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ABSTRACT

We prove a formula for the homology class of the scheme
parametrizing the members of a family of divisors possessing
points with specified multiplicities. The formula includes
as special cases, (1) the formula of de Jonquiéres for
multiple contacts of curves of given degree with a fixed
plane curve; (2) the formulas for multiple contacts of
lines with hypersurfaces; (3) formulas for tangent planes
to a surface in projective 3-space. Our method also yields
a formula for the curves of a family in a family of surfaces
displaying an m-fold point with assigned coincidences of
tangents. This generalizes the classical formula for the
cuspidal members of a net on a surface, and that for the
cusp-nodes of a web.

We also study the questions of finiteness and of

multiplicity one for the solutions of the proposed contact
problems.
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Title: Professor of Mathematics
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Introduction.

The aim of this thesls 1s to cbtaln formulag for Ghe
number of divisors of a family which possess points with
specified multiplicities. For instance, if the family is
that of the hyperplane sections of some embedding of a
variety Y in a projective space, we wish to count those
hyperplanes which satisfy specified contact conditions with
¥

About a century ago, Jean Phillipe Ernest de Fauque de
Jonquiéres published his Memoire [de Jonquiéres], exhibiting
a formula for the number of plane curves of given degree
having prescribed contacts with a fixed plane curve. The
formula per se has generated a lot of interest (cf. (5.1.8)
below). Shortly afterwards, the flourishing school of enu-
merative geometry produced a wealth of formulas for contacts
of lines and planes with surfaces in 3-space. Cayley, Clebsch
and Salmon obtained the degree of the curves traced on a
surface by the points of contacts of lines satisfying 3 con-
ditions (e.g. triple tangent lines, or lines inflexional at
one point and simply tangent at some other) [Salmon, pp. 277
and ff]. Schubert found the number of tangent lines which
satisfy 4 conditions (e.g., five-point tangents, ordilnary
fourfold tangents, etc...) [Behubert, Math. fAnn., L1876, X,
p. 102; 1877, XI pp 348-78, or Kalkilil der abzidhlenden
Geometrie (1879), pp. 236-7, 246]. Zeuthen [Math. Ann., 1876,

X, p. U46] obtained several formulas relating the singulari-
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ties of a surface and its plane sections to theilr dual coun-
terparts.

The next generation of algebraic geometers changed some-
what the emphasis, from the counting of singularities per se,
to the discovery of numerical invariants definable in terms
of those singularities. Thus, one finds in C. Segre [Annali
di Matematica 1894, XXIT, p. T%] the definition of the Eg£illE
of a curve in terms of the invariant v-2n, where v 18
the number of double points of a gi on the curve. The
Zeuthen-Segre invariant (cf. [Enriques, Le Superficie Algebriche,
Bologna 1949, p. 167] and the very definition of the canoni-

cal system [loc. cit. p. 49] are further examples of the

" "

new"' trend.

Possessing now as we do, a well-developed intersection
theory, it 1s natural to try and go baeck te Tthe eorlglins, and
vindicate (to today's taste and sense of rigor) those clas-
giceal Termilgg. In fach, Hilbert's 15th problem calls for
"...the actual carrying out of the process of elimination

in the case of equations of special form in such a way that
the degree of the final equations and the multlpllicity of
their solutions may be foreseen" [Hilbert]. However, the real
test still is whether you can "beat them on their own ground",
and provide answers to questions the enumerative geometers
might have asked themselves. We hope this work will provide

a step in this direction.

Our main result is the degeription of a homology elass,
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in a rather general setting (see 8.3.4). We are given a

family of divisors {DS} ima famlily (Y 5 of smooth

seS 8 s5es

ambient spaces. Our homology class expresses in terms of m
and basic invariants of the families, the class of the set
of points (s,yl,...,yt) such that ¥y it =M ol mi—fold point
of Ds‘ We retrieve, as special cases, (i) the formula of
de Jonquiéres (5.1) (here the family of divisors 1is a linear
system on a projective curve Y and the family of ambient
spaces 1is the trivial family YS = ¥Y); (1i1) the formulas
for contacts of lines with a hypersurface (7.1) (the family
of ambient spaces is a family of lines, and the family of
divisors is that cut out by the hypersurface on each line);
(iii) the formulas for contacts of planes with smooth sur-
faces in 3-space (8.5.4) (the ambient spaces can be chosen
as the planes or as the fixed surface, and the family of
divisors as the plane sections. The answers are the same by
a general result (8.2.8)). In fact, we can get formulas for
contacts of a smooth hypersurface with linear spaces of ar-
bitrary dimensions, (8.6) as well as for contacts of hyper-
planes with a smooth wvariety of arbitrary dimension. A
little manipulation with that general homology class enables
us to get also a formula for the number of curves of a
family on a surface which display an m-fold point with
specified tangent coincidences (9.5). This generalizes the
classical formula for the cuspidal members of a net.

To give substance to these formulas one must check, as
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pointed out by S. L. Kleiman in his address [Kleiman 1517,
that, for general values of the parameters, (a) there are
indeed only finitely many solutions and, (b) each of these
appears with multiplicity one.

With regard to the first point, we have verified its
validity for the case that the family of ambient spaces has
relative dimerision 1, e.g. for a linear system on a fixed
curve, contact of lines with a hypersurface and also the case
of curves with m-fold point and specified tangent coinci-
dences. However, for the case of relative dimensions > 2,
we could handle the question only under the additional as-
sumption that the sequence m of contacts satisfy a relaxed
version of the classical proximity inequalities. These, we

recall, are

m., > m, T ees + M

and they constitute the n.s.c. for the existence of plane
curves of sufficiently high degree displaying a group of
polnts of multipllicities m

S and infinitely near

1+12 " t
to an mi—fold point. But we are convinced that this addi-
tional assumption will eventually be proven superfluous.
Further, the same method should produce formulas for the
homology class for singularities with specified Dynkin
diagram.

As o the multiplicity one question, we give a somewhat

detailed answer in the specific case envisaged by the for-
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mula of de Jonguiéres. Here, the multiplicity is one iff the
characteristic of the ground field does not divide any of
the my. In char. 0, as expected, and always implicitly
believed in the classical literature, the multiplicity is
also one for each of the contact formulas mentioned before.
In fact, thls 1s a conseguence of Sard's theorem leriRather
its algebraic version, which comes down to the fact that all

field extensions are separable in char. O.

The contents are as follows.

1n seciion 1 we recall thie definition of fhHe Scheme ot
zeroes of a map of sheaves . We then introduce the incidence
correspondence of a palr of families of subschemes.

In section 2 we describe the basic set up to treat the
case of relative dimension 1 or just 1 assigned multiplicity.
The @—Jacobian scheme J(@;D) i1s defined and shown to be
the scheme of zeroes of a section of a certain locally free
sheaf &(m;L).

In section 3 we compute the class of @(g;L) in
K'X[t] and establish a recursive relation which is instru-
mental in deriving the formula of de Jonquiéres.

Section 4 is devoted to linear systems. In this case,
we prove J(m;D) 1is a certain projective bundle. This en-
ables us to state g regularlity criterion. This eriterion,
when applied to a smooth projective curve of genus g,
implies that the formula of de Jonquiéres holds for all suf-

ficiently general linear subsystems of a complete system of



1L
degree > 2g-2 + Emi.

Section 5 contains our proof of the classical formula
of de Jonquiéres.

In section 6 we consider the guestion of whether, for a
given smooth, projective curve C, each of the solutions
counted by the formula of de Jonquiéres appears with mul-
tiplicity 1. The answer is affirmatlive in general, for
char. 0, and depends on whether p divides some of the mi's
in. ghar. P = Q.

In section 7, we explain how the general construction
of J(m;D) can be used to solve problems of contacts of
lines with hypersurfaces.

In section 8 we discuss the situation for relative di-
mensions >1 and arbitrary number of assigned multiplici-
ties. We explain our failure with a first, direct approach,
and then go on to introduce a remedy of sorts, the step by
step construction of the scheme J(m;D). The generic homo-
logy class of J(m;D) is computed. Next, we show that
J(m;D) satisfies the necessary regularity assumptions when-
ever D moves in a suffieliently ample llnear system gnd
m satisfies the relaxed proximity inequalities. In the
ensuing examples, we retrieve the Zeuthen-Segre invariant,
the formula for the number of bitangent planes of a general
surface in P3® which go through a general point, and the
number of tritangent planes.

In the last section, we study the curves with an m-fold

point with specified tangent coincidences.



4.3
§1

All schemes are of finite type over an algebraically

closed field k.

(1.1). Scheme of zeros. Let f : X+ S be a map of

schemes. Let u : A > B denote a map of Ox-modules. For

eachmap t : T > S, let u(t) : A(t) » B(t) denote the
pullback of u to XT =T § X.

(1.1.1). Definitien: (cf. [F.5.], (2.2), p. 20). A closed

subscheme of S is called the scheme of zeros of u if it

has the universal property that t : T - S factors through
it if and only if wu(t) 1is zero. 1If it exists, the scheme
of zeros is denoted ZS(u). If X=S and f = id, we set
ZS(u) = Z(u).

The result below is a central tool. It tells us how

to get the equations of’ZSﬁﬂ in the parameter space.

(1.1.2). Proposition: Suppose A is of the form £*C

for some quasi-coherent Og-module C. Assume f£,B 1is
locally free and its formation commutes with base change.
Then Zs(u) exists and is equal to Z(u'), where

u' : C+~ £f,B is the adjoint of wu.

Pirer! Sae ([F.5.7, 2.3, p. Z1),
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(1.1.3). Proposition. Let s be a section of a locally

free Oé-module A. Then the scheme of zeros of s 1is

defined by the Ideal §(A™), that is, the image of the dual

map g . K.+ g.

Proof: The proof is easy and will be omitted. (cf. [EGA I],

proof of (9.7.9.1}).

The next proposition shows that a projective subbundle

of a projective bundle is naturally a scheme of zeros.

(1.1.4). Proposition. Let S be a scheme and let

be an exact sequence of quasi-coherent GS—modules. Set
X = P(B), X' = P(C).

Let: 11 ; AX - GX(l) denote the composition of Cgr with the

universal l-quotient vy : BX - GX(I). Then, we have

(1) ZX(u) = X'.
(ii) If A and C are locally free and o is injective,
then the section u’ ® OX(l) of A% is regular

and its scheme of zeros is equal to X'.
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Proof: (1) Let €t : T - X be a T-valued point of X. We

have the equivalence:

thu = 0 iff  (tH) (Ap) € ker(t*y)
iff t*y factors through t*g

iff ¢t Ffaetors throughi ' X .

This proves (1). For the proof of (Ll), see ([F.5.1, (2.6),
p. 22).

(1.2). 1Incidence correspondences. Consider the diagram of

maps of schemes,

WCYS.—————>Y6~——YS 20D
!l e sl
o > 7 «— §

Suppose the squares are cartesian. For each t : T » S' E 5.

denote by D(t), W(t) the pullbacks of D and W to
- X
Y(t) = Y 7 1

(1.2.1). Definition. A closed subscheme of S' E g is

called the incidence correspondence of W in D if it

has the universal property that t : T > S' E S8 factors

through it if and only if W(t) C D(t) holds (as subschemes
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of T(E)).

(1.2.2). Propeositien. Let £ 2 X = & be a'map of

schemes, let W CX be a closed subscheme, and let D C X
be the scheme of zeros of a section s of an invertible
OX—Module L. Suppose £ (L ® Gw) is locally free and
that its formation commutes with base change (e.g. if W
is flat and proper /S and le*(L ) Gw) = 0 holds). Then
the incidence correspondence of W in D exists and is
equal to the scheme of zeros of a section of the locally

free Og-Module f,(0, ® L).

S

Proof: There is a natural diagram of maps of O0O,-Modules,

X

Ox

. l N\\?
™~
0 — LOIW)— L — L 8 OW——~> 0.

Now it is clear that, for each t : T = S,
D(t) D W(t)

holds if and only if wu(t) = 0. Since © ig Just *

X 57

we may apply the proposition (1.1.2).
The next lemma is only needed for the proof of (8.2.8).

Let S be a scheme and M a coherent GS—Module. Let
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r be a nonnegative integer. We recall the definition of
the rth Fitting scheme FrGH) of M. Given a local
presentation of M over an open subset U C S,

u

K —=L -9>M|U .

where L 1is a locally free OU—Module of rank s

that Fr(M)fﬁ U 1is equal to the scheme of zeros of the

, We have

s-r
exterior power AN\ u. (It is well known that this scheme
of zeros is independent of the presentation,(cf. [R]

p. 232,[Ke] p. 145) .)

(1.2.3). Lemma. Let f : )Y, - o be smooth. Let W Cd 0%
be closed subschemes. Assume & 1is a Cartier divisor and
W 1is transversally regularly embedded in X relatively to

4 ([EGA IV4], 19.2.2). Suppose £

W 1is an isomorphism of
W onto &. Let J and I denote the Ideals of W in X
and in «&. let nW denote the scheme with Ideal J™. Then,
for each m > 2, the incidence correspondence éTm Cid of
mW in & is equal to the rmth Fitting scheme of the

: -1,.m : m
image of (I™ /I Pl 1o R ([ ) o , where
Tm-1 @ ey

Lo S rank(Jm-l/Jm) -1 and we view Im-l/Im (which is
naturally a ﬁw-Module) as a QJ—Module via the given iso-

morphism f|W.

Proof: The proof is divided in several steps. Let H
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denote the (invertible!) Ideal of & in X. Thus, we have

the exact sequence

0 s s T e

Step 1. We claim that,

because J 1is regular and H 1is

invertible, the sequence

%) 0—> H®eJw

e s ™5 g

is exact. 1Indeed, this follows from the equality

(-L.l- )
FAriy

To verify the latter, we may

'eo affine'". 1In fact, we may

assume J is an ideal generated by the regular sequence

h’jl"""jn in a local ring A, where h 1is a generator

of H. Since the graded rings ® JV/3

v+l and Sym(J/Jz)

are naturally isomorphic, and since the image of h in the

latter is a nonzero divisor, the equality follows. For, if

a# 0 1is in A and

m-1

A Indeed, let

such that a e J°°%

gyl gl e R e
whence ;ﬂ is zero

that is, & E.Jm_(l_

S & m G
ah is in J, then a must lie in

L
ho
is

in

1)-

be the smallest nonnegative integer

1ds. Let a denote class in

N

Jm—i+l/Jm—i+2

holds,
, which forces a = 0,

Thus i < 1 holds, completing step 1.
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Having proved the exactness of (¥*), we may con-

Step 2.

struct the marvelous diagram, where all sequences are exact,

G 4T
/)1
/]
Vm_ 1 \ \ m-1
() H’,"Q G(IE: Z")w i 6(m_]_)'ﬁﬁmmﬁm>> ﬂQ/I
A ! \en Al 7
K /// ; \v%%//ﬂ 4
0 G iy > 1
A $OF. J/ﬂ
L/// g .
BRI e g et
To

and the dotted figures correspond to simultaneous events.
see the middle horizontal sequence is exact, observe the

kernel of the natural surjection

0

g = G/ ——> (G/H) /1% = gg/T™

is clearly H + Jm/Jm = H/Jm M H. The latter is precisely

H® O 1yy in view of (*%). The map wu ~ is defined by the

composition,

H—— Oy
U ! l
\\B %K/Jm,

whence it clearly factors through the surjection
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v. : H+ H + Jm/Jm = H &

m O m-1)w

Step 3. Recall that dfm is the scheme of zeros of u in
4. Restrict the diagram over . Denoting the restric-
28 m-1 g
1

tions by a prime (e.g. u etc...), and setting M = image

of (Im_l/Im)' in (Qﬁ/lm)', we obtain the sequence
H'-—9—>(Jm-1/Jm)'——~>>M.

