-9q)
El = % (ql = q3)
This can be rewritten in matrix form as
Y1 q )
12 0 12 0
Y 0 12 0 12 9%
¥ = 0 -1/L 0 1/L q (7-15)
1 mw o -1 0 3
€ 9

where L is the height of the bay, assumed to be equal to the bay length here. Inverting this
relationship yields

ql w
1 0 0 L2
4, 0 1 -LR2 0 u
= ) 7-16
a, 1 0 0 L2 W (7-16)
0 1 L2 0
a4 €

Rewriting this transformation for all 8 degrees of freedom of the bay, gives an 8x8
transformation matrix that consists of two 4x4 matrices as shown above in block diagonal
form. If one calls this 8x8 matrix T, and starts with the condensed equation of motion of

the system

Eq.= F. (7-17)
then this can be transformed as follows:

(TTET) qy= T F (7-18)
to give a new set of 8 equations:

H qy = Fy (7-19)

where,
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(7-20)

As shown in the previous step, it is important to check the frequencies of this new
system to insure that no anomalous dynamics are introduced in the modeling process. The
determinant of the new system matrix H is therefore plotted as a function of frequency, as
shown in figure 7-11. As one would expect, a simple coordinate transformation from one
set of 8 dof to another equivalent set of 8, does not affect the eigenvalues of the system.

Reduction to Minimal Bezm Coordinates

It is not necessary to keep all eight of the beamlike coordinates obtained above, but
only those that are directly involved in the nonlinear dynamics of the final assembled truss
system. The pinching (breathing) mode coordinates, €, are not needed, and, assuming no

loads are applied to these dof, they can be condensed out using the same condensation

procedure as that described above.
First, the 8 beamlike coordinates must be rearranged so that the 2 € dof are last, and

the rows and columns of H must also be reordered accordingly. One can then partition the
bay equations of motion as follows:

Hrr Hra qr F
H H|\q[= o (7-21)

In this expression, q_ consists of the 2 € dof and q_is the reduced set of 6 beam
coordinates. Solving for q_ from the lower part of these equations, and substituting this
into the upper part, yields the following equations in q_only:

-1
[Hr,- H H_ Hu] q =F (7-22)
or
Ggq=F (7-23)

This dynamic condensation introduces spurious zero crossings in the plot of det (G)
as before because of the need to invert the Hge matrix. This is demonstrated by the graph in

figure 7.12 of the determinant of the new system matrix G. As before, these additional
zero crossings can be eliminated by multiplying det (G) by a new factor, B2, which is

defined as,
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det(H )
—EE
det(Hseat w=0)

B2(w) = (7-24)

This factor is normalized so that the magnitude is equal to 1 at zero frequency.

Figure 7.13 shows the determinant of the corrected determinant of G plotted as a
function of frequency. All of the desired roots are again present in this new dynamic
system matrix for the bay, and no extra ones appear. This shows that the essential
dynamics of the original 28 dof finite element formulation of the bay have been carried
through to this reduced model. The next step is therefore to use this reduced model as a
"bay element" to assemble the six bay truss model in a manner similar to the jointed beam
models of the earlier chapters of this thesis.

7.6 ASSEMBLY OF SIX BAY TRUSS

Once the reduced "beam element" has been obtained as described above, assembly
of the six bay truss is straightforward. With each bay represented by a 6x6 dynamic matrix
G, an 18x18 total truss matrix, for the symmetric case, is assembled in the following form

G

G qT=F
G

T (7-25)

In this equation, the vector g contains all 6 of the dof of each of the bays of the truss, and
the symmetry of the system is used to reduce the final number of degrees of freedom.
Figure 7.14 shows the transformation from the 18 total system dof to the 16 reduced
system dof.

L ]
#” L#L L t’} Total Sys'\'ew\

|a— stmme"'ric. _—

'ti 5 L'T'l ] 2 "
lo Is
#&ﬁa‘e}_—.ﬁ. Reduced Syclem

3 6 8 3 l6i
|

Figure 7.14: Transformation from Total to Reduced Truss System
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Unlike the jointed beam models presented in the earlier chapters, this reduced truss model
keeps distinct longitudinal translation degrees of freedom (u) for adjacent elements. This is
because the interface dynamics require an explicit knowledge of these degrees of freedom
in order to calculate the restoring forces and moments resulting from truss deformation.

The transformation from 18 dof to 16 dof is formally done by premultiplying and
postmultiplying the matrix shown above by a rectangular assembly matrix, L (18x16), to
give the reduced system matrix S (16x16):

Sq=PF (7-26)
The system represented by this equation is still not complete, since each bay is allowed to
rotate freely and translate longitudinally with respect to the others, and it is only the
commonality of vertical translation that links the bays together. At this level of
representation, the truss has extra rigid body modes which must be constrained by
introducing restoring forces and moments between bays that correspond to the presence of
joint clusters at the top and bottom of each interface.

