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Abstract

The interplay between multiphase flow in a granular medium and the displacement of the
grain particles generates a wide range of patterns, including fractures, desiccation cracks,
and labyrinth structures. There are several controlling parameters behind the morphody-
namics that govern the transition between different regimes. A modified capillary number
characterizes the crossover from capillary fingering to viscous fingering, and a transition
from fingering to fracturing can be achieved either by decreasing frictional resistance. The
balance between frictional, viscous, and capillary forces has been studied in experiments and
simulations, and has helped understanding the underlying mechanisms for a wide range of
phenomena, including fractures in drying colloidal suspensions, and methane migration in
lake sediments.

In this thesis we study fluid-induced deformation of granular media, and the fundamental
role of capillarity and wettability on the emergence of fracture patterns. We develop a hy-
dromechanical computational model, coupling a “moving capacitor” dynamic network model
of two-phase flow at the pore scale with a discrete element model of grain mechanics. We
simulate the slow injection of a less viscous fluid into a frictional granular pack initially sat-
urated with a more viscous, immiscible fluid. We study the impact of wettability and initial
packing density, and find four different regimes of the fluid invasion: cavity expansion and
fracturing, frictional fingers, capillary invasion, and capillary compaction. We explain frac-
ture initiation as emerging from a jamming transition, and synthesize the system’s behavior
in the form of a novel phase diagram of jamming for wet granular media.

Thesis Supervisor: Ruben Juanes
Title: Professor of Civil and Environmental Engineering
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Chapter 1

Introduction

Immiscible fluid-fluid displacement in porous media is important in many natural and in-

dustrial processes, including the displacement of air by water during rainfall infiltration [3],

storage of carbon dioxide in deep saline aquifers [4], contaminant soil remediation [5], en-

hanced oil recovery [6], and design of microfluidic devices [7]. While fluid-fluid displacement

in rigid porous media has been studied in depth, fundamental gaps remain in our understand-

ing of the interplay between multiphase flow in a granular medium and the displacement

of the grain particles [8, 9]. This interplay can lead to a wide range of patterns, including

fractures [10, 11, 12, 13, 14, 15, 16], desiccation cracks [17, 18], labyrinth structures [19],

and granular and frictional fingers [20, 21, 22, 23]. There are several controlling parameters

behind the morphodynamics that govern the transition between the different regimes. A

modified capillary number, Ca*, characterizes the crossover from capillary fingering to vis-

cous fingering [24], and a transition from fingering to fracturing can be achieved either by

decreasing frictional resistance [24], or setting the outer boundary as free [25]. The balance

between frictional, viscous, and capillary forces has been studied in experiments [24, 19, 23]

and simulations [26, 12], and has helped understand the underlying mechanisms for a wide

range of phenomena, including venting dynamics of an immersed granular layer [27, 28, 29],

fractures in drying colloidal suspensions [10, 14], and methane migration in lake sediments

[30, 31, 32, 33].

As one of the factors that influences multiphase flow in porous media, wettability (the

relative affinity of the substrate to each of the fluids, and measured by the contact angle 𝜃)

has been studied for decades. While much is now known about the role of wettability on
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multiphase displacements in porous media [34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45,

46, 47, 48, 49], fundamental gaps remain in the context of grain-scale mechanisms and their

macroscale consequences. In a recent experimental set-up [1], a low-viscosity fluid is injected

into a circular Hele-Shaw cell filled with a dense glass-bead pack that is saturated with a

more viscous, immiscible fluid. By carefully tailoring the wetting condition of the fluid pair,

the authors aim to explore the impact of wetting on fracturing of granular media. The key

result is a visual phase diagram of fluid invasion and fracturing patterns as a function of

capillary number and contact angle, as shown in Figure 1-1. The diagram demonstrates that

the wetting properties exert a significant, non-monotonic impact on fracture morphology:

highly ramified, disconnected, and ephemeral fracturing in drainage (Fig. 1-1, left); rigorous,

hierarchical and persistent fracturing in weak imbibition (Fig. 1-1, middle); no fracturing

in strong imbibition (Fig. 1-1, right). The physical mechanism responsible for the striking

differences in the fracture morphology is a transition in the pore-scale fluid displacement

from pore-invasion in drainage, to corner flow in imbibition.

These experimental results indicate that wetting condition plays a fundamental role in

fracturing of porous media, even at high capillary numbers when viscous forces dominate.

The conclusion is very inspiring and provokes modeling work that explores the interactions

of fluid and grain mechanics at the pore-scale under the effect of wettability. Given the

importance of capillarity on fracture of granular packs [12, 26, 23, 24, 16], here we focus on

the impact of wetting properties on the emergence of such fracture patterns. We also adopt

packing density as a control parameter, since it can lead to a transition from Saffman–Taylor

instability to dendritic (or ramified) fingering patterns [50], or from frictional fingering to

stick-slip bubbles [23].

In this thesis, we uncover four fluid-invasion morphological regimes under different initial

packing densities and substrate wettabilities: cavity expansion and fracturing, frictional

fingers, capillary invasion, and capillary compaction. To rationalize these simulation outputs,

we propose to analyze the evolution of the system as one approaching a jamming transition,

which provides new insights that allow us to map the wealth of behavior onto a novel phase

diagram of jamming for wet granular media.

