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2bstract

Maximum likelihood (ML) identification of state space models for linear
dynamic systems is presented in a unified tutorial form. First linear
filtering theory and classical maximum likelihood theory are reviewed.
Then ML identification of linear state space models is discussed. A com-
pact user-oriented presentation of results scattered in the literature is
given for computing the likelihood function, maximizing it, evaluating
the Fisher information matrix and finding the asymptotic properties of ML
parameter estimates. The practically important case where a system is
described by a simpler model is also briefly discussed.
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SECTION 1

INTRODUCTION

One of the most important problems in the study of systems (either
physical or socio-economic) is that of obtaining adequate mathematical
models to describe in some way the behavior of those systems. This is
indeed an important issue since critical decisions about what to measure,
what to control and in what manner, are usually explicitly or implicitly
based on such models. For example, modern control theory results pertaining.
to the design of optimal observers and regulators assume the knowledge of
dynamic models, usually in state space form.

The purpose of this report is to give, in tutorial form, a unified
presentation of one approach to the problem of determining mathematical
models from measurements made on the actual system. Attention is re-
stricted to one important clasé of models {(namely linear state space
models) and one method (namely the maximum likelihood identification
method). The report is mainly addressed to readers familiar with Kalman
filtering techniques who would like to obtain a working knowledge of the
maximum likelihood approach to system identification. It is not a sur-
vey of the subject and so our references are confined to those works
that were directly used in preparing the report. Finally, we make no

claim to originality except for our declarxed tutorial purpose.

1.1 Overview of Issues in System Identification

It is important to distinguish between modeling and identification.
The former is a deductive process, using physical laws or even intuitive
socio-economic relationships in establishing a model, whereas the latter
is an inductive process, using data obtained from observations of the actual

system (see Figure 1.1) for that purpose. But these are complementary in




the sense that from physical laws one can deduce model structures and

possibly parameter ranges, while identification techniques give parameter
values and verify proposed model structures (see e.g. Schweppe [1]). Those
identified parameter values will of course depend on the system producing
the data, but also on the experimental conditions, the hypothesized model

structure (or model set), and the identification method used.

stochastic
inpufs

u(t) z(t)

user-applied user-measured
inputs outputs

data for
——— identification ¥

Figure 1.1 Data Gathering for Identification Experiment

Experimental conditions include the choice of the applied inputs (e.gq.

none, chosen in an open loop fashion, determined partly by some output feed-
back process, etc.). The case where no inputs are applied (and the system
is driven by stochastic inputs only) corresponds to the case traditionally
considered in time series analysis. Whenever it is possible to do so,

choosing a good set of inputs to excite the system adequately is an impor-



tant issue which has been studied by, e.qg., Mehra [2]. In some instances
one might have a feedback loop around the system to be identified. The
identification of systems under closed loop control may present significant
problems. One example, pointed out by, e.g., zstrsm and Eykhoff {3], is
illustrated in Figure 1.2: 2An attempt to identify HO from measurements of

u and z by correlation analysis, say, will give the estimate of HO as being

ﬁ]:- (i.e. the inverse of the transfer function of the feedback system). Note also
F

that one might not be able or not even willing (e.g. for stability reasons)
to open the loop in such cases. 2 good survey of identification of pro-
cesses in closed loop has been given by Gustavsson, Ljung and Soderstrom [4];

we will not discuss this problem further in this report.

w

Figure 1.2 Simple Example of Closed Loop System

A model set M is a class of models describing a behavior of the
system under study and parametrized in a certain manner by a parameter
vector 0. The parametrization of general multivariable systems is not
an easy task and the structural aspects of linear systems identification
are still an area of active study. However, the model set and its para-
metrization are often given from physical considerations. There are also

so-called nonparametric techniques for establishing a model {(e.g., cor-



relation and spectral analysis of time series when the system is driven
by a stochastic input only; step and frequency response analysis when a user
applied input is possible), but these will not be ‘discussed in this report.

As for the various identification methods used to estimate values for

the different parameters, once a model set has been chosen, they generally
consist of minimizing some model-dependent function of the data (Example 1.1).
The methods vary according to the choice of that function and the criteria
for this choice range from ad-hoc considerations to tenets of statistical
optimality. An excellent survey of identification methods with an extensivé
bibliography has been given by gstram and Fykhoff [3].

Example 1.1

system
output
input —|  System P > z(1)
model
e (o) output - z(t |a)
choose ¢ to minimize
t
8(2(0) ,2(1) ,.an\z(B);0) = 3 [z(t) -z(t|)1° .
T=0

One can also distinguish between on-line and off-line algorithms for
system identification. In general, off-line algorithms estimate system
parameters from a given, fixed set of input-output data whereas on-line
algorithms, used when a model has to be identified in real time, update
their parameter estimate as they receive new input-output data pairs. The
boundary between on- and off-line methods is indistinct as it depends on
process speed, requirements of the method and computational resources.

Finally, we remark that the accuracy required of an identification method
depends on its particular use. For general purpose models or models tobe used in

filtering applications (Figure 1.3) one may need accurate parameter esti-



u(t) —L

z(t)

System

state
estimate R ey

R(ilt)

Filter (a) N

parameter
estimate

—~

Identifier

Figure 1.3

Adaptive Estimation

u(t) l

z(t)

System

Regulator (4)  |emmmg

Identifier

Figure 1.4

Adaptive Control



mates whereas for adaptive control (Figure 1l.4) one may just need a good
model of input-output behavior.

Figure 1.5 summarizes the interrelationship between the different con-
cepts discussed above. The objectives of the present report are now dis-

cussed in the context of those issues.

Modeling Experimental Actual
Conditions System
Model Set Data
Identification
Method
Y

Identified Model

Figure 1.5

1.2 Scope and Objectives of Report

As already mentioned, this report will be limited to linear state

space models and the maximum likelihocd identification method. On the one



hand, this provides for a unified presentation and on the other hand it

is felt to be an important case. Indeed, the maximum likelihood method

is generally accepted by serious practitioners as the best method if one

is not computationally constrained. It also has statistical properties
which essentially say that the method is optimal for long measurement
sequences. Fufthermore, many control and estimation techniques are based
on linear state space models. So, with the goal of summarizing the present
state of maximum likelihood identification of linear state space models,
and of collecting in one place and in a unifiedfashion results scattered in
the literature, the report is based on the following outline.

Section 2 establishes the notation which will be used for linear state
space models and presents a specific formulation of the parameter identi-
fication problem in that context. Then a brief review of linear state
estimation theory is given in Section 3 with an emphasis on sensitivity
analysis (covariance analysis) and on reduced order filtering. Our motiva-
tion for this review is the fact that Kalman filtering equations are basic
to the maximum likelihood equations given in Section 5. BAnother reason is
;ﬁr desire té use the résﬁlfé 5% tﬁé‘sééfé éstimafioﬁ pr;blém to pro?ide
goals for the parameter estimation problem. Section 4 presents a brief re-
view of the classical maximum likelihood theory in preparation for Section 5.
Section 5 contains the development of the maximum likelihood identification
method for linear state space models that is the objective of this report.
We emphasize that the contents of this section have been deliberately
limited in scope in order to give a compact and user-oriented presentation.
Thus there are many topics in identification theory that will not be

treated, but only some of the most important concepts emphasized.




SECTION 2

FORMULATION

As was mentioned abcve, this report will deal with linear state space
models only. We assume that the reader is familiar with such models and

appreciates their usefulness. Our notation is the following:

State Dynamics:

x(£+1) = A(E)x(£) + B(B)u(t) + L(t)E(t) (2.1)

Measurement Equation:

z(t+l) = C(t+l)x(t+l) + B(t+l) (2.2)
wheré ' t=20,1,2,... is the time index

x(t) ERn the state vector (non-white stochastic sequence)

u(t) € R the deterministic input sequence

E(t) e & the white plant noise

6(t) € R" the white measurement noise

z(t) e R the measurement vector

Prcbabilistic Information:

The initial state x(0) is Gaussian with

e{x(0)} = X(0) (2.3)

= E) >0 : (2.4)

cov[x(0);x(0)] = Z,

The plant noise £(t) is Gaussian discrete white noise with:

e{fg)} =0 (2.5)
cov(E(t), E(T)] = g(t)étT (2.6)
E(t) = _5;' (t) >0 (2.7)"

The measurement noise 0(t) is Gaussian discrete white noise with:
e{6(t)} = o (2.8)

cov[B(t);:8(T)] = O(t) S __ (2.9)




O(t) = 0 (t) > 0 (2.10)
(i.e., every measurement is corrupted by white noise)
2_5_(0)0 _E_(t)r _e_(T) (2.11)

are independent for all t,T.

Note the use of a discrete time format which is compatible with the
way data is collected using modern digital technology.

It is assumed that the system under study has been modeled in the
above form, but that some parameters still need to be determined.
Typically those would be coefficients in the entries of the model matrices,
as illustrated by Examples 2.1 and 2.2. Note first that if we denote those
unknown parameters by the vector o, the dependancy of the model matrices can
be made explicit by the notation A(t;a), B(t;a), etc. Note also that the
system can be time varying but that o must be time invariant (at least

according to the time scale of the identification experiment).

Example 2.1
If a system is of unknown structure but we assume it is time
invariant and has a third order transfer function, we can write a

general third order model with the following matrices

0 1 0 0
Al@ =]o o 1 B(o) =| 0 clo) = [cl c, 03]
a a a 1

In this case, assuming that the other matrices in the model are

known, the unknown parameter vector O is

L}
2= |21 %32 %3 1 % °3]

Note that in this case 0 does not necessarily correspond to any
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physical quantities, since the model chosen is in a canonical form

with no a priori structural knowledge being used. L

Example 2.2

This example illustrates how an unknown physical parameter does
not usually enter the model as a single matrix element. It also
illustrates the discretization of a continuous time model in a sampled
data environment. Consider the continuous time scalar model:

%X = - ax(t) + u(t)
where a—l is an unknown time constant. It can be discretized as
follows:

t+At
x(t+At) = e—uAt <(t) + f e—oc(t+At-T)

& u(t)dr
Assume u(T) = constant, t < T < t+At, we then get the discrete time
model

x(t+At) = A(a)x(t) + B(o)u(t)
where

-oAt

e

A(a)

B (0)

+A »
ft t o a(t+At-T)
e dt
t
The problem now is to estimate the parameter vector 0 using measured
values of u(t) and z(t). This can be viewed as a nonlinear filtering prob-

lem by defining the augmented state vector

x(t)
, where o(t) = o
a(t)

and considering the augmented system:

x(t+1) alt;a) 07 [ x(t) B(t;0) L(t;0)

= + ult) + £(x)
o(t+l) 0 I a(t) 0 0
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z(t) = [C(t;0) O] x(£)] +  B(t)

alt)

The problem becomes that of determining state estimates X(t|t) and 4(t|t)
of x(t) and O respectively, given {z(0),z(1),...,z(t)}, and this is a non-
linear filtering problem since x(t+l) depends nonlinearly on x(t) and a.
Therefore, one possible and general approach, appealing to Kalman filter
designers because of its simplicity, is that of the extended Kalman filter
[5]1. This consists of repeatedly relinearizing the equations about current
estimate values and using linear Kalman filtering to obtain new estimates.
But difficulties connected with bias and divergence of estimates often
arise in practice (see [18] fér a recent analysis), so a moré reliable
approach is desirable.