7.7 CALCULATION OF BAY INTERFACE TERMS

After dividing the symmetric six bay truss structure into a number of linear self-
contained substructures (the bays), it is natural to want to model the connection between
bays separately. All of the linear characteristics of the joints, which are located at each end
of every beam in the truss, were included in the original finite element model of the bay,
and their effect on the dynamics was therefore kept through the condensation and reduction
procedure of the bay. So it is primarily the nonlinear characteristics of the joints that is
being lumped into the interface dynamics by this method of modeling the connection
between bays. The premise of this approach is that the nonlinear charateristics of all the
joints that come together at one node can be approximated by one nonlinear function at that
cluster.
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Figure 7.15: Bay Interface

Figure 7.15 shows a diagram of a bay interface, with the pertinent bay degrees of
freedom and restoring forces. It consists of a top cluster and a bottom cluster, each of
which has a longitudinal degree of freedom that is characterized by linear spring stiffness
ke, linear viscous damping cc, and a nonlinear function defined in terms of its describing
function coefficients, cp and cq (see chapters 4 and 5). In this formulation, only the
longitudinal degree of freedom of the cluster is modeled. This is represented in the diagram
by springs constrained in slots, indicating that opposing bay corners cannot move up and
down relative to each other. Exercising this degree of freedom in the top cluster provides
both a restoring longitudinal force which adds to that of the bottom cluster, and a restoring
moment which subtracts from that of the bottom cluster. The restoring moment results
from the fact that the cluster is displaced from the neutral axis of the truss by one half the
bay depth. Rotational stiffness, damping, and nonlinearity for each cluster, indicated by
the arc shaped springs in the diagram, could also be modeled fairly easily. This would add
another restoring moment from each cluster, and might more accurately predict the
dynamics if the nonlinearity in this degree of freedom is significant.

The magnitude of the cluster force in this model is entirely a function of Au, the
difference in u translation of opposing bay corners:
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F.= F.(Au,Au) = K Au + CoAu + Fyy (Au, Au) (7-27)

In order to obtain u for each corner, one must backtrack a little from the reduced beam
coordinates of the bay. This is an exact transformation, because, given the translation u;
and rotation \; of a face (i), the u displacements of the top and bottom nodes can be

calculated:

L
= u, - = V. forthe top cluster
Ur =4 "7V (7-28)
u, =yt %Wi for the bottom cluster
Since u; and y; are independent dof on either side of an interface, the difference in u

translation of opposing corners of adjacent bays i and j, is simply:
= L - L
AUT = (uj'ui) ’E(Wj'wi) = Au'TA‘V

L L (7-29)
Aug = (uj-ui) ""f("’j'“’i) = Au+-2-A\y

Once a Au has been calculated for each cluster in an interface, the resulting restoring forces
and moments applied by the cluster on the bay can be calculated. The magnitude of the
cluster force is obtained from eq.7-27 for the top cluster (Frc) and for the bottom cluster
(Fgc). The restoring translational force and rotational moment at this interface are then

simply:
F. = F..+ F
I TC BC
-30
M=% (F _.-E_.) (7-39)
1= 3 \'Bc~ 'TC

As can be seen in figure 7.15, this force adds to the equation of motion for the u;
translation and subtracts from that of the u; translation, by the principle of action-reaction.
Similarly, the moment M adds to the ; equation and subtracts from the y; equation.
Before these terms can be included in the equations of motion, however, one must deal
with the fact that the cluster forces are functions of Au as well as Au. This results from the
damping terms and from the nonlinear terms.

The first derivative terms in the cluster forces can be handled most easily by
assuming a solution of the form:

X = asinwt + bcoswt (7-31)

Each degree of freedom has a sin and cos component, and its derivative can be written in
terms of those same components. In order to formulate the cluster forces, one can write:
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Au = Ay, sin ot + Au, cos ot
. (7-32)
Au = Au, @cos wt — Au, @ sin ot
Substituting these expressions into eq.7-27, allows one to write Fc in terms of the sin and
cos components of Au:

F.= k.Au + c.Au + Fy (Au, Ai)

= ko Au + ccAu + cpAu + chui
= [( kC+ cp) Aua —( Cot cq) © Aub ] sin @t
+ [( kC+ cp) Aub + ( Cct cq) () Aua] cos mt (7-33)

Knowing the sin and cos components of Fc for the top and bottom clusters, one can then
calculate the components of the interface forces, Fy and My, from eq.7-30. This, finally, is
the form in which the interface terms are added into the equations of motion.