14



Figure 1-1: Visual phase diagram of fluid invasion patterns of a low viscosity liquid (light
gray) into a glass-bead pack initially saturated with a high-viscosity liquid (dark), as a
function of the static advancing contact angle 𝜃 and the modified capillary number Ca*, for
a confinement weight resting on top of the lid of 𝑊 = 15 N and viscosity contrast between
the fluids 𝑀 =≈ 350 Adapted from Trojer et al. [1].
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Chapter 2

A fully-coupled model of two-phase

flow and grain mechanics

2.1 “Moving capacitor” dynamic network model of two-phase

flow

We model the fluid-fluid displacement with a dynamic pore network framework [46]. We

approximate the pore geometry with a network of nodes and edges and take advantage of the

analogy between the pore-scale fluid-fluid displacement and an electric circuit. Three key

physical mechanisms make up the core of the model: (i) wettability effects, (ii) viscous forces,

and (iii) capillary forces. Wettability effects are captured through the pore-scale invasion

mechanisms outlined by Cieplak and Robbins [37, 38], and the invading front transits from

invasion-percolation to cooperative filling as 𝜃 changes from 140∘ to 46∘ Primkulov et al.

[45]. The dynamic effects are captured through the analog electric circuit, where resistors

are responsible for viscous pressure drops, and batteries and capacitors are responsible for

capillary pressure drops. The fluid-fluid interface is represented as a moving capacitor:

as the local fluid interface advances, the Laplace pressure increases until it encounters a

“burst” (equivalent to a Haines jump), “touch” (invading fluid touches the nearest particle),

or "overlap" event (neighboring interfaces coalesce) [38, 37]. Given these approximations,

the problem can be reduced to a system of linear equations at every time step [46].

If one utilizes the incidence matrix 𝐴 to store the network topology, then the Poiseuille-

type flow through the network and the conservation of mass at the nodes yield the following

17



system of equations: ⎧⎪⎨⎪⎩
𝑞 = 𝐶(𝑏−𝐴𝑝),

𝐴⊤𝑞 = 𝑓,

(2.1)

where 𝑝 stands for pore pressure, 𝑏 the pressure change across batteries, 𝑞 the flow rate, 𝐶

the throat conductance, and 𝑓 the source of current at the nodes. The pressure drop across

a capacitor at time 𝑡 is Φ(𝑡)∆𝑝crit, where Φ(𝑡) = 𝑉 (𝑡)
𝑉tot

is the volume fraction of the invading

fluid in a tube. The critical Laplace pressure drop ∆𝑝crit is taken to be the smallest of

the local “burst”, “touch”, and “overlap” event pressures [45]. Then, taking into account the

direction of the edges (𝑑(𝑡) = 1 or −1), the pressure drop across the network in two-phase

flow model is 𝑒 = 𝑏−𝐴𝑝− 𝑑(𝑡)Φ(𝑡)∆𝑝crit. Therefore, the governing equations for two-phase

flow is [46]: ⎡⎣𝐶−1(𝑡) 𝐴

𝐴⊤ 0

⎤⎦⎡⎣𝑞(𝑡)
𝑝(𝑡)

⎤⎦ =

⎡⎣𝑏− 𝑑(𝑡)Φ(𝑡)∆𝑝crit

𝑓

⎤⎦ , (2.2)

where the elements of the conductance matrix 𝐶(𝑡) are calculated as 𝑐𝑖(𝑡) = 𝜋𝑟4

8𝜂eff(𝑡)𝐿
, assum-

ing fully developed Hagen-Poiseuille flow through a capillary tube of radius 𝑟 and length 𝐿.

The effective viscosity at the invading fluid front is taken as 𝜂eff(𝑡) = Φ(𝑡)𝜂inv+(1−Φ(𝑡))𝜂def.

2.2 Coupling of flow and grain mechanics

To capture particle motion, we couple the dynamic flow network model with a discrete ele-

ment model (DEM), PFC2Dr [? 51]. Hydromechanical two-way coupling is achieved from

three perspectives: (1) the fluid pressures calculated from the moving-capacitor flow model

exert forces on particles, and lead to particle rearrangement and deformation; (2) par-

ticle movements change the geometric configuration of the granular pack, which in turn

changes the pore network topology and throat conductances and capillary entry pressures;

and (3) expansion of the central cavity around the injection port “consumes” injected fluid,

which decreases the flow of fluid permeating through the granular pack. The net force on

each particle has two components: (1) contact forces calculated from the Hertz-Mindlin

contact model [51], and (2) pore-pressure forces. Figure 2-1 shows the pore-pressure field

at breakthrough for a low injection rate (Ca*=0.5), initial packing fraction 𝜑0 = 0.77, and

different wetting conditions 𝜃 = 140∘, 65∘, and 46∘. The differences in pressure field and

the resultant pore-pressure force acting on the particles at the interface illustrate clearly
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the impact of wettability. At 𝜃 = 140∘, the resultant pore-pressure forces point outwards,

with a characteristic magnitude of ∼ 0.2 N. At 𝜃 = 65∘, the resultant forces also point out-

wards, but they are an order of magnitude smaller, ∼ 0.02 N. At 𝜃 = 46∘, in contrast, the

resultant pore-pressure forces point inwards, and they are directly responsible for capillary

compaction. During the injection process, the water–oil interface advances in a pore-by-pore

manner, with particles immersed either in water or oil. Therefore, fluid distribution in our

granular system cannot be described in terms of pore-scale morphologies used for wet gran-

ular media at low liquid saturations [52]. For our fully-saturated granular pack, capillary

interactions do not elicit attractive forces brought by capillary bridges [53, 54] but, rather,

by the pore-pressure forces acting on the particles, which depend strongly on the system’s

wettability.

