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FOREWORD

The investigations described herein were conducted betwem February 1957 and
April 1958 as part of a continuing research program dealing with the MECHANICS
OF WASTE WATER 'IFFUSION.

This is a final report on the first and second phases of the program:

Phase 1. netermination of the correlation between the amplitude and
frequency of vibration of turbulence generating screens and
the mean rate of energy dissipation by turbulence. This corre-
lation is used to define the homogeneous turbulence level and
a "mechanical" eddy viscosity.

Phase 2,. To describe the diffusion characteristics of two fluids of the
same or different density in a homogeneous turbulent field. Con-
centration measurements are obtained for the case of one-dimen-
sional, time-dependent diffusion. The effect of a convective
diffusion, due to the density difference between the two fluids,
superimposed on the turbulent diffusion process is to be investi-
gated.

The third phase, which is currently under investigation, is concerned with the
distribution of diffusant concentration, in a one-dimensional turbulent river or
estuary, upstream from the point of introduction of the diffusant fluid. The up-
stream diffusion is due to: (1) the existance of a concentration gradient in the
turbulent receiving fluid and (2) the effect of a density difference between
diffusant and estuary waters. The upstream diffusion is opposed by a pressure
gradient due to the mean seaward flow of the estuary water. A steady-state distribu-
tion is obtained after a certain period of time measured from the beginning of
diffusant discharge. The aim is to determine the effect of turbulence level,
density difference and mean estuary discharge on the longitudinal concentration
distribution.

The experimental investigations and analysis of data were carried out by
Jan M. Jotdaan, Jr., Research Assistant, who submitted his doctoral dissertation
on the general material included in this report. Mr. Jordaan was assisted through-
out the work by Mr. C. T. Luke, Research Assistant. Messrs. J. D. 'in and D. W.
McDougall, Research Assistants, assisted in the subsequent analysis of data and
in the report preparation.

The project was under the technical direction of Dr. Donald R. F. Harleman,
Associate Professor of Hydraulics. Dr. Arthur T. Ippen acted as administrative
supervisor for the Tivision of Sponsored Research of M.I.T.

The research program was supported by the Public Health Service (R. G. No. 4815)
of the National Institutes of Healths Tnepartment of Health, Education and Welfare.
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a = amplitude of forced vibration of turbulence generator.

b = strand width of expanded metal screen, see sketch p. 53.

c = concentration of diffusant, mass per unit volume.

e 2.72

f = Darcy-Weisbach friction factor

g = gravitational acceleration, 32.2 ft. /sec'

1 = Prandtl mixing length, uncompressed length of spring.

m = mass of diffusant contained per unit volume.

n number of dimensions in which diffusion takes place.

p = resonant angular velocity, radians per second; probability.

q unit strength of source, mass per unit time.

r = radius, r0 = pipe radius.

s property density (general: momentum, temperature, concentration, etc.)

t = time, second; thickness of expanded metal sheet.

u u) u

v = local fluid velocity, vi local velocity fluctua- local mean
tion about local mean - velocity

w w) velocity w

x

y = cartesian coordinate dimensions

z

= kinematic eddy viscosity /, ft.2/sec.

= denotes the variable, x/,T

= denotes the variable, -

-viii-



microscale of turbulence; constant to describe concentration depen-
dence of diffusion coefficient.

V = kinematic viscosity, ft. 2/sec.

variance or mean square displacement.
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per second.
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S = amount of diffusant diffused into receiving fluid in time t, units
of mass.

e= slope of energy gradient. AS = diffusant emitted from unit source
in time At.

U average velocity over cross section of conduit; U0 = center line
velocity in conduit.

V = migration velocity ft./sec; Vf = convective (fresh water) velocity,
ft./sec.

VI = mean rate of energy dissipation per unit volume.

-X-



I INTRODUCTION

Significance of turbulent diffusion in waste water disposal by dilution.

Industrial communities situated near large bodies of water or in drainage
systems connected with such bodies dispose their waste water after treatment
by dilution. Disposal by irrigation or evaporation after removing the solids
by filtering, drying and incineration is justified in circumstances where the
necessity outweighs the increased cost. However, comparatively few large in-
dustrial communities in the United States are situated away from either ocean,
estuary, lake or river, so that the predominant form of ultimate waste water dis-
posal is by dilution.

In waste disposal by dilution a certain degree of primary treatment is usually
required to reduce the concentrations of constituents that are toxic, odoriferous
or otherwise chemically or physically detrimental or objectionable to human,
animal or vegetable existence.

Industrial and other wastes, varying widely in composition, coming from a
diversity of establishments, such as dye or fertilizer factories, paper mills;
primary treated sewage and supernatant liquor from digested sewage, radioactive
waste products; wastes from hospitals, dairies, slaughter houses, etc., present
different treatment problems and different standards for their effective disposal.
After a sufficient time interval has elapsed following disposal, harmful chemicals
will be oxidized to well below allowable levels, organic material digested by bac-
terial action, low level radioactive waste products; subjected to decay and .a
natuial balance will be obtained. This can, however, be achieved only if the di-
lution process is aided by dispersion with currents due to winds and tidal action.
Conversely, inadequate primary treatment or initial dilution can lead to wide-
spread contamination by dispersion of harmful constituents endangering life. of
property. The disposal of the water-borne waste products should be made in such,
a fashiop and at such regions in the body of water that tendencies for segregation
of the influent will be minimized.

The nature of the solution of this problem is twofold: (1) the achievement
of optimum mixing characteristics with economical energy input at the disposal
point, (2) the location of the disposal area in a region where hydrographic or
oceanographic evidence indicates degrees of boundary shear, of wave and wind
generated turbulence, and thermal or tidal convection currents that will continue
the dispersion of the diluted effluent in order that concentrates would not tend to
accumulate with passage of time or segregate into tidal backwaters or be absorbed
by vegetation or soil on the shores.

Allied problems, which have in most cases direct bearing on the flushing of
disposal areas, are the salt water intrusion into river mouths and the fresh and
salt water balance in tidal estuaries. Apart from the estuary flushing,there is
also the consideration of contamination of public or industrial water supply in-
takes due to salinity intrusion.

-1-



All of the problems mentioned above, in general terms, involve the mecha-
nics of mass transfer according to the combined operation of turbulent diffusion
and convection. Turbulent diffusion processes thus fall into two general cate-
gories. In the first, the turbulent diffusion is due entirely to the momentum
of the diffusant which is being introduced into a quiescent diffusing medium:
this process being governed by the mechanics of momentum and mass transfer in
submerged turbulent jets. In the second category, the turbulent diffusion is
due largely to the turbulent energy of the receiving fluid, the diffusant being
introduced without materially increasing the turbulent activity at the region
of introduction. In practice the ideal dilution process would be a combination
of the two processes in the above sequence. The diffusing substance would be
discharged with as high a momentum as practical into the receiving medium in the
form of submerged jets, and the diffusion process in the vicinity of the dis-
posal points would be entirely governed by the energy of introduction of the
diffusant. At sufficiently large distances from its source the momentum of a
jet would have decayed to levels comparable to the turbulence level in the re-
ceiving body of fluid0 Further dispersion will occur according to mechanics of
diffusion due to the turbulence in the receiving fluid body itself. (That is,
if one considers momentarily turbulence as including all sizes of eddies present
and hence also what would be customarily considered convection currents)0 The
analysis will be simplified, however if it is considered that the motion of the
fluid body consists of a field of homogeneous turbulence in which a convection
pattern may be superimposed. With further simplification, the general problem
may be made feasible for mathematical and experimental analysis in particular
cases. Thus all of the above-enumerated disposal problems involve ultimately the
mechanism of turbulent (eddy) diffusion which can accordingly be treated in two
distinct parts0

1. Diffusion by submerged jetso

Since dilution is here effected as a result of turbulence produced by momen-
tum-transfer to and entrainment of the receiving fluid, this is essentially a
localized process which will cease at such a distance from the source where com-
plete viscous dissipation of the energy of the smallest eddies occur. The ulti-
mate dilution versus distance relationship is a function of the initial jet dia-
meter and velocity. Many small jets will diffuse more rapidly with distance than
fewer large jets but the latter would carry the diffusant further into the body of
fluid where the plume may be better dispersed by currents. Provided the body of
fluid is of sufficient extent in breadth as well as depth so as to prevent finite
concentration reaching the boundaries, a few large jets are better than either a
single jet or a multiplicity of small ones for efficient ultimate disposal0 Jet
diffusion has been extensively studied by others so that this investigation will
be largely concerned with the second category.

2. Diffusion in a homogenous field of turbulence0

In this process diffusion occurs over large distances since the eddy scales
involved vary from very small to very large0 Wheredersity differences are not
large enough to cause stratification, the large scale eddies will stir regions



cfhigher waste- concentrations into the receiving fluid and small scale turbu-
lence and molecular diffusion will eventually iron out all concentration gra-
dients. The existence of a field of turbulence in the receiving body may be
due to one or more of the following effects: turbulence arises in rivers due
to boundary-shear on the flow resulting in a velocity gradient, and hence in
local circulations, cross-stream momentum transfer and turbulence generation.
In river mouths and tidal estuaries, aside from the boundary shear generated
turbulence, due to the tidal oscillations, the tidal inflow causes turbulent
momentum transfer with the outflowing fresh water current. Turbulence in the
ocean arises from wave and tidal action on coasts, shoals, bars, and reefs;
from wind generated shear at the surface, and temperature or density currents
and counter-currents. It is found from a survey of available literature on
turbulent diffusion in natural bodies of water, e.g. ocean, lake or estuary
that the diffusion process has usually been assumed analogous to molecular
diffusion except that the diffusion coefficients are of a much larger order of
magnitude. One of the primary objectives- of the current investigation was to
determine to what extent this analogy is valid. This purpose was served by an
experimental set-up where uniform turbulence in a fluid body could be created
and the diffusion coefficient determined by means of concentration changes for
certain established initial and boundary conditions.

Objectives

The broad purpose of this investigation has been the determination of the
principles of the mechanics of turbulent diffusion; the establishment of the
degree of validity of the analogy between uniform turbulent diffusion and mole-
cular diffusion; the application of classical diffusion theory to turbulent
material transfer processes including effects of gravitational convection due
to density gradients.

The specific objectives that were pursued in the experimental program which
was restricted to diffusion and convection processes associated with a uniform
turbulence level, homogeneous throughout the fluid and independent of time but
not necessarily isotropic in the x, y, z directions, are divided into three
phases:

1. The determination of the rate of work input of the turbulence genera-
ting device (i.e. energy dissipation rate) as a function of the eddy viscocity,
or rather, of a mechanical parameter to which the eddy viscosity is proportional;
so as to define the characteristics of the turbulence level produced for any com-
bination of the amplitude and frequency of oscillation of the turbulence genera-
ting element.

2. The determination of the relationship between turbulent diffusion co-
efficient and eddy viscosity parameter for uniform density throughout the fluid.
Furthermoregthe determination of gravity effects on the diffusion process due to
density differences between the diffusant and the receiving medium. This phase
will be concerned with time-dependent one-dimensional diffusion with the semi-
infinite boundary condition



3. An extension of the investigation outlined in phase 2 for the steady-
state diffusion process where the turbulent diffusion is opposed by a steady,
uniform convective current in the receiving fluid.

Considerations as to the practical applicability of experimental investiga-
tions, influencing the choice of experimental program.

The experimental program was to be designed so as to serve as a research
tool for studying basic fluid mechanics, yet on the other hand it had to be of
practical significance.

For the laboratory experimental arrangement the one-dimensional turbulent
diffusion into a semi-infinite medium due to a constant applied concentration
potential was chosen. This was done for the reason that this boundary condition
is obtainable by symmetry at the center of an unsteady, homogeneous desorption -
sorption process where initially the concentration at -CPO< x< 0 is 2c and the

concentration at 0< x<O00is zero. This is a convenient boundary condition for
the determination of diffusion coefficients and is moreover suited to the avail-
able flume (See Fig. 11).

The laboratory experimental equipment is in addition well suited to repre-
sent a model of a particular steady-state disposal and diffusion problem about to
be described, lending further justification to the choice of the semi-infinite one-
dimension boundary condition.

Consider the diffusion of industrial waste water discharged at a certain point
along a long, narrow estuary. It will be assumed that the waste water is dis-
charged laterally from- a set of nozzles uniformly distributed over the cross sec-
tion of the estuary and that the estuary is of the "well-mixed" type, ice, that
there is sufficient turbulence to prevent any local stratification at the disposal
point, or tendencies for bottom and top currents to form. Moreover, it will be
assumed initially that the mean velocity of flow in the estuary is zero. The tidal
oscillations thus cause a back and forth translation of the body of water in the
estuary, the shear with the bottom, sides and stationary objects resulting in tur-
bulence generation, which will be assumed to be of uniform intensity over the
cross section and along the length of interest of the estuary. The diffusion pro-
cess averaged over a tidal cycle may be therefore considered as one-dimensional
and analogous to that generated by the oscillating screens in the laboratory flume.
These experiments performed in the laboratory under Phase 2 yield data on the con-
centration distribution with time from which may be found the interrelationship of
eddy viscosity (a measure of the turbulence) and the diffusion coefficient. Know-
ledge of these relationships would in practice enable programming the disposal of
wastes from intermediate receivers so as to occur at portions of the tidal cycle
when the turbulence created by tidal action would be at suitable levels and would
enable adjusting disposal rates and concentrations accordingly.

Hitherto in this analogy the net flow over a tidal cycle was assumed to be
zero. If this is not the case and there is a net flow seaward in the estuary of



average velocity V, which is assumed to be considerably less than the velocities

due to tidal oscillations, the distribution of the concentration after a time will

become more and more asymmetrical upstream and downstream. Eventually a quasi-
steady state (neglecting the to and fro translation with the tide) will be reached
in the concentration distribution upstream, while the concentration distribution
downstream will continue to grow and asymptotically approach a uniform distribution
with distance, accumulating the steady contribution of disposed waste water.

The third phase in the laboratory test program represented this condition of
turbulent diffusion into a steady convection current. The experimental and analyti-
cal work on this phase is currently underway, the results will be presented in a
separate report.

II SURVEY OF LITERATURE ON TURBULENT DIFFUSION

In order to provide a frame of reference and to present a systematic review
of the wide field of published material embracing the subject of turbulent
diffusion, the following subdivisions will be made in this survey:

A. Diffusion with diffusant properties conservative, without convection.

a) General diffusion (thermal, molecular and Brownian)
Mathematics of diffusion

b) Turbulent diffusion

(i) Homogeneous, isotropic turbulence with eddy diffusivity
independent of time, distance or concentration of diffusant.

(ii) Concentration-dependent diffusion coefficient.

(iii) Distance-dependent diffusion coefficient.

(iv) Space, time dependence of diffusion coefficient.

B. Diffusion with convection, with conservation of chemical and physical pror
perties.

a) Geneal diffusion

b) Turbulent diffusion

(i) Free turbulence. Turbulence largely created by sources other
than boundary shear of the flow.

(ii) Turbulent diffusion or dispersion largely created by boundary
drag or shear f low.

(iii) Turbulent diffusion in free submerged jets0

C. Diffusion with or without convection; action of body forces; non-con-
servative chemical and physical properties,

Mathematical solution for special cases
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D. (i) Mechanics of waste water disposal by dilution and diffusion.

(ii) Determination of diffusion coefficient from concentration fields
or vice versa.

A. Diffusion with diffusant properties conservative, without convection

a) General diffusion (thermal, molecular and Brownian)

Under this sub-heading the transfer of the diffusing property is under-
stood to occur from particle to particle of the diffusing medium over very
small distances. In addition, the root-mean-square deviation of a typical
particle of the diffusing medium about its mean position is assumed to be
very small compared to the long time extent of the scale of the diffusion
process.

Mathematics of diffusion0

The mathematical equation of heat conduction in a solid was formulated
by Fourier (A-l), 1822:

q = [11*
v

It was first recognized by Fick (A-2), 1855, that molecular diffusion
in liquids was mathematically related to heat conduction in solids and he
formulated what is known as Fick's First Law:

N = - s [lal

which states that the time rate of transfer of a fluid property N through
unit area of a region in a fluid is proportional to the local normal gradient
of concentration of the fluid property across the surface of the region, The
constant of proportionality D is known as the molecular diffusion coefficient,

When the equation of continuity for incompressible fluid is applied to a
small element of volume, one obtains the expression known as Fick's Second
Law which has the form:

= D [2]

for the one-dimensional diffusion case0

In vector notation for the most general case where D can be a vector-
function, Eqns. [1] and [2] become:

* See list of symbols
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N = -D . grad s [31

div ( . grad s) [41

Particular solutions of Eqns. [31 and [4] for a wide range of boundary condi-
tions may be found in standard references on heat conduction (Carslaw and Jaeger,
A-3) and molecular diffusion in solids, liquids and gases (Barrer, A-4; Jost,
A-5; Crank, A-l). The fundamental Fickian Diffusion Laws assume the following
forms in coordinate notation (Jost, Chapter T)(See Table i.)

The solutions of some of these forms of the differential equation [41 for
specified boundary conditions may be found in texts on partial differential
equations, vide Hildebrand, A-8 (table on p. 481).