Considering these contributions as additional forces and moments, which can be
written in the form of a vector Fj, the resulting equations of motion for the truss, including
interface terms, can be separated into 16 sin equations and 16 cos equations which are
grouped together to form a system of 32 equations of motion of the following form (from
eq.7-26):

S a
S b = F,+ F (7-34)

Defining x and A as

a G
X = b and A = G (7-35)

the final equations of motion for the full truss, including linear and nonlinear interfaces,
are:
Ax = F + F (7-36)

This is a set of 32 nonlinear equations coupled through F which can be solved iteratively,
given the forcing function F, using a Newton-Raphson procedure.
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7.8 LINEAR RESPONSE

The linear forced response of the reduced truss model is shown in figure 7.16 for
the first three degrees of freedom: vertical translation, longitudinal translation , and rotation
of the free end face of the truss. The log of the response amplitude is plotted here as a
function of a linear scale in frequency. The response curve is plotted for only one value of
forcing amplitude Fy = 100 EI/L2.

As one would expect, this response is a good deal more complicated than that of the
simple bar models considered previously. There are many resonant frequencies, some of
which are closely spaced. Two fundamentally different types of resonances are
represented: beam modes and truss modes. The beam modes correspond to first and
second bending modes of the diagonal and crossbar beams in each bay. The truss modes
correspond to global truss vibrations in bending, shear, and extension. Under normal
circumstances, one might expect a significant frequency separation between these two types
of modes. Because the truss considered here is relatively short (six bays) and stocky (bay
height equals bay length), however, that is not the case. In fact, an estimate of the lowest
bending mode of this truss from the bar model of chapter 6, places the first bending at
approximately 8 wp, while the first beam mode (diagonal bending) should occur at
approximately 5.8 wq.

One characteristic of most trusses is closely spaced frequencies, because a truss is
an assembly of many identical pieces into identical subsystems. Thus for example, each of
the bar modes is actually composed of many very closely spaced peaks that cannot be
distinguished at the resolution of the graphs presented in figure 7.16. At the first bending
frequency of the diagonal beams, one would expect to see three peaks corresponding to the
three bay diagonals of the half truss model reduced by symmetry. To illustrate this, the
response in the frequency range around the third resonance was computed more carefully,
and the results are shown in figure 7.17. The response in all degrees of freedom very
clearly shows three peaks, confirming this as a beam mode. Although many of the beam
modes can be identified in this manner, it would be a tedious process and not entirely
conclusive, especially for the higher modes in which more variation is expected.

It turns out that, because of the way nonlinearity is introduced into this truss model,
the nonlinear response of the system provides a convenient, if somewhat artificial, means
of distinguishing between beam modes and truss modes.
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7.9 NONLINEAR RESPONSE

The response of the nonlinear truss model is presented in figure 7.18 in the same
manner as the linear response of figure 7.16. In this case, however, the response is plotted
for 3 different forcing levels: Fp = 800, 1600, and 3200 EI/L2. A cubic spring
nonlinearity was chosen to illustrate typical nonlinear behavior, because it has very simple
describing function coefficients:

3 2
= 7 K A

cq=0

(7-37)

Here, KnL, the coefficient of the cubic spring nonlinearity, was chosen to equal Kc, the
linear stiffness of the cluster. As with the jointed beam models of chapter 5, any
nonlinearity for which the describing function coefficients are known can be studied with
this model.

The curves of figure 7.18 were obtained by calculating the response first for
increasing forcing frequency, and then for decreasing forcing frequency, much as they
would be obtained experimentally. This gives first the top branch of the multi-valued
region, and then the lower branch on the way back, because at each frequency the
converged solution from the last frequency is used as initial conditions for the Newton-
Raphson iteration. The solution is identical for increasing frequency and decreasing
frequency, except in the nonlinear multi-valued regions.

Figure 7.18 clearly shows nonlinear response at four of the resonances in the range
from 0 to 60 wy. These resonances tend to be quite steep, indicating fairly small frequency
shifts. Unlike the pinned bar truss of chapter 5, there are no overlapping nonlinear
branches represented here. In fact, the nonlinear branches seem to be limited below the
next resonance whether this be a linear peak or another nonlinear branch. It is unclear
whether this is a general characteristic of nonlinear resonances in trusses with linear beam
bending. However, it is evident that including even just the linear dynamics of the
individual struts in a truss, significantly alters the predicted nonlinear response of the
overall truss. Backbone curves, calculated for each of the resonances of the truss
response, would yield more insight on the dynamics exhibited here, andwould clarify the
surprising differences between the nonlinear response of the hinged beam truss and that of
the pinned bar truss considered in chapter 6.
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7.10 CONCLUSIONS