To achieve an effective hydromechanical two-way coupling, the pore volume change

should feed back into the pressure calculations [12, 22, 55]. For computational efficiency, we

implement such coupling for the cavity volume, a region surrounded by interface particles

[22]. Here, we keep track of the cavity volume evolution and set 𝑄inj = 𝑄int + Δ𝑉cav
Δ𝑡fluid

, where

𝑄inj is the injection flowrate, 𝑄int the flowrate at the interfaces, ∆𝑉cav the cavity expansion

volume, and ∆𝑡fluid the fluid time step. As a result, the injected fluid is consumed either

by filling interface throats, or by filling the expanded cavity volume during that injection

period. We set the constant injection flowrate 𝑄inj corresponding to the prescribed Ca*.

We assume the flow to be incompressible, and thus the flow model outputs the steady-

state pressure profile after the relaxation of viscous gradients. As a result, the model works

best for slow displacement in deformable granular packs. In this regime viscous pressure

gradients have time to relax between front movements and capillary effects govern the dis-

placement [56], which prompts us to set Ca* = 0.5. To guarantee that the capillary pressure

drop outweighs the viscous pressure drop, we found that a smaller Ca* is needed when out-

of-plane instead of in-plane Laplace pressure dominates. When the negative out-of-plane and

the positive in-plane Laplace pressures are comparable in magnitude (𝜃 = 46∘, 55∘ here),

we take Ca* = 0.0005. Although this brings additional computational cost, we gain two

significant advantages: (1) the injection pressure signal only reflects the minimal capillary

pressure along the cavity perimeter, and (2) the negligible viscous pressure gradient out-

side the interface does not influence particles there, which helps us focus on the capillary

compaction phenomenon only. For all simulations conducted here, we ensure that viscous
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pressure drops are always smaller than 1% of capillary pressure drops, guaranteeing the

dominance of capillary force in all fluid-fluid displacement processes.

In the two-way hydromechanical coupling, one needs to consider the disparity between

the characteristic time steps of the fluid and granular mechanics algorithms. In particular,

the characteristic pore volume for the granular pack, 𝑉pore ∼ 𝜋𝑑2ℎ
4 = 1.29 × 10−11 m3, at

Ca* = 0.5 results in the characteristic timescale for filling a single pore of 0.3 s. However,

the characteristic timescale to capture the granular mechanics is ∆𝑡m ∼
√︀

𝑚
𝐾 ∼ 10−6 s.

Matching granular mechanics and fluid time steps is computationally challenging since

∆𝑡fluid ∼ 107 × ∆𝑡m. Particles relax much faster than the characteristic time to invade

a pore, so in our two-way coupling scheme we set Δ𝑡fluid
Δ𝑡m

≈ 2000. This ratio is large enough

to maintain computational efficiency, and small enough to ensure that particles have enough

time to relax under calculated pressure forces between consecutive fluid time steps.

2.3 Model set-up

We simulate immiscible fluid-fluid displacement through a granular pack confined in a cir-

cular flow cell, by setting a constant injection rate at the center, and constant pressure at

the perimeter. The invading and defending fluid viscosities are set to 𝜂inv = 8.9×10−4 Pa · s

for water, and 𝜂def = 0.34 Pa · s for oil, respectively, and the interfacial tension is set to

𝛾 = 13 × 10−3 N/m. These parameters are chosen to mimic the experiments of Zhao et al.

[43]. The granular pack has an outer and inner radius of 𝑅out = 13.25 mm, 𝑅in = 0.5 mm,

and a height ℎ = 330 𝜇m. We adopt a simplified Hertz–Mindlin contact model [51] for

particles in the granular pack, with the following properties: shear modulus 𝐺 = 50 MPa,

Poisson ratio 𝜈 = 0.5 (quasi-incompressible, as in [57]), coefficient of friction 𝜇 = 0.3 [24],

density 𝜌 = 1040 kg/m3, and mean diameter 𝑑 = 300 𝜇m with 10% standard deviation (the

same polydispersity as in [57]). We choose an injection rate 𝑄inj = 4.3 × 10−11 m3/s, cor-

responding to a modified capillary number Ca* = 𝜂def𝑄inj𝑅out/(𝛾ℎ𝑑
2) = 0.5 [24], for which

viscous pressure gradients have time to relax between front movements, and capillary effects

govern the displacement [56]. We conduct simulations in which we fix these parameters, and

we vary the contact angle 𝜃 from 140∘ (drainage) to 46∘ (imbibition), and the initial packing

density 𝜑0 from 0.68 (loose pack) to 0.84 (dense pack).
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2.4 Sample preparation

In this section, we describe the protocol for preparation of the granular pack in our simula-

tions, and demonstrate that the proposed jamming phase diagram (FIG.4-3 in Chapter 4) is

robust with respect to randomization of the initial packing. To generate an initial granular

pack at a specific packing density 𝜑0, PFC2D [51] distributes particles with overlaps inside

the outer boundary wall—the size of which we set to follow a Gaussian distribution with

mean diameter 𝑑 = 300 𝜇m and 10% standard deviation. The particles are distributed evenly

(uniform spatial distribution) throughout the model domain. This process ceases when the

target packing fraction 𝜑0 (disregarding any overlap) is achieved. Then, we simulate cycles

of mechanical interaction, during which period particles with prescribed properties (𝐺, 𝜇)

rearrange themselves under contact forces, until equilibrium is reached. By changing the

seed number for the the random-number generator, we obtain different initial packings at

the same 𝜑0.

