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Abstract

A signaling pathway transmits information from an upstream system to downstream systems, ideally unidirectionally. A
key bottleneck to unidirectional transmission is retroactivity, which is the additional reaction flux that affects a system
once its species interact with those of downstream systems. This raises the question of whether signaling pathways have
developed specialized architectures that overcome retroactivity and transmit unidirectional signals. Here, we propose a
general mathematical framework that provides an answer to this question. Using this framework, we analyze the ability
of a variety of signaling architectures to transmit signals unidirectionally as key biological parameters are tuned. In
particular, we find that single stage phosphorylation and phosphotransfer systems that transmit signals from a kinase
show the following trade-off: either they impart a large retroactivity to their upstream system or they are significantly
impacted by the retroactivity due to their downstream system. However, cascades of these architectures, which are highly
represented in nature, can overcome this trade-off and thus enable unidirectional information transmission. By contrast,
single and double phosphorylation cycles that transmit signals from a substrate impart a large retroactivity to their
upstream system and are also unable to attenuate retroactivity due to their downstream system. Our findings identify
signaling architectures that ensure unidirectional signal transmission and minimize crosstalk among multiple targets. Our
results thus establish a way to decompose a signal transduction network into architectures that transmit information
unidirectionally, while also providing a library of devices that can be used in synthetic biology to facilitate modular
circuit design.

Author Summary

Although signaling pathways in cells are typically viewed as transmitting information unidirectionally between an
upstream and downstream system, such a viewpoint is not accurate in general due to retroactivity. Retroactivity in the
added reaction flux that changes the behavior of the upstream system because of the reactions its species participate in to
transmit information to downstream processes. Large retroactivity effects are therefore a major bottleneck to
unidirectional signal transmission. Thus, a framework that can identify signaling architectures that overcome retroactivity
and transmit unidirectional signals (and those that do not) is required to accurately simplify and analyze signal
transduction networks. In this work, we develop such a framework and analyze several signaling architectures to test for
their ability to transmit unidirectional signals. We find that cascades of signaling cycles that transmit information via
kinases are well-suited to unidirectional transmission. In contrast, signaling systems that transmit information via
substrates are highly susceptible to effects of retroactivity. They are thus not well-suited to unidirectional signal
transmission, which may explain their low frequency of occurrence in natural systems. Our results thus provide key
insights into cellular signal transduction, as well as provide a library of devices for synthetic biology that could be used
for unidirectional signaling.

1 Introduction

Cellular signal transduction is typically viewed as a unidirectional transmission of information via biochemical reactions
from an upstream system to multiple downstream systems through signaling pathways [1]- [7]. However, without the
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presence of specialized mechanisms, signal transmission via chemical reactions is not in general unidirectional. In fact, the
chemical reactions that allow a signal to be transmitted from an upstream to downstream systems also affect the
upstream system due to the resulting reaction flux. This flux is called retroactivity, which is one of the chief hurdles to
one-way transmission of information [§]- [13]. Signaling pathways, typically composed of phosphorylation,
dephosphorylation and phosphotransfer reactions, are highly conserved evolutionarily, such as the MAPK cascade [14]
and two-component signaling systems [15]. Thus, the same pathways act between different upstream and downstream
systems in different scenarios and organisms, facing different effects of retroactivity in different contexts. What then may
allow signal transmission to be unidirectional in these different contexts? We hypothesize that, for ideal unidirectional
signal transmission, signaling pathways must have specific architectures that overcome retroactivity. In particular, these
architectures should impart a small retroactivity to the upstream system (called retroactivity to the input) and should
not be affected by the retroactivity imparted to them by the downstream systems (retroactivity to the output).

Phosphorylation-dephosphorylation cycles, phosphotransfer reactions, and cascades of these are ubiquitous in both
prokaryotic and eukaryotic signaling pathways, playing a major role in cell cycle progression, survival, growth,
differentiation and apoptosis [1]- [7], [16]- [19]. Numerous studies have been conducted to analyze such systems, starting
with milestone works by Stadtman and Chock [20], [21], [22] and Goldbeter et al. [23], [24], [25], which theoretically and
experimentally analyzed phosphorylation cycles and cascades. These systems were further investigated by Kholdenko et
al. [26], [27], [28] and Gomez-Uribe et al. [29], [30]. However, these studies considered signaling cycles in isolation, and
thus did not investigate the effect of retroactivity. The effect of retroactivity on such systems was theoretically analyzed
in the work by Ventura et al. |[31], where retroactivity is treated as a “hidden feedback” to the upstream system.
Experimental studies then confirmed the effects of retroactivity in signaling systems through in vivo experiments on the
MAPK cascade [12], |13] and in vitro experiments on reconstituted covalent modification cycles [9], [11]. These studies
clearly demonstrated that the effects of retroactivity on a signaling system manifest themselves in two ways. They cause
a slow down of the temporal response of the signaling system’s output to its input and lead to a change of the output’s
steady state.

In 2008, Del Vecchio et al. demonstrated theoretically that a single phosphorylation-dephosphorylation (PD) cycle
with a slow input kinase can attenuate the effect of retroactivity to the output when the total substrate and phosphatase
concentrations of the cycle are increased together [8]. Essentially, a sufficiently large phosphatase concentration along
with relatively large kinetic rates of modification adjusts the cycle’s internal dynamics very quickly with respect to a
relatively slower input, making any retroactivity-induced delays negligible on the time scale of the signal being
transmitted [32]. A similarly large concentration of total cycle’s substrate ensures that the output signal is not attenuated
with respect to the input signal and that the output’s steady state is not significantly affected by the presence of
downstream sites. These theoretical findings were later verified experimentally both in vitro [11] and in vivo [33].
Although a single PD cycle can attenuate the effect of retroactivity to the output, it is unfortunately unsuitable for
unidirectional signal transmission. In fact, as the substrate concentration is increased, the PD cycle applies a large
retroactivity to the input, causing the input signal to slow down. This was experimentally observed in [33]. The results
of |34] further suggest that a cascade composed of two PD cycles and a phosphotransfer reaction could overcome both
retroactivity to the input and retroactivity to the output. In [35], it was theoretically found that, for certain parameter
conditions, a cascade of PD cycles could attenuate the upward (from downstream to upstream) propagation of
disturbances applied downstream of the cascade. These results suggest that PD cycles, phosphotransfer reactions, and
their combinations may be able to counteract retroactivity. Thus, signaling architectures composed of PD cycles and
phosphotransfer reactions may be ideal candidates for allowing signal transmission to be unidirectional. However, to the
best of the authors’ knowledge, no attempt has been made to systematically characterize signaling architectures with
respect to their ability to overcome the effects of retroactivity and therefore enable unidirectional signal transmission.

This work presents a generalized mathematical framework to identify and characterize signaling architectures that can
transmit unidirectional signals. This framework is based on a reaction-rate ordinary differential equation (ODE) model
for a general signaling system that operates on a fast timescale relative to its input. Such a model is valid for many
signaling systems that transmit relatively slower signals, such as those from slowly varying “clock” proteins that operate
on the timescale of the circadian rhythm [36], from proteins signaling nutrient deficiency [37], or from proteins whose
concentration is regulated by transcriptional networks which operate on the slow timescale of gene expression [38]. Our
framework provides expressions for retroactivity to the input and to the output as well as the input-output relationship of
the signaling system. These expressions are given in terms of the reaction-rate parameters and protein concentrations.
Based on these expressions, we analyze a number of signaling architectures composed of PD cycles and phosphotransfer
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systems. For these architectures, we determine whether their total (modified and unmodified) protein concentrations can
be tuned to simultaneously minimize retroactivity to the input and attenuate retroactivity to the output. We focus on
total protein concentrations as a design parameter because these appear to be highly variable in natural systems and
through the course of evolution, where they may have been optimized to improve systems’ performance [39], [40]. Protein
concentration is also an easily tunable quantity in synthetic genetic circuits. We thus identify signaling architectures
where we can tune total protein concentrations to both minimize retroactivity to the input and attenuate retroactivity to
the output, thus ensuring unidirectional signal transmission.

2 Results
(A)
Upstream g Signaling L Downstream
System system 5 System (v)
R (X) 3
(B)
Uideal
Upstream — e—
System
(€)
Signaling Yis
Upstream —
System system S

Fig 1. Interconnections between a signaling system S and its upstream and downstream systems, along with
input, output and retroactivity signals. (A) Full system showing all interconnection signals: U(t) is the input from the
upstream system to the signaling system, with state variable vector X. Y (t) is the output of the signaling system, sent to the
downstream system, whose state variable is v. R is the retroactivity signal from the signaling system to the upstream system
(retroactivity to the input of S), and 8 is the retroactivity signal from the downstream system to the signaling system (retroactivity
to the output of S). (B) Ideal input Uideal: output of the upstream system in the absence of the signaling system (R = 0). (C)
Isolated output Yis: output of the signaling system in the absence of the downstream system (8 = 0). X, denotes the
corresponding state of S.

In this section, we consider a general signaling system S with state-variable vector of protein concentrations X as shown
in Fig. [TA. Each component of X represents the concentration of a species composing system S. This system S is
connected between an upstream system from which it receives an input in the form of a protein with concentration U,
and a downstream system to which it sends an output in the form of a protein with concentration Y. When the output
protein reacts with the species of the downstream system, whose normalized concentrations are represented by state
variable v, the resulting reaction flux changes the behavior of the upstream system. We represent this reaction flux as an
additional input, 8, to the signaling system. Similarly, when the input protein from the upstream system reacts with the
species of the signaling system, the resulting reaction flux changes the behavior of the upstream system. We represent
this as an input, R, to the upstream system. We call R the retroactivity to the input of S and 8 the retroactivity to the
output of S, using the notation proposed in [8]. For system S to transmit a unidirectional signal, the effects of R on the
upstream system and of § on the downstream system must be small. Retroactivity to the input R changes the input from
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Uideal to U, where Ujqea is shown in Fig. . Thus, for the effect of R to be small, the difference between U and Ujqeal
must be small. Retroactivity to the output 8 changes the output from Y5 to Y, where Y is shown in Fig[IC, and for the
effect of retroactivity to the output to be small, the difference between Yjs and Y must be small. An ideal unidirectional
signaling system is therefore a system where the input Ujqea is transmitted from the upstream system to the signaling
system without any change imparted by the latter, and the output Yjs of the signaling system is also transmitted to the
downstream system without any change imparted to it by the downstream system. Based on this concept of ideal
unidirectional signaling system, we then present the following definition of a signaling system that can transmit
information unidirectionally. In order to give the following definition, we assume that the proteins (besides the input
species) that compose signaling system S are constitutively produced and therefore their total concentrations (modified
and unmodified) are constant. The vector of these total protein concentrations is denoted by ©

Definition 1. We will say that system S is a signaling system that can transmit unidirectional signals for all inputs
U € [0,Up], if © can be chosen such that the following properties are satisfied:

(i) R is small: this is mathematically characterized by requiring that |Uigea1(t) — U ()| be small for all U € [0, Up).

(ii) System S attenuates the effect of § on Y: this is mathematically characterized by requiring that |Yis(¢) — Y ()| be
small for all U € [0, Uy).

(iii) Input-output relationship: Yis(t) =~ KUs(t)"™, for some m > 1, for some K > 0 and for all U € [0, Up).

Note that Def. [1] specifies that the signaling system must impart a small retroactivity to its input (i) and attenuate
retroactivity to its output (ii). In particular, it specifies that these properties should be satisfied for a full range of inputs
and outputs, implying that these properties must be guaranteed by the features of the signaling system and cannot be
enforced by tuning the amplitudes of inputs and/or outputs.

As an illustrative example of the effects of R and § on a signaling architecture, we consider a signaling system S
composed of a single PD cycle [8], [11], [33]. The system is shown in Fig. . It receives a slowly varying input signal U
in the form of kinase concentration Z generated by an upstream system, and has as the output signal Y the concentration
of X*, which in this example is a transcription factor that binds to promoter sites in the downstream system. Kinase Z
phosphorylates protein X to form X*, which is dephosphorylated by phosphatase M back to X. The state variables X of
S are the concentrations of the species in the cycle, that is, X, M, X*, Cy, Cs, where C; and Cy are the complexes formed
by X and Z during phosphorylation, and by X* and M during dephosphorylation, respectively. The state variable v of the
downstream system is the normalized concentration of C, the complex formed by X* and p (i.e., v = z% where pr is the
total concentration of the downstream promoters). This configuration, where a signaling system has as downstream
system(s) gene expression processes, is common in many organisms as it is often the case that a transcription factor goes
through some form of covalent modification before activating or repressing gene expression [41]. However, the
downstream system could be any other system, such as another covalent modification process, which interacts with the
output through a binding-unbinding reaction. We denote the total amount of cycle substrate by
X=X+ X*+ C1 + Cy + C and the total amount of phosphatase by My = M + Cs.

According to Def. |1} we vary the total protein concentrations of the cycle, © = [ X, Mr], to investigate the ability of
this system to transmit unidirectional signals. To this end, we consider two extreme cases: first, when the total substrate

concentration X7 is low (simulation results in Figs. 2B, [2[C); second, when it is high (simulation results in Figs. 2D, 2E).

For both these cases, we change My proportionally to Xp. This is because, for large Michaelis-Menten constants, we have
koK1 Mr

To maintain the same K for fair comparison between the two cases, we vary My proportion ith X7. Here, K,,; and
k1 are the Michaelis-Menten constant and catalytic rate constant for the phosphorylation reaction, and K,,s and ko are
the Michaelis-Menten constant and catalytic rate constant for the dephosphorylation reaction. These reactions are shown
in eqns. in SI Section For the simulation results, we consider a sinusoidal input to see the dynamic response of
the system to a time-varying signal. For these two cases then, we see from Fig. that when X (and Mr) is low, R is
small, i.e., |[Uigear(t) — U(t)] is small (satisfying requirement (i) of Def. [1). This is because kinase Z must phosphorylate
very little substrate X, and thus, the reaction flux due to phosphorylation to the upstream system is small. However, as
seen in Fig. , for low X7, the signaling system is unable to attenuate 8. The difference | X% — X*| is large, and

requirement (ii) of Def. [1|is not satisfied for low X7. This large retroactivity to the output is due to the reduction in the

an input-output relationship with m = 1 and K ~ £1Em2 X7 (details in SI Section eqn. ) as defined in Def. iii).
ally w

total substrate available for the cycle because of the sequestration of X* by the promoter sites in the downstream system.
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Fig 2. Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output in a
single phosphorylation cycle. (A) Single phosphorylation cycle, with input Z as the kinase: X is phosphorylated by Z to X*,
and dephosphorylated by the phosphatase M. X* is the output and acts on sites p in the downstream system, which is depicted as a
gene expression system here. (B)-(E) Simulation results for ODE model shown in SI Section eqn. . Common simulation
parameters & k(t) = 0.01(1 + sin(0.05t)), § = 0.01s ™", k1 = ko = 6005}, a1 = az = 18nM 15~ !, dy = dp = 240051,

kon = IOanlsfl, kogr = 10s™ 1. (B) Effect of retroactivity to the input with low substrate concentration Xr: for ideal input
Zideal, System is simulated with Xo = M = pr = 0; for actual input Z, system is simulated with X = My = 10nM,

pr = 100nM. (C) Effect of retroactivity to the output with low substrate concentration Xr: for isolated output X, system is
simulated with X7 = Mr = 10nM, pr = 0; for actual output X ™, system is simulated with X7 = My = 10nM, pr = 100nM. (D)
Effect of retroactivity to the input with high substrate concentration Xr: for ideal input Zigeal, system is simulated with

X1 = Mr = pr = 0; for actual input Z, system is simulated with X7 = My = 1000nM, pr = 100nM. (E) Effect of retroactivity
to the output with high substrate concentration Xr: for isolated output X5, system is simulated with X = M7y = 1000nM,

pr = 0; for actual output X ™, system is simulated with X7 = My = 1000nM, pr = 100nM.

Since X7 is low, this sequestration results in a large relative change in the amount of total substrate available for the
cycle, and thus interconnection to the downstream system has a large effect on the behavior of the cycle. For the case
when X7 (and Mr) is high, the system shows exactly the opposite behavior. From Fig. , we see that R is high (thus
not satisfying requirement (i) of Def. , since the kinase must phosphorylate a large amount of substrate, but 8 is
attenuated (satisfying requirement (ii)) since there is enough total substrate available for the cycle even once X* is
sequestered. Thus, this system shows a trade-off: by increasing Xr (and Mr) we attenuate retroactivity to the output
but to the cost of increasing retroactivity to the input. Similarly, by decreasing Xt (and Mr), we make retroactivity to
the input smaller, but to the cost of being unable to attenuate retroactivity to the output. Therefore, requirements (i)
and (ii) cannot be independently obtained by tuning X7 and Mry.

We note that because the signaling reactions, i.e., phosphorylation and dephosphorylation, act on a faster timescale
than the input, the signaling system operates at quasi-steady state and the output is able to quickly catch up to changes
in the input. It has been demonstrated in [32], [34] that this fast timescale of operation of the signaling system attenuates
the temporal effects of retroactivity to the output, which would otherwise result in the output slowing down in the
presence of the downstream system. Thus, while the high substrate concentration X7 is required to reduce the effect of
retroactivity to the output due to permanent sequestration, timescale separation is necessary for attenuating the temporal
effects of the binding-unbinding reaction flux [32].

L Association, dissociation and catalytic rate constants (a;, d;, k;) and range of total protein concentrations taken from [35)
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2.1 General mathematical model and main theorems

The single phosphorylation cycle, while showing some ability to attenuate retroactivity, is not able to transmit
unidirectional signals due to the trade-off seen above. We therefore study, with respect to unidirectional signal
transmission, different architectures of signaling systems, composed of phosphorylation cycles and phosphotransfer
systems which are ubiquitous in natural signal transduction [1]- |7], [14]- [19]. To this end, we first layout the following
general ODE model, using reaction-rate equations, that describes any signaling system architecture in the interconnection

topology of Fig. [[A:

% = fO(U7 RX, Slv, t) + GlAE(U; K) 52v)7
X
% = G1Br(U, X, Sov) + G f1(U, X, S3v) + G2Cs(X, v), (1)
dv
— = GyDs(X
dt GQ 3(771))’
Y =1I1X.