The modeling procedure presented in this chapter reduces a fairly large finite
element representation of a truss with bending allowed in all of the struts down to a
minimal set of beamlike coordinates in order to study the effect of interface nonlinearities
on the global response dynamics. Beam modes appear among the global truss modes
because the six bay truss chosen as an example is short and stocky and therfore has no very
low frequency modes. This is not bothersome, because no frequency separation is
assumed, however it makes it difficult to distinguish between beam modes and truss
modes. When cluster nonlinearities are introduced into the system, only the truss modes
become nonlinear because of the assumptions of the model which separate beam vibrations
in the linear bay from truss vibrations which involve the nonlinear interfaces. The resulting
nonlinear response shows all of the usual nonlinear behavior characteristics at a truss
resonance: multi-valued region, jump discontinuities, non-doubling of response amplitude
for a doubling of forcing amplitude, and resonant frequency shifts. This nonlinear region
is further complicated by closely spaced beam frequencies, which seem to affect the truss
resonances to some extent.
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CHAPTER 8

CONCLUSIONS

8.1 SUMMARY OF THESIS

The effects of joints on the dynamics of space structures is investigated in three
parts in this thesis. The first part (chapters 2 and 3) consists of linear analyses of simple
jointed beam models that address the question of how changing linear joint stiffness and
damping changes the modeshapes and the modal damping of the system. The second part
(chapters 4 and 5) presents the development of a technique for incorporating joint
nonlinearities (cubic spring, freeplay, coulomb frction) into the simple jointed beam
models, and for calculating the resulting harmonically forced response. The third part of
this thesis (chapters 6 and 7) considers the real problem of truss structures with nonlinear
joints using truss models that are composed of either bars (tension/compression only) or
beams (bending also). The joint dynamics are modeled by lumping their characteristics into
interface dynamics between bays, thus allowing the truss to be reduced and compared to
the jointed beam models considered previously. The linear and nonlinear forced response
of a six bay truss reveals dynamics complicated by the presence of closely spaced resonant
frequencies and interactions between truss modes and beam modes. The results of these
three parts of the thesis are summarized more fully below.

Introducing passive damping into a system by increasing damping in the joints
works only up to a point. Beyond a certain level, increasing joint damping tends to
decrease the mobility of the joint so much that it effectively inhibits the global damping
effect. The maximum amount of modal damping achievable is different for each mode, is
higher for low stiffness joints, and is roughly proportional to the number of joints active in
that modeshape. In terms of applying this to a realistic structure, one could perhaps design
the structure from the beginning to have joints located near the peaks of the modes that are
most critical to damp. A more practical application, if the structure is already designed, is
to use this type of analysis to tune the level of joint damping to maximize modal damping in
some selected mode.

The concept of a Joint Participation Factor is defined in chapter 3 and shown to be a
useful, if somewhat qualitative, measure of the activity of joints in each mode. JPFs may
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actually be more meaningful for more complicated systems in which it is not as immediately
obvious how many joints are participating. It suffices to know the locked joint
modeshapes in order to calculate JPFs for any system. If these modeshapes are not
sinusoidal, one must also be able to locate peaks of maximum curvature in each locked joint
modeshape. The definition of JPF holds even for two or three dimensional structures with
numerous unevenly spaced joints.

Chapter 4 presents the forced response of a number of nonlinear one degree of
freedom systems to harmonic input, using describing functions to characterize the nonlinear
joint mechanism, and backbone curves to quantify the resulting nonlinearity of the
response. The response of a cubic spring nonlinearity is presented in a universal
formulation that is valid for any cubic spring system. The response of three other types of
nonlinearities, freeplay, coulomb friction, and a combination of these, is also investigated
using the same techniques, which can in fact be applied to any nonlinearity for which the
nonlinear force function, F(q, q), is known. In general, increasing gap size for the
freeplay nonlinearity, and decreasing slipping force for the coulomb friction nonlinearity,
tends to emphasize the nonlinear effects. However, no matter how small the gap size or
how high the slipping force, if these are finite, there will be a frequency range in which
strong nonlinear behavior can occur.

Multiple degree of freedom one joint and three joint models are considered in
chapter § with a variety of nonlinearities included at the joints. Global forced response of
these multi dof systems is affected by the presence of joint nonlinearities, in all degrees of
freedom and at every resonant frequency. The backbone curve is a good measure of how
nonlinear the global response is, by being a compact and graphic illustration of many of the
nonlinear characteristics of the response: resonant frequency shifts, multi-valued response
regions (where sudden jumps in response may occur), and non-doubling of response
amplitude due to doubling of forcing amplitude. Each backbone curve is constrained by
two limit frequencies: a lower limit that corresponds to the natural frequency of a linear
system with joint stiffness equal to that of a joint exercised at low amplitude; and an upper
limit corresponding to the natural frequency of a joint exercised at high amplitude.
Nonlinear response is concentrated primarily in these regions between the upper and lower
limits of the backbone curves. Results of the three joint model presented in this chapter
demonstrate that the greater the number of joints participating in the modal vibration, the
greater the frequency shift of the corresponding backbone curve and the more the response
curves at that frequency are nonlinear.
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Two versions of a pinned bar model are developed in chapter 6. The firstis a
classical model that imposes rigid connections between adjacent bays of the truss. The
second pinned bar model allows rotation and longitudinal translation to occur between bays
by including these degrees of freedom in the model, and specifying the dynamic
characteristics of the interfaces. This provides a means of specifying both linear and
nonlinear properties for the interfaces which are assumed to incorporate all of the joint
characteristics. The nonlinear response of the system shows all of the usual cubic spring
response characteristics at the resonant frequencies. One interesting new aspect of this
truss response is the existence of overlapping nonlinear regions in which there may be
more than just two stable response amplitudes. The nonlinear response can become quite
complicated for trusses with many closely spaced frequencies. In general, though, the
results of the jointed beam models obtained previously can be interpreted to apply to
trusses, by identifying the joints with the truss interfaces and the beams with the truss
bays.