Fundamentally, identification is a nonlinear estimation problem with

a very special structure. Therefore algorithms that exploit that structure

might be expected to yield more useful results. One such technique, the
maximum likelihood identification method, exploits the structure of the
identification problem very effectively. Indeed note that in the problem as
defined above, if o were fixed, we would have the linear state estimation
problem solved by the standard Kalman filter. But as we shall see later

in Section 5, the maximum likelihood method for estimating the parameters
of a linear dynamic system will consist of minimizing a function of
quantities which are generated by that Kalman filter. Thus we see that the
Kalman filter equations play an important role in ML identification of
linear dynamic systems, and so we give a brief summary of Kalman filtering

theory in the -next section.
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SECTION 3

LINEAR ESTIMATION REVIEW

The purpose of this section is to collect needed results from linear

estimation theory. These results will be needed directly in Section 5 as

well as to provide goals for the parameter identification problem.

The standard estimation problem for linear state space models des-

cribed by (2.1) through (2.11) is that of determining gﬁt[t), the best

estimate of x(t) given {z(0),z(1),...,z(t)} in the sense

where X%,
i

{lx, (8) - %, (¢] 1%} < B{Ix (0 - % (¢|©1%)

(tlt) is any other causal estimate. Assuming knowledge of all

matrices in the model, the solution to this problem is well known (e.g.

(11, (51,

[6]) and is given by a discrete time Kalman filter. This involves

the following:

Off-line Calculations

® Initialization (t=0):

2(0]0) = cov[x(0);x(0)] (3.1)
® Predict Cycle:

T(t+llt) = A(E)Z(tl)A" (£) + L(£) B(£)L' (£) (3.2)
e Update Cycle:

I(e+l]t+l) = Ze+1]t) - Z(t+1]t) €' (£+1) [COE+D) T (e+1E) C' (t+1) +

+ _Q(t+1)]'lg(t+1)_2_(t+1]t) (3.3)

e TFilter Gain Matrix:

H(t+1) = I(t+1]t+l) C' (£+1) 0 T (£+1) (3.4)

On-line Calculations

e Initialization (t=0):

2(0]0) = E{x(0)} _ (3.5)



_l 3=

Predict Cycle:

R(t+1|t) = A(B)R(H ) + B(Du(t) (3.6)

Update Cycle:

R(t+1]e+1) = X(t+1t) +  H(t+1) {z(t+1) - C(t+1) R(t+1]t)}
updated estimate predicted estimate residual r(t+l)
(3.7)

The structure of the system dynamics and measurements and that of the

corresponding discrete time Kalman filterare shown in Figures 3.1 and 3.2

respectively. 2As presented above, the filter algorithm has two kinds of

equations:

Off-line equations with which the filter gain matrix and the error

covariance matrix can be evaluated before the gathering of data.

® On-line equations which generate the state estimate.

Furthermore, one can distinguish within each kind of equation two different

cycles which can be justified in the following heuristic manner:

A predict cycle where knowledge of the dvnamics of the system is
used to obtain a predicted estimate (see equation (3.6)); and at
this point uncertainty is increased due to the plant noise input
and increased or decreased from propagation by the dynamics of the
system (see equation (3.2)).

An update cycle where the residual between the latest observation
and the corresponding predicted observation is used to obtain an
updated estimate (see equation (3.7)); and uncertainty is decreased
due to the processing of the new observation (see equation (3.3)).
Note that the predicted observation is obtained from the predicted

state estimate by
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2(t/t-1) = c(v)R(t]t-1) (3.8)
and that its error covariance matrix is
s(t) = E{[z(t) - Z(t-1)] [2(t) - 2(t-1)1"}

= C(B)Z(t[t-1) C' (v) + O(t) (3.9)

From (3.1) through (3.9) one can also get the following form which
will be useful in the sequel
R(t+1 1) = A(D)R(Ht-1) + B(v)ult) +
+ A(B)H(t) [2(t) - Q_(t)g(tl t-1)] (3.10)

1

H(t) = Z(gt-1) ¢'(£) [C(B)Z(Ht-1) ¢ () + O(v) ]

Z(t|t-1) ¢ (£)s™t () (3.11)
I(e+lle) = A(R)I(t|t-1) A" (£) + L(t) E(O)L(t) -
-~ A(B)H(E)S(E)H' (£)A' (t) (3.12)
Finally, let QF—l denote the set of past measurements
{2(0),2(1),...,2(t-1)}. 1In Section 5 we will need the conditional
probability density p(gjt)|§F_l) of measurement z(t) given EF_l. But it
also follows from the above solution to the linear estimation problem that,
under the Gaussian assumption, the residuals
r(t) = z(t) - 2(tlt-1)

form an independent Gaussian sequence and that

Srt (05 TR ()

o

p(_z_(t)l_z‘_t“l) = (zm”’E (det[S(t)] ‘e (3.13)
The above equations are valid for the general case of a time-varying
linear system. In the special time invariant case, the system matrices
will be constant, but the Kalman filter will still in general have a time
varying gain H(t). However, under reasonsble assumptions (see, e.g., [l]),

it can be shown that the Riccati equation (3.12) has a limiting solution

as t>%, which in turn implies that the Kalman filter gain becomes con-
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stant. A common procedure is to use this steady state gain instead of
the optimal time-varying gain. The resulting filter is termed the steady
state Kalman filter. Clearly, this procedure makes sense when the time
horizon of the filtering problem is large relative to the effective con-
vergence time of the Riccati equation (3.12).
The procedure of using the steady-state Kalman filter in place of

the time-varying filter has two important practical ramifications.
First, equation (3.12) can be replaced by the algebraic Riccati equation

I = AT+ LEL' - 2NC'(CIC' +©) CTAT . (3.14)
Equation (3.14) can be solved directly by methods more efficient than the
iteration of (3.12) to steady state. Second, since the filter gain is
constant,

H = Ic'(cEct +9) T (3.15)

implementation of the filter is greatly simplified.

Before concluding this section, note that an important assumption
underlying the theory presented above is that the actual system and the
model used for the filter are identical. But in practice, due to neglected
dynamic effects, uncertain parameter values, etc., this is never the case.
Moreover, a reduced order filter is often deliberately employed to reduce
on-line computational requirements or sensitivity to poorly known para-
meters. For these reasons, it is necessary to be able to evaluate the per-
formance of a mismatched Kalman filter, i.e., a Kalman filter based on a
model that differs from the actual system.

Suppose therefore that the true system is as previously specified (but
assuming for simplicity u(t) = 0) and that the filter used is:

Rerlle) = AT R t-1) + 2T (0E (1) {z(8) - TR -1)}  (3.16)

o s . . r . .
where X is of dimension n” < n. Suppose also that X is an estimate of Wx
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N
. r .
where W is some n Xn matrix.

Example 3.1
X 1 0 0
If x = 1 and filter omits Xg then W = . ]
- b4 0 1 0
2
*3

Then, one can compute 2(t|t-1) = E{[Wx(t) - (-1 1L wx(t) - (=11}

as follows. Define

25 (t) = aT(0) (@ - B (Bt ()
B 1o
= i
Bog® F | _—
AN (mE (oct) | A ® |
L(t) ! o
T GO S ——
o 1 ANwETm
EHOE
RO N - _;__,____
4
o ! ot
| 2 ' ( )J
| x(t)
x__(t) Ef-mmmmemm
~aug
2(t|e-1)
Then, from (2.1) and (3.14) ‘
g1
X (t+1) = A (t)x (t) + 1L (t) | (3.17)
—aug —aug =aug =au 6 (t)J

If we now let lxt) be the (n+nr)X(n+nr) solution of the covariance equation
for the above augmented system, we get:

T(t+1) = {X_aug(t)_f(t)_A_'aug (t) + g_aug(t)g_aug(t)yaug(t) (3.18)
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and
I(te=1) = (W ! -1 e (W} -I0 (3.19)

This covariance analysis is routinely used to study the loss in
accuracy when the filter order is reduced for computational savings. The
fact that this analysis can be carried out off-line makes it an important
tool in reduced order filter design.

The preceeding equations of Kalman filtering theory (particularly (3.13))
will prove basic to the maximum likelihood identification problem considered in

Section 5. Moreover, there are some properties of Kalman filtering theory that are

important for setting goals for maximum likelihood identification theory.
First, note that the Kalman filtering equations provide an optimal data pro-
cessing algorithm in the sense that no other set of equations can give state
estimates with less mean square error. Second, note that as well as pro-
viding state estimates, a quantitative measure E(t’t) of the accuracy of

those estimates is obtained. Third, note that E_(tlt) can be evaluated off-
line before any measurements are made, so that system performance with vari-
ous alternative hardware components and operating conditions can be evaluated
even before the system is built. Fourth, the filtering equations are general
purpose, applying equally well to navigation systems or power systems or to
any system that can be modeled by (2.1) - (2.11). Fifth, the sensitivity of
filter performance to modeling errors, either inadvertant or delibérate, can
be readily evaluated. These properties of Kalman filtering theory provide
desirable goals for any theory of system identification. We will see that
the maximum likelihood identification theory does attain these goals, but

only in an asymptotic sense for very long sequences of measurements.
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SECTION 4

CLASSICAL MAXIMUM LIKELIHOOD THEORY

The purpose of this section is to briefly review classical maximum
likelihood theory. By this we mean those issues of the maximum likelihood
method which were treated in the statistics literature before this method
was introduced as a tool for system identification. The problem is that of
identifying the unknown values 0, parametrizing the probability densityl
p(g};g} of all past observations {E(O),gjl),...,gﬁt)}. Since o is not a
random variable this is not, strictly speaking, a conditional density but
rather a family of density functions, one for each value of ¢a. So, for a
fixed set of past observations EF' p(g?;g) can be viewed as a function of

o, called the likelihood function. The maximum likelihood estimate G of o

is then defined to be the maximum of this function, i.e. the value of Qg
. . . . t
that is most likely to have caused the particular set of observations z

(sée Figure 4.1). It is remarkable that this simple idea leads to an

A p(z'a)

S

Figure 4.1

lNote that such a probability density is induced by the model (2.1)-(2.11).
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estimate with a number of desirable properties.

To discuss properties of the maximum likelihood method, it is neces-
sary to introduce several general concepts. To this end, consider some
arbitrary estimate @(_z_t) of & given the observations E_t. Define the bias
b(a) in the estimator _&_(-) by the equation

A~ t
b =a - E{a(z) g}
= o - Jazp(z" i azt (4.1)

and the error covariance matrix L(d) of the estimator _@(-) by

]

I(® = E{(@ - 4z - b(@) (@ - &z" - b@)'|a}

L]

A, t A, t t

S -85 -b@)@-8EH -b@)phwazt . (4.2
Clearly, desirable properties of an estimator are that it be unbiased
(]9_(.01) = 0) and that it have minimum error covariance matrix, i.e., that
the diagonal elements of I (a) should be as small as possible. (Note that
the ith diagonal element of I (a) is the mean square error in the estimate
of a,.)

i

In general, it is very difficult to compute either b(d) or 23_(9&_) . How-

ever, for any unbiased estimator we have the following Cramer-Rao lower

bound [7].

