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ABSTRACT

The influence of tip clearance on the 1lift distribution along
a blade span was studied on linear coméressor and turbine cascades.
The wall boundary layer was removed by means of the image technique.
The lift distribution in the span direction was found to be almost
similar for both compressor and turbine cascades having the similar
velocity diagrams. The lift acting on the blades increases toward
the blade tip. The phenomena were explained theoretically by con-

sidering the velocity induced by tip vortices on the blade surface.



SYMBOLS

aspect ratio
radius, inches
span, inches
section 1ift coefficient
section normal-force coefficient
normal-force coefficient of isolated airfoil
pressure coefficient :f?;f}{

2%\/'
inlet axial velocity, feet per second
outlet axial velocity, feet per second
blade chord, inches
complex potential
stagnation pressure, pounds per square foot

pressure on blade surface, pounds per square foot

upstream pressure, pounds per square foot

distance between point on surface and tip vortex line, inches

Reynolds number
distance between point on surface and tip vortex segment,

distance from leading edge along tip vortex line, inches

velocity in chord direction, feet per second-

inlet velocity, feet per second

outlet velocity, feet per second

velocity around two-dimensional airfoil, feet per second
velocity in span direction, feet per second

velocity normal to blade surface, feet per second
velocity w induced by tip vortices, feet per second
velocity w induced by trailing vortices, feet per second
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non-dimensional chordwise distance x/c
chordwise distance, inches
lnon—dimensional spanwise distance y/c
spanwise distance, inches
clearance to chord ratio, yb/c

tip clearance, inches

'complex plane

distance normal to blade surface, inches

local incidence angle, degrees

incidence angle, degrees

outlet angle, degrees

mean flow angle, degrees

angle between blade surface and tip vortex line, degrees
circulation of bound vortex

total circulation around profile
non-dimensional circulation around profile
circulation of tip vortex

non-dimensional circulation of tip vortex
circulation around two-dimensional airfoil
Fourder coefficient

compikex plaﬁe

spenwise distance, inches

stagger angle, degrees

chordwise distance, inches

fluid density, slugs per cubic foot



1. INTRODUCTTION

It is well known that the amount of tip clearance has a large effect
on the performance of axial flow machines. The results obtained by past
experiments show different trends from compressor to Compressor(l) and
it scems to be difficult to obtain a generalized expression for the
effect of tip clearance.

The flow phenomenon in the vicinity of a blade tip in an axial
flow machine may be considered as a combination or an interaction of
phenomena due to three different causes, i.e., the amount of tip
clearance, the boundary layer on the annulus wall and the relative
blade tip velocity to the wall. Yo study the problem in detail, an
experiment was conducted by G. Khabba.z(g) in the Gas Turbine Laboratory
in 1959. In this experiment, the tip clearance effect on stall limit
of compressor cascades was studied using the image method to eliminate
the wall boundary layer. He found through the test that
1) stall occurred at a higher angle of attack near the wing tip than
for the remainder of the blade,

2) as the clearance size is increased, the loading on the blade near
the tip increases, while at a greater distance from the tip it remains
unchanged.

He explained the ple nomena by applying the momentum theory to a
control volume taken between the blade tips as shown in the figure.

net momentum flux out = (pl - p2) x Area
For coﬁpressor cascades,
R F the pressure at the outlet of

.

e the blade row p, is higher than
r' the inlet pressure P> and the

momentum flux coming into the

e, o)

CoONTROL
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control volume must be larger than that going out from it. Accordingly,
some air must leave the cascade by passing through the blade row to
satisfy the continuity. ©Since the flow at a greater distance from the
tip is two-dimensional, this flow will increase the local velocity near
the tip and result in an increase of the lift near the blade tip.

If this hypothesis is correct, then the reverse result must be
obtained for turbine cascades because the pressure at the inlet of
the turbine cascade is higher than that at the exit.

The experiment was continued by the authro to check this effect.
After the cascade test, it was thought that it was necessary to observe
the flow near the tip for understanding the phenomena in more detail,
and flow observation was attempted by using tufts in the cascade and
by the ink tracing method in a water table.