Here, the variable ¢ represents time, U is the input signal (the concentration of the input species), X is a vector of
concentrations of the species of the signaling system, Y is the output signal (the concentration of the output species) and
v is the state variable of the downstream system. In the cases that follow, v is the normalized concentration of the
complex formed by the output species Y and its target binding sites p in the downstream system. The positive scalar G
captures the timescale separation between the reactions of the signaling system and the dynamics of the input. Since we
consider relatively slow inputs, we have that G; > 1. The positive scalar G5 captures the timescale separation between
the binding-unbinding rates between the output Y and its target sites p in the downstream system and the dynamics of
the input. Since binding-unbinding reactions also operate on a fast timescale, we have that Go > 1. We define

€ = max (G%, G%}) and thus, e < 1. Further, the matrices A, B, C' and D are constant stoichiometric matrices [42], and

fo and f; are reaction-rate vectors. The SI Section [5.1] contains a formal treatment of this multi-timescale system.

The retroactivity to the input R indicated in Fig. equals (R,r,S1). Here, the parameter R accounts for
decay/degradation of complexes formed by the input species with species of the signaling system, thus leading to an
additional channel for removal of the input species through their interaction with the signaling system. Similarly, scalar
S1 represents decay of complexes formed by the input species with species of the downstream system. This additional
decay leads to an effective increase in decay of the input, thus affecting its steady-state. The reaction-rate vector r is the
reaction flux resulting from the reactions between species of the upstream system and those of the signaling system. This

additional reaction flux affects the temporal behavior of the input, often slowing it down, as demonstrated previously |11].

The retroactivity to the output § of Fig. equals (S, S2,53,5). As species of the signaling system are sequestered by
the downstream system, their free concentration changes. This is accounted for by the vectors Se and S3. The reaction
rate vector s represents the additional reaction flux due to the binding-unbinding of the output protein with the target
sites in the downstream system. For ideal unidirectional signal transmission, the effects of R and 8 must be small. The
ideal input of Fig. [IB, Uideal, is the input when retroactivity to the input R is zero, i.e., when R =S; =r = 0. The

isolated output of Fig. [IIC, Vi, is the output when retroactivity to the output 8 is zero, i.e., when S; = Sy = S5 = s = 0.

In order to provide the main theoretical result of this paper, which provides conditions for which system satisfies
Def. |1} it is useful to introduce some definitions. We let v = ¢(X) denote the solution to s(X,v) = 0. Since G5 > 1, this
captures the quasi-steady state concentration of v. Similarly, we let X = ¥(U,v) denote the solution to
Br(U, X, Sov) + f1(U, X, Ssv) = 0. Since G > 1, this captures the quasi-steady state concentration of the species of the
signaling system X . Finally, we let X = I'(U) denote the solution to Br(U, X, Se¢(X)) + f1(U, X, S3¢(X)) = 0. For the
isolated system as shown in Fig. , we let X = I',;(Uis) denote the solution to Br(Uss, X,0) + f1(Uis, X,0) = 0. Further,
it can be shown that there exists a function g(Sz,S3), such that g(Ss,S3) decreases as |Sz| and |S3| decrease, and is zero
when S5 = S3 = 0 (details in SI Section [5.I]). This function captures the dependence of the difference [L(U) — ' (U)| on
Sy and S3. We further assume that there exist invertible matrices T' and @, and matrices M and P such that
TA+MB=0, Mf; =0and QC + PD = 0. The assumptions and lemmas that use singular perturbation and
contraction theory to arrive at the results that follow are given in SI Section For system , for some fixed positive
constants Lo, Ly, Lr (definitions in SI Section , we then have the following results.

The first theorem provides an upper-bound on the effect of the retroactivity to the input for system .
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Theorem 1. The effect of retroactivity to the input is given by:

h h h
|Uideal(t) _ U(t)| S % + 0(6)7 fO?"t S [tbytf]7
where hy = supy Lo|RL(U)|, ha = supy Lo|S1¢(L(V))];
oL(U) 1 1p 99 W) ) au
b — M= +T'MQ'P— dt |
3 = SUDPy tety 1] ( au T @ OX|x_rqwy U |

a

The next theorem provides an upper-bound on the effect of retroactivity to the output for system .

Theorem 2. The effect of retroactivity to the output is given by:

_ hy +h
Yis(®) = Y ()] < |11 + 110252 + O(e), for t € [ty ),
where hy = supy; Ly |g(S2, S3)p(L(U))|, hy = supy Lo|S16(L(U))],
i a¢( ) 8£(U) dU
hs = supy 4y, 1MQ Pox ’ U )
U t€ty t 5] ( 0X X=I(U) ou "

b

The final theorem gives an expression for the input-output relationship of system .

Theorem 3. The relationship between Yis(t) and Uis(t) is given by:

=18

Yis(t) = IT, (Uis(t)) + Ole), fort € [ty, t].

Theorem (1| provides an upper-bound on |Uigeal(t) — U(t)| in terms of expressions hq, he and hz. These terms can be
made small making |RT|, S; and a small. We will seek to make these terms small by tuning the total protein
concentrations. For example, for the single phosphorylation cycle of Fig. 2JA where the input U equals Z,

[RL(U)| =

when K1, K0 > Z; where K, is the Michaelis-Menten constant of the phosphorylation reaction and K,,s is the
Michaelis-Menten constant of the dephosphorylation reaction (details in result (i) of SI Section [5.2)). Thus, using Theorem
we find that as X7 is made small, |Uigear(t) — U(t)| is made small, thus satisfying requ1rement (i) of Def. [1}
Similarly, Theorem [2| provides an upper-bound on |Yis(t) — Y (¢)] in terms of hy, kg, hs, which can be made small by
making S, 5o, 53 and b small. For the single phosphorylation cycle, where output ¥ equals X*, we find that (details in
result (ii) of SI Section
pr opr
51 =0,5 = X—T,Sg azMT
where ¢ is the rate of dilution and as is the rate of association of X* and M. Thus, using Theorem [2| we find that as Xp
and My are made large, |Yis(t) — Y'(¢)| is made small, thus satisfying requirement (ii) of Def. [I] Finally, condition (iii) of
Definition [1] can be analyzed using Theorem [3] which provides an expression for the output, IT; (Uis). For the single
phosphorylation cycle, this evaluates to (from eqn. in SI Section [5.2)):

k1Ko Xt
koK1 Mr

and b =0

Xi(t) = L(Zis(1)) =

7 Zis(),
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This way, the above theorems can be used to identify ways to tune the total protein concentration of a signaling

system such that it satisfies Def. [I} Thus, based on Theorems and [3| we analyze the following signaling architectures:
a double phosphorylation cycle with kinase as input, a phosphotransfer system where the phosphate donor is
phosphorylated by the input kinase, a cascade of single phosphorylation cycles, a phosphotransfer system where the input
is the phosphate donor that undergoes autophosphorylation, a single phosphorylation cycle with a substrate as input, and

a double phosphorylation cycle with a substrate as input.

2.2 Double phosphorylation cycle with input as kinase

(B) Input signal: low X7, My  (C) Output signal: low Xr, Mr
1.2 1.2
) el el
Upstream System g g
B e
@ @
=" 4ideal
S I 8
» e 00 1000 S0 1000
] . .
. time (s) time (s)
: product g]:;) Input signal: high X7, Mr (1E2) Output signal: high X7, Mr
: tpu = g — X
. ] NG =
' : g g
) e
Signaling System S Downstream System & - ‘5
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Fig 3. Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output in a
double phosphorylation cycle. (A) Double phosphorylation cycle, with input Z as the kinase: X is phosphorylated by Z to X*,
and further on to X**. Both these are dephosphorylated by the phosphatase M. X** is the output and acts on sites p in the
downstream system, which is depicted as a gene expression system here. (B)-(E) Simulation results for ODE model shown in

SI Section Common simulation parameters & k(t) = 0.1(1 + sin(0.05t)),6 = 0.01s™%, ki = ko =

ks =Fks =600s" a1 =as =as =as = 18nM 1s71 dy =dp = ds = dy = 24005}, kon = 10nM 1571 Koy = 10571, (B) Effect of
retroactivity to the input with low substrate concentration Xr: ideal input Zigear is simulated with Xr = My = pr = 0, actual
input Z is simulated with X7 = 100nM, Mt = 10nM, pr = 100nM. (C) Effect of retroactivity to the output with low substrate
concentration Xr7: for isolated output X;.*, system is simulated with X7 = 10nM, Mt = 3nM, pr = 0, for actual output X™**,
system is simulated with X1 = 10nM, Mt = 3nM, pr = 100nM. (D) Effect of retroactivity to the input with high substrate
concentration Xr: for ideal input Zidea1, system is simulated with X7 = Mt = pr = 0, for actual input Z, system is simulated
with X7 = 1200nM, M1 = 39nM, pr = 100nM. (E) Effect of retroactivity to the output with high substrate concentration Xr:
for isolated output X;i*, system is simulated with X7 = 1200nM, Mt = 39nM, pr = 0, for actual output X**, system is simulated

with X7 = 1200nM, M1 = 39nM, pr = 100nM.

Here, we consider a double phosphorylation cycle with a common kinase Z for both phosphorylation cycles as the
input and the doubly phosphorylated substrate X** as the output. This architecture is found in the second and third
stages of the MAPK cascade, where the kinase phosphorylates both the threonine and tyrosine sites in a distributive
process [43]. This configuration is shown in Fig. . Referring to Fig. , the input signal U is the concentration Z of
the kinase and the output signal Y is the concentration X** of the doubly phosphorylated substrate X.

The input kinase is produced at a time-varying rate k(t). All species dilute with a rate constant J, and the total
promoter concentration in the downstream system is pp. The total substrate and phosphatase concentrations are X, and
M, respectively. The Michaelis-Menten constants for the two phosphorylation and the two dephosphorylation reactions
are K1, K3, Ko and K4, respectively. The catalytic reaction rate constants of these reactions are kq, k3, ko and ky,
respectively. The system’s chemical reactions are shown in SI Section equns. . As explained before, the parameters
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that we tune to investigate retroactivity effects are the total protein concentrations of the phosphorylation cycle, that is,
X7 and Mrp. Specifically, using Theorems and [3] we tune X7 and M7y to verify if this system can transmit a
unidirectional signal, according to Definition [Il We therefore find what follows.

(i) Retroactivity to the input: In Theorem , we provided an upper bound, %, on |Uigeal (t) — U(t)|, which is
the term that must be small to satisfy requirement (i) of Def. [1} i.e., to have a small retroactivity to the input. For this
system, A does not depend on X7 and Myp. Further, we find that hy = 0, and that to make h; and hs small, we must
have small I?—fl and small MTXEM ﬁ;g:f Thus, to have small retroactivity to the input, the parameter X, must be
small. (Mathematical details to derive these expressions are in result (i) of SI Section .

(ii) Retroactivity to the output: In Theorem [2} we provided an upper bound on |Yis(t) — Y'(¢)|. To satisfy requirement

(ii) of Def. |1} i.e., to attenuate retroactivity to the output, this upper bound, M)\ﬁhs, must be made small. For this
system, we find that ho = 0 and hs = 0. Further, to make h; small, we must have a small L. Thus, to attenuate
retroactivity to the output, we must have a large Xr. (Mathematical details to derive these expressions are in result (ii)
of ST Section .

(iil) Input-output relationship: In Theorem [3| we found an approximate expression for the input-output relationship,

i.e., Y & IT, (Uys). We use this to find that the X ~ %%W when K1, Ko, Kz, Kma > Zis,

Ko > X5, Kpa > X2 and Mr > Zis. Under these assumptions, this system satisfies requirement (iii) of Def. |1| by
XT

tuning the ratio $7% to achieve a desired K with m = 2. (Mathematical details to derive these expressions are in result

(iii) of ST Section eqn. (41))).

This system shows a similar trade-off between properties (i) and (ii) as the single phosphorylation cycle. Retroactivity
to the input is large when substrate concentration Xr (and Mry) increases, because the input Z must phosphorylate a
large amount of substrate thus leading to a large reaction flux to Z due to the phosphorylation reaction. However, if X
(and M) is made small, the system cannot attenuate the retroactivity to the input, since as the output X** is
sequestered by the downstream system, there is not enough substrate available for the signaling system. Therefore,
requirements (i) and (ii) cannot be independently satisfied.

These mathematical predictions can be appreciated from the numerical simulations of Figs. BBJE and this result is
summarized in Fig. [9B.

2.3 Phosphotransfer with phosphate donor phosphorylated by the input kinase

We now consider a signaling system composed of a phosphotransfer system, whose phosphate donor receives the
phosphate group via phosphorylation through a kinase Z. Instances of phosphotransfer systems include the reaction
between YPD1 and SKN7 [44], which is a central component of the osmotic stress response of yeast. Such a system was
also implemented as a synthetic insulation device in [34], where kinase JH1 phosphorylates STAT5-HKRR, which then
transfers the phosphate group to YPD1 through phosphotransfer. This architecture is shown in Fig. {JA. In this case, the
input signal U of Fig. is Z, which is the concentration of kinase Z that phosphorylates the phosphate donor X;, which
then transfers the phosphate group to protein X5. The output signal Y in Fig. is then X, which is the concentration
of the phosphorylated substrate X3. Protein X3 is dephosphorylated by phosphatase M. Total concentrations of proteins
X1, Xo and M are X771, Xpo and My, respectively. The Michaelis-Menten constants for the phosphorylation of X; by Z
and dephosphorylation of X3 by M are K,,; and K,,3, and the catalytic rate constants of these are k1 and ks,

respectively. The association rate constant of complex formation by X5 and X; is ag. These reactions are shown in eqns.

in ST Section The total concentration of promoter sites in the downstream system is pp. The input Z is
produced at a time-varying rate k(t). As before, the parameters we change to analyze the system for unidirectional signal
transmission are its total protein concentrations, X1, X792 and Mp. Using Theorems and [3] we analyze the system’s
ability to transmit unidirectional signals as per Definition |I| as X111, X719 and Mr are varied. This is done as follows.
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Fig 4. Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output in a
phosphotransfer system. (A) System with phosphorylation followed by phosphotransfer, with input Z as the kinase: Z
phosphorylates X1 to Xj. The phosphate group is transferred from Xj to Xz by a phosphotransfer reaction, forming X3, which is in
turn dephosphorylated by the phosphatase M. X5 is the output and acts on sites p in the downstream system, which is depicted as
a gene expression system here. (B)-(E) Simulation results for ODE in SI Section Common parametersl: k(t) =

0.01(1 4 5in(0.05t)), § = 0.01s ' k1 = ko = ks = 155" a1 = a2 = a3 = as = 18nM " 's™ ' dy =

de = ds = dg = 240051, kon = 10nM 151 kogs = 10571, (B) Effect of retroactivity to the input with low substrate concentration
Xr71: for ideal input Zigeal, system is simulated with Xp1 = Xpo = Mpr = pr = 0; for actual input Z, system is simulated with
Xr1 = Mr = 3nM, Xro = 1200nM, pr = 100nM. (C) Effect of retroactivity to the output with low substrate concentration Xr1:
for isolated output X3 ;, system is simulated with Xr1 = Mr = 3nM, Xr2 = 1200nM, pr = 0; for actual output X3, system is
simulated with X1 = My = 3nM, X2 = 1200nM, pr = 100nM. (D) Effect of retroactivity to the input with high substrate
concentration Xr1: for ideal input Zigeal, system is simulated with X117 = Xpo = Mr = pr = 0; for actual input Z, system is
simulated with X1 = My = 300nM, Xr2 = 1200nM, pr = 100nM. (E) Effect of retroactivity to the output with high substrate
concentration Xr1: for isolated output X3 i, system is simulated with X71 = My = 300nM, X72 = 1200nM, pr = 0; for actual
output X5, system is simulated with X11 = My = 300nM, X712 = 1200nM, pr = 100nM.

(i) Retroactivity to the input: As before, we minimize the terms h, ho and hs as described in Theorem [1| to have a
small retroactivity to the input and satisfy requirement (i) of Def. |1 We find that hy = 0 and that for small h; and hs,
we must have small fg“ . Thus, for small retroactivity to the input, we must have small Xr;. (Mathematical details to
derive these expressions are in result (i) of SI Section |5.4)).

(ii) Retroactivity to the output: To satisfy requirement (ii) of Def. [1} i.e., to attenuate retroactivity to the output, we
must have small El, ho and hs as defined in Theorem [2 We find that for this system ho = 0 and hs = 0. Further, for hy
to be small, )’(’—; and afﬁ’(TTl must be small. Thus, for a small retroactivity to the output, we must have large X1 and
X72. (Mathematical details to derive these expressions are in result (ii) of SI Section .

(iii) Input-output relationship: Using the expression for the input-output relationship given by Theorem [3] we find
that Xj = %%Z when K,,1 > Zis and K4 > X;is. Under these assumptions, this system satisfies requirement
(iii) of Def. [I| by tuning the ration 2ZL with m = 1. (Mathematical details to derive these expressions are in result (iii) of

M
ST Section eqn. (51). ’

In light of (i) and (ii), we note that the system shows a trade-off in attenuating retroactivity to the input and output.

Retroactivity to the input can be made small, by making X1; (and Mr) small, since kinase Z must phosphorylate less
substrate. However, the system with low X7 is unable to attenuate retroactivity to the output, which requires that X
be large. This is because, as the output X3 is sequestered by the downstream system and undergoes decay as a complex,
this acts as an additional channel of removal for the phosphate group from the system, which was received from Xj. If
X7 (and Mr) is small, this removal of the phosphate group affects the amount of X3 in the system to a larger extent
that when X7y is large. Thus, there exists a trade-off between requirements (i) and (ii) of Def. |1, Further, in these two
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cases (large Xr; and small Xp1), we vary My in proportion to Xp; to satisfy requirement (iii) of Def.
This mathematical analysis is demonstrated in the simulation results shown in Figs. and the discussion is
summarized in Fig. [9B.