There are three simple boundary and initial conditions to be considered, as
follows:

(i) Source functions of heat (ar mass, or momentum) transfer,

Solutions for one, two or n dimensions of the diffusion process in which a
finite quantity of heat or dosage of tracer is applied at a source and allowed
to distribute itself are [Jahnke-Emde, A-6, (Appendix p. 47) and Webster, A-7,
(p. 168)1 of the form:

x2

y

-- e

(Ty) 2

where n = number of dimensions in which diffusion occurs

s = property concentration per unit volume

y = 4Dt

x = distance from source

(ii) "Constant applied potential" function of heat, etc. transfer

These represent cases where initially the concentration of diffusing pro-
perty is zero everywhere in the diffusion medium and thereafter the concen-
tration at some boundary to the region of diffusing is raised to and maintained
at a constant value. Constant potential functions are obtained by space-inte-
gration of the source functions. The form of the general solution for n dimen-
sions is given by Webster, A-7. Exact solutions for the one-dimensional case
involve the error-integral and its related functions widely used in diffusion
studies (tabulated in Jahnke-Emde, A-6, p. 23)0

-7-



TABLE I. FORMS OF THE CLASSICAL DIFFUSION EQUATION
IN VARIOUS COORDINATE SYSTEMSO

Law Number of Coordinate Coordinates Vector
Dimensions System Notation Notation

Fick's First
Law of One N = - D N D grad S
Diffusion

Diffusion coefficient not constant

CD (One
cdiv
F= dv(pl grad c)

Ficks
2nd
Law of
Diffusion

Two Axial Sym-
metry
(Cylindrical
Coordinates)

Three Spherical
Symmetry
(Spherical
Coordinates)

Constant diffusion coefficient

= DV cOne = D . div grad c

Two Axial
Symmetry

Three Spherical
Symmetry

c a2c 2 ac
at =47 +t

ac _L ac
Ytr dr

_aC 2D aC-- ) t-



x -tp

E (x) e dt, E2 (x) = erf (x), the Error Integral

and is:

-1 - erf [6]

(iii) "Constant flux" functions of heat, etc. transfer.

Constant flux functions are obtained when the source functions are integra-
ted with time, the diffusion process represented being the result- of continuous
application of finite quantities of diffusant at the source. The exact solutions
for the two-dimensional case, related to the "Well-function" of ground water flow
(Wisler and Brater, A-9, p. 233) involves the exponential-integral:

Ei (-x) = x r- d

which is tabulated in Refs. A-9 and A-6. A series expansion (A-9, p. 234) or
logarithmic asymptote approximation (Rouse, A-10, p. 367) may be used to simplify
calculations, thus making it of great value in two-dimensional diffusion problems.

The methods of determination of diffusion coefficients will be discussed in
some detail in Chapter III, Theoretical Considerations.

b) Turbulent diffusion.

(i) Homoaeneous, isotropic turbulence with eddy-diffusivity independent
of time, distance or concentration of diffusant.

A study of the process of mass transfer due to the transporting
power of turbulent conditions in the diffusing medium, may be approached from the
point of view of considering the process as a scaled-up version of molecular diffu-
sion. The turbulent diffusion coefficient or eddy diffusivity E may be of the

6 9order of 10 or 10 times as large as the molecular diffusion coefficient D. The
molecular mean free path is replaced by a length of the order of the average eddy
size.

Where devices, such as stirring paddles or screens, are used for
creating the turbulence, the concept of "mixing length" developed by Prandtl has
practical significance. The eddy diffusivity E could be expressed as a length,
representative of the geometry, times a velocity, either that of the paddle or
otherwise the root-mean-square velocity of the turbulence. The eddy diffusivity
appears to be a function of the turbulence intensity only and independent (in homo-



geneous turbulence) of the time and space history of the diffusion process or of
the concentration lof diffusant. It has been found, however, by the pioneers in
modern turbulent diffusion theory (Taylor, C-1; Kampe de Feriet, C-2; Frenkiel, C-3)
that these assumptions are not strictly true where the distances from the source of
diffusion are of the same order as the eddy scale of the turbulence.

The second and more correct viewpoint from which turbulent diffusion
processes may be studied, is founded on the statistical description of turbulence,
the -theory of which expresses the eddy diffusivity as a function of the correlation
parameters as well as of the time and space history of the diffusion (C-3). This
more exact theory has to be employed in, for example, heat and mass transfer pro-
cesses between phases (i.e0 across solid-liquid, solid-gas or liquid-gas inter-
faces) and in momentum, heat and mass transfer in boundary layers in fluids. In
these cases rapid changes of the turbulent diffusion properties of the flow may
occur with diffusion distance (e.g. D-15). The eddy diffusivity becomes indepen-
dent of the time-space parameters and the diffusion process becomes analogous to heat
diffusion in solids, i.e. molecular diffusion, only where the diffusion distances
in homogeneous turbulence are large compared to the eddy scale of turbulence. It
is further assumed that convection effects occur and that the eddy diffusivity is
independent of concentration

(ii) Concentration-dependent diffusion coefficient

Crank (A-ll, p. 166) gives examples of absorption and desorption
curves (one dimensional semi-infinite medium, constant potential function) for cases
where the diffusion coefficient is dependent on the concentration in certain ways.
This is based on the foamal solutions obtained by Fujita (A-ll, A-13) where the
diffusion coefficient is a function of concentration only. The Bolzmann (A-5,
p. 37; A-12) transformation yields a new variable which may be solved for certain
functional relationships of E with concentration, e.g.:

E = E ( + 2)
0 c9

Fujitats method gives an exact solution while Crank (p. 184) gives a very close
approximate solution by the method of moments (See plot B in Appendix).

(iii). Distance-dependent diffusion coefficient.

Hanratty (D-ll) and Sleicher (D-15) report cases where there is de-
pendence of eddy diffusivity on the diffusion distance. For non-homogeneous non-
isotropic turbulence, such as may occur, for example, in the immediate region be-
hind grids or constrictions or other obstructions to the f1.' a distance depen-
dence of the diffusion coefficient is to be expected. In such a case a transfor-
mation of the distance scale element according to the ratio of a local to a refe-
rence eddy diffusivity may be made:

x

Axt Ax [7]
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Solutions of E from concentration distributions may be obtained
by trial and error matchings with type curves drawn for appropriate functions
of E with x.

(iv) Space, tiMe-dependence of diffusion coefficient.

Although the molecular diffusion coefficient is negligible in turbu-
lent diffusion compared to the eddy diffusivity, molecular diffusion plays an im-
portant role in that it is responsible for the ultimate evening out of concentra-
tion gradients across the small scale eddies. For laminar flow in a tube it was
demonstrated by the experiments of Taylor (F-1) that the transverse (radial) mole-
cu.ar diffusion across the velocity gradient affects the longitudinal (axial) dif-
fusion of the tracer substance released in the flow. The longitudinal diffusion
coefficient is found to be inversely proportional to the molecular diffusion coef-
ficient. Stirba and Hurt (D-18) pointed out that there is a complicated inter-
relationship between molecular and eddy diffusion, the-diffusion depending on such
factors as miscibility, breakdown of diffusant and mc6ility.

In turbulent diffusion statistical parameters have to be used to ex-
press the turbulence intensity. The turbulent mass diffusion coefficient E

mass
and turbulent heat diffusion coefficient Fheat (eddy diffusivities) are related to

the eddy viscosity or momentum diffusion coefficient C by proportionality
constants known as the turbulent Schmidt and turbulent Prandtl numbers. For liquids

G G
the value of St = P is equal to approximately 0.7 to 0.85, Treybal

mass heat
(D-1). A review of turbulent mass and heat transfer processes by Opfel and Sage
(C-7) sets forth the definition and use of effective eddy diffusivities. The corre-
lation parameters in the statistical theory of turbulence have been applied to tur-
bulent diffusion by researchers such as Dryden (C-9) who studiediffusion of h at
from a line source in turbulent air and expressed Eheat =1 u' , where = R tdt,

where R is the auto-correlation parameter. Dryden bases his expression on Taylor
vorticity transport theory (C-l, C-la).

Mickelson (D-12) compares the Lagrangian versus Eulerian correlations
and Favre (D-17) presents two-point, two-time correlations.

An extension of the Taylor theory of diffusion by continuous movements
is presented by Frenkiel (C-3). The differences between the statistical turbulent
diffusion theory and the classical (assuming constant diffusion coefficient) is out-
lined and illustrated for various Lagrangian time correlation functions.

The conclusions drawn from a survey of these refined diffusion theories
were that the differences from the classical diffusion theory are of importance only
in cases where one is concerned with the initial phases of the turbulent diffusion
process, i.e. where representative eddy scales are comparable to the diffusion
distance. When the parameter r becomes small for x>>Y, the "average eddy size",

the assumption of constant diffusion coefficient becomes valid for these theories.
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B. Diffusion with convection, with conservation of chemical and physical properties.

a) General diffusion.

The differential equation for diffusion with convection is given by:

+ grad (21 . c) = div ( o grad c) [8]

for an incompressible fluid grad = 0, hence in coordinate notation:

dc ac C) c ac 6c + c + 6c+ u(D. (D+ v +'-+( z ) [8a]

For the case where 2 is independent of time, homogeneous and non-isotropic,
D= k 21, = k k3, where k,= k2 = k 3, Eqn. [81 becomes:

+ u . grad c =D. div (grad c) =2 . 2 c [9]
79-t0

2 c a2c )2C
= D 7 + D + Dz y [9a]

For D x D = Dz = D, Eqn. [2] becomes:

6 + . grad c = D div (grad c) = DV2c [101

6'c + c 2C + C) [ lOal

The diffusion-with-convection equations for cases where the analogy between
molecular and turbulent diffusion is valid, will be considered first. The funda-
mental partial differential equation for diffusion-with-convection in a three-
dimensional flow field of homogeneous turbulence, where the eddy diffusivity is
assumed to be independent of location, concentration of diffusant or diffusion pro-
cess history (vector E= const.), is given by [9a] and [lOah, Writing E for D and

temporal mean values c for c and u for u, etc., these become:

For non-isotropic turbulence -

6 c -C E -)c bC) 2C2-C C 2-C

+U +v +W E -7 + E + Ez -T E . [1

For isotropic turbulence -

+ . grad 7 = E 2 c [12]

Equation [12] resembles the Navier-$tokes equation for incompressible viscous flow
with zero pressure gradient

Dui bu bu bu O
_ + u + v + W =) u [13]
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Whereas the Navier-Stokes equation is non-linear because of terms such as

u , the diffusion-convection equations [l] and [121 are linear since u9 v, w

are independent of c, hence particular solutions may be added.

For non-isotropic turbulence, with u f(x,t), v = w = 0, Equation [111 be-
comes:

_t+ u V= E [141

Type solutions of Equation [141, which represents turbulent diffusion in an
ocean current are treated by Proudman (B-3). Extensive studies of turbulent
diffusion in the oceans, and experimental determination of diffusion coeffficients'
in oceans from salinity traverses, have been made by Jeffreys (B-1) and Proudman
(B-2)0

C)cFor diffusion in one dimension only, with a current u = f(x,t), =
O0,= 0 and from Equation [141:

&c C)c 62 c+ U =E [15]

At large values of tva steady-state condition (Lc 0) will be approached where the

convective transport becomes equal and opposite to the diffusive transport every-
where and Equation [151 becomes:

uc = C) [161

b) Turbulent diffusion equations.

Equations [111 to [161 are based on the assumption of an eddy diffusivity
E, independent of the history of the diffusion process. The implications of the
statistical theory of diffusion by continuous movements (Taylor e.a.) have been
noted in Section A. Further statistical formulations obtained by various methods
of approach, e.g. Lagrangian, Eulerian, Random Walk are found in the literature
Goldstein (C-4), Pai (C-5), Mickelson (C-12).

The gist of Goldstein's turbulent diffusion theory is the recognition of
the basic difference between the molecular and turbulent diffusion process. In
molecular diffusion the finite speed of property transfer (molecular velocity) im-
poses no upper limit to the speed with which a certain concentration may advance.
In turbulent diffusion, the transfer rates are much higher due to migration of unit
volumes of fluid (eddies) over mixing lengths much larger than molecular mean free
paths but with a relatively slow speed of migration (less than the turbulence in-
tensity), so that in the initial stages the concentration advance is limited by the
"migration-velocity". This terminology is employed in a statistical sense for de-
scribing the random distribution of eddy migration-velocities. This simplification
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led to Goldstein's "random walk" type concept of the diffusion process which
assumes that each diffusing particle moves at constant speed in discontinuous
steps of constant length. For a case of isotropy (no directional bias) and for
no correlation between successive movements of any particle, the difference equa-
tions obtained leads to the "telegraph equation", another form of partial differen-
tial equation (hyperbolic) characteristically different from the classical diffu-
sion equation (parabolic).

Solutions of the telegraph equation of communications engineering are
known for the boundary conditions of diffusion into a semi-infinite medium due to
a constant applied potential (Webster, A-7; Carson, C-8). For small diffusion
distances the solution differs from the error-function

-l er . [6]

in that initially there is a delay time V during which there occurs no concentration
rise whatsoever at a station x away from the source. At this instant,

t = , the concentration instantaneously increases to a finite value and then con-

tinues to increase, approaching the error-function solution for constant S at large

values of t'. Whenthe distance x becomes larger the step rise at t = becomes in-
significant, hence the Goldstein diffusion equation differentiates turbulent from
classical diffusion theory only at small values of x and t. The more x approaches

the order of the largest eddy scaleL, the more marked the difference. (
VxSt2A /S- .-- small), vide Fig. B2C/S t 2.uL,

Turbulence in the ocean is characterized by eddies of a wide range in
scale so that this initial deviation may be significant even where diffusion di-
stances are large.

(i) Free turbulence. Turbulence largely created by sources other than
boundary shear of the flow.

The Taylor-de Feriet formulation has received experimental support
from investigations on mass transfer rates behind grids in wind tunnels (D-3, D-4,
D-5) for cases in which density -gradient effects are not encountered0

A number of experiments on turbulent diffusion in fluidized particu-
late beds (D-9, D-lO, D-ll, D-13) have been described in the Chemical Engineering
literature. In this type of experiment the mass transfer rates are studied by
sampling the spreading of dye or saline tracer introduced into the turbulent fluid
body. Turbulence is created by the suspension of dispersed ' small spheres in a
uniformly rising current. A list of references of experiments of this nature is
given in Ref. D-19.

Hanratty (D-ll) cites experiments in turbulent flow fields which



prove the history dependence over small distances of the eddy diffusivity in both
mass and heat transfer as predicted by Taylor's theory. This dependence may be
clarified in the light of the concept that the averaged process of turbulent dif-
fusion over finite distances differs in certain ways from molecular diffusion.
For instance, the assortment of eddy scales present, ranging from microscopic
sizes to the size of the diffusion region itself, results in the largest mixing
length being of the order of magnitude of the diffusion distance.

Thus the eddy diffusivity may be expected to be both time and di-
stance dependent, approaching constancy at large values of x and t.

Agreement with Taylor's diffusion equations was obtained also in
recent investigations by Keyes (D-9) and Deisler and Wilhelm (D-10).

(ii) Turbulent diffusion or dispersion largely created by boundary drag
or shear flow0

Experimental determination of turbulent diffusion in shear flow is
reported for circular conduits (D-6, D-14, D-15) and in two-dimensional channels
(D-7,D-8).

In two papers Taylor (F-1 and D-3) has presented the equations for
diffusion about a plane moving with the average flow velocity for laminar and tur-
bulent flow through conduits.

In the case of laminar flow through a smooth tube the dispersion
process is caused by the combination of radial molecular diffusion and convective
longitudinal dispersion, a virtual diffusion coefficient is experimentally ob-
tained, Taylor (7F-1):

D [171lam. 48 Dmol.
In the case of turbulent flow through a conduit Taylor (D-3) obtains

a theoretical expression for the dispersion coefficients due to convection and
turbulent velocity components by the following assumptions:

1. Validity of the universal velocity distribution law:
U - a

-0 fn(~ r [18]

applicable for fully developed turbulent flow through either smooth or rough con-
duits.

2. Validity of the Reynold's analogy which states that the transfer
of heat, mass and momentum by turbulence is analogouso Taylor points out that the
Reynold's analogy is found to hold for shear generated turbulence, such as flow
over a flat plate or in a conduit, but is not quite true for free turbulence, such
as generated behind screens or obstacles to unconfined free flow. Reynold's analogy
may be written as:
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or

Taylor obtains the following values theoretically for turbulent
dispersion coefficient:

Longitudinal convective dispersion,

= 10. 06r [20]

where fn. of P for smooth pipes and fn. of R and k for rough pipes.
Radial and longitudinal diffusion due to turbulent velocity compo-

nents,

S2 = 0.052r [ 211

Combined longitudinal diffusion due to convection and turbulent
diffusion,

E E + E2 = 10.lr V [22]

or in engineering units, for pipes,

E = 1.785JdU [231

and for rivers or channels,
3/2 F

E = 14.28R f2g Se [24]

= 7.14RUJV [24a]

d = pipe diameter = 2r0
where R = hydraulic radius

u = mean flow velocity

f = friction factor(Darcy-Weisbach)

The values in the foregoing expressions apply only for perfectly
straight and uniform conduits or channels and were experimentally verified by
Taylor using test lengths of 3/8-inch diameter smooth and a 3/8-inch diameter
roughened conduit, and was found to agree well with earlier experimental observa-
tions by others, e.g. Worsler (D-20). Tests with commercial distribution pipe
lines or curved conduits indicate that the eddy diffusion coefficient is highly
sensitive to the slightest deviation from the perfectly straight and uniform condi-
tion and may be two to three times the theoretical value where there is an average

-16-



amount of bends, change of shape, etc.

Data on diffusion coefficients from pipe tests in the field are con-
tained in a thesis by Parker (E-14,pp. 4-22). The order of magnitude of E is 1 to
10 ft.2/sec. for a range of diameters up to 15 ft.

For a finite concentrated dosage the dispersion about a point moving
with average velocity U is given by:

c e 4Et
AV4TEt [251

where M = weight of dose

(iii) Turbulent diffusion due to kinetic energy of diffusant: momentum

heat., mass transfer in free submerged turbulent Iets.