The map ® corresponds to the dotted arrow in (***)., A

routine diagram chase shows this last sequence is exact.

Step 4. Denote by 1 : W'S X' the inclusion. Observe
that M = i*in holds, and similarly for (Jm—l/Jm)'.

Consequently, ww factors through the surjection,

H'————>>i*inH'—ﬁg—é(Jm_l/Jm)'.

We may regard (Jm_l/Jm)' as a locally free 0,-Module via

-1
the identification W' = _; induced by W = J. Thus, &
(or rather i*w) is a presentation of M. By definition,
the zeros of & 1in cfm_l is precisely the rmth Fitting

scheme of M.,

Finally, for any map t+ & T > the assertions

m-1’
w(t) = 0 and &(t) = 0 are equivalent. The former defines

~
w4

~

i whereas the latter is also equivalent to t*w = 0, that
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is, t factors through the Fitting scheme of M.
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§2

(2.1). Notation. Fix a smooth map f£ : X > S. Let D
denote the scheme of zeros of a section of an invertible

®,-Module L. Let m = mg, -

e m m_ be a sequence of non-

vty

negative integers. Unless stated otherwise, we will assume

t = 1 1if the relative dimension of f 1is > 1. We denote

the t-fold cartesian product of X over S by X[t] or

Xs[t]. The projections onto or omitting the ith

factor will
be denoted by p, and pg. The diagonal subscheme of X[2]
is denoted by A or AX' We denote by mA the subscheme
with Ideal I(mA) = I(A)™. The pullback of A to X[t] wvia
the projection onto the 1i,j factors is denoted Aij'
Our object of study is the set of singular points of
the fibres of D. Since each fibre D(s) 1is (locally)
defined by one equation in X(s), a point is of multiplicity
>m on D(s) if and only if the local equation of D(s)
lies in the i power of the maximal ideal there. (If
D(s) = X(s), each point of X(s) 1is considered to be of
multiplicity > m for any m). In order to globalize this

observation, as well as to treat the case of several mult-

iplicities, we are lead to consider the subscheme

mA & X E X |

defined by the Ideal
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m
1 - (product) .

m
I(mp) = I(AOl)

(2.1.1). Lemma. mA 1is finite and flat over X[t].
Proof: The subscheme mA of X[2] is flat over X (via,
say, pl). Indeed, this assertion is trivial for m = 1.
For m > 2, we consider the exact sequence

0—s @ lpgm o o - 0

e e(m—lfﬂmm
where L 1is short fer I(A). Beeause X 1is smooth /S,

each Im_l/Im is a locally free Oy-Module (in fact iso-
morphic to the symmetric power Sm—lQ%/S)' Thus mA 1is flat
over X as claimed. Now, for t > 2, (hence rel. dim = Lo
each msAgy is a relative divisor of X E xltl  ower XLtl.
Since P2 is flat, mA 1is a relative divisor because it
induces a divisor on each fibre. The proof of the finiteness

assertion is easy and will be omitted.

(2.2). m-Jacobians.

(2.2.1). Definition. The m-Jacobian of D is the incidence
correspondence of mA in D (which exists by (1.2.2),
because mA is finite and flat over X[t]). It will be

denoted by J(m;D). The m-incidence sheaf of L is
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éX/S(IE;L) = (ps)*(%ﬂ@ PgL)-

This will also be written simply &(m;L) or &(m) if no
confusion is likely. The m-incidence section is the
section of gX/S(@iL) which is the adjoint (= direct image

via p6) of the composition,

p¥xs “

where s 1is the section of L defining D and r 1is

induced by the restriction 6-—9>OmA.

Remark. The m-incidence sheaf is a secant sheaf, in the

sense of [Schwarzenberger ].

(2.2.2). Propesition. (1) J(m;D) is the scheme of zeros

of the m-incidence section.

(2) Suppose the m-incidence section is regular. Then

J(m;D) represents the top Chern class of 6 (m;D) in

X/S
any decent intersection theory.

Proof: (1) The assertion follows from (1.2.2).

(2) The assertion is well known for nonsingular

S (LTCC], p. 153). For the general case, c¢f. [Fulton].
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(2.2.3), Propositien. The formatien of Ji(m;D) commutes

with base change. Precisely, given a cartesian diagram,

D'C X' — XDD

f'J/ o J/f

§' —3 S
where D' = S' ¥ D, we have J(m;D') = J(m;D) X S'.

S S

Proof: The assertion follows immediately from the definition.
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§3

(3.1). The class of the m-incidence sheaves. Preserve the

notation of §2.

We start with the case t =1 (and arbitrary relative

dimension).

(3.1.1). Proposition. We have the formula,

m-1
£X/S(m;L) =1 % si(sz;lc/s) in K- [X].

(Si = §th symmetric power).

Proof: We have the canonical exact sequence,

m-1,-m
00— T H JIW — OmA_PWB S(m_l)ﬁ———a 0

1

Sm—ng/S’
where I 1is short for I(A). The equality holds because
X 1is smooth over S. Tensoring this exact sequence with
ng and pushing down via Py yields

4 o ik R
0 — L ® Sm—l(QX/S) —> E(m) —> E(m-1) > 0,

where E(m) 1is short for Sx/s(m;L). The formula now
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follows by induction on m.

(3.1.2). Remark. ©Our £X/S(m;L) is the sheaf of principal
parts of order m-1 of ([EGA IVAJ, (1:6.3.1L)).

(3.1.3). Proposition. The restriction of the m-incidence

sheaf £K/S(E;L) to the complement U of the union of the

diagonals in X[t] 1is equal to the direct sum

t
D piCyysmy i) |y

Piroof: The restriction of mA over U 1is obviously equal
to the disjoint union of the divisors (miAi)|U. Thus,

V)

is equal to @ O Since

mA | U miAi|U‘

Cgs @) |y = @)l Oy 8 PEL) |4y

holds (either by flat base change or because mA 1is finite
over X[t]), we are reduced to verifying (again by flat

base change) that we have,

(pﬁ)*(am.

kg O PEL) = p¥éy g(mysL).

This is easily seen to be true by the Principle of Exchange

applyed to a diagram we would rather omit.
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(3.1.4). Theorem. We have in the Grothendieck ring

K* X[t]) the formula,

t
by g(m;L) = iélp"{%/smiiﬂ' Iom by

h>1i

Proof: Let W denote the subscheme of X g XLt]l with

Ideal
I(W) = I(mZAOZ) LR I(mtAOt) (products ).

Thus, I(mA) = I(mIAOl)I(W) holds. Because I(W) 1is

invertible, we get an exact sequence,

00— ¢ & T (W) (9} > O e
mlAOl mA W

Tensoring it with qu and applying (qa)*, yields

0 GO 8 T Slgg== & s @L) —> (99)4(0y 8 a¥L)—> 0
“ (def'n). H
& pEey 1o (m;L)
x/s=

where m' denotes the sequence Mo, o My The latter

equality holds by the Principle of Exchange (or flat base

change). Here is the relevant diagram:
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X
a, XRXE] =W
g 5 o
X < ot -~ X 2 Elt-11 = m-4
By 4 ,
| |
1 |
| 45 ?
\ Ps
XLt
[t] S
p {\\\ \/
XEe=1]
By induction on €, it fellows thiat p X/S(m HIED S -

the sum of the (t-1)-last terms of the proposed formula.

Now it remains to identify A with

m Yo
hgl h*hi

For this, we observe that X g X[t] 1is equal to the

fiber product X[t] ® X[t], where we regard X[t] as
Xt=11

a scheme over X[t-1] wvia p,. Further, with this identifi-

cation, the projections onto the 15% and 2nd factors are

equal to q and q, (see diagram). And by is precisely
9} 1

AX[t]‘ Thus, applying (3.1.1) te X[t] = X[t-1]1 (in place
of X+ S) and plL ® I(W), we get

A= Syrey/xre-1{m Pl @ T(D)

" mi-1
piL © I(W) é S, (94

X[t1/X[t-17 -
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Finally, since p.:X[t] = X[t-1] is the pullback of X - S,
JiE

B
X[E] == X

e
Xe=11—= &,

and since the formation of relative differentials and of
symmetric powers of a locally free Module commutes with base
change, we see that A 1is indeed equal to the 15% term of

our formula . This completes the proof of the theorem.

(3.2). A recursive relation.

(3.2.1). Proposition. The incidence sheaves satisfy the

relation,
&1 . TY = & . I lu_ . A
(m;utl; L) @ L) + g Ly,g) ) ( Im Ay e In KX[eHLD
Proof: Consider the fibre square,

1
X[te+1]¢ > X E X
[
|
|

[t+2 ]

X

45

|

9%
R i J
X[t+1l] “——— X[t+2]

(Xl"°"xt+l) Fw__“é(xt+l’xl""’Xt’Xt+l)’
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where the horizontal maps are diagonal embeddings. Set

W = (1,m,u)d, that is, the subscheme of X g X[t+2] with
m m

. 1 t u !

ideal I(AOI) I(AOZ) I(A0t+1) I(Ao’t+2) . Sinee W

is flat over X[t+2], we have the formula,
._]_ ol * L
Ly ~d)) = G2

By the construction of j, we have

s e g s | e
J“I(W) = I(AO,t+l) I(AO]_)

Thus, j-l(W) is just (m,ut+l)A. Consequently, we may

write,

Il

(m,ut+l;L)

= (@), (3% 6y © a5L)

i%* (q )5 (O, 8 q*L) (by the Principle
of Exchange)

= i%& i
= i wX/S(l,@,u,L)

= [i-k CI*L(—LIA

4 TN R wiyd T I E

+ q¥, 6y q(u;L) ]
o+1 X EE2NK/S

in K (X[t+1])

(by (3.1.4)), where EQ ig short fer
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L) Cubiyn g1 = L Pubpel a4l -

& ]
X/S(mz’ ey

By definition of i, we have the formulas,

Ppg] far L =1 o & 12

q,i =
Po_1 For 2 < &< &+ 1,
and
o 1 .
pE+lQX/S for (Irkl. 4 3F1) = (42, 1)
FT Ay p41? =

lI(Ah ﬁ) fogr 1L = &= h = &+ 1,

Therefore we get,

5 _ * L u -
Gy g (@, utl;L) = pE LRy, o) (Impbd g 1)

t g Sgysmp (- L mpbyy),

where we put mﬁ = my for h. < £ and mé+l = 1, By (3:L.4),

the last term in the expression above is precisely é(g,u;L)

in K X[t+l1], thus completing the proof.
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§4

Linear systems. Let g : Y+ Z be a map of

Let

M denote an invertible

0

¥

-Module, and

V 1is a locally free ﬁz-submodule ef g, M. Let

a: gV - M

denote the adjoint of the inclusion

and consider the fibre square,

We have,

from which,

on

N
X = P(VY)-K—> X

Hh
oQ

X, the following diagram,

a\/

~
VX &0 M

L

0y (1)

v
X

get the key section,

I

80 s B ax Ox(l) e M

X X’

VCg,M. Set S =PV )

v

after dualizing and tensoring with GX(l), we
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(4.1.2). Definition. We say S 1is a linear system of M,

and call the scheme of zeros of s the universal divisor

of 8. If V=g, M we say & 18 complete. The m-Jacobian
scheme of S 1is the m-Jacobian scheme of its universal
divisor, and is denoted by J(m;S). If S 1is complete, we

also call J(m;S) the m-Jacobian scheme of M, and write

J(E;M).

(4.1.3). Remark. We do not insist that the universal
divisor of M be either flat over S or even a Cartier
divisor on X. In fact, s need not be a regular section.
We examine next the relationship of a linear system
with its trace on a subscheme of the ambient space. Given

the diagram of maps of schemes proper and flat over Z,

£
W S~——Y
\\‘\V.l .‘I""
hﬂ /8
YRVA
Z i
where i 1is a closed immersion, set I = I(W), set

A=g, (I @M), set B=gM and set C h, (i*M). Suppose

the natural sequence

00— A—> B—> C — 0
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is also exact on the right (e.g., ng*(I ® M) = 0), that
each of these three 6Z—Modules is locally free, and that

their formation commutes with base change.

(4.1.4). Proposition. (1) The subbundle P(A') of P(BY)

is equal to the incidence correspondence (1.2.1) of W 1in

the universal divisor D of M.

(2) The natural map of bundles over Z,

. U= P(BY) - PQAY)—> P(CY)

is smooth and surjective.

(3) The restriction of D over U 1is equal to the

pullback of the universal divisor of i*M.

Proof: The first assertion follews from (1.2.2) and (1.].4).

The 2nd assertion is local on Z. Thus, we may assume

the sequence

splits. Let r : B - €’ be a retraction, that is, rec = lCV
holds. By functoriality of Proj., this retraction yields a
section P(C') <~ P(BY) of mw. Consequently, = is smooth

and surjective.
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The proof of the last assertion is easy and will be

omitted.

(4.2). Regularity of the m-incidence section. Preserve the

notation and assumptions of (4.1). Assume g : Y > Z is
smooth. We will show that for all "sufficiently general"
linear systems, the corresponding universal divisor gives
rise to a regular m-incidence section. The basic fact here
is that X[t] 1is the projective bundle P(VVY[tj) over
Y(t] and, as we will see, that J(m;D) 1is a certain

subbundle.

(4.2.1.) Lemma. (1) There exists a natural exact sequence

of O -Modules,

Ylt]
V(]
f
SNV
/ g
0+ (4 )4(aHM 8 T@hy)) > @Edyppy > Gy @) > ®lg )y (81 6 Tmiy))
(o] (@]
(2) Set L=M® Os(l). Then we have

Ey/s@L) = &y . (m;) © Og(1)

(3) The m-incidence section of éX/S(Q;L) (2.2 facters

through w = v 8 GS(I),



Og(1) 8 Vyroq— %/ s@mil),

Where u’ ® Gs(l) is the universal l-quotient of P(V§[t])'

Proof. (1) Applying (q, ), to the exact sequence
0

0—> giM © I(mAy) —> M —> q*M @ O‘IEA;----“-@ 0,

and using the formula,

(g, JagiH = g(g*M)Y[t] (flat base change),
0

the assertion follows.