2.4 Cascade of single phosphorylation cycles

(A)
Upstream System

input
r - - H E EEEEEEEE
" ] 1 2(B) Input signal 1 Q(C) Output signal
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Fig 5. Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output is
overcome by a cascade of single phosphorylation cycles. (A) Cascade of 2 phosphorylation cycles that with kinase Z as the
input: Z phosphorylates X; to X7, X] acts as the kinase for X5, phosphorylating it to X3, which is the output, acting on sites p in
the downstream system, which is deplcted as a gene expression system here. Both X7 and X3 are phosphorylated by phosphatase
M. (B), (C) Simulation results for ODEs in SI Section with N = 2. Simulation parameterdD: k(t) =

0.01(1 + sin(0.05t))nM.s~*, 8 = 0.01s~ a1 = a2 = 18(nM.s)~*! d1 =d = 24005, k1 = ko = 600s~". (B) Effect of retroactivity
to the input: for the ideal input Zigeal, system is simulated With X711 = X2 = Mr = pr = 0; for actual input Z, system is
simulated with X711 = 3nM, X72 = 1000nM, Mt = 54nM, pr = 100nM. (C) Effect of retroactivity to the output: for the
isolated output Yis, system is simulated with X1 = 3nM, X792 = 1000nM, Mt = 54nM, pr = 0; for the actual output, system is
simulated with X71 = 3nM, X712 = 1000nM, M1 = 54nM, pr = 100nM.

We have now seen three systems that show a trade-off between attenuating retroactivity to the output and imparting
a small retroactivity to the input: the single phosphorylation cycle, the double phosphorylation cycle and the
phosphotransfer system, all with a kinase as input. In all three cases, the trade-off is due to the fact that, as the total
substrate concentration is increased to attenuate the effect of retroactivity on the output, the system applies a large
retroactivity to the input. Thus, the requirements (i) and (ii) of Def. [1| cannot be independently achieved. In [34], a
cascade of phosphotransfer systems was found to apply a small retroactivity to the input and to attenuate retroactivity to
the output. Further, cascades of single and double PD cycles are ubiquitous in cellular signaling, such as in the MAPK
cascade [14], [45]. Motivated by this, here we consider a cascade of PD cycles to determine how a cascaded architecture
can overcome this trade-off. We have found that single and double PD cycles, and the phosphotransfer system, show
similar properties with respect to unidirectional signal transmission. Thus, our findings are applicable to all systems
composed of cascades of single stage systems, such as the single PD cycle, the double PD cycle and the phosphotransfer
system analyzed in Section (simulation results for cascades of different systems are in SI Fig. and Fig. .

We consider a cascade of two single phosphorylation cycles, shown in Fig. [fJA. The input signal is Z, the concentration
of kinase Z. Z phosphorylates substrate X; to X7, which acts as a kinase for substrate X9, phosphorylating it to X5. Both
X7 and X35 are dephosphorylated by a common phosphatase M. The output signal is X5, the concentration of X3.

The input Z is produced at a time-varying rate k(t), and all species dilute with rate constant . The substrate of the

cycles are produced at constant rates kx1 and kxs, respectively, and the phosphatase is produced at a constant rate k.

We then define X1q = 2L, Xpo = X2 and My = kg’. The concentration of promoter sites in the downstream system is
pr. The Michaelis—Menten constants for the phosphorylation and dephosphorylation reactions are K,,; and K2,

respectively (assuming identical reaction-rate parameters for both cycles), and catalytic rate constants are k1 and ks. The
chemical reactions for this system are shown in eqns. — in SI Section As before, the parameters we vary to
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analyze this system’s ability to transmit unidirectional signals are X1, Xp2 and Mp. Using Theorems and |3] we
seek to tune these to satisfy the requirements of Def. [I] We find what follows.

(i) Retroactivity to the input: To satisfy requirement (i) of Def. [I} we must have small hy, hy and hs as defined in
Theorem |1} For this system, we find that h; = ho = 0. We further find that to make d3 small, I)ngl must be small. Thus,
to have a small retroactivity to the input, X7; must be small. (Mathematical details to derive these expressions are in
result (i) of SI Section [5.5).

(ii) Retroactivity to the output: As before, we minimize hi, ho and hsz from Theorem [2| to satisfy requirement (ii) of
Def. [1] i.e., attenuating retroactivity to the output. We find that hy = 0 and hs = 0. Further, to make h;, we must have
a small )’(’;. Thus, to attenuate retroactivity to the output, Xro must be large. (Mathematical details to derive these
expressions are in result (ii) of SI Section [5.5).

(iii) Input-output relationship: Using the expression found in Theorem [3] we find that the input-output relationship is
X;‘yis ~ (M)Q%Zis when K,,1, K2 > Zis. The ratio XTJ\ZX” can thus be tuned such that the system satisfies

koK1 7
(iii) of Def. with m = 1. However, as §§f increases beyond a point, the second stage of the cascade affects the first
stage, and the output begins to saturate with respect to the input, thus not satisfying requirement (iii). In SI we

have shown that this non-linearity can be reduced by additional cycles, between the first and second cycle, in the cascade
up to a certain number of cycles. That is, there exists an optimal number of cycles in the cascade for which the term
leading to a non-linear input-output response (shown in eqn. in ST Section is minimized. This is because, each
downstream cycle affects the response of the cycle directly upstream to it, making it non-linear. For each cycle, these
non-linearities add up, and thus the number of terms contributing to the total non-linearity increase with the number of
cycles. However, additional cycles reduce the non-linear effect of each individual stage. These two opposing effects make
it so that the net non-linearity in the output of the final stage has an optimum. (Mathematical details to derive these
expressions are in result (iii) of SI Section eqn. (81)).

We thus note that the trade-off between attenuating retroactivity to the output and imparting small retroactivity to
the input, found in single-stage systems is broken by having a cascade of two cycles. This is because the input kinase Z
only directly interacts with the first cycle, and thus when X7; is made small, the upstream system faces a small reaction
flux due to the phosphorylation reaction, making retroactivity to the input small. The downstream system sequesters the
species X3, and when X7o is made high, there is enough substrate X, available for the signaling system to be nearly
unaffected, thus attenuating retroactivity to the output. This is verified in Figs. [[BJIC. The trade-off found in the single
cycle in Figs. is overcome by the cascade, where we have tuned My to satisfy requirement (iii) of Def. |1 When
the total substrate concentration for a single cycle is low, the retroactivity to the input is small (Fig. ) but the
retroactivity to the output is not attenuated (Fig. ). When the total substrate concentration of this cycle is increased,
the retroactivity to the output is attenuated (Fig. ) but the input, and therefore the output, are highly changed due to
an increase in the retroactivity to the input (Figs. 2D, [2E). When the same two cycles are cascaded, with the low
substrate concentration cycle being the first and the high substrate concentration cycle being the second (and Mp tuned
to maintain the same gain K as the single cycles), retroactivity to the input is small and retroactivity to the output is
attenuated (Figs. , ) Thus, cascading two cycles overcomes the trade-off found in a single cycle.

These results are summarized in Fig. [JE. While the system demonstrated here is a cascade of single phosphorylation
cycles, the same decoupling is true for cascaded systems composed of double phosphorylation cycles and phosphorylation
cycles followed by phosphotransfer, which as we saw in the previous subsections, show a similar kind of trade-off.
Cascades of such systems, with the first system with a low substrate concentration and the last system with a high
substrate concentration thus both, impart a small retroactivity to the input, and attenuate retroactivity to the output
and are therefore able to transmit unidirectional signals. This can be seen via simulation results in SI Section [5.5] where
a cascade of a phosphotransfer system and a single PD cycle is seen in Fig. and a cascade of a single PD cycle and a
double PD cycle is seen in Fig.

2.5 Phosphotransfer with the phosphate donor undergoing autophosphorylation as
input

Here, we consider a signaling system composed of a protein X; that undergoes autophosphorylation and then transfers

the phosphate group to a substrate Xs, shown in Fig. [(JA. An instance of this system is found in the bacterial chemotaxis
system, where the protein CheY acquires a phosphate group through a phosphotransfer reaction with CheA, which is a
histidine kinase that first undergoes autophosphorylation |[46]. The input signal U of Fig. is X1, the concentration of
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protein X; which undergoes autophosphorylation, and the output signal Y of Fig. is X5, the concentration of
phosphorylated protein X%. The total protein concentrations of substrate Xo and phosphatase M are Xrpo and Mr,
respectively. The total concentration of promoters in the downstream system is pr. Autophosphorylation of a protein
typically follows a conformational change that either allows the protein to dimerize and phosphorylate itself, or the
conformational change stimulates the phosphorylation of the monomer [47]. Here, we model the latter mechanism for
autophosphorylation as a single step with rate constant m;. The Michaelis-Menten constant for the dephosphorylation of
X% by M is K3 and the association, dissociation and catalytic rate constants for this reaction are as, ds and k3. The
association and dissociation rate constants for the complex formed by X; and X, are a; and dy, the dissociation rate
constant of this complex into X; and X3 is ds, and the corresponding reverse association rate constant is az. The input
protein X; is produced at a time-varying rate k(). Details of the chemical reactions of this system are shown in SI
Section eqn. (88). We use Theorems to analyze this system as per Def. [I| by varying the total protein
concentrations X79 and Mp. This is done as follows.

(B) Input signal: low 71, Mrp (C) Output signal: low w1, Mr
1.2 1.2
= =
£ =
g o
(A) r----------------. '9 '9
)/‘\ ' g g
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Upstream Syste : /_\‘ : S 00 -=Xi — 8 OO == X2*1000
. . owtpilt time (s) time (s)
1 1
' v product (D) Input signal: high 71, Mt  (E) Output signal: high 71, Mr
' VY ' ? 1.2 1.2
[ ] [ ] —~ — — X
E 2,is
Signaling System S P g . g
Downstream System Z N K Il“ T ’I‘\ll\‘ =
= Vi o« MUE N 1
E El
o ==X o
0 1000

0 time (s) 1000 time (s)

Fig 6. Attenuation of retroactivity to the output by a phosphotransfer system. (A) System with autophosphorylation
followed by phosphotransfer, with input as protein X; which autophosphorylates to Xi. The phosphate group is transferred from
X7 to X5 by a phosphotransfer reaction, forming X3, which is in turn dephosphorylated by the phosphatase M. X3 is the output
and acts on sites p in the downstream system, which is depicted as a gene expression system here. (B)-(E) Simulation results for
ODE in SI Section Common simulation parameterd®: k() = 0.01(1 + sin(0.05¢)),8 = 0.01s~ ', ks = 600s ', a1 = as =
as = 18nM1s71,di = do = d3 = 24005, kon = 10nM " s koge = 10571, Xpo = 1200nM. (B) Effect of retroactivity to the
input with low autophosphorylation rate constant 7i: for ideal input X7 idecal, System is simulated with 71 = M7 = pr = 0; for
actual input X1, system is simulated with m1 = 30nM, Mr = InM, pr = 100nM. (C) Effect of retroactivity to the output with
low autophosphorylation rate constant m;: for isolated output X3 ;, system is simulated with m1 = 30nM, My = 9nM, pr = 0;
actual output X3 is simulated with 71 = 30nM, My = 9nM, pr = 100nM. (D) Effect of retroactivity to the input with high
autophosphorylation rate constant my: for ideal input X ideal, system is simulated with 71 = M1 = pr = 0; for actual input X1,
system is simulated with 71 = 1500nM, My = 420nM, pr = 100nM. (E) Effect of retroactivity to the output with high
autophosphorylation rate constant 7;: for isolated output X3 ;5, system is simulated with m1 = 1500nM, Mz = 420nM, pr = 0; for
actual output X3 i, system is simulated with 71 = 1500nM, M7 = 420nM, pr = 100nM.

(i) Retroactivity to input: We make terms hq, ho and hgz from Theorem |1 small to satisfy requirement (i) of Def. [If and
have small retroactivity to the input. We find that ho = 0. Further, we find that to make h; and h3 small, %,

%, 2‘:sz and ’T; must be small, where K = llﬁ}'f. However, not all these terms can be made smaller by varying
Xro and Mr alone. Thus, the retroactivity to the input, and whether or not requirement (i) is satisfied, depends on the
reaction rate constants of the system, and it is not possible to tune it using total protein concentrations alone.
(Mathematical details to derive these expressions are in result (i) of SI Section

(ii) Retroactivity to output: To attenuate retroactivity to the output (requlrement (ii) of Def. 1)), we make h1, ho and

hs from Theorem [2) I small. We find that he = 0 and hs = 0. Further we find that, to make h; small we must have a small
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2L and -2zl . Thus, to attenuate retroactivity to the output, X9 and My must be large. (Mathematical details to

Xro az Mt

derive these expressions are in result (ii) of SI Section [5.6).

~ T1Km3

(iii) Input-output relationship: Using Theorem I we find that the input-output relationship is X3 ;; ~ e X1is

when K3 > X3 ;. and thus, this system can satisty Def. (iii) by tuning Mt to achieve a desired K with m = 1.

(Mathematical details to derive these expressions are in result (i) of SI Section eqn. (93).

Thus, we find that the retroactivity to the input cannot be made small by changing concentrations alone. The

retroactivity to the output can be attenuated by having a large X9 and My, since these can compensate for the
sequestration of X3 by the downstream system. This signaling system can therefore satisfy requirements (ii) and (iii) for
unidirectional signal transmission. While satisfying these requirements does not increase the retroactivity to the input,
thus making it possible for it to satisfy requirement (i) as well, retroactivity to the input depends on the reaction-rate
parameters, in particular, on the forward reaction rate constant 7 of autophosphorylation of X;. If this is large, the
autophosphorylation reaction applies a large reaction flux to the upstream system, thus resulting in a large retroactivity
to the input. If 7y is small, this flux is small, and thus retroactivity to the input is small. By the way we have defined
cascades (as signals between stages transmitted through a kinase), any cascade containing this system would have it as a
first stage. Therefore, even cascading this system with different architectures would not overcome the above limitation.

These mathematical predictions can be appreciated in the simulation results shown in Figs. [(B- [(E. The result is

summarized in Fig. [9C.

2.6 Single cycle with substrate input

p

Downstream System

1 [ ]

17 []

[ ] [ ]

) At

—llly T X Uit Hut

A\ 1 produch

Upstream System \:‘/ '

[ ]

1 M ]

n

Slgnahng System S

(B) Input signal: low Zp, M7 (C) Output signal: low Zr, Mrp
1.2 1.2
= = — X
) ) --X
= =
.2 .2
= =
= =
- -
| — =]
5] — Xidecal 5] /\/\/\N\NV\
Q Q
=1 --X =t
S i S S
S0 1 S0
g time (s) 1000 time (s) 1000
(D) Input signal: high Zp, M7 (E) Output signal: high Zr, Mr
1.2 1.2
¢ 2 .- X
E g
= -
g — Xideal g
] --X g
80 : 10 0 100
0 time (s) 00 time (s)

Fig 7. Inability to attenuate retroactivity to the output or impart small retroactivity to the input by single
phosphorylation cycle with substrate as input. (A) Single phosphorylation cycle, with input X as the substrate: X is
phosphorylated by the kinase Z to X*, which is dephosphorylated by the phosphatase M back to X. X* is the output and acts as a
transcription factor for the promoter sites p in the downstream system. (B)-(E) Simulation results for ODE in SI Section

Common simulation parameters®: k(t) = 0.01(1 + sin(0.05¢)),8 = 0.01s~ ", k1 = ko = 6005~

1,(11 = a2 = 18nM71571,d1 =dy =

240051, kon = 10nM 157! ko = 105 1. (B) Effect of retroactivity to the input with low kinase concentration Zz: for ideal input
Xideal, system is simulated with Zr = My = pr = 0; for actual input X, system is simulated with Zr = Mr = pr = 100nM. (C)
Effect of retroactivity to the output with low kinase concentration Zr: for isolated output X, system is simulated with
Zr = Mt = 100nM, pr = 0; for actual output X*, system is simulated with Zr = Mr = pr = 100nM. (D) Effect of retroactivity
to the input with high kinase concentration Zr: for ideal for ideal input Xidea1, system is simulated with Zr = My = pr = 0; for
actual input X, system is simulated with Zr = Mr = 1000nM, pr = 100nM. (E) Effect of retroactivity to the output with high

kinase concentration Zr: for isolated output X, system is simulated with Zr =

system is simulated with Zr = M7y = 1000nM, pr = 100nM.

My = 1000nM, pr = 0; for actual output X*,
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Here, we consider a single phosphorylation cycle where the input signal U of Fig. is X, the concentration of the
substrate X, and the output signal Y is X*, the concentration of the phosphorylated substrate. We consider this system
motivated by the various transcription factors that undergo phosphorylation before activating or repressing their targets,
such as the transcriptional activator NRI in the E. Coli nitrogen assimilation system [48]. However, to the best of our
knowledge, based on our literature review, signals are more commonly transmitted through kinases, as opposed to being
transmitted by the substrates of phosphorylations. Since these are less represented than the others in natural systems, we
ask whether they have any disadvantage for unidirectional transmission, and in fact they do. Note that the system
analyzed in Section [2.5|is a system that takes as input a kinase that undergoes autophosphorylation before donating the
phosphate group, and is not the same as the system considered here, where the input is a substrate of enzymatic
phosphorylation.

The signaling system we consider, along with the upstream and downstream systems, is shown in Fig. [JJA. The input
protein X is produced at a time-varying rate k(t). It is phosphorylated by kinase Z to the output protein X*, which is in
turn dephosphorylated by phosphatase M. X* then acts as a transcription factor for the promoter sites in the downstream
system. All the species in the system decay with rate constant §. The total concentration of promoters in the downstream
system is pr. The total kinase and phosphatase concentrations are Zp and My, respectively, which are the parameters of
the system we vary. The Michaelis-Menten constants of the phosphorylation and dephosphorylation reactions are K,
and K,,2, and the catalytic rate constants are k; and ko. The chemical reactions of this system are shown in eqn. in
SI Section Using Theorems and |3, we analyze if this system can transmit a unidirectional signal according to
Definition [1| by varying Zr and Mp. This is done as follows.