A more accurate truss model is developed in chapter 7 that allows bending in all of
the struts of each bay. The modeling procedure presented reduces a fairly large finite
element representation of the truss down to a minimal set of beamlike coordinates in order
to study the effect of interface nonlinearities on the global response dynamics. Beam
modes appear among the global truss modes making it difficult to distinguish between the
two types of modes. When cluster nonlinearities are introduced into the system, only the
truss modes become nonlinear because the model separates beam vibrations in the linear
bay from truss vibrations which involve the nonlinear interfaces. The resulting nonlinear
response shows all of the usual nonlinear behavior characteristics at truss resonances:
multi-valued regions, jump discontinuities, non-doubling of response amplitude for a
doubling of forcing amplitude, and resonant frequency shifts. The nonlinear response is
further complicated by closely spaced truss frequencies and by the existence of imbedded
linear resonances.

82 RECOMMENDATIONS FOR FURTHER WORK

The work presented in this thesis can be applied directly to evaluate the dynamics of
large space systems that are currently being designed. However, in order to verify the
accuracy of the models first, it would be desirable to develop a standard full finite element
model of the six bay truss considered in this thesis. This model would include all of the
degrees of freedom of each bay, including mid-beam nodes and beam rotations. In
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addition, it would keep track of all of the degrees of freedom of each joint (at each end of
each beam), so as to include linear and nonlinear joint terms. For a symmetric model, this
would consist of approximately 85 degrees of freedom. The results of this model should
then be compared to those of the reduced hinged beam model of chapter 7. If these results
are in close agreement, this would substantiate both the reduction procedure of the truss to
a beamlike model, and the representation of joint nonlinearities as a single lumped nonlinear
interface between bays. The full finite element model may show nonlinear behavior for
beam modes as well as truss modes, while the hinged beam model does not. If this
nonlinear behavior of the beam modes is important to the overall response in the general
case, then a new interface model should be developed that allows nonlinear beam
vibrations.

Besides developing a better interface model for the truss structure analysis, a few
other enhancements of the work presented in this thesis are indicated. Additional insight on
the nonlinear truss response can be obtained by calculating backbone curves for all of the
resonances and superimposing these on the response curves already obtained. These can
be calculated in the same way as they were for the jointed models of chapter 4, assuming
the linear resonant frequencies of the system are known. It would be interesting to see how
closely spaced backbone curves are shaped and whether those obtained for adjacent modes
of different types cross (bending and extension modes for example). Truss response and
backbone curves for other types of joint nonlinearities should also be considered.
Superharmonic and subharmonic beam and truss response could be examined, and the
concept of using this nonlinear modeling technique to calculate transient response might be
considered as well.

Another addition to this research is further study of the joint participation concept.
The Joint Participation Factor defined in chapter 3 does not fully quantify the behavior of
jointed beam models, and it might be more meaningful to define joint participation in terms
of strain energy in the modeshape, rather than in terms of geometry only. Thus a joint
participation factor that represents the ratio of strain energy in the joints to strain energy in
the system might be more able to quantify the stiffness and damping effects due to joint
characteristics (Crawley, 1986). Another factor that might be useful is a joint dissipation
factor, that would relate dissipated energy in the joints to total energy in the system, and
may quantify damping effects better.

The ultimate goal of the research presented in this thesis is to be able to apply these
techniques to the design and evaluation of real physical systems. For a given system, one
would want to determine at what level joint characteristics become important to the overall
response This question can be approached in a few different ways:
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» given the joint characteristics, determine the forcing level at which the system
becomes significantly nonlinear;

« given the forcing level and the type of joint nonlinearity, determine an'acceptable
joint parameter size, for example an allowable gap size that keeps the response in the linear
range for certain modes;

* given a critical mode of interest in a linear system, determine an optimum value of
joint damping that maximizes damping in that mode;

» given a mode of interest, determine at what level of joint damping the proportional
and nonproportional root locus curves of figure 3.14 diverge significantly;

All of these questions can be answered for specific well-defined physical systems, using
the techniques developed in this thesis.
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APPENDIX A

NONPROPORTIONAL DAMPING
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DAMPING IN TWO DOF SYSTEMS

Bowden - May 1986

The purpose of this brief review is to study a general
two degree of freedom (dof) system with damping. The goal is
to see how different types of damping (general, symmetric,
and proportional) determine what techniques must be used to
solve the system. In addition, a numerical example is worked
out to illustrate how the form of the damping matrix and the
initial conditions affect the response of the system. The
most general solution of the problem involves the use of
complex left and right eigenvectors. The interpretation of
these, and the reduction of the system to more familiar
formulations in special cases, will be discussed.