(2) The assertion follows by the Principle of Exchange

(or flat base change) plus the projection formula, applied to

the fibre square,

hl
X E ALE] s X E el
Lpa J 95
h
X[E]l ———=s  Y[t]
Indeed, since we clearly have QAX = (@AY) E S, we may write,
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S y@L) = @ )xLhD* Oy 8 gfth) 65 (1)]

~ "~

(0]

04 (1) © h?’f[-_(qa)_,.r(GIEAY € g 0]

0g(1) © d;Y/Z(gn_;M).

(3) By definition, the m-incidence section e 1is the

adjoint of rpgs:

=

= .
ey - - ° %AX '

On the other hand, s factors, by construction, as follows:

s
BX \*~w> L= Gk(l) e M
\‘\ T
OX(l) VvV
Thus, we get the diagram,
(pA )-l-'fr
—— — O .
OX[t]_—_—) (Pa),\.L es(l) @ (g';‘c‘M)X[t ] ik CSX/S(IE’L) i
i
e
b
u = \'~.
~
OS(l) 1% VX[t]
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completing the proof of (3).

(4.2.3). Theorem. Denote the cokernel of

g JMYE e MY
v .é‘Y/Z(g,M) Vyrey by F.

(1) The m-Jacobian scheme of S (4.1.2) is equal to

the projective subbundle P(F) of X[t] = P(V?Et]).

(2)  I£ w ((4.2.1), (1)) ds subjective (e.g), 1E
(quA)*(ng ® I(mA)) vanishes and S 1is the complete
0
system of M) then the m-incidence section is regular

(that is, its Koszul complex is exact).

Proof: Denote the m-incidence section by e. We clearly

have the equalities,
Z(e) = Z(eY) = Z(e¥ B GS)).

In view of (3) of the lemma, the assertion (1) follows from
((1.1.4), (i), with o = v¥Y and u = e’ ® OS(l)).

Finally, if v 1is surjective, we have that ker(v)
is leecally free, w*¥ 1a injective, and F is locally free.

Consequently, we may conclude with the help of ((1.1.4),
(id)) .
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§5

(5.1). The formula of de Jonquiéres. We assume throughout

this section Y 1is a smooth projective curve over k of

genus g. We will be consistent with the notation of the

previous sections. Thus, M denotes an invertible OY—
Module, V denotes a k-vector subspace of HO(Y,M), (={ie)r) -

We can now rephrase and sharpen some of the results of the

previous sections.

(5.1.1). Theorem. (1) There exist a locally free sheaf
= 8Y(@5M) on Y[t], and a section e of E @ OS(l)

on § x Y[t] such that

(1) The scheme of zeros J(m;S) of e parametrizes

the points (D,yl,.,.,yt) in 8 % ¥[t] such that

D > Emiyi

holds;

(ii) The clges of E i1l XK (Yft]ly ds
rq¥G(m, ;M) (- Ay .
q¥@(m, )(hzimh hi’

(2) If J(m;S) 1is either empty or has codimension

rank E (= Zmi) then its class in A(S x C[t]) 1is equal to
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the top Chern class of E ® Os(l).

(3) Suppose S 1is the complete linear system of M.
Then J(m;S) 1is either empty or has the right codimension,

provided we have

deg M - Im; > 20 - 2 - v,

where Vv 1is the number of mi's equal to 1.

(4) Suppose J(m;S) has the correct codimension.
Then so does J(m;S') for all sufficiently general sub-

systems S' of S.

(5) Suppose J = J(m;S) 1is finite and that

dim S 4+ t =

=~
=
l_i

holds. Then the degree of the zero cycle of J 1is equal

th

to the degree of the t Chern class CtE'

(6) (The formula of de Jonquiéres.) Set n = deg M and

assume n = Im,. Then the degree of c E is

IE
(Tm,; ) j;o (t-j)zj:(:%)oj (my-1,...,m.-1)

(where 0g = 1 and Op,...,0, are the elementary symmetric

functions in t-wariables).
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Proof: The two assertions in (1) are just restatements

of (2.2.1 (1) and 3.1.4). The description of the k-points
of J(m;S) 1is straightforward from (2.2.2).

Assertion (2) is a well-known fact of all decent
intersection theories.

To prove (3), we apply the criterion for regularity

given in (4.2.3, €2)). In fack, (quA)*(ng ® I(Q‘AY))
o

vanishes by the Principle of Exchange, because

Hl(Y,M 8 I(Zmiyi)) is zero by the hypothesis on deg M.
Here, we have replaced m by the sequence m' obtained

by deleting all the 1's. The assertion is now a consequence

of the following.

(5.1.2). Observation: J(m;1;8) and J(m;S) have the same

dimension, unless J(m,1;S) is empty.

Proof: Assume J(m,1;S) # . Then the projection of

8 x Y[c+l] omto S » ¥[t] wia the first t factors

restricts to a finite surjective map
p : J(m,1;8) » J(@;S).
Indeed, over each point (D,yl,,.,,yt) in  Jm; Sy, the

fibre of p 1is (at least set theoretically) isomorphic to

D - Zmiyi.
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Proof of the theorem, continued. The assertion (4) is an

immediate consequence of the theorem on the transversality
of a general translate ([K], Theorem 2, (i), p. 290).

To prove (5), we observe that we have
[3] = e (B & 0. (1)) in ACS % ¥[e]),

by (2) of the theorem. Here r 1is short for Zmi. By

standard properties of Chern classes, setting h = clOS(l),

we have
- r-i
[d] = ]} e:(E)h
&g &
= ct(E)hr—t
because Ct+i(E) =0 for 1 >0 (as E comes from the
t-dimensional variety Y[t]), and S O, SR

because dim S 1is r-t. Since the degree of a zero cycle
remains unchanged under push down, and since the push down
of [J] ®o T[] Is c,.(E), the assertion is proved.

The proof of the formula in (6) is a little tricky.
The rest of this section will be devoted to it.

Denote the degree of a zero cycle Z by |Z].

Set

mM| = e 8y ()|
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Set n = deg M.

(5.1.3). Lemma. For each nonnegative integer u, the

following recursive formula holds:

| m,utl;M = |m,uM| + @+ ug-2)) [m;M(-uy) | - Zmi[m Lo .,mi+u, co. M ;

where y 1s a point of Y and M(-uy) 1is M@I(y)u.

Proof: Set E(u) = (gY(I_E,u;M) for short. Recall the relation
(3.2.1),

1. u " . e
E(utl) = E(u) + qf ) M) D) (-Zmpay 9)  din KO (Y[E+1])
Let y and h denote the embeddings of Y[t] onto
Y[t] x y and Ay p41 In Y[t+1]. We compute Chern classes
modulo algebraic equivalence. Thus, we get,

Cl(M) = ny:

and

| m,utL;M| = |m,u;M| + (rr%—u(Zg-Z))|ct(:f'~‘E(u))| - th|ct(t_1"'\‘E(u))|.

We have used the projection formula and the invariance of

degree under lower star:

.
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c, B() - qf 1(¥) = c (E())y, (1)

z*(z*ct(ECU)))
= 7o (B (F*E@) ) ),

and similarly for Ah,t+l‘

Recalling the formulas for the class of ECu), (3.1.4),

(B
= q% o 1- Figi o . = -
E(w) = qf, 6 (u;M) + % Q¥ &y (my M) ( ubiig g hZi m Ay i),

and observing the formulas,

Qey1Y Y[t] + Spec(k),

y*(beyy ) = PEO),

b

z#(Ah i) = Mg for 1 =2 b < £

3

we get,

A

Y*E(u) = (trivial) + Ip%&, (m,;;M(-uy)) (- 3 hi’

.
(sl h

in K (Y]E]).
Thus, we get

leey*E() | = [m;M(-uy)] .
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Similarly, we get, for h = ¢,

E*E(w) = pEé (u;M) + pEé (m ;M) ()" +

o | t-1
)

+ % pidﬁmi;M)(—uﬂt . - mA, . - A

m i Yo
. - = O T} h hi

However, the 15% two terms in the r.h.s. add up precisely

to
* . It
ptéé(u + mt,M) F1l
Hence, we have proved

t*E(u) = éY(ml"” mt+u;M).

g e

Finally, with the help of obvious permutations on

Y[t] and Y[t+l] (see also proof of lemma below), we get
h*E{u} = Y(ml,...,mh—l—u,...,m :

which completes the proof of (5.1.3).

(5.1.4). Lemma. The symbol |m;M| is symmetric in m.

Proof: Each permutation T of {1,...,t} induces an auto-

morphism of Y[t], still denoted T, such that, with a self
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evident notation, we have,

(1 x ) Lema) = (tmya in Y x Y[t].

Consequently, recalling the definition of éY(g;M), we clearly

get
€y (m; M) =Sy(tm; M)
whence
|m; M| = |tm;M|
holds.

(5.1.5). Lemma. There are formulas,

(0) |m,0;M[ =0
(1) |m,1;M| = (n-Tmy)|m;M|
nd

Proof: The 2 of these follows from the lSt, in view of

(5.1.3), The 1St, in turn, follows from the obvious formula,
Cy(m,0;M) = gy &y (m;M)

because the r.h.s has zero (t+l)St Chern class.
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(5.1.6). Lemma. Assume 1 + u + Zmi = n holds. Then we

have,

|m,w+1;M| = |m,u,1;M + @u@g-2))|m, 1;M(-uy)| - Zmi|m ,...,mim,...,mt,lg

.

Proof: The formula is just a restatement of (5.1.3), in view

of (1) of the preceding lemma and the hypothesis.

End of proof of (6) of the theorem. We proceed by induction

on the number of indices i such that m. # 1. If each
m; ijs 1, the formula in (6) gives €!, which is just fine
by (5.1.5; (1)}). To finish, it suffices to werify that the

proposed formula satisfies the recursive relation in (5.1.6).

For thisg, set aj = (t+1—j)!j!(?), and set

m. = (ml"'"mi-l’mi+1"'°’mt) (omit mi).

Cancelling'nmi and replacing each m, by l+mi, we are

reduced to verifying the identity,

t+1 t+1
(ut+l) ) a.o.(m,u) u ) a,(t+2-j)o. (m,u-1) +
R & 3 =

t

+ (+t+u(2g-1) + Im,) } a.0.(m) -
loJJ"'
E E
- é aj § (1+u+mi)0j(ml,...,mi+u,...,mt).

Using, as needed, the relations,
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Gj (TB,U) G Uj (F_ﬂ_‘) 2o 'U.Oj _1(12): Zij _1(]:_11_1) = (t"j+l)0j _l(r_n_):

jGj (m) = Im;o, o1 (m),

we arrive at

t+1
2u (Z) aj [(g'J)UJ (E) = (t+2"j )Oj _l(tﬂ)]

lle~2

0,

with the convention that ot+l(@) = G_l(@) = 0. At Ehis
stage, we recall what a; stands for, and happily conclude

that the question mark can be erased.

(5.1.7). Remarks. (i) The formula in (6) of the theorem

is the one at the bottom of p. 286 of J.L. Coolidge's Treastise
on Algebraic Plane Curves, Dover, (1959), N.Y. However,

the recursion formula he establishes (cf. formula (6), p. 286.

loc. cit.) is apparently different from ours.

(ii) If we just assume n > Im;, a formula for | m; M|

may be easily derived from (6). It suffices to replace m

by the sequence 'm,1,...,1, and use (5.1l.5, (1)).

(5.1.8). Historical note. The formula of de Jonquieres has

been one of the most repeatedly proved enumerative formulas.
De Jonquieres himself offered two proofs [J.F. Math. 1866,
p. 289]. R. Torelli gave another proof based on the cor-

respondence principle [Rendic. Circ. Mat. di Palermo, 1906].
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Ms. Vittoria Notari, in her dissertation at the Universita
di Bologna, in 1920, also addressed to the question.
Several particular cases were treated by Castelnuovo [Circ.
Math. di Palermo, 1888]; Zeuthen [Lehrbuch, 1914, p. 2461];
Brill [Math. Ann. VI 1873, p. 47]; Cayley [Papers, VII, p. 411.
More recently, I. MacDonald extended the formula to the case
of several linear systems [Proc. Camb. Ph. Soc. (54), 1958
p. 3991, and, in a later paper, rederived the formula
employing his computation of the cohomology ring of the
symmetric product of a Riemann surface [Topology, I (1962),
p. 319]. Schwarzenberger, in an earlier version of his paper
on Secant Bundles, reportedly tried to extend the formula
to positive characteristics. A. Mattuck [A.J.M., (87),
no. 4 (1965), p. 779] obtained a new proof of the formula,
employing several intersection formulas for the Chow ring of
the symmetric product of a curve and its Jacobean variety.
Our proof requires only the rudiments of intersection theory.
The deepest intersection relation we need is the formula
?|

el = 2-2g". Also our approach enables us to give the
criterion for finiteness (cf. (3) and (4) of the theorem),

and is also instrumental in the analysis of the multiplicities
of the solutions (see next section). Finally, the method

lends itself to generalizations to higher relative dimensions,

as well as to the case of families.
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§6

(6.1). Conditions for multiplicity one. In char. 0, as

expected (and always implicitly believed in the classical
literature), each of the solutions counted by the formula in
(5.1.1, (6)) does appear, in general, with multiplicity 1.
In char. p > 0, however, this is only so if p does not

divide any of the m.,. Here is the precise assertion.

(6.1.1). Theorem. Let S denote a linear system of dimension
d on a smooth projective curve Y. Suppose J = J(m;S) is
integral and has the dimension & = t + d - Im; . Let

m : J > S denote the map induced by the projection

8 x ¥[e] = 8.

(1) If 7 1is generically unramified (resp. everywhere
ramified), then for every sufficiently general subsystem S'
of S of dimension d' = -t + Zmi, the scheme J(m;S') 1is
finite and reduced. (resp. there exists a positive integer
e such that the length of each Artin local ring of J(m;S')

is pe, where p = char. k > 0).

(2) Set J; = J(ml,...,mi+1,...,mt;S).

Then = is wnramified on the restrietion U of .J = UJi

over Y[t] - UAij if and only if p ¥ my,...,m_.

(3) Suppose each Ji has the right dimension (&-1).
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Then 7w 1is generically unramified if and only if

P * PP M

Proof: Assertion (3) follows from (2) because the open set
U 1is dense.