The problem is also treated theoretically in this report.



2 Description of Test Apparatus

2.1 Low Speed Wind Tunpnel Cascade

The experiments were carried on the same apparatus used by G. Khabbaz.
The cascade consists of nine blades; four of them were cut in halves to
make the clearance (Fig. 1).

The dimensions of the cascade are given in Table 1.

Table 1 Dimensions of the cascade
Blade Profile NACA 65-410
Chord Length ¢ = 4.875 in.
Solidity 0= 1.0
Clearance to Chord Ratio Y y/e = .03
Compressor Turbine
kSta.gger Angle A = 55° = ‘59°
Alr Inlet Angle XK= 65° = 54°
Air Inlet Velocity V.= 110 Ft/Sec = 70 Ft/Sec
Reynolds Number¥ He= 2.8 x 107 = 1.8 x 10°

(#) Based on inlet velocity and chord length

Thé blade surface pressure was measured by two blades in the middle
of the cascade. The pressure taps on these blades are located along
the chord at various distances from the blade tip as shown in Table 2.
Static pressures were fed into a multi-tube inclined manometer by

vinyl tubes.



Table 2 Position of Static Pressure Taps on Blade Surface

Chordwise Distance from Leading Edge (percent chord)
No. 1 2 3 4% 5 6 7 8 9 10 1 12 13 1 15
Distance 2.5 5.0 7.5 10 20 30 4 50 60 70 75 80 8 90 95
Spanwise Distance from Blade Tip, dinches
No. 1 2 3 L 5 -6 7 8

il

11
Distance  1/16 3/16 7/16 11/16 15/16 M6 26w /16

2.2 Probes

A pitot static tube was placed at a chord length upstream of the
blade row for messuring the inlet velocity and pressure. The flow down-
stream of the blade row was measured by traversing a five-hole probe
in a plane at a chord length downstream of trailing edges of the blades.
The pressure tubes from the probe were connected to a wire.strain gauge
type transducer and the pressures were read by a D.C. balancing bridge

type calibrator.

3 Test Results

Fig. 2 shows the pressure distribution on the blade surface of the
compressor cascade. It can be seen from the figure that the static prés—
sure on the suction surface decresses considerably as the blade tip is
approached, but there is little change in pressure on the pressure
surface.

The static pressure on the suction surface at different chords
were plotted against the distance from the blade tip in Fig. 3. The
region influenced due to the tip clearance is spread toward the trail-

ing edge along the chord except in the vicinity of the leading edge.



The outlet axial velocity obtained by the wake traverse was divided
by inlet axial velocity and plotted in Fig. 4. It shows & typical wake
shape at y/c = 0.4, but for smaller values of y/c, the pattern deforms
gradually and a highest velocity appears at downstream of the suction
side and lowest velocity at downstream of the pressure side of the
blade.

Fig. 5 shows the distributions of the mean axial velécity, the
turning angle and the lift coefficient along the span. The mean value
of the outlet axial velocity and the lift coefficient were obtained by
integrating curves in Fig. 4 and Fig. 2 respectively. The turning angle
was calculated by using continuity and momentum equations assuming that
.no mixing occurrs in the spanwise direction. 7The outlet axial velocity
and the turning asngle decrease toward the tip in spite of the increase
" in the 1ift coefficient.

Surfaée pressure measurements were also made for a turbine cascade.
The stagger engle in this case was so chosen that the velocity diagrams

for compressor and turbine cascades are similar.

o TurBINE
Ce| %2
x ' v,
d ' =dz) dz ) = dl)
l) comp. tur. J comp. tur.

The surface pressure distribution is shown in Fig. 6, and the non-
dimensional 1lift coefficient is plotted in Fig. 7 together with the
results obtained from the compressor cascade. The trend is almost the
same for both cascades.

4 Discussion of Test Results

The test results may be swmmarized as follows:

(1) TFor the compressor cascade, the turning angle and the outlet



axial velocity decrease near the blade tip in spite of the increaée

in the lift coefficient.