(i) Retroactivity to the input: As before, we seek to minimize retroactivity to the input to satisfy requirement (i) of
Def. [1] using Theorem [1} However, we find that the terms hi, ho and hg cannot be made small by changing Z7 and M,
and therefore, retroactivity to the input cannot be made small by tuning these parameters. (Mathematical details to
derive these expressions are in result (i) of SI Section .

(ii) Retroactivity to the output: Similarly, we seek to attenuate retroactivity to the output and satisfy requirement (ii)
of Def. |1 using Theorem [2l However, we find that h; and ho cannot be made small by varying Z7 and Mp. Thus,
retroactivity to the output cannot be attenuated by tuning these parameters. (Mathematical details to derive these
expressions are in result (ii) of SI Section [5.7).

(iii) Input-output relationship: Using the expression in Theorem [3] we find that the input-output relationship is linear

ki Zp
with gain K = (,ﬁ;:_é) when K,,1, K2 > X, that is:

Kma

X7 (t) = KX5(t). (2)

The input-output relationship is thus linear, i.e., m = 1, and K can be tuned by varying Zr and Mp. The system thus
satisfies requirement (iii) of Def. |1} (Mathematical details to derive these expressions are in result (iii) of SI Section
eqn. (105)).

Thus, we find that a signaling system composed of a single phosphorylation cycle with substrate as input cannot
transmit a unidirectional signal, since it can neither make retroactivity to the input small nor attenuate retroactivity to
the output. This is because, the same protein X is the input (when unmodified) and the output (when phosphorylated).
Thus, when X undergoes phosphorylation, the concentration of input X is reduced by conversion to X*, thus applying a
large retroactivity to the input. Now, when X* is sequestered by the downstream system, this results in a large flux to
both X and X*, and thus the retroactivity to the output is also large. Cascading such a system would also not enhance its
ability to transmit unidirectional signals: if the system were used as the first stage to a cascade, it would apply a large
retroactivity to the input for the aforementioned reasons. The way we have defined cascades above, with non-initial stages
receiving their input via a kinase, this system cannot be the second stage of a cascade since it takes its input in the form of
the substrate. These results are demonstrated in the simulation results shown in Fig. [JB{7E and summarized in Fig. [JF.
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2.7 Double cycle with substrate input

(B) Input signal: low Zr, My  (C) Output signal: low Zp, Mr
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Fig 8. Inability to attenuate retroactivity to the output or impart small retroactivity to the input by double
phosphorylation cycle with substrate as input. (A) Double phosphorylation cycle, with input X as the substrate: X is
phosphorylated twice by the kinase K to X* and X**, which are in turn dephosphorylated by the phosphatase M. X** is the output
and acts on sites p in the downstream system, which is depicted as a gene expression system here. (B)-(E) Simulation results for
ODE in SI Section Common simulation parametersl: k(t) = 0.01(1 + sin(0.05¢t)),6 = 0.01s ™', ky = ko =

ks =kys =600s a1 =as =az =as = 18nM 1s71, di = dp = ds = dy = 24005, kop = 10nM 1571 kor = 10s~ 1. (B) Effect of
retroactivity to the input with low kinase concentration: for ideal input Xideal, system is simulated with Zr = My = pr = 0; for
actual input X, system is simulated with Zr = Mp = 150nM, pr = 100nM. (C) Effect of retroactivity to the output with low
kinase concentration: for isolated output X..*, system is simulated with Zy = Mr = 100nM, pr = 0; for actual output X**,
system is simulated with Zr = Mr = 150nM, pr = 100nM. (D) Effect of retroactivity to the input with high kinase concentration:
for ideal for ideal input Xideal, system is simulated with Zr = Mr = pr = 0; for actual input X, system is simulated with

Zp = My = 1000nM, pr = 100nM. (E) Effect of retroactivity to the output with high kinase concentration: for isolated output
X;o*, system is simulated with Zr = My = 1000nM, pr = 0; for actual output X**, system is simulated with

Zr = Mpr =1000nM, pr = 100nM.

Finally, we consider a double phosphorylation cycle with input signal U of Fig. as the concentration of the substrate,
X, and the output signal Y as the concentration of the doubly phosphorylated substrate, X**. Similar to the single
phosphorylation cycle, we consider this system to model cases where the input species undergoes double phosphorylation
before acting on its downstream targets, such as transcription factor FKHRL1, which is phosphorylated by Akt at its T23
and S253 sites [49]. In this system, the signal is transmitted by the kinase Akt and not the substrate. Based on our
literature review, we have not found systems where the signal is transmitted by the substrate in such an architecture. We
therefore consider this architecture to test whether it has a disadvantage for unidirectional signal transmission. The
arrangement is shown in Fig. [§JA. All species dilute with rate constant §. The total concentration of promoters in the
downstream system is pr. The total concentration of kinase Z and total concentration of phosphatase M are Zr and My,
respectively. The input X is produced at a time-varying rate k(t). Using Theorems and |3 we vary Zp and Mr to
investigate if this system can transmit unidirectional signals according to Def. [IL This is done as follows:

(i) Retroactivity to the input: Evaluating the terms in Theorem |1} h; and hs cannot be made small by tuning Zr and
My, and thus, requirement (i) of Def. [1] is not satisfied. (Mathematical details to derive these expressions are in result (i)
of ST Section [5.8).

(ii) Retroactivity to the output: Evaluating the terms in Theorem [2| we find that A; and hy cannot be made small by
tuning Zp and Mp. Thus, requirement (ii) of Def. is not satisfied. (Mathematical details to derive these expressions are
in result (ii) of SI Section [5.8]).

(iii) Input-output relationship: Using Theorem (3] we find that X (t) ~ KX,s(t) for ¢ € [ty,ts] for large
Michaelis-Menten constants, where K can be tuned by tuning the total kinase and phosphatase concentrations Zp and
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Myp. Thus, the system satisfies requirement (iii) of Def. [I| with m = 1 and a desired K. (Mathematical details to derive
these expressions are in result (iii) of SI Section eqn. (119)).

Thus, similar to the single cycle with substrate as input, the double cycle with substrate as input provides a linear
input-output relationship but is not able to impart a small retroactivity to the input, nor is it able to attenuate
retroactivity to the output, even upon cascading with other systems. These properties are shown in Fig. BB{8E, and the
results are summarized in Fig. PG.

(A) Single PD cycle, kinase (C) Phosphorylation o (E) Cascade of single PD (F) Single PD cycle, substrate
input (kinase input), AT cycles, kinase input input
15 Tm ph%sphotransfer X1 / Z
—7 X1 |—=4 v
/i\ e X/t\x* -7 X P\k
1 D —  —
X X* —fe S /\i | LN
__/ T;X(Z l. /\ 11/[
13/[ S X, X,
SvE I N
. . v
(B) Double PD cycle, kinase (D) Autophosphorylation, (G) Double PD cycle,
input T, phosphotransfer pX* substrate input
7|X2 N2
Z X|V[2 X|V][1 Z
—7 FaraLy s 7
/ : : ~\ —_— ‘{\IF\SQ“ Xy Xy 1| —»X X* Xt
X X* X ite Ji m N j N
[ S 7 B M
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Fig 9. Table summarizing the results. For each inset table, a v/ (X) for column r implies the system can (cannot) be designed
to minimize retroactivity to the input by varying total protein concentrations, a v'(X) for column s implies the system can (cannot)
be designed to attenuate retroactivity to the output by varying total protein concentrations, column m describes the input-output
relationship of the system with m as described in Def. iii). Inset tables with two rows imply that one of the two rows can be
achieved for a set of values for the design parameters: thus, the two rows for systems (A), (B) and (C) show the trade-off between
the ability to minimize retroactivity to the input (first row) and the ability to attenuate retroactivity to the output (second row).
Note that this trade-off is overcome by the cascade (E).

3 Discussions

The goal of this work was to identify signaling architectures that can overcome retroactivity and thus allow the
transmission of unidirectional signals. To achieve this, we have provided analytical expressions for retroactivity to the
input and output of a general signaling system composed of reactions such as phosphorylation-dephosphorylation and
phosphotransfer with a relatively slow input. We have then considered different signaling architectures, shown in Fig. [9]
and have used these expressions to determine whether they have the ability to minimize retroactivity to the input and
attenuate retroactivity to the output. We have found that tuning the total protein concentrations of cascaded
architectures that transmit information via kinases allows them to transmit unidirectional signals. However, tuning the
total protein concentrations of architectures with a substrate a input does not achieve the desired result even when
cascaded.

We analyzed an architecture composed of a double phosphorylation cycle and an architecture composed of a
phosphotransfer system whose phosphate donor undergoes phosphorylation, both transmitting information from an input
kinase (Figs. , Ep) . We found that these systems show a trade-off between minimizing retroactivity to the input
(which can be achieved with a low substrate concentration) and attenuating retroactivity to the output (which requires a
high substrate concentration). This trade-off has been reported in the single phosphorylation cycle before, both
theoretically and experimentally [33], [50]. We have further found that when such a system with low substrate
concentration is cascaded upstream of another such system with high substrate concentration, this cascade can overcome
the trade-off (Fig. [9E). This is because the low substrate concentration stage then interacts (directly) with the input,
imparting a small retroactivity to the input, and the high substrate concentration stage interacts (directly) with the
targets, attenuating retroactivity to the output. This low-high substrate concentration pattern appears in the MAPK
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signaling cascade in the mature Xenopus Oocyte, where the first stage is a phosphorylation cycle with substrate

concentration 3nM and the last two stages are double phosphorylation cycles with substrate concentration 1200nM [25].

This low-high pattern indicates an ability to overcome retroactivity and transmit unidirectional signals, and while this
structure may serve other purposes as well, it is possible that the substrate concentration pattern has evolved to more
efficiently transmit unidirectional signals.

We have thus analyzed several different architectures of signaling systems and determined which ones are able to
transmit unidirectional signals, thus providing an insight into the structure and function of signaling pathways. Our
analysis is based on the assumption that the input signals to the signaling system operate on timescales slower than those
of fast signaling reactions. This choice is in light of evidence that PD and phosphotransfer cycles have the ability to
overcome retroactivity when processing slower input signals [8], [11], [33], [34]. Further, slow signals are common in
natural and synthetic systems, such as signals arising from gene expression |38], nutrient deficiency [37] and the circadian
rhythm [36]. Using this timescale separation, we have derived Theorems |1|- 3] providing expressions that can be used to
evaluate a signaling system’s ability to transmit unidirectional signals. An open question is whether mechanisms exist
that can transmit fast signals unidirectionally.

Based on our analysis, pathways that are composed of cascades (Fig. @E) of kinase-to-kinase phosphorylation (Figs.
[91A,[9B) and phosphotransfer events (Figs. [9[C), are most suited to this kind of signal transduction. These are highly
represented architectures in cellular signaling [8]- |13]. In contrast, architectures that do not perform as well, such as
those with substrate as input, are not as highly frequent in natural systems. It has also been reported that
kinase-to-kinase relationships are highly conserved evolutionarily [51], implying that upon evolution, signaling
mechanisms where kinases phosphorylate other kinases are conserved. These facts lend credence to the notion that
cellular signaling has been evolving to be more efficient at one-way transmission.

For graph-based methods for analyzing cellular networks [52], such as discovering functional modules based on
motif-search or clustering, signaling pathway architectures that transmit unidirectional signals can then be treated as
directed edges. On the contrary, analysis of signaling systems (such as those with a substrate as input) that do not
demonstrate the ability to transmit unidirectional signals must take into account effects of retroactivity. In fact,
retroactivity effects could result in crosstalk between different targets of the signaling system, since a change in one target
would affect the others by changing the signal being transmitted through the pathway |13]. Our work provides a way to
identify signaling pathways that overcome such effects. Further, it provides a library of systems that transmit
unidirectional signals, which could be used in synthetic biology to connect genetic components that function on the slow
timescale of gene expression, enabling modular circuit design.

4 Methods

Theorems and [3| are derived using results from singular perturbation theory [53] and contraction theory [54]. Details
and assumptions for these are provided in SI Section [5.1

All reactions are modeled as two step reactions. Phosphorylation and dephosphorylation reactions are modeled as
Michaelis-Menten reactions, and phosphotransfer reactions are modeled as reversible, two-step reactions resulting in the
transfer of the phosphate group via the formation of an intermediate complex. Based on these reactions, as well as

production and decay of the various species, ODE models are created for the systems using their reaction-rate equations.

These ODE models are then brought to the generalized form shown in Section [2| and analyzed using Theorems
This analysis is verified using simulations of the full ODE systems run on MATLAB. The numerical ODE solver ode23s
was used to run simulations for systems [2.4] and and odel5s was used to run simulations for systems [2.2] 2.3] 2-6] and
z7

5 Supplementary Information
5.1 Assumptions and Proofs for Theorems
For the general system , we make the following Assumptions:

Assumption 1. Phosphorylation-dephosphorylation and phosphotransfer reactions typically occur at rates of the order
of second ™! [55], [56], much faster than transcription, translation and decay, which typically occur at rates of the order of
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hour™! [57]. Then, G; > 1.

Assumption 2. Binding-unbinding reactions of the output with the promoter sites in the downstream system are much
faster than transcription, translation and decay [58]. Then, G > 1.

) and % have strictly negative real parts.

. . o(Br+f
Assumption 3. The eigenvalues of Tl

Assumption 4. There exist invertible matrices 7' and @), and matrices M and P, such that TA+ MB =0, M f; =0
and QC + PD = 0.

Assumption 5. Let X = ¥(U,v) be the locally unique solution to f1(U, X, Ssv) + Br(U, X, Sov) = 0. We assume
(U, v) is Lipschitz continuous in v with Lipschitz constant Ly.

Assumption 6. Let v = ¢(X) be the locally unique solution to s(X,v) = 0. Define the function
f(U,X) = X — W(U, $(X)). Then the matrix 2L ¢ Rmx s invertible.

Assumption 7. Let I'(U) be the locally unique solution to Br(U, X, Sav) + f1(U, X, S3v) = 0. We assume that L'(U) is
Lipschitz continuous with Lipschitz constant L.

Remark 1. By definition of I'(U), we have that I'(U) = ¥ (U, ¢(L'(U))), since v = ¢(X) satisfies s(X,v) = 0 and

X =Y(U, X) satisfies f1(U, X, Ssv) + Br(U, X, Sov) = 0. If Sy = S35 =0, I'(U) is independent of v, which is denoted by
T,.(U). Then, I, (U) = ¥(U,0) since Sy = S3 = 0. Thus, the difference |L',,(U) — ['(U)| depends on S and S3, and is
zero when Sy = S5 = 0. We thus sometimes denote I'(U) as ¥ (U, g(Sz2, 53)p(L(U))), where g(S2,S3) = 0 if both

Sy = 53 = 0. Further, since as ||Sz2|| and ||S3|| decrease, the dependence of f1(U, X, Ssv) + Br(U, X, Sav) on v decreases,
by the implicit function theorem, g(Ss, S3) decreases as ||Sz|| and ||.Ss|| decrease.

Assumption 8. The function fo(U,t) is Lipschitz continuous in U with Lipschitz constant Lg. The function r(U, X, v)
is Lipschitz continuous in X and v.

Assumption 9. The system:
U = fo(U, RL(U), $16(L(V)), 1) + G1Ar(U, L(U), $26(L(U)))
is contracting [54] with parameter .
We now state the following result from [50]:

Lemma 1. If the following system:
&= f(x,1)
s contracting with contraction rate X\, then, for the perturbed system:

z = f(z,t) +d(z,t),

where there exists a d > 0 such that |d(Z,t)| < d for all Z,t, the difference in trajectories for the actual and perturbed
system is given by:

ja(t) — z(t)] < e”M]a(0) — z(0)] +

>y

We state the following result, adapted from [32], for system :

Lemma 2. Under Assumptions [| X (t) =X (U#),v(t) ||l = O(é) and ||v(t) — o(X())|| = O(G%) fort € [ty, ty],
where (U, v) is defined in Assumption@ &(X) is defined in Assumption |6 and ty is such thatt; < tp, <ty andt, —t;
decreases as G1 and G increase.
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Proof of Lemma[g We bring the system to standard singular perturbation form, by defining w = QX + Pv and

2z =TU + M(X + Q~'Pv). Under Assumption |4, we obtain the following system:

z= TfO(Ua RX? Slvat)v

1
aw = Q[BT(U7 Ka SQU) + fl (U) Xa 531])]7
1
1
G72U = GQDS(K,'U)7

where: U =T"(z — MQ 'v), X = Q' (w — Pv).

Under Assumptions this system is in the standard singular perturbation form with e = max{G%, é} We define

function W(z,v), suc
1

solution to s(w,v) = 0. Applying singular perturbation, we then have ||w(t) — W (z,v)|| = O(g;) and
|[v(t) = V(w)|| = O(4-). Rewriting these expressions in terms of the original variables, we use the definitions in

2

Assumptionsand@ we have: || X(t) — ¥ (U,v)|| = O(G%) and ||[v(t) — &(X)|| = (’)(G%)

that w = W is a solution to (Br + f1)(z,w,v) = 0 and function V(w) such that v =V is a

Lemma 3. Under Assumptions (16, || X (t) — L(U(t))|| = O(e), fort € [ty, tg], where L(U) is defined in Remark|[1]

Proof of Lemma[3 From Lemma [2] we have:

X-v (U,¢(X) +o<G12>) +o(g)

— 8 (0.000) + ¥ (1600 + O ) - LW.6(X) + O(5)

1

Under Assumption [5) using the Lipschitz continuity of ¥ (U, v) we have:

X <0 (U,6(X) + LMG%) + @%1

).
By definition of O, we have:
1 1

X < W (U, (X)) + (9(max(G—17 ren

) =¢).

(4)

By equation [{), f(U,U) < O(e), where the function f is defined in Assumption [ By definition of I'(U), we have

FWO L) =LU) - ¥(U, ¢ (U))) = 0. Therefore:
fU,X) = f(ULU)) < O(e).
Under Assumption [5) f(U, X) is differentiable. Applying the Mean Value theorem [59], we have:

9f(U,X)

f(U.X) - fULU)) = (X -L(U)) < O(e).
0X X=c
Under AssumptionH the matrix % is invertible. Thus,
Tl X=c

|IX = L)l = O(e).