We now prove (l). Let G denote the Grassmannian
of subspaces of S of dimension d' as above. Let ,J +~ G

denote the universal family. We form the diagram,

By construction, the fibre of ¢ over a (say, rational

point representing the) subspace S' 1is precisely

J (m; S) § 8', which is J(m:S8'") by (2.2:3). Clearly, JJ is
integral. Also, dim {é = dim G holds. Because ¢ 1is
faithfully flat (in fact smooth), m and w' are generically
ramified or unramified together.

We claim that 7 and ¢ are generically ramified or
unramified together. Obviously, if ¢ 1is generically un-
ramified, then so is #' and hence also w. Conversely, if
m 1is generically unramified, by ([Kj, cor. 11, p. 296) the

fibre ¥ 1(S') = J(m;S') is finite and reduced for all
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sufficiently general S' in G. (One must be careful to
require that S' miss the ramification locus of w). Con-
sequently, ¢ 1is generically unramified by the lemma below.
This proves the claim. Now the assertion (1) follows by
applying to ¢ the lemma below. (We recall that a map of
integral algebraic schemes of the same dimension is generically
unramified if and only if the induced function fields

extension is separable).

(6.1.2)y. Lemma. Let f 3 X'+ X be a finite surjective
map of integral algebraic schemes. Then there exists an

open dense subset XO of X such that the geometric fibre
of £ over each x in XO has s = separable degree of £
distinct points and the length of each of its Artin local

rings is i = inseparable degree of f.

Proof: Replacing X by an open dense subset (e.g. the
complement of the image of the singular laws of X'") we
may assume X' 1is normal. Now, let Xs denote the normal-
ization of X 1in the separable closure of its function
field R(X) in R(X'). Since X' 1is the normalization of

X in R(X'), we get a factorization for £,

where i and s are purely inseparable and separable. Thus,
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we may assume f 1is either i or s. 1In both cases, by
factoring f through the normalization of X in some
intermediate field, the result follows easily by induction

on the degree.

Proof of (2) of the theorem. The assertion will result from

an explicit computation of the tangent space of J(m;S).
I learned this from secret notes of Dan Laksov.

Let R be a local ring of Y. Let =x denote a
uniformizer of R. Set Y, = Spec R. We will describe
explicit equations for the subbundle J!YO of S x Y.

Fix a basis fo,...,fd for the vector space
v c u9(Y,M) defining S (i.e., S = P(VY) holds). Let
Zgs o024 be the dual basis. Set E = &Y(m;M). There is

a basic identification of E|Y with the R-module
0

R[Y]/(ym) ([Roberts], (3.7) p. 286). ILet
dm : R » R[Y]/(ym)

be the map which computes '"truncated Taylor expansions'.
Precisely, this is the unique homomorphism of k-algebras
that sends the uniformizer x to the class of xty. Fix
an identification of M with R. Thus, we may think of
the fi as elements of R. It can be checked that the

map Vv : VY ~E of (4.2.1, (1)) 1is identified with



i
vV eR—> R[y]/(yD).

f. —— d_£f.
i m i

By (4.2.1, (3)), the m-incidence section becomes

v} —> 0,(1) 8 V,—/— 0,(1) ® E
SxY, S Y, S i
1 > rz.f. r+—— =IZz.d f.
15 i m i
ik m-1 :
Denote by 93,3 ,...,9 the dual basis of the R-
basis l,y,...,ym_l of R[y]/(ym). Set D(j) = Bjdm. Now,

it follows from (1.1.3) that the homogeneous equations of
JIYO in S x YO are

* (J ) = 1=
() ZiD (fi) = 0, j=0,...,m-1.

Il ~100

i=0

To get the equations for the tangent spaces of J, we
dehomogenize (*) and apply the chain rule to compute the
differentials of the local equations. Choosing coordinates
on S so that, say, fo is (1,0;...;0), the tangent spaece
to S at fO can be identified with the set of h with
coordinates (l’hl’”"’hd)‘ With the above conventions, it
follows that a tangent vector (h,w) of S x Y 1is tangent

o J &t (fo,yo) (yo = closed point of YO) if and only

if we have
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d p .
(¥) 5 h, 09 (£0) (5 + w[é%(D(J)foi]<yo> - 0,

However, expanding (X+Y)N by the binomial formula, we get

the relations
g2 el = (?)XN'J,

whence

26 = @ G

G+ ST ey

Since (Dj(fo))(yo) = 0 holds (because (fo,yo) must

satisfy (¥)!), the equations (**) become simply
h(yg) = DD ) (vy) =...= D™D ) (yy) + mad ™ (h) (yy) = 0,
where we put
04wy = sn, 09 £,y
Summarizing, we have proved the following

(6.1.3). Proposition. Preserve the notation above.




5¢

(i) The restriction J|Y is the subbundle of
0

S x YO defined by the homogeneous equations
p3) ) =0, j=0, ...

(ii) The tangent space of J(m;S) at a point (fo,yo)
is the subspace of the tangent vectors (h,w) of S x Y at

(fo,yo) satisfying

DU (h) (yy) = 0 0<j <m2

D@D ny (yy) + md™ (h) (yy)w = 0.

(6:.1.4). Covollary, (i) If p|m then W : J;8) + 5 ‘ds

everywhere ramified.

(ii) If p¥m then J(mtl;S) is the ramification locus

gfF Jdim:B) = 8,

Proof. Both assertions follow from the equations for the
tangent space, once we observe that the tangent map of 7

is just «h,w) = h,

(6.1.4). Remarks. (a) Usually, one gives the ramification
locus of a map the structure of scheme defined by a Fitting
Ideal of the Module of relative differentials. It can be

shown that, if p*m, then J(mt+l;S) is scheme theoretically
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equal to the ramification locus of m. This is the

approach of A. Lascoux [L].

(b) The proposition enables us to give a description
of the (embedded) tangent space to the image of J(m;S) in

S similar to the usual statements on duality (which is the

1l

case m = 2). Indeed, it is easy to show that w is a local
isomorphism at each point (f,y) in J(m;S) such that
(f,y) dis not in J(@mHl;8) and (£,¥) is the only peint in
the fibre w_l(f) (provided, of course, ptm). Further,
for any such point, the embedded tangent space to w(J(m;S))
at £ 4is the fibre of J(m-1;8) over y. Thus, loosely
speaking, the tangent space at a divisor that passes m
times through a point is the subsystem of divisors
passing (m-1)-times through that point.

Unfortunately, we don't know how this statement
generalizes to dimensions higher than 1, execept, of course,

for the wellknown case of m = 2.

End of the proof of (2) of the theorem. Having dealt with

the case t = 1, we observe that, for t > 2, the restriction
of J = J(m;S) over W= Y[t] —‘JAij is equal to the inter-
section of the pullbacks of the J(mi,S) te S x W wvia the
projections S x W+ S x Y. (This assertion follows from
(3.1.3)). Consequently, the tangent space to J at a point

y = (fo,yl,...,yt) is likewise an intersection of tangent
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spaces. These are the equations we get, in view of (6.1.3,

(i1)):

09y (y,) = 0 0<j <my -2
(mi_l) (mi> 25 SRSRERRNS o
(D h) (y;) + m; D £0) (yydw; =0
Thus, if p divides, say my, Or ¥t = g iin J(ml+l,...;S),
the tangent vector (h,wl,...,wt) with h = 0, Wy # 0,
Wom s n =W = 0 is tangent to J, and is killed by the tangent

map of 7. Conversely, if y 1is not in any of the Jis and
p¥m1,...,mt, the condition h = 0 implies W= e m W, = 0
for each tangent vector (h,wl,...,wt) in TyJ. This

finishes the proof of the theorem.

(6.2). Examples. (1) 1In char. 2, the number of distinct
lines through a general point and tangent to a smooth conic

is just 1, as everyone knows. (In fact, you just have to
join the given point to the strange point of the conic). This
agrees with (6.1.1), because, setting S = pencil of lines
through a point, the degree of J(2;S) 1is 2 and each of

its points must appear with multiplicity g5 ]

(2) How about the flexes of a smooth cubic, in char. 37

3

Their number, counted with multiplicity, is 3= |J(3;58)

where we put S = net of line sections. However, (6.1.1)

does not apply, because J = J(3;S) 1is not integral. But we
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do know, by (6.1.3), (ii), that J 1is not reduced at any
of its points. In principle, the lengths could differ from
point to point. But we can save the situation by reversing
the roles of the cubic and the lines, and look instead, at
the family of divisors cut out by a fixed cubic in the
universal line L =+ 52 (cf. Prop. 8.2.9). First, we look
at J = J(3;OL(3)), and happily verify it is integral (in
fact isoworphgé to L, over ﬁz)‘ Then we take the (smooth)

§2 ¥%9

pullback of J to the open U in X P (complement of

the incidence correspondence '"line in a cubic'). Well, the

fibers of ,QIU over an open dense subset of p?

(= para-
meter space for the cubics) are precisely the various g R
The upshot is that, since J(3;S) 1is never reduced, the map
JJU = ﬁg is not separable (by (6.1.2)). Consequently, the
inseparable degree, 3¢, is the uniform multiplicity of each
of the points of J(3;S), at least for an open dense subset
of §9. Since the cubic y2 = x(xz—x-l) has precisely 3

flexes, and since this number is the maximum possible, it

follows that the generic cubic has precisely 3 flexes. (We

are using the fact that the number of geometric components
of the fibres is lower semicontinuous (cf. [EGA IVé], 15.52).
We observe that cubics with just one flex exist, e.g.,

y2 = x3 - x. Since the points of inflexion are the points
of order 3 for the group law of our cubic (provided we pick

one of them for the zero), these results agree with the

general statement on the number of points of a given order on
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an abelian variety (cf. [M.A.v.], (4) of prop. on p. 64).

(6.3)Problem. Suppose Y is a reduced plane

Let Y' denote its normalization. Let n' be

Let Sn' be the linear system on Y' cut out

of degree n'. When does J(m;Sn.) have the

curve of degree n.
a positive integer.
by the plane curves

right dimension?
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(7.1). Lines with prescribed contacts with a hypersurface.

Fix a projective space Pr = P(V) of dimension r

over a field k.

be a sequence of

(7.1.1). Definition. Let m = My, ... ,m
positive integers. We say that a hypersurface h (resp. a
line &) has m-contact with & (resp. h) if the intersection
h ™7 econtains a diviser of % of the form Im.X. .

Let G denote the Grassmann variety of lines in
PY. Denote by Q the universal 2-quotient of VG' Thus,
éw= P(Q) » G 1is the universal family of lines.

Fix a positive integer d, and set W = HO(P,GP(d)).
Set T = P(W'). Thus T parametrizes the hypersurfaces of

1

P of degree d. We recall that the universal hypersurface

H =T 1s the scheme of geros dn T X P* of a section of
0p (1) @ Opy (d), Pulling back to T x P¥ x G
and restricting to T x L, we get a subscheme D of T x L
defined by a section of OT(I) %] OL(d). Clearly, the
rational points of D are the trigiets (h,2,x) where h

is a hypersurface of degree d, £ 1is a line and x lies

in h M 2.

(7.1.2). Definition. The scheme of m-contacts of lines

and hypersurfaces is the m-Jacobian scheme J(m;D), with
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D as above. The fibre of J(m;D) over a point h in

T 1is called the scheme of m-contacts of lines with h.

e ) A 8 R Ml

Thus, the rational points of J(m;D) are the points
(h,xl,...,xt,ﬁ) of T x L[t] such that the intersection

h m & contains the divisor Zmixi of .

(7.1.3). Theorem. (1) There exists a locally free sheaf

E = E(m;d) of rank P = Im; on L[t], and for each hyper-
surface h of degree d in P* there exists a section

s, of E whose scheme of zeros is the scheme of m-contacts
of lines with h.

(2) The class of E in K(L[t]) is

(3) Suppose Z 1is a Cohen-Macaulay closed subscheme
of G of pure codimension €. Suppose the restriction over
Z of the scheme of m-contacts of lines with h is empty or
has codimension ¢ + p in L[t]. Then the class

J(m;D) (h) o Z in A(L[t]) is

[Z2] o E).
P

(4) Suppose the codimension ¢ of the subscheme Z

as 1n (3) =satisfies,
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e > 2(r-1) - (d+1) .

Then for most hypersurfaces h of degree d, the scheme
J (m;D) (h) é Z has the correct codimension ¢ + p in

L[t], if nonempty.

Proof: Assertions (1) and (2) are special cases of
(2.2.2) and (3.1.4) taking into account that the formation
of J(m;D) commutes with base change. By the Cohen-Macaulay
assumption in (3), the codimension requirement ensures that
the section of E|Z defining J(g;D)(h)lz is regular.
This yields the desired class first in A(L[t]|z) and hence,
by the projection formula, the assertion follows.

To prove the last assertion, we consider the subscheme
X of T x G of pairs (G(h,;2) =sueh that h cantains 1.
It is easy to see that X 1is in fact a P"- bundle over
G, where n = dim T - (d+1l). One then checks that there is

a smooth, surjective map of schemes over G,

Tx G - X —> P(SdQY (SdQ = gsymmetric power)

et

which, fibrewise, sends a hypersurface h (such that
h 2 %) to the divisor h M &. Further, the restriction of
D over T x G - X 1is the pullback of the universal

divisor E of OL(d) (see 4.1.4). Counting dimensions,
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one sees that there is an open dense subset U of T such
that U x G is disjoint from X,. Now, if ©f 1s bigger
than d, any line with an m-contact with a hypersurface &
of degree d is confined in h, by Bézout's theorem.

In other words, J(m;D) - T x G factors (at least set-
theoretically) through X, and therefore, J(m;D) (h) é Z

is empty for each h in U, Finally, if B < d holds,

we know that J(ng)Z is regularly embedded in

L~é P(SdQ)\/|Z with the codimension #° (by 4.2.3, (2).

Notice that (RlpA)*(I(@ﬁ) (%] ng(d)) vanishes by the
o

Principle of Exchange and because the fibers are lines and
the invertible sheaf induced on each of these has the

nonnegative degree d-p). Therefore, its smooth pullback

te & X AL,

has codimension p in (L[t] x U)|ZxU' By the theorem on
the dimensions of the fibres, ([Sh], Thm. 7, (2), p. 60).
There exists an open dense subset U' of U over which

the fibres of J(g;D)ZXU have the right dimension. However,

for each h in U, we have

D@D ()] % 2 = [T@;D) |, 4] ().

This finishes the proof of the theorem.



(7.2). Examples.

Preserve the notation of (7.1).

Set X =

C]. (Q)

"eondition"” that a line meet a fixed other, and #® +that a

Let us compute a few cases in P

66
3

and set Tm = c2Q. Thus., A 18 . the

line pass through a fixed point. There are formulas

Il

2

1

1

(= # of lines meeting 4 others)

(= # of lines through 2 points...)