-1
(@) >1I
—— — —_zt

(@) (4.3)

Here I t(g) is the Fisher information matrix defined by
z

I, (= - E{——-zaz In p(zt- )]a (4.4)
=yt = da R —-}
or equivalently
) t 3 t '
—_ . . —— 3 4.5
Izt(oc) E{[aa 1n p(z ,OL):' [Soa 1n p(z oc)J loc} . (4.5)
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There are several points that need to be emphasized concerning the
Cramer-Rao Lower Bound. First, note that (4.3) is equivalent to

$(@) - I T(a) > 0

so that in particular every diagonal element of zjg) must be no smaller

than the corresponding element of I-:'(a). Thus the Cramer-Rao lower
=, =

bound provides a lower bound on the—éccuracy to which any component of

0 can be estimated. A second point to be made is that the technical assump-
tions required in the derivation of the lower bound do not include any
assumptions of linearity or Gaussianess. Thus the bound is well-suited

for nonlinear problems such as the parameter identification problem for
dynamical systems. Finally, note the dependence of b(a), Z(a), and

Izt(g) on &. It is generally true that the performance of an estimator in
afgonlinear estimation problem is dependent on the quantity being esti-
mated.

The preceeding discussion is illustrated in the following example

which involves a simple version of the dynamic problems to be treated later.

Example 4.1

Consider the scalar model

x(t+1) ax(t) , t=0

i

z(t) x(t) + 6(t) , t=0,1

where 0(0) and 6(1) are independent random variables with probability

density
2
-0
p(B(t)) = —=4 & 7 (B
(2m) 2

and where a and x(0) are unknown. In terms of the notation previously
defined

x(0)
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t .
and z  can be conveniently arranged as

e z(0) x(0) + 6(0)
Z = = .
- z (1) ax(0) + 8(1)

Then,
& 1 -L0(2(0)-x(0)) 2 + (z(1)-ax(0)) 2]
pl(z ;0) = —e ~
- = 2T
or
t . 1 2 2
In p(z ;) = - In(2m - %[(2(0) - x(0))“ + (z(1) - ax(0))“]
and
Tz(0) - x(0) + alz(l) - ax(0)]
2 1n ozt =
da "M PREIE T x(0) [2(1) - ex(0)]

[6(0) + af(l)
| x(0) 8(1)

Now the Fisher information matrix can be evaluated, using (4.5)

B(0) + af(1)
I (@ =8 [6(0) + aB(1) | x(0)O(1)]|a
z x(0) 6(1) '
1+a2 ax(0)
ax (0) %2 (0)
and
a
-1 ! x(0)
I, (=
2z __a 1 + a?
x(0) %% (0) x2(0)
From the Cramer-Rao lower bound, any unbiased estimator will satisfy:
E{(e-8) (a-®) '| o} > 17
— et = —---zt —
implying

B{ (x(0) - £(0)°} > 1

and
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2 1 a’

As mentioned above, the bound depends on g_which is unknown. In
particular note the dependence on x(0). If x(0) = O the information matrix
is singular; which is consistent with the fact that in this case, z(l) con-
tains no information about a anymore. On the other hand, the larger lx(O)]
(i.e. the more the system is originally excited), the better it can be

identified.

Finally, the maximum likelihood estimate of 0 is the one which maxi-

miges ln p(EF;g) above:

N

~~
[
S

A

%(0) = z(0) ; a

b
o
S

and one can verify that

B{(x(0) - £(0))%} =1

2 ax(0) + (1) 1% L N
4 _ _ ~ +
E{(a - &7} E{[} x(0) + e(o)} f %2 (0) x2(0)
. ax(0) + 6(1) _ e . _a
since =(0) ¥ 8(0) *~ a + %(0) + %(0) 6(0)

for 6(0) small relative to x(0). Thus we see that the Cramer-Rao

lower bound becomes tight as the signal-to-noise ratio increases. |

We néwtrétuin to the statement of the classical properéies of the maxi-
mum likelihood estimate. First consider an arbitrary estimator, and suppose
that this estimator is unbiased and efficient, i.e., it satisfies the Cramer-
Rao lower bound with equality. It can be shown [7], that if any such estima-
tor exists, it is necessarily a maximum likelihood estimator. Since an
unbiased, efficient estimator is clearly optimal in a mean square estimation
error sense with respect to the class of unbiased estimators, this property
does provide some motivation for using maximum likelihood estimates. Note

however that there is no guarantee that an unbiased, efficient estimate will
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exist.

Perhaps more interesting are the asymptotic properties of the maxi-
mum likelihood estimate. In the classical theory, statisticians usually
assume independent observationsl so that

£ t
pl(z;a) = [ p(z(i);a) . (4.6)
i=0
The idea is that the observations are presumed to be the result of a se-
quence of independent experiments. The asymptotic properties of the maxi-
mum likelihood estimate are concerned with the limiting behavior as the
number of observations becomes infinite.
A crucial assumption for the asymptotic properties given below is the

identifiability condition

p(z(t) ;g_l) Fplz(t);a) for all o, # 0, . (4.7)
This assumption simply means that no two parameters lead to cbservations
with identical probabilistic behavior. Clearly, if the identifiability

condition is violated for some pair O, ,Q of parameters, than O

17 %, and o

1 2

cannot be distinguished no matter how many observations are made. (Com~
pare with example 5.3, page 54.)

Now let @t denote the maximum likelihood estimate of O given EF‘
Under the above conditions of independent observations, identifiability,
and additional technical assumptions (see [7]) we have the following

results.

Consistency

g':t + o with probability 1 as t » ©

Yhis is not the case for z(t) generated by (2.1) - (2.11).




\

Asymptotic Unbiasedness

E{thy}'+51 as t > ®,

Asymptotic Normality

&t tends towards a Gaussian random variable as t = o,

Asymptotic Efficiency

E{(a - @t) (o - @_t)'lgt_}‘*.;;%(g_) as t > o,

In other words, as the number of processed observations becomes infinite,

N
the maximum likelihood estimate 0, converges to the true value of 0, and

t
the parameter estimate error @t - 0 is asymptotically normally distributed
-1 s
with covariance matrix I £ () so that the Cramer-Rao lower bound is
z
asymptotically tight.

Notice that the independence assumption (4.6) implies an additive form

for the information matrix I t(9&_) . Specifically, we have
z
I _(a) =-E _3_;_ 1n p(zt'oc)
_zt ol a-q_ [t
52 G
= - E{é:-z- In 1 p(g_(l);ﬁ)}

£ 32 .
Z - E{W 1n p(z(i) 795_)}
i=0 -

(t+1) T () (4.8)

where I (d) is the information matrix for a single observation. In terms
=, =

of the asymptotic covariance matrix, we see that
n - ~ - T a8 _:l.._ "1
E{@ -0@ - %1 7@ (4.9)

for large t.
Equation (4.9) is extremely important from an applications point of

view. By asymptotic unbiasedness, we know that §t has expected value O
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for large t. From (4.9), we can compute the standard deviation of the
error in the estimate of each component of ui. Since §t is known to be
asymptotically Gaussian, we can even compute confidence intervals, i.e.,
intervals about the estimates (6_\Lt)i in which 0. is known to lie with a
specified probability. Moreover, if we turn the problem around and con-
sider the issue of experimental design, we can choose the number of obser-
vations t so that any desired level of asymptotic estimation accuracy is

1

vVE

standard deviation implies that a ten-fold increase in accuracy requires

achieved.l Note that the characteristic -= behavior of the estimate error

a hundred-fold increase in the nunber of observations.

To conclude this section, it is useful to compare the results provided
by maximum likelihood estimation theory for the nonlinear parameter esti-
mation problem with those provided by Kalman filtering theoxy for the
linear state estimation problem. First, recall that the Kalman filtering
equations provide optimal estimates. The maximum likelihood estimates are
also optimal, in a slightly different sense, but only asymptotically in
general., Second, the Kalman filter provides a state covariance matrix that
provides an indication of estimate accuracy. In the maximum likelihood
theory, the inverse information matrix plays this role, but in general pro-
vides a lower bound which is only asymptotically tight. Third, recall that
the Kalman filter error covariance matrix is precomputable so that the per-
formance of various alternative hardware configurations can be evaluated
before components are procured and measurements are made. The information
matrix Izt(gg is likewise precomputable without measurements, but it de-

pends on the unknown parameter 0. Thus one has to assume some plausible

1Note that ;z(gp depends on 0, so the number of observations must actually

be computed for some plausible range of values of Q.
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SECTION 5

MAXIMUM LIKELIHOOD ESTIMATION OF LINEAR DYNAMIC SYSTEMS

In this section we finally take up the main topic of this report, the
maximum likelihood identification method for determining the parameters of
a linear-Gaussian state space model of a dynamic system. This class of
models was described in Section 2, and the general maximum likelihood method
was described in Section 4. We will see that the Kalman filtering theory
reviewed in Section 3 plays a key role in the subsegquent development.

The basic difficulty in applying the maximum likelihood method to the
identification problem is that the observation process is not independent,
i.e.,

p(z5:0) # p(z(0):;0) -+ - plz(£);) .
This leads to practical difficulties in the computation of the likelihood
function and the information matrix since p(EF;g) is a density defined over
a high dimensional space and is cumbersome to deal with. Moreover, recall
from the previous section that the asymptotic results concerning the maximum
likelihood method were all predicated on the assumption of independent obser-
vations, so that there are theoretical difficulties as well.

The key idea in the extension of the maximum likelihood method to the
identification problem is to write the more general factorization

p(z5:0) = p(z(t) |25 10y« + - p(z(1)]2(0)50) p(z(0):0)
and to recall that (in the linear-Gaussian case) p(ng)[E?—l;g) is charac-
terized completely by quantities computed by the Kalman filter corresponding
to 0. We will see in the sequel that this simple idea will lead to methods
for computing and maximizing the likelihood function and for computing the
information matrix, as well as an extension of all the classical asymptotic

properties of the maximum likelihood estimate. We will even be able to
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examine the behavior of the maximum likelihood estimate under modeling
errors (deliberate or inadvertent), an issue that does not seem to arise
in the classical case.

5.1 Computation of the Likelihood Function

The problem is to evaluate the maximum likelihood estimate Qt of o

which, by definition, maximizes p(gt;oc) . As mentioned above, this probability

density function factors as follows:

1

p(z500 = plz(0)] 2" i) ... p(2(0);)

But recall from Section 3 (equation (3.13)) that the conditional probability
density p(z(T) | ET_l;gc_) of the current cbservations z (T) given past observations

1
z

is (in the case of linear—-Gaussian state space models):

/ s e‘1/2_£' (T;g_)gl(T;g)_r_(T;g)

pz(0] 2" o) = 2m % (et s (Ti) ]

(5.1)

Since r(T;a) = z(1) - _’Z_\_(TIT*l;_O_L), where _%(Tl'r—l;‘o;t.;) and S(T;0)
é’.re generated by the Kalmén filter corresponding to @, the likelihood
function is readily computable for every & and set of data g_t.

Now to simplify the nianipulation of the above quantities, it
is customary to equivalently maximize 1n p(__z_t;gt.) instead of p(__z_t;gc_) itself.
This has the advantage of transforming the products into sums, which will
be useful when we will need to compute derivatives. It also replaces the

exponential term in (5.1) by a more amenable quadratic term. Indeed,

t = ™1
Inp(zio) = 2, Inp(z(M|z o
=D

Hl

where p(E(O)l_g__l;g) p(z(0);a) ; and
in p(_z__(T)l_z__T—l;_oi) = __ér_ In(2m) =-3}1n(det([S(T;a)]) -

SBr (TS (T W (i) (5.2)

r .
Furthermore, note that - 5 In(2w) is a constant term independent of Q.
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range of values of 0 for pre-experimental studies. Fourth, the Kalman
filtering concept is general in the sense that it is not restricted to
any one application area. The maximum likelihood concept is even more
general as it applies to nonlinear as well as linear parameter estimation
problems. Fifth, the Kalman filtering theory permits the sensitivity of
filter performance to modeling errors to be readily assessed. However,
such a sensitivity theory does not appear to have been developed in the
classical maximum likelihood theory.