Lemma 4. Under Assumptions @-@ fort € [ty tg], |U) —U(t)

U = fo(U, RL(T), S10(T(0)), t) + G1 Ar(U, L(T), Sa¢(L(T))), U(0) = U(0).

= O(e) where u is such that:
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Proof of Lemma[4)

where |h(U)| < Lo|RL(U)| + Lo|S16(

U = fo(U,RX, Siv,t) + G1Ar(U, X, Syv)
= fo(U,RL(U),S19(L(U)),t) + G1Ar(U,L(U), S20(L(U))) + O(e),

by Lemmas [2 and [3] since the functions fo and r are Lipschitz continuous under Assumption 8 Applying Lemma [I] to
this system under Assumption |§|, we have |U(t) —

U(t)] = O(e).
Proof of Theorem[] By definition of Uigeal, we have from :

Uideal = fo(Uideal, 0,0, 1), Uidear(0) = U(0).
We define U such that its dynamics are given by (5| , that is:
U = fo(U, RL(U), $i¢(L(0)), 1) + G1Ar(U,L(0), S2¢(L(T))), U(0) = U(0).
By the Lipschitz continuity of fy under Assumption [§ we have:
fo(U,RL(U), $16(L(0)), t) =

L(07))|. Thus, |A(

Further define z = TU + M X + MQ~'Pv. Then,
F=TU+MX +MQ 'Po="Tfy(U, RX, S v,t)

fO(U O7O’t) + h(U)a

U)| < hy + hs.

from eqns. (1)). Using the expression of U from , we then see that

GlA’I“(U, X, SQU) =

T 'MX —T'MQ ' Po.

By Lemmawe have v = ¢(X) + O(4- ~) for t € [ty,tf]. By Lemma e have X =T'(U) + O(e) for t € [ty, tf]. Thus,

This implies that

. OLU) . .
X = i U,v—
8F()
ou

GlAT‘(U, X, SQU) =-T"

T .
a*(U)U for t € [ty, t5].

9¢(X) ‘

0X |y_p

— U -T'MQ~

ou

1pa¢<x>‘ oL(U)

90X |x_p OU

Then, under Assumption [ due to the Lipschitz continuity of » and Lemmas [2] and

G1Ar(U,L(U), S20(L(V))) =

81“( ) -
ou

=U—-17'MQ'P

U for t € [tb,tf]

oL(U)

99(X) ‘
0X

X=r

ou

for t € [ty, t¢]. Changing variables does not change the result, i.e., we define ¢(U) such that
G Ar(U,L(U), S26(L(U)))

q(U) =

=-T"

8F( ) =
ou

— U -T'MQ7'P

<9¢>(X)’ L) =
0X |x_p OU

U+ O(e)

U+ O(e),

. From the definition of h3 in Theorem we have that |q(U)| < h3 4+ O(e). Thus, the dynamics of U as given by eqn. @
) S

can be rewritten using eqn. and ¢(U) =

Using Lemma [I] we have that

for t € [ty,tf]. From the triangle inequality, we know that |Uideal(t) — U(t)| < |Uideal(t) —
Theorem [ we have:

GlAT(U F(

20(L(V))) as:

U = fo(U,0,0,t) + h(T) + q(0).

|Uidear (t) —

|Uideal (t) —

U(t)| <

hy +

h2 -|— h3 + 0(6)

U(t) <

hi+ hg + hs

A

A Y

+ O(e), fort e [ty,ty].

U@)+10(t) -

U(t)|. Using
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Proof of Theorem[3 By definition, Y (¢t) = IX(¢). Under Lemma this implies that Y (¢t) = IT(U(t)) + O(e). The 578
isolated output is then Yis(¢) = IT, (Uis(t)) + O(€). Thus, 579

Yis(t) =Y ()| = ]| [L(U) — L (Uss)| + O(e)
< [NEW) = B ()] + [H]] 1L (U) = L (Uss)| + Oe),

by the triangle inequality. By definition, as seen in Remark |1} [(U) = ¥ (U, g(S2, S3)¢(L(U))), where g(S2,53) =0 for  se0

(8)

Sy = S3 = 0. Also seen in Remark (1} I';,(U) = ¥(U,0). Then, under Assumption 581
IL(U) = L5(U)] < Ly |9(S2, S3)o(L(U))] < da. (9)

Under Assumption se2
D (U) = Lig(Uss)| < Ly [U = Usg|- (10)

We now define z = TU + MX + M@Q~'Pv. Then, from eqn. ,
5=TU+MX + MQ™'Pv=Tfy(U RX,Sv,t).

Then, _ )
U= fo(URX,Siv,t) —T'MX —-T'MQ~'Po.

Comparing the equation above to eqns. we have
G1Ar(U, X, Sov) = T 'MX — T7*MQ ™' Po.
Thus we have that
G1AL(U,L(U), $:6(L(U)) = =T'ML(U) = T~'MQ™' P¢L(U)

=T 1M3Fa§] )U T'MQ~ 1P§§ Fag(UU)U.
Thus, defining U as in eqn. , we have:
0 = 50 BED). $100(0).0) - 7 P Gty poe FaaU)U
By the Lipschitz continuity of fy under Assumption [8] this can be written as: 583
0 = 500, BE(@),0.0) - T M2 i 4 4,0) — g0, (1)

where |g2(U)| < Lo|S16(L(U))| for all U. Thus, from the definition of hy in Theorem [2} we have that |g2(U)| < ha.
Further, we have

0¢ 3F( U)\ = - _
U)| = TMQTlP— Ul| < hs, for all U,t € [ty, t¢].
92(0) ( @Pax| Sor ) | St foran it el
Since U = fo(U, RX, S1v,t) — T-'MX — T-'MQ~'Pv, the isolated input dynamics are by definition: 584
Uis = fo(U,RX,0,t) — T 'MX. By Lemma [3{ and under Assumption [8] this can be written as: 585
OI'(Uss) .-
Uis = fo(U, RL(Uss),0,t) = T~'M L( >Uis. (12)
ans
Applying Lemma |1 to systems and under Assumption EI, we have: |U(t) — Uis(t)| < M%% By the triangle  sss
inequality and Lemma [4] 587
- - ha + hs
U() = Uss() < [U@) = U@ +[UR) = Uss(t)] < ——— + O(e). (13)
Using , @, and , we obtain the desired result. [
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Proof of Theorem[3 From Remark [I] we see that T; (U;s) = ¥ (Ui, 0). From Lemma we have
[| Xs(t) — ¥(Uis, 0)|| = O(e). Thus, for y;s = I.X;,, we have

==1s?

[1Yis — IT(Uss) || = O(e)

=18

5.2 Single cycle with kinase input

The reactions for this system are:
5 5

Z = ¢, X =9,
k(t) kx
M;—é—igb, 017027X*7Ci)¢)7

ks
a dy +k
Z+X 20 M xry g K, =ate
dy a1
a dy + k
X'+ M 20y R 04X, Ky = 2772
dso a9

kon
X* + p = C.
kott

Using reaction-rate equations, and the conservation law for the promoter pr = p + C, the ODEs for this system are then:

dz
E:k(t)—éZ—alZX—i—(dl—f—kl)Cl, Z(O):O,
dX k
= hx = 0X = a ZX +diCy + kaCo, X(0) = % = X7,
dM k
= Far = 6M = ax X" M + (dy + k2)Co, M(0) = % = My,
d
% :alZX—(dl—l—kl)Cl —(501, 01(0) :0,
dCs .
W = CLQX M — (dz + kQ)CQ - 502, 02(0) = 07
dXx*

T k1Cy — aaX*M + doCoy — 0X™ — kon X ™ (pr — C) + kogtC, X*(0) =0,
dcC
E = konX*(pT - C) - koffc - (SC, C(O) =0.

For the system defined by , let M7 = M + C3. Then the dynamics of Mp are Mr =k — OMr, My

(14)
(15)
(16)
(17)

(18)

ky

5

This gives a constant My (t) = . The variable M = My — Cs is then eliminated from the system. Similarly, we define

X7 =X+ Cy +Cy+ X* + C, whose dynamics become X7 = kx — 6 X7, Xr(0) = ka_ Thus, Xr(t) = kx

is a constant.

The variable X = Xp — C7 — Cy — X* — C can then be eliminated from the system. Further, we non-dimensionalize C'

with respect to pr, such that ¢ = 1% The system thus reduces to:

dz
E = k(t) — 07 — alZ(XT -C1 -0y — X7 —pTC) + (dl + kl)Cl, Z(O) =0,
dc'
i =@ Z(Xr = C1 = Gy = X* = pre) = (dy + k1) Cy = 6C, ¢1(0) =0,
dCy .
W = a2 X (MT — CQ) — (dg + kQ)CQ —8C5, CQ(O) =0,
ax*

dt = k101 — GQX*(MT — CQ) + dQCQ —0X* — konX*pT(]- — C) + kofprC, X*(O) = 0,
% = kon X" (1 — ¢) — kogtc — dc, ¢(0) = 0.
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U Z v c
X [C1 Oy X* ) . Y, I X* [0 0 1]ixs
fo(U, RX, S1v,t) k(t) —0Z — 6Cy s(X,v) G% (kon X*(1 — ¢) — kogrc — dc)

(U, X, Sov) & L)+ (dy + k1) Cy + 6C) }

1x1

f1(u, z, S3v) e ax X*(Mr — Ca) — (d2 + k2)C2 — 6C
! k101 — CLQMT(X* —|— 6pT ) + CLQX CQ + dQCQ —0X*
3Ix1
A 1 D 1
T
[-1 00 }3><1 c [0 0 —pr ]3><1
[ 1 00 }1><3 S1 0
> X S it
T 1 M [ 100 ]1><3
T
Q I3xs P [0 0 pr ]y,

Table 1. System variables, functions and matrices for a double phosphorylation cycle with the kinase for both cycles as
input brought to form .

Based on eqns. (20), we bring the system to form as shown in Table
We now solve for ¥, ¢ and T as defined by Assumptions [f] [6] and [7]
Solving for X = ¥(U,v) setting (Br + f1)3x1 = 0, we have:

598

599

600

(BT + fl)g =0 = agX*(MT — CQ) =
Under Assumption [} (da + k2) > 6.

((d2 + ka) + ) Co.

Then, MpX* — X*Cy ~ KynaCo. (21)
If Ko > X*, 05 = XI:ZT.

(Br+ fi)e+ (Br+ f1)s=0 = (k1 —5)01 — (ks —0)Cy =0.

Under Assumption [T} k1, k2 > 4. Then, C; = 02 ke X* My (22)

ky Ko

a1 Xt X Ci Cy pr
B =0 ZXr(l— — — — — — — —¢)=(d1 + k1 +90) C1.
(Br+ fih = 7( X Xr  Xrp XTC) (di + k1 +0)Cy
Under Assumption [I} di + k1 > 6.Using (2]] , :
X* kg X*MT pT k'2 X*MT
ZXr(1l— ——(1+ — ~K,z——.
r( Xr 1+ kl)XTKmZ Xr 9 " k) X7 Ko
ZX7p(1 - B¢
Thus, X™* ~ il X7 )

ko M '
(le 2MT) + (1+ <1+ ﬁ)an;) Z
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%
1+ (1+ )MT

Km2

of Def. |1, we must have K,,; > Z and k"’K”“ MT > Z. This gives a range of 1nput z for which condition (iii) of Def. "
k2Km1

Note that as the input Z becomes very large, the output X* saturates to Since this violates condition (iii)

satisfied. Once the input increases so that Km1 > Z and
hold. Under these conditions, the expression for X* is then

L My > Z are no longer satisfied, condition (iii) does not

k1Ko X1 pT k1Ko X7
—7(1 — — d X ~ —Zis. 23
R M 207 X XS R (23)

From —, we have W (U, v) given by:

X*

v | 220 B, BERZO- o, BEmEza-E9 ] (24

Solving for ¢ by setting s(X,v) = 0, we have:
k‘onX*(l — C) = koffc,
ie, X*— X*c=kpe,
X
kp + X* ’

(25)
ie,p=c=

We can use and to find " as defined in Remark (1} and find that it satisfies Assumption |7} We then state
without proof the following claims for this system:

Claim 1. For the matriz B and functions r, f1 and s defined in Table[1, Assumption[3is satisfied for this system.

Claim 2. For the functions fy and r and matrices R, S1 and A defined in Table and the functions v and ¢ as found
above, Assumption |9 is satisfied for this system.

For matrices T, Q, M, P defined in Table |1} we see that Assumption [4|is satisfied. Further, for ¥ and ¢ defined by
and , Assumption [5| and |§| are satisfied. Thus, Theorems and |3| can be applied to this system to check if the
system can transmit unidirectional signals according to Definition (1| by varying X7 and Mr.

Results: (i) Retroactivity to the input: Using Theorem [} we see that since Sy = 0 from Table ' he = 0. Since

|RL(U)| = XT -Z, to have small hy, we must have a small z=*-. Evaluating the final term, we see that:
_1,,00(U) D¢ or(U) \ - Xr |,
T—'M= T'MQ™'P— — Ul=—|2|.
‘ < au O Xy OU el

Thus, for a small Az, we must again have a small I?—Tl Thus, for a small retroactivity to the input, we must have small

Xr
Kmi
1(ii) Retroactivity to the output: Using Theorem [2| we see that since S; = 0, ho = 0. Further, the term

(T—lMQ—lpgf 8”“”) i
g —

see that Sy = S3 = §T must be small. Thus, to decrease the retroactivity to input, X; must be increased.
(iii) In Ilput output relatlonshlp Using Theorem 3 We know that X,  =T;, + O(e). Thus, Y;s = IT;, + O(e). Under
! (24)

Remark (1} IT,, = I9(U;s, O) :;gmf ])\(f Zis from . Thus, the dlmensionless input-output behavior is approximately

linear. Thus, from Def. I iii) we have that m =1 and K = ﬁ;ﬁ:’;j z)v% which can be tuned by tuning the substrate and
phosphatase concentrations Xr, M.

=0 since T"'MQ~'P = 0 from Table |1 I Thus, hs = 0. For term hy to be small, we
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5.3 Double cycle with input as kinase of both phosphorylations

The reactions for this system are then:

Z 2=, X =4, (26)
k(t) kx
Mé¢7 017027033047X*7X**7CL¢7 (27)
ke
Z+X 20 X4z, X* 4+ M &2 0y 22 M+ X, (28)
d1 d2
X +Z& 0y x4 7, X+ Mo M X 4+ M, (29)
d3 d4
X** +p & C (30)
Kott

Using the reaction-rate equations, the ODEs for this system are:

dz
a = k(t) —0Z — CL1ZX + (dl + ]{31)01 - agX*Z + (dg + kg)Cg, Z(O) = 0,
dX k
S = hx =X @ ZX 4 Gyt kG, X(0)= 5.
dM \ s ket
0 =k = OM — as X" M + (da + k2)Cp — as XM + (da + ka)Ca, - M(0) = ==,
d
% — @ ZX — (di + k1)Cy — 6Cy, C1(0) =0,
d
% = LLQX*M — (dz + k2)02 - 502; CQ(O) = 0’
o1
dt == k101 - (IQX*M - agX*Z + k4C4 + dQCQ + dgcg - 5X*, X*(O) == 0,
d
% = agX*Z — (dg + kS)CB - 6037 CS(O) =0,
d
% = ag XM — (dy + kq)Cy — 0Cy, C4(0) =0,
dX**
TR k3sC3 — ay X" M 4+ dyCy — 6X™ — kon X (pr — C) + koxstC,  X*(0) = 0,
d
ch — hon X (pr — C) — kouC — 6C, C(0) =0.

For system , let M7 = M + C5 + C4. Then its dynamics are MT = ky — OMyp, M7p(0) = kTM. This gives a constant
Mrp(t) = %. The variable M = My — Cs — Cy can then be eliminated from the system. Similarly, defining
Xr=X+C1+Co+ X*+Cs3+Cy+ X* 4 C gives a constant Xp(t) = kTX, and X can be eliminated from the system
as X =Xyr—X*— X" -(Cy—Cy—C3—Cy— C. Further, we define c = p% which the dimensionless form of C. The
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U Z v c
X [01 02 X* Cg 04 X** }(7};1 Y,[ X**,[O 0 0 O 0 1]1><6
[ 6 |ow{aigbeogbomsbealsb)] 6 |  wo(epb] |
fo(U,RX, Syv,t) k(t) —8Z — 50y — 6Cs s(X,0) | g (konX**(1 = ¢) = kotrc — dc)
e zXe( - - - - - - S -+ (i + k)G 460
r(U, X, S3v) [en
—CL3ZX* + (d3 + k‘g)Cg + (;Cg 2% 1
_ 0 -
GQX*(]\/IT —Cy — 04) — (dg + kQ)CQ —0Cy
k1Cy1 — ao X (Mp — Cy — Cy) — a3 X*Z + kaCy + doCo + d3Cs — 6 X*
fl(U7XaS3/U) GLI 0
a4X**(]V[T — 02 — 04) - (d4 + k4)04 - (504
L kgCg — (L4]\/[T(X** + aiIET c)a4X**(C'2 —+ 04) —+ d4C4 —dX** J 6
A [1 1 ]ix2 D 1
r T
-1 0 0 0 00 T
B 0 00 100, c (000 0 0 0 —pr]g,
R [1 0010 0], Sy 50
5 pen 53 ailiz
T 1 M [1 00 10 0],
T
Q Isxe P [0 0000 pr ]6><1

Table 2. System variables, functions and matrices for a double phosphorylation cycle with the kinase for both cycles as

input brought to form (T]).

system then reduces to:

631

dz
E = k’(t) — 07 — alZ(XT — X" - X" -C,—-Cy—C3—-0Cy —pTc) + (dl + kl)C’l — a3 X*Z + (dg + k’g)Cg, Z(O) =0,
% = Z(Xr—X"— X" -C1—Cy—C35—Cy —prc) — (d1 + k1)Cy — 6C1,
% = ax X" (Mr — Cy — Cy) — (d2 + k2)Co — 60,
dx*
- k1C1 — ao X" (M — Co — Cy) — a3 X" Z + kyCy + doCoy + d3C3 — 6 X7,
% =a3 X*7 — (d3 + k‘3)03 —0C3,
% = as X (Mg — C2 — C4) — (da + k4)Cy — 0C4,
dX**
ar = k3C3 — CL4X**(MT —Cy — 04) +dyCy — 6X**
— kon X*"pr(1 — ¢) + kotipre,
% = kon X" (1 — ¢) — kottc — dc,

This system is brought to form as shown in Table

C1(0) =0,
C2(0) =0,
X*(0) = 0,
C3(0) =0,
C4(0) =0,
X**(0) =0,
¢(0) =0
(32)

632

For the system brought to form (L)) as seen in Table [2] we now solve for ¥ and ¢ as defined by Assumptions [5|and[6] e
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Solving for X = W by setting (Br + f1)sx1 = 0, we have:

(Br+ f1)e =0 = aX;(Mr — Co — Cy) = (da + ko + ) Cs.
Under Assumption [} (ds + ko) > 4.