A review of the literature on turbulent diffusion would not be re-
presentative without a survey of turbulent jet diffusion. From the point of view
of waste disposal, diffusion by submerged jets is an effective means of initial,
dilution. To establish the proper relationship between the degree of dilution that
can be effected by the best use of the available kinetic energy of the diffusant
inflow and the diffusion that can be effected by the turbulent kinetic energy of
the receiving medium, it is desirable to include the following review of turbulent
jet diffusion. For an extensive treatment see Pai (J-10).

In the case of a gaseous or liquid jet discharging into a stationary
body of the same fluid, one is interested in the diffusion of the properties of
momentum, heat and mass. A submerged jet issuing from a nozzle may be divided into
two zones: (i) the zone of flow establishment, that is the region near the orifice;
and (ii) the zone of established flow, i.e. the region beyond 6 or 7 orifice dia-
meters. Most of the past research on jets has been performed with air or gases by
means of the hot-wire anemometer. Lately (J-8) experiments with Jiquid jets yield-
ed results in good agreement with those for gaseous jets.

A literature review reveals that Tollmien (J-1) in 1926 first estab-
lished the distribution function of the temporal mean velocity in the flow field
of a submerged jet; Corrsin (J-2) investigated the mechanics of turbulent fluctua-
tions and this was further analyzed by Liepmann and Laufer (J-3). A general ex-
perimental and theoretical survey of the problem of jet diffusion is published by
Rouse ea. (J-4).

Studies relating the heat and mass transfer with momentum transfer
were carried out by Lin (J- 5), Hinze (J-6), Forstall and Shapiro (J-7) with gase-
ous jets and by Forstall and Gaylord (J-8) and Wille (J-9) with water jets.
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The general diffusion equation, as applied to jets, may be stated
as follows: the time rate of transfer of a property of the diffusing fluid through
unit area of temporal mean stream surface is equal to the gradient of mean concen-
tration normal to the stream surface times an appropriate turbulent diffusion co-
efficient.

The diffusion equation assumes the following forms according to the
diffusing property in question:

For momentum transfer: - - [26]
~ ~ Y

For heat transfer: - Kt [27]

For mass transfer: N = - Ec [28]

The turbulent diffusion coefficients in the above equations involve

the turbulent characteristics of the flow configuration and are not fluid proper-
ties as in the case of molecular diffusion.The properties of heat transfer and
material transfer may be linked.to that of momentum transfer by the turbulent
Prandtl and the turbulent Schmidt Number respectively.

P =L_ [29]t t Eheat

S =Dt P E [30]
t Dt Dt Smass

It has been found by many experimenters that these two numbers are
approximately equal to 0.7 for a large range of gases, signifying that heat and
material diffuse more rapidly than momentum across the mean stream surfaces.
The explanation for this behavior is that clear fluid is entrained from the en-
virons outside the jet towards the centerline, The momentum is easily transferred
to the fluid being entrained, but the material and heat content of the jet is di-
minished faster along the center line since the entrained water displaces packets
of fluid with higher heat and material concentration which tend to feather off
tadially to the periphery of the jet. As a net result material and heat diffuse
faster than momentum.

Since viscous and inertia forces predominate, the studies may be made
non-dimensional by expressing all variables in terms of a Reynolds Number and an
initial density and temperature difference, The dependent variable is a length
parameter expressed in terms of nozzle diameters. The density difference affects
largely the scale of the turbulence and not the free body motion in the zone near
the nozzle.
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Thus one can determine theoretically a non-dimensional velocity,
temperature or concentration of material distribution at any distance from the
orifice in the region of established flow. The momentum across asection normal to
the jet axis has to be a constant equal to ( 2 A. This leads to the hyperbolic
center line velocity distribution: 0

u D
0 _ 0 [31U 2Cx

The radial velocity distribution within the jet follows a Gaussian
curve, as first suggested by Tollmien and with the values of the constant proposed
by Rouse (J-11), assumes the form:

D 2
u 0 o 1 2

2C xp. F- ] [32
0

where L
= 6.2

2C

or U0D (1.82 - 76 r2/X2 ) [32a
u -- e

x

For heat or mass transfer one replaces C by:
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C. Diffusion wUith or without convection action of body forces; non-conservative
concentration of diffusing properties.

Associated with the disposal of industrial wastes in a natural receiving body
of water are factors which affect concentration distribution as a function of time
other than the initial dilution by entrainment and the subsequent diffusion by tur-
bulence. The most important of these factors are: (i) the action of gravity on
fluid masses of varying density and (ii) the absorption of some of the contaminant
constituents. The absorption may be due to physical or chemical processes (such as
flocculation and settling, pH variation in the receiving medium, aeration and or-
ganic decomposition) or may be the result of biological digestion, or due to decay
of radioactive isotope contaminants.

The following diagram serves to clarify the terminology:

Waste or
Contaminant

Receiving
Medium

I-

Jet Diffusion P-Turbulent
Entrainment Diffusion

Dilution Convection by
Currents and
Body Forces

Absorption

(Chemical,
Physical,
Biological)

Absorption
(Nuclear Decay)

Processes involved in ultimate
disposal of contaminant in natural body of water

A review of mathematical solutions for special cases follows.

(i) Effects of body forces due to density variation.

By means of the Furth transformation (A-5) a certain class of time-depen-
dent diffusion where there is an external force causing a convective velocity in
the direction of diffusion may be solved. In the one-dimensional convection equa-
tion

c D 2 ac
t D - v -

v = fall velocity under external force

[15a]

by the transformation v2t
cc(x - x -]

c = C *e 2D 0) /4D

where
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one obtains:

acc* [c*
= E 34]t

The solution for the one-dimensional semi-infinite non-steady state sedi-
mentation process is given in Ref. (A-5) after Furth. In this connection see also
Mason and Weaver (A-14).

(ii) Absorption including radioactive decay.

Extensive treatments of diffusion and chemical reaction processes
are available in standard references on diffusion (Barrer A-4, Jost A-5). Parker
(E-14) presents the solution (see below) for the two-dimensional concentration di-
stribution as a function of radial distance and time, resulting from dosing a de-
tention reservoir with radioactive contaminant. A solution is also given for the
steady state distribution of concentration due to a constant inflow of radioactive
contaminant into a flowing stream or idealized reach in a reservoir.

Diffusion without convection.

For the two-dimensional diffusion of a mass M per unit depth of non-
decaying contaminant, initially introduced in a line source extending vertically
over the entire depth of the receiving reservoir, assumed to be uniform in depth
and of great extent,

The solution of the differential equation

8c 62 cT= EX4 [2]

is Eqn. [45], n = 2, x2 + v2

c = - 4et[36]4n4Et

Where the contaminant is a radioactive isotope and may, in addition,
be physically or chemically non-conservative, two additional factors besides tur-
bulent diffusion enter into consideration: (i) nuclear decay and (ii) absorption
due to physical, chemical or biological causes.

Without any turbulent diffusion the concentration of isotope in a
dosage at time t would be given by:

-(K + y)t
c = 0 e

where c = concentration at t = 0

K = nuclear decay constant

y = absorption constant
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The resulting solution for the concentration becomes:

c = . e
4uEt

x2 + v2 - (K + y) t]
4E't

Diffusion with convection, nuclear decay and absorption-

For an ideal reach, the continuity equation for steady state one-
dimensional diffusion with convection and nuclear decay gives:

d dx- - Kc
dx dx

The differential equation is of the form

(D2 D - )c = 0

which has the solution:
[ + R] -E 2]

c = b1 e + b2e E 2

where R =

[40]

as well as an
also obtained
to build up.

Parker obtained the exact solution for Eqn. [39] for steady state,
approximate solution more suited for calculations. A solution was
by a step method for the time that the steady state condition takes

The equation for the unsteady state problem was solved by a step
method which checked with the exact solution and was substantiated by field obser-
vations.

for Eqn. [39] is:
For the case of dispersion in streams and aqueducts, the solution

c = A4Ite ( ut) - (K + y) t]

Representative values of the coefficient are:

K = .0495/day

y = .0326/day

E = 10 to 100 ft.2/sec.
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D. (i) Mechanics of waste water disposal by dilution and diffusion into a natural
receiving body of water.

The disposal of liquid wastes by dilution may be classified under the cate-
gories of ocean disposal, disposal in estuaries, disposal in rivers and lakes and
contamination of watersheds, The process of diffusion in a practical situation
may involve one or more of the idealized cases of diffusion (with or without con-
vection, with or without property conservation) considered in the previous sections.

Ocean Disposal. Rawn and Palmer (E-l) presented empirical methods for
designing ocean sewage-discharge outfalls taking into account factors such as
initial jet mixing, rise and spread of the pollution field and its dispersion by
winds and currents0 Warren (E-2) and Pearson (E-3) have also treated the sub-
ject of ocean disposal. Morton, Taylor and Turner (E-4) treat cases of turbulent
diffusion and gravitational convection in the atmosphere (analogous to a rising
plume of effluent from an undersea sewage outfall). Expressions are obtained for
the rise of the plume from a maintained source for constant density, as well as
for linear variation of density of receiving fluid. The assumption is made that
the turbulent entrainment is proportional to the vertical velocity. Munk (E-5)
and coworkers report on the measurement of horizontal and vertical eddy diffusi-
vities in the Bikiti'lagoon. Eddy diffusivities were obtained from the spread of
dye markers before and from measurements of radioactivity after the atomic bomb
test. E was obtained from the source-function solution and E from differentia-x
tion of concentration with respect to distance and depth

u F
E

Disposal in Estuaries0  Rouse (E-6) treats the subject of gravitational
convection and diffusion in two-dimensional turbulent flow, (heated air currents
rising in an atmospheric wind) analogous to the discharge of industrial wastes
into water of higher density Ketchum (E-7) surveys the self-cleaning action of
tidal estuaries. Diachishin and coworkers (E-8) report on the subject of sewage
disposal in estuaries Research on the basic problem of tidal mixing has been
pioneered by Arons and Stommel (E-9) and Stommel (E-10).

Disposal in Rivers and Lakes, Contamination of Watersheds, Reservoirea,
Aqueducts. The contamination of water supplies by radioactive precepitation on
watersheds and disposal of industrial and radioactive wastes, has been thoroughly
investigated - Parker (E-14), Gurnham (E-ll), Straub (E-12).

Parker presents methods (see Section C) for routing of the contaminant
concentration through natural detention bodies, and for the diffusion, absorption
and decay of contaminant with flow in streams and aqueducts.



Texts on industrial waste treatment (Gurnham E-ll) yield statistics on
types of industrial wastes and pretreatment processes prior to final disposal.
Sanitary standards for the ultimate disposal of wastes and specifications for
allowable pollution levels for water supplies as prescribed by state and federal
health authorities, constitute a subject of its own, apart from the subject of
this thesis.

The application of turbultnt-diffusion theory to waste water disposal
starts with the a-ssumptiun-thrat-certain allowable ultimate concentration- limits
have been prescribed and that the waste influent concentration and flow rates to
be designed for, are specified.

(ii) Determinations of diffusion coefficients from concentration fields
or vice versa,

Under Theoretical Considerations (Chapter III) are presented basic
methods for determining diffusion coefficients, and for obtaining the concentra-
tion field for given boundary conditions and values of diffusion coefficients
Numerical values of vertical and lateral dynamic eddy diffusivities and eddy vis-
cosities for oceans and ocean currents are given by Sverdrup, 4ohnson8and Fleming
(E-13). Typical values for the lateral eddy diffusivity are 10 to 10 times grea-
ter than representative values for the vertical eddy diffusivity, e.g.

E = 1 to 320 g/cm/sec., E- = 4 x 10 to 4 x 10 g/cm/sec0 ,

eey = 10 to 7500 g/cm/sec. ee= 7 x 107 g/cm/sec.

For the oceans, as a rule the vertical eddy diffusivity is found to be less than
the vertical eddy viscosity, by a factor of about 10o In Ref. (E-13) a chapter
is devoted to distribution of scaler and vector fields of property concentration
in a fluid body, e.g. the ocean. In addition, the most general forms of the dif-.
ferential equations for diffusion with convection, for both conservative and non-
conservative diffusant.. properties are given. It is indicated how these equations
may be simplified in accordance with local conditions, 'jielding methods for de-
termining turbulent flow properties (e.g. eddy viscosity or eddy diffusivity) by
successive differentiation of the measured diffusant property concentration (ve-
locity or salinity) fields.

Proudman (B-3) deals with mixing and turbulent eddy diffusion for
several cases: steady-state distribution due to mixing along a current, time-
dependent mixing in one and three dimensions in a constant uniform current, and
gives mathematical solutions to certain simplified forms of the differential
equation.
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III THEORETICAL CONSIDERATIONS

A. Review of classical diffusion theory and methods for determining diffusion
coefficients.

1. Time-dependent diffusion.

For solving uniquely the differential equation of diffusion (heat or mass
transfer) through a medium with diffusivity a constant, certain boundary conditions
have to be specified. It is convenient to work with a medium of semi-infinite ex-
tent since one less boundary condition neecto be fulfilled.

For the semi-infinite medium it is sufficient to specify the initial distri-
bution of diffusant and the boundary condition at the s-ource which is:

(1) For the one-dimensional case, a plane source with either (i) a finite
quantity (mass) of diffusant, or a prescribed function with time of (ii) concentra-
tion potential, or (iii) strength of flux; in each case uniformly distributed
throughout the plane of the source.

(2) For the two-dimensional case, a line source with uniformly distributed
(i) finite quantity, or a prescribed function of (ii) concentration potential or
(iii) strength of flux.

(3) For the three-dimensional case, a point source of (i) specified quantity,
or prescribed time function of (ii) concentration potential, or (iii) strength of
flux.

The three boundary value conditions: (i) source function, (ii) potential
function, (iii) flux function, are all time-dependent functions.

In the case of constant flux of diffusant into a two or three-dimensional
receiving medium, the ultimate distribution (t-'oo) is approached asymptotically
(quasi-steady state). In the one-dimensional case no ultimate distribution is app-
roached - for constant inflow of diffusant a given concentration will continuously
progress away from the source with speed proportional to 1.,

(i) Source function,

A finite quantity of diffusant is initially concentrated at a source
situated infinitesimally close to the boundary of the semi-infinite diffusing
medium. The boundary is insulated and the diffusant is at liberty to distribute
by diffusion within the medium,

fd = M, (3c) 0

Consider the one-dimensional diffusion equation for constant diffusion coefficient
(Fick's Second Law, see p. 6):
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ct D - [21

To obtain the most simple solution one determines the values of the arbitrary

functions of x and t in the trial solution (A-5):

Kx-2

cx = g(x) h(t) e t [411

that satisfy the diffusion equation [21 and the additional requirement that c for
t = 0 at x = 0 is finite. The functions that satisfy these conditions are:

g(x) = const. = o(

h(t) = I

K
4D

thus: 4Dt
c =V-- e [421

Consider an infinite tube of unit cross-section containing the diffusion medium.
The amount of diffusing substance (diffusant)' contained in an element of length

Ax is then:
Am = c.Ax.1

Integrating from -ooto +ooyields the total amount of diffusing substances present

4Dt
dm = cdx e dx

letting 2 X

271i et 00l
=2VDR?1ife'%

2 V(O('CW = const. = M [431

[Where M = total amount (mass) of diffusing substance present (which had been con-
centrated at t = 0 over the cross-section x = 0) and has to be a constant by the
law of conservation of mass.]

Hence OC = and [421 becomes:

x e
M, Dt

Cx x 27Dt
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1 sThe resulting distribution is the familiar Gauss error curve

In a similar way (A-7) the distributions of concentration can be ex-
pressed for 2, 3 or n dimensions as: 2

Const.e 4Dt
c rt -2 n 0, integer 1, 2 or 3

2

_ M 4Dt [~
- M n/2 e
(4uDt)

Curves for the source-functions are given for one, two and three dimensional
cases in Ref. A-6,(pp. 47, 48 of App.)

Determination of D from mean-square displacement of tracer dosage.

One, two or three-dimensional cases.

Consider Eqn. [44] and footnote following;

x
2

- _T e 4t = P(x) [44]
Xt 2y7~

The probability for diffusing particle to be between places x and x + dx at time
t is: 2

M 4Dt
Pj(x) dx e 4t dx

-00 

A7T7

jp (x) dx DR e - 4Ot

The concentration distribution curve represents at the same time to an
appropriate scale the probability of finding a particular particle of diffusing
substance, initially released at x = 0, at an ensuing time t in the interval bet-
ween two cross-sectional planes unit distance aparti, and situated at a distance
x from the origin. Since the total area under the curve is an invariant with time
it may be considered to represent unity probability of a particular diffusing par-
ticle being anywhere within the tube. The area under the distribution curve bet-
ween x and x + Ax at a given yalpe of t divdided by the total area thus represents
the probability of the particle being between these planes at time t. This leads
to a useful method of determining D from measuring the mean square displacement
versus time of a tracer substance deposited in a fluid body, which will be dis-
cussed later.
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The denominator simplifies to M, thus

x.2

P = e 4Dt dx [46]

The mean square displacement2 may be defined as the summation of the displacement
squared times the fractions of diffusing particles within that displacement inter-
val. This fraction is the same as the probability of one particle to be within
a certain displacement interval and is thus equal top .

00
Hence:

x

x -O

2c

f2Dt_ e 4t dx
2 Dtfr

-00-

Let x 2 oo

ALM e d' [47]

-00

2Dt, for one-dimensional diffusion.

For diffusion in n dimensions a similar analysis yields:

= 2nDt [47a]

The practical advantage of this method lies therein that D can be de-
termined for diffusion in one, two or three coordinate directions by means of very
simple and compact apparatus: a source of diffusing substance, and a concentration
measuring probe. - By injecting a quantity of substance- into the fluid body and
determining the mean square displacerpent of the concentration after time t, the
diffusion coefficient D may be obtained by substitution in Eqn. [47a]. (Where con-
vection exists, a moving coordinate system should be used. The method is not
applicable where convection is non-uniform).