In Figure 2-2 we illustrate the robustness of the jamming analysis with respect to different

realizations of the initial packing. We generate 5 different initial packings using different

seeds for random number generation, for fixed 𝜑0 = 0.77 and 𝜃 = 140∘. While the precise

patterns are of course different, they all exhibit the same morphological signature before and

after jamming [Fig. 2-2(a)–(e)]. We confirm this lack of sensitivity of the jamming transition

to the initial packing quantitatively. The evolution of the injection pressure 𝑃inj is different

for each simulation [Fig. 2-2(f)], but when we plot the mean particle stress 𝑃 as a function of

the packing fraction 𝜑, the evolutions for all 5 realizations collapse on a single curve [Fig. 2-

2(g)], leading to a critical packing density 𝜑𝑐 within the narrow range [0.858, 0.865] and

corresponding 𝑃 *
inj in the range of [147.7, 179.2] Pa. Therefore, the trajectory on (𝑃 *

inj,1/𝜑)-

space (FIG.4-3 in Chapter 4) is virtually insensitive to the random generation of the initial

granular packing.
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Figure 2-1: Interface morphology and pore pressure field at breakthrough for initial packing
fraction 𝜑0 = 0.77 and different wetting conditions: (a) 𝜃 = 140∘, (b) 𝜃 = 65∘, (c) 𝜃 = 46∘.
Bottom: zoomed-in view of the particles near the interface, where red arrows indicate the
resultant of pore pressure forces acting on each particle. Adapted from Meng et al. [2].

Figure 2-2: Jamming transition analysis for 𝜑0 = 0.77, 𝜃 = 140∘. (a)-(e): Interface morphol-
ogy at the jamming transition (black line) compared with that at breakthrough (red line)
for five initial granular packs generated with different seed numbers; (f) Time evolution of
injection pressure 𝑃inj; and (g) Mean particle stress 𝑃 as a function of packing density 𝜑 in
the compacting granular layer for all five granular packs. Adapted from Meng et al. [2].
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Chapter 3

Pattern formation and invasion

dynamics

3.1 Evolution of interface morphology during fluid invasion

In Fig. 3-1, we show the fluid invasion morphologies that result from injection in the form

of a visual phase diagram for different values of 𝜃 and 𝜑0. The collection of patterns at

breakthrough—when the invading fluid first reaches the outer boundary—exhibits four dif-

ferent regimes: (I) cavity expansion and fracturing, (II) frictional fingers, (III) capillary

invasion, and (IV) capillary compaction. In this section, we show and describe in detail the

time evolution of the interface morphology and injection pressure for representative cases of

each regime (Fig. 3-2; see also supplemental videos).

1. Regime I: Cavity expansion and fracturing. When the injection pressure from fluid

injection is sufficient to push particles outwards, the cavity keeps expanding until the

energy input becomes insufficient to compact the granular pack further; the point

at which fractures emerge [Fig. 3-2(a)]. The displacement field is characterized by a

petal-like structure, similar to what is observed in fluid-driven deformation processes

in frictionless [57] or frictional [23, 24, 21] granular systems. The capillary pressure

distribution demonstrates that the injected fluid always penetrates the widest throat

with smallest associated capillary entry pressure (𝑃cap), and generally 𝑃cap increases

as the granular pack is being compacted. The wide range in 𝑃cap at breakthrough

(𝑡𝑑 → 1) confirms the vulnerability of fracture tips (𝑃cap ∼ 450 Pa) compared with

23



other throats along the cavity perimeter (𝑃cap ∼ 900 Pa).

2. Regime II: Frictional fingers. At only weakly-wetting conditions, the injection pres-

sure is positive but smaller than in drainage, and the energy input is insufficient to

push particles in all directions and form a circular cavity. In this case, the injected

fluid pushes away particles in certain directions, preferably those with loosely packed

particles, and develops frictional fingers [Fig. 3-2(b)]. Such fingers develop also when

injecting air into a mixture of grains and viscous fluid at low granular filling frac-

tion, the characteristic width of which depends on the interplay between capillary and

frictional forces [19, 23].

3. Regime III: Capillary invasion. When particles have been densely packed initially,

a small injection pressure (either positive or negative) is insufficient to overcome the

established chains of contact forces, and thus particles do not move. In this case, we ob-

serve patterns of capillary fluid invasion in rigid media [Fig. 3-2(c)], which are different

under different wettabilities [37, 38, 41, 42, 43, 45, 46]. The crossover from capillary

invasion to capillary fracturing depends on the competition between hydrodynamic

driving forces and mechanical resisting forces. Such transition can be triggered by re-

ducing the confining weight, and hence frictional resistance [24], or, as we demonstrate

here, by increasing 𝜃 to increase capillary forces.