(2) For both compressor and turbine cascades, the lift coefficient
increases toward the tip.

These phenomensa cannot be explained by the momentum theory which
was applied to this problem by Khabbaz.

Before entering the discussion of the tip clearance effect, let
us look at the flow around a single wing of finite aspect ratio. There
are some reports concerning the 1ift or pressure distribution along
the span of wings of small aspect ratfg?«vFig. 8 is one of the test
results obtained by Holme. The lifting surface theory shows the
correct behavior for very small angles of incidence. However, as
the angle of attack is increased, the .loading becomes larger near the
tip. Except at small angles, the lifting surface theory gives very
inaccurate results even for angles of attack much smaller than the
stalling angle.

To investigate the flow phenomena near a wing tip in detail,
flowlwas observed by tufts in the wind tumnel and also by the ink
tracing method in a water table. In the experiments, a strong wing
tip vortex was observed as shown in Fig. 9. Air rolls up around
the wing tip ana makes a wing tip vortex above the suction surface.
This tip vortex will have a large influence on the blade surface pres-
sure, especlally on the suction surface since the vortices exist above
the suction surface. To confirm the effect of tip vortices on the
surface pressure, a crude calculation was attempted under the fol-
lowing assumptions.

1. Veloeity on the blade surface is approximately the sum of

velocities induced by two-dimensional bound vortices and tip vortices,



the effect of trailing vortices are neglected since the strength of
trailing vortices were observed to be much smaller than that of the
tip vortices.

2. The distribution of the bound vortices along a chord is
approximated by a linear function of x/c, because the circulation of
a bound vortex is proportioﬁal to the pressure difference between the

surfaces, and the pressure difference would be approximated by a

triangle as shown in the figure.
AcTuAL "PRESSURE [ E——
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3. The tip vortices are a continuation of the bound vortices and
exist in the x-z plane (Fig. I-3) with an angle B to the x-y plane.
Two different assumptions were made to express the position of
ﬁhe tip vortices.
i) The wing tip vortices leave from the wing tip parallel to
each other. (Fig. I-3-i)
ii) The wing tip vortices leave from the wing tip and join a
vortex which started from the leading edge with an angle
to the blade surface. (Fig. I-3-ii)
In both cases, the angle B was approximated as equal to the angle

between the chord line and mean flow direction, that is

6 = olw -2 ___t"-,[tu d:gtmdz] N

The pressure on the suction surface at y/c = .0385 was evaluated

by taking images of the tip vortices to satisfy the boundary co: dition
on the surface (see Appendix I).

V, = 0, on surface (x,y,0)



The result was plotted in Fig. 11. The pressure distribution along
the span was also calculated at x/c = 0.5, and shown in Fig. 12. The
pressure distribution calculated by the assumption (3-ii) shows com-
paratively good agreement with the test result. We will be able to say
from the figures that the assumptions made for the calculation are not
far from the actual flow phenomena. However, the procedure used here,
i.e. the use of the image vortices to satisfy the boundary condition
is not applicable in evaluating pressures on the pressure surface.

In the lifting surface theor;Z)this boundary condition was
satisfied by the relation

w+ V; Sin O} = 0. \ (1)
| That is, the normel component of the induced velocity cancels the
normel component of inlet flow.

The problem may be solved by using Eq. 1 as the boundary con-
dition and the calculation procedure will be similar to that for the
lifting sufface theory, the only difference is that the equation
would involve additional terms due to the tip vortices which were
not considered in the original lifting surface theory.

The treatment of the problem as a lifting surface will be much
more ¢omplicated and a laborious numerical calculation will be
required to solve 1t. If our main interest is to know the distribu-
tion of 1ift in the span direction, this complication may be avoided
by means of the lifting line approximation. The procedure will be

shown in the following chapter.