(= # of lines meeting 2 others and

passing through a point).

Set h = CIOL(l). We need the Chern class of @

In view of the canonical sequence on L = P(Q),

00— (1) —>Q — 0(1) — 0

we can compute

We also have the formulas h™ = Ah - w; h~ = (Az—ﬂ)h - AT.

w

le as

2 3

(The 15 holds by Grothendieck's construction of Chern

clagses, cf. [TEEC]; the 2

(7.2.1). Five-fold contact with a surface F ' of degree

Hd then follows).
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(t=1, m=5). The sought for number 1is (the degree of)
CS;&/G(S;q&de)'
By (3.1.1), this is the term of top degree in
(1 + dh) €L + dh + W) ... €L+ db + 4d3).
That term is

dh((d-2)h+r) ((d-4)h+22) ((d-6)h+31) ((d-8)h+4x) =

— dh[232+(3d-8)ha+(d-2) (d-4)h%] [122%+(7d-48) ha+(d-6) (d-8)h%]

(because h4 = 0)

2

= dh[24)%+(50d-192) ) >h+(35d%-300d+576) 1h*]

Pushing down to G, we get,

2

d[24)*+(50d-192) 2%+ (35d% -300d+576) (L *-mA?)]

which has degree

d[35d%-200d+240]

= 5d[7d2-40d+48] (cf.[Baker], formula(4)p.90)
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(7.2.2). Double inflexional lines (t=2; m = m, = 3% .

Their number is one half of the degree of

z = eg [G(3) ; (~38)A &(3),] = (dhl-3A)[(d-2)h1—3A+A]

[(d-4)hy-38+22] -dh, [(d-2)hy+r] [(d-4)hy+2)].

(The indices mean pullback to r&[Zj via the corresponding

projection .)

. 2
Since we have A" = cl(T&/G) = -wA = (2h-))A, we may

compute

(dhl-3A)[(d-z)(d-4)h%+(3d-8)hlx-(6d-36)hA-18AA+2A?] =
d(d-2) (d-4) [(A2-m)hy -A7]+d (3d-8) (A*hy -AT) -6d (d-6) (Ah=T) 4 -

lSdAhA+2dK2hl—3(d—2)(d-4)(Kh—w)&—3(3d—8)KhA+18(d—6)(hh—Zﬁ)A A=

54 (2h-1)A-622A
((a3-3a%42d)2% - (a3-6a248d) 1) b, - (947 -45d) Aha+ [(9d7 -90d+240) T -

6002 a-(d3-3d%)am

Using the projection formula together with the well

known formulas,
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Py (d) = poy(hy) =1 in A(L)

and pZ*(l) = 0, we may compute pz*(z) as

([(@3-3d%+2d-60)22-(a3-15d%+98d-240) ] - (9d%-45d) Ah}
{-(a3-3a%) an+[(a3-3d%+2d) 2% - (a3-6a%+8d) 7] h)

(942-454d) (a3-3d%)2%rh- (942 -454) [(a3-3d%+24) 1% -

- (d3-6d%+8d) 7] x (\h-1) + (d>-3d%+2d-60) (d3-3d%+2d) A% +

+ (a3-15d%+98d-240) (a3-6a%+8d)1%h - [(d%-3d*+2d-60) (d3-6d%+8d) +
+ (a3-15a%+98d-240) (d3-3d%+24)] 2 %mh
which has the degree...

d? . ga® £ 224° - Spld & 11208° = 12004 -

=  d(d-i)d=5)(d°> £ 3d° + 29d = 60)

{cf. [Baker :], formulas €5). p. 91).
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§8 Higher relative dimensions

(8.1) What goes wrong. For simplicity, let's consider

first the case of just two assigned multiplicities, my

and m2 . Suppose Y 1is a smooth, projective variety.

As before, denote by m A, the subscheme of Y X Y[2]

m.,
defined by the power I(Aio) L, If dim Y 18 > 1 ; the
scheme
R = Nghg * Bty o
defined by
I(md) = I(mydyq) N I(myA,,)

is flat only over the open subset U = ¥Y[2] - A . Now, if
S5 18, say, & linear systemon Y , and 1f D& 8 X ¥
denotes the universal divisor, we already know that the
restriction over U of the incidence correspondence
J =J(mAcD) (1l.2.1) is the scheme of zeros of a section
of a certain locally free sheaf & . However, if J 1is
finite and rank(4) 1is equal to dim(S x U) , we can't
compute the number of elements in J as the degree of the
top Chern class of & , because the numerical equivalence
ring of a non-complete variety is trivial.

What one needs to do, is to get a "computable"

compactification of U . By this we mean a complete
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variety B , together with an open dense immersion UC B ,
plus a subscheme .m&' c ¥ X B finlte and flat over B ,
and such that mA' is equal to mA . Grant the
existence of such aUpair (mA',B) (ong may take, for

instance, the closure in Y[2] x Hilb of the graph of

B
the map defined by mA Y. It is very easy to show that
J(ga' e D) 18 a B~progective subbundle of S x B , and
that its restriction over B - U is "negligible", at least
for a sufficiently general linear system S . The catch,

however, is in the computability of the relevant Chern-

classes.

(8.1.1) Remark. We don't know whether the map

m: U ——s Hilb,

(defined by (mA)| < Y x U) extends to the blow-up of

A I ¥ X T excgpt when either m; or m, HE ' Bl
general results on flattening by blowing up (cf. [Raynaud]),
one does know that m extends to the blow-up of Y x Y

along some subscheme.

(8.2) The step by step construction. Let f: X - 8

denote a smooth map. We construct inductively smooth maps

of schemes
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pt,?’ pt,l: X{t} _’X{t_l}

We set X{1} = X and X{0} = S and = f .

P11 5 ¥y,
For t > 2 , we view X{t-1} as a scheme/X{t-2} via

P 1.1 and we let

by: X{t} - x{t-1} x X{t-1}

x{t-2}
denote the blow-up of AX{t-l} . Then set pt,i = pibt -

where p. denotes the projection onto X{t-1} Py 4 is
L]

smooth by ([EGAINh] 19.4.8) . We denote the exceptional

Pl -1 :
divisor by (Ax{t—l]) by E, , and the mth power of its

Ideal by Ot(m) . For each GX—Module M , we define
inductively
Mm) = Cpyy(my) © pEyy, Mmg,...omy 5)

(We put M(@) =M ...).

Fix an invertible GX—Module I and let D denote

the scheme of zeros of a section s of L . We will
define inductively a closed subscheme J(m;D) of X{t}

We need a few preliminaries. For t = 1 , we consider the

diagram
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o
*
b5 108 1\}1;1}

r
(.21} L(m) — px L — (pg,gL) @ﬁmEg — 0 .

(8.2.2) Proposition. The scheme of zeros of .5 1in

X exists and is equal to J(m;D) , the m-Jacobian of D

(2.8.3).

We first need the following lemma

(8.2.3) Lemma. There are formulas,

n
(R™p;) (3L 20,

2 A) :

and the latter is zero for 1 # 0 and m > 1

Proof. Since X/S 1is smooth, A 1is regularly embedded

in X[2] . Consequently, there are formulas (cf.[Manin]p.62)

0 for 1. £ 0
G (m) = { -

)
2% 2 I(A)m

(R'Db

and
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Setting Am = Gg(m) or GmE s, the spectral sequences for

R™(pb,) ,(p% oL @ Ap)

degerate and yield the formulas (i) and (ii). The last
assertion holds because Gm& ja Sinlte /' X -

Proof of the Proposition. First we recall that E = E2

is flat / X (in fact smooth, because it is equal to
P(Qk/s)). Further, we have exact sequences,

0 — O, (m-1l) — ©& — — 0

E mE (m-1)E
Thus, by induction, C o 1is flat /X . In view of (41)
of the lemma, it follows by the Principle of Exchange that
= 3* 3
the formation of § = (pg,l)*(pg,gLéiemE) commutes with
base change. By (1.1.2), the scheme of zeros of Up.p
.’
in X exists and is in fact equal to the zeros of the

section u' of 4 , adjoint to u By (ii) of the

m;D
lemma, (applied to i = 0), & 1is precisely the
m-incidence sheaf of L (2.2.1). It remains to be shown
that u' coincides with the m-incidence section e (the
zero of which, we recall, defines J(m;D)). But this is an
immediate consequence of the formulas u' (nglk(um;D)
(pl)*(be)*(um;D) , once we remark that (bz)*(um;D) equals



s

the section of L ® Gmb of which e 1is the direct image

via py (cf. (B2 1)«

Continuing with our program of defining the J(m;D) ,

W, te—

we observe that, because mE ig' flat / X , the ‘exacth

2
sequence in (10.2.1) remains so after restriction over

J(m;D) . Hence, ©pJ o8 1induces a section,
2

J(m;D)

(8.2.4) Definition. We call the scheme of zeros of

SD(m) the m-virtual transform of D , and denote it by
D(m) . We set J(m;D) = J(m;D) , and define, by induction,
ﬂ(g;D) = v&(mg,...,mt;D(ml))

We call ﬂ(ﬁiD) the m-Jacobian scheme of D . The

m-Jacobian of a linear system S on a scheme Y/Z (4.1)

is the m-Jacobian of its universal divisor, and is
denoted by %(@;S) . If 8 1is the complete linear system
of an invertible OY-Module M , we set d(ﬂ;M) = i(Q;S)
and refer to it as the m-Jacoblan of M .

(8.2.5) Remarks. (1) If the relative dimension of X/8

is 1 then J(m;D) and J(m;D) agree. (Thus, we will

henceforth write J instead of J, .)
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Proof. First observe that X{t} = X[t] holds. Further,

Piyq.q caR be identified with p6: X g X[t] -» X[t]

Now, it suffices to prove that J(m;D) is equal to
J(mg,...,mt;D(ml)) . This can be easily verified on
T-points, and it essentially means that, for a divisor 4

in a smooth curve, the assertions

and

d - mlxl 3 m?xg 4 e b WX

are equivalent (where X; are points on the curve).
(ii) Clarly, a point Xy in X{t} 1lying over Xy
ia XL} 18 im J(mgn) 1iff x, is an m

) ® k(xl) , and then x

1-fold point

0 o ig an mg-fold

point of (D(ml))(xl) ® k(xg) (the ml—virtual transform

0) ® k(xl) at xl) , and so on.

of the fibre D(x

of D(x

(8.2.6) Example. Suppose S consists of a single point

and X 1s, say, AAQ . Suppose D c X 1is a curve with a
triple point together with an infinitely near triple

point as the only singularity (e.g. y3 = xT).

Then
J(23;D) 1s supported at the singuler point. The 2-virtual
transform of D 1is the proper transform D plus the
exceptional line counted once. Since D has a triple point,

therefore D(2) has at least @ 4-fold point. Thus,
d(2,4:D) # g = J(4,2;D)
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(8.2.7) Proposition. The formation of J(m;D) commutes

with base change through S .

Proof. Because X 1is smooth/S , for each base change

S' 5 S , we have that
X2} x 8" = WW{ol
S
holds, where we put X' = X x 8'. The smoothness is
S
required to ensure that the formation of powers of I(AX)

commutes with base change. The assertion now follows

eagsily by induction on ¢t .

The next Proposition draws its interest from the
following situation. Suppose Y 1ia a smooth hypersurface
in some projective space P' . Then one can consider the
hyperplane sections of Y as a family of Cartier divisors
in two ways: either as divisors in the trivial family

v
PI‘

X Y or in the family of hyperplanes of p¥ parametrized
by b . Accordingly, there are two possible definitions
for the m-Jacobian, and of course one should expect them
to yield the same thing. In other words, the m-Jacobian

of a good family of divisors should be intrinsic.

(8.2.8) Proposition. Suppose D is a relative Cartier

divisor of X over S . Then J(m;D) depends only on the
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structure map D —-» S (and not on the embedding D < X 1

Proof. Suppose t =1 . We will apply lemma (1.2.3) to
X =Dx X, #&d=P2, T =nrojectien , & =01 X'B and
S S

W D X AX = AD . Notice that W 1s transversally
X :

regularly embedding in % relatively to < because AK

is so in X x X relatively to X ([EGA IV“] TS24 B
the same tokin, B 1is a relative Cartier divisor of

%/# . Now observe that, for each m > 2 , the incidence
correspondence of mW in & is precisely J(m;D) . By
the lemma, J(m;D) depends only on J(m-1;D) and the
Ideal of Ay in D x D . Since J(1;D) 1is obviously
equal to D , the prgof for £t =1 d1s complete, The
proposition now follows by induction, once we remark that
the m-virtual transform of D 1is also a relative Cartier
divisor of J % %X{2} over J = J(msP) . This assertion
holds because %he fibre of D(m) over a point x of J

is obviously a divisor on the fibre of X{2} over x .

i§.3) The generic class of J(m:;D) . Preserve the notation

of (8.2).

(8.3.1) Definition. We say D is m-generic (or

m-regular) if, for each i = 1,...,t , the Koszul complex
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of the m,-incidence section (which defines J(ml,...,mi;D)

in J(ml,...,mi_l;D) % X{1}) 1is exaet. If D 18 the
X{1i-1}

universal divisor of a linear system S (4.1.2), we also

say & 18 m-generic if D 1s m-generic. Finally, if

S 1is the complete linear system of the invertible GY—

module M , we say M 1is m-generic if S 1is so.

(8.3.2) Definition. The m-incidence sheaf of L 1s the

element of the Grothendieck ring K°X{t} , defined

inductively by

$x/s(ML) = 8yeey mipo1y(MysL(my,..omy 5))

* .
+ 0} By g(myseeeomy 3L) .

where the first term on the r.h.s. is the (class of the)

mt-incidence gheaf (2.2.1).

(8.3.3) Remarks. (i) One verifies without pain that, if

the relative dimension of X/S 1is 1, then ¢ (L) s

X/S
precisely the class of the old M-incidence sheaf (2.2.1).
(ii) If S 1is Cohen-Macaulay, then m-regularity

is equivalent to each J(m .,mi;D) being either empty

1"
m, +d-1
or of the right codimension (= ( * , g @ = dim X8
in the restriction of X{i} over J(m;,...,m; ;:D) .
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Warning. The statement of the next theorem requires that

X and S 1lie in a category of schemes closed under
fibre products and under the formation of scheme of zero
of a regular section of a locally free sheaf, and which is

endowed with a Fulton homology-cohomology intersection

theory. One such category consists of the quasi-projective

schemes over a field. (ef. [Fulton].)

(8.3.4) Theorem. Suppose D 1is m-generic.