4. Regime IV: Capillary compaction. In strong imbibition the injection pressure is neg-

ative, and for sufficiently loose granular packs, particles are dragged into the in-

vading fluid under the out-of-plane curvature effect, leading to capillary compaction

[Fig. 3-2(d)]. Given the relatively small magnitude of the dragging suction pressure

(∼ −30 Pa), the compacted packing density inside the fluid-fluid interface remains

nearly the same for granular packs with different 𝜑0.

3.2 Particle displacement field at breakthrough

The total particle displacement field presented in Figure 3-3 shows that the granular pack

is compacted to a denser state as 𝜃 increases, since the higher injection pressure provides

the energy needed to mobilize and rearrange particles in a larger region. For the cases

where 𝜃 ≥ 65∘, fracture tips always locate in low packing density (𝜂) regions with lower
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𝑃𝑐𝑎𝑝𝐸𝑛𝑡𝑟𝑦 compared with other interface particles. The magnitude of total displacement

demonstrates a decreasing trend from the cavity to the rigid boundary, with a pedal-like

mesoscale structure. Similar pedal-like structures have been observed in other systems,

where the fluid is injected into initially dry packing of frictional particles [? ], or saturated

packing of soft, slippery particles [57].

3.3 Invasion events analysis

Previous study on invasion events happened in fluid-fluid displacement process shows that in

drainage condition (𝜃 = 160∘), “burst” event dominates, and in imbibition (𝜃 = 46∘ ∼ 60∘),

“touch” and “overlap” events take over [45]. Here, by studying the movable granular pack, it

is found that particle movement under different wetting conditions influences the signature

of invasion events significantly (Fig. 3-4). Initially, particles are pushed outwards and the

interface is stretched, the tendency to incorporate nearby particles to fill gaps along the

interface dictates the dominance of “touch” event. With more particles incorporated into

the interface, interface particles are squeezed and in good contact with neighbors, leading

to a transition from “touch” to “burst” event (Fig. 3-4(b)(c)). When 𝜃 decreases from

120∘ ∼ 65∘, there is an overall transition from “burst” to cooperative filling events (“touch”,

“overlap”), which is in line with Primkulov et al. [45] results. The position of an invasion

event is analyzed by calculating the angle (𝜃) formed by the interface particle where the

event takes place and its neighbors, and thus events happen at fracture tips have 𝜃 ≤ 60∘,

at concave regions along fracture sides have 𝜃 ≥ 180∘. Figure 3-4 shows that fracture tip

advances through “burst” event at 𝜃 = 120∘, “burst” and “touch” events at 𝜃 = 75∘, and

mostly “touch” event at 𝜃 = 65∘. “Overlap” event only happens at concave regions along

fracture sides (𝜃 ∼ 300∘), which is also confirmed by looking at positions of the trapped

particles inside the cavity. Lastly, in drainage condition fewer invasion events take place,

because most of the injecting fluid is consumed by filling the cavity created by particle

movements, instead of filling pores and triggering invasion events.

3.4 Signals of injection pressure and packing density

The temporal signal of the injection pressure encodes information needed to understand

the interplay between particle movement and fluid-fluid displacement. Since we restrict
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our study to the case when capillary forces dominate and viscous dissipation is negligible,

the injection pressure signal is determined by the capillary entry pressure 𝑃cap, which is

a sum of in-plane and out-of-plane components. As a result, the injection pressure shows

fluctuations in a stick-slip manner for all 𝜃 and 𝜑0, as has been documented in slow drainage

experiments [58, 56, 59] and simulations [46]. As 𝜃 decreases, indicating that the substrate

becomes more wetting to the invading fluid, the fluid-fluid displacement is controlled by

cooperative pore-filling events (touch and overlap) with smaller 𝑃cap compared with burst

events [37, 38, 45, 46]. This explains the general decreasing trend of injection pressure as 𝜃

decreases [Fig. 3-5(a)].

In a drainage displacement, instead of fluctuating around a mean value [46], the injection

pressure exhibits a surprising convex shape as a function of time, first decreasing and then

increasing with time. This is a signature of the fluid-solid coupling: the particles around the

cavity are separated (opening up the throats and decreasing 𝑃cap) during the initial stages

of expansion, and then brought closer together (narrowing the throats and increasing 𝑃cap),