The value of at x for a Gaussian distribution is 0.6063.
c0

2
Equivalent to standard deviation or radius of gyration of area under curve0



If the distribution curve is plotted as Q versus for various

values of t, the intersection of the Gaussian curve with the line = 0.6063
c|o

will yield the value - = X

Hence: -D z 2

D = 2n 48]2nt 2n

where n = number of dimensions. xt 1.00

: .0.6063

I.

x

(ii) Constant Rotential function - one-dimensional diffusion.

- 3
Consider a one-dimensional diffusion process such as would occur in a

long infinite tube of unit cross-sectional area containing a diffusing medium and
a diffusing substance.

Suppose initially that the concentration of diffusing substance is 2C0

30

For the two and three dimensional cases a similar analogy applies. By consider-
ingin the 2-D case two semi-infinite slabs Q <z <1, isolated from each other
along the surface y = 0, except for a common line contact at x = 0, where the
diffusing substance can pass freely from the one half to the other, one can postu-
late the following condition:

Suppose initially that the left semi-infinite slab contains a concentration 2C
of diffusing substance and that the right semi-infinite slab contains concentra- 0

tion zero. One can say that the concentration in the right half at a radius r from
the origin is the sum of the concentrations caused by each source element in the
left half, all the diffusion flow occuring via the line contact at the origin. The
summation may be performed exactly as for the one-dimensional case except that it
becomes a surface integral of the source function -instead of a line integral. In
the three-dimensional case the concept is extended to a volume integral of the
source function throughout a left hand semi-infinite space and a right hand semi-
infinite space that has only one common point at the origin.

-29-



in the left-hand portion -OO~x ( 0 and that the concentration is zero in the
right hand porti6n- 0 < x<00 Consider influence of the diffusion of the sub-
stance contained in an element of length Lx, situated immediately to the left of
x = 0 (-Ax<x(O) on the concentration of substance at a point x =9 to the right
of the element after a time t has elapsed. The element -Ax <x<O constitutes
a source containing at t = 0 a definite amount of substance tM = 2c . 1 . Ax
which is diffused thereafter according to the source function in both positive
and negative x-directions.

Since the diffusion equation is linear, one obtains by summation of the
concentration increments at x = , Ac due to all source elements Ax between x = 0
and x = -00, the concentration at x =Cat time t in the right-hand portion as:

0 0 (1- _X)2

c dc = e dx

2c
LetI = 2 , hence c = fe d

LYe71

Letlo 2t , hence c = c [erf (oo) - erf'i ],

where erf d\, erfoo= 1.

Writing x for . c= c (1 - erf x 49

(a) Determinatiol of D from concentration versus x/t for one-dimensional
case (for constant D).

From Eqn. [491 it is seen that D could be determined from any experi-
mental value of concentration versus x and t. The concentration at x 0 is equal
to c for all values of t>0. . erf 2

Since the concentration gradient at

x = 0 is

[(l erM?)]
x=o d1-Q
xx

where'I 
c 0

[50]

Thus, by taking concentration measurements at a small distance x, from
the interface one can obtain the gradient at x = 0 and hence D, by substituting in
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Eqn. [50]. This method is liable to yield erroneous results and a better method
is the following, where D is determined from the entire range of concentration
distributions.

Rewriting Eqn. [49] as:
c

x erf -x-
c 0 2f-

[49a]

If erf\ -is plotted on a probability scale versus \71 on an arithmetical
scale, the slope of the straight line obtained is equal to 2 . Thus, plotting

1 x c,t on a probability scale versus on arithmetical, the points shouldc a

fall along a straight line of slope -1%

81

prob

6 -scal

c4- c

2-

1-erf

2

e

0

1

8

6

4

.F.

Thus, where D is a constant, it may be obtained simply from a graphical curve-
fitting plot of the experimental concentration curves for various stations and
times.

(b) Determination of variable D by differentiation of concentration
versus xL t.

For D variable (time or distance dependent or both) the following
method can be adopted provided that sufficient data are obtained to reconstruct
the entire diffusion process, and that the data are accurate enough to warrant
first order differentiation.

Consider Fi'ck's Second Law for D a function of x, t, where D = D(x, t).
Integrating for t = constant:
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x

dx = D + constant

at x 00 00

dx = [D ] + constant

and since -- O as x-*oo, the constant is equal to the left hand side of the pre-
ceding equaion.

Hence, x 00

dx= (D )+ Fdx.

0 0
Simplifying the notation, the equation reduces to:

D =c I -I
x, iTx .x 00

-I - I-Ix I00

DX,t a.- [521

x

This method is reliable in cases where 100 can be determined accurately and where
the difference I - I., is not less than about one tenth of Io.

(c) Determination of D from quantity of tracer substance diffused after a
time interval. One-dime ns ional case ( constant D),.

In practice, determinations of D are often made by measuring the total
quantity (mass) of substance diffused into a control volume after a time t. If
the substance is a diffusing salt in a liquid medium, the amount of substance
diffused may be accurately weighed after evaporating the liquid in a measured sample
or by conductivity measurements.

By differentiation of Eqn. [49] at x = 0, we obtain:

c 0_ [5o]
.x I .10

But by Fick's First Law of Diffusion:

N -D

C 01 2Vt-[53]
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And4  t t

S A Ndt = c /A Jtj/2dt

= 2c A 4 ..

Hence,

0

Where,
2c = initial concentration

0

A = cross sectional area

S = total amount of substance diffused after
time t

(iii) Constant flux function.

This represents cases where a uniformly distributed constant rate of
influx is maintained throughout the source. In the two-dimensional case, one may
set up accordingly a boundary condition of constant uniformly distributed flux of
diffusing substance from a line source into the diffusing medium0

Cobsider the effect of a source of diffusing substance on the con-
centration at a point distance r from the source. From t = 0 to t = At a finite
quantity of substance AS is diffused from unit length of source where

4 -AL
S may also be expressed as ftd = ct 2, where ct is the mean- concentration in

the volume at time t. In practice two methods may be used for determining D. By
the first method the substance is allowed to diffuse for a time t (taking precau-
tion that the concentration at the finite boundary remains negligible), after which
the source is cut off from the control volume V and the substance allowed to con-
tinue diffusing. After a sufficient time interval the concentration c may be ob-

tained by averaging a sufficient number of evenly distributed samples. This method
would be useful where instantaneously-recording concentration probes are not prac-
tical. By the second method, the concentrations are taken at frequent time inter-

vals. S may be obtained by evaluating fAct dx for various times.
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c

c

1 2
A B

At P4 At-4 At -4 t+

AS qjt [551

which causes the above concentration time curve at x, curve A. If the same amount
of substance is introduced during time interval t = At to t = 2At, a curve follows
that is displaced to the right by At, curve B. Addin the ordinates of the success-
ive curves at intervals At apart will give the curve (shown dashed) for the concen-
tration at x versus time. This is the same as adding the ordinates of the single
curve A at At intervals from t = t to t = 0. Hence, the constant flux function is
obtained by integrating the source function with respect to time.

In the limit as At-o-0, there results: tt

c dc

From Eqn. [451 with n = 2 for two-dimensional case:

r
2

Ac = q e [561
4wDt

Integrating with respect to time: t _ _

c = 9 _ e dt]1 4Dt~

Let u
4Dlt

oc -u
Hence, c= -du

4 p u
r2

TDt
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By definition 00
-u

-Ei (- .) = A du, 0 < x<oo,
u

where Ei is the "exponential integral", hence:
2

c = - Ei - -t47TD4t [57]

Determaination of D from concenitration versus x/g for tio-dimensional
case..

D can thus be obtained for this case by means of a plot of c and

Ei (x
-S ( t versus T-

2
x

- Ei(-T),

cxt

2
S -Ei(-E c

4Dt xt

2
- I -Ei(- L)

a b 2
x
t

2 b 2

4.Dt t

a
=4b [581

It is seen from the above review of the classical diffusion theory that
one has for each of the three-dimensional conditions three simplified boundary
value problems available. Five of the nine possible combinations were shown to
yield simple mathematical models for evaluation of diffusion coefficients.

The choice from the available methods for evaluating D would be deter-
mined by individual requirements, experimental feasability and ease of computation.
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2. Steady state diffusion and convection, determination of D for constant
diffusant inflow into a constant current.

The one-dimensional steady state diffusion and convection equation (where

0 and -V is the convective velocity) is given by:

Vc = D 6 [59]

By integration, for constant D:

in c Vx [60]c D

This relationship may be used for the evaluation of D from the quasi-steady state
distribution of concentration with distance upstream from the diffusant source.

By plotting log versus x and drawing a smooth curve can be closely re-

presented by a straight line, it is seen that the slope of the line equals - V ,
hence: 2.3D

D = X -[60a]2.3

where X is the interval of x, corresponding to a log cycle (ten-fold variation in
concentration). If the curve deviates from a straight line, theli D is a function
of x and the integration yields:

in c = - [60b]
c f D

For example, let D b + A [60c]

the resulting distribution is =e b ( +x) [60d]c, b
0

which reduces for b = 0, hence D = a to:
x

Vx 2

=e 2a , the Gaussian Distribution
c 0 * [60e]

a and b in Eqn. [60c] may be readily solved from Eqn. [60d] by simultaneous equa-
tions for cases where a solution exists.

Time reuired for the establishment of steady-state condition.

It is difficult to tell when sufficient time has elapsed for the diffusion-
convection process to have approached the quasi-steady state condition. This may
result in doubt later on as to the validity of data and may cause errors when data
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for widely differing conditions are compared where in some cases the steady-state
may not have been attained.

The equations for the time-dependent concentration growth towards the steady-
state have been formally derived by Mason and Weaver (A-14) and independently by
Furth (A-15). The time -t taken to establish a concentration distribution that
may be assumed for all practical purposes to be identical with the distribution
at t = oc is derived by 'Weaver (A-16) as equal to 2H , where

V

H =cdx
c

0

hence

2 2 dx 2 [651V c0  d Vt

0

Since D is not yet known until the quasi-steady state is reached, the evaluation
of H can be made from the concentration distribution taken when the concentration
change at an index point becomes negligible. The experiment can then be continued
until the time t = TV is reached, whereupon the final concentration distribution
measurements are made.

B. Review of turbulent diffusion theory and special case of classical diffusion
theory where diffusion coefficient is concentration-dependent.

1. Summary of Approximate Turbulent Diffusion Theory due to Goldstein.

Consider a turbulent field where the fluid particles move with finite jumps
of equal lengths at constant speed V. Consider further that the motion is in one
dimension only. If for a typical particle the probability p of two successive
jumps to occur to the left is equal to the probability p'of two successive jumps to
occur to the right, then the turbulence is called isotropic. If the probability q
of occurrence of one jump to the right followed by one jump to the left is equal to
the probability p of occurrence of two successive jumps to the right, the correla-
tion is said to be zero.

Relationships such as these lead to difference equations resulting after
considerable manipulation in the Goldstein turbulent diffusion equation:

a2C+V2 DQ=V2 c [A-1]

(hence by dividing through by V 2 and then letting V-oo one obtains the classical
diffusion equation [Fqn. 2]). (On the other hand, for D-+ oo i.e. no resistance
to diffusion) Eqn. [A-1] becomes the Eqn. of wave propagation:

a2 c =2 a2C
-t v 2 *'
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Eqn. [A-1] is of the form of the telegraph equation with no leakage:

KL + (KR + LS) ) + RSu =

KL C + 3t

hence D = and V = in the telegraph equation.KR KL

The source function solution for a finite source of strength 2 Co at x = 0,
becomes for Eqn. [A-1: I

where Y 2D

V

tv2

2D

c X = - [ ( + tV2 1 1(y)(tx) 2D [ 2D Y [A-41

and , 0 1 are the modified Bessel functions of the first

kind of orders zero and one.

The semi-infinite constant potential function solution is:
x

c(tx) l f
0

c(tx) dx

2D
V 0

I (Y) + 

where 0 < x < vt, and C = 0, where x > vt

For vt>> x
Yt30 V-2 t

2D

the solution becomes:

v 10S+ 1I1S
c(t, x) s 

for t large, for S > 10, I S, I S e
V20s

[A-2a]

[A-2b]

[A-3]

t = 0

dx [A-5]

[A-6]

For S = 0,



hence

c(tx) x [A-71

(Compare with solution of classical diffusion equation for t large:

c(tx)- 1 - erf - -

For preparing plots of the solution of c for the telegraph equation use of an
alternative form to Eqn. [A-5] simplifie tt!l calculations, since 1 , 11 are not
tabulated for large values of the argument.

Carson (C-8) pp. 109-113 gives the solution in the form:

C (t, x)

Let 7 = vt, a =

Vx
2D V2 x

2D

V
2D

hence
- ax

c (t,x) = e

t

J e

V

va t
2D I ( -!?2 - x2 )

1 (D Vdt

-a

-a

+ a2 x d Z

x

where ').x and R = ja2 ' 2  - a

Eqn. [A-93 can be solved for values

2x2 , and c(tx) = 0 for z<x

of a' = for ax = constant.2D

The calculations were performed for ax = = 3, 1, 0.5 for appropriate

values of ar*, and values of c(tx) obtained were plotted against

- , together with the error integral solution for comparison in

Plot' A.
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2. Summary of classical diffusion theory for concentration dependence of
diffusion coefficient, Evaluation of diffusion coefficient wNhen it is a
function of concentration only.

Boltzmann's method enables the general diffusion equation for variable
diffusion coefficient Eqn. [4] to be reduced for the case where D is a function
of concentration only (vide Crank, A-il, for proof). For the one-dimensional
case: 

(D(c) r) [B-1]

D 2c i td c 2
D(c) 3 + ()

Substituting x = hence D independent of 4 then

+T + +( QL ) 2= 0, where Df = D [B-2]
d, 2D dg D de dc

This expression cannot be integrated but may be evaluated experimentally:

dg dg 2 d, c
then 

2 dc J9 dc [B-3
(c) 2dc

. 0

and D W may be evaluated by graphical integration of right-hand side which is
obtai8 a experimentally.

Diffusion equation for concentration dependence

D = (1 + - --) 'D - where > constant [B-4]
0

The differential equation is the same as that for diffusion with convection

where V is replaced by -D 0 w A plot of the experimental data and type curves

for values of A will yield a solution. The differential equation

Ft= Do 1 -x ED o c + xo 2 o o + ) [B-5]

may be compared to the diffusion equation with convection:

ac c
- (Vx c) + D [B-61

so that V in [B-6] is equivalent to -A 2 - in [B-5].x c0 ax



An approximate solution of [B-5] by the method of moments is given by Crank (A-li,
p. 184)

c (Ot)=($p- ) x1 2 + (Xp- ) x - 13

by substituting YL - 4
4D0t

c(xt (P - ) 2 - 1 +( 2(4 - 1) 2 -

where P is taken as the root tending to as D tends to D , of the quadratic
equation: 12

24&p2 F(l) + 1(- 108 F(l) ) + 3/2 = 0 (loc. cit. p. 180)

where F(c/c) = 1 +) c/cO hence F (1) = 1 +

and C 30 (1 + )/2)

The solutions for values of>\= 0, 0.25, 0.5, 1, 1.5, 2.5 has been worked out and
is compared in Plot B with the error integral solution, for example:

1, then X = 45, F(l) =2, = 0.0691

c(xt) 1.61 0.526V -1 2 + 0.61 Uo.526 -1

It is seen that the solution is a close approximation by comparing the solution
for X= 0 with the exact solution (error integral).

3. Sumary of turbulent diffusion theory due to Frenkiel (followinq the pio-
neering work of Taylor and Kampe e Feriet).

Let UA denote the mean velocity of a particle A in a homogeneous, isotropic

and stationary turbulent field. The Lagrangian correlation coefficient is given
by:

Ut A (t) UA(t + h)

Rh(h) =[C-li

[UA (t)]2 [UA (t + h)] 2

The Lagrangian scale of turbulence is
00

L = R (0) dO( in units of time [C-2]
h dh

The fundamental equation of turbulent diffusion is found (first by Kampe de Feriet)
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from a consideration of the variance 4 (mean square displacement) as a function
of the dispersion time t, for one-dimensional diffusion of a finite dosage (source-
function): t

= 2 f ( t -U() Rh (() dOU [C-3]

0

where = the component of displacement in the diffusion direction of a typical par-

ticle from its original position in time t.

V = the component of particle velocity in the diffusion direction (Eqn.
[C-3] is easier to use in applications than that due to Taylor viz.:

= 27f dOf RhGL) dt [C-3a])

Large diffusion times.

Consider firstly what happens for large diffusion times t>Lho
Eqn. [C-31 becomes:

o0

27 Lht - 7 h (M(.) dU

0

27Lht - constant [C-4]

for t>> Lh 7 Z2Tht [C-5]

On comparing with Eqn. [47] of the classical diffusion theory which is identical
to [C-51, it is seen that the turbulent diffusion theory yields the same result
as the classical diffusion theory for constant diffusion coefficient when t L h,
hence for t>>Lh

2Dturbt

where Dturb is the characteristic turbulent diffusion coefficient.

Small diffusion times.

For t<< Lh Bqn. [C-3] becomes:
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E1 - 2] t [C-6]

whereA h = the Lagrangian microscale of turbulence

for tK<h

(Comparing Eqn. [C-7] with Goldsteints approximate turbulent diffusion theory it
is seen that the r.m.s. velocity of migration here is replaced by a finite and
constant migration velocity in Goldstein's theory).

General Case.

Rewriting [C-31:

2 = 2 (T- 00 R h( )d [C-81L2 [c1

where L and R Lh = Rh(h)

Differential Equations for Turbulent Diffusion.