Then the
class of J(m;D) in A (X{t}) 1is the Poincaré dual of the
top Chern class of the m-incidence sheaf of L. 1In

symbols,

[7(miD)] = epon(6y g(msl)) N [X{t}]

Proof. The basic fact is that,

on account of the warning

preceding the theorem, the scheme of zeros of a regular
section of a locally free sheaf represents the Poincaré
dual of the top Chern class of that sheaf. Thus, we have,

to start with, the equality

[3(my 5D)] = €y (8y o (mysT)) 0 [X]

Set m' = Myseoe My and replace X = S by
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Xt = X{2} % J(ml;D) - 8' = JF(m aD) .
X

1

and D by D' =D(m;) (8.2.5). By induction, the class

of
J(m;D) = J(m';D')

in A.(X'{t-1}) 1is dual to the top Chern class of
ﬁX,/S,(g‘;L(ml)) . Now X'{t-1} is obviously equal to
X{t} x 8' . Since X{t} 1is smooth (hence flat) / X ,

X
the operations of pulling back the homology class of a
subscheme and taking the homology class of the pull back

of that subscheme are interchangeable. Thus, we may write,

in A.(x{t}) ,

[X'{t-1}]

I
L)
o,

ctk
-

1"'p§,1)[J(ml;D)]
= (o, o0 1 W (8 s (i 72)) W (L))

Finally, denoting by i the inclusion X'{t-1} < x{t} ,

we have,

[T(m;D)]) = ix[J(m';D(my))

= 1 (Cpopbixr g (m'5T(my)) N [X'{£-1}])

g ctopﬁx{g]/xtmizL(ml))fWi*[X'{t~l}] (ggggﬁla)

= ctop(ﬁx/S(E3L)) n [Xt]
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(because the top Chern class of a sum is the product of

the top Chern classes).

(8.3.5) Problem. Find the universal polynomials

p(ml,...,mt,cl,...,cd,k) which express the push down of

ctop(ﬁX/S(E;L)) to A.(X) 1in terms of the Chern classes
 §
of QX/S and L .

De Jonquiéres did this for X =curve.. S =polnt. For
t=1 and S =1linear system on a curve or a surface,

A. Lascoux related p(m,c,,\) to Thom polynomials ([L]).

(8.4) Conditions for m-regularity. Fix a smooth and

proper map g: Y - Z , and let M denote an invertible
OY-module. We will transport the notations and construc-
tions introduced at the beginning of (8.2) to Y -2
However, we will denote the maps Y{t} - Y{t-1} by ¢ 1

and Further, throughout this section, X - S

et
will denote the pullback of Y - Z by the map S -2 ,
where S 1is the complete linear system of M .

We establish in this section sufficient conditions
for M to be m-generic (8.3.1).

(8.4.1) Theorem. (1) Suppose M(m) = O holds.

1
(R7Gp4q 1)

Then M 1is m-generic.

(2) Suppose m satisfies the relaxed proximity
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inequalities

me 2> m. .4 + ... + m, - 1 Por 'egeh 1 = byi..;t=1.
Then (qut+l l)*Mﬂg) = 0 holds for all sufficiently high
multiples M of an invertible O©,-module N ample / Z

¥

Proof. There are several steps. The first part of the

theorem will follow from (1.1.4, (ii)) in view of the

following sharper statement.

(8.4.2) Proposition. Suppose (qut+l 1)*M(E) = 0 holds.

Let m denote the truncated sequence Myseee My . Then

there are exact sequences of locally free OY{i]-modules,

0 — V -— ag¥ _(V
By S o

(241,71 ) M (my)

) Oyl g aeay (my M 1O

such that the dual surjection q¥ 1(v" ) =V identifies

m. !
—i-1 —1i
P(V; ) with the subscheme J(Ei;D) of
—1i
P(V ) x _ ¥{1} = J(m;_,:D) (R & % o AP

L T ¥{i-1}

Proof. The assertion follows by an iterative application

of the lemma below. (Do it first for M(gt_l) and m, ,

then to M(@t_g) and m,_, , etc., down to M and m, .
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You get that J(my,M) and P(VY ) are equal. Replace
Y +Z by q : Y{2} » Y, M Dby M(m,) and m by
2,1 1 -—

m' =m

m paee sy and conclude by induction on t .)

(8.4.3) Lemma. Assume (que’l)*M(m) = 0 for some
positive integer m . Then we have:
(1) ng*M = O 3
(11) Vv =gM and V = (qgjl)*M(m) are locally free;
(iii) there is a canonical exact sequence,

+* .
@ 3V, B Vv ~>§Y/Z(m,M) = 0

such that the dual surjection g*VV —>V; induces an
identification of P(V;) with the subscheme J(m;M) of
P(g¥V") =8 x Y .

(iv) Thg m-virtual transform of the universal divisor

of M, is equal to the universal divisor of M(m) .
Proof: We apply (q2 l)* to the canonical sequence,
*
0 - M(m) -’QE,QM —>q2,2M ® O 0

Invoking Lemma (8.2.3), and using the hypothesis, the

resulting long exact sequence gives,

O ~ Wpis (8, 1)»93 M - 8y s (msH) -0
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and

A
(R qz,l)*qE,ZM = 0 .

By the same Lemma, we have the formulas
j‘ * = i *
(R7ap 1)xa3 M = (R7gy).azM .

By flat base change, the latter is equal to g*Rig*M .
By faithfully flat descent, g*RigM = O implies R gM=0 .
The last assertion of (iii) is a special case of
(H2.5]
To prove (iv), we recall the definition of the m-
virtual transform D(m) of the universal divisor D of
M. Weput 8=P(V), X=8xY, L=0g(l)eM.
Observe X{2} is just S x Y{Q}Z. Now D(m) is defined
by the section SD(m) of zL(m) over J = J(m;D) which
factors pg’esD

&

*
SD(mk(/////—lPE,QSD

(*) 0 — L(m) — pg,gL — p§,2®GmE —> 0 (over J).

Next observe that fy(sy) 1s the section u of Vg ®04 (1)

corresponding to the universal quotient Vg —a@s(l) under

the natural isomorphism
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Vg ® Og(1) = Homg(Vg,0g(1)) .

Since guM commutes with base change, this implies that

(5, 1)x(Pp o) *(sp) 1s equal to f*u .

x{2}| A S X{2}

Ps 3

o [2]
;z///

Also, we have

[(pg’l) J]* i*(pS,QSD) = J¥*f*u ,

Because j is a linear embedding of projective bundles / Y,

j*f*u is precisely the section of VJ @ GJ(l) which is

the image of that of V_® GJ(l) corresponding to the

universal quotient u v

nt Sy
[(pg,l)iJ]*(sD(m)) is also a section of V_® GJ(l)

-eGJ(l) « pinee

mapped to J*f*u (in view of (*)), it must be equal to
Up Since u, is the direct image of the section of

L(m) defining the universal divisor of M(m) , that
J

section must coincide with sD(m) y B.0.d.

The main ingrediant of the proof of (2) of the theorem
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is the following

(8.4.4) Lemma (of proximity inequalities). Let B

denote a regular scheme. Set B, =B , and for 1 > 2 1let

1

b{Bi,—aB denote the blowing up of B at a closed

i-1 i-1
point Yi-1 with algebraically closed residue field. Set

)gl.‘g(b ..tb*

o) =0p _(m)®Db; .05 (my o t+1 2)532(‘“1) :

T+l t

provided m satisfies the inequalities
e EFoW, = L for « 1 = lLisawsl-l

Proof. The lemma is a consequence of the following

(apparently stronger) statement. Let 7 denote the

J
Ideal of a closed point zj in Bt+1 . PFor each sequence
n n n
of nonnegative integers n = Nysee-sny set m"x=m11...mss

(product of ideals). Then we have

1 n
R (bye.aby 1) (@(@mT) =0
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provided the new sequence ml,...,mt,nl+...+ns satisfies

the inequalities.
We proceed by induction on t .
Suppose t =1 . Observe that, for each Jj such that

2 is not in the exceptional divisor E, = bél(yl) , wWe

have

. n Py - n
AL o\ Tl — = ¢
R7b,, (C(m)M) = 'mJ. R(G(m)M “) (where n,=n with n,

replaced by 0 ).

This can be seen by restricting to B - {yl] and
By - {bg(zj)} , because the formation of R' commutes

with flat base change. Thus we may assume each =z is 1in

J

E2 . Now, there is an exact sequence,

n-1 n n
(%) 0 -0y (1) <8 Mo, S0
BQ E2

where 1 denotes the sequence which is 1 on each slot

where nj is > 0 and is zero otherwise. To verify the
exactness, notice that on the complement of {22,...,38}

in B2 » the above sequence is Just

nl—l n
0 ——)GBg(l)ml —;7711

n

1 L

The latter i1s exact because 82 being regular implies

the equality



(¢f, proaf of (1.2.3)).
Tensoring (*) with Og (m) and applying b,, » we

2
get the exact sequence,

1 n-1

n
(R bg)*(GBg(m+l)7fz_ A (Rlbg),pB ) )- (R bz)i_-@pg

By induction on max{nl,...,ns} , the first term is zero.

Now the last term is just Hl(Ee,ﬁﬁﬁE (m)) , which is zero

by the lemma below. This finishes thg proof for © = 1 .
Assume t > 2 . We study the exact sequence (derived

from the spectral sequence of composite functors),

n n
I — i, o
R (bg...bt)*[(bt+l)*(6*(§)7r£ )] = R (byeeeby )y (C(m)iT)
1 &3
3 (bg...bt)[(R bt+l)*((3(_r§)7f; Yy
Set m' = MyeeeMy 4 -« By the projection formula, we
have

H n &
(Blo, 1 )a @@I) = o) (Rlby,1) 4 (@ (n)70)

The latter is zero for 1 =1 by the case t = 1 already

presented.

Now renumber the 2z. so that
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Zj 18 in Et+1 plisic: 00 LI s (B (8- R
Set n' =nj,...,n ,_; and set n'l = D yseesshy
We have the exact sequence
nq n”—l ny nH n"
0 -»M O(mt+l)‘7f{— T YN C}(mt)?fr = OE (mt) < 0
todl
(Check over By, -E; . and By - {zl,...,zs,_l] ) By

the case t = 1 , applyling (bt+1)* yields a short exact
sequence. Tensoring this with O(m') and applying
(bg"'bt)* finally yields the exact sequence
n' n"-1
L, en b ) w00 ) (by 0 )£ 00 G278 )]
n' L5

5 RE(bye D) w[0(m') (by ) (T O(m )2 )] >0 .

"
The zero is right because (bt+l)*(m_ GEt+l(mt)) is
supported at one point. We now argue by induction on
max(n") and conclude that the last relevant term in the
above sequence 1s zero. The zeroth step in this argument
is true by the induction hypothesis (of the induction on
t ). Indeed, when n" 1is zero, the assertion is

nl
R ( =

bg...bt)*[O(g')(bt+l)*(m O(mt))] =0 .

This equality holds because we have,
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nl n'l
(bysy) (T O(m)) = T (byyy)x(@(m,))
o m::t

where mt denotes the Idei} of Tgs We have also abused
the notation by writing % = both for the product of
Ideals in Bt+l and in Bt . This completes the proof of
the lemma of proximity inequalities, modulo the result

needed for the case +t = 1 and which we will now take

care of.

8.4.5 Lemma. Let 7.,...,7M. denote the Ideals of s
i s

distinct closed points ZqseeesZg in a projective space

P . For each sequence of nonnegative integers n =

n n n
Nyseeeshy set M = mll...mss . Let m Dbe an integer
> -1 . The following are equivalent:

—

n

(i) The natural map HO(GP(m)) - 0/M  is surjective;
n

(11) H'(Mop(m) =0 .

Moreover, both hold provided m 1is at least nl—k...-+ns—l.

Proof. The equivalence follows from the cohomology exact

sequence derived from

n n
0 —aWFGP(m) —>@P(m) -0/M -0 .
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Now we prove (i) holds for m > By + eoe kAT DY
induction on max|n| , where |n| = Tn; . When this is

zero, the assertion is trivial. So, assume nq SRS el

n' = nl—l s Dyseee,fg Consider the diagram
n.-1 n
X il
K, =~ —— mt oy
n n
o - Ry
H(Op(m)) —— o/ = ®o/m
B nl-l ny
o/ = (/m> )e(eom’)
RE-

The equalities hold by the Chinese Remainder Theorem. The
right vertical sequence is clearly exact. The left one
is also exact by definition of Km and by the induction
hypothesis. It follows that the middle horizontal map is
surjective iff the top one is so. To verify this
surjectivity, it suffices to produce liftings of the gener-
nl—l nl
/ml in X

ators of ml For this, choose sections

m *

h2""’hs of (1) such that hi(zi) = 0 # hi(zl) holds.
Set
®n2 R0
h=h, “®...8h ° ,

and let g be a product of (nl—l)—global sections of

®(1) which vanish at zy - Then g @h 1is a section of
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6(n,-1+n_+...+n_ ) , and g®h 1lies in K . Moreover,
i = e n m
its image in M & /M e is a scalar multiple of g .
n.-1 n

Since M 1 /M 1 is generated by products like g , the

lemma is proved.

Proof of (2) of the Theorem. Let y be a rational point

of Y{t} , and let y; denote its image in YidiYy . Let

B; denote the fibre of Y{t} over Yi_1 - Thus, we have
the sequence of blowing ups
b b bg
t+1 17
Be oy ~———a B -———-)...——»Ble(yo)
Set b = b2"'bt+l . Set Nl = N .
Hy

By the Principle of Exchange, it suffices to prove that

iz ®n
(

H™(Bgyq Ny (m) =0

holds for n >> 0 . For this, we use again the first terms

of the exact sequence derived from Leray's spectral sequence,

B (B, , N 80,0 (m)) ~ H (m)) - #°(B, ,N®@r'b,0(m))

|

0

1’

The last term vanishes (for all n) by the lemma on the

proximity inequalities. On the other hand, by ampleness,
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the first term is zero for all n >> 0 . This finishes

the proof.

(8.4.6) Remarks. (i) Whenever J = J(m;S) is faithfully

flat / Y{t} (e.g. if J 1is a projective bundle as in

(8.4.1)), it equals the proper transform of J' =

J(ml;s) X iaw ¥ J(mt;S) in the sequence of blowing ups
S S
¥itd s X[E=T)} % X{iE-1] ... 2T N ... % X = X[%]
X{t-2} 8 S

Indeed, denoting by U the complement of the diagonals in
Y(t] , the above composition yields an isomorphism over

U which clearly identifies J with J' « Bince U
is scheme theoretically dense ig Yit] (prgvided rel. 'dim
Y/Z is > 1) it follows that J’ is also scheme

U
theoretically dense in J

(ii) As an amusing consequence of the observation
above, we get that J(m,m-1;S) 1is mapped isomorphically
onto J(m-1,m;S) under the natural involution of X{2}
(induced by the factor switching in X X X). When Y is
the projective plane, this is a very spgcial case of the
classical "Principio di Scaricamento dei Punti Prossimi’
(Cf. [Enriques] p. 431). The moral is the following.