Viewed as a possible concept for application to the parameter identi-
fication problem of linear dynamic systems, maximum likelihood estimation
theory can be seen from the discussion of this section to offer great
potential. However, some questions remain. Can maximum likelihood esti-
mates and related quantities such as the information matrix be readily com-
puted for the parameters of linear dynamic systems? Are the asymptotic
properties that motivate the use of the maximum likelihood estimate valid
if the independence assumption (4.6) is relaxed? Can we determine the
asymptotic behavior of the maximum likelihood estimate under modeling errors?
We will see in the next section that the answer to all these questions is

in the affirmative.
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Therefore the maximum likelihood estimate §£ can be more simply evaluated

by minimizing the "interesting part" of the negative log likelihood function:

z(zt;0)

(t+1) r ]

i

—[ln p(g?;gp + 1ln(2m)

i

1= T-1
Y tzn|z T (5.3)
T=0

where
2(z(0] 2" ) = %in (detiS(Tio)]) + % ' (1 s N r(tio)  (5.4)

Note that the new log likelihood function C(EF;QQ has two parts: a
deterministic part which depends only on S(t;a), 7=0,...,t and which is
therefore precomputable (see Section 3); and a quadratic in the residuals
part, which therefore depends on the data. The steps involved in computing
C(EF;QQ are summarized in Figure 5.1.

The above equations are vélid for the general case of a time varying
system. Note that each evaluation of the likelihood function requires the
processing of the:observations by a time-varying Kalman filter. A very
common practice in the case of time invariant systems is to instead use
the steady state Kalman filter. This introduces an approximation into the
computation of the likelihood function, but this approximation will be good
if the optimal time-varying Kalman filter reaches steady state in a time
that is short relative to the time interval of the observations. Of course,
use of the steady state Kalman filter greatly simplifies the calculation
of the likelihood function. 2As we will see in the next two sections, there
is also a great simplification in the computation of the gradient of the

likelihood function and of the information matrix.
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5.2 Maximization of the Likelihood Function

As was mentioned above, maximizing the likelihood function is equiva-
e . t . .
lent to minimizing 7(z :;a) defined in (5.3). The cases where the parameter
space in which 0 lies is discrete or continuous will be now discussed

separately.

5.2.1 Case 1. Discrete parameter space: g_g{gi,gg,...,gN}

In this case one can run N parallel Kalman filters to generate E(g?;gk),

k=1,...,N. The choice of @t is then trivial.

As an aside, we remark that if a priori probabilities Pr{§.= gk} are
available, then one can 'also get:
I t
= P = .
P (£) = Prin=g[z)} (5.5)
t
Pr{g_=_Q_Lk} e C(g .gck)
= (5.6)

-

N - t
Z Pr{g=9@2} e Z;(Z IC_XQI)
2=1

These a posteriori probabilities can then be used to weight the corresponding

estimates %(tlt—l; ) or corresponding controls gk(t), and therefore

_(_)L_k
generate an on-line adaptive estimate or control law. This is illustrated
in Figures 5.2 and 5.3 and is an example of the "multiple model" techniques
which can be used in many adaptive estimation and conﬁrol applications (sée
e.g. [8]). ©Notice the parallel structure of the computations which can be

exploited in advanced digital controller architectures.

%
5.2.2 Case 2. Continuous parameter space: O € R

In this case, a numerical optimization technique is required. These general-

Bg(zt;m) Bzg(zt:g)

ly require 00 and sometimes 3 0.2 , respectively the gradient and
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the Hessian of g(g?;g). Thus our problem is to derive expressions for these
quantities.

(i) Gradient Evaluation

Foxrward Filter:

We proceed by straightforward differentiation (see,e.g., [2] for a similar

treatment). From (5.3)

t -
ezt _ $ arzn]z e 5.7
BOLi =0 SOLl
where oci denotes the ith component of . From (5.4)
-1
8«_?;(_2_("()[_;_ L r'(t;s l(T;(_)L_) dr(T;)
30(.5_ 80Li
cnr (s Tt ST gl ray r (i)
+‘/2tr[s_l("c;oc) M} (5.8)

. The former is obtained by

ox(T:a) oS (T:; o)
so that one needs to evaluate -F = and —=__'=
i

Bui

differentiating (3.8),

Pr(tig) _ _ 3CLEi®) fpl 1,00 - c(e;o PR/ ELIR) (5.
30Li 3(}1]'_ - 3C\'.i

From (3.10), We can obtain the filter sensitivity equations

BRI+ €50 _ 4,0 3Lt t-1i0) W, Q) (5.10)
90,4 - 90,4 1
where
w (i) 2 B el + PRI iy, (5.11)
-1 doy oa;
+ {_Q_ [A(t;0)H{t;q) }}g_(t)
da, =TE=TE
Alt;) = A(t;) [I - H(ts) C(tio) ] (5.13)

and where, from (3.11),

RE o ] el (v ]}_s_"l(t;g_)

aai aai
- z(y t-l;g)_q'(t;g__)_s:l(t;g_) f—%}ﬁ}_g‘l(t;a) (5.13)
o, -

1
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From (3.9), we have

9s(t;e) _ cltsa) 3 (t] t-1;0) C (b0 + d0(t:)
+ 0D 5 (o109 ¢ (t10) + Cltie) It t-150) 2SI
da, - - - = - = ey
1 i
(5.1%)

and, from (3.12), we obtain the Riccati sensitivity equations

3_2_(t+ll tio) B_Z_I(t] t-1;0)

= A(t;Q) A'(tig) + Q. (t;0) + Q. (t;0) (5.15)
SOLi aui + 1
where
A - -
Q. (ti) = 22 Z(t| t-1;)A' - BH ?_9_-_ %(t] t-1;0)R"
e e == =5 ==
1 O,i
+ LEL'] + BAH o ' (5.16)
2 ga’i [-_:._ ] 2-_ aai 2 45 .

The derivation of (5.15) and (5.16) may not be as clear as that of (5.10) and
(5.11) and is therefore given, in more detail, in Appendix A.
Figure 5.4 summarizes the steps described above in the evaluation of

3T (z(t)] 2550
aai

. Since the recursive equations (5.10) and (5.15) run forward

in time, this approach can be referred to as the forward filter evaluation of

3L
o

. Recalling that 0 is 2-dimensional, this evaluation then requires:
1 Riccati equation (3.12) or n2 equations
1 filter equation (3.10) or n equations
£ Riccati sensitivity equations (5.15) or nzl eguations
% filter sensitivity equations (5.10) or n? equations

or roughly the equivalent of (2+1) Kalman filters. While this is quite ex-

pensive computationally, it can be carried out in a straightforward fashion.
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For the case of a time invariant system and observations processed
by a steady state Kalman filter, the equations above simplify. In this
case, S(0) and H(a) are independent of t, and the time varying matrix

equation (5.15) reduces to a steady state version

E;Z-_,=i§_-z=_i' + Q. +0' (5.17)
Bai' -Soci" =1 -1

This equation is termed an algebraic Lyapunov equation, and an efficient
method for its direct solution, called the Bartels-Stewart method, is
available [17]. It is noteworthy that a major part of the computations in
this algorithm involve only operations on é;which do not have to be
repeated when the equation is resolved for the differentjli.

There is also an alternate backward filter approach, with the
possibility of reduced computation, to the problem of evaluating the gradi-
ent of the likelihood function. Reexpress the forward filter equations in

the following form:

t t
__...____BC(E i Z B. (2 ;0)
(2
o, T=0
1
t A
+ Y v 2N BE(T;’)T 1:0)
T=0 Oy
t -
+ Z trl_{'(__z_ﬂ_q) M] (5.18)
T=0 Boci
A Ei0) | 5y,q) IR ELi0) g BT |t g
3o; Attig T — P T Yiz52) +@; (big
(5.19)
PR 60 _ 3y PEHE EL0 200y w0 (hw) + 00(Er) (5.15)
3o, 2t%id T T S R
1 1
where
B, (=50 = % tr{g‘lmg_) [T-r(t:0)r' (508 (£ ]

x[Z_C_(t;gL_)ZI_(t! t—-i;g) ac' (tra) . 90(t;0) J}

aOLi BOLi /
- s e 258D g e (5.20)
i
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<
N

2
1

- C' (t;oi)g-l(t;O_c)_r_(t;g) (5.21)

-1

L(_z_t;g) C'(ta)S () [I-xr(t;a)r! (t;g_)_S_-l(t;O_c)] C(t;a) (5.22)

i

and where (dropping the t and O arguments from matrix notations for clarify)

- _| o2& aC .
w; (t:0) [._- AH_éa—]x(tit—l,g,_)

ooy 7T 8oy

+%_aé + AT (t]t-1; oc)[ac' - g_‘;_ﬂ 98
30 T 30,4 0y

_crgTr o I(t|t-1;0)C' - c's™ier (¢ t-150) 3_—(1]5 ]gr(t,oc)
— — . —_— — p— au. —

1 1

+ B g (5.23)

gy T

(This form is derived in Appendix B.) The theory of adjoint equations,
briefly summarized in Appendix C, suggests the possibility of replacing the
nR-knzl'forward filter equations (5.19) and (5.15) with n+n2 adjoint equa-
tions running backward in time, -and using the adjoint variables to evaluate
the second and third terms of (5.18). Indeed, by direct application of

Corollary 3 of Appendix C we have the following

Backward Filter

t
é&ié_ﬂ:. 2: B (E. g
d0y T=0

R(070) | & _
+ AT(0;0) = "1= + E At w, (T-170)
LN =1 - -

+ tr[{\_(o;g_) 828(0 O‘):} zt: rA(t 70) (SZ (T-1;0) +Q "(t-1; oc)-,
: =
(5.24)
A(T50) = AN (T;0)A(T+L;0) + Y (z';0)
Atsa) = y(z Q) (5.25)
A(T50) = A (T;00 A (T+1;00A(T;0) - A" (TGOA(THLA)Y' (2 50) + T (2 50)
Alt;) = ;(gt;g) (5.26)

These equations run backward in time and can be referred to as the backward

filter evaluation of ggi-(summarized in Figure 5.5). Furthermore, in com-
i
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parison with the forward filter approach, the backward filter approach
requires:

1 Riccati equation (3.12) or n2 equations

1 filter equation (3.10) or n equations

1 adjoint Riccati sensitivity equation (5.26) or n2 equations

1 adjoint filter sensitivity equation (5.25) or n equations
or roughly the equivalent of 2 (1 forward and 1 backward) Kalman filters.
This apparently represents less computation but the storage burden is now
increased. Therefore, the relative advantages of either the forward or back-
ward filter approaches depend heavily on the particular application.

As a final comment, we note that A}t) and A(t) in the adjoint equations
have interpretations as Lagrange multipliers or costates of an optimal control

problem (see e.g. [10]).

(ii) Hessian Evaluation

The evaluation of the Hessian of ;Qiﬂgg proceeds, in principle, as for
the gradient. However it requires roughly the equivalent of 22 Kalman fil-
ters which is a very heavy computational constraint and so is not attempted
in practice. An aiternate approach is to use the information matrix

2 t
He3

I t(OL) = E{é.Eﬁé;.:llg}

27 do2

instead, or, as is usually done, an approximation thereof (see e.g. [9] and

Section 5.3 below).

(iii) Numerical Minimization

At this point one can use a gradient algorithm of the form:

t Ak
HeA
e e ac(aga 8

. k
Gk being determined by a one dimensional search and the choice of W deter-

mined by the choice of one of the following methods [20].
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k
Steepest Descent Method: W =T

This method is simple but has a slow convergence.