Then, MrX* — X*Cy — X*Cy ~ K,,,50C5.

(Br+f1)s =0 = ay X (Mp —Cy —Cy) = (dg + ks +6) Cy
Under Assumption Il dy + k4 > 0.

Then, M X** — X**Cy — X Cy =~ K,,4Cy.

For K0 > X* and Ky > X,

X*Mr X** My
~ d ~ .
Cy Ko and Cy Ko

(Br+ fi)s =0and (Br+ f1)¢ =0 = k3Cs = k4Cly,
. kg X** M
1.e., 03 ~ E Km4 .

(BT + f1)3 =0 and (B?“ + f1)4 =0 = kCq = ks,

(Br+ fi)a=0 = a3X"Z = (d3 + k3)Cs,
. ZX* ky X** M

e, f 39), —— =Cs~ —

L.e., Irom ’ Km3 3 kg Km4 ’
k4Km3 X**MT

k3 Km4 4

le, X* =~

(Br+fi)1=0 =
xX* X ¢, Cy C3 Cy »pr

amZXr(l— - ——— —— — — — — — —c) = (d1 + k1),

X7 X7 X7 Xr Xr Xr Xr
. kaK s X**Mp  X** ko My k4 K3 X** My
e, 71— AT Ry

k3sKpmy ZX7 X7 ky XK k3Kpy 2
ke My kyKpsz X** My
Yk Ko ksKa 2

ky X*Mrp  pr

(i _ T
(ka * )XTKmA XTC

ie., ZXp(1 - %c)

ko K3 M M+ k koK., ksZ k
4 3T)< ke gy ooy R 3 4

ksKpma Z Ko k1 k1 K2 N k4Km3(k73

~ K,

M-
If KmlaKm27Km37Km4 >> Z and 7T >> 17
kea K s My ko Ky M
Z(1-LLe) m xrr (A ms T 2 md 2T )
X7 kSKmél X1 k1Ko kz

X1 o ksKma k1Km2 P
72Z I E— 1 - 70 .
Mz kaKpmz koK Xr

ie, X~

634

(37)

635

+1).
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Thus, from —, we have the function ¥ (U, v):

i ZXr _pr, 1
K1 Xr ’
T

v~ 22Xy 1 kiKms (1 _ pr (39)
MT K 3 kQKm,l XT ’
Z2XT ks k1Ko 1 _ pic
I\/fT k‘4K 3 kQKml XT ’
2
Z k3Kma k1 Kma _ Pz
L (MT) Xt ko \F 7 X7¢) | 6x1

Solving for ¢ by setting s(X,v) = 0, we have:

konX**(l — C) = koffC7

ie, X — X" ¢ =kpe, (40)
. ¢ X**
ie,p=c= —-—.

e., c o X

We can use and to find I as defined in Remark |1} and find that it satisfies Assumption |7} We then state the
following claims without proof for this system:

Claim 3. For the matriz B and the functions r, fi and s defined in Table[d, Assumption[3 is satisfied for large
Kmh KmQa KmSa Km4~

Claim 4. For the functions fo and r and matrices R, S1 and A defined in Table@ and the functions v and ¢ as found
above, Assumption |9 is satisfied for this system.

For matrices T, Q, M, P defined in Table [2| we see that Assumption {|is satisfied. Further, for ¥ and ¢ defined by
and , Assumptions [5[ and |§| are satisfied. Thus, Theorems and [3| can be applied to this system.

Results: (i) Retroactivity to the input: Using Theorem [1} we see that since S; = 0 from Table 2| ho = 0. Further,
RIL(U)| = Z% +Z2 MTXI?M f;g:ﬁ For the final term hg, we evaluate:
or(U) 1 1p 09 oL(U)\ - Xr Xt k1K
M= 4T M P— Ul = 27 Z.
( U @ X |x_ry OU Kor 7 MKy oK
Thus, for small h; and hg, and therefore small retroactivity to the input, we must have small T1 and MTXI?M z;g:ﬁ

(11) Retroactivity to the output: From Table [2| we see that S; = 0. Thus, ho = 0. Further, evaluatmg the expression

- 1 pIB(X) orw) \ 7

(T MQ-'P Ox ’ 6U>U
X=I(U)

then, we must have small A;.
we must have a large X.
(iii) Input-output relationship: From eqn. , we have that:

gives hz = 0, since T"'MQ~'P = 0. For a small retroactivity to the output,

Since S3 = 0, we must have a small Sy = ;}TT Thus, for a small retroactivity to the output,

X1 o k3K ki1 K2

Yie = 1Ko = ALy = TV, O % 3 2oy e e R
m

(41)
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5.4 Phosphotransfer with kinase as input
The reactions for this system are:

é é

7 = ¢, X1 == ¢, (42)
k(t) kx,
5 1)
X2 Saaa d)v M S ¢7 (43)
kxy kar
Ch, X7, X3,Cs,Cy,C 25 6, X +22 0 5 xr 4z, (44)
dy
X;‘+X2‘;éczdéxl+xg, X§+M%C4£>X2+M, (45)
2 as 4
X} +paz (. (46)
kots

The ODEs based on the reaction rate equations are:

Z=k(t)—0Z —ar X1 Z + (d1 + k1)Ch, Z(0) =0,
. k
X, = k’Xl —0X1 — a1 XqhZ +d1C1 +dsCoy — a3X1X§, X1(0> = j;l ,
Cl :aleZ—(d1+k1)Cl—5C1, 01(0) :0,
X; =k1C1 — as X X + doCs — 5X7, X1(0) =0,
. k
Xo = kx, —0Xo — a2 X7 Xy + doCo + ksCy, X2(0) = ;(2 ) (47)
Cy = as X Xy + as X1 X5 — (dy + d3)Cy — 6Cy, C5(0) =0,
X3 =dsCy — as X1 X} — ay X5 M + dyCy — 6X3 — kon X3 (pr — C) + kogC, X3(0) =0,
Cy = as X;M — (dy + ks)Cy — 6C4, C4(0) =0,
M = kpp — M — ay X3 M + (dy + k4)Cl, M(0) = %M
C = kon X3 (pr — C) — kotC — 6C, C(0) = 0.

For , define X1 = X1 + Cy + X + Cy. Then, X7 = kx, — 6 X711, X71(0) = k?l . Thus, X7 (t) = kgl is a constant
at all time ¢ > 0. Similarly, X2 = Xo + C2 + X5 4+ C5 + C' is a constant with X (t) = k? and M7 =M +C3 is a
constant with My (t) = % for all time ¢ > 0. Thus, the variables X; = X1 — C; — X] — Cs,

Xo=Xpy —Cy— X5 —C5—C and M = My — C4 can be eliminated from the system. Further, we define ¢ = p%. The
reduced system is then:

Z=k(t)—06Z —a1Z(Xp1 — C1 — X — C2) + (d1 + k1)C1, Z(0) =0,
C1 = a1 Z(Xp1 — C1 — X7 — Oy) — (dy + k1)Cy — 604, C1(0) =0,
X{ =k1C1 — ax X7 (Xr2 — Cy — X5 — Cy — pre) + d2Co — 6X7, X7(0) =0,
Cy = ap X (Xp2 — Cy — X5 — Cy — pre) + as(Xqy — Cy — X7 — C2) X5 — (da + d3)Cy — 6Cs, C2(0) =0,
X; =d3Co —a3(Xpr1 — C1 — X7 — Co) X5 — ay X5 (Myp — Cy) + dyCy — 0X5 — kon Xopr(1 — ¢) + kogrpre, X5(0) =0,
Cy = as X3 (M — Cy) — (dy + kg)Cy — 6C4, C4(0) =0,
¢ =konX3(1—c¢) — kogrc — dc, c(0)=0

This system is brought to form as shown in Table
We now solve for the functions ¥ and ¢ as defined by Assumptions [5] and [6}
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Z v c
X [Cy X7 Cy X5 Cy ]5X1 Y, I X;5,[0 0 0 1 0]ixs
| o [ee{em g hedm g e oan by 6 | ma B B} |
fo(U,RX, S1v,1t) k(t) —6Z —6Cy s(X,v) &5 (kon X3 (1 = ¢) — kotic — b¢)
[(U,K, SQ’U) Gil (—alZ(XTl — Cl — Xf - CQ) + (d1 + k1)6‘1 + 601)
0
k101 — ap X Xra(1— 22 — F2 — o L) 4 dyCy — 6X1,
HUX,S50) | g7 | aeXiXra(1— 25 — 35 — 5 — #50) — (da + d3)Cs + a3(Xr1 — O — X{ — Co) X5 — 6C,
dJCQ — a4X2 (]\/IT — 04) + d4C4 + (ZJ(Ol + Xl + OQ).XQ — aJXTl(XQ 6§(T ) 5X27
as X5 (]WT — 04) (d4 + k4)C4 — 00y 5x1
1 D 1
T T
(1000 0], ¢ (000 o 0],
R [1 0 0 0 0 Jixs S1 0
5
52 0 SS )I();_z’ a3§(7;1
T 1 M (1.0 0 0 0],
Q Tsss P [0 0 0 pr 0]5X1

Table 3. System variables, functions and matrices for a phosphotransfer system with kinase as input brought to form .

Solving for X = ¥ by setting (Br + f1)5 = 0, we have:
(Br+ f1)1=0 = ZXp1 — ZX{ — ZCy = (K1 + Z)C4, under Assumption [I]

ZX
If Koy > Z, ZX71 = K Cy, de, Oy % 2 Eay
ml
(B?“ + f1)2 + (B?" + f1)3 + (B’I“ + f1)4 + (BT' + f1)5 =0 = kC; —kCy =0,
k
i.e.7 C4 ~ leXTl
k4 ml

(Br+ f1)s =0 = XsMr = (X35 + Kna)Ci.
K k1 ZX11
MT k4 Kml '

If Ky > X5, X5~

(Br+ fi)3s =0 =
_CQ_X;_CAL_pTC)
Xr2  Xr2 Xr2  Xpo
— (d2 +d3)Cs + a3(X71 — C1 — X7 — C9) X5 =~ 0.
a2 X{ X1 + a3 X5 X7
dy + a3 '

GQXTXTQ(].

If (dz + dg) > CLQXT and az X1y, Co =~

(Br+ fi)2 =

02 X; C4 pr
= k1C] —ao X719 X (1 — — —
101 — aa X2 X Xro Xro Xro X

If do > ClQXik, dyCy ~ ang — kicy.

¢) +dyCs —6X5 =0.
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Solving the above 2 simultaneously, we obtain:
k1 X7 d2a3 Kma X1
= do +d3)Z
' asds Xra Ko kaMr T dz+ ds)
as X2 (@ Xr1, k1Ko X1
dy+d3 d3  Xpa’ ks Ky My

and Cy =~

Thus, we have the function ¥(U,v) :

ZXr1 T

K1

k'1XT1 (dzaaKm4XT1 +d +d 7
ds X719 Km kg M. 2 3)
4243 T/% ‘4 )é 31611(7"4 X1

d2+d3 (da 3{ ksKpm1 Mp ’
VIL3

i 2L oty
ks KnLl 5x1

e
Q

Solving for ¢ by setting s(X,v) = 0, we have:

kon X3 (1 —¢) — kogrc — 6c =0
Under Assumption [I} X5 — X3¢~ kpc,
X3

ie,p=c~ —=—.
¢ X;—Fk’p

(49)

(50)

Finding T from and under Remark [1} we see that it satisfies Assumption |7| For matrices T',Q, M and P as
seen in Table [3] we see that Assumption [4]is satisfied. Functions fo and r in Table [3] satisfy Assumptions[8] For the
functions ¥, ¢ and I, Assumptions [5] [6] and [7] are satisfied. We also claim without proof that Assumptions [3] and [9] are

satisfied for this system. Theorems and [3] can then be applied to this system.

Results: (i) Retroactivity to the input: Using Theorem [1] since S; = 0 from Table |3| ' ho = 0. Further,
|RC(U)| = XTl L Z. Finally, we evaluate the following expression for hs:

oL(U) 1 1p 99 L)\ »
T'M M P— ~
< ou Oy o0 )

X711
Kml

Z.

Thus, for small h; and hg, and therefore small retroactivity to the input, we must have small ing .
(11) Retroactivity to the output: Using Claim [2| we see from Table [3| that Sy = 0, thus, hy = 0. Further, since

T-'MQ~'P =0, we find hs = 0. For a small retroactivity to the output then, we must have a small h;. Since Sy = 0,

pPT Spr
X727’ azXr1”

we must have a small S3 =
Xr1d
=I5 compared to pr.

(iii) Input-output relationship: From (49)), we see that

k1 Koz X1

X;,is - IXT@ ~ IE?G = Ig(UzsaO) ~ ka K Mi
308 m1 T

5.5 N-stage cascade of single phosphorylation cycles with common phosphatase

Thus, for a small retroactivity to the output, we must have a large Xro and

The two-step reactions for the cascade are shown below. The reactions involving species of the first cycle are given by:

k(t a
(;s%\z, X, + 2380 B x4z,

di1

X+ M2 oy B2y x4

B21
X7+ Xp 22 0 23 X7 4 X3

di2

(52)
(53)

(54)

3251

661

662

663

664

665

666

667

668

669

670

671

672

673



The reactions involving species of the i*® cycle, for i € [2, N — 1], are given by:

i i dy; + k1

Xi+ Xy 2204 5 X+ Xy, K = 2
dy; ai;
X; "‘ML;C% b2y X+ M, szz':w,
Bai ﬂli
* ali‘*'li kl"r * *

X+ X1 = C1,,, — X7+ X/,

lipa

And those for the final cycle are given by:

Xn+ X5, ‘;:N Cin 25 X0+ X5,

1N
X}§,+ML1;N Con ™% Xy + M,
BQN

kon
XJ*V +p= C.

kots

The production and dilution of the proteins and other species gives:

Xié¢7 Méqﬁ, C1i,Xf702i7Ci>¢-

kXi kIW

The reaction rate equations for the system are then given below, for time ¢ € [t;, ¢f]. For the input,
Z = k‘(t) — 07 — CL11X1Z + (d11 + kn)Cu.

For the first cycle,

Xy =kx1 —6X1 —anX1Z + d11C11 + k21 Ca1, Xl(o)z%,
Cn = annX1Z — (diy + k11)C11 — 6Chy, C11(0) =0,
Co1 = Bt XM — (Ba1 + k21)Ca1 — 6Ch1, C21(0) =0,
X7 =k Cri — Bui XM + 2101 — a12 X Xy
+ (d12 + k12)C12 — 6 X7, X7(0) =0.
For the i** cycle, where i € [2, N — 1]:
Xi=kx; —0X; — a1i X X7 g + d1;C1i + ki Cai, Xi(0) = k();i,
Cri = a1, X; X[y — (d1; + k1;)Chi — 6C1;, C1:(0) =0,
Coi = B1i X M — (Ba; + ki) Cai — 6Cs;, C2i(0) =0,
X} = k1iCri — BuX; M + B2;Ca — a1, X; Xis1
+ (d1,y, +k1,,)C0,,, — 0XT, X7 (0)=0.
For the last, N**, cycle:
Xy =kxn — 06Xy —ainXnX}_1 +dinCin + kanCan, Xn(0) = kXTN7
Cinv = ainXnXK_y — (div + kin)Ciy — 6Cin, C1n(0) = 0, Cin(0) =0,
Con = BINXNM = (Ban + kon)Can — 6Chn, Caon(0) =0,
X =kinCin — Bin XM + BanCon
— kon(pr — C) XN + kottC — 0 X3, Xn(0)=0.
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U Z v c

ZT [Cll Cli CQZ' Xl* X;, ]?;le Y.I X]*V[O 0 0 1 }1><3N

2 Giomn (=g g et ) | G i {7 ] |
fo(U,RX, Syv,t) k(t)—0Z — 0Cyy s(X,v) (% (konX 5 (1 — ¢) — kogrc — d¢)

r(u, z, Sov) G% [ —a1Z(X71 — Cii — X§ — Ca1 — Ci2) + (di + k1)Ci1 4 6C1y ]

Ix1

0
as(Mr — > Co) X7 — (do + k2)Co1 — 6C5;,
k1011 - QQXT(]\/[T — ZCQL) + dQCQl - ale(XTQ - 012 — X; - CQQ - Cm) + (dl + ]{31)012 - 5Xf

a1 X} (Xri — Cui — X — Co — C1,,) — (d1 4+ k1)Crs — 6C;

fl(u7£7 S&”) e

ags(Mr — > Co)) X} — (do + k1)Cai — 6Cy;

k1Cri — aQX;(A{T - Z CQZ) - alX; (XT1/+1 - Clwl - X1%+1 - CQz+1 - Clwrz)

+ (di + k1)Ch,y, — 0X7

a XN Xy (1= -c) —a X3 (Cin + Xy + Can) — (dy + k1)Ciy — 6C1y
(J/ZX]*\I(J\/IT — 2021) — (d2 + kg)CQN — 602]\[
k1C1n — aaMp(X5 + 2255-c) + a; X3, 3 Coi + daCan — 0X

3N x1

A 1 D 1
T
[-1 0 0 }3N><1 c [0 0 0 —pr ]3N><1
g [ 10 0 }1><3N S1 0
S, 0 Ss L, S
1 M [1 0 .. 0], .y
I3n %3N P [0 0 pr ]§N><1

Table 4. System variables, functions and matrices for an N-stage cascade of phosphorylation cycles with the kinase as

input to the first cycle brought to form .