Note that a two degree of freedom system inherently
includes the most important characteristics of all multi
degree of freedom systems, but in the simplest possible form.
When such a system is represented in matrix form, it is the
size of the matrices and the complexity of the interactions
between variables that change with the number of dof
considered. The basic representation and methods of solving
the system remain unchanged (unless numerical computation
problems arise because of the size of the system).

183



-1- GENERAL FORMUIATION OF PROBLEM

The general class of problem considered here is that
which can be formulated in terms of a positive definite and
symmetric mass matrix:

mll ml2
M =
(ad

m21 m22

a symmetric stiffness matrix:
k1ll kl2
XK =
~N

k21 k22

and an arbitrary damping matrix:
cll cl2

C =
~

The system equation can thus be written as follows:

ra+sa+3a=2

In the general case of an arbitrary damping matrix, this is
not easy to solve, since the system is second order and can
not necessarily be decoupled. A clever way to handle this
problem is to rewrite the system in state space form:

instead of n (in this case 2) second order equations, the
matrix formulation can be rearranged to represent 2n (in this
case 4) first order equations. This first order system can
be solved even in the general case using fairly

straightforward techniques.
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To obtain the state space formulation of this problen,
the following two equations can be written:

Cq+Mg = -XKg
~N ~ A~ ~ ~
Mqg = Mg
~ o~ N N
q
. ~
Now if we let X =
q
N-‘
and C M
a4 ~I
G =
~
M 0 J
-N ~
and (;K 0
N ~
H =
o M
L ~ ~

this results in a single matrix equation of the form:

G X, or G HX = X.
~ ~ ~ o~ ~

P
]
i

The corresponding eigenvalue/eigenvector equation is thus:

- 2 x
A X = A X, where A = G H =
~ o~ ~ ~ ~ oo~ -1 -1
-M K -M C
~ ~ ~ ~

This yields 2n eigenvalues and 2n eigenvectors characterizing
the system of n degrees of freedom (gq), and n velocity
variables (gq). 1In this form, the sygtem can always be solved
using a gengralized eigenvalue approach (complex eigenvalues
and vectors, and left and right eigenvectors).
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~2- GENERAL SOLUTION OF EIGENSYSTEM PROBLEM

In the most general case, A is a non-symmetric matrix and
both its left and right eigenvectors must be computed and
used to solve the eigensystem problem, i.e. to uncouple the
equations. In some special cases (see secticns 3 and 4), the
form of A allows one to make some simplifications, most
notably that of eliminating the need to compute left
eigenvectors.

The right eigenvectors of the system are defined as the
vectors which satisfy:

30 = 0
Similarly, the left eigenvectors satisfy:

¥ 8 =N 8
Note that although the left and right eigenvectors are
distinct, the 2n eigenvalues are always identical for the A
and A transpose matrices. 1In fact, the ith left eigenvector
and the ith right eigenvector are identified as those that
both correspond to the ith eigenvalue.

Multiplying the first equation above by a left
eigenvector, g@% » and the second by a right eigenvector,ggr,
and transposing one equation, yields the following
orthogon%iity relationship:

Os(A- A Qo= 0. Ser = 1 1F s=v
or, more expligif}y, Nete See = 0 if sge
s @r = Ssv/o“'

63:‘%<IX'= é;t/kr)\e
This implies that any right eigenvector is orthogonal to all
left eigenvectors, except the one corresponding to the same

eigenvalue. This holds similarly for any left eigenvector.
Note, however, that there is no orthogonality relationship

between eigenvectors of the same side.
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In general, all left and right eigenvectors are complex
vectors, and are of the following form:
: Y
O ={” ~

~ o
! Y

The set of right eigenvectors has physical significance for
the system represented by the A matrix, very similar to the
modeshapes obtained for undamped systems. Each entry of the
eigenvector represents the relative amplitude of the
vibration of that dof, but since it is a complex number, it
must be interpreted as a time dependent amplitude. Thus each

eigenvector can be interpreted as a time dependent
"modeshape":

g:y&*-i.%’m QV\A chx.;.Lw

ot Y | .
== MOAe,S\’\QPQ, = R&(S}) th) = e [S&Cosw(_, - (T)L SN W ]

~

In much the same way as real modeshapes are unique only to
within a multiplicative factor, these complex modeshapes can
be multiplied by a complex number without affecting their
meaning. Thus, to simplify interpretation, it is convenient
to normalize all eigenvectors by rotating the first entry of
each to be equal to(l+0i) This technique has the advantage
that if an eigenvector reduces to a real vector (for example,
in the case of proportional damping), it is immediately
obvious after the normalization.
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The general solution for the free response of this system
can now be found in the traditional modal manner.