as the granular pack is being compacted during the late stages [Fig. 3-5(a)].
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Figure 3-1: Visual phase diagram of the invading fluid morphology at breakthrough cor-
responding to different substrate wettabilities (contact angle 𝜃) and initial packing densi-
ties 𝜑0. We identify four distinct morphological regimes: (I) cavity expansion and fracturing,
(II) frictional fingers, (III) capillary invasion, and (IV) capillary compaction. Adapted from
Meng et al. [2].
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Figure 3-2: Evolution of interface morphology at 𝑡𝑑(= 𝑡/𝑡breakthrough) = 0.2, 0.5, 1.0. The
insets show the capillary entry pressure (𝑃cap) for every throat at the fluid-fluid interface
(black crosses) and the injection pressure at that moment (red line). (a) Cavity expan-
sion and fracturing (regime I), 𝜑0 = 0.77, 𝜃 = 140∘. (b) Frictional fingers (regime II),
𝜑0 = 0.77, 𝜃 = 65∘. (c) Capillary invasion (regime III), 𝜑0 = 0.84, 𝜃 = 46∘. (d) Capillary
compaction (regime IV), 𝜑0 = 0.77, 𝜃 = 46∘. Adapted from Meng et al. [2].
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Figure 3-3: Comparison of total particle displacement fields that develop under different
wettability conditions.
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Figure 3-4: Temporal profiles of invasion events happened throughout the process (red, blue,
green cross represents burst, touch, overlap event separately). The vertical axis for the left,
and right profile shows the injection pressure when an event happens, and the angle (𝜃)
formed by the particle where the event happens and its two neighboring particles. The
profiles for three contact angles are shown here: (𝑎)𝜃 = 65∘.(𝑏)𝜃 = 75∘.(𝑐)𝜃 = 120∘.
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Figure 3-5: Time evolution of (a) injection pressure 𝑃inj, and (b) packing density 𝜑, for
simulations with initial packing density 𝜑0 = 0.77, and 𝜃 = 75∘, 90∘, 120∘, 140∘. The crosses
denote the jamming transition for each case. Adapted from Meng et al. [2].
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Chapter 4

Mechanism behind emergence of

fracturing: jamming transition

Figure 3-1 exhibits a surprising and heretofore unrecognized behavior of fluid injection into

a granular pack: a decrease in 𝜃—that is, transitioning from drainage to weak imbibition—

leads to earlier onset of fracturing, as evidenced by the smaller size of the fluid cavity at

fluid breakthrough. This behavior cannot be explained by the evolving injection pressure

level, or the evolving packing fraction outside the cavity, or the volume of fluid injected

alone. Indeed, the transition to fracturing for different wetting conditions occurs at different

injection pressures [Fig. 3-5(a)], different packing fractions [Fig. 3-5(b)], and different times

[Fig. 3-5(a),(b)].

This raises the question of how wettability impacts the onset of fracturing, and whether

such dependence is amenable to prediction. To answer this question, we hypothesize that the

emergence of fracturing is akin to a phase transition from liquid-like to solid-like behavior,

and that, therefore, it can be understood as a jamming transition. Indeed, the jamming

transition has proved instrumental in understanding mechanical integrity in a remarkably

diverse range of systems [60]. Examples include colloidal suspensions [61], athermal systems

such as foam and emulsions [62], and the glass transition in supercooled liquids [63, 64]. The

jamming transition also occurs in (dry) granular systems at a well-defined packing density

𝜑𝑐 when the conditions of mechanical stability are satisfied [65, 66, 67, 68, 69, 68]. Here we

explore whether the concept of jamming can be used to quantitatively explain the emergence

of fractures in wet granular systems and, specifically, whether the onset of fracturing in our
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system arises from a jamming transition.

4.1 Jamming transition analysis from classic metrics

The jamming transition in a dry granular system occurs at a threshold packing fraction, 𝜑𝑐,

when mechanical stability is achieved. For 𝜑 < 𝜑𝑐, the network of contact forces is constantly

evolving and changing topology through particle rearrangement. For 𝜑 > 𝜑𝑐, in contrast,

the force network locks in and its strength is enhanced through particle deformation [68, 65].

Classic metrics that characterize the transition in frictionless systems are a discontinuous

increase in the mean contact number 𝑍, a rise in the mean isotropic stress 𝑃 of the granular

pack above its background value [65], or the emergence of a nonzero shear modulus [67].

We confirm that the behavior of our system responds in a manner consistent with a jam-

ming transition. In particular, we compute at each stage of the granular pack deformation

the Cauchy stress tensor for each particle in the system, 𝜎𝑖𝑗 = 1
𝑉

∑︀
𝑛𝑐

(𝑥𝑐𝑖 − 𝑥𝑖)𝐹
𝑐
𝑗 , where 𝑛𝑐

is the number of contacts for the particle. From the stress tensor we extract its isotropic

component 𝑃 = tr(𝜎𝑖𝑗) and a measure of the shear stress, 𝜏max = (𝜎max − 𝜎min)/2, where

𝜎max and 𝜎min are the largest and smallest eigenvalues of 𝜎𝑖𝑗 , respectively. We observe that

both quantities rise above a near-zero background as a function of the evolving mean packing

fraction 𝜑 outside the central cavity [Fig. 4-1(a)].

We determine the jamming transition 𝜑𝑐 from the 𝜏max profile as the intersection of two

straight lines: one fitting the response of the background state, and one fitting a straight line

to the asymptotic behavior in the highly compacted state [65, 67] [Fig. 4-1(a), top inset]. For

simulations with initial packing density 𝜑0 = 0.77, the jamming transition occurs at a critical

packing density 𝜑𝑐 that takes increasing values (between 0.83 and 0.86) for increasing values

of the contact angle (between 𝜃 = 75∘ and 140∘) [Fig. 4-1(a)]. This result is consistent with

our hypothesis of the emergence of fracturing being controlled by a jamming transition,

in which the transition occurs earlier (at a smaller 𝜑𝑐) in imbibition than in drainage.