For the common phosphatase:
i=N
M = ky — 6M — Z(ﬂuXi*M — (Bai + k2i)Ca)-
i=1
For the downstream system,

C = kon(pT — C)XJ*V - koffc —6C.

Seeing that Xr;(t) = 55 = X, + X7 + Cy; + Cy; + C1,,, and My(t) = B = M + vazl Cy;, we reduce the system above

to bring it to form as seen in Table |4} with ¢ = z%' We make the following Assumptions for the system:

Assumption 10. All cycles have the same reaction constants, i.e., Vi € [1, N],
kii = kv, ko = ko, a1 = aq, Bri = az,dy; = di, f2; = da. Then, Kpn1i = Koty Kim2i = Ko, Define X' =

Assumption 11. V¢t and Vi € [1, N], K2 > X (t).

Kom2

k1
ko Km1”

We now solve for ¥ by setting (Br + f1)snx1 = 0. Under Assumption this is given by:

T
~ ko Mt Y Mt 37 %
¥~ B Kma i Rpaiio Xio o L,le’
_ L XrZ
where X/ . ; ijl 9 3 forie[1,N —1],
bt + (Zj:1(bl_J0‘i(t) [Ii=1 X)) 2
5, Xrj
L xez(iogen) (M) 2( ge0)
and X3 = =

BN + (I (N T ay (O TTZ X)) 2 1+ (0, (b7 () Ty X7w)) 2

(77)

(78)

(79)
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Xr, ., , .
Here, a;(t) < (7;]:1 + (% + 1)7%:2 + 1) for j € [1,N — 1], ay(t) = ((% + 1)1(1\4752 + 1) and b=z = 7M,fﬁ§f;“.

Solving for ¢ by setting s(X,v) = 0, we have:

kon X (1 = ¢) = kogtc,
ie, Xy — Xye=kpc,
X
kp+ Xy

(80)

ie,p=c

We can use and to find ' as defined in Remark [1} and find that this satisfies Assumption Note that this T’
differs from W only in the last 3 terms, involving X % Functions ¥ and ¢ satisfy Assumptions [5|and |6| Further, from
Table [4] we see that matrices T', @, M and P satisfy Assumption [4, and functions fy and r satisfy Assumption [8] We
further assume that Assumptions [3] and [J are satisfied for this system. Thus, Theorems and [3] can be applied to this
system.

Results: (i) Retroactivity to the input: Since S; = 0 from Table 4] under Claim [I} sy = 0. Further,

|RL| ~ )§<T7 :le ﬁ, and thus, to make hy small, we must have small I);le For the final term, we see that

T7'M=[1 0 ... 0]and T 'MQ 'P=0. Since T~'M only has an entry on the first term, and since % and g—%
differ only in the last 3 terms, we can compute the final term using . This gives the following expression:

¢ 5F(U)> U‘ _ Xm b? 2.

.. OT(U) _ _
T M= T'MQ~'P=—= S —

Thus, for a small retroactivity to the input, ?Tll must be small.

(ii) Retroactivity to the output: Since Sy = 0, hy = 0. Further, T"'MQ~'P = 0, and thus hs = 0. For h; to be small,
since S = 0, we must have a small S3. From Table , S3 = ;TTN, af’ﬁT. Thus, if X7y, a2§4T > pr, hp is small. Thus,
for a small retroactivity to the output, Xy and M must be large.

(iii) Input-output relationship: From 7 we see that

H]:IXTJ Tis
1T, (1) = 19(U,0) ") (s1)
=18 u) = = isao ~ . S . 81
1+ (0L (079 a;(t) THZy X1v)) Zis

NN TTEZE Xy

MY
The upper bound for a;(t) = (X#ﬁt) + (% + 1)%—; + 1) .1 € [1, N], is given by seeing that the maximum value for

Note that b = ]K[,T and H;;ll X7j are constants, and the linear gain is

Xiy1is X7,,,. Let the maximum value of Z(t) for which the input-output relationship is approximately linear be Zyax.
We then have:

S T i XT k2
—1i —1 i1
(Z1(b aijl:[lXTj))Zis < Z(b <K + (]?1 +1)

i— j i—1 ml

i—1
My >
+1 Xr; Zmaxa .
KmQ jrzll T])

€3

where b = Aﬁ,T. Thus, for the input-output relationship to not saturate, €3 Z,.x must be small. To maximize Z, .y, the

range in which the input-output relationship is linear, we must then minimize e3. We see that, to make €3 small, we must
have a large b and small X7, . Since, to satisfy (ii), we saw before that Xy must be large, we have X1, < XN
However, as seen from the expression of IT ., increasing b also decreases the input-output gain. For simplicity, the next

=18

arguments are made to achieve unit gain for the original input Z;s(t) and output Xy, (¢). For unit gain, bN = vazl Xrj.

1
Since Xp; < Xpn,j € [2, N], the maximum possible b = (XTlXJTV]\f) ¥, which occurs when Xp; = Xpn,j € [2,N].
Thus, following this argument, for unit gain and maximum linear range of the input for any N, we have
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S 1 N
Xr;j=Xrn,j€[2,N]and b= % = (XTlX:]FVA?l) ¥, Substituting My = AXH, X%, and using the geometric series 703
sum, we obtain the following expression for es: 704
1
1 Xrv\ ¥V 1 k A
EfzKl(X;> ot R,
" XriXrn "

)

L XrNn XrN
X k A Xm \TY X -
( T1 _’_(72_’_1) ( T1> T1 . X1 ()le)
N

XrnKm1 ki Ko \ X1N X2y Xon 1 (82)
(%) -
(2a)
(2b)
+Mﬁ+1><xn>ﬁ+ 1
KmQ XTN XTN.

(20)

Starting from N = 2, we see that since X71 < Xrx, term (1) decreases with N, terms (2a), (2b) and (2c) increase with 7o
N and as N — o0, €3 — oo. The function €3 is continuous, and therefore, there exists an optimal number of cycles NV for s

which the linear operating range of the input, Z,.x is maximized. 707
The final condition that the cascade must satisfy to satisfy Def. [1] e3 to be small, so that m = 1 as defined in 708
requirement (iii) of Def. |1} As discussed above, there is an optimal N at which e3 is minimized, all other parameters 700

remaining the same. We see from Fig. that with load, the number of cycles needed increase, since X7y increases as 1o
load pr is increased. Note that, it may not be necessary to have N cycles to achieve a desirable result, i.e., a sufficiently 7
large operating range. However, it is possible that no N is capable of producing linearity for the desired operating range, 7

since €3 is bounded below. 73
XTN =1000nM XTN =10000nM
0.1 . 0.25 ‘
0.08 ot
0.15
" 0.06 1 "
0.1+
0.04 005! |
]
0.02 - 0
2 6 25 2 8 25
N N
(a) (b)

Fig 10. Figures showing the variation of €3 with N, for differer}t X7n. Parameter values are: K1 = Ko = SOOinM,
k1 = ko = 60051, A =1, (a) Xrn = 1000nM, where resulting N = 6 and (b) X7x = 10000nM, where resulting N = 8.
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5.5.1 Simulation results for other cascades

Phosphotransfer + single cycle

(A)
Upstream System
Z
input
= L
. '
. 1
1 Xr ' B)  Tnput signal (©) tput signal
: \_/ 1—‘ ' 1.9 nput signa ,1;2 Output signa
" /7 : = 2
' 1—X2 X35 . c) £
u \—/ : ¢ :Output '5 .g
| . * +~ +
. U3 . product § g
=] —
: —4 . zf- g ~ Zen § 2ise
S S 2 2o -- 20 -- N
Signaling System S Downstream System time (s) 1000 time (s) 10

Fig 11. Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output is overcome by a cascade
of a phosphotransfer system with a single phosphorylation cycle. (A) Cascade of a phosphotransfer system that receives its input
through a kinase Z phosphorylating the phosphate donor, and a phosphorylation cycle: Z phosphorylates X; to X7, X7 transfers
the phosphate group in a reversible reaction to Xs. X5 further acts as the kinase for X3, phosphorylating it to X3, which is the
output, acting on sites p in the downstream system, which is depicted as a gene expression system here. Both X5 and X3 are
dephosphorylated by phosphatase M. (B), (C) Simulation results for ODE model . Simulation parameters™:

k(t) = 0.01(1 + sin(0.05t))nM.s7', 6§ = 0.01s™', a1 =as =ds = as = a5 = ag = 18nM s,

di =ds = a3 =ds = ds = ds = 24005~ ", k1 = kg = ks = k¢ = 600s™". (B) Effect of retroactivity to the input: for the ideal input
Zideal, system is simulated with X171 = X792 = X733 = Mp = pr = 0; for actual input Z, system is simulated with X71 = 3nM,
Xr2 = 1200nM, Xr3 = 1200nM, M7t = 3nM,pr = 100nM. (C) Effect of retroactivity to the output: for the isolated output X3 i,
system is simulated with X771 = 3nM, X712 = 1200nM, X3 = 1200nM, My = 3nM, pr = 0; for the actual output X3, system is
simulated with X71 = 3nM, X1o = 1200nM, X713 = 1200nM, M1t = 3nM,pr = 100nM.

Equations:

Z=k(t)—6Z — a1 ZX1 + (di + k1)C1,
X1 =kx, —0X1 — a1 ZX1 + d1Cy + azCs — d3 X1 X3,

Cy = a1 ZX, — (dy + k1)Cy — 6C4,

Xi =k1C) — ao X} Xo + doCy — 6 X7,

Xy =kx, — 6Xy — as X} Xy + doCo + k5 Cs,

Cy = as X} Xy + ds X1 X3 — (dy + a3)Cy — 6Cs,

X3 = a3Cy — ds X1 X3 — aa X3 X3 + (dy + ks)Cy — as X5 M + d5Cs — X3,
X3 = kx, — 0X3 — aa X3 X3 + dsCy + keC,

Cy = as X3 X3 — (dy + kq)Cy — 0Cy,

X3 = ksCy — ag XM + dCs — 6 X5 — kon X3 + kotC,

M = ky — M — as X5 M + (ds + ks)Cs — ag Xi M + (dg + ke)Co,

Cs = asX;M — (ds + ks)Cs — 0Cs,

Cs = ag X3 M — (dg + k¢)Cs — 0Cs,

C = konX;fp - koffc —4C.
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Single 4+ Double cycle

(A)
Upstream System

input

r - o .. EEEEEEEEE8D

1 : (B) Input signal (C) Output signal

[ | Xl )(1 . 1.2 /];\2

B o “ : 2 z

' ] = E

1 /\‘*/—\‘ **: output 5 .S

1 X.Q X2 X2 {é ‘é

: \\_/v . pro#uct E E

' f T : § = Zideal é — X%

: M 1 %- § 0 -2 § 0 - = X3
Signaling System S Downstream System 0 time (s) 1000 0 time (s) 1000

Fig 12. Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output is overcome by a cascade
of a single phosphorylation cycle and a double phosphorylation cycle. (A) Cascade of a a single phosphorylation and a double
phosphorylation cycle with input kinase Z: Z phosphorylates X; to X7, X7 further acts as the kinase for X3, phosphorylating it to

X35 and X5*, which is the output, acting on sites p in the downstream system, which is depicted as a gene expression system here.

All phosphorylated proteins X7, X5 and X5* are dephosphorylated by phosphatase M. (B), (C) Simulation results for ODE model
. Simulation parameters k(t) = 0.01(1 + sin(0.05¢))nM.s~', § = 0.01s ', a1 = a2 = as = a4 = a5 = ag = 18nM ‘s~ 1,
di=dy=ds=dys =ds =dsg =2400s™, ky = ko = ks = ks = ks = ke = 600s~". (B) Effect of retroactivity to the input: for the
ideal input Zideal, system is simulated with X171 = X712 = Xp3 = Mr = pr = 0; for actual input Z, system is simulated with
Xr1=3nM, X723 =1200nM, My = InM,pr = 100nM. (C) Effect of retroactivity to the output: for the isolated output X3 i,
system is simulated with X771 = 3nM, X712 = 1200nM, Mr = 9nM, pr = 0; for the actual output X5, system is simulated with
XTl = 37'1,M, XT2 = 1200’/‘1,]\47 MT = 9’/1]\47 pr = 100nM.

Equations:

Z=k(t)—6Z —a1ZX, + (di + k1)C1,

X1 =kx, —0X1 —a1ZX; + di1Cy + k2Cs,

C1=a1ZX, — (dy + k1)Cy — 6C,

X7 =k1Cy — aa XM + daCo — a3 X Xo + (d3 + k3)Cs — aa X7 X5 + (dy + ks)Cy — X7,
M = kpr — OM — as X7 M + (dg + k2)Co — as X3 M + (ds + ks)Cs

—agX3*M + (dg + ke)Ce,

Cy = as XM — (dy + k2)Cy — 6Cs,

Xy = kx, — 0Xo — a3 X Xo + d3C3 + ksCs, (84)
Cs = a3 X; Xy — (ds + k3)Cs — 0Cs,

X3 = k3Cs — ay X{ X5 + dyCy — as X3 M + dsCs + keCo — 6 X5,

Cy = as X X5 — (dy + ky)Cy — 6Cy,

X3 = kaCy — a6 X3* M + dsCs — kon X3 + kortC' — 6 X3,

Cs = as X3 M — (ds + ks)Cs — 6Cs,

Co = agX3* M — (dg + ke)Cs — 0Cs,

C = kon X3*p — kotC — 5C.
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5.6 Phosphotransfer with autophosphorylation

The reactions for this system are then:

4 )
X1 == 9, Xo == ¢, (85)
k(t) kx,
M=, X7, 01, X3, C5,C 5 4, (86)
kav
X1 ™ X7 Xi+ Xy 22 0y & X, + X2, (87)
di az
a kon
X3+ ME 0y 22 X, 4+ M, X3 +pe2C. (88)
ds kot

The ODEs based on the reaction rate equations are:

X =k(t) — 06X, —m Xy +dyC1 — ap X3 X1, X1(0) =0,
X =mX, — a1 X; Xy +d1Cy — 6X7, X;5(0) =0,
Ci = —0C) + a1 X7 Xz — (dy + d2)Cy + a2 X3 X1, €1(0) =0,
Xy = kx, — 60Xy — a1 X{ Xy + d1Cy + ksCs, X5(0) = kf; ,
X3 = —0X3 +doCy — s X3 X1 — asXi M + dsCs — kon X3 (pr — C) + kogC, X3(0) =0, =
Cs = —6C5 4+ as X3 M — (ds + k3)Cs, C3(0) =0,
M = kyr — OM — a3 X3 M + (ds + k3)Cs, M(0) = %M
C = kon X3 (pr — O) — kotC — 6C, C(0) = 0.
For system , define X7o = Xo + X5 + C1 + C3 + C, then Xopo = kx, — 0Xr2, X1o = kf;?. Thus, X7a(t) = k;@ is
a constant. Similarly, defining My = M + C3 gives a constant Mp(t) = %. Thus, the variables

Xo=Xr9— X5 —C1 —C5—C and M = Mrp — C3 can be eliminated from the system. Further, we define ¢ = p%. This
system is then:

X1 =k(t) — 06X, — mX) +doCy — ap X3 X1, X1(0) =0,
X =mX1 — a1 X} (Xpo — X5 — C1 — C3 — pre) + diCy — 6X7, X;7(0) =0,
él =—-0C1 + a1 X{ (Xp2 — X5 — C1 — C3 — pre) — (di + d2)Ch1 + a2 X5 X4, C1(0) =0, (90)
X5 = —0X5 4 dyC1 — ap X5 X1 — a3 X5 (Mrp — C3) 4 d3C3 — kon X5pr(1 — ¢) 4 korC,  X5(0) =0,
Cs = —0Cs 4 as X (Mg — C3) — (ds + k3)Cs, C3(0) =0,
¢ = konX5 (1 —¢) — kogre — dc, ¢(0) =0.

Based on equs. (90]), we bring the system to form as shown in Table [5f We now solve for the functions ¥ and ¢ as
defined by Assumptions [f] and [6]
Solving for X = ¥ by setting (Br + f1)4 = 0, we have:
(B’f‘ + fl)l + (BT + fl)g + (BT + f1)3 -+ (BT + f1)4 =0 =

7T1X1 — k‘3C3 ~ O, i.e., Cg ~ %Xl
3

(BT + f1)4 =0 = ang(MT — Cg) ~ (dg + kg)c'g,.

T K3 T Km3
X, = KX, where K = ,
sy <t 1, where ks My

If Kps > X5, Xi ~
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U X3 v c
X [ Xy ¢ X3 Cs T, Y, I X5,[0 0 1 0lixs
fo(U,RX, Siv,t) k(t) — 60X, —0Cy, — 0 XY s(X,v) G% (kon X3 (1 — ¢) — kogec — dc)
1 —m X1 —|—(5Xik,
Z(U7K7 SQ’U) G1 dQCl _GQXSXI +6Cl 2% 1
s 1 X5 3 T
—a1 Xpo X7(1— % _;gT?z — C% — FEc) + diCy,
A1(U, X, S5v) i X2 Xi(l = x5 = %0~ X~ Xp¢) G
Yl —0X5 + doCy — ae X3 X1 4 a3 X5C5 + dsCs — asMrp (X5 + i C)s
—0C5 + ang(MT — Cg) — (dg + kg)Cg Ax1

A [1 1 ]ixe D 1

-1 0 0

0o -1 0
B 0 0 ¢ —pr

0 0 4%2 0 4x1
R [1 1 0 0 ]ixs S 0

T Td
So 0 S3 )?77*27QZTT
T Toxo M (1. 1.0 0},
T

Q Taxa P [0 0 pr O],

Table 5. System variables, functions and matrices for a phosphotransfer system with autophosphorylation brought to

form .
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(B’f’+f1)1 + (BT’+f1)2 =0 = 7T1X1 —

i.e., Cl

d2C1 + CLQX;Xl =~ 0,

(Br+f1)2 =0 =

701+a1XTXT2(1
If (dl +d2) > ale, Xf ~

Thus, we have the function ¥ (U, v):

IS
Q

Solving for ¢ by setting s(X,

as K B!
X2+ =X,
d g
Cy X3 Cs T
— — — — —(d do)C' X;X;=0.