W = 322589 |7

Newton-Raphson Method:
Bg?

This has the fastest convergence but is complex and expensive.

Approximate Newton-Raphson Method:

32.(Zt.ﬂk)
The idea here is, as mentioned above, to approximate -£L==§g——
Yo
by its expected value I t(:k) and to further approximate S

Z

I t(&k) by the expression given in Section 5.3. This is the most
=t =

common method.

Quasi-Newton Methcd:

-1
5% (2% 58K)

Baz

k . . .
Here, W is again an approximation to but isbuilt up

during the minimization process which starts out like the steepest des-
cent and then switches over to become like the Newtoﬁ;ﬁépﬁson.

Note that the approximate Newton-Raphson method requires that the
information matrix be nonsingular. We will see below that singularity

of the information matrix implies that our model set is overparametrized.

5.3 Information Matrix

Recall that the information matrix is defined by the equivalent
expressions (4.4) and (4.5). Therefore, from (5.3), we can write the infor-

mation matrix as

t 3% (z(m ]z i)

I . (0) =E e Fo R (5.27)

A %EE% 902 "'f
It is useful to define the conditional information matrix I : 1(OL) by

—Z}t)‘EF" -

the equivalent expressions

T it tel e N

Q) = Z HeJ
“z2(t) |2t T 302 - —§
3 (z(t) |25 1;0) © 3Z(z(v) |28 L) | t-1
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so that we can write

t
Iyl =E 2L

t -
=3y I @) (5.29)
z

From (5.29), we can see that to derive an expression for I t(oc), we need
b=

to first obtain an expression for I

Lol r-1(@) and then to compute its
z z

expected value I
T2 ]2t

The calculation of I
-._Z-(T) [_Z__T-

(o).
l(g) is carried out in Appendix D, where

the equation

dr(T;o) dx'(T;a) -1
I (o) =t == = = .
[—E(T) | zT-1 .'}ij r [ Yo 503 s (T,g)]

9s(T;a) -1 Is(tia) -1 1
=S : —_ = ; ‘
+ % tr[ o, = (T52) T s (1 g_)J (5..30)

for its ijth element is derived. Using (5.30) and the equation

or(T;Q) or(T;o)

- 1 -
E{.fi;(_f_%)_ _Lr._i:f.g} -5, (Tia) + , (5.31)
o0 Saj =1] d04 Suj
dr(T:o) Ar(T;a) .
where —e——= denotes the mean of = =_ and S, .(T;a) denotes the covari-
5oei 905 ‘l:l( @
ance matrix between gé%%;gl. and égégigl., we can obtain the equation
i 3

2 Jr(T;0) 3r'(T;0) -1 ]
I L () = Y| e == =_ S “(T:;)|+
[__z_(T) [E’E 1 ]ij [ Boai Baj

-t

| U R L 08(T;a) -1, . 9S(t:;a) -1 .
+ ta;[_s_ij(r,g_)_S_ (T:) +% 5, 5 "(T59) 5s s (T,_O_z)].
(5.32}

The corresponding expression for the information matrix is

t dr(t;a) or'(T; )
tr

-1 )
I (o = E: . Ol S ; +
['__z_t _}lj = 3061 30‘3 2 (T 9’..)]

t - . - . -
. tr[gij(T;g)g Lirsa) +35 O80T g71ip gy 38T 1(1;_@_)}

=0 da, ch,j

(5.33)
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Evaluating S 13 (T;0) and dr(ti is conceptually straightforward although

2 = o

i

. . or(T;a)

From equation (5.9), it follows that _;—_5._..:_
Ol
dr(T;:q) . , . . .
,==1I;=_ are the outputs of a 4n-dimensional linear system with state vector
j

consisting of x(t), &(t|t-1;0), w , and w

computationally expensive. and

with white
. d0<
i J

noise inputs __E_(t), 8(t) and with input u(t) (Figure 5.6). Therefore, we

can solve the usual equations for the mean and covariance of this system

(see, e.qg., Chapter 4 of [l]) to generate §ij(’r;g) and ?ig—i-c-x:)_ . We omit -
the details of this computation; some of the ideas are illustrated in the
following simple example.
Example 5.1
Our system model is
x(t+l) = au(t) + E(t)
z(t) = x(t) + O(t)
where x(0), E(t), O(s) are all independent, zero mean, and have mean

square value equal to one. The true system has the same form, with

0=1. Clearly, we have

2] t-1;0) = 2(t|t-1;0) = au(t-1)

s(t) = E{[z(t) - 2(t|t-1;001%]0} = 2
independent of o. Therefore,

or (t;0)
T = u(t)

which (trivially) has mean u(t) and covariance 0. Therefore, from

{5.30) »

= 2
I o, = T o) = ;5 (
2 |21 @ = Iy e @ = E D

so that

t .
I (=3 %u(n .
z T=0
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Although the information matrix computation in the above example is

extremely simple, it is in general quite expensive to calculate the informa-

tion matrix.

The mean and covariance equations of a 4n dimensional linear

dynamic system must be propagated and the sum (5.33) accumulated to determine

u(t)

—1  filter
SENSItiVily — jom——
equation (i)
—
o
model z() filter 5(f| t-1;0)
Q a
> filter
sensitivit e
e equaﬂoné)
a

Figure 5.6.

dx
Oa,

Linear System for Information Matrix Element Computation
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one element of the information matrix. This calculation must be repeated
2(2~1)/2 times since there are that many distinct elements of the sym-
metric information matrix.

As was the case for the evaluation of the likelihood function and
its gradient, the evaluation of the information matrix simplifies somewhat
if the system is stationary and it is assumed that the likelihood function
can be evaluated by a steady state Kalman filter. 2s discussed previously,
this assumption introduces an approximation that is valid if thé observa-
tion time interval is long compared to the time required for the optimal
Kalman filter to converge to its steady state. Under this approximation,
we have S(T;0) = S(¢) and §ij(T;g) = §ij(g) constant, and these matrices
can be evaluated by solving the steady state covariance equations for the
system of Figure 5.6. (The special form of this system can be exploited
in the computations.) The resulting expression for the information matrix

is

t
dr(T;a) or'(T;a) -1
I  (a) = t = = = = g
~zt ¥ ’[é%) r[ 90y day T @}

i BOLj

+ (t+1) tr[s. (s Ly + 5 8@ sy B s"l(oz)Jo
=iy = = da: T T - =
(5.34)
The first term in (5.34) cannot be simplified without further assumptions
on u(t) (e.g., u(t) periodic).

An alternative to the solution of mean and covariance equations for

determining the information matrix is to use the stochastic approximation

t ? - -
ROED)> tr{a_r_(r;_qz_) 9L (i) o71ip, g

04 904 T

9s(T;a) ~1 as(T;a) 1 "
+ L = = S : = = S : . .
* do; < (tsg) 5aj s (T 2{] (5.35)
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Note that the right hand side of (5.35) is a random variable that has
expected value equal to the left hand side (from (5.29) and (5.30)).
Therefore, equation (5.35) makes sense if the standard deviation of its
right hand side is much smaller than its expected value. This will be

the case, for example, if the dominant system excitation is the known input
u(t) rather than the stochastic input £(t) so that the first term of (5.33)
dominates the second. Alternatively, in the absense of deterministic
inputs but with the assumption of a stationary system, it can be shown

that the approximation (5.35) is good if the observation interval [0,t] is

dx(Ti) 4 9£(Ti)
Boci 8&:‘

Notice that all the quantities in (5.35) are evaluated during the com~

t
putation of the gradient Eféé;igl

readily computed during a gradient search for the maximum likelihood esti-

much longer than the correlation times of

. Thus the approximation (5.35) is

mate @t. In fact, (5.35) is the approximation to the information matrix
used in the approximate Newton-Raphson method (Section 5.2 above).
Another use of (5.35) is in on-line identification for adaptive esti-

mation and control. The idea is to extend the multiple model adaptive

algorithms briefly mentioned in Section 5.2.1 by evaluating not only

t
Q(gF;GK) but also fEf%_;%gl and the approximate expression for I t(OLK)
2k M Spt'-

for a fixed number of parameter wvalues _QLK, k=0,1,...,N. One can then
pick the smallest C(gt;gtK) and take one approximate Newton-Raphson step
away from gK to interpolate between models in the parameter space. This
method, termed the parallel channel maximum likelihood adaptive algorithm,
has been applied in a number of practical problems [1l1]. It has two very
significant potential advantages over other modifications of the maximum
likelihood identification method for on-line applications. First, the
practice of anchoring the kalman filters at a fixed number of points in

parameter space leads to an algorithm with a stable and predictable
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behavior; divergence problems cannot occur. Second, by careful selection
of the gK one can eliminate the problem of convergence to local minima of
the likelihood function associated with on-line, recursive implementations
of the maximum likelihood method.

So far we have emphasized the role of the information matrix (or an
approximation thereof) in algorithms for numerical minimization of the
negative log likelihood function. However, the information matrix also
plays a crucial role in analyses associated with identification problems.
Indeed, we have argued that a parameter estimate is of little value with-
out an indication of its accuracy.

For the maximum likelihood parameter identification method, the Cramer-
Rao lower bound

B{(a - 8)@- 8)'|a) > ;z‘tl (@)

provides a lower bound on the accura;§ of parameter estimates.l As we have
shown above, the information matrix can be precomputed without actual
observations, and thus the Cramer-Rao lower bound can serve as a tool for
experimental design. The maximum accuracy of parameter estimation can be
evaluated as a function of such experimental conditions as sensor quality,

system excitation, number of observations, etc. before an identification

experiment is performed.

5.4 Asymptotic Properties

In this subsection the following assumptions are added to the linear-
Gaussian model considered so far.
e The system is time invariant.

® The noise processes are stationary.

lWe will see in the next section that under certain conditions this bound
is asymptotically tight.
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® A steady state filter is used to compute the likelihood function.
Furthermore, let 90 denote the true parameter which is assumed to belong
to M. Then, the asymptotic properties of maximum likelihood identifica=-

tion mentioned in Section 4 apply as follows.

4. i lim § =
5.4.1 Consistency (t*” gt 90)

In Section 4 we discussed the consistency of maximum likelihood esti-
mates for independent, identic¢ally distributed observations. Recall that
the basic condition for consistency was that no parameter has the same
single observation likelihood function as the true observation. Since the
conditional likelihood function p(E(t)lgF-l;gg is the analog for dependent
observations of the single observation likelihood function, it is reason-
able to conjecture that an identifiability condition of the form

plz(t) |25 # plze) 25 )
or equivalently

2(z(0) |25 o) # tzm 25w
for all o # gofiM would be sufficient for consistency. This is essentially
the situation for the case we are considering, except for some difficulties
associated with the presence of the inputs u(t). We will see that the
above inequalities can be checked in terms of quantities associated with
the steady state Kalman filters corresponding to 0 and 90'
Recall that @t minimizes C(EF;QQ which depends on 0 through the Kalman

filter residuals r(t;a) as well as their covariance §j99.l Rewrite (5.8) as

-1
32z i L v ir0ys by PELI)
doi - - = G4

+ 3 tr [(;_— sHoyr(tio ! (t500)8 (@) ii—_‘f‘-—l]
Cl,
1

where the first term is the ith component of the gradient of

lRecall the stationarity and steady state assumptions made above.
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QQE(T)iET—l;g) holding S(0) fixed and the second term is the ith component
of the gradient holding r(T;0) fixed. We then see that the maximum likeli-
hood technique involves minimizing a weighted quadratic criterion in the
residuals as well as fitting the residuals second moment to their presumed
covariance S(Q), precomputed through the algebraic matrix Riccati equation
corresponding to ®. One would therefore expect that if, for some O # 9‘0'
r(t;0) and S(0) are respectively identical to E(t;go) and §jg0), go will
not be identifiable.l

Now by virtue of the stationarity assumptions made above we can con-

sider the frequency domain description of the steady state Kalman filter

as shown in Figure 5.7. Let

Gly:ia) = c(o) (41 - a() B ()
and
H(y:0) = C) (41 - Aw) TA(WE(Q) + I .
Then
r(w = - B eou) + EEe Tz (5.36)

and, in view of our discussion above, it comes as no surprise that it is

necessary for consistency to have

Gz Z G(yi%,) (5.37)
or

H(y:a) Z (H(y:0) (5.38)
or

s # s(a,) (5.39)

for all o # go, aE€ M since otherwise some other parameter would have the

same likelihood function as the true parameter.