Let X =de, _gr(-t) be the assumed form of the solution.
~ - ~

The equation of motion
X -AX=0
~

~ o ~

can thus be written
. N
Z@'g“ - Zﬁq}'%\' ~

or, mutiplying by each left eigenvector in turn and applying
the orthogonality condition, we obtain the following set of
uncoupled equations:

/u.. %,—/"‘f)\r—%‘, =0, for r = 1 to 2n.

These functions,?rUQ, are complex functions of time and can
be written in the following form:

3.8 = 3.0 e

The complex coefficients,iv&ﬂ, are found from the initial
conditions of the problem which are usually given in
geometric coordinates, X(0), rather than modal coordinates.
This relationship, obtained from the assumed expression for
E(t), turns out to be:

Nt
|
3.(0) =7*7<@' X(0)
‘The full expression for X(t) is thus:

N\
x(8) =2 ;t(cjg:g(m b, M

~
For ease of notation, define the following mode participation
coefficient:
N
| T . b
D, = — X(0 with =
Y "y (,q,)" N( )) ’ /\k\“ CP\-
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The response of the system, z(t), should by definition
come out to be a real number in order to have physical
significance. It is not immediately obvious from the form
above that this is the case, however, since‘g(t) is a sum of
products of complex numbers and complex vectors. It is easy
to show, though, that two consecutive terms corresponding to
a complex conjugat pair of eigenvalues, add up to be a real
number. This can be shown by demonstrating that the term
corresponding to the (r+\) eigenvalue is the complex conjugate
of the term corresponding to the Qr) eigenvalue, and thus
adding the two terms together cancels out the imaginary part.
Given that  __

Ae= Aen

It is clear that

a. = CD“_\ and
~ ~

gl

P
= q)r-\-\
~

and F" - /U\H‘

Using the distributive property of complex conjugates, it

follows that P | A~ X
De Qe & - U [ oM x@] O
~ ~ ~

/Um
\ == — Rt
T [ o 5@] o o
= . o> T )\r-b\‘t
/u\r'q-\ [q’)ﬂ-\ /)3(0)] g})v-&\ e
f-ilt
= Den g_‘)fw\ Q—)‘

The two consecutive terms are therefore complex conjugates of
each other, as expected. Note that eigenvectors
corresponding to real eigenvalues are real, so this problem

does not arise.
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The expression for system response can be manipulated by
combining consecutive terms cerresponding to complex
conjugate eigenvalues. The resulting real expression,
written as a sum of sine and cosine terms for each natural
frequency, is as follows (assuming all roots are complex
conjugate pairs):

:Ej Ny
X(t) = e (Awm COS Wt + Bw sin w,t)
~ ™ ~ ~
where
A, = 2Re { Dwm @m]
Vad ~
‘ZL[DM CE"‘-X

>\m= 0(m+i6.3m .

and

Bem
~
and

Note that the index m in this formulation assumes values from
1 to n (the total number of degrees of freedom in the
original physical system), if all roots are complex conjugate
pairs. There is thus one sine and cosine term corresponding
to the natural frequency for each oscillatory mode. These
modal frequencies are generally riuumbered consecutively from
lowest frequency to highest. If there are real eigenvalues
(overdamped modes), the terms corresponding to these must be
added in individually in their original form (De CB.. ek‘:t) .
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There are a few things to note from this form of the
response which has been derived for any general damping
matrix:

1) 1If the initial conditions, X(0), are exactly equal to the
real part of any right eigenvector (modeshape), &(Qm), then
the coefficients corresponding to that modal frequency will
be significantly larger than those corresponding to the other
modal frequencies - i.e. that mode will participate much more
strongly in the response than the other modes. It is
interesting to note, however, that the other modal
coefficients are not necessarily zero, especially in cases
where the damping is high. In other words, because of the
complex nature of the eigenvectors, it is virtually
impossible to pick initial conditions that will excite
exactly one mode only.

2) If the initial conditions represent a left eigenvector,
it is not generally true that that mode is the predominant
one excited. This is reasonable since the left eigenvectors
mathematically characterize the A transpose matrix, and
therefore do not necessarily have physical significance for
the system corresponding to the A matrix.

3) Although any set of initial conditions will excite most
all the modes, there is no type of damping, i.e. no form of
the damping matrix‘g, that will produce a net transfer of
energy between modes during the vibration decay process.
Energy transfer between modes is usually indicative of
non-linearities in the system. Thus, any method of handling
non-linearities by representation as equivalent coefficients
in the damping and stiffness matrices, will mask over the
energy transfer effects unless these coefficients are updated
periodically during the response phase.