5 Modified Lifting-Line Theory

5.1 single Flat Plate Wing
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Consider a flat rectangular wing placed in a free stream of
velocity V; with a small angle of attack 0(1- Some air flows from
the bottome to the top around the wing tips due to the pressure dif-
ference between the surfaces, and trailing vortices are formed from
the trailing edge of the wing as explained by Prandt£?> However,
as the angle of attack C{l is increased, the pressure difference
between the surface increases, consequently a strong upward flow
appears around the tips, which rolls up above the suction  surface
and forms wing tip vortices as shown in Fig. 14. The wing tip vortices
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induce velocity in the direction from the center of the span to the wing
tips, the magnitude of which is approximately inversely proportionsl to
the distance between the vortex and the point on the surface and propor-

tional to the cosine of the angle & shown in Figure 15.
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Figure 15

The interesting thing is that the direction of this induced
veloecity is opposite to that in the Prandtl hypothesis.

In the Prandtl theory, the trailing vortices were considered as
the continuation of the bound vortices and the system was replaced
by a set of horseshoe vortices (fig. 16). If the same assumption is
made for the present case, i.e. the wing tip vortices and the trailing
vortices are considered as the continuation of the bound vértices,

then the system will be as shown in Fig. 17.

” - ¢ = =t
<> [
3 6 ” 6
e L L ol T pary X L R ¢l
Jr ¢ oo T | r
|
* 1z
Figure 16 Prandtl's Hypothesis Figure 17 Present Case

It can be seen from Fig. 17 that the total circulation [Qﬁ)around
the profile increases toward the tip and at the tip it has a finite

value which is equal to the circulation of the wing tip vortices r}.

10
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Lifting Line Approximation

For the wing of large aspect ratio, A = b/c®>1, the system in
Fig. 17 may be simplified to the system shown in Fig. 18; the wing is

replaced by a vortex of circulation rb%dﬂph is an unknown function of y.

b [, Y 1 ;
-7 /-—-
e 15
P Q
A AT "‘”( Z
AT
X
Figure 18

The induced velocity at a point P(O,y) is the sum of velocities
induced by the tip vortices and the trailing vortices, since a bound
vortex induces no velocity at its own center.

Applying Biot-Savart's law (Eq. I-4) to the system, the velocity

induced by the tip vortices which extend from x = 0 to x = e0 is given

by

. | [, E”-
"""*—‘Zr?c‘[%ly 'gw]“"zm(_) —y @

The negative sign in the equation means that the induced velocity is
in the negative z-direction.

The veloc1ty induced by a trailing vortex of circulatlon d?through
the point @ (0, 7) is

dr
.
v SInco-w L. (3)

Integrating Eq. 3 along the span, we get the induced velocity due to

4w,

all the trailing vortices

(g

dr

; rEl
Voo =T | 7oy 4l *)

|
Njo



Thus, the total induced velocity at P (0,y) become.:é;

1U'=h);+wt,. =—-r;

zvt'(';i)z”:\:}i

12

The total circulation around the profile is exprecssed as (see Appendix II)

[(4) = LcVsimol = ZTCWsm (d +%)

(6)

For a small angle of attack, Sin o ¥ &€ , then

Substituting Eq. 4 into Eq. 7, we obtain

b
M) = Ich.—%&[ =

(&) - §*

b
T oooar

c d7

+ = —=t 4

4 Lvl__y 7( (8)

The first term of the equation is equivalent t6 the circulation of a

two-dimensional wing, that is the circulation around a wing of infinite

aspect ratio, so we define

7CC\/l°(|

l_ 2 = (9)
Dividing Eg. 8 by Eq. 9, we get
l, T4l
Ty =1 — ST —2 £ d
l_(7)"’ z[-o[(%)z_.zz] Tz T_j%—d'z (10)
: b
where 3
= ) = r;
= — ) = 2
I [2a E [24
The variables y and 9 may be changed into 6 and ¢ by the following
relations b b
3’-"-"‘2-6036 > 7=—"2‘Cos+)
F) = [(-2cs0) =Tl . (11)

Combining these equations, the non-dimensional expression is obtained.
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$=T

_, T/ 0 d @)

[©) =1-7 (l—cos’e) ZA Gs ¢ — Cos 8 (12)
=0

where A = aspect ratio = b/c.
Assume I:(/e) may be represented by the function
Fey =T, + £ T, Sumno - (13)
since r(,e)has g finite value at @ = O and @ = m.
Noting that n must be an odd integer to ensure the equality