1We use the phrases "o_ is identifiable" and "the maximum likelihood esti-
mate is consistent" interchangeably.
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A
z
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% = transform variable

Frequency Domain Description of the Steady State Kalman Filter

Figure 5.7
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Let us now raise the question of the sufficiency of those conditions
and let us restrict our attention to the case where u(t) = Q} (or equiva-
lently, G(y;%) = 0 VoeM. 1In [13], Caines shows that, under assumptions
of stationarity of the inputs and outputs of the system (which in our
present case follows from stability), gt converges into the set MO of para-
metersndnimizingE{g(E}t)IEF—I;QQIQO}. Note that under our present assump-
tions this is a time invariant function of 0. It is also implicitly shown

in [13] that if condition (5.38) is satisfied, then 0. is the only element

0
of MO and consistency of @t follows. This says that if the steady state
Kalman filter transfer function Ejg;go) corresponding to 90 is different
from that corresponding to & # 0., then @t is consistent. If, however,
these transfer functions are the same and condition (5.38) does not hold,
then condition (5.39) is necessary and sufficient for consistency. This
result is shown in Appendix F and is illustrated by the following example.
Example 5.2

Consider the system

x(t+1)

]

E(t) 7 E(t) ~ N(0,E)

z(t) x(t) + 8(t) ;5 6(t) ~ N(0,0)

where 0 contains unknown parameters in Z and O. Clearly

2(t|t-1;0) = (Rt|t-1;0) =0 voe M
so that
H(y;0) = I and G(g;0) = 0 voe M
However,
S(@) = Z(@) + 9()
so that @t will converge to R if and only if
s(@) # 5(,) o # oy ,aeM -

lThe case where general deterministic inputs u(t) are present requires a
more elaborate analysis which is briefly sketched out in Appendix E.
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The above discussion has considered global identifiability, but one
can also define a notion of local identifiability. The following examples
will clarify this point.

Example 5.3
u—>{g(z)

x(t+l) = ax(t) + bu(t)
z(t) = cx(t)
o'=[a b cl
- Cb
9(yi%) = 273

and one cannot identify c and b, only their product cb. "

Example 5.4

t+1
xl( ) 1

a2x2(t) + £(t) i oa, #a

a xl(t) + E(t)

It

xz(t+l)
z(t) = x (t) + x (t) + 0O(t)
and if al and a, have their true values exchanged they give rise
to the same E{C(z(t)]zt_l;a)} thus making the two sets of values
indistinguishable. [ ]
Note in example 5.4 that there exist .neighborhoods about the true
values of a; and a, such that the maximum likelihood method will be con-
sistent if restricted to these neighborhoods. On the other hand, in exam-
ple 5.3 no such neighborhoods about the true values of ¢ and b can be
found. The situation in example 5.4 is termed local identifiability and
often suffices for practical purposes.
Local identifiability can be investigated by determining the rank of
the information matrix.l Indeed, under the above cited assumptions of
lDetermination of rank is a difficult problem for which a sophisticated

numerical analytic technique is required. The singular value decom-
position approach is recommended [17].
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Caines [13] and u(t) = 9,1 we formally have, for some neighborhood of aO

Elz(z(0)]z5 ) - oz ]z a,)

t-1
- 80, =g
2 t-1
+1/2(g_g:0)| E{a ;(E(t)l_z_ ;9‘_)} @-a )
%2 o=, T 70
+ h.o.t. (5.40)

But the first term after the equality sign vanishes for g = uo and the
. - s 2
matrix of the second term is I (o) by definition. Therefore, in
E(t) lEt—l -0
view of the above consistency results, the positive definiteness of

I (00 ) is a sufficient condition ([20]) for o _ to be a unique local
Tz(t)] 28710 =0

minimum of E{C(E(t)!zf—l;q)} and for @t to be locally consistent.
So far we have discussed identifiability conditions for the consistency
(global and local) of maximum likelihood identification under assumptions
of stationarity and steady state Kalman filters. We now briefly address
the other asumptotic properties mentioned in Section 4 under the same

assumptions and conditions.

5.4.2 Asymptotic unbiasedness

As indicated in Section 4, this follows from consistency since, under
very general technical conditioms,

lim g{4 - g{lim -
o8 Bl ogd = elfin g fa) = o

5.4.3 Asymptotic normality

As t>®, 8 tends to a Gaussian random vector with mean ao and covari-

t

1

See footnote p. 53.

2 . . . . . .

Under the present assumptions I t—l(a ) is a time invariant quantity
“z(t) |z =0

(see also Section 5.3).
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-1 . . -
ance E't (go). This was shown in [14] under general conditions of smooth-
pA

ness and boundedness of the innovations. As argued in Section 4, this also
allows us to compute confidence intervals for uo about the estimate &t which

is a useful tool in applications.

5.4.4 Asymptotic efficiency

R §
- lzt (qO)

1im - A - '
Snel@, -9 @ - oy ol

follows from asymptotic normality. In conjunction with asymptotic unbias-
ness, this means that the Cramer-Rao lower bound is achieved for a large
number of observations.

Note that under the assumptions of this section, we have from (5.34),

for u(t) =0

@) = (1) trls; s @))s” Ly + 15 98(@0) g1 ) 38@g) -1
—zt -0 %: — -0" "ja. — -0
u,l 3

(t+1) I
) L0 |21 20

and here again, in terms of the asymptotic covariance matrix

l ——l

e{@, -a)@ -a)'} =T z(t)lzt‘l(a )

This generalizes equation (4.9) and plays a similar role from an applications
point of view.

The asymptotic efficiency property of ML estimates is quite important.
It says, for the special case of very long observation sequences, that the
maximum likelihood identification method is an optimal method in the sense
that it gives unbiased parameter estimates with minimum error coyariance
matrix. Note that the asymptotic efficiency property agrees with our earli-
er statement that the Cramer-Rao lower bound tends to be tight when the
signal-to-noise ratio is high; the large number of observations effectively
permits us to average the noise down to a low level.

Finally, we recall our discussion of Section 5.3, where we pointed
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out that since the information matrix is precomputable it can play an
important role in experimental design. The fact that the inverse informa-
tion matrix is an asymptotically tight lower bound to the error covariance

matrix provides additional support for that discussion.

5.5 Maximum Likelihood Estimation Under Modeling Errors

One is often in a situation where the true system is not a member of
the model set in use. This might happen inadvertently, as in the case
where one is ignorant of the true system's order, or deliberately, as in
the case where one uses lower order models to reduce the computational
burden. As we have seen, maximum likelihood identification requires
repeated solution of the Kalman filtering problem which is a significant
computational burden if the dimension of the models considered is large;
so there is indeed a great incentive to work with reduced order models.

" The previous analysis does not apply to this situation and the question
of convergence of the ML estimate has to be reanalyzed in the present context.
One possible approach to this problem has been suggested by Baram and
Sandell ([15]) and relies on some information theoretic concepts which will
now be summarized.

5.5.1 Information definition and properties

The analysis presented in this part is general, applyingtx>anymodelsetM,
finite or nonfinite, and requires no assumptions of Gaussianess or stationarity.

Recall the probability density of past to present observations

p(EF; ) = p(g}t)]gf_l; ) .. p(z(0);:0)

where o can now be any element of T = MU{*} and where * denotes the "true"

parameter. If for some pair of parameters 0., O, we have

1 2

t
p(z50.) > plzia)

then it is natural to say.that the information in the observations contained
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, t
in z~ favors gl over az. The above equation is equivalent to

ln p(g_t;g_l) > 1n p(_z_t;__q )

2

or

(z%:0.)
in P12 %) 5
p(ztia,)

.

t.
p(z*ig,)

. . . t
Therefore, 1n can be regarded as a measure of information in 2z

p(g_E;g&z)

favoring o. over o_. Similarly,

1 2
w PEe) _ P e | a2 )
p(zFia,) p(zFTia) p(z®)]zFTia,)
can be regarded as a measure of the new information in z(t) favoring gl over
92. Finally define,
I (@ 50) = E,lin p(—z-(t)'-z-t—l’g»l) I (5.41)

pz(t)] 28150 J

the expected new information in z(t) favoring _c_x_l over _(_x__z.

Note that the expected value in (5.41) is taken with respect to the
true probability measure. So Jt(gl;gz) can only be computed if the true
probability is known. But it is still useful as an analytical tool as will
be shown later.

Now some of the properties of Jt(_o_tl;g_z) are presented. The proofs can
be found in [15].

i) For any o €M,

3 (*;0) >0 (5.42
with the equality holding if and only if

P(_g_t;*) = P(g_t;gc_) a.s.
I.e., on the average, the true model is always favored by

the observations.
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U ERCRERY:

lJt(gi;gj)l !Jt(gjfgiﬂ
lo (eyso0] <o 0l |3, (agra)]
I.e.,
dp(@;50,) = IJt(qi;qj)I (5.43)

constitutes a pseudo metric on T or an information distance

between 0., and 0,.

5.5.2 Application to linear systems

Returning now to the linear-Gaussian case with stationary system and
model, consider the true system described by equations of the form (2.1)
through (2.11) assuming u(t) = 0 (i.e. only noise inputs). This true system
can then be specified by the n* dimensional time invariant matrices:

{a(%) ,L(*C(*) ,E(%), 0%} (5.44)
and the nu dimensional model set by

Moy = {(a(@),L(@),c(e),E(@,0(a); oe M} (5.45)
As before

S(t;a) = Ea{(gft) - gft;gg)(gft) - éﬁt;gp)'}

= B, (0 r (£} (5.46)

denotes the predicted observation error covariance assuming that o is the
true parameter. If each model in (5.45) is detectable and controllable (see
[6]) the steady state limit

S = 130 s(tio) (5.47)

exists and has a finite positive definite value.
Furthermore, let

S, (t;a) = E {r(t;o)x' (t;0)} (5.48)
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denote the observation error covariance of the predictor corresponding to
o when in fact the model corresponding to * is the correct one. Here again,
let

Sl = 1l s, (t;0) (5.49)

be the steady state limit if it exists. §*(g) is generated by solving the

covariance equation for the (n* + n@) linear system described in Appendix G.
(One will note the similarity to the reduced order filter computations in
equations (3.16) through (3.18)).

Finally, assume that the residuals sequence r(t;q) is ergodic (a suf-
ficient condition would be the stability and observability of the corres-
ponding stationary model M(a)). Then, the conditional probability density
of z(t) given the past cbservations EF_l corresponding to a model M(g)
is given by (5.1) and the information distance between two models M(gl) and
M(gz) can be derived as follows. From (5.41) and (5.3)

3, @59, = E*{cgg(t)lgf“l;gé)} - E*{;gg(t)ygf'l;ql)} (5.50)
where, under the additional steady state assumptions used in Section 5.4,

E*{cgg(t)Lgt’l;q)} =1 In det[s(@)] + % tris T (@)s, (@)] (5.51)
is a time invariant function of &, as argued in Section 5.4.1.