Substitution of the coefficient D in the classical Fickian diffusion equa-
tions [Eqns. I to 4] in Chap. I by the appropriate turbulence parameter yields
the fundamental turbulent diffusion differential equations. Hence Fick's Second
Law of diffusion Eqn. [21 is transformed to the corresponding form for turbulent
diffusion by replacing

d (2Dt) by (

hence replacing D by 1 n*(t), known as the factor of turbulent diffusion.
Thus the diffusion equaltion [2] Chapter II becomes for a homogeneous, isotropic
and stationary turbulent field:

n*(t) V 2 c [C-91

where c is a function of x, y, z, t

t

and n*(t) = Rh (a) d OC

2 dt t ds

Exact solutions for the differential equations of the statistical theory
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of turbulent diffusion are of the same form as the corresponding classical diffu-
sion solution (for constant D) except that the quantity 2Dt is replaced by the
variance which is given by Eqn. [C-3]. Hence, for example, the three-dimen-
sional source function solution for classical (molecular or Brownian) diffusion is:

Eqn. [45] - 2

c= M 3/2 4Dt [C-11]

(4TTDt)

and for turbulent diffusion the corresponding solution is:

2

C M 217 [-12]

(2Tr) 3/2

where is given by Eqn. [C-3].

The two expressions above are indentical when

2Dt = [C-13]

which is only so when t>> Lh as stated before.

In a turbulent fluid the diffusion is a result of the combined action of
molecular and turbulent activity hence D turbD mol+E, where E is the eddy diffusivity.

Assuming that the Schmidt number is unity, one may write D =l , = C for
usual turbulence levels e>>i hence one may write: mol

(for t>>Lh) = 2Et [C-14]

which reduces the turbulent diffusion equation to the classical diffusion equa-
tion with constant diffusion coefficient.

C. Parameters for determininq- eddy diffusivity (functional relationship with
turbulence level).

1. Dynamics of turbulence generating mechanism, measurement of power input.

In order to determine the relationship between the turbulence characteri-
stics and the eddy diffusivity, a parameter for measuring the turbulence was re-
quired. The rate of doing work on the fluid is such a parameter and is readily
determinable.

The truss with attached screens is supported at four points in such a fash-
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ion that it is free to perform oscillations under the action of an applied harmo-
nic force of variable amplitude and frequency.

Consider the spring mass system in the accompanying figure, with M repre-
senting one of the four reaction points of the truss.

A pair of compression springs at each reaction point stores the kinetic
energy of the moving point mass M into potential energy with each excursion from
the static equilibrium level 00 and restores it to the point mass on the return
towards 00. In order that the springs will always be under compression, they were
precompressed a total distance A>2(a +8).

The external work stored per 1/4 cycle by the springs becomes zero as the
frequency of oscillation approaches the natural frequency, since at resonance the
potential energy stored + kinetic energy = Mga = constant and external force is
zero. Let each spring constant be equal to K, total precompression = A or per

A = precompression

Mg ag lbs.wt.

2 2j y =a sinAt

0 0 sta equilib.
I' level. y = 0

spring = 2 thus, precompressed force at each

support =-K . Equivalent sprin- constant

per support for precompression = 2 =
2 A 2

(On the other hand, for displacement at the
midpoint, the equivalent spring constant is

2K, hence static deflection 8 )
2K

Determination of spring and inertia forces.

In order to determine the magnitude of 4R,
= 7", A =2" the spring force minus the inertia force of

the moving mass, so that this may be sub-
tracted from FT the total force measured,
so as to yield the hydrodynamic force, it

was necessary to calculate or experimentally determine the natural frequency of
oscillation T of the spring - mass system. The truss could not be allowed to

reach resonance in the absence of the damping effect of the water, so that the ex-
perimental determination of (T had to be indirectly made. The maximum connecting

nat
rod force was namely obtained for various frequencies of oscillation of the truss
and attached screens in the absence of water in the flume. The natural frequency
could be obtained from Eq. 62 or graphically (Plot 1).

The equation of motion for free oscillations without damping of the spring
mass system at each support is:

MX + 2Kx = 0

and the natural frequency given by:
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~ =- 1 2K [611
nat 2T 2w M

where p = angular velocity at resonance.

For forced oxcillations without damping the actuating force per support is
given by:

R = (2K - Mcd) a sinwt

where w = angular velocity; a = amplitude of forced vibration.

Substituting from Eq. [6111: M 2K
p ,

R 2Ka (1 - 7) sinwt [621
p

Determination of dissipative energy input for forced oscillation with
screens submerged in water.

The total instantaneous hydrodynamic force due to the damping effect of the
water is equal to the virtual mass force plus the drag force and may be written as:

F = 1/2PA (total solid screen area) a2w2 coswt I coswt - Mt a 2 sinwt

D = 127 CI a2w21 coswt | coswt - 1.29 ac2 sinwt [631

where CI = drag coefficient based on total solid screen area and instantaneous
screen velocity

MI = virtual mass of screens assumed equal to mass of water displaced by
screens

The maximum value of FD occurs as coswt = 1, because the coefficient of the second

term in Eq. [63] is small compared to the first term, hence,

F 127 C? a2 2 [64
max

The instantaneous power input, equal to the dissipative force times the
velocity at the point of application, is given by:

P = 550 (H.P.) = FD awcoswt [651

and the mean power input in ft. lbs. per second by:

2TJ 2[2

P= Pd (wt) = 1 E1.29 adsinwt + 127 C' a 2 w2Costwt] dwt

r D D
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where CD = drag coefficient based on total solid screen area and mean screen velocity and

in which the first term vanishes as integrated from 0 to 27T, hence power propor-
tional to (ao)3 (See Plots 3 and 4).

2. Relationships between power-input, average eddy viscosity, turbulence in-
tensity.

The eddy viscosity in the y-direction (vertical) may be expressed by

CY = vlyy y

where v denotes/v' and 1 is a vertical mixing length. Since v, 1 are statisti-
cal properties of the turgulence which can not be simply evaluated, the assumption
is made that 1 is proportional to the maximum travel distance of the screens, 2a,
and v is propoYtional to the r.m.s. velocity of the screens. Hence one may define
a vertical "mechanical eddy viscosity" as:

( ) c= . 2a
y mech i/T

2mrna2  [67]

For the eddy viscosity in the x-direction (longitudinal). correspondingly
expressed by G = ul , it is assumed that u is proportional to v and 1 is pro-

portional to a characteristic screen dimension such as the strand width, b, or
possibly the mesh size.

Hence one may similarly define a horizontal "mechanical eddy viscosity"
as

()e = b = 2rbao [68]x mech T

= const (a')

From Eqn. [66] the mean energy dissipation per unit volume:

SW= const. (aW) 3  [66a]

hence one obtains: 1/3

(ymech = const. (9)

1/3 (H.P.) 1/3 [69]

(550 x 16.3 CD)

Eqn. [69] quantitatively expresses the well-known fact that work done on



a fluid at rest can only be ultimately dissipated by viscous shear which requires
small scale velocity gradients at the fluid boundary and throughout the fluid,
These gradients are created by the turbulent fluctuations set up as a result of the
condition that the total circulation in irrotational flow is a constant; equal to
zero in the case of a fluid at rest,

Expressions for work input per unit volume (rate of energy dissipation) may
be formulated, for instance, in terms of mean velocity gradients (Ignacio, H-5
and Camp, H-6):

X)2 [70a]

or in terms of turbulent velocity fluctuations (Goldstein, H-2):

W = 15/ [70b]

where ) a characteristic scale of turbulence.

3. Modifications of diffusion coefficients by gravity effects due to density
qradients.

The above expressions for the eddy diffusivity are not valid where gravi-
tational convection due to non-uniformity in the fluid density aids the diffusion
process.

4. Parameters for diffusion coefficients modified by gravity effects.

In partially mixed estuaries, even if there were no tidal currents, gravity
forces would cause concentration gradients with depth, since the unbalanced forces
due to the variation in density from fresh water to ocean water and the landwards
diffusion process of salt below mid-depth and retards it above mid-depth. The tidal
currents tend to further inc.rease the depth-dependence of the diffusion and convec-
tion process and hence causes increased vertical concentration gradients. In
general, for a partially mixed estuary it may be stated that the isohalines (lines
of equal salt concentration)- will be neither horizontal (completely stratified)
nor vertical (well-mixed). It remains to be here investigated whether a one-dimen-
sional approach may be justified in a diffusion process where the isohalines have
a positive slope c where x is measured in the oceanward direction and y is mea-
sured upwards0  ax

By definition the turbulent eddy diffusivity is given by:

u'c' = E

where u',c' denotes here r.m s. of turbulent fluctuations of velocity and concen-
tration0

u'ct
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isohalines

: xx

Definition sketch for longitudinal gross

diffusion coefficient when: 3c .

One may also consider the rom.s. turbulent concentration fluctuation as

caused by a mean displacement . of the mean concentration along a concentration

gradient rx

c

thus

E ux

Consider now the case where one has non-isotropic turbulence, as well as
the conditions existing in a"partially mixed" estuary. Let the angle that the
isohalines make with the horizontal beO(. Let the characteristic vertical eddy
diffusivity coefficient be E = v'l and the characteristic horizontal eddy dif-

y y
fusivity be E,=u'l , where E , B both may be func tions of x, y and t.

Let

tan
x

1 (12 + 12)
r x y

1/2

Consider quasi-steady state, 0,

ac c ax 6c 6Y
ct =r r dx br + 5 b

6 -+ 1 -)-
x 8x y 6y

In the experimental case of oscillating screens producing the turbulenceg
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x sb
1 2a
y

where b:strand width, a = amplitude.

Denote diffusion coefficient, modified due to sloping isohalines, gross diffusivi-
ty by Et, hence:

xx

and

= 1 + cot,E b
x
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IV EXPERIMENTAL EQUIPMENT

A. Practical considerations leading to the choice of boundary configuration.

The availability of a ready mathematical solution (the error integral) for
diffusion in a semi-infinite one-dimensional medium, the boundary of which is
maintained at constant concentration potential and the extensive occurrence of
thisboundary condition in the literature on diffusion, as well as its adaptability
to available apparatus, led to its choice for determining diffusion coefficients.
(Other boundary configurations have been considered, one of which is the two-dimen-
sional diffusion from a source of constant strength of diffusion flow.) Choice of
the one-dimensional semi-infinite case, however, would enable anticipated future
studies of estuary diffusion problems to be performed by means of simple adap-
tations. The infinite length requirements of the mathematical model are satis-
fied by experimental set-up dimensions, as long as the concentrations at the far
end have not attained a measurable value, after which time the boundary would re-
flect back the virtual concentration growth beyond it. By the method of reflection,
records could also be analyzed where finite concentrations were allowed to build
up at the far end, had a 32 foot long flume not been available.

B. Apparatus,. Choice of turbulence producing element.

The relative merits of various devices for producing uniform turbulence were
considered. It was desired to generate a homogeneous, approximately isotropic tur-
bulence, which is best achieved in fluid motion by some type of screen or grid.
Thus a screen element was sought which was lightweight, yet sturdy, displaced only
a small fraction of the water, did not obstruct the flow in its plane by more than
fifty percent solidity, was resistant to corrosion, and could be made to produce
desired levels of turbulence by oscillating it with small amplitude about the mean
position in the fluid at rest. The power input may be measured readily by means of
a strain gage load cell on the actuating arm. Turbulence of the type produced by
moving blades, paddles or stirring devices was not desired since any vortex tubes
formed would cause increased vertical mixing lengths counteracting density effects
and would not allow partially mixed or stratified conditions to be obtained in
estuary studies.

Mechanical considerationg led to the choice of a truss-type girder for support-
ing the turbulence producing screens so that the entire unit could be made to oscil-
late with desired frequency and amplitude by applying a simple harmonic force at a
central point. A vertical simple harmonic motion was selected as most practicable.

For the turbulence producing screens the following possibilities were investi-
gated: (i) woven wire cloth, (ii) perforated plate, (iii) expanded sheet metal.
Materials considered were, for (i) brass or copper; for (ii) bronze, monel, stain-
less steel, rust-proofed steel or aluminum; for (iii) steel or aluminum. Cost
considerations ruled out perforated plate in any metal but steel; however, adequate
corrosion protection of the steel in salt water could not be obtained.

(i) A sample of woven wire cloth was obtained but this was rejected due to its
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lack of mechanical rigidity and its low turbulence producing ability, ascertained
by preliminary tests.

(ii) Samples of square-opening perforated plate were obtained in steel in 1/2",
3/2" and 1" side-of-opening sizes with open to closed area ratio about 0.65. Only
the 1/2" size was considered a possibility. Tests made by observing the fall ve-
locity of a sample piece in a large tank of water and studies of its effect on dye
particles, indicated that it would generate a suitable degree of turbulence and
produce measurable forces per unit area. It was given two coats of aluminum paint
but two days' immersion in salt water showed peeling of the paint and rusting.
Anticipating further trouble with steel, this material was ruled out, and since
the next in cost, aluminump was two or three times: as expensive, perforated plate
was impractical. The cost of aluminum expanded metal was substantially less than
aluminum perforated plate of similar characteristics, and after preliminary trials
with a sample sheet, six sheets, altogether eight feet by four feet nominal size,
were obtained from which the stack of screens was assembled: 30 ft. overall length
by 16" wide, 6 screens high, at 1" spacing.

The dimensions of a screen element was as follows, as determined by travelling
microscope, engineer's scale and micrometer.

Direction of Length of Flume-mv-

lkie

-M -12
x 

xZ~ Z

S

M M =1.25
x x

SCALE: 2 x full. x 0.367
b' = 0.19Dimensions of Expanded Aluminum x 0

Section AA
!,ction BB

--- t

b ------
b
z

CALE: 5 x full.

M = 0.456
z

b = 0.215 b = ol8
z
e = 0.030 t =0.065

Sheet Element - inches.

Turbulence Generatinq Mechanism. The accompanying figures show the general
appearance and layout of the apparatus.

The screens were supported from a truss made up from two Bethlehem steel floor
joists, rigidly torsion-braced and supported on four posts. located at the quarter
points of the truss length, between a pair of compression springs at each post.
Guides for the motion of the support points are formed by pillow-blocks housing
ball bushings, running on hardened polished stainless steel spindles (Fig. 3).
Each spindle is threaded into a blind flange capping the supporting column, en-
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Fig. 2. V - 4" x 16" assembled
section of turbulence producing
screens, consisting of 6 Expanded
Aluminum sheets at 1" spacing.

Fig. 3. View of Mode of
Support of Truss
showing compres sion
springs, Ball bush-
ing housing and spin-
dle.

Fig. 4. Drive Unit before
assembly, showing eccentric
and connecting rod. (Strain
gages not yet mounted when
picture taken).
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AND FUSE BO.
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abling adjustments for leveling the support points. The loading bats consists of

four members attached at their upper ends to approximately the third points of the

center span and at their lower ends to a transverse crossbeam (Fig0 1). A vertical

component of force at the center of the cross beam will displace the entire truss

with attached screens as a unit vertically an equal distance at each of the four
supporting points. The power supply consists of a 3.5 K.W. Ward-Leonard A.Co- D.C.
speed control unit (Fig. 5) and the drive unit consists of a 5.5.-H.P. variable
speed D.C. motor, coupled to a pinion and bevel gear (4:1) reduction, with an ad-
justable stroke eccentric cam mounted directly on the bevel gear. The driving
components are assembled in a bed frame bolted to the floor, with the cam shaft
directly below the load point of the cross beam, attached to the truss. A con-
necting rod which constitutes also the force gage, transfers the eccentric rota-
tion of the cam into what may be considered, for all practical purposes, a simple
harmonic motion of the cross beam0 Friction losses were made negligible by means
of needle bearings inside the eccentric follower (big end) and self-aligning ball
bearings at the load transfer point (small end) and in the shaft supports of the
drive unit. The friction in the guides was made negligible by the use of ball
bushings.

The force is measured directly by means of four strain gages, mounted on the con-
necting rod link which was made of a sufficiently small cross section so that
measurable strains would be obtained. The force gage is fully described in
Section C.

The laboratory flume that was available for the diffusion experiments is a

32 feet long by 16 1/2" inside width, by 13" inside height, lucite-wall channel

mounted on a steel frame which may be set horizontal or tilted to slopes of several

degrees either way. There is no physical contact between the turbulence generator

and the flume, except through the water in the flume and through the floor. Thus

vibrations of the flume are minimized and the motion of the water is solely due to

the turbulence produced by the oscillating screens. Fig. 1 shown an overall view

of the completed apparatus, while some of the components are shown in close-up

views, Figs. 2, 3, 4.

C. Instrumentation.

Force gage. The force gage consisted of the link of the connecting rod, coup-
ling the eccentric cam and the cross-beam. Four strain-gages were cemented onto
the tension-compression link in a "Double-Poisson" arrangement to form the elements

of a Wheatstone Bridge (Fig. 6). The strain-gages were of type A-7, 120 ohm, gage

factor 1.89 2%, SR 4, manufactured by Baldwin-Lima-Hamilton.

Double-Poisson mounting for axial force qage0  The Double-Poisson arrangement
had the following desirable features, making it well suited for axial force measure-

ments:

1) All active components are subjected to the sameatmospheric conditions and are
electrically symmetrical and balanced. The gage is thus fully temperature compen-
sated.

2) Signal amplification of 2.6 times that of a single strain gage is obtained
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(2 x l3 using Poisson's ratio for steel = 0.3).

3) Insensitivity of the force gage to bending moments (secondary) 9 since tension
and compression strains due to moments are cancelled out electrically, the strain-
sensitive elements being on diametrically opposed bridge arms.

4) Insensitivity to secondary transverse shear since strain gages are located at
or close to the center of the link, where shear due to transverse thrust and end
fixity is equal to zero.