191



—-3- SPECIAL CASE : SYMMETRIC DAMPING

If the damping matrix, c, is symmetric, the two system
matrices, G and H are also symmetric, and this results in a
51mp11f1catlon that eliminates the need for left
eigenvectors.

The basic system equation, in terms of the matrices G and
H as defined in part 2 above, is:

HX = ¢ X

~N N N A

or, in terms of eigenvectors and eigenvalues,
Hd)r = Ae S CDr .
Multlplylng through by a right eigenvector gives
Q:EQ"=?\\'®$G¢P @
Similarly,
dDT H dbs g? dk
Transposing thls expre551on, and using symmetry of H and G
(Z)T H (D.- )\s @ G @r @
Subtractlng equatlon@ from@ yields:
- Pic B = o
This can easily be shown to give the following two
orthogonality relationships:
@I’g @v = gvs /A"
{:g@:£§q2r== gvs/UW~%¥

Note that this indicates that the right eigenvectors are
orthogonal among themselves with respect to both matrices Ei
and H.

Vald
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Comparing these new orthogonality relationships to those
obtained in part 2 for left and right eigenvectors, one can
see by inspection that: '

P -

Q= D s
or, since G is symmetric,

~ AN

@s= S@s
This is a simple matrix relationship that allows one to
obtain all left eigenvectors from the corresponding right
eigenvectors, once these have been found. This is much
simpler than having to calculate both sets of eigenvectors
independently. Note that the left and right eigenvectors are
not equali even in this special case; the symmetry of C
simply allows the elimination of one set of vectors in favor
of the other.

The original system equation can thus be entirely
decoupled without ever having to consider lef: eigenvectors.
S = Bx , with X = Z Or 5.0
Multiplying through by a right eigenvector gives
92299? - ,@:Zb@‘"év =0
and applying the above orthogonality relationships yields
Mede = A3 = 0.
In this case, the final response has exactly the same form as
that obtained in part 2, except that the mode participation
coefficients D,, can now be written in terms of right
eigenvectors only:
Dy = ﬁ;@IQﬁ(@ and  w = P & D
With these new coefficients, the expression for the system
response is identical to that in part 2.

193



-4- SPECIAL CASE : PROPORTIONAL DAMPING

Another special case that simplifies the problem
considerably is that of proportional damping. This occurs
when the damping matrix is of such a form that it can be
diagonalized by the same set of eigenvectors that
diagonalizes the mass and stiffness matrices. To satisfy
this condition, the damping matrix must be of the following

-t P
s = 52y x]

In this case, the undamped modeshapes, 3} , satisfy the

form:

following relationships:
T
YIM Y = Sep

-
55 - = gfs /{Af Ck)vrz.

~

and

Yoe Y. = Ses Z'j‘-/u..- W

~ N~

Note that these eigenvectors just contain position components
(g9) , not velccity components, and are all Real vectors.

The original second order dynamic equation
ME+cd+Eg=0
can now be written in terms of the eigenvectors as follows:

ZER3+ B+ Zx% 3= o

where the assumed form of the solution, g(t), is:

av) = 2 %E©%)
Multiplying through by each eigenvector in turn and applying
the orthogonality relationships, yields the following set of

uncoupled second order equations:

/U..-gv-b zl/u‘.w.-év+/u«-a>3§\,= 0

These can each be solved by traditional single dof methods.
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If the eigenvalues of the system have the following form:
Ar = X + 1O

then the time dependence functions, if(t), can be written:
3.(0) = > > F(a. sinw.t + b, cosw.t).

This leads to the full solution for the response of the

system to given initial conditions, q(0) and é(O):

-t
q(t) = Z e " ( a, sinwt + be coswet)
~ ~ ~

where v

and 2 7 —\T [&,\)f f:\/,\ ( i- ﬂ'(o) + _6_}3_; ﬂ}(@)] \g‘_
2o (W ae) %

NOTE:

1) There was again no need to consider left eigenvectors to
solve this system: all decoupling of the equations was done
using just the right eigenvectors. In addition, it was not
necessary to put the system in state space form, since the
decoupling was performed on the second order egquations. This
simplifies the problem considerably.

2) In the case of proportional damping, the modeshapes are
real vectors. It is thus possible to start the system off
with initial conditions that are exactly a given modeshape
with zero initial velocities. It is clear from the form of
the response above that the resulting vibration is entirely
in that modeshape and with the corresponding natural
frequency. No other modes are excited.
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APPENDIX B

INTEGRATION OF
DESCRIBING FUNCTION COEFFICIENTS
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APPENDIX C

PROGRAM LISTINGS

Note: The following EISPACK routines are called in these
programs: RGG, RSG, and CG for eigenvalue and
eigenvector computation; and DGECO and DGEDI for
calculation of matrix determinants and inverses.
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