Sinn@ =Sinn (x ~-6),

n is teken as
n=2m+ 1, m=0, 1, 2, 3, . . . . . (1)

Substituting Eqs. 13 and 14 into Lq. 12, we get

——

fo mz-o [;2*44) Sem G 21) 6

= o _ by (15)
- |- L _ s [ Cosem+)d 44
A |- Cos?O 2A mem0 I+ | (4 Cos@
(4

Evaluating the integral on the right hand side and noting that

the point @ = cf> must be omitted since a vortex induces no velocity at

its own Center(,s)
L4 6-€ X
Gs Gm+)P 46 _ . Cos @m+)¢ , cos(zmﬂ)#d
]aw—-ase i )5&33 ot -Gs6 T 1 | Gst —coce
. (] 2+€ :
_ Sin (2m+1) 6
=T 34'.»1, e
Therefore, it follows that
ol UL S T zm+:]5_ 2mt)
I = I—;[I+ A I—Cosze] +4§0 (2m+:)[‘+ ZA 5%9/’ on € 26

or

s\

! l
(l“Cose + ]+Cos€)]

!
A

| = 1lq [HT
> T 2m+| _
+4nZa r(_zmﬂ)[ I+ ZA S O Sin (ZM'H)B . (]_6)



The coefficients ri and r:(zqn+4> can be evaluated approximately
by taking a finite number of particular values of © . For O= 0,
the term 1/(1-Cos®) in Eq. 16 must be set equal to zero for the same
reason described in evaluating theintegral of Eg. 15.

The theory developed above will be useful for evaluating the 1ift
distribution along the span for wings of large aspect ramib, since the
. theory was derived based on the lifting line approximation.

As an example, the distribution of normal-force coefficient
for a wing of aspect ratio 6 was calculated by locating @ at 0, 30, 60,
and 90 degrees. |

The normal-force coefficient Cn was divided by the mean value of

C,, that is b
7

CTN = “i: C; d.% ’

)
N

and the result was plotted in Fig. 1Y, The curve shows the correct

trend at the region near the wing tip.

2+2 Tip Clearance Effect
e 1 o H2fp—— b —————y
L)) L g+
G P —
pt2g-7 : b+2 Y + ——i
fo ° lo A2 _fte
«2 1% 5 X I T 2 T
P
1
Figure 20

Place three blades in a plane with clearances 2y, between the adjacent

blades.*

* 1. First an attempt was made to solve the problem for two blades
of semi-infinite span. However, the solution was found to diverge since
the wing span extended to infinity. ‘this trouble may be avoided by



The induced velocity at a point P (0,y) can be evaluated by the same
menner as in the previous calculation.

Velocity induced by tip vortices;

o} 1 : |
W, =~ [ + '
N A S P A ST T
v I — ' '
7+ -1 %+zm+v—]
A TR ST T

”l(—:-)’—‘d‘ @4+ 30" =4 (g+8 - 47| D)

Velocity induced by trailing vortices;
b
C (7 AL AL __.;fL
AR | T =t T brZfer -t br2fe +4-7| 0 (18)

b

Substituting Egs. 17 and 18 into lg. 7, we get the expression for

the distribution of circulation along the span.

b

b 3
L2 24, + 5 b 24 + =
) = C 0( Clo [ f ~ 4 2 ° F4
[(7 T\ |b zZ (Ey-F ey -4 @torg)-#

+ £_ : dr | + i _ ! d ’
4 _%d’( T-%  bteg, +7-y b+2'1.+1-’(] 1.29)

Changing the variables by the relations

3=—‘—2§'C059 5 (=“7éCos+

7

(20)

and using the non-dimensional expressions

r’ ,ﬂ"“_) ,"’:-'_-"__,
('3)—]—-2( ’ 0 r;oL L

solving the problem for long blades but finite span.

2. Three blades were taken instead of two, so that the 1lifs dis-
tribution along the span can be considered as symmetric to x axis and
the calculation would be much simplified.