The output from the force gage was recorded on the lower channel of the "Twin-
Viso" Sanborn Recorder on full-bridge after balancing and zero adjustmento

Calibration of the force gage was made by means of a loading beam and 40 lb0
weights for tension and by means of a compression test stand9 incorporating a
hydraulic jack and platform scale for compression. An electrical calibration
mark was recorded at the time of calibration on each of the attenuation setting
used (x5, x2, xl). Before each series of runs, where force measurements were made,
the electrical calibration was recorded for xl and compared with the original and.
if necessary, the gain control could be adjusted to bring them into agreement,
thus ensuring that the calibration curve would be valid. This was never done,
however, as the calibration was in all cases found to be in excellent agreement

Displacement gage. The displacement gage consists of a Linear-Variable Diffe-
rential Transformer of total linear-output travel of four inches, so that it can
record an oscillation with-maximum amplitude of two inches about the mean The
unit is a Linearsyn Model 7S2 + 2", manufactured by "Control Components", Brook-
line (now incorporated with Sanborn Co0 )0

A phase-correcting network is used in conjunction with this transformer unit
so as to ensure a linear calibration curve with the Sanborn Recorder used (Fig. 7).

The upper channel on the "Twin-Viso" Sanborn Recorder was used for recording
the output from the displacement gage. After phase correction was made by means
of an oscilloscope, the attenuation was set on X200 and the gain so adjusted as to
keep the record on scale0 The ordinary nulling procedures could not be achieved
but the capacitance and resistance balance controls were set to a satisfactory
position. The calibration obtained during Series 2B was plotted and was found to
be linear.

The displacement trace was used only as a reference so that the cycle may be
correctly determined as starting from mean position to mean position

For Series 1, 2A, 2B, 3A, 3B, 4, 5, 6, 7 the displacement gage was set up im-
mediately below the N.E. load point.

The magnitude of the amplitude and stroke was obtained by means of a vernier
caliper at the N.E. load point for amplitudes exceeding 0.5 inch and bay means of
an Ames indicator dial gage for amplitudes less than 0.5 inch, for the static,
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maximum displacement condition. Readings were taken to the nearest thousandth of
an inch.

Recording amplifier0 A two-channel "Twin-Viso" Sanborn Recorder, Model 60-
1300, incorporating an independent timer, was used for recording the force and
displacement gage signals,

Paper speed was selected by inserting the appropriate set of driving gears for
high speed of 100 mm per sec., low speed of 10 mm per sec.

The actual high paper speed was found to vary between 80 and 100 mm per sec.
depending to some extent on the amount of paper on the roll. Every run analyzed
was done so based on the instantaneous paper speed as determined from the spa-
cing of two consecutive one-second timing intervals, opposite to the portion of
the run analyzed.

The timer was checked as giving 30 pips during a 30 second interval, when the
mean paper speed was about 90 mm/sec. No effort was made to adjust the paper speed
to 100 mm/sec, as no need was seen for this.

Excitation of the Sanborn amplifier is 2,400 c.p.s. at 6 v. The frequency
response is 100 per cent at up to 100 c.p.s.

Conductivity probe. Six conductivity probes were made up for this study from
one ounce metal hypodermic syringes fitted with No. 19 needles, 6" in length spe-
cially made (All above components supplied by E. F. Mahady Co.).

The hypodermic needle formed the one electrode, while a 0.01 inch platinum
wire coated with Neoprene cement was threaded through the needle to form the other
electrode, and connections to shielded, lead-in cables were made. The syringe body
was then filled with Apoxy Resin ("Scotchcast" Resin No. 2, Minnesota Minging and
Manufacturing Co.) and the resin forced by means of the plunger through the annu-
lar space between inner and outer electrode.

After the setting of the resin the tip of the probe was ground to a bevel of
slope 5 to 1 approx.

The tips of the probes were platinized commercially for a length of about 1/2"
after which the entire body and needle of the probe were given three coats of Neo-
prene cement, except for the platinized tip.

The bevelled surface was coated with platinum black to minimize conductivity
changes and hence calibration drift due to polarization.

Recording of diffusion tests. A single-channel Sanborn Industrial Recorder,
Model 127 was used for recording the signals from the conductivity probes,

Paper speed was 2.5 mm per sec. for all diffusion tests. A higher speed of
25 mm per sec. could also be obtained which was sometimes used to observe turbulent
concentration fluctuations which were very well picked up by the conductivity
probes.
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Sensitivity of the Sanborn amplifier is 10 ma per cm deflection of stylus.

A twelve position switch was used to switch from probe to probe during a run
(A General Radio switch was first used for Runs 10 to 26 and was thereafter re-
placed with a Leeds and Northrup enclosed switch of better design), The contact
resistance had to be less than 1/100 ohm for reliable results.

The measuring and reference probe circuit is shown in Fig. 9. The tip of the
reference probe was immersed in a 1.65% salt solution in a 250 ml. container, se-
parate from the diffusion flume.

V EXPERIMENTAL PROG)URE

A. Determination of power-input as a function of fre@uencv and amplitude0

Ob iective.

The measurement of the rate of energy dissipation as a function of the inde-
pendent variables C'and a constituted the first phase of the experimental program.
The rate of dissipating energy, or doing work on the fluid is a measure of the
turbulence produced, so that a convenient parameter is hereby obtained, in terms
of which the variation in diffusion coefficient with turbulence level may be ex-
pressed.

Preparation for measuring power input,

In order to determine the average power input, either the torque and the
angular velocity have to be measured or the vertical component of force and the
velocity of its point of application The apparatus was designed for the latter
procedure to be followed.

The vertical displacement versus time for the oscillating screens was measured
by means of a differential transformer gage which produces an output voltage linear-
ly proportional to the displacement, described in Chapter IV. The displacement
gage was mounted to the edge of the flume wall directly below the North-East load-
ing bar attachment point. The movable core of the gage was attached to the lower
chord of the truss, so that it was centered with respect to the transformer coils
in the body of the gage when the truss was at its mean position. For calibration
purposes, before commencing with dynamic tests, an Ames dial gauge was mounted im-
mediately beside the displacement gage. The deflections on the Ames dial were read
for one-eighth increments of a revolution of the eccentric and the output signal of
the displacement gage recorded. The resulting calibration curve was found to be
linear, and being linear it was not necessary to use a calibration curve for the
data reduction. Once a desired stroke had been set, a static measurement of the
amplitude sufficed.

Since the ratio of the amplitude (1" max.) divided by the connecting rod length
(13 1/2") was small, the motion was a close approximation to a simple harmonic
motion and the displacement trace practically 'sinusoidal. The displacement trace
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obtained during a run was used as a reference for determining the frequency with
the aid of one second timing marks and for determiningthe phase relationship of
the force trace,

During one series, the displacement gage was mounted at different locations
along the length of the truss on both sides and the dynamic amplitude as a func-
tion of frequency obtained for each location,

It was found that the dynamic behavior, otherwise than the static, tended to-
ward a practically uniform amplitude destribution along the length of the truss,
The uniformity was good at one quarter the natural frequency and improved with
higher frequencies.

It had been found before commencement of any dynamic tests that the static
bending deflection of"the truss produced a midspan amplitude (spring deflection
plus flexural deflection at the center) which was 28 per cent larger than the
amplitude near the end of the cantilevered portion. Tie rods and turnbuckle
were thereupon installed to increase the moment of inertia over the central span
of the truss and sufficient prestress was applied so as to prevent stress re-
versal in the tie rods under maximum static load conditions (turnover of cam
with a 1" eccentricity). The flexural moment of inertia was effectively doubled
over the center span after which improvement the static deflections were again
measured and the central amplitude found to be 17 per cent larger than the end
amplitude, being a reduction of 40 per cent in the differential deflection. It
was decided that further stiffening would be inadvisable, as it would result in
cramped working space below the truss, would involve too much added weight, which
would further decrease the natural frequency.

The natural frequency for undamped vibration (no water in flume) was experi-
mentally determined by extrapolation (as it was unsafe to exceed 0.75 of the
natural frequency in undamped operation due to secondary vibrations) to be 6 cop.s.
before the tie rods were installed and 5.84 coposo after installation.

Power input measuring tests0

Power input as a function of amplitude and frequency was determined from a
series of runs made at amplitudes of 0.432"s, 0.625" and 0.238" over a frequency
range which depended on the amplitude, as shown in Fig. 2 ranging from 2.25 to
5.25 c.p.s. Force and displacement traces were recorded for about 10 cycles at
each frequency at high recorder speeds (85 to 100 mm/sec.) 0

The force recorded by the force gage (connecting rod) consisted of the in-
stantaneous value of the total hydrodynamic drag force, plus the total spring
force, minus the inertia force of the entire moving mass, minus the virtual mass
force. By calculation of the spring and inertia forces, the drag force could be
determined. The virtual mass force was negligible.

The velocity of the truss motion times the drag force was calculated and
averaged over a tycle to yield the power dissipated in foot lbs./sec.
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B. Time-dependent diffusion tests.

Objective.

The unsteady type diffusion tests were performed as Phase II of the experimen-
tal research program with the objective of verifying the validity of applying class-
ical diffusion theory to turbulent diffusion and to determine the effects of den-
sity difference (between diffusant and receiving medium) on the diffusion process.

Nature of diffusion tests.

The flume could be divided lengthwise by a central barrier which was removed
at the instant the diffusion process was to commence. All of the time-dependent
diffusion tests were run with the diffusant solution initially contained at uni-
form concentration in the left half of the flume (Fig. 1). An equal volume of re-
ceiving liquid was contained in the right half of the flume in which all concen-
tration measurements were made. The following types of time-dependent diffusion
tests have been carried out.

(a) For the case where a density differential is present between diffusant
and receiving medium,

1. Salt water (sp. gr. 1.01, 1.65% by weight of salt) diffusing into fresh
wate r ( sp. gr. 0.998) ,

2. Salt water (sp. gr. 1.021, 3.18% by weight of salt) diffusing into fresh
water (sp. gr. 0.998).

(b) For the case of zero density differential between diffusant and receiv-
ing medium,

3. Salt water (sp. gr. 1.01) diffusing into sugar water (sp. gr. 1.01),
1.65% by weight of salt and 3.00% by weight of sugar.

4. Dyed fresh water diffusing into clear fresh water.

5. Salt water, containing small buoyant polystyrene tracer spheres, diffu-
sing into salt water, the salt water being the same throughout and of
specific gravity equal to that of the tracer spheres (sp. gr. 1.05).

The tests outlined above were run at various combinations of screen frequen-

cy Lr = and amplitude, a, corresponding to various values of the eddy viscosi-

ty defined as the mixing length b, times the r.m.so value of the screen velocity:

where V = accos((

a 

= =2TrabC = k(a-)

Vx2/1
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After preparation of the solutions, a run was made as follows:
at time t = 0 with the turbulence generator running at desired amplitude and fre-
quency, the dividing plate was removed and the diffusion process began. Concentra-
tions in the receiving liquid half of the flume were determined by direct probing
where the diffusant was conductive or otherwise by sampling, at mid-channel and mid-
depth for various distances from the original dividing interface, (x=o).

Detailed procedure for time-dependent diffusion tests.0

The flume was filled up to a predetermined level with fresh water near room
temperature, about two hours before the run was to begin0 If conductivity measure-
ments were to be made, the voltage stabilizer and Sanborn recorder were turned on
at the same time to allow an ample warm-up time. Calibration solutions were pre-
pared or placed in readiness where re'quired.

The desired amount of diffusing substance (salt, dye or sediment) and, where
needed, of substance used for specific gravity control in the receiving medium
(sugar or salt) was weighed and (except in the case of the sediment) made up into
stock solutions of equal volume. Where no specific gravity adjustment was to be
made, a volume of fresh water equal to the volume of diffusant stock solution was
placed in readiness.

The rubber sealing strips of the gate were coated with vacuum wax to ensure
water tightness and the gate placed in position in the gap between the screens at
the center of the flume. It was firmly forced against the sides and bottom and
secured by means of clip angles and wedges. In controlled density tests, the
prepared solutions of diffusant and of s g. control substance were then intro-
duced simultaneously at both ends of the flume while the turbulence producing
mechanism was in motion. A certain degree of mixing with the fresh water took
place in each half compartment while the quantities were introduced0 About 1 to
1 1/2 grams of Methylene Blue dye were added to the diffusant in cases where this
was not already a dye. To ensure complete uniformity in each half compartment,
the mechanism was stopped after introduction of the stock solution, allowing the
partially mixed substance in both the diffusant and the receiving medium compart-
ments to stratify until no more fluid motion could be observed (visible because
of dye or density layers).

The mechanism was then set to oscillate at the desired frequency for the run
and an ample time (4 minutes) allowed for the concentration to change from the
stratified condition to uniformity with depth. At this point the gate was sud-
denly pulled, the recorder or the timer started at the same time9 and the un-
steady run proper commenced. The conductivity probes used for concentration de-
termination in the tests where salt water was diffused, were switched in turn to
the recorder, according to the following general plan. The probes nearest the
original vertical interface were continuously alternately recorded for the first
two minutes; thereafter each probe was recorded in turn every minute, until the
end of the first 20 minutes of the run; then every two minutes for the next 20
minutes and finally every four minutes until the run was terminated.
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The run was stopped, somewhat arbitrarily, before four times the time had
elapsed in which it took the last probe (x = 8) to begin to register a concentra-
tion increase, i.e. the run was stopped approximately when a concentration in-
crease would be likely to appear at the far end of the screens (x = 15 ft.) Tiis
time was about 65 minutes for the faster diffusion rates and several hours for the
slower diffusion rates. However, it was considered unpractical and unnecessary to
run for longer periods than one and a half hours. Each run thus yielded about 50
to 100 experimental points, in most cases about 80 were plotted.

In runs where there was practically no density difference between the diffusant
and the water in the flume, a different technique had to be employed to ensure uni-
formity of the diffusant at the initial condition. The stock solution was intro-
duced in small measured amounts uniformly with distance along the length of the
diffusant solution of the flume while the screens were in motion and the gate was
in place. A period of 20 minutes was allowed to elapse before the run was started,
in order to even out any local concentration gradients.

For the dye and sediment (polystyrene spheres) tests, where samples of the
diffusion process were taken only a limited number of samplings could be made
during the initial stage of the run, so that a total of about 30 to 40 experimen-
tal points could be obtained per run. This number was adequate for a complete re-
construction of the diffusion process history.

Samples were drawn off by means of pipettes at uniform increments of t (at
t 1, 4, 9, 16, 25, 36 ... 100 minutes) at six sampling stations (x = 0, 1.15,
2.34, 4, 8, 15 feet). Samplings were made with 30-second intervals about these
time increments at all stations where the diffusant concentration had reached
measurable values. These samples were analyzed by means of the spectrophotometer
in the case of dye or drained, dried and weighed in the case of the sediment.

Methods for determining concentration.

The concentration distribution of diffusant in the receiving medium was deter-
mined by the following methods:

Where salt water was used as diffusant, the conductivity of the water was re-
corded in situ by means of conductivity probes located at mid-depth at various di-
stances from the original interface. Since the probes could not be moved once the
run has started, calibrations could only be made before and after the run so that
the data reduction had to be based on calibrations made from two to three hours
apart.

Where dye was used as a diffusant, concentrations of the samples taken were
determined by means of a spectrophotometric analysis. A dye had to be chosen that
follows Beerts Law of optical density and had an absorption band in the center of
the visible range.

Three dyes were tried out - Methylene Blue, Methylene Violet and Rhodamine B,
as these were locally available. Methyl Violet tended to adhere in a discoloring
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film on the walls of the light absorption test cell, making cleaning difficult.
With Methylene Blue, the absorption band was notideally located, while Rhodamine B
showed excellent agreement with Beer's Law and had an absorption maximum at 554
millimicrons, the center of the visible spectrum. The latter was, therefore, used
for all quantitative dye tests. (However, Rhodamine B had a tendency to discolor
the aluminum screens so that between tests a detergent and several rinses had to
be used to remove all traces of the dye. For qualitative indication of the diffu-
sion process in salt-fresh and salt-sugar and polystyrene sphere tests, Methylene
Blue was used to color the diffusant, as this did not show any tendency to re-
main on the aluminum screens.)

The samples were transferred to 1 cm. thick absorption cells and the spectro-
photometer scanning wavelength set at 554 mAu where the absorption was a maximum.
The transmittance of the sample was compared to the transmittance of distilled
water in an identical absorption cell (=100% ) The transmittance of the sample
at this wavelength was given within a few seconds by an indicator on the spectro-
photometer, operating on an automatic servomechanism principle and the value was
recorded for each sample. A complete spectrum curve was run for one fresh water
sample, taken prior to the diffusion run, from the right hand compartment, as well
as for one c0 sample at x = 0, in order to verify that there was no foreign dis-

coloring substance present in either the fresh water or dye solution and that the
transmittance was determined at the correct wavelength.

Where the diffusant used was polystyrene sphere, 10 ml samples of the fluid
were taken by means of pipettes. The spheres were sieved beforehand, only those
retained between sieves with 30 and 50 meshes per inch were used. The bore of the
pipettes was approximately 50% larger than the diameter of the largest sphere
passing a 30 mesh sieve. Immediately after being taken, each sample was trans-
ferred to a filter paper cone, drained dried and weighed by means of a Sartorius
DP2 Projection Balance, reading to 0.1 milligram,



VI ANALYSIS OF DATA

A. Power Input Tests

The calculation of the mean power input of the turbulence generating screens
was made by averaging over a cycle the instantaneous hydrodynamic drag force
multiplied by the instantaneous screen velocity as derived in Eq. [66]. Both
the power input and the hydrodynamic force are shown in Plot 3. Since the hydro-
dynamic drag force F was approximately in quadrature with the forces due to
spring deflection anR inertia, the substraction of the spring and inertia forces
from the total measured connecting-rod force to determine FD does not introduce

a serious error as the hydrodynamic drag force is near the maximum. In the
measurement of total force, the error due to the slope of the connecting rod
(the force measured being too large by a factor equal to the secant of the angle
between the connecting rod and the vertical) was negligible. The local drag
coefficient, C', could therefore be estimated directly from the maximum drag

force by Eq. [641; or the average drag coefficient, CD, from the mean power

dissipation over a cycle by Eq. [66]. Since the only force that does work is
the hydrodynamic drag force, and since this is in phase and of the same sign as
the velocity at its point of application, the power dissipation is theoretically
never negative at any part of a cycle. (Experimentally there is evidence of a
phase lag between the maximum of the screen velocity and the drag force as seen
in Plot 3, so that some work is done by the fluid on the screens at the points
where the direction of motion reverses.)