Previous studies of jamming transition in both frictionless [70, 71, 68] and frictional [65]

systems show a power-law increase of the mean stress with packing fraction above jamming,

𝑃 − 𝑃𝑐 ∼ (𝜑− 𝜑𝑐)
𝜓, with an exponent slightly larger than 1, 𝜓 ≈ 1.1. Our simulations for

wet granular system also show a power-law increase, with the exponent 𝜓 in the range 1.06–

1.39, larger values corresponding to drainage displacements and loose granular packs, and
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smaller values corresponding to imbibition displacements and dense granular packs [Fig. 4-

1(b), middle inset]. For our granular packings of finite 𝜇 = 0.3, 𝑍𝑐 is expected to vary

smoothly between 𝑍𝑐(𝜇 = 0) = 4 and 𝑍𝑐(𝜇 → ∞) → 3 [72, 71]. Indeed, we find that 𝑍𝑐

lies in the range of 3.49 ∼ 3.96, and exhibits a power-law dependence with packing fraction

above jamming, 𝑍 − 𝑍𝑐 ∼ (𝜑 − 𝜑𝑐)
𝛽 , 𝛽 ∼ 0.87 [Fig. 3(c), bottom inset]. Previous research

determines exponents in jamming at the vicinity of the jamming packing fraction and shows

that 𝛽 ∼ 0.5 [71, 65, 73, 68, 74]. Here we also study behaviors of the granular packs

after the jamming transition, and thus a correction-to-scaling analysis is conducted [75, 76]:

𝑍 − 𝑍𝑐 = (𝜑 − 𝜑𝑐)
𝛽(1 + 𝑎(𝜑 − 𝜑𝑐)

𝜔 + . . . ), with the leading correction-to-scaling exponent

𝜔 = 0.3 [75], and the prefactor 𝑎 = 8.94 in the order of 𝑂(1), which validates the 𝛽 we

obtained. The fact that fractures grow after the defined jamming transition 𝜑𝑐 (as evidenced

by a visual comparison of the interface morphology at jamming and at breakthrough [Fig. 4-

1(d)]) confirms our hypothesis that the onset of fractures emerges from a jamming transition.

4.2 Microscopic evidence for jamming transition: evolution of

the contact force network

As stated in last section, the jamming transition occurs in granular systems at a well-defined

packing density 𝜑𝑐, when the particles form force chains along the compression direction

[61], and the conditions of mechanical stability are satisfied [65, 66, 67, 68, 69]. Figure 4-2

demonstrates the evolution of the contact-force network for 𝜑0 = 0.77, 𝜃 = 140∘. Before the

jamming transition [Fig. 4-2(a),(b)], the granular pack behaves in a fluid-like manner, with

particles being rearranged, and force chains being broken-up and rebuilt intermittently. The

jamming transition 𝜑𝑐 has been determined from the (𝜏max − 𝜑) profile. At the jamming

transition [Fig. 4-2(c)], force chains have been developed radially to resist the injection

pressure, and the system reaches mechanical stability. After the jamming transition [Fig. 4-

2(d),(e)], the granular pack behaves in a solid-like manner, with fractures growing, and the

established force chains being reinforced in strength.
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4.3 Phase diagram of jamming for wet granular media

A fundamental contribution to understanding jamming in (dry) granular systems was made

in the form of a phase diagram that delineates the jammed state in the phase space of

density, load and temperature [77]. It shows that jamming can occur only at sufficiently

high density, and that an increase in either load or temperature can unjam a system. We

extend this description to wet granular systems by identifying quantities that determine the

phase transition between jammed and unjammed states. We identify the packing fraction 𝜑

as the “density”, and we posit that injection pressure 𝑃inj plays the role of the “load" dur-

ing injection. Thus, we represent any generic evolution of our system as a trajectory in

(𝑃 *
inj, 1/𝜑)-space (Fig. 4-3), where 𝑃inj is nondimensionalized by the characteristic capillary

entry pressure in the system, 𝛾/𝑑.

Trajectories for regime I start with the prescribed 𝜑0 and move upwards in phase space

as the granular pack is being compacted by the injected fluid. The injection pressure shows

an initially-decreasing and then-increasing trend, as explained in Fig. 3-5(a). The transition

from cavity expansion to fracturing corresponds to a transition from the unjammed state

to the jammed state. We collect transition points 𝜑𝑐 (shown as red markers in Fig. 4-3)

for every simulation with a specific 𝜑0 and 𝜃. These points collapse on a line in (𝑃 *
inj, 1/𝜑)-

space, showing that under the same loading condition, the system jams at the same 𝜑𝑐,

independently of 𝜃 or 𝜑0. This transition line in the jamming phase diagram separates

fundamentally different behaviors exhibited by our wet granular systems: fluid-like behavior

(cavity expansion) in the unjammed state, and solid-like behavior (fracturing) in the jammed

state (Fig. 4-3). This transition also helps explain the onset of fracturing: a larger energy

input brought by the injection of a nonwetting fluid (larger value of the contact angle 𝜃)

compacts the system to a denser state before jamming occurs, which, in turn, delays the

onset of fracturing.