15



M) =T(-2cs6) =Tlo) }
b _ .
T=A L == /

(21)

Eg. 19 becomes as follows

, 3+4Y% 1+4 %
(0 = | "'"' [ 7 + + - 2
re = 1= Cos’® T (3t4)= Cos* B (144%) - (s'D

- 5 L ! - ! dt (22)
Cs®—(os6 (244 Y ~(os6) +los® (244 % +Cos)- Cus

420
Again T(s)is assumed as

r(0> = ’—o lz—:mﬂ) Sin em+1de y =)

w=0
and then,

AT =3 @med[ . Cos Zmeé do
20

b (gm+1) (2)4’)

From Eq. 22, 23 and 2k, we get

——

r -]—Z r Sin (ZM-H)G

ma=0 (2m41)
T L, 34 7 __1t+4 )1 }
A LI-GCs’0 (344 %)z" Cos’ @ (""4%)1— (os®

| oo
ZA MZ= (2m+l)l-(-zm+‘) [I'rm + Iz,m - 13’,,,_] , (25)

=l-—-

where

Cos (2m +1)¢ : Sin 2m+1)6
[in = [c.,s-f TG 4T = T Sin 6 ’

I Gas(2m+l>‘\‘ oL $
Zm K+ Cos ?

] :gzm-;-lz‘# d‘f’

Kg - COS 7

L6



L7

and Ki=2+4Y —Cos6 >
=244 Y% + Cs8 >

The solution of integrals I, &ndl3 n camot be expressed in simple
> 3

} for 0<BETT

forms like that of Il o Here, the integrals were evaluated step by step

3
and the following equation was obtained:

|+( Lo 314% 114 % ]
A Ui—Cos*6 (3+4 %)Y -(Cos* 6 (I+4%)1~C0529

5o+ 5[5 - = - ]}

— T [ Sindb _2_ K1<4knz"3)__ Kz(4kzg"‘3) }
+E{55m39+2 [5 +4(K4K;) -2 VK? —| Vi —1 }

il
s

4
an ||

+ r {smse 77 {5""59 6l i ) iz (kP 2kl ) +2

_ K Q6K -206' +5) Ky (161t~ 20K5 +5) }
VkE =1 S =
b o e m e (26)

The equation may be uselul Tor wings of large aspect ratio and
with comparatively large tip clearance. A numerical calculation was
tried for A = 10 and Y, = 0.1, and the result wac compared in Fig. 21

with the test result obtained by Khabbaz.
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6. CONCLUSION

It can be concluded from the results obtained by the cascade tests
that:
1) For a compressor cascade, the lift coefficient increases near the
blade tip in spite of the decrease in the turning angle and the outlet
axisl velocity.
2) For the turbine cascade, the lift distribution in the spanwise

direction shows a trend similar to that for the compressor cascade.

The problem was approached theoretically by considering a simpli-
fied vortex system, and the pressure distribution on the suction sur-
face was calculated from the induced velocity due to the tip vortices.

It shows a fairly good agreement with the test result.
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Appendix I Evaluation of Static Pressure on Suction Surface

(1) Biot-Savart's Law

X

Figure I-1

If a vortex filament of circulation r lies in a plane, the

velocity induced at point P(x,y) by the vortex segment (yl

can be evaluated by the law of Biot-Savart.

41T ;4 1
r
¢
Considering the angle @ as the variable, we have
X
-7 =x (et 6 , d7 = ——— db
-1 ° 1 Sim*6
and
Y = x
Sin 6
Thus,
6,
' r I
W=~4Ex 5w9d6’=m(Cosez“C0$6:)
6

<z y < y2)

(I-1)

(1-2)

.