The values of these two drag coefficients, CD and Ctq computed in Tables IT

and III, agree closely with each other for all runs. It was also found that a
small correction in the amplitude was necessary since the dynamic amplitude of
the truss and screens was approximately determined to be slightly larger than the
mean static amplitude, depending on the frequency. This correction improved the
agreement in the drag coefficients. Table II summarizes the runs for the de-
termination of power dissipation and gives the correlations with mechanical eddy
viscosity, screen frequency and amplitude. The drag coefficient in steady flow
is dependent on Reynolds number, however, the results indicate that for the com-
plex flow pattern produced by the oscillating scteens an average drag coefficient,
CD, may be obtained in order to represent the power dissipation over the entire
range of the present experiments.

There exists a functional relation between the mean power dissipation into
the fluid medium and the mechanical parameter, a6, which is proportional to the
turbulent intensity generated by the oscillating screens. An unique relation
was found from all experimental data shown in Plot 4 as the following:

P = 0.55 a3(?. (h.p..)

or = 303 a3wd (ft.lbs/sec.)

which is checked favorably with the result of Eq. [661 by taking the value of
CD from Table II,
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TABLE II. ANALYSIS OF MEAN POWER INPUT, TESTS
FCR DETERMINING CD VALUESO

1 2 3 4 5 6 7 8

Series Static mean P P
Run No. (c. p. s.> a a- a3u? H.P. f t. lb/ CD

(inch) (ft-c.p.s.) k sec.

2B 5.15 .238 .102 .263 .158 86.9 330 6.11
2B 4.84 .238 .098 .219 .131 72.0 329 6.10
2B 4.62 .238 .092 .190 .106 58.3 307 5.69
2B 4.28 .238 .085 .151 .089 49.0 324 6.00
2B 3.53 .238 .070 .085 .044 24.2 285 5.28

ave. 5.84

3B-1 5.06 .232 .098 .235 .137 75.4 320 5.93
3B-2 4.56 .232 .088 .173 .111 61.1 353 6.54
3B-3 3.86 .232 .075 .104 .057 31.3 301 5.57
3B-4 3.68 .232 .071 .091 .053 29.1 320 5.93

ave. 5.99

4-1 3.58 .428 .128 .516 .294 162 314 5.81
7-1 3.80 .432 .146 .777 .409 225 290 5.37
7-2 4.11 .432 .159 1.002 .598 329 328 6.08
7-3 4.74 .432 .186 1.596 .930 511 320 5.93
7-4 4.78 .432 .189 1.676 .888 488 291 5.39
7-5 4.75 .432 .190 1.573 .906 499 317 5.87

ave. 5.74

5-1 2.39 .625 .125 .477 .273 150 315 5.83
5-2 2.34 .625 .122 .446 .255 140 315 5.83

ave. 5.83

6-1 2.70 .628 .143 .732 .438 241 329 6.10
6-2 3.10 .628 .166 1.14 .550 302 265 4.91
6-3 3.47 .628 .189 1.66 .855 470 283 5.24
6-4 3.61 .628 .196 1.85 .950 522 282 5.22

ave. 5.37
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TABLE III. ANALYSIS OF MAXIMUM DRAG FORCE
FOR DETERMINING CD VALUES.

1 2 3 4 5 6

Series Amplitude (F ) mean value of
Run No. a max a2LJ CI CI

(in ft. ) (in lbs.)

3B-1 .0194 275 .381 5.68
3B-2 .0194 230 .311 5,82 5.86
3B-3 .0194 166 .221 5.91
3B-4 .0194 155 .202 6.04

4-1 .0357 505 .643 6.19 6.19

7-1 .0385 615 .845 5.73
7-2 .0387 730 1.000 5.75
7-3 .0392 915 1.366 5.28 5.38
7-4 .0395 890 1.411 4.96
7-5 .0390 890 1.352 5.18

5-1 .052 440 .610 5.68
5-2 .052 425 .584 5.73
6-1 .053 620 .812 6.01 5.61
6-2 .0536 710 1.09 5.13
6-3 .0543 985 1.40 5.54
6-4 .0541 1060 1.506 5.55

B. Time-DeRendent Diffusion Tests

The analysis of the data is based on the diffusion equation for the case
of one-dimensional diffusion in a semi-infinite medium in which a constant con-
centration is maintained at one boundary. For one-dimensional diffusion in a
continuous medium with turbulence homogeneous in the direction of diffusion,
it is usually assumed that the process can be treated as an analogue of mole-
cular diffusion. One of the preliminary objectives is to investigate the validity
of this analogy of the classical diffusion theory. Hence, the problem is to
determine the turbulent diffusion coefficient and to investigate its correlation
with the intensity of turbulence and with the density difference between the
diffusant and receiving fluid.
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1. Definitions of the Turbulent Diffusion Coefficients

(a) The turbulent diffusion coefficient or eddy diffusivity, E ytis the

diffusion coefficient due to turbulence only. The diffusion coefficient with-
out subscripts, E, will be used to designate the special case in which E is
independent of x and t. For this case the solution of the diffusion equation
is given by Eq. [491.

1 - erf
0 2JSt

(Here 2C0 is equal to the concentration of the diffusant at x = 0.) This

equation is represented by a family of curves with E as a parameter (dotted
lines) in Plot 8.

(b) The diffusion coefficient due to turbulence and gravity convection
arising from a density difference between the diffusant and the receiving
medium is termed the gross diffusivity, E ' As in the previous case, ifX.9 t0

the gross diffusivity is independent of x and t, it will be designated as Et.
The gravity convection is caused by the effect of vertical density gradients
in the diffusion process.

(c) An asterisk is applied to the diffusion coefficients, either E or Ely to
indicate interpolated values of the diffusion coefficient obtained by plotting
the experimental data on the family of curves of constant diffusion coefficient
as shown in Plot 8. The experimental data, given by two typical runs (with
and without density difference) in Plot 8, show that the diffusion coefficients
interpolated in this manner decrease with an increase in th% distapce of the
measuring stations. The apparent diffusion coefficients, E and El , therefore,
have no physical significance since the family of theoretical curves were ob-
tained under the assumption that E was independent of both x and t. Since the
field of turbulence is essentially homogeneous in the direction of diffusion,
the reasons for the lack of agreement with the analogous molecular diffusion
phenomena must'be investigated in greater detail.

The experimental program can be divided into four phases according to the
diffusant and receiving fluids, with or without initial density difference; namely,

(i) Salt-water diffusing into fresh-water with the initial density difference
of 1 '<o or 2 e7o (Salt-Fresh)

(ii) Salt-water diffusing into sugar-water without density difference (Salt-
Sugar)

(iii) Dyed fresh-water diffusing into clear fresh-water without density
difference (Dyed-Clear)

(iv) Tracer-spheres in salt-water diffusing into salt-water without density
difference (Tracer-Spheres)
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Two amplitudes of the screen oscillation were used a = 0.432" and 0.620"
which are respectively smaller and larger than half the screen spacing (0.50").
The frequency varied from d = 1.97 to 4.40 c.p.s. These are tabulated in
Table IV from Col. l'to Col.,5.

The data for each run of the time-dependent test were plotted as shown in
Plots 5, 6 and 7 which describe both c/c0 versus x with t as a parameter and

c/A versus t with x as a parameter. As a first attempt, the solution of the

classical diffusion equation with E independent of x and t was checked by plotting
the experimental data on the family of curves representing the classical solution
of constant s, as a typical example shown in Plot 8 with c/c versus x in arith-

/It
metic coordinates. The results do not satisfy the solution to yield a single curve
with constant diffusion coefficient for each run. However, an apparent diffusion
coefficient, as defined in (C), could be found. For any particular run, it is
apparently independent of t but varies with the distance from the barrier as given
in Table IV, Col. 6, 7 and 8. For further analysis, the diffusion coefficient is
treated as a function of both x and t. A graphical method used to compute Ex,t
and Er is described in the following paragraphs.

x~t

2. Method for Determining the Diffusion Coefficient as a Function of x and t

The results of all runs show the diffusion coefficient depending on x and t.
This phenomenon could only be explained as a characteristic of the turbulent
diffusion process which differs from the classical solution for constant E. An
effort to understand the mechanism is necessary to treat the diffusion coefficient
as a function of x and t. Since E is unknown function in the diffusion equation,
the best way to find this function is by a graphical method from the experimental
data as mentioned on p. 31. For Run 33 (with dye) the experimental values for con-
centration versus time were plotted on arithmetical coordinates (Plot 7). The

.experimental points for x = 1.15, 2.34, 4, 8, 15 feet were connected by smooth
curves and values of c/c for times t = 250, 500, 1000 to 6000 secs. were taken

off and plotted against the respective values of x. Smooth curves c/c versus x

were drawn through these derived points. From the last set of curves, values
were taken off for x = 1, 2, 3, 5, 6, 7 feet and plotted against the appropriate
times on the same plot as the first set of curves. These plots yielded a complete
reconstruction of the diffusion process (mid-depth concentration versus time and

distance') From the curves, values of a and were taken off at one-foot inter-
axx

vales and at the above times. 9t versus x was plotted and dx obtained by

arithmetic integration for 0.5 ft. increments of x. The local turbulent diffusion
coefficient E could be obtained (See Eq. [52], p.32):
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A plot of ExVt thus obtained versus c for various times (Plot 9 ) showed

that E was practically independent of time for the region 0< x<4, and showed an
inverse functional relationship of E with distance for all values of t, hence the
values of E were averaged with respect to time. For x>4 there was some divergence
of the values of E, however, not much reliability could be attached to the values
of E for x>4 for reasons (i) the curves c/c versus x were based on experimental

data at x = 4 and x = 8 and the element of subjective interpretation enters in the
drawing of a fair curve over this wide interval, (ii) the method breaks down where
both the numerator and denominator of the equation become small: for x> 4 the

value of is zero or small, except at large times, but for large times the de-
ax

termination of f is inaccurate as the tail of this integral for x> 8 has to be

estimated. 
b

The same method was subsequently used for analysis of Dye Runs 29, 27, 28 and
it was found likewise that E varies approximately inversely with distance for
small distances but remains practically constant with time (Plot 9 ). It was
found that E at x = 4'was considerably less than EZ (the apparent value E* at
x = 4' (See Table IV.)

Runs 11 (Salt-Fresh) and 16 (Salt-Sugar) were re-analyzed by the above exact
method in order to determine the values of the turbulent diffusion plus gravity
convection (gross diffusivity) coefficient Elt and the eddy diffusivity Ext'

Runs 11, 16 and 27 are all at the same frequency and amplitude (a<!) -and offer a

comparison (See top half of Plots 5, 6 and 7) between the behavior when a density
gradient is present, Run 11 (Salt-Fresh), compared to no density gradient, Runs
16 (Salt-Sugar) and 27 (Dye).

Runs 24 and 25 at the same amplitude (a> ) and frequency were re-analyzed

by the above method and together with Run 33 offer a comparison (bottom half of
Plots 5, 6 and 7) between density effects, Run 25 (Salt-Fresh) and no density
effects, Runs 24 (Salt-Sugar) and 33 (Dye) for amplitudes greater than half the
spacing. The rate of variation of E and El with respect to distance from thex x
origin is large for x<l (ft) and it rapidly approaches a constant value. Th'is
phenomenon is worthy of additional investigation because it means that the
classical solution can be applied for the major portion of the diffusion distance
with the exception of a small distance near the origin.
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3. Time-Dependent Diffusion as an Analogy of the Classical Diffusion Theory

The ultimate form of presenting the data obtained from the time-dependent
diffusion tests is suggested by the above result that the diffusion coefficient is
independent of x and t except near the origin. The solution of the classical
diffusion equation with constant E can thus be satisfied by a modificatiQn of the
diffusing distance, x, for the experimental data. After a shift of origin, x

0
is applied to each run, the concentration c/c0 , the modified diffusing distance,

x x - x0, and the diffusing time, t satisfy the classical solution Eq. [49]

for constant E. The method used to determine E and the shift, x 0, from the data
for each run is as follows:

A plot of the error integral versus its argument on arithmetic-probability
2

coordinates yields a straight line with slope 2 , see p. 31. If the error
x x fi

integral of is plotted versus , a family of radial lines with slopes

is obtained. Hence, after the shift of the origin, a plot of c/c versus
x0

on arithmetic-probability coprdinates should yield a straight line for all

data for one run. The diffusion coefficient E or E' may then be uniquely
determined from the slope for each run. The shift x0 is obtained by trial

and error in order to locate all points for measuring stations, greater than

x on the same straight line.

It should be noted that xv = 0 is not the origin (the initial interface of
diffusant and receiving fluid) any more, thus the straight line passing all ex-
perimental points does not necessarily meet c/c 1.0 at xl/T 0.

0 0

A plot of c/c at t = 250, 500, 1000, etc. versus - for a typical run (Run 33)0 W
on arithmetic-probability paper yielded almost a perfect lining-up of all points
along a straight line (Plot 13 b). The slope of this line gave a good agreement
with the assymtotic value of E in Plot 9 as described before. Similar plots

were made for the rest of runs, and E and Et were found in the same manner. The
results of all runs for E, Ft and x0 were tabulated in Table IV at the end of this
Section.

As a result of shifting the origin the experimental data could be satisfied
by the solution of the classical diffusion equation with E or E' independent of
x and t, but E and E1 are dependent on the turbulent intensity of the diffusing
medium. As derived in Eq. [681 and [66], the mechanical eddy viscosity in the
direction of diffusion is proportional to the aG and hence the mean energy dissi-
pation per unit volurpe.Plot 15 with E and Et versus acr summarizes the results of
all runs and shows the correlation of the diffusion coefficient with the intensity
of turbulence. The effect of a density difference between the diffusant and the
receiving fluid is designated by the parameter AP/p.
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TABLE IV. SUMMARY OF RESULTS OF TIME-DEPENDENT TESTS

2 3 4 5 6 7 8 9 W 10

Cate. Run a EI*, E* at x
gory ampi. freq. (ft/sec) 2.34' 4' 8 X E or j'

(inch) (cps) (f (ft2/sec)

I Salt-
Fresh 1% 23 .432 2.66 .0956 .0040 .0030 .0023 .5 .0035

11 .432 2.95 .105 .0059 .00415 .0035 .55 .0032
22 .432 3.26 .117 .00443 .0033 .00287 .4 .0033
18 .432 3.67 .132 .00345 .00345 .00345 0 .0036
20 .432 4.40 .158 .0033 .0033 .0033 0 .0029
26 .620 3.33 .179 .00332 .0030 - .2 .0028

2% 13 .432 2.95 .106 .0109 .0067 .8 .0067

II Salt-
Sugar 19 .432 2.22 .080 .0023 .00156 .00114 .5 .o 1 .00113 ,0.7

16 .432 2.94 .106 .00293 .0023 .00193 .3 ,0o40020 .4
17 .432 3.70 .133 .0029 .0024 0 o3 400255 
24 .620 2.53 .131 .00235 .00169 -- .15. do77.0017 ,?7

III Dyed-
Clear 29 .443 1.97 .073 .00241 .00143 .00111 .8 -0/-30008 .0

27 .443 3.01 .111 .00392 .00213 .00165 .45.vo o?,0016 .,q
28 .443 4.13 .153 .00641 .00365 .00257 .6 , o , Z_0O23 0W4

32 .443 2.99 .110 .00457 .00264 .00193 .8 -cof.0015 -la
33 .645 2.08 .112 .00305 .00188 .00165 .8.oova.0011 ,jq

IV Tracer
Spheres 30 .443 2.96 .110 .00338 .0025 .00199 . 5 &0<f0019  it

31 .443 3.05 .113 .0065 .00263 .00188 .7 , cov$',0016 .O.
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VII DISbtSSION OF RESULTS AND CONCLUSIONS

A. Summary of the Results of Ti me -perndent Tests
TSee definitions of the diffusion coefficients, page 72)

(i) Salt-water diffusing into sugar-water with no density difference
between the diffusant and receiving fluid.

(a) E ,t is found to be independent of t but dependent on x, the

distance from the origin. E decreases rapidily with in-

creasing x for x<1' and approaches a constant value for
x)2' for each run as shown in Plot 9.

(b) E is independent of t and x', the modified diffusing distance
by shifting the origin a small distance x0. The plots of c/c

versus g- yielding E are shown in Plots 10 and 11 for typical

runs without density difference between diffusant and receiving
fluid.

(c) E is linearly proportional to the turbulent intensity or a6
as shown in Plot 15.

(ii) Salt-water diffusing into fresh-water with density differences of
1% and 2%. The results (a) and (b) of case (i) are also valid for E' for
the density difference of 1% and 2% as shown in Plots 13 and 14. A few
additional findings are:

(a) For the same turbulence level, a6, E' is found to be larger
than Edepending on the magnitude of the density difference.
The differential value of E'-E, which is due to gravitational
convectiondecreases with increasing turbulence level and
approaches zero at large values of a6 as shown in Plot 15.