We also show in Fig. 4-3 the trajectories for regimes II, III and IV. Frictional fingers

(regime II) have positive injection pressure. The trajectories corresponding to this regime

move upwards in 𝜑 as the system is being compacted, with stick-slip fluctuations in 𝑃inj,

but remain in the unjammed state for their entire evolution. Capillary invasion (regime III)

occurs in an initially dense granular pack. The entire trajectory lies in the jammed state,

with almost-constant 𝜑 and stick-slip fluctuations in 𝑃inj. Capillary compaction (regime IV)
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occurs when the out-of-plane capillary pressure dominates and the granular pack is relatively

loose initially. We calculate 𝜑 for the region inside the fluid-fluid interface. Since the negative

dragging pressure is comparable for all our simulations in this regime (−50 Pa to −10 Pa),

the granular pack is compacted inwards up to approximately the same packing density

(𝜑 ≈ 0.83) above the jamming transition. At zero external load (𝑃inj = 0), our system jams

at the random close packing fraction 𝜑𝑐 ≈ 𝜑rcp ≈ 0.84 [78, 79, 80].

4.4 Influence of grain properties on the jamming phase dia-

gram

The jamming phase diagram delineated holds under different values of the system parame-

ters. To illustrate this robustness, we have explored the influence of changing the value of

the coefficient of friction 𝜇 and the shear modulus 𝐺 (the aforementioned simulations cor-

respond to 𝜇 = 0.3 and 𝐺 = 50 MPa). We find that the jamming transition shifts towards

higher values of packing fraction 𝜑𝑐 as 𝜇 decreases [Fig. 4-4(a)] and also as 𝐺 decreases

[Fig. 4-4(b)]. These results confirm that when the particles of the granular pack are either

less frictional or softer, the system jams at a denser state.
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Figure 4-1: Jamming transition analysis for 𝜑0 = 0.77, 𝜃 = 75∘, 90∘, 120∘, 140∘. (a)-(c) Av-
erage maximum shear stress (𝜏max), mean particle stress (𝑃 ), and mean contact number (𝑍)
as a function of packing density 𝜑 in the compacting granular layer. (a) inset: determination
of the critical packing fraction at jamming. (b),(c) insets: 𝑃 − 𝑃𝑐, 𝑍 − 𝑍𝑐 as a function
of 𝜑− 𝜑𝑐, exhibiting power-law trends; (d) Interface morphology at the jamming transition
[identified from (a)] for 𝜃 = 75∘, 90∘, 120∘, 140∘ (black line), compared with that at break-
through (red line). The comparison confirms that the jamming transition determines the
onset of fracturing. Adapted from Meng et al. [2].

Figure 4-2: Evolution of the contact-force network for 𝜑0 = 0.77, 𝜃 = 140∘, at (a) 𝑡𝑑 = 0.2,
(b) 𝑡𝑑 = 0.4, (c) 𝑡𝑑 = 0.6 (jamming transition), (d) 𝑡𝑑 = 0.8, and (e) 𝑡𝑑 = 1.0. The thickness
of the blue line is proportional to the magnitude of the interparticle force. Adapted from
Meng et al. [2].
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Figure 4-3: Phase diagram of jamming for wet granular media when capillary forces dom-
inate. Shown are the trajectories of the system in (𝑃 *

inj, 1/𝜑)-space for all the simulated
cases of Fig. 3-1, ranging in contact angle 𝜃 from 140∘ (drainage) to 46∘ (imbibition), and
ranging in initial packing density 𝜑0 from 0.68 (loose pack) to 0.84 (dense pack). Note the
different scale of the horizontal axis for positive and negative injection pressures. For all four
regimes of fluid invasion and grain deformation, the proposed diagram uniquely separates
the system’s unjammed state (blue) from its jammed state (gray), independently of 𝜃 and
𝜑0. In particular, this explains the onset of fracturing in capillary-dominated fluid-driven
injection into granular packs (red symbols). Adapted from Meng et al. [2].
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Figure 4-4: Influence of grain properties on the jamming phase diagram for wet granular
media when capillary forces dominate. (a) Coefficient of friction taking values 𝜇 = 0.1, 0.3
and 0.5, (b) Shear modulus taking values 𝐺 = 25, 50 and 100 MPa. Adapted from Meng
et al. [2].
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Chapter 5

Conclusion

In summary, we have studied morphological transitions in granular packs as a result of

capillary-dominated fluid-fluid displacement via a novel, fully-coupled model of two-phase

flow and grain mechanics. Simulations of fluid injection into a granular pack with different

initial packing densities and substrate wettabilities have led to uncovering four invasion

regimes: cavity expansion and fracturing, frictional fingers, capillary invasion, and capillary

compaction. In particular, we have identified the emergence of fracture, and its surprising

and unexplored dependence on the system’s wettability. We have shown that the onset of

fracture can be explained as a jamming transition, as confirmed by the behavior of classic

metrics of jamming such as the mean isotropic stress. We have synthesized the system’s

response in the form of a phase diagram of jamming for wet granular media, on which the

jamming transition for all different trajectories collapse on a single line in (𝑃 *
inj, 1/𝜑)-space,

independently of the initial packing density 𝜑0 and contact angle 𝜃.

Our study paves the way for understanding the impact of other key variables of a wet

granular system, such as properties of the solid particles (rigidity, friction coefficient, cemen-

tation) or the fluid (viscosity contrast, capillary number). By tailoring the range of values

of these variables, our analysis may provide fundamental insight on specific applications,

from nanotechnology [81] to energy recovery [82], natural gas seeps [83, 84] and geohazards

[85, 86].
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