(I-3)

If the vortex filament extends to y = + o0, then @&,= n, Cos 6,= -1,

and the above expression becomes

r '(lﬁ'CosQ,),

w=—4nx

(I-4)



(2) Circulation of Bound Vortex z

\\ \§_ \\ ) ]
LAYA ‘ c\

Figure (I-2)
According to the assumption (2) on page 7 , the circulation of

a bound vortex at x =§ would be expressed as
7f(§)=j°—(—§ﬁ=%(l—§—). (1-4)

Integrating this equation along the chord, we obtain the total circula-
tion around the profile.
c ¢ S
— — 2V —
J T(§)dE —?rof(:—f) Ay =20 =T
[ .70

(1-5)

)/‘ 2

where ]; d is the circulation around a two-dimensional wing accord-
ing to the assumption (1) on page & .
Substituting Eq. I-5 into Eq. I-k, we get
Y (%) =_z_cl"z_4(‘_%_> . (1-6)
(3) Induced Velocity at P(x,y,o0)
To satisfy the boundary condition on the sui'face, that is
w =0, on P (x,y,0)

the images of the tip vortices are considered as shown in Fig. I-3.



Case (i)
he velocity at point P(x,y,0), induced by the tip vortices

which leave from the wing tips at x = § is expressed as (see Fig. I-4)

(=5 Y (¥) Sinf [ 1+ Cos8 1+ CosBa ]
-dv = > 7 R’ Ry } $ (1-7)
where ; 2
R, =(x —§)25m26 +(4-1)
Re =(x-¢) Sin"€ + (++1) (-8
_(x-3)Gs B
Cos® = e <1 40)°
(1-9)

Cos 92 = (x-%) Cosﬁ
Y(x=5)" + Cg+ 4,7
Substituting Egs. I-6, I-8 and I-9 into Eg. I-7, we obtain the

equation for the induced velocity.
¢

—v= n [cx “§)(e- s)smﬁ{ﬁ”),”f#') o el
A [Cx-§) Senf + (%—%)J}/x—;ﬁ(w—m)‘

Vs 2 (4+8) + (%) Gs
_ e n
["‘ ~§) Son’f + (b‘%)’}ﬁx—;—)‘a— C4+ o)

Expanding the equation in partial fractions, we get
c

[2a Sim€ { ) (x-5)(c-§) Z=5)(c- %)
— e P) 2 4 4
il T C @5 Sl +(4-%) 5 - (1 DIsenf+ (3+ 4) s

c

(-8 (c -

K’C §)' Sen’ft(4- 7.,))/(7:-;) (4 - 4"

+Co,5€

#ngj (z-5)° (c~¥)
) (@9 st ] Jee2 +(a+w

(I-10)



22

The integrations of Egq. I-10 were evaluated term by term and the

following result was obtained.
(=% Su B+ (Y41 [ X' Sia?B +(v-1)']
(%) Sun®B + (T-%F ][ X s’ + (v+%)']

TCSim B | =X
— V=
l2d 2 ’Q”‘[

(b -XGe )4, txG: €)% — (1=X0Gs¢ (2 + 0005t | }
(3, +X Cos B) (% -~ X Cos BJ[2y + (1-Cos€)[%s = (150G ]

__\':.Io_ * t« - 4’.1& - XSMP 1 (l-¥)5w€}
+ {W'uy-n ~ fon '——Q—Y_ i v ey

Sinb Y. Y-Yo Y-Yo

_YtY [fm" %y fan B -1, -|Ma_f__tu—lx5:m9 .__L;r(w)b’m?}

Sin £ Y+ Y, " OY+Ys Y+Ye Y+Ye

(% +x)( %, - 0-%]
[ +x][%-01-0]

+0-06sE [,

oGP [h -t -3 7] ) (1-11)

Where

4‘: = VX' +(Y—Ya)x B

A, = /X* + (Yrv)

(1-12)

Zt; =‘/("'x)l "'(Y‘n)z

4‘, =;/O—><)Z +(V+ Y,)©
X=% . Y=-% Y-%_ )




]
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Case (ii)

From the geometry in Fig. 1-5 and Blot-Savert's law, the velocity

induced at point P(x,y,0) by a vortex segment ds is formulated as

follows: o
b ®SinBds xSimf | ) SinB dS X SinB
L o i R Zn 1A R,
_ L) xsm@ _ Lmx snf] ¢ (1-13)
- 21 Y? EJ
[