X2 X712 X2 XT2C) (dy +d2)C1 + ap X3 X

(dl + dg)Cl - CLQ[()(l2 - dlagK 7T1(d1 + d2)X
a1 X132 a1da X2 ardgXry U
dias K 1 (d1+d2)
alb2§(T215(12;— C111d21XT2 X K
a T
o X+ o X . where K = Thims.
Kaq, ksMr
%Xl 4x1
v) = 0, we have:

konX5(1 —¢) — kotrc — ¢ = 0.

Under Assumption [I} X5 — Xj¢ =~ kpe,

. X3

ie,p=cr —2—.

¢ Xék + kp

(91)

(92)

Again, we find I from and under Remark [1} This system satisfies Assumptions Theorems can then be

applied.

Results:
|RL(U)| = 48 X +

a1de X2

(i) Retroactivity to input: Under Theorem [l ' we see that since S7 = 0 from Table |5 l hy = 0. Further,
m(d1+d2)X + “2KX2 + ’;1 X;. To compute the final term hg, we see that:

oL(U) | 1p 09 oL(U)

T 'M=——L 47T 'M P— ~
‘( au " O x| e 00
2d1as K T (dl + dz) 2a9 K T

X1+ —.
ardo X1o a1do X 12 do a2
2d1as K mi(di+dz) 203K

Thus, for a small retroactivity to the input, terms

a1de X732’ aida X2 ' d2

and Z—; must be small. However, these terms

cannot be made smaller by varying concentrations alone. Thus the retroactivity to the input depends on the reaction rate
parameters of the system, and is harder to tune.

(ii) Retroactivity to output: Using Claim [2, we see from Table [5| that Sy = 0, thus hy = 0. Further, T"'MQ~'P =0,
thus hs = 0. For the last term, h;, we see that S, = 0 and thus, for small 2, implying small retroactivity to the output,

we must have a small S35 = =

pT PT5

(iii) Input-output relatlonshlp From (91), we see that

’/T1K 3
Yie = 1X; =~ IL; = I¥(U;s,0) = kgj\/;;
Thus, the dimensionless output X3 varies linearly with the dimensionless input Xi, i.e., m =1 and K = %
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5.7 Single cycle with substrate input

The reactions for this system are:

X =, A
k(t) kz
Mg, C1, Co, X*,C 25 4,

knr
X+z220 5 x4 7, X'+ M &0, 2 X+ M,
d1 d2
X* 4 p 2 o
kots

The corresponding ODEs based on the reaction rate equations are then:

S
(e}
I

uO

X = k(t) - (SX - alXZ + d101 + kQOQ,
X* = —=0X* + k Oy — aa X*M + doCy — kon X* (pr — C) + kogtC,
Cl = X7 — (d1 + k1>01 —0C1,

.

Q
—_
o~~~
o O
= = = =
Il
\‘O

Il
=)

CQ =ay X*M — (dg + k‘g)CQ — 3005, C5(0) =0,
; k
Z:kz—éZ—alXZ+(k1+d1)C’1, Z(O :TZ’
. k
M:kM—(sM—GQX*M-F(dQ-’-kg)CQ, ]\4(0):%7
C = kon X*(pp — C) — kosC — 6C, C(0) = 0.

Let Zy = Z 4+ C;. Then, from the ODEs and the initial conditions, we see that Zp = ky — 6 Z7, Z71(0)
Thus, Zp(t) = sz is a constant. Similarly, defining My = M + C5 gives a constant Mp(t) = kéﬂ. The variables
Z = Zp —Cy and M = My — C5 can then be eliminated from the system. Further, we define ¢ = p%. The reduced

system is then:

X =k(t) —6X —a1 X (Zp — C1) + dyCy + kaCs, X(0) =0,
X* = —0X* + ky Oy — ap X*(Myp — Cy) + doCy — kon X *pr(1 — ¢) + kogrpre, X*(0) =0,
Cr=a1 X(Zp — C1) — (di + k1)Cy — 6C1, C1(0) =0,
Cy = as X* (Mg — Co) — (da + ko)Cy — 6Cs, C5(0) =0,
¢ =kon X" (1 —¢) — kogrc — e, ¢(0) = 0.

Based on the system of ODEs , we bring this system to form as shown in Table @ We now solve for the

functions ¥ and ¢ as defined by Assumptions [5] and [6]
Solving for X = W by setting (Br + f1)3x1 = 0, we have:

(B’I“ —+ f1)2 =0 = alX(ZT — Cl) = (d1 + k1 + (5) Cy,
since (d; + k1) > 6 under Assumption
XZr — XCy ~ K1 O,

X

i.e., Cl ~ )(—1—7[(
ml

X
For K1 > X, C1 =~ %

ml

(98)

kz
5.

(99)

(100)
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U X v c
X [ X* ¢ Oy ]3><1 Y. I X*5[1 0 0 Jixs
G max {8, 4§ e & B} G, e {Eapr Eyr}
fo(U,RX, Syv,t) | k(t) —0X —0X* —dC; —6Cy — dpre || s(X,v) Giz (konX*(1 — ¢) — kogec — 0c)
Z(U,X,SQ'U) GLl [ 5(X*+pTC), —alX(ZT—Cl)+d101+501, koCo + 6Co ]3><1
f1(U, X, S3v) o | B0 — a2 X (Mp — C2) +d2Ca,  —kiCh,  ap X*(Mrp — Cy) — daCo ]3><1
A [1 1 1 ]ixs D 1
-1 0 0 —pPr
B 0 -1 0 C 0
0 R P 0 3x1
R [1 1 1 Jixs S1 Pr
SQ pr 53 0
T 1 M (11 1],
Q Isxs P [pr 0 0 ]3X1
Table 6. System variables, functions and matrices for a single phosphorylation cycle with substrate as input brought to
form .

(B?" -+ fl)g =0 = U,QX*(MT - CQ) = (dg + ko + 5) CQ,
since (dz + k2) > ¢ under Assumption [T}
X* My — X*Cy = KypaCh,

Y+ (101)
ie,Cy= ———.
X*+ Ko
X*
If Ko > X*, Cy =
2 2~ R
(BT+f1)1 =0 = —0X* —dprc+ k1C1 — koCy = 0.
k1 X ko X*
Using (100 and -, we have: ——— — 22 §X* — oprc =0,
ml Km2 (102)
(=)
. K1 pT
ie, X" = X — .
Bl 5 Bt
Thus, from equations (100])-(102)), we have the function ¥ (U, v):
() s X (R2r op !
~ _ pT X _ T .
v kﬁ:ngéX k}gi\n/fg +5C, Kmi’® <k§j\:§+§ k§:§+50) :| (103)
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Solving for v = ¢(X) by setting s(X,v) = 0, we have:

konX*(]. — C) = koffc,
ie, X* — X*c=kpc,
X
T kp+ X+

(104)
ie, d(X)=c

Using (103) and (104), T’ can be found as described in Remark |1} We find that this satisfies Assumption [/} We then
state the following claims without proof for this system:
Claim 5. For the matriz B and functions r, fi and s defined in Table[6, Assumption[dis satisfied for this system.

Claim 6. For the functions fo and r and matrices R, S1 and A defined in Table[6, and the functions I and ¢ as found
above, Assumption |9 is satisfied for this system.

For matrices T, @, M and P as seen in Table [0 we see that Assumption [4is satisfied. For functions f; and r defined
in Table @ Assumption [8]is satisfied. Further, for ¥ and ¢ defined by (103)) and (104)), Assumptions |§| and 7| are
satisfied. Thus, Theorems [T} [2] and [3] can be applied to this system.

Results: (i) Retroactivity to the input: From Table @ we see that R and S; cannot be made small by changing system
variables. Under Claim [I] therefore, retroactivity to the input cannot be made small.

(ii) Retroactivity to the output: From Table @, we see that S; and Sy cannot be made small. Under Claim
therefore, retroactivity to the output cannot be made small.

(iii) Input-output relationship: Using Theorem [3| we see that

Vis(t) = 1X; = IT;; = T¥(Uss, 0) = K Xi(1), (105)

ki Zp
for t € [ty,ty] from lb where K = (%)
Km2

5.8 Double cycle with substrate input

The reactions for this system are:

X, Z=¢ (106)
k(t) kz
1)
M= ¢, C1,Cy, C5,Cy, X*, X0 5 ¢, (107)
M
X+z&0 B x4z X* 4+ M &2 0y 22 X 4+ M, (108)
dl d2
X +2Z2& 055 x4 7, X+ M o M X 4+ M, (109)
ds dg
X 4 p e (110)
kot

The ODEs based on the reaction rate equations are:
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X =k(t) = 0X —ay X Z + d,Cy + ko Oy, X(0) =0,

(

X* = —6X* + k101 - (ZQX*M + dQOQ — a3X*Z + d303 + /43404, X*(O) = O,
(
)

X* = —6X" 4 k3Cs — as XM + dyCy — kon X**(pr — C) + koC,  X**(0) = 0,
7 = ky —0Z —a1 XZ + (d1 + k1)01 — a3 X*Z + (d3 + ]@3)03, Z(O = k‘TZ,

. k
M:kM—(5M—a2X*M+(d2+/€2)CQ—G4X**M+(d4+k4)04, M(O) = %, (111)
Cl =1 X7 — (d1 + ]ﬁ)Cl —0CH, 01(0) =0,

CQ =ay X*M — (dg + k‘g)CQ — 005, CQ(O) =0,
Og = CL3X*Z — (dg + k3)03 - (503, 03(0) = O,
C4 =@ XM — (d4 + k‘4)C4 —0CYy, 04(0) =0,
C = konZ**(pr — C) — kogtC — 6C, C(0) = 0.

Define Zr = Z + Cy + C3. Then, the dynamics of Zr, seen from , are: Zp = ky — 02r, Zr(0) = sz. Thus,

Zr(t) = ’%Z is a constant at all time ¢. Similarly, for My = M + Cy + Cy, Mp(t) = k% is a constant for all ¢. Thus, the
variables Z = Zp — C7 — Cy and M = My — Cy — Cy can be eliminated from the system. Further, we define ¢ = p%. The
reduced system is then:

X =k(t)—6X —a1 X(Zp — C1 — Cy) + d1Cy + kyCs, X(0) =0,
X* = —0X* 4+ k101 — ap X*(Mp — Cy — Cy) + doCy — a3 X*(Zp — C1 — Cy) + d3Cs + ksCy,  X*(0) = 0,
X = 56X 4 k3Cs — ag X (Mp — Cy — C) + dyCy — kon X**pr(1 — €) + kogic, X**(0) =0,
Ql = X(Zp — Cy — Co) — (dy + k1)Cy — 6C4, C1(0) =0, (12)
Cy = aa X* (Mg — Cy — Cy) — (da + ko)Cy — 6Cs, Cy(0) =0,
Cs = a3 X*(Zp — Cy — Cy) — (ds + k3)C5 — 6Cs, C3(0) =0,
Cy = ag X (Mp — Cy — Cy) — (dy + ks)Cy — 6C4, C4(0) =0,
C = kon X (1 — ¢) — kogtc — dc, ¢(0) = 0.

Based on the system of ODEs ([112]), we bring this system to form as shown in Table |7l We now solve for the
functions ¥ and ¢ as defined by Assumptions [5] and [6]
Solving for X = ¥ by setting (Br + f1)sx1 = 0, we have:

(Br+ f1)3 =0 = a1 X(Zr — C1 — C3) = (d1 + k1 +0) C1.
Under Assumption [1} (dy + k1) > 6.

Thus, X Z7 — XCy ~ (K + X)C.

If Kjp1 > X, we have: XZp — XC35 ~ K,;,1Ch.

(Br+ f1)s =0 = a3X*(Zr — C1 — C3) = (d3 + k3 + 3) Cs.
Under Assumption [} (ds + k3) > 6.

Thus, X*Zr — X*¢1 ~ (Kpmg + X*)Cs.

If K3 > X*, we have: X*Zp — X*C1 ~ K,,,3C5.

Simultaneously solving these two expressions, for K,,; > X and K,,3 > X" :

XZr
C1 ~ v (113)

_X*Zp
N

Cs
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X v c
X [ X* X € C C3 Cy )T, Y,I | X*, [0 10 0 0 0]Jixe
[ o |w(eEdhabhanembbabdig [ 6 | ow{epri] |
fo(U,RX, S1v,t) k() —0(X +X*+ X +C1+ Co+ C5+ Cy + pre) s(X,v) G% (konX**(1 — ¢) — kogrc — dc)
r(U, X, Sov) & [ 0X*, 8(X** 4 pre), —a1X(Zr —C1—Cs)+diCy+8C1, ksCo+8Cs, 6Cs, 6Cy |y,
k1Cq — LLQX*(]MT —Cy — C4) + doCy — a3X*(ZT - Ci — 02) + d3C3 + k4Cly,
k3Cs — a4X**(]\/IT —Cy — 04) + dyCy,
—k C
1 101,
fl(u7£> SBU) G ELQX*(]\/[T _ 02 _ 04) _ d202’
agX*(ZT — Cl — CQ) — (d3 + k3)03,
L a4X**(]V[T - Og — 04) - (d4 + k?4)C4 6x1
A (1 1 1 1 1J]ixe D 1
-1 0 0 0 0 0 0
0 -1 0 0 0 0 —pr
0 0 -1 0 0 0 0
B 0 0 0o -1 0 0 C 0
0 0 0 0 -1 0 0
L0 0 0 0 0 1], 0 |4y
R [ 1 1 1 1 1 ]l><6 Sl pr
S pr S3 0
T 1 M [1 1111 1] .
T
o) Toxe P [0 pr 0 0 0 0],

Table 7. System variables, functions and matrices for a double phosphorylation cycle with substrate as input brought to

form .
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(Br+ f1)a=0 = a2 X" (Mp — Cy — C4) = (da + ko + 8) Cs.
Under Assumption [T} (da + ko) > 6.

Thus, X* My — X*Cy & (Kms + X*)Ca.

If Ko > X*: XMy — X*Cy ~ Ko Co.

(B?“ + f1)6 =0 = CL4X**(MT —Cy — 04) = (d4 + k4 + 5) Cy
Under Assumption I} (dy4 + k4) > 0.

Thus, X** My — X**Cy = (Kma + X™)Cl.

If Ky > X5, X5 My — X*Cy ~ KppuCl.

Simultaneously solving these two expressions, for K2 > X* and K4 > X** :
X*Mr
Coy = ,
27 Ko (114)
X**MT
cy R .
* K7n4
(BT =+ f1)2 =0 = —6X™ — 5pTC + k3C3 — a4X**(MT —Cy — 04) +dsCy = 0,

using (BT + f1)6 =0,—0X" — dprc+ k3Cs — kacy = 0.
From (113) and (114), —0X™* — dprc+ ks X* — ks X = 0,

Lo Spr
fe, X —2ms | X*— | ———— | ¢
§ + M § + Mulix (115)
Rz dpr
I 2 v " o_ m3 ’r
X"~ K"'X" — K, c, where K" = <5+ k:;{MT> K, = 75+ k;(MT .
m4 m4

(BT’ + f1)1 =0 =
— 5X* + k101 — CLQX*(MT — Cg - 04) + dQCQ — CL3X*(ZT — Cl - 03) + dgcg + ]{1404 = 0,
using (B?" + f1)4 =0 and (B’I“ + f1)5 =0,-0X" +k1C1 — koCy — k3C3 + k4Cy = 0.

From " " and ‘ ; —0X* +k1X — kQX* — ng* +k4(K”X 7KéC)X* ~ 0,
ie, X*=K'X—-K/c,

ki Zr (116)

K/ k)4MT
Km " ¢ Kma
here K’ = L nd K| = .
where 5+ k}rz(MT + ksZr K" ks M and c S+ k}z(MzT + kIgZT _K//k4MT
m

m2 Kins Kina m3 Kina

Thus, from equations (113)-(116)), for K’, K", K! and K defined in (115)) and (116)), we have the function ¥ (U, v):

K'X — K/e,
K'K"z — (K"K! + K!)c,

XZp
1 5(m1 7 "
o (G'X — Gle),

K TS (GIX - G/C/C),

ﬁ(G”G”X —(G"GI +G)e)

(117)

e
Q

6x1
Solving for ¢ by setting s(X,v) = 0, we have:

konX**(l — C) = koffC7

ie, X — X" c=kpc, (118)
_ X**

Here again, we find I from (117) and (118) under Remark |1} and find that it satisfies Assumption [/} We then state
without proof the following claims for this system:

ie,p=c
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Claim 7. For the matriz B and functions r, f1 and s defined in Table[], Assumption[3is satisfied for this system.

Claim 8. For the functions fo and r and matrices R, S1 and A defined in Tablem and the functions v and ¢ as found
above, Assumption[9 is satisfied for this system.

For matrices T, Q, M, P defined in Table [7] we see that Assumption [4] is satisfied. Further, for ¥ and ¢ defined by
(117) and (118]), Assumption [5| and |§| are satisfied. Thus, Theorems and [3| can be applied to this system.

Results: (i) Retroactivity to the input: From Table[7] we see that R and S; cannot be made small. Thus, under
Theorem [1} h; and hy cannot be made small, and thus, retroactivity to the input cannot be made small.

(ii) Retroactivity to the output: From Table |7, S; and S, cannot be made small. Thus, under Theorem [2, h; and ho
cannot be made small, and thus, retroactivity to the output cannot be made small.

(iii) Input-output relationship: From ,

Yio(t) = I0(Uys,0) = KX (1) (119)

for t € [ty,tf]. Thus the input-output relationship has m =1 and K = K'K" as defined in (115)), (116), which can be
tuned by tuning the total kinase and phosphatase concentrations Zp and Mry.
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