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1. A DELAY-AWARE CONTROL DESIGN

w;; k] if t —kh € [7);,Ti(j51))s J < 9(9),
U;(t) = ia(i) [k if t — kh { k), G=g(i
1.1 Main Equations (t) Wig(i) (] 1 € [ng(3)7 ), 3= g(i),
Uigiy[k — 1] if t — kh € [0, 7)),
The physical network follows the ordinary continuous-time (7)
LTI model, The extended form of (4) is given by
T = Acm(t) + Bcu(t)» (1) W4h[]<; + 1} = A4hW4h[k] + B4hU[k‘], (8)
where B, = [Bl,...,BY]. However, if there is no delay  }jere
present in the network, the following sampled-data model [ ozfk] ] B,
is applied for the purpose of control designs. Ulk — 1] Ig
x[k — 1] 0
alk +1] = Az[k] + Bulk], (2) Wkl = [UE=211 g, = |01,
where . : :
— JAch _ Acs x[k — 5] 0
A=e and B = /0 e”*’B.ds. (3) Uk —6)] 0
The delay-aware ANCS co-design model leads to (4), and Ay, € ROVHOXOWNHI) s
2k + 1] = Azlk] + BJUK + BoUlk — 1], (4) aB0 00t
where INn 00--- 000
A=l , o App=10 Ig 0--- 000 (9)
/ e”*dsB: if j=g(i), (5a)
Bi. 0 :
i h=Ti; , 0 00--1Ig00
/ T eAsdsBi, it j#g(i), (5b) I
TG 1.2 Stability Analysis
h
Bj, = /h ) el=*ds By, 6)  Lemma 1. (Yuz and Goodwin, 2014) The matrix A in (3)
T

and B}, € RNV*!is the coefficient of u;;[k] and B}, € RV*!
is the coefficient of w;q¢;y[k — 1] in (7).
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is non-singular and all of its eigenvalues, provided that A,
in (1) is Hurwitz, are inside the unit circle.

Proof. Denoting pu; as the i-th eigenvalue of A, it follows
that p; = e, where ); is the i-th eigenvalue of A.. If a; =



Re(\;) and ; = Im( i), it follows that p; = eh®ieihfi If
A, is Hurwitz, «; is negative which in turn implies that
0 < |pi| = ehi < 1.

Proposition 2. If the system (1) is stable, Ay is Schur-
stable with N eigenvalues coinciding with all eigenvalues
of A and the remaining ones at zero.

Proof. The structure of Ay in (9) implies that Ay can
be written in a block diagonal form as A4, = A371 A4,1} ,

where Ay € RY9%9Y is a zero matrix in the right lowest
corner. It can also be shown that A,; = 0. Hence, the
eigenvalues of Ay, include G zeros (Demmel, 1997). We

now further partition A;; = {ﬁ;; ﬁi;], where Ayo €

RVXN s also a zero matrix. Therefore it follows that
Ayp, has an additional N zero eigenvalues. By repeating

the same process, we obtain the sub-partition A;g9 =

A, O
[In 0] O
include the N eigenvalues of A and additional G zeros. The
complete process yields a total of N eigenvalues which

correspond to those of A and all remaining 5N + 6G
eigenvalues at zero.

. Consequently, Ay 10 = Aj, whose eigenvalues

1.8 Controllability Analysis

Lemma 8. (Liu and Fong, 2012) The time-delay system

ZAm —1i —|—ZBu —1,

is completely controllable if and only 1f

dy dy
Yo=Y M4 - AR Y AT

i=0 i=0
has full rank at all roots of

da
> o AdeTiA -
=0

Proposition 4. If (Ap, By) is controllable, (Agp, Bap) is
stabilizable.

zlk+1] =

A= =0

Proof. First, we restate the sufficient condition in terms
of the criterion given in Lemma 3. For (4), d, = 1 and
d, = 0. Hence Y7 = [A — M \B; + Bg], where )\ is the
solution to the equation |A — AI| = 0. This means that A
is an eigenvalue of A. But from Lemma 1, we know that
A # 0. Then, in (8), we have d, = 5 and d,, = 6. So
Y, = [1/5A — 87 5By 4+ 1/5B2], where v is the solution
to the equation |[v°A — v%I| = v5|A — vI| = 0. This
means that either v = 0 or v is an eigenvalue of A which
is non-zero. If v is zero, Y5 has not full rank. From the
sufficient condition, we know that for all v as eigenvalues
of A, [A — vl vBy + Bg] has full rank. Hence, rank of
Yo = 10 [A — vl vBy + Bg} for eigenvalues of A is equal
to the rank of [A — vl vB; + Bg] which is full. Thus,
the extended system (8) is not completely controllable;
however, its non-zero eigenvalues, corresponding to Ay,

can be altered using a proper control signal U[k] and this
makes (Ayp, Bap) stabilizable.