If one imposes on a sufficiently general linear system the

condition that a member have a point of multiplicity m-1 ,
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with a neighboring point of multiplicity m , the generic
solution will actually have a point of effective multi-
plicity m , which we "pretend” to be virtually just

m-1 . The catch is that the (m-1)-virtual transform will
contain the exceptional divisor once, thus adding one to

the multiplicity of the singular neighboring point.

(8.5) Applications. The theorem below summarizes and

sharpens some of the results of the preceding sections in

a form more suitable for '"practical purposes.

(8.5.1) Theorem. Let Y be a smooth projective variety

of dimension d . Let S denote a linear system on Y
of dimensions s . Set J = J(m;S) and set r = L(

Y s
d

(1) If S 1is m-generic (8.3.1), then there exists
an open dense subset U of the Grassmannvariety G

parametrizing the subsystems of S of the codimension
e =1td + 8 -1

such that each S' 1is U 1is m-generic (and in particular

J(m3;8') is finite).

(2) If J 1is smooth and of the right dimension (= e),
and if char.k = 0 , then J(m;S') is finite and reduced

for each S' 1in an open dense subset of G .
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(3) For each subsystem S' of S of the codimension
c (as above) and such that §' is m-generic, we have
the formula

| Tmsgt )] = |e m;M) | (see 8.3.2),

tafy (

where M denotes the invertible GY—module associated to

5 -
(M) If S 1s the complete system of a sufficiently

high multiple of an ample invertible GY—module and m

satisfies the proximity inequalities, then J is the

projective bundle of a locally free GY{t}-module whose

class in K'(Y{t}) is

Y

- (§y (m;M) (see 8.3.2).

(5) If S and m are as in (4) above, then J(m;S')
lies over the complement of the diagonals in Y[t] for

each S' 1in an open dense subset of G

(6) If Y 1is a projective space, then the St

power of its canonical ample sheaf is m-generic for
’
¥ = =1+ fmi s provided m satisfies the proximity

inequalities.

Proof. The first two assertions follow from the theorem on

the transversality of a general translate, once we recall
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that we have

To prove (3), we use the expression for the generic

homology class 2z of J(m;S') ,

Z o cr(§¢) ’

where g is short for éY'xS'/S‘

(m;M) , and observing that

(m;M®0g, (L)Y (B.3.2]).
Setting & :\ﬁY

g =829 GS,(l)

holds, we get

(by a standard property of

Chern classes)

r-td
where h denotes the LEE Chern class of GS,(l) . The
latter equality holds because we have h™ =0 for
i > dim 8' = r - td , and, on the other hand, ci(é) is

zero for i > dim Y{t} = td. Finally, since the degree of

a zero cycle is invariant under pushing forward, (3) follows.

Assertion (4) is merely a restatement of (8.4.1).

Assertion (5) then follows because the restriction of J
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over a codimension 1 subvariety or Y{t} (such as the
union of the pullbacks of the diagonals) has codimension 1
in J. A fortiori, its image in S misses most subspaces

of S8 of codimension ¢

We now work on the last assertion. Referring back
to the proof of (2) of (8.4.1) (see p. 63), we see that it
suffices to prove the result below. (Indeed, recalling
the exact sequence on p. 63, we see that the middle term

is killed as soon as the first one vanishes.)

(8.5.2) Lemma. Let

by

-—-—--—-—-—)B,C > e > B

B

t+l

be a sequence of blowing ups of closed points, where P is

a projective space. Set

o(m) = Cy (mt)f8b§+1@Bt(mt_1) &...c&(b%+l...b§)OB (ml)

t+1 2
and set b = b2"'bt+l . Then we have
Hl(P,OP(v)®b*O(§)) =0 e b gl

Proof. The lemma is a consequence of the following
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~

Assertion. Let ’ml,...,ﬁs denote the Tdesls of the

~

distinet closed points Zl""’zs in Bt+i . Let

=08 « 50y denote a sequence of nonnegative integers.

l 3 0.
pet M = ml ...ml . Then there exist distinct closed

points =z cesZp in P with Ideals denoted by ml,...,m

2 n

and there exists a sequence of nonnegative integers

r = rl,...,rn such that

i n

M < by(W0O(m)) and x| = |m[ + |n]
(where we put |E| = Emi) hold and the cokernel has finite
support.

Granting the assertion, the lemma follows by taking
n to be the zero sequence. Indeed, we get an exact
sequence

i

2 1
H' (P,0p(v) ®9) - HY(

P,QP(\J)%b*O(_r_n)) -0 ,
because a finitely supported sheaf has zero positive
cohomology. Now, by (10.3.4) the first term also vanishes
whenever v > |p_| - 1 holds. This proves the lemma.
Now we prove the assertion by induction on t .
(Notice we no longer require that Bl be a proj. space.)
Suppose t =1 . As in the proof of (8.&.3) we may assume
each zy lies in the exceptional locus. Using the exact

sequence (*) of p.88 , we obtain the inclusion



A
by (C (i) @) = B

By induction on max(n) , it follows that the Ideal A

above contains b*(oB (m-%[gl)) , which is just m{ , where

we put r =m + |n| and M, = Ideal of the blow up center

Zq - Since the support of A/m{ ls =z

1 » the case t =1

is proved.

Eor ¢ 2 2 ; wnlte b = bgb' , where b'!' is short

for b3"'bt+l . Also, set E' = We have,

A o
by(Me(m) = bg*[GBg(ml)ba‘e(%\ Sl 1)1

s

Applying the induction hypothesis to A, = Bi(e(n')) ,

we get a product of powers of maximal Ideals,

such that A;/A; 1s finitely supported and |r'|=|n| + |m']
holds. By the case t =1 , there exists a product of

powers of maximal Ideals

r
A}-l- = # € bg*(@Bg(ml 2) = 3

Sk ||

such that supp(A3/Aa) is fimite and |r| = =
~A
holds. Set Ay = by(MCG(m)). Thus, we have the inclusions,



and Ag/ﬁu and AO/A3 have both finite support. Therefore

so does AO/AM 5 s eads

(8.5.3) Remarks. (1) With the notation of (8.5.1),

(3), we don't know whether the finiteness of J = J(m;S')
implies S' 1is m-generic. This 1s obviously true if one
also assumes J' #@ , for it then follows (by a trivial
inductive argument) that each of the preceding Ji =

J(ml,...,mi_l;S') is regularly embedded in J; , Y[;_l}Y{i}.

(2) The special cases t =1 and d =1 or 2 have

been considered by A. Lascoux [L].

(8.5.4) Examples. Suppose Y is a surface and 8 is

a sufficiently general linear system of dimension s ,

associated to the invertible @Y-module M. (Bet

@nd by abuse) M = cl(M)

(1) Assume s =1 . Then the formula for [J(2;8)]
1s equivalent to that expressing the classical Zeuthen-

Segre lnvariant I in terms of % . Indeed, set
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8 = # base points

# singular members, i.e., |J(2;S)|

<
Il

g = (arithmetic) genus of a member of S
Then I is defined classically by
T =y -8 - 4g . (ef. [Baker '] p. 185)

On the other hand, we may compute,

v = |e8y(2;M) ]

il

% + 2KM + 3M°  (cf. (9.5, (2), with m

i
N

Y+ 2(KM-+M2) + M2

Il

=% +4(g-1) +8 .
(The assertion 8 = M2 holds because the base points are

the zeros of the map

defined by a choice of 2 members of S ).
Thus, we get the well-known formula I + 4 = ¥y

(ef. [Iversen] p. 974).

(11) Assume s = 2 . Then the formula for |[J(2,2;8)]|

is
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2Y2 _ (7x +6K® + 39KM + boM®)

(% +2KM + 2M
This result is gotten from (3) of the theorem (8.5.1), by
pushing down CH%Y(E’Q;M) from A(Y{2]) to A(Y[2])
and then to A(Y) . The main ingredients of the computa-

tion are:

(a) The formula

Q%L({E}/Y o pg,EQ%.@O(E) +O(-E) - 6 1in K(Y(2})

for the class of the cotangent sheaf of Y{2}/Y (via Py 15
we recall). The formula follows from the two standard

exact sequences,

1 1 1 L e
PXyxy v O Ov(2} x = Oy(2yuxy = I8/ 0

and

2 an
Vgyp =0y (F1) ¥ Oy

where Jj: E < Y{2} 1is the inclusion of the exceptional

divisor. (It is worth recalling the well known facts of a
blowup such as b, : first, E = P(Qy)
tautological ample sheaf OE(l) on E 1is equal to

J*GB(_E) ')

; Second, the

(b) The intersection relations
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i) T T

where we put

We also have

o el (b,J)x(1) = 0 and (o,d) x(e) = ]A(Y)'

In particular, if Y 1is a surface in P3 of degree n and

S 1s a net of plane sections, we have
2
¥ = (n° - 4n + 6)n
i (n—ﬂ)gn i M° = n 7 KM = n(n-4)

Substituting these in the formula above, we get the

expression

3-n2+n-12)

n(n-1) (n-2) (n

which is twice the number of bitangent planes through a
general point (ef. [Baker] p. 153).

If Y 1is the projective plane and S 1s a set of
cubic curves, the number |J(2,2;8)| is 42. This can be
seen directly to be twice the degree of the subvariety
of £t reducible cubics. 1Indeed, given 7 general points

2

in P , each of fthe (g) = 21 pairs determines a unique

line and a unique coniec containing all 7 points.
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(11i) Assume s = 3 . A rather lengthy calculation
yields the following expression for |J(2,2,2;8)]| :

(x + 2KM + 3M°)3 — 14 (x +2KM + 3M°)°

— (X +2KM + 3M°) (7x + 18K° + 84M° + 89KM)

+ 138y + 376K~ + 1380M° + 1576KM

TR Yier Hiesy P2 and S 1s a general web of cubics, so

that we have ¥ = 3 , M2 = K2 =9 , MK = -9 , the formula
gives the number 6°+15 . One can check directly that 15
is precisely the number of triangles containing 6 general
points.

If Y 1s a surface in P3 of degree n and S 1is
the complete system of plane sections, substituting in the
values for ¥ , K2 , etc. computed in (ii), we get the

formula

] 3

n? - 6n° + 15n° - 50n® + 204n® - 339n° + T70nd - 205602+ 1920n
which is 6 times the classical formula for the number
of tritangent planes(cf. Salmon], formula (vi), p. 292).

To properly justify the formula, we will sketch a

proof of the following

(8.5.5) Proposition. There exists an open dense subset A
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of the projective space S parametrizing the surfaces of
degree H > 2 dn P3 such that, for each F 1n A ,
OF(l) is (2,2,2)-generic and, moreover, J(2,2,2;QF(1))

is reduced and lies off the diagonals.

Proof. Let D c S:(P3 and H c §3>(P3 denote the univer-

sal divisors of S and §3 o NEedkl (B, H denote their

pullbacks to SXxPSxP> . Set R =D' NH . Thus, ] 1is
the scheme of zeros of an invertible GH—module (namely
Os(l) ® @H(n)). Set Z = subset of (Fth) in SxP° such
that F gﬁntains h . (This is the incidence corre-

spondence of H in D .) 8et U = Sx §3 -8 «» ‘Bet

W = p#? (d) , where p: H S P3 1s the structure map.

-\.

There is a smooth, surjective map of schemes / P3 5

U ———— P(W

\/

such that the restriction l is the pullback of the
universal divisor ¢ of P(W') in H . Consequently,
we have J(m;D| ) = J(m;C) x LU . set (provisorily)

A = the complemgnt of the Eézgé of\ Z +dAn 5 . .An easy
dimension counting shows A 1is dense in S . Clearly,
for each T 1in A , we have that the fibres over F of

J(2,2,2;D) and J(e,e,z;glu) are both equal to
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7(2,2,2;65(1)). Now let T denote the set of plane pce

that are bad, namely, those containg either
(a) a point of multiplicity > 3 ;
(b) at least 2 double points, one of which also
posses an infinitely near double point;
(¢) at least one double point with 2 successive
inf. near double points;
(d) at least 3 double point, one of which is cuspidal;
(e) at least 4 double points.
One checks that T has codimension > 4 . Since T is
clearly invariant under PGL(3) , it induces a subset T'
of P(WY) of codimension > 4 , whose fibres over p3
are equal to T. The pullback of T' to U also has
codimension > i . Thus, shrinking A , we may assume

T' x A empty. Since the family of plane n—i-EE with

exagtly three nodes has codimension three, the same
argument as above shows we may assume that, for each F

in A , there are only finitely many plane sections of

F with three nodes. Since J(E,E;g) has the right
codimension (for n > 3 , by an easy extension of (6)

of 8.5.1 to families of projective spaces), therefore so
does its pullback J(Q,E;Q U) . Counting dimensions, we

see that we may also assume the fibres of J(2,2;D| ) over
each F in A 1s one dimensional. Finally, we also

assume each F 1in A is smooth.

Now suppose F 1is in the open dense set A constructed
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above. Let (c,b) be a point of J(2,2,2;OF(1)). Thiig, | ¢
is a plane section of F, and b is a point of F{3}. Let
b. and b. denote the images of b in F{2} and F . Thus,

2 1
b is a double point of ¢ ,b1 is a double point of the

a
o-virtual transform c(2) of ¢, and b is a double point of
the 2-virtual transform of c¢(2) . Since c¢ has no triple
points, the 2-virtual and proper transforms are one and the
same. Further, since ¢ is not in T, it follows that b2
(resp. b) is not on the exceptional line over b]_(resp. bg).
The upshot is that ¢ must be a plane curve with exactly 3
nodes, and b is precisely any of the permutations of these.
It remains to verify that J(Q,Q,E;GF(l)) is reduced.
We show its tangent spaces are O-dimensional. First, the
tangent space to J(2;6F(l)) at a point representing a
curve with a node can be identified with the set of planes
through the node ([SGA VII] p. 229. Cf. also [Severi] p. 19).
Next, recall J(E,E,E;OF(l)) is equal to the intersection
J(E;OF(l));%J(E;GF(l))ggJ(E;OF(l)) off the diagonals.
Thus, the tangent space at (c,nl,ng,nB) , where =, are
the 3 nodes of ¢ , is the set of planes through these
3 points. Hence, it suffices to show that the set of
plane nigi with 3 collinear nodes has codimension
> 4 ., This is easily seen to be true for n =3 and 5
When n is 6 or bigger, we also win because the family

p i : x . .
of n—= with 3 double points is now irreducible. For
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n = 4 , however, the statement is false, on account of

the e reducible quartics. But here we may invoke
Lefsch tz-Noether's theorem, for the effect that a general
surface of P3 of degree > 4  contains only curves that
are complete intersections. Actually, since all we need

is that our quartic contain no line, the result follows

elementarily, anyway.