Circulation of the tip vortices Kk})may be written as
¥ 3
[-o(g) =f T(E)a(.§ = a:/(‘_ _g_)d§ =__2_§$<C§_§Z),
| ’ For (02%¥2C)

: v
E(§)=fm)d§ - = [0 for (5>¢)

o ’ (I-14)

ry o To and ds are expressed In terme of o, § and. 8 as Tollows.
k3 d¥

Cos @ = —S— , c{S - -Z;—S—E‘ ,
o= /R ¢ (X Gsf - §Secp)
| (I-15)
i =/ RE +(xsf —¥Secf) .

Substituting Iig. I-14 and Eq. I[-15 into BEq. I-13, we get

[24 T © o Cy - ¥ }
V= e T P - : A%
T c* ¢ [ [[Kﬁ (xa;P—;m?)‘]é (R + (xCosp- }Sae()’J%

24 X ‘ ! !
Kam -
' zn e I {[Elz-i- (xGs ?"‘,}Secé)j% [R: +(ZGsP—- ESQLP)"I% }45

(1-16)

Integrating this and resrronging, we obtain the eguation for the

induced velocity at point P{x,y,0).



—2nrcV
X 2d Sinf los® @

3Rjz+(xasp—5ec€)z _ 3R;Z+ (xcosp-su,s)l]

=(X Cos f —5ec€){ y > z
Rl i 1/(xCos€—5ec€)z +R!/ Rzl l/(XCOSP—SCCP) 'f'R:’l

+(25ect-¥esp)| ;";, - ;" ]

2

| + Seczé ",z - K‘ﬂ- ]

+ ,e’l (XCOSP"SecP) +-,/(XC°S(S —“SOCP)Z—‘- R;:

(X Cose - Sece) -I']/(:( Co:(g —Sec F_)‘ + K.

XCos@"'z]LE _
1+ La v ——, (1-17)

Where

2

R, = X'Sn'f +(y-va)°
(I-18)

72

R, = X'swB +(yY+Y,)

The pressure cocefficient on the blade surface was calculated

as follows.

According to the assumption 1 in P. 6 , velocity on the blade

surface is expressed as

vV =Vzd +v

2



where vgd : velocity vector on a two-dimensional blade surface,
¥ :  velocity vector, induced by the tip vortices.

The magnitude of the velocity is

=_ [= 2 - 2

or
Ve = ng? +ve . ’ (I-19)
Bernoulli's equation for two-dimensional flow;
P EP Y (8/2)V,% = ppq + (Y2034
or

For three-dimensional cases, it becomes

(5/2)(V,% - v®) = (2)(v,2 - V,5) - (/242
‘ 2

(- p))pq - 57202

Dividing this egquation by inlet dynamic pressure, we get the expres-

i

P-pl

sion for the pressure coefficient.
C P-Hh C v’
—_— “——'—-—i— = —"_"z .
P dsy Pow WV (I-20)
As an example, the pressure coefficients were calculated for the
tested compressor blading using Egs. I-20, ILll and I-17. The results

were plotted in Fig. 12 together with the test result.
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Appendix II Circulation Around a Two-Dimensional Airfoil

The circulation around a wing of infinite aspect ratio can be obtained

by means of the conformal mapping. ii
ALY A § - plame
7 - plane
-28 2a
» X ~¥ o E

A circle of radius a given on the Z-plane is mapped into a straight

line (-2a 2§ £ +2a) in the § -plane by the function
2
$ =9 + %2 . (I1-1)
Z

The complex potential of flow around the circle in the Z-plane is

expressed as

‘ol Vi ea T
= el i 2 . (1I-2)
F(z) V, € Z Z Y S>T dn 2. ,
Differentiating this equation with respect to Z, we get
dF ~de Ve e il
= 1 -
dz Ve BT t Sz : (11-3)
The circulation [ can be found from Eg. II-3 with the boundary condition
_ﬁ.—% =0 } dt Z = a" .
: | (II-4)

Thus,
[ =4maVSmd, = TV Sm o, (II-5)
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