We also have

from (5.41) through (5.43)

J(@50,) = T(*0,) = T(%;0))

-1

d(*;qz) - d(*;ql) (5.52)
where d(*;0) is the information distance between * and Q.
It can then be shown that, under the above assumptions of stationarity
‘and ergodicity (see [16]), maximum likelihood estimates on the compact para-
meter set M converge almost surely to o where
d(*;qo) < d(*;a) (5.53)
for all o € M.

This means that maximum likelihood estimates converge to the parameter
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in M closest to the true model. This also represents a generalization of
the consistency result of Section 5.4.1. Indeed, in view of (5.50) - (5.52),
condition (5.53) holds if and only if

B, t(z(®) [z o)} < B lzz® ]2 hw) (5.54)
and the same identifiability issues as those discussed in Section 5.4.1 are
relevant here to go which satisfies (5.53). 1In other words, the consistency
and identifiability properties connected with the true parameter in Section
5.4.1 generalize here to the parameter which minimizes the information dis-
tance to the true parameter.

Recall now that this section was concerned with linear stationary
Gaussian models with only noise inputs. Here again, as mentioned in Section
5.4, the presence of deterministic inputs complicates the analysis. Indeed,
the information distance defined above, depends in this case on EF as illus-

trated by the following simple example.

Example 5.5

Consider the true model:

xl(t+1) _ 1 0 xl(t) . ul(t)

x2(t+2) 0 -1 :xz(t) u2(t)

y(t) = xl(t) + xz(t)

and the lower order models

M(ocl) : [ x(t+l) = x(t) + ul(t) + uz(t)
y(t) = x(t)
and
M(az) : x(t+l) = - x(t) + ul(t) + uz(t)
yv(t) = x(t)

Then if ul(t) = 1 and u2(t) =0
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i

Then if ul(t) 1 and uz(t) =0
t
; >
J(ocl,oczly_) Y
forcing the choice of M(al); and if ul(t) = 0 and u2(t) =1
t
J(ay50q|u’) >0

forcing the choice of M(uz). This makes sense since in each case we

are exciting only one of the two modes of the true system. L

The convergence analysis in the presence of deterministic inputs as well as
the other asymptotic properties of maximum likelihood estimates mentioned

in Section 5.4 will not be discussed in this report.
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SECTION 6

SUMMARY AND CONCLUSIONS

In this report, we have given a brief introduction to the maximum
likelihood method for identifying the parameters of a linear-Gaussian state
space model. We have ignored or only mentioned briefly a number of impor-
tant issues including approximate maximum likelihood identification of non-
linear systems, special cases of the basic formulation that can be imple-
mented with less computation, determining the best model order, and many
others. Rather, we have concentrated on the issues of computing and inter-
preting the maximum likelihood estimate of the unknown parameters in a
general linear-Gaussian state space model of fixed order. Our most basic

conclusions were the following

® Maximum likelihood theory provides asymptotically optimal estimates

in the sense that they are asymptotically unbiased and achieve the
Cramer-Rao lower bound.

® A gquantitative measure of estimation accuracy is provided by the

Cramer—-Rao lower bound which is asymptotically tight.

e Asymptotic accuracy of parameter estimates canbe determined off-line

by computation of the Cramer-Rao lower bound so that various alter-
native experimental conditions can be evaluated before data is
gathered.

e The maximum likelihood equations are general-purpose, valid for any

linear state space model and involving compuations familiar to Kal-
man filter designers.

e The asymptotic sensitivity of the maximum likelihood estimates to
modeling errors, either inadvertant or deliberate, can be readily

assessed.
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It seems to us that the above properties are essential for any ade-
quate theory of system identification. It is notable that these properties
of the maximum likelihood method for the nonlinear parameter identification
problem are similar to the properties of the Kalman filtering method for
the linear state estimation problem. Kalman filtering theory has become
a basic tool for off-line studies of system performance during preliminary
design studies by covariance simulation, and for on-line integration of
multisensor systems. We feel that maximum likelihood theory will become
a basic tool for off-line problems of identification experiment design and
for processing of experimental data to extract estimates of system

parameters.
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APPENDIX A

DERTIVATION OF THE RICCATI SENSITIVITY EQUATION (5.15)

Consider the Riccati Equation (3.12)
L(t+l] ;o) = At I(t] t=1;0) A" (t50) + L(t;a) B(t;00 L' (£;0)
- Al )H(E; ) S (£ ) H (£7) A" (£50)

Dropping the arguments and underscores from the matrix notations for clarity,

differentiate with respect to oy and use (5.13) for %%—
T (t+1] ki) _ , BT( t-1;0) ., ;)E; LEL]
30,4 304 90,
- aHC Ax (t] t-1;0) At
Ja,
i
- ABZ(dj:ng C'H'A!
O3
9C .

i

AL (t] t-1;0) g—g— H'A'
i

+ AH 9s_ H'A!
B&i

BA L} T ]
+ 5?.7;- Z(t] t-1;0) [T-C'H']A

+ A[I-HC] Z(tlt-1;0) g—%L (2.1)

Substituting for g—z— from (5.14) and using the definition of A in (5.12),

The first, third, fourth terms and the first substituted term in

(A.1) group into:

5 9Z(t] t-150)

, A'
aoai

The eighth and ninth terms into:

A .= 9A'
5o Tt 1500 A+ AN(Y] £-1:0) 3o
The fifth, sixth terms and the third and fourth substituted terms

into:
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APPENDIX B

DERIVATION OF THE FORWARD FILTER EQUATIONS (5.18) TO (5.23)

As in Appendix A, the arguments and underscores are dropped from matrix
notations for clarity.

Consider equation (5.8)

t
dc(z(t)]z i) _ g1 gr _y gl gs sl tr[s—l gs ]
aO',i ai . Ol,i
N} -1, .1l 3s
= r'Ss Yo, + > tr[S (I-rr's ) —_805. }
i i
, or 38
And substitute for o from (5.9) and Yo from (5.14).
i i
t A
dc(z(t)]z 500 _ r.s—l[_ g; 2t =150 - C 3R (t] t—l;g_):l
3di i 3&i
+ L tr[s'_l(l— rr'S-l) (C M c' + 90

ac ac’
+ 5o Z(t[ t-l;a)Cc' + CZ(t[ t-1;0) -a'a-—)]

. -1 1,1 1,0y 2,20
= ztr[(s S “rr's )(2‘32(*-'-,"-1'9‘.) Ya +2)0Li>

i "l BC ~ .
- s S Rt t-1;0)
1
-1, 3%t t-1;0)
aai

- r's

+ ‘/ztr[C‘ s™t-sters™h e BT (t] =150 J
90

where for the first term the identity
tr(AB) = tr(a'B')

was used, and for the last term the identity
tr(aB) = tx(BA)

was used.

FEquation (5.18) with (5.20), (5.21) and (5.22) now follow.
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aC 2V - 3 -1 . ac' Tt
- BH 5oy T(t] t-1;)A" - AL(t] t-1;0) 5o, H'A

Finally the second term and the second substituted term remain as:

d oyt 0 € tpt
80(“[L._,L] + M{BQ.H A
1 1

Equations (5.15) and (5.16) now follow.
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Consider now equations (5.10) and (5.11). Using (5.12) we can reex-

press (5.11) as

_ 9 - 5 . 9 OB
@, (£;0) = 70— [A(T-HO)1R(t[t-1;0) + 5o— [AHlz + 35— u
1 1 1
_(2a _ 9C \a -1 9 OB
= (‘aoc. AH aa,)X(tIt 1;0) + 5o— [AH]r + 3= u
1 1 1
But, from (5.13) and (5.14) we have
d _ oA X ,.-1 oc' -1 _ vl .
W[AH]—BG'H+A——BOL-CS +A280LS AXC'S c—~«8 C's
1 1 1 1
~arcrs P29 gl L apeigt 2C gaigtt
Boci o0
1o g BCt 1
- AIC'S czaai s .

The second and fourth term group into

i 8_2 C'S_l
o0,
1

and equation (5.19) with (5.23) now follow.




Some

-69~

APPENDIX C

ADJOINT COMPUTATIONS

properties of adjoint equations are discussed.

Lemma :
Suppose J = <¢,x> where AX = b, A invertible.
Then J =<A,b> where _é*__ = c.
Proof:
"‘l "'l *
J =<g/A b>=<(a Ne,b>= <A, b>
where (A D)*c = (a%) lc = A
or A*A = ¢
Corollary 1
T
]
Suppose J = Z Etz{-t
t=0
= + i .
where §t+l _t_:_ct 1_1t ’ ;_(O given
Then J=2x +£Xu
0 =0 & t=t-1
=A"' + =
where A =Bilgg vy o A =g
Proof:
I 0 0O+« -0 0 0 X XO
-AO I 0.+« 0 0 0 . xl Uy
. . ! - .
. h .
- I
T-2 0
0 "AT—l I XT uT—l
L S e e —— —
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From the lemma

=)\ ... T ]
3 [AO A AT] %,
Yo
Ur-1
where
Iz -A! o . T e
0 . « 0 0 0 CO
0 I —Al . . 0 0 Al ¢
I -l
Bpo1
0 I | AT Cn
i.e. AT = <,
1
= A A +
M = Rt T % .
Corollary 2
T
Suppose J Z tr[gt_t] » C, symmetric
t=0
X =A X A + X _ qgi . o
where X b1 ét-dzét gt ’ Xy 9iven and symmetric, gt symmetric

T
Then J = tr(d X)) + 1—_2=:1 tr[l_\._t‘gt_l]

1 =Aa"' + =
vhere Ao =R B2 S A= &

Proof:
Define formally the operator

= - / - ] +
Q(XO’XJ.’...'XT) = (Xor AOXOAO + Xll"’l AT"le"'lAT"'l XT)
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and the inner product
T

E tr[c X, ]

=0

Hi

,.--,XT) >

<(c_,cC
( 0] 1

ll"'lCT)I(XOIX

Evaluate J = <(co,cl,...,cT) , (xo,x .,XT) >

1'""

subject to Q(Xo,...,xT) = (XO,U )

O'cco,UT_l
From the lemma,

J = <(AO,A1,...,AT),(X0,U reee Ul ) >

0 T-1

)

XL

where 5?*(AO,A1,...,AT) = (CO,Cl,...,C

*
But k74 (AO,Al,...,A )

m’

o = BhaBgreeeihy g = Ay Ay g0 A

indeed: §QﬂXO,X1,...,XT),(AO,Al,...,AT)>

T -
trX A1+ tr E erl(-A_, %, A + XA

T
= > 3 - 1
tr[X Mgl + é erlX, A A o+ x A

= X - ' - '
tr( vo XOAOAlAO] + tr[xl/\1 X1A1A2A1] + ...

ee. *+ X / - M +
BB A1y Ppog Apppog )+ ErIx AL
T-1
= - ' 4 X
; tr[xt(/\‘t At At+1 At )] trl TAT]
= < (xo,xl,...,xT),g*(Ao,Al,...,AT) > -
Corollary 3
T , :
- = <t [ i
Suppose” J EZ% {gt e tr[§t§tJ} ' Qt symmetric
= - + - 3
where el T ¥ TRES YU X given
and §t+l = ét§té£ + gt i §O given and symmetric,‘gt symmetric,
T

= ' + + ! +

Then J AO X, tr[Qogol 2: {ét U _q tr[étgt_l]}
t=1
]

where A =B Ay T g rAp = Cp
and A, =a'A A -n' "+c, A, =cC. .