2. EMPLOYING OUTPUT FEEDBACK
2.1 Main Equations

When the states are not accessible, the control input is
modified as

Ulk] = KV ao[k] + K8, [K] + GoUk — 1], (10)
where the estimated observer state vector , is calculated
using (11) as

2o[k] = Azolk — 1] + BoU[k — 2] + BiU[k — 1]
+L(ylk — 1] — Czolk — 1]).

By using an appropriate output matrix C' €
determine the output vector y € R® as

ylk] = Cz[k].

(11)

RSXN, we

The observer error dynamics is obtained as
Z[k 4+ 1) = (A — LC)Z[k],

where & = x — x,, is the observer error vector.
2.2 Stability Analysis

Theorem 5. The closed-loop output feedback control sys-
tem consisting of (4), (10) and (11) is stable.

Proof. To obtain the closed-loop dynamics of the overall
system, we first rewrite (4), and then by using (10) and

(11):

zlk + 1] = Azk ]+BzU[ 1]
+B, (K 2o [k] + K$P #[k] + GoUk — 1])

= Az[k] + (By + B1Go)U[k — 1]

+B1 K wo[k] + B [ k]

= Az[k] + (B2 + B1Go)Uk — 1] +

BiKVxo[k] + BIKS? (Az,[k — 1] + BoUk — 2]

+B Uk — 1] + L(y[k — 1] = Cx,[k — 1]))

= Az[k] + (By + B1Go + BiKP B)U[k — 1]

+B1 KV 2o [k] + BIKS (A = LC) ok — 1]

+B K ByUk — 2 + BIKP Lylk — 1), (14)
Using (12) and the fact that xg = = — &, (14) can be

rewritten as

alk+1] = Aw[k] (By + B1Go + B1KS B)U[k — 1]
+ By K (alk] — a[k])
+ B Kz)(A LC)(xlk — 1] — #[k — 1))
+ B K ByUk — 2] + B K, 52>ch[kf1]
= (A4 B K§")a[k] + BIKSY Azlk — 1]
+(By + B1Go + B K B)U[k — 1]
+ B KP ByUk — 2] — By KV i[k]
- B K, (1) Zlk —1].

Similarly (10) can be rewritten as



Ulk) = K¢ (x[k] — 2[k])
+ K (Azo[k — 1] + BoU[k — 2] + ByU[k — 1]
+ L(y[k — 1] — Cao[k — 1])) + GoU[k — 1]
= KMalk] — KV a[k] + K Axlk — 1]
— K AFlk — 1]+ (K By + Go)Ulk — 1]
+ K BoUk — 2] + K LOE[k — 1]
= KMalk] — KV z[k] + K Azl — 1]
~ K& (A~ LO)#[k — 1) + (K& By + Go)U[k — 1]
+ KPP BUTk - 2). (16)

Defining X[k] = [2[k]T Uk — 1)7 #[k]7]" and using (13),

(15) and (16), and by using the fact that K(()l)JrKél) = Ky,
we obtain the closed-loop dynamics as

X[k+1]| _ X[k]
[ X[¥] } =H {X[k—l] ) (17)
where
A+ B1Kyg By + B1Gyg —B1Kyg 000
Ky Gy —Ky 000
- 0 0 A-LCO00O
- I 0 0 000
0 1 0 000
0 0 I 000
The characteristic equation for the system (17) can be

calculated as

’)\I—(A+B1Ko) By + B1Gy % |AI — (A — LC)|

Ky A — Gy
AM 00

0 X O
0 0 A

X =0 (18)

As seen from (18), the closed-loop system poles of the
delayed power network with output feedback are the same
as the state accessible case with the additional poles
coming from the observer dynamics and additional poles
at the origin. It was shown in Section 1 that the state
accessible case is stable. We also showed that observer
dynamics are stable. Therefore, the closed-loop system
with output feedback is stable.

REFERENCES

Demmel, J.W. (1997). Applied Numerical Linear Algebra.
SIAM.

Dibaji, S.M., Yildiz, Y., Annaswamy, A., Chakrabortty,
A., and Soudbakhsh, D. (2017). Delay-aware control
designs of wide-area power networks. In Proceedings of
the 20th World Congress of the International Federation
of Automatic Control, to appear.

Liu, Y.M. and Fong, I.K. (2012). On the controllability and
observability of discrete-time linear time-delay systems.
International Journal of Systems Science, 43(4), 610—
621.

Yuz, J.I. and Goodwin, G.C. (2014). Sampled-Data Models
for Linear and Nonlinear Systems. Springer.