(b) Run 15, with a = 0.432", 6= 2.92 c.p.s. and 1%, made

with probes placed at depths smaller and greater than the
mid-depth, confirmed the suspicion that the concentration
varied with the depth. The variation, at x = 1.15?, over the
central 40% of the depth was from 33% of the mid-depth concen-
tration at t = 1 min. down to 2.5% at t = 22 min. This vertical
concentration gradient ac/by increased with increase of -6c/-x
and became significant when the turbulent intensity was small
and negligible when the turbulent intensity was sufficiently
large. The presence of a vertical density gradient causes a
convective circulation and alters the homogeneity of the
generated turbulence both in the vertical and longitudinal
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directions. The whole process is thus not one-dimensional
turbulent diffusion but a two dimensional one with convection
due to the vertical density gradient.

(iii) ryed fresh water diffusing into clear fresh water without density
difference between the diffusant and receiving fluid. In diffusion pro-
cesses it is sometimes found that the diffusant is non-conservative,
i.e. it is absorbed or combines chemically with the receiving medium so
that the mathematical model with a constant centration at the origin (the
initial interface) is changed. As a consequence of the displacement of
constant concentration point, the solution of the classical diffusion
equation of constant E, Eq. [49], is no longer valid with respect to the
original coordinates which implies the constant concentration at the origin.
In order to clarify this point, tests of the combinations other than "Salt-
Fresh" and "Salt-Sugar" were investigated. The method of sampling and
analysis for dyed-fresh water diffusing into clear fresh water has been
described in Chapter V.

Three runs were made at frequencies of 3.01 (Run 27), 4.13 (Run 28)
and 1.97 (Run 29) and an amplitude of 0.445", using Rhodamine B dye (2 C0
8 ppm) as diffusant. The results confirmed those of case (i), i.e. the
diffusant and receiving fluid are conservative and a small shift of the
origin gave constant values of E as shown in Plots 10, 11 and 12.

(iv) Tracer spheres as diffusant in receiving fluid of same specific
gravity as spheres. To ascertain whether molecular diffusion may be
assisting the turbulent diffusion process by providing the cross-eddy
diffusion in regions where the turbulent concentration fluctuations are
large (i.e. at the zone of steep longitudinal concentration gradients

dc dc
ct = dx') dx being large where x is small) an experiment was designed to

prove or disprove this presumption.

If molecular diffusion is responsible for a distance variation of
diffusion coefficient, the molecular diffusion could only be effective
over small distances, such as in the smallest scale eddies present.
Molecular diffusion effects on large scale transfer may be eliminated if
the diffusant is not capable of concentration gradients or fluctuations
over very small distances. A sediment, where the particles are far apart
compared to the microscale of turbulence, would not be capable of rapid
concentration changes at a sampling point since the concentration is de-
termined by the mean particle position in a finite volume over a finite
time.

A sediment was available of sp. gr. 1053, in order to assure that
the sediment would act as if it were a marked particle of fluid, the speci-
fic gravity of the water had to be adjusted to a value of 1.053 by adding
salt. Salt was used since it has a small effect on the viscosity or mole-
cular self-diffusion coefficient of water at the concentration required.
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It was observed that the particles had no fall velocity when suspended in the
salt solution and after shaken up, they stayed in place for hours (though
after a- day o two they were observed to have coalesced into small groups,
dispersed throughout the liquid), It was found that a 10 ml pipette with
10 ml bulb was an adequate sampling device so long as the particles could
freely pass through the opening, the particles acting as if part of the
fluid. Two runs were made, each using a 2 kg sample of "retained between
30 and 50 meshes per inch" Koppers polystyrene spheres. The particles were
volumetrically divided into 16 equal batches which were introduced uniformly
with distance in the left-hand end of the flume when the mechanism was
operating. The results again confirmed those of case (i) "Salt-cugar" and
case (iii) "r)yed-Clear" as shown in Plot 12o

B. Observations on the Irregularities of Boundary Conditions

(i) Uniformity of the Amplitude of the Oscillating Screens

Since it was observed that the diffusion coefficients without a shift
of the origin are somewhat dependent on x, even for runs without density
differences, a check of the amplitude of the screens along the flume was
made. The total vertical displacement of the screens was measured at various
distances from the center of the flume for a full range of frequencies. The
motion of the truss was also recorded at various distances. It was found
that under static pull the amplitude (spring deflection and flexural deflec-
tion of truss) was 17% greater at the center than at the ends. When the
truss is in motion, however, the static force is reduced due to inertia,
and the dynamic amplitude could be considered within 2 percent of uniformity.
The greatest deviation of E or E from constant E or E' occurs within 1 foot

x x
from the initial interface; hence, this is unlikely due to the non-uniformity
of amplitude observed in the above tests.

(ii) Low Turbulent Intensity near the Bottom of the Flume

During tracer sphere tests, there is indication that the turbulence near
the bottom of the flume was relatively small and that considerable migration
of the particles occurred. In Run 30, the mean position of the screen was
lowered 1/4" relative to the flume bottom and the turbulence close to the
flume bottom was considerably increased but in viewing the result for the
turbulent diffusion coefficient there was no detectable effect due to this
adjustment.

(iii) The Conditions at the Ends of the Screens and the Gap between Screens
at the Origin

It was also observed that there was a considerable in- and outflow
around the ends of the screens and through 1/2" gap at the origin, left by
the removal of the vertical partition. Run 31, in which the end baffles
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were installed, did not show any effect on the diffusion coefficient.

Run 32 was designed to check the effect of the gap in the screens at
the origin. Immediately after the run commenced and as soon as the gate was
removed a section of the screens was pulled over to close the gap. No effect
on the diffusion coefficient was observed.

These observations suggest that the minor defects in the boundary conditions
are not responsible for the variations of E and El near the origin. One
factor which may have an affect is the disturbance caused by pulling the
vertical partition.

C. Discussion of Results

1. One of the objectives of this investigation was to determine whether the
classical diffusion theory may be used to describe turbulent diffusion in the
one-dimensional case. The diffusion coefficient was found to be independent
of diffusion time but dependent on the distance, x, in the immediate vicinity
of the origin. This phenomenon can partly be explained in the light of the
existing theory of turbulent diffusion. In the statistical theory of turbulent
diffusion, the process can be postulated in two parts depending on whether the
diffusion time is much larger than or smaller than the Lagrangian scale of
turbulence, Lh. (see Sec. III on p. 41).

(i) Large diffusion times

In the case of the diffusion time being much larger than the
Lagrangian scale of turbulence, the turbulent diffusion process can be
treated by the classical diffusion theory. The results of the diffusion
coefficients obtained by the graphical analysis and shown in Plot 9 indi-
cate that the process of turbulent diffusion is represented by a solution
of the classical diffusion equation with variable E as follows:

at Zx x 0x

EB varies rapidly only near the origin and approaches a constant value

within a short distance. The characteristic of E indicates that the ex-
x

perimental results for large distances from the origin may satisfy the
statistical theory of turbulent diffusion for t>>Lho Considering a region

of large x, mathematically, it is possible to exclude the region near the
origin where E varies by a transformation of the diffusion distance, x,

as follows: x

x' dx

0

With a shift of the origins x 0=x-xt g the classical diffusion equation
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for constant E is obtained in the transformed coordinate, xt, as

a = E
at ax'

which will yield the solution as Eq. [49] with respect to x' and t. Since
E or E was computed graphically from the experimental data, a practicalx x
way to determine this transformation is by the trial and error method as
described in the last section. This treatment is justified since after
the transformation (the same shift of the origin applied to the data of
all measuring stations in any run) a constant diffusion coefficient could
be obtained. Evidently, this region corresponds the diffusion time being
much larger than the Lagrangian scale of turbulence in the diffusion pro-
cess. Hence, the experimental data analyzed in this manner yields the
diffusion coefficient as a function of the turbulence level and density
difference between the diffusant and receiving fluid.

In case of large diffusion time in the region near the origin, the
above analysis cannot be applied because the magnitude of the shift has
about the same order of magnitude of x, within which E or E varies. Thex x
shifts of the origin for all runs were listed in Table IV. The average
shift for all runs is 0.4 feet and varies between 0 and 0.8 feet, it is un-
likely that any correlation for the shift can be found from the present
experimental data. The scattered values of the shifts indicate that the
disturbance caused by the removal of the vertical partition may be in some
way responsible.

(ii) Small diffusant times

In the case of the diffusion time being smaller than the Lagrangian
scale of turbulence, the classical diffusion theory cannot be applied. The
corresponding region in this case is the immediate vicinity of the origin.
The difference between the Goldstein diffusion theory (see Sec. III on p. 37)
and the classical diffusion theory was examined. Significant differences
should exist only in so far as Vx/2E < 8, where V is the migration velocity,
hence x K 16E/V. The migration velocity, V, could be estimated from the
test by observing the first rise of the concentration at a measuring
station close to the origin at time, t, after the test started, since V =
x/t. Taking some typical values:

E = 0.0025 ft 2/sec
V = 0.04 ft/sec

from Run 17, where the first rise of the concentration was observed at t
9 seconds for x = 0.375 ft. For this case the value of 16E/V is approxi-
mately one foot. Hence the difference between these two theories is likely
to show up in the region x<l ft, i.e. only at the first probe location
(x = 0.375'). An analysis of the typical data at this distance for Run 17
indicated no perceptible concentration rise for the few seconds, then a



substantial rate of increase lasting a few seconds, then a distinct re-
duction in slope asyptotic to c/c0 = 1. As shown in the following sketch,
the deviation from the Goldsteins prediction, that the concentration has
a step-increase for t < x/V and gradual changes over to the error function
relationship, is believed to be due to the rounding effect of the statisti-
cal properties of the turbulence.

, G>ldstein's theory

-y Error function solution

C 'Experimental data Run 17

t

The conclusion is that the difference between Goldstein's diffusion theory
and the classical diffusion theory is significant at a smaller distance x
as compared with the region in which E varies with x, hence, it is only
partially responsible for the dependency of E on x.

2. A further objective of the experimental investigation was to determine the
effect of density differences between the diffusant and receiving fluid as ex-
pressed by gross eddy diffusivity, E'. It is noted, in Plot 15, that the
diffusion coefficient without density difference, E, is linearly proportional
to the turbulence level a6 or the mechanical eddy viscosity. This process is
a true one-dimensional diffusion with turbulence homogeneous in the direction
of diffusion since there are no density gradients horizontally or vertically.

The effect of density differences can be divided into three categories with
the turbulence level, a6 , and AP/? as parameters, as shown in Plot 15:

(i) A region, in which both /x and _6 /Dy are important, must exist at
low turbulence intensities. In this case the two liquids tend to stratify
and the one-dimensional analysis breaks down. This case is outside of the
scope of the present experimental investigations.

(ii) A region, in which the longitudinal convection as indicated by 09/ax
is important compared with the turbulence level. In this case ?/y is
small so that the one-dimensional analysis may be considered as a reason-
able approximation. In this region, the gross eddy diffusivity E', is
larger than E and depends on iP/ ; but the difference, E'-E, diminishes
as a6' increases.

(iii) A region, in which the effect of 9 /apx on the diffusion coefficient is



negligible as compared to the diffusion due to the high turbulence levels.
The curve for AP/e = 1% approaches the straight line of A?/ = 0 at a
turbulence level, a6 , approximately equal to 0.2 ft/sec. tt is probable
that for larger density differences the approach would occur at correspond-
ingly higher turbulence levels.

D. Discussion of Re ;ults in Relation to other Experimental Turbulent Diffusion
Tests.

It was of interest to compare the findings of the present investigation with
experimental results of others.

In the fields of oceanography and engineering fluid mechanics, it was generally
evident that the investigators tacitly assumed that the Fickian Laws of Diffusion
also hold for turbulent diffusion. In cases where experiments yielded variable
diffusion coefficients an empirical relationship was usually assumed and ascribed
to a variation in turbulence intensity, etc. In turbulent diffusion such a pro-
cedure may be in error, as pointed out by Frenkiel (C-3) since the turbulent
diffusion equation involves an eddy diffusivity that is not a constant even for
homogeneous, isotropic turbulence, but is a function of the Lagrangian time correla-
tion parameter Lh. For t > Lh the value of the eddy diffusivity attains a constant
value and the classical diffusion differential equation (for constant E) may be
applied.

On the other hand, in the fields of aerodynamics, meteorology and transfer
operations in chemical engineering, the diffusion of material, momentum or heat
across the -relatively short boundary layer distances becomes very critical and in
these fields the theoretical and experimental study of turbulent diffusion has been
carried to a more advance state of detail and refinement. The classical diffusion
theory is generally found to be inadequate to describe, for example, the heat
transfer through a boundary layer in turbulent air flow across a flat plate. The
nearest approach to the present (A?= 0) investigation of diffusion due to turbu-
lence, where the fluid elements have a mean velocity zero or small compared to the
instantaneous fluctuations (a state known as "free turbulence", i.e. turbulence not
associated with shear stresses due to velocity gradients) is found in the literature
on diffusion through porous beds.

Experiments on diffusion in turbulent packed fluid beds yielded good experimen-
tal confirmation of Taylor's and Goldsteints equations. Wicke and Trawinski (G-1)
measured transverse diffusion of mass and heat in a water fluidized packed bed.
Mean square displacements from a point source of injection were obtained for heat
transfer by means of warm water and for mass tranfer by means of HCl injection.
The diffusion coefficients obtained were found to increase with mean through flow
rate (that is, with eddy viscosity), as would be expected, and moreover was found
to decrease with increasing distance from the source, a result which is in agree-
ment with the present Ae= 0 time-dependent tests. Wicke and Trawinski also found
that the heat transfer coefficient was slightly greater than the mass transfer
coefficient, but ascribed this as possibly due to the fact that the conductivity
of the particles in the packed bed can aid the heat transfer but not the mass
transfer of tracer.



Regarding the proportionality of E with E in shear-flow fields, a look at
the results of Longwell and Weiss (G-2) may be of interest. They studied radial
transport of liquid (fuel) droplets in ducted turbulent air streams. They found
that the mass transfer process was adequately described by the classical diffu-
sion equation and that the lateral transfer coefficient (eddy diffusivity) was
uniform over the duct cross section, but varied with distance in the direction
of flow. They found with volatile droplets a 20 per cent increase in E with
doubling of the distance from the source along the direction of flow which may
be ascribed, however, as possibly due to growth of turbulence in the duct with
distance.

E. Summary of Conclusions

1. The mean rate of energy dissipation by the turbulence generating screens
was measured and correlated with the product of screen amplitude and fre-
quency, a6. The product, a6, therefore defines the turbulence level of the
liquid and is proportional to the eddy viscosity. It is concluded that the
measurement of turbulent energy dissipation is a useful means of describing
a state of turbulence.

2. The classical diffusion theory was found to be adequate to describe the
one-dimensional, time-dependent, turbulent diffusion in a liquid with a con-
stant concentration applied at one boundary (x = 0). In this case the classi-
cal diffusion equation is

act = E ) 2

and the solution, for the above boundary condition, gives the concentration
of the diffusant as a function of distance and time as

c
1 

t -er f -

3. For each test, a small shift in the diffusion distances (averaging 0.4 ft
for all runs) yielded good agreement between the experimentally observed con-
centrations and the classical diffusion theory, with the diffusion coefficient
independent of the modified diffusion distance and the diffusion time.

4. One of the primary objectives of the research program was to determine
the effect of small density differences, between the diffusant and receiving
fluids, on the gross longitudinal diffusion. Tests were made for the case
of no density difference by the following means:

(i) Eiffusant, marked with dy-{fresh water receiving flui .

(ii) (saline diffusan - ugar solution receiving fluid of same density as saline
solution.
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(iii) saline diffusant containing small plastic spheres in suspension (zero-
fall velocity)]-[same saline solution, receiving fluid without sphere].

Tests were also made for the case in which a difference in density existed
between the two fluids:

(iv) [1% saline diffusan }resh water receiving flui4.

(v) 2% saline diffusan -resh water receiving fluid.

(a) For the diffusant and receiving fluid of equal density, the turbulent
diffusion coefficient or eddy diffusivity, E, is linearly proportional
to the turbulence intensity ac. The correlation is therefore one of
constant Schmidt number.

(b) For the diffusant having a density one-percent greater than the receiving
fluid, the gross turbulent diffusion coefficient, E', for the same
turbulence level, may be as much as 100 percent greater than for the case
of zero density differential. The effect of the gravitational-convective
mass transfer is expressed by the gross diffusion coefficient minus the
diffusion coefficient due to turbulence only, E'-E. The quantity, EB-E,
is approximately inversely proportional to the turbulence intensity
(Plot 15). As the turbulence level approaches zero the two fluids tend
to stratify and the one-dimensional analysis is invalid. At high turbu-
lence levels, E-E tends to zero and the diffusion process is identical
with (a). The results for the 2% density difference indicate E'-E values
much larger than for the 1% case.

5. For very small diffusion times, the existance of a non-Fickian diffusion
process has been confirmed. The process is similar to the "telegraph equation"
theory of turbulent diffusion proposed by Goldstein.

6. In the vicinity of the origin (x = 0) the diffusion coefficient varies
with distance even for large diffusion times. For small diffusion times the
departure from the classical theory is explained as in (5) above. For large
diffusion times, the departure should become negligible according to the
various theories of turbulent diffusion in a field of homogeneous turbulence.
Hence, the fact that the diffusion coefficient is distance-dependent near
the origin is not completely explained. It is suspected, however, that there
is some effect of disturbances caused by removal of the vertical barrier
separating the diffusant and receiving fluids at t = 0.

7. From the standpoint of waste water disposal in rivers or estuaries, the
deviations from the classical diffusion theory under 5 and 6 are of minor
importance. Exact boundary conditions and homogeneous turbulence are non-
existant in nature. The experience gained in this fairly abstract study of
turbulent diffusion has opened new approaches to the application of diffusion
theory to waste water disposal. In particular, the investigation begun here
is being carried forward to a study of steady-state diffusion phenomena in
an idealized estuary or river.
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