-t St —t+l-t 2t Se+1St t
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Proof:

Define formally the operator

, - ... = -A + A + e, -
LG Xy oo oo Xgr Xy oo s X)) 2 (R, = By + AXCo + Xy S Ap Xp )
’ 3
+ X + + R +
By g ¥p1Cpoy ¥ XpeXgr TRXKRAG FX e Ap_1Zpo1Bpoy T Xp)
T T
and the inner product on [ RY x I R
i=0 i=0
<(co,cl,...,cT,CO,Cl,...,CT), (xo,xl,...,XT,XO,Xl,...,XT)>
> te
= {c, x_ + tric x 1}
£0 t 't tt
Evaluate J = <(cO,cl,...,cT,Co,Cl,...,CT), (xo,xl,...,xT,XO,...,XT)>
subject to
g(xol"'lelXOI"°le) = (XO:uOI---ruT_llXOlUOl-~-IUT_l) -
From the lemma,
= < .o e . Jeoe >
J Agrhgreee g hgnhy oo M)y (xgougre e e uy, 17%57Y% U y)
* _
where (Q?(ko,...,kT,AO,...,AT) = (CO"”°'CT’CO""'CT)'
* o o e = - A' e e e )\ - ’
But LF N greee g hgree i) (Z\O oMy Aoy T AL ApeAprhy - AOA1A0+
1 L 1
+ A A - + ! .
o107 rhgoy T BpoghpBp g+ Ap jApen oA
Indeed <Qﬂx0,...,xT,XO,...,XT), (AO,...,XT,AO,...,AT)>
, T
= A+ - + e + '
*0 o tz___:l A 1 %eor T P ®e1Ce1 Y XD T A
T
+ X + - o+
tr(X A1 tz_:l tri(- A _ X, AL, + XA ]
]
= + +
xl g‘i{ >\ tr[ththttl]+x )\}

+tr[x0AO]+tz=:ltr[ tltlAttl+XA]
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= x (XO - Aokl) + Xy

o (Al - Ai)\z) + oeee 4 xT)\T

+ tr[XO(AO - AOAlAO + Aoklco)]+ cee 4 tr[XTAT]

]

X O =B AL D+ xA

tr[xt(At - AtAt+lAt + At)\t_'_lct)] + tr[xTAT]

T-1
2
=0
T-1
>
t=0

<(x0,...,x X

*
0\ lr-o-lXT)rg ()\OI---I}\ IA l"'IA )>

T O T
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APPENDIX D

DERIVATION OF THE INFORMATION MATRIX EQUATION (5.30)

Here again, the arguments and underscores are dropped from matrix

notations for clarity. From (5.28)

["I'_Z_(ﬂlf'l@]- '

- e f25ew 1275 3t m] 2

-1, }
4 ;o (D.1)
o0 Bocj = -

13

and from (5.8)

aa, da, o, /= -
J J J
(D.2)
_ -1 dr 1o~l 9r
‘E{<r' 55 ) (' =)
i J
L [_..-1 3s —1)(,-1_g_s_~1>
+h(rs E)OLlSrrS E)OL_]Sr
+ k4 tr[S“1 E)—S-;—-} t:r:‘[S_l ?—S—-]
o, o
i 3
=13 \ [y 135 -1
+ (rS 3———&.)( 5Y'S -—-—OL' S r)
1 3
te—l 00X >(1/ -1 985S
+ (r S “—OL, s tr | S -———-aa-
1 J
+ <- st g—ir s‘lr) r'st %—)
i j
L oaeml38 -1\ -1 35 >
+ ( 5r'S chi S r><2 tr’:s 3
. -1 3s D(,—lar)
+ <2tr[s ———aui r's ———aaj
1 -1 39S L ae"138 -1 ™1
+ (ztr[s ——-—aai >( sr'S ————aais r)f_z_ ;o (D.3)

. ‘. -1
Recall now from Section 3 that, conditioned on z ', r(T;a) has zero mean

or(t;a) . e e s
and covariance S(T:0) and that —=——= is deterministic.
SAR) e
Therefore, using the identities




-75~

E{(c'x) (x'ax)} = 0

It

E{(x'ax) (x'2x)} (tr[§§])2 + 2 tr[ZaZa)

for x~N(0,Z) , A =nAa'

the fourth, fifth, sixth and eighth terms of (D.3) are zero and (D.3) re-

duces to:
dr dr' -1
L (99] = tr[——-—-———— S }
[_z..(T)lET—l ij Ol'i 80('j
s -1 as -1 s -193s -1
L ==
+ a(trI: m S :!tr[ o S ]4- 2 tr’:———aa_ S o S :,)
e J 1 3
+ X tr‘:s—l ?——SL—-} tr[s"l @E_:l
o, o,
1 3
L 39S -1 3S -1
4 tr[aa‘ S ] tr[——u. S
1 J
s -1 9s -1
- 1 o5
4 tr[aai S } tr[a—-——a. S } (D.4)
dr  dr' -1 ., . [ds -193s -1
\:‘I‘z(r)lz'r—l(g)] tr[au' = ] +% tr[.aa' s 58 ] (p.5)
2z z i i i 5

which is (5. 30).
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APPENDIX E

CONSISTENCY IN THE PRESENCE OF DETERMINISTIC INPUTS

We have already argued in Section 5.4.1 that condition (5.37) could be
necessary for @t to be consistent. However, we shall now see that its suf-
ficiency depends on additional assumptions on the deterministic inputs u(t).
Note that in the presence of such inputs, E{E(g}t)[zf_l;g)} is not, in
general, time invariant and the global convergence result generalizes
as follows. In [21], Ljung shows that @t converges into the
set Mo(t) of parameters minimizing

1

t
lim % t-1,
lim — ;O E{z(z(t) |z ;o)

and this set depends in general on the input signal. In view of (5.36) it
is therefore reasonable to expect condition (5.37) to be sufficient if the
input u(y) is general enough to excite all modes of the system. No rigorous
proof of this will be given in this report. However, we shall take a closer
look at the following special case.

In [12], Ljung uses the prediction error parameter estimate obtained by

minimizing a scalar function of the matrix

t " 5
> RIMr(t;u) 1 [RAT) (T;0)]"
T=0

where R(T) is some positive definite weighting matrix, and shows that under
general conditions of bounded fourth moments of the residuals Eft79)' search
over models leading to stable Kalman filters and overall system stability,
this prediction error estimate converges into the set of models that give

the same output prediction as the true system in the sense:

t

lim s 1
oo T TZ=:O

2
2(ta) - 2(T;0)| =0 .

Here again this set depends in general on the input signal and will be con-

tained in the set of all models with same input-output relation as true
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model, if the input is general enough to excite all modes of the system.

It is shown in [12] that a sufficient condition would be for u(t) to be
independent of the process noise and be persistently exciting.l It is

also shown in [12] that the above prediction error identification method
includes the maximum likelihood method only in the cases where § is com-
pletely known (i.e. independent of 0) or S is completely unknown (i.e. all
its elements are free and part of Q). In those cases S(&) is not computed
through a Riccati equation and consistency of @t follows if (5.37) or (5.38)
hold.

As for local consistency, by the same argument as above, equation (5.40)
is not in general time invariant and so the local identifiability result of
Section 5.4.1 must be generalized as follows. In [19], Tsé shows that local
identifiability of the true parameter qo follows from positive definiteness
(non-singularity) of the average information matrix

1 & -

lim ——

I a
% trl &t 5 (¢) ]Et-l(_o)

and here again we will note that this result depends in general on the input

signal u(t).

lgjt) is persistently exciting if, for all M, there exists §(M) and NO(M)
such that

6£<;]; u

Mz

' 1
MORIOIEE 4

for N> No and where

uy (€) = [u'(8) ... u' (=M1 .
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APPENDIX F

ON CONDITION (5.39)

We first prove the following lemma
Lemma:

Let A and B be two real symmetric rXr positive definite matrices, then

In(det[a]) + tr[a "Bl > 1n(det[BI)+ r (E.1)

with equality holding if and only if A = B.
Proof:
(E.1) is equivalent to

tr[é_l_B_] - 1n(det[B]) + 1n(det[A]) > r

tr[A—lB] - 1n(§f§121> > r
- = det[A] ] —

tr(a 'B] - In(det[a 'B]) > r
1 _1
Let éé denote the real symmetric positive square root of A and zjzé_ﬁgé
then X is a real symmetric positive definite matrix with eigenvalues
r
A.(X)>0, i=1,...,r, tr[X] = :i; A, (X) and det[X] = [I' A.(X) so that
i - i = s i
i= i=1
(E.1) is equivalent to
tr[X] - In(det[X] > r

or

r
N L@ -In A (®] >
=1 T

Since for any scalar x>0

X - 1lnx>1
with equality holding if and only if x=1 (E.1l) follows, with equality
holding if and only if

Ai(§) =1 ¥i = 1,...,r .

Since X is real symmetric equality holds if and only if

1 1
-5 -23

A 'Ba " =1

X

1
e
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or
A=B. .
Now recalling our discussion in Section 5.4.1, if (5.38) does not
hold for some o # % then
. ' . = . ' . =
B{r(t)r’ (600 ey} = Elz(ta)r' (o) |ag} = s@))

and

Il

E{C(z(0)] 2" Ta) lag} =% In(detis@ D+ % tr[_s_'l@g(qo)]
But

L In(det(S(@ )+ % tris ' (@,)s@)]

E{t(z()] 2" T ) o )

5 1n(det[§jg0)1)+

iR

and, under the assumptions of Section 5.4.1, §jqo) and S(0) are real sym—
metric positive definite matrices. Therefore, from the lemma above,
Ble(z(0]z" o o) > Blizm ]2 e )
with equality holding if and only if S(Q) = S(qo).
This means that if (5.38) does not hold, condition (5.39) (§jg);£§jgo))

is necessary and sufficient for 0., to be the only element of MO from which

0

consistency of @t follows.
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APPENDIX G

DERIVATION OF Sx(0) (EQUATION 5.49)

Consider the (n* + nu) dimensional dynamic equation generating simultane~
ously the true state x(t;*) and the estimate g(t! t-1;0) corresponding to the

reduced order model M(a) :

x(t+l;*) x(t;*) E(t)
= é*a + _I_;_(; (Eal)
Rt ti) R(t] t-1;0) B(v)
where
Al%) ]
A*OLE (E.2)
A()H(a)C(*) A [I-H(w)C(w]
* L(*) 9
L,= (E.3)
[} A()H(Q)
H(o) = Z(t t-1;0) C' (W) [CEI(t t-1;00C" (0) + O(a) ]_l (E.4)

(obtained directly from equations (2.1), (2.2), (3.10) and (3.11)).

Also, let
B =TEM™ 0 and C¥ = [C(*)  -Cc(W] (.5)
o] a%)
Then .
x(t;*)
I* (t) = E [x'(t5%) 2'(d t-1;0) ] (E.6)
¢ 24 t-1;0)

is generated by the Lyapunov equation

TH (t+1) = A* ¥ (t) a*' + L* (E.7)
=0 —o—a = =o

1%3)
*
e
Q*

Let o= Hn It (E.8)

denote its steady state value. This limit exists if étx has all its eigen-

values inside the unit circle.
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Finally

Sale) = ¢* T* c*' + Q(¥)

(E.9)
—o=a-a
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