(8.6) Contacts of higher dimensional linear spaces with

a hypersurface.

The difficulties with the explicit computations of formulas
increase rapidly. Conceptually, however, this is a

special case of the situation for divisors with specified
singularities on a smooth family. One takes X —» S to be
the universal family of n-subspaces in a fixed projective
r-space P , or its restriction to a suitable subvariety of
the Grassmannian of n-spaces in P . Then, each hyper-
surface h 1in P of degree d 1induces a subscheme

D, € X , which is the zeros of a section of L = Gx(d)

The fibre of Dh over each s 1in S 1s the intersection
h Ns . In this situation, we can play again the game of
successive blowing ups and compute the generic class of
ﬁ(m;Dh) . The complementary result we need is that, for

a sufficiently general hypersurface h , D is m-generic.

h
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For n > 2 , we can show this is true for d > (Emi)-l y
provided m satisfies the proximity inequalities. The
proof is essentially the same as the one given for

(7.1.3, (4)), by pulling back J(ﬂidx(d))°
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§9 Curves with specified coincidences of tangents

at a singularity

ILet f- X - 8 be proper and smooth, of relative
dimension 2. Iet D < X be the scheme of zeros of a
D of an invertible Gx—module T

We have defined, for each positive integer m , a

section s

closed subscheme J = J(m;D) of X , which parametrizes
the points x of X such that the fibre D(f(x))
contains x as an m-fold point. "In general', there
should be m distinet tangent directions to D(f(x)) at

X . Now, for each subpartition of m .

n, + ... +n <m
nE s —

where the n, are positive integers, one may ask for the
generic homology class of the set of x for which there
are tangent directions T,,...,7T . at x (in the surface

X(f(x))) such that n, of the tangents to D(f(x)) at

1

X colneide with Tl . n? with T? , ete. We discuss
here the general set-up, then "compute" the generic homology
class we sought, and finally compute it explicitly in a

few cases.

(9.1) Definition. The m-virtual (projectivized) tangent

cone of D 1is the intersection
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of the m-virtual transform of D (8.2.5) with the
exceptional divisor of X{2} . Thus, Tm(D) 1s the scheme
of zeros of the restriction of the section SD(m) of

Lim) #%e Eg = El

T -
m

So we are back to the happy situation where we have
got a family of curves (lines, to be more precise)

Em —aJm , together with the scheme of zeros of a section

of an invertible GE -module.
m

(9.2) Definition. The scheme (resp. sheaf) of tangent

coincidences of type n of D (resp. L) 1is

PiminiD) = J(E;Tmp) ,

(resp.

¢ (m;n;L) = & (n;L(m)| ) (see 2.2.1)).
E

E/X
One defines similarly T(m;n;S) and T(m;n;M) for a
linear system S and an invertible module M on a scheme
Y proper and smooth, of rel. dim. 2 over a base scheme

Z . We say that D (resp. S, resp. M) is (m;n)-generic

if D (resp...) 1is m-generic and T, 1s n-generic.
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(9.3) Proposition. (1) T = T(msn;D) is the scheme of

zeros 1in Em[s] of a section of the restriction of
¢ (m3;n;L) .

(2) If D 1is (m;n)-generic, the class of T in

A.(E[s]) 1is the Poincaré dual of the top Chern class of

&X/S(m;L) + cSE/X(g_;L@GE(m))

Proof. The first assertion is a special case of (2.2.2,(1)).
The second assertion follows by computing first the class

in A.(Em[s]) and then substituting in the class of J_

sl o LR (e

(9.&} Proposition. Let g Y - Z be proper and smooth

of rel. dim., 2. Let M be an invertible OY—module.

Assume (with the notation of (8.4)) (qu2 1)*M(m+1) =0 .

Then
(1) T(m;n;M) has codimension Tn; in Em!s] Jag
non empty.
(2) T(m;n;M) is regularly embedded in E [s] 1if
Z 1s Cohen-Macaulay.
Proof. Set V= (qg’l)*M(m) . Set W= (qg’l)*(M@a@E(m)),
where E denotes the exceptional divisor of Y{2} . There

is a natural exact sequence of locally free sheaves,
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0 — V

m+1-——>Vm———>W-——->O

= Vil v s Ly
Set U = P(Vm) P(Vm+1) . There is a smooth surjective

map of Y-schemes, (4.1.2)

v

U —s P(W)

Let D denote the universal divisor of M . One can easily
check that TmD’ is the pullback of the universal divisor
U
C of M ®‘9E(m§ -
U X E > P(W ) X E
C/// M o// .
T B I - C
i IU~\\\\$ l mm‘\\\\WA
U > P(W"¥)
Consequently (2.2.3), we have
J(E5TmD T R J(ns;Cc) .

U P(WY)

Since E - Y 1is a family of lines, by the Principle of

Exchange we get
1
(R QG)*(QSM @ OE(m) ® I(nA)) = 0 .

Therefore, by (4.2.3, (2)), J(n:G) is regularly embedded
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Y U
is regularly embedded in U X E[s] with the same
4

in P(W') x E[s] with codimension ¥n, . Hence -T(Q;THD’ )

codimension.

It remains to consider the restriction of T(m;n;M)

— V .
OVer J..q = P(Viq) Here, we have that (Tml”))]T is
equal to T X E[s] , which has codimension -+l

m+1 v
(mgg) - (mgl) = m+l . Since each component of J(E;TmD)

has codimension < ¥Tn, < m+l , it follows that J(n;T D)

% Elgl  1s
Y
Cohen-Macaulay if Z is so, therefore J(n:T D) 1is

has the correct codimension. Since Jm+1

regularly embedded.

(9.5) Corollary. Suppose Y 1is a surface and let S

denote the complete system of M .
(1) There exists an open dense subset G' of the

Grassmannian of subsystems of dimension

8
o m+l X
d = ( 5 I =@ g ) n
1
guch. thet; for saeh §' Iu G', T(mn;s') 418 finite

and S' 1s m-generic.

(2) For each linear system S' of the dimension 4
(as above) and such that T(m;g;S') is finite and 3
is m-generic, the degree of the associated zero cycle is

the degree of the (s+2)nd Chern class of
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5Y(m;M) + M§E/Y(£;OE(m)) in K" (E[s])

Proof. The first assertion is an immediate conseqguence

of the theorem on the transversality of a general tran-
slate (applied to T(m;n;S) - S) .
To prove (2), we compute the class of T = T(m;g;S).

Set J' =J(m;S') . By (8.3.4), we may write

[7'] = Cyop(By(mM) @0 5, (1)) in A(S' xY)

Since J' 1is Cohen-Macaulay (in fact a l.c.i. in S8'xY)

so is E' = J' X E[s] . Since T 1is the scheme of zeros
of a section of &(m;n;L) - (L =M® GS,(l)) and has
the right codimension, therefore T 1is regularly embedded
in E' . Hence we have,

[T] = ctop(ﬁ(miE;L)lE,) n [BY] In A.(B") .

Using the projection formula and the formula for [E'] in
A(S' xY) derived from that for [J'] above, we arrive

at
[B] = ctop(GS,(l) &7} 1n A(S' % Efel) ,

where we put for short J = éY(m;M) + MﬁE/Y(Q;OE(m))
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Using standard properties of Chern classes, we finally
find that the push down of [T] to A(E[s]) is indeed
CS+2(J) . Since taking the degree of a zero cycle commutes

with push down, the assertion (2) is proven.

(9.5.1) Remark. With the notation of (2) of the Corollary,

we do not know whether T = T(m,n;S') finite implies

St m-generic. In fact, the question is whether
J(m;S') can have too big dimension and T be empty. For,
if T 4is non empty, one can easily show J(m;S') must

be of the right dimension.

(9.6) Formulary and examples. We list first a few

formulas. The notation is this:

Y = smooth, projective variety.

M = invertible OY-module or its first Chern class.

oyl . . . b}
(D — QY/k 2 le = cé} .
8(m) = 6Y(m;M) ; cé(m) = total Chern class.

m

(1) dim ¥ =1 : c(6(m) =1 +m + (DK .

(2) dim ¥ =2: q(ém) =1+ ("gHM + ("IHK +
+2(™8) (me1)Mk + 3("FA)ME + (ME)x
+-%m(m;2)K2
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¥ = P 3 M=ol h:clﬁ(l)

m+l) I 3(m+1

c(@(m)) = 1 + [d 5 3

Ylh +

m+2 2
[15m("2%) + (3(a%41) - 6d(m-1))("}7) In®
Chern classes of 6P/Y(n;N) for a Pl-bundle
P =PB(F) 3% .
F = rank-2, locally free GY—module; N = invertible
OP—module.
2

- N4 - - ; = ;
w = O‘P/Y = (A°E) ®GP( 2y 3 4 cloP(l) 3

2
- = (ch)e - cg(F) $ M = cl(F) - 2¢
c(é‘P/Y(n;N)) = (14N) (1 N+4w) ... (1+N+(n-1)w)

= 140N+ (3)u+ (HIN"+[3(3) + (3) N

) +2(3) 1w + (HIN

+ [15(8) +20(2) +6(}) 1w’ +(6(F) + () 10%w
+ [15(2) +14(F) +2(9) 1M + (N

+ [3(4

4 (1465(3)-+210(?)-+130(g)-+24(g)]wu

+ [105(9) +165(2) +70(2) +6(f) 1Mo

+ [10(2) +6(})) 1N
e [45(8)-+50(g)-+ll(ﬂ)]N2w2-+higher order.
One computes the coefficients by solving difference

equations.
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(9.5.1) Examples:

(1) Cusps of a general neton a surface. We must

compute the third Chern class
B= 03(£Y(2;M) + M@E/Y(Q;GE(z))).
That 1s the term of degree 3 in
(1+3M+K+2MK +3M° +%)[1+2(2¢ +M) +w + (2¢ +M)Z + (2¢ +M)uw].
Recalling E = P(Q) , we get
w=K-2¢e and €~ = Ke - ¥
Thus, we have

(3M +K) (4 + 4eM + 2¢K - be® - 2eM) + (2MK + 3M° +x) (2¢)

N
Il

29:(6M2 +6MK +K° +%)

Il

Pushing down to Y , yields
2(6M° +6MK +K° +¥)

(8f. [Llscp«rdsplBlg;ps 5aT):
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(ii) Curves of a web possessing two double points, one

of which is cuspidal.

We start with our surface Y and a general web S

I

(= 3 dimensional linear system). Form Z = J(2;S)c:X
SXY . Then look at the restriction B - Z of X{2} =
SxY{2} over Z , together with the 2-virtual transform

D of the universal divisor of S . Set J = J(2;D) .
Finally, take T = T(2;2;D) . This gives us the cuspidal
points of D , which is what we were after. The regularity
of T (i.e., dim J{(2;D) =1 and T ¢finite) 18 mssured
by (9.4) (with Y =B and M = M(2) in place of M ,

and m = 2) . The class of T 1is computed as follows.

Set E = PO}(pyy) - We have, by (9.3,(2)),

[T] = eg(8y /7(2305(1) 2 M) +a (2;0

+8_  (2504(1) @Me0_ (2)))
Ex x By
in A[EX]
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~

Pushing down to E , we get the class

~ ~

z = ¢ (8,(2;M) +8 (2;M) +8., . (2;M®0._(2)) in A[E] .
BT Y2l /X ' TYE/Y
L__ e e \ E
o B

= cy(A)ey(B) + CB(A)CQ(B) (because dim Y{2} = 4 and

rank B = 2).

2 o T 1
We have (putting e = CfSE(l) > K= c¢)0 Y{?]/Y)

c,(B) = 2(M+2e) +K-2e = 2M+K +2e

(M +2€)2 + (M+28) (K - 2¢) (by (9.6), (1))

~~
[@5]

S
Il

= 2(M+K)e +M° +MK .

Pushingdown z to A[Y{2}] , we find the class

~ ~

W = ECa(A) + 2(M + K)c3(A) 5

Note that |cu(A)| was computed in (8.5.4, (ii)).
Set E = P(Q%) (= exceptional divisor in Y{2}) , and

recall

=1
{
=
i

2E

e
I
=

+ E (by §8.8.4, (i1), a).
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One finds

cy(A) = (K +3M) ; (X + 2KM + 3M°) | + (3M) , (2KM) |

- E(5% +4K° + 36KM +50M°) +E° (28M +13K)
(The indices mean pullback via q2 & )
ol
Hence, pushing down w to Y X Y and computing degrees,

we get

I

lwl = 20le, (A) ] + |K® +4KM +3M%| | x + 2KM + 347 |
~ |5x + 30K + 105KM + 78M° | }

of |y + 2KM + 3M° | 2 + |K® + 4KM + 3M° | | x + 2KM + 3M° |

1l

- |12y +36K° + 144KM + 120M° | }

Computing for Y = P° and M =0 2(3) one finds zero.

This can be checked directly by analyz?ng the possible
degenerations of a cubic. The only ones with a double
point and & cusp are the unions of double lines with
another line. But these form a family of dimension 4,
which can, therefore, be safely avoided by a general web.

3

Computing for Y = surface in P of degree n and
M = GY(l) , substituting the values for ¥ , ete. from

pagel04, one finds, lo and behold, precisely the number

Hn(n—?)(n—B)(n3-+3n-—16)
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of [Salmon], formula (4) of p. 292.
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NOTATIONS
(The numbers refer to pages.)
u{t) s restriction of u to fiber over t; 13,
ZS(u): scheme of zeres of uw in S; 13,
Z2{uys 13,
AV: dual Module,
XS[t]: t=fold cartesian preduct/S; 22,
X{t]: same as above,
m: sequence of pos, integers ml,...,mt.

P;¢d5, P +q ¢ projections of cartesian pdct, onto or omitting

1t ith factor.

szdiagonal of X1tl.
Az AX’

Aii:pullback of Avia projection onto i,j factors.,

mA:22,

J(m;D): 23, 75,
Ex gs(E’L)=24‘

ﬁ(g;L): short for the above.
Spfah ol ® LS
K* (X): Grothendieck ring of loc. free sheaves...
J(E;S), J(Q;M): 34, 76,

A(X): rational eguivalence ring.

|2|: degree of zero cycle,

11’3;[‘4[: 43 .
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D(j): 558,

p3) (ny: se.

L: universal family of lines, 62,
Xitre 12,

M(m): 72,

Dim)z 75,

J(m;D): 75,

o (msL)s 19,

bR/ 8
A, (X): Fulton's rational homology group,
X 2nd Chern class of a surface,b1l0l,

K: canonical class, 101,
TmD: projectivized tangent cone, 112,

1 AT 1
m